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Resum

TESI DOCTORAL

Restricted Weak Type Extrapolation of Multi-Variable Operators and
Related Topics

per Eduard ROURE PERDICES

En el camp de la Teoria de pesos, un resultat que ha atret 'atenci6 de
molts investigadors és I’anomenat Teorema d’extrapolacié de Rubio de Fran-
cia. En la seva forma més simple, diu que si tenim un operador T que esta
acotat a l'espai de Lebesgue L?(v), per algun p > 1icada pesven A, llavors
T esta acotat a I'espai de Lebesgue L7(w), per cada g > 11i cada pes w en A,.

L’extrapolaci6 de Rubio de Francia proporciona un potent conjunt d’eines
en I’Analisi Harmonica, pero té un punt feble; no permet arribar a I'extrem
g = 1. Els treballs de M. ]J. Carro, L. Grafakos, i J. Soria [9], i M. J. Carro i
J. Soria [14] resolen aquest problema, obtenint esquemes d’extrapolaci6 de
tipus debil (1,1) amb pesos en Aj.

En aquest projecte de tesi vam comengar a estudiar aquests articles per
produir extensions multivariable dels resultats d’extrapolacié que s’hi ex-
posen. Hem tingut exit en aquesta tasca, i ara posseim esquemes d’extrapola-
ci6é multivariable de tipus mixt i debil restringit que sén de gran utilitat en
I'obtencié d’acotacions d’operadors en multiples variables pels quals no es
coneixen resultats de dominaci6 sparse, i també quan treballem en espais de
Lorentz pels quals la dualitat no esta disponible. Com a cas particular, hem
estudiat operadors producte, commutadors en dos variables i multiplicadors
bilineals.

Les desigualtats de tipus Sawyer han jugat un paper fonamental en les
demostracions dels nostres teoremes d’extrapolaci6, aixi com en l'estudi del
producte puntual d’operadors maximals de Hardy-Littlewood. Hem sigut
capagos d’ampliar les desigualtats de Sawyer classiques de [27] al tipus débil
restringit amb pesos en A%, i també hem demostrat les corresponents exten-
sions multivariable.

Durant una estada de tres mesos a la Universitat d’Alabama, vam iniciar
una col-laboracié amb David V. Cruz-Uribe. El nostre objectiu era estudiar
els operadors fraccionaris i de Calderén-Zygmund en multiples variables, i
obtenir-ne acotacions de tipus débil restringit amb pes. Combinant tecniques
de dominaci6 sparse i propietats dels espais de Lorentz, vam demostrar di-
verses estimacions per aquests operadors, i també pels seus commutadors.
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Abstract

DOCTORAL DISSERTATION

Restricted Weak Type Extrapolation of Multi-Variable Operators and
Related Topics

by Eduard ROURE PERDICES

A remarkable result in Harmonic Analysis is the so-called Rubio de Fran-
cia’s extrapolation theorem. Roughly speaking, it says that if one has an
operator T that is bounded on L (v), for some p > 1 and every weight v in
Ay, then T is bounded in L9(w), for every g > 1 and every weight w in A,.

Rubio de Francia’s extrapolation theory is very useful in practice, but
there is an issue: it does not allow to produce estimates for g = 1. The works
of M. J. Carro, L. Grafakos, and J. Soria [9], and M. J. Carro and J. Soria [14]
give a solution to this problem, allowing to extrapolate down to the endpoint
qg=1

In this project, we started building upon these works to produce multi-
variable extensions of the extrapolation results that they presented. We have
succeeded in this endeavor, and now we possess extrapolation schemes in the
setting of weighted Lorentz spaces that are of great use when trying to bound
multi-variable operators for which no sparse domination is known, and also
when working with Lorentz spaces outside the Banach-range. As a particular
case, we have studied product-type operators, two-variable commutators,
averaging operators, and bi-linear multipliers.

Sawyer-type inequalities play a fundamental role in the proof of our mul-
ti-variable extrapolation schemes and are essential to complete the charac-
terization of the weighted restricted weak type bounds for the point-wise
product of Hardy-Littlewood maximal operators. In this work, we have ex-
tended the classical weak (1,1) Sawyer-type inequalities proved in [27] to the
general restricted weak type case, even in the multi-variable setting.

In 2017, at the University of Alabama, we started a collaboration with
David V. Cruz-Uribe to produce restricted weak type bounds for fractional
operators, Calderén-Zygmund operators, and commutators of these opera-
tors. We managed to obtain satisfactory results on this matter, even two-
weight norm inequalities, applying a wide variety of techniques on sparse
domination, function spaces, and weighted theory.
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Chapter 1

Introduction

If my calculations are correct, when this baby hits 88 miles per hour,
you're gonna see some serious shit.

Doc Brown, Back to the Future, 1985

This short chapter is intended to be a brief description of our project. In
Section 1.1, we include general notation and conventions. In Section 1.2, we
review existing works on Rubio de Francia’s extrapolation and introduce the
primary goal of our study. In Section 1.3, we present our results on multi-
variable mixed and restricted weak type Rubio de Francia’s extrapolation.
In Section 1.4, we discuss some of the results that we have obtained for the
operator M®. In Section 1.5, we summarize our results on Sawyer-type in-
equalities for Lorentz spaces. In Section 1.6, we expose restricted weak type
estimates for classical operators obtained via sparse domination techniques.
In Section 1.7, we propose possible projects to extend our research further.

1.1 Notation and Conventions

The following notation is standard:

IN the set of all natural numbers, including 0
Z the set of all integers

z" the n-fold product of Z

R the set of all real numbers

R" the n-dimensional Euclidean space
B(x,R) the ball of radius R centered at x in IR”

XE the characteristic function of a set E
dt,dx,dy,dz the Lebesgue measure

|y the total variation of a finite Borel measure y# on R"
log the logarithm with base e

log, the logarithm with base 2

log™ the function max{0, log}

inf the infimum

sup the supremum
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supp the support

ess inf the essential infimum

ess sup the essential supremum

LZ(R"™) the space of bounded functions on R"” with compact support
L} .(R") the space of locally integrable functions on R"

% °(R") the space of smooth functions on R"” with compact support
A the Laplacian

\Y the gradient

In general, we will work in R”, with 1 < n € IN. Unless otherwise spec-
ified, by a function f we mean a real or complex-valued function on R". If
we say that a function f is measurable, but we don’t specify any measure,
then it is with respect to the Lebesgue measure on R"”. The same applies to
measurable sets and also to the expression a.e.; that is, almost everywhere.

Given a measure v, and a v-measurable set E, we use the notation

v(E) :=/Ed1/.

If v is the Lebesgue measure, then we simply write |E|. Given a measurable
function f, and a measurable set E, with |E| # 0, we use the notation

11 =g [ e

A cube Qis a subset of R" that admits an expression as a Cartesian product
of n intervals of the same length, the side length of Q, denoted by /. If these
intervals are all open, then the cube is called open, and if they are all closed,
then the cube is called closed.

Given non-negative quantities 7 and %, we write &7 < 4 if there exists
a finite constant C > 0, independent of &/ and %, such that &/ < C#. If
g S B S o, then we write o7 ~ . The constant C is called the implicit
constant. Usually, we will denote implicit constants by c, ¢, C, or C. In many
cases, they will depend on some parameters a,...,ay, and if we want to
point out that dependence, we shall do it using subscripts, e.g. & Sa;,.
B, or A =y u B, ord < Cy . a,%B. We shall use numerical subscripts
to label different implicit constants appearing in the same argument. We
write & < C(ay,...,a7)% when we want to interpret C as a function of the
parameters a7y, ...,a,. In these cases, we may replace C by other symbols,
like ¢, ¢, ®, ¢, or ¥, especially when the dependence on the parameters is
monotonically increasing.

Given real or complex vector spaces Xi,..., Xy, and Y, endowed with
quasi-norms | - ||x,,-.., | - [|x,, and || - ||y, respectively, and an operator T
defined on Xj X - -- X Xj; and taking values in Y, we use the notation

T: XgX- XXy —Y
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to indicate that T is a bounded operator from X1 x - - - x Xy, to Y; that is, there
exists a finite constant C > 0 such that forall f1 € X3,..., fu € Xu,

1T flly < cﬁ fillx.

Among all such constants C, we shall denote by ||T||f, x,y the smallest
one.

We adhere to the usual convention that the empty sum (the sum containing
no terms) is equal to zero, and the empty product is equal to one.

1.2 Background and Motivation

In the topic of weighted theory, a result that has attracted the attention of
many researchers in the field is the so-called Rubio de Francia’s extrapolation
theorem (see [42, 100, 101]), which provides a precious shortcut when trying
to prove weighted strong bounds. In its simplest form, it says that if a sub-
linear operator T satisfies that

T:LP(v) — LF(v),
for some p > 1, and every Muckenhoupt weight v in A,, then
T:LY(w) — L1(w),

for every q > 1, and every Muckenhoupt weight w in A; (see Subsections
2.1.1 and 2.1.3 for definitions).

Many alternative proofs of this result are available in the literature (see
[28, 38]), also tracking the sharp dependence of ||T/|14()—19() in terms of
[w] Y (see [36]), and off-diagonal results where the domain and target Lebes-
gue spaces differ both in terms of exponents and weights (see [37, 50] for
strong type results, and [88] for weak type ones).

Also, it was discovered that the operator T plays no role in the extrapo-
lation arguments, and one can present all the results for families of pairs of
non-negative measurable functions (see [26, 32, 37]).

Around the beginning of the current millennium, the topic of multi-varia-
ble operators started gathering interest, with the resolution of Calderén’s
conjecture (see [60, 62]) and the presentation of a systematic treatment of
multi-linear Calderén-Zygmund operators (see [49]), and the first results on
multi-variable Rubio de Francia’s extrapolation appeared.

In [47], it was proved that if an m-variable operator T satisfies that

T:LP (01) X -+ - X L (vy) — LP (0} PV ob/Pm),
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for some exponents 1 < py,...,pm < oo, with % = % +-- 4 me’ and all
weights vy € Ap,,...,om € Ap,, then

T: L7 (wy) X - x L% (wy,) — LT/ wl/™),
for all exponents 1 < q1,...,q, < oo, with % = qll +oee qim’ and all weights

wy € Agy, -, Wi € Ay,

In [37], the sharp dependence of ||T||L‘71(w1)><---><L‘7m (1) L9l /) in
terms of [w;] Agr i =1,...,m, was established, and analogous multi-variable
weak type extrapolation results were studied in [15]. Once again, the opera-
tor T plays no role, and all the results can be presented for (m + 1)-tuples of
non-negative measurable functions.

It is worth mentioning that very recently, multi-variable strong type ex-
trapolation theorems for A weights have been obtained in [72, 73] (see also
[89]), solving in the affirmative a question that has been going around for
about a decade, since the publication of [69], where such weights were intro-
duced.

Rubio de Francia’s extrapolation theory provides a potent set of tools in
Harmonic Analysis, but it has a weak spot; namely, it does not allow to pro-
duce estimates in the endpoint q; = --- = g, = 1, which can be easily seen
by considering m-variable commutators (see [69]).

In the case of one-variable extrapolation, the works of M. ]J. Carro, L.
Grafakos, and J. Soria (see [9]), and M. ]J. Carro and J. Soria (see [14]), give a
solution to this problem, allowing to extrapolate down to the endpoint g; = 1
assuming a slightly stronger extrapolation hypothesis. In general terms, they
proved that if a sub-linear operator T satisfies that

T: LPY(v) — LP™(v),
for some p > 1, and every weight v in A\p, then
T : L7 () — L9 (),

for every g > 1, and every weight w in ﬁq,

Here, for r > 1, the class A\r contains all the weights of the form (Mh)l_ru,
where h € Llloc(]R”), and u € A;. If r = 1, then A\l = Ay, but forr > 1,
A, C A, C AR,

In general, the classical strong and weak type Rubio de Francia’s extrap-
olation theorems rely on three fundamental ingredients: factorization results
for A, weights, construction of A; weights via the Rubio de Francia’s itera-
tion algorithm, and sharp weighted bounds for the Hardy-Littlewood max-
imal operator M. However, in the setting of restricted weak type Rubio de
Francia’s extrapolation, many technical difficulties appear. For instance, no
factorization result is known for AR weights, which justifies the need for
the class /Tr. Also, in this setting, the Rubio de Francia’s iteration algorithm
can not be defined and has to be carefully replaced by the Hardy-Littlewood
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maximal operator M in the construction of weights. Fortunately, we do have
sharp weighted restricted weak type bounds for M.

The main purpose of this project is to build upon the work in [9, 14] and
extend to the multi-variable setting the restricted weak type Rubio de Fran-
cia’s extrapolation results presented there.

1.3 Our Extrapolation and its Applications

The first result that we were able to prove, presented in Theorem 3.2.1, allows
us to extrapolate down to the endpoint (1,1, %) from a diagonal estimate. In
general terms, if a two-variable operator T satisfies that

T: L (o) X L (02) — LE™ (0} 20)/%),
for some exponent 1 < r < oo, and all weights v1,v, € A,, then
T: LM (wh) x LV (wn) — L3 (w}/2w}/?),

for all weights wq, w, € Aj. The crucial point in the proof of this theorem is
the endpoint estimate

M® : LY(wy) x LY (wp) — L3> (w)?wl/?), (1.3.1)

proved in [69], and refined in Theorem 2.4.1.
Here, the operator M® is defined for locally integrable functions f; and
f2by
M®(f1, f2)(x) := Mfi(x)Mfo(x), x€R",

where M is the Hardy-Littlewood maximal operator, defined for functions f €
Lj,c(R") by

loc

MF() = sup o [ 1l x e R,
Q>x |Q| Q
where the supremum is taken over all cubes Q C IR” containing x.

The approach to establishing general downwards extrapolation results is
now evident: find some auxiliary operator 2 for which we can prove mixed
and restricted weak type inequalities, and use the extrapolation hypotheses
to transfer such bounds to the generic operator T. The operator 2 plays
the same role as the Hardy-Littlewood maximal operator plays in the one-
variable restricted weak type extrapolation theory of Rubio de Francia.

As it turns out, sometimes we can take M® to be our auxiliary operator
(see Theorem 3.2.4, Lemma 3.2.6, Theorem 3.2.7, Theorem 3.3.1, and Theo-
rem 3.3.2). Therefore, the study of restricted weak type bounds for M® be-
comes a fundamental and interesting question in this project. Moreover, our
preliminary mixed type inequalities for M® in Theorem 2.2.10 encouraged
us to develop the multi-variable mixed type extrapolation theory of Rubio
de Francia presented in Section 3.3.
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After a detailed analysis of the proof of (1.3.1) in [69], and taking into ac-
count Lemma 3.2.6, we conclude that the complete solution to multi-variable
mixed and restricted weak type extrapolation, along with the correspond-
ing bounds for M®, relies on the development of weighted inequalities for

operators of the form

fff:MWf

on Lorentz spaces, being W some nice weight. This discovery forced us into
developing our theory of Sawyer-type inequalities for Lorentz spaces, dis-
played in Sections 2.3 and 2.4.

As a consequence of such results, we can obtain our main mixed type
extrapolation schemes, discussed in Theorems 3.3.27, 3.3.31 and 3.3.35. Ig-
noring some technicalities, what we have is that if a two-variable operator T
satisfies that

T: L (vy) x LP* (vy) — LP'“(vf/plvg/pz),

for some exponents 1 < p1,p2 < oo, with % = % + %, and all weights

R
v1 € Ap, and v; € Apz/ then

T . qu,min{pl,ql}(wl) X qu,mln{l/%}(wz) — Lq,oo (wﬁll/%wg/%),

for all exponents g1 > 1 and g > 1, with % = qll + %, and all weights

w € A’h and w, € A\qz'

Let us point out that in the mixed type setting, and when working with
A, weights, we can either follow the classical approach, using the Rubio de
Francia’s iteration algorithm, or our new strategy, with Sawyer-type inequal-
ities, to run the extrapolation arguments, with the first option leading to bet-
ter constants than the second one, but in the restricted weak type setting, the
tirst option is not available, and we have no choice but to use Sawyer-type
inequalities.

Further exploiting the Sawyer-type inequality in Theorem 2.3.8, its dual
version in Theorem 2.4.12, and the ideas introduced in Section 3.2, in Chap-
ter 4 we manage to produce the general multi-variable restricted weak type
extrapolation scheme that we were seeking, fulfilling the original goal of our
project. In general terms, and combining Theorems 4.2.2 and 4.2.7, we get
that if an m-variable operator T satisfies that

T : LM (01) % oo x LP (o) — LP(}/P L op/P),

for some exponents 1 < py,...,pm < oo, with % = + -+ pim, and all

1
N R P1
weights v1 € Ap, o, .., Um € Ap,, 0, then

i a1 . m
T- L%,mm{l,pi}(wl) N Lqm,mm{l,Z—m}(wm) N Lq’oo(w{z/ql . wz/l/Qm),
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for all exponents 1 < g1, ...,qm < oo,with% = 111_1_|_..._|_qu,

wy € Aql,oo, e, Wiy € gqm,oo satisfying certain technical hypotheses.

and all weights

Here, for r > 1, the class gr,oo is an extension of Er, satisfying that ﬁr C
A, C AR In practice, its use allows us to apply our extrapolation schemes
iteratively under suitable conditions.

Inspired by [37], in Subsection 4.2.3 we also produce the corresponding
one-variable off-diagonal restricted weak type extrapolation results that can
be used to derive our multi-variable extrapolation theorems.

For simplicity, in Chapter 3 we decided to work on two-variable extrapo-
lation results. In the end, the extension from the two-variable setting to the
multi-variable one is just a matter of notation, as we see in Chapter 4.

As usual, the operator T plays no role, and we also present our extrapo-
lation schemes for tuples of measurable functions.

For technical reasons, in all our extrapolation theorems, we require the
constants in each bound to depend increasingly on the constants of the wei-
ghts involved. This hypothesis may seem restrictive at first, but as it was
pointed out in [36, Footnote 3], it turns out that it is not, since sharp constants
are this way.

Note that when studying mixed and restricted weak type bounds for
multi-variable operators, the Lorentz spaces that we consider have first ex-
ponents of the form 1 < rq,...,r, < oo, and r such that % = % 4+ -+ r17
Hence, we can identify each choice of exponents rq,...,r, with the point
(%, ey %) in the space of parameters (0, 1]™.

A relevant region inside this m-cube is the so-called Banach-range (see Fig-
ure 1.1),

By = {(x1,...,xm) € (0,13 + -+ 2 <1},

where the corresponding values of the exponent r are strictly bigger than one,
and hence, L"*°(v) is a Banach space, being v a weight. In particular, duality
is available (see Subsection 2.1.2).

Duality has proved to be a powerful tool in the study of weighted inequal-
ities for classical operators, especially when combined with sparse domina-
tion techniques, so working with Lorentz spaces where duality is not avail-
able is a problem in practice. This problem gets worse as we increase the
number of variables m, since the Banach-range shrinks fast. In fact, one can

check that )
B | = o
m!

This lack of duality can sometimes be circumvented by wisely using Kol-
mogorov’s inequalities (see Chapter 5), but this is not always the case, and
that’s when our extrapolation techniques kick in. We can prove bounds in the
Banach-range by hand, and then effectively extend them outside this range
via a multi-variable mixed or restricted weak type extrapolation argument.

In particular, our extrapolation schemes are handy for overcoming two
fundamental problems of weak Lebesgue spaces L"®(v) with 0 < r < 1,
strongly related with the lack of duality: the lack of Holder-type inequalities
with the change of measures, and the lack of Minkowski’s integral inequality.
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FIGURE 1.1: Pictorial representation of the Banach-range for
one, two, and three variables.

The first problem becomes an obstacle when working with product-type
operators. Nevertheless, using our Holder-type inequalities from Subsec-
tion 2.2.1, we can obtain bounds for such operators in the Banach-range, and
then apply an extrapolation argument to extend them past such range of ex-
ponents. For the exact details, see Proposition 3.4.1, Theorem 3.4.2, and The-
orem 4.3.1. These arguments also apply to some two-variable commutators,
as shown in Theorem 3.4.11.

The second problem is an impediment when trying to produce bounds
for averaging operators. In this case, the strategy is to prove bounds in
the Banach-range using Minkowski’s integral inequality and then extrapo-
late outside this range, as we see in Theorem 3.4.4 and Theorem 4.3.2.

As a particular case, we started working with bi-linear multipliers of the
form

Tu(f,8)(x) i= /R /]R (@) F()g(n)e¥™EDagay,
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initially defined for Schwartz functions f and g, and x € R. The study of
such bi-linear multiplier operators was initiated by R. Coifman and Y. Meyer
(see [18, 19]). In recent years, the interest in this area has increased, following
the works by M. Lacey and C. Thiele on the bi-linear Hilbert transform and
Calderén’s conjecture (see [61, 62, 63]). For more information and results on
bi-linear multipliers and related topics, see [41, 45, 46, 49, 57, 78, 87].

We found that, for nice symbols m, it is possible to write T}, as an aver-
aging operator of products of modulated and translated Hilbert transforms,
and hence, we are able to deduce mixed type bounds for these operators us-
ing our multi-variable extrapolation tools, combined with bounds on weight-
ed Lorentz spaces for the point-wise product of two Hilbert transforms. See
Theorem 3.4.7 for the details.

We are currently preparing manuscripts to publish our extrapolation ma-
terial (see [11, 12]).

1.4 The Operator M®

Due to its close relation with multi-variable extrapolation, one of our goals
in this investigation is to study weighted estimates for the m-fold product of
Hardy-Littlewood maximal operators, defined for locally integrable functions

fi,---, fm by
MO(f1, ..., fm)(x) :i= Mfi(x) - Mfu(x), x€R"

This operator is classical and has been of great use to obtain weighted
bounds for several types of multi-variable operators, like the bi-linear Hardy-
Littlewood maximal operator, which was introduced by A. Calderén in 1964,
and it is defined by

M(f,g)(x) = ,/ flx—y)g(x+y)ldy, x€R"
Or

r>0 |B

In virtue of Holder’s inequality, we have that

M(f,8) < M(F/*)"M(gTo)" ",
for every 0 < 6 < 1, and hence,
M : LPY(R") x LP2(R") — LP(IR"), (1.4.1)
whenever p; > %, p2 > 1179, and
that for 6 = %,

% = % + %, and A. Calderén conjectured

M : L*(R") x L*(R") — LY(R").

This conjecture was proved by M. Lacey in [60], establishing the unexpected
fact that (1.4.1) also holds if p;, p» > 1 are such that % <p<L
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Similarly, weighted estimates for the operator M* will imply weighted
estimates for M. Using Holder’s inequality, one can obtain that

M® : L (wy) x LP2(wy) — LP(w!/Prl/72), (14.2)

for p1,p2 > 1,5 = % + %, w1 € Ap, and wy € Ay,. Moreover,

1
p
M : LV (wy) x L2 (w) — LP (] P} /72),

whenever p; > %,pz > ﬁ, w1 € Agp,, and w, € A(l—G)pz' It is worth men-
tioning that much more delicate weighted estimates for the bi-linear Hilbert
transform have been recently obtained in [34].

Consider now a multi-linear Calderén-Zygmund operator T (see Subsec-
tion 2.1.6), and let T be its maximal truncated operator, defined by

Te(fis-os fn) (%)

K, y1,- o ym) filya) - - fn(Ym)dya - dYm| -

= sup

6>0 /{xy12+-~+lxym|2>62}

Then, L. Grafakos and R. H. Torres proved in [48] the following multi-
variable Cotlar’s inequality: for every n > 0, there exist constants C;,Cr >

0 such that for every ]? = (f1,..., fm) in any product of Lebesgue spaces
L9 (R"), with 1 < g; < oo, the inequality

Te(fiseeor ) () < Gy (MUT(frr s fin) D) ()7 4 CrM® (fi -, fur) ()

holds for every x € R". As a consequence, one can deduce weighted es-
timates for T, by proving weighted bounds for the easier operators T and
M.

In this setting of multi-linear Carderén-Zygmund operators, many other
results have been proved where the role of the operator M® is fundamental
(see, for example, [78, 94]).

Concerning weighted bounds for M®, the easy estimate in (1.4.2) becomes
much more difficult when we want to characterize the weights for which

M® : L (wy) x LPY (wy) — LV (wl Plab/P2), (1.4.3)

Obviously, if Holder’s inequality for Lorentz spaces with the change of
measures holds; that is, if for 0 < pj,p2 < oo, and % = % + %, and all
weights w; and w,, there exists a constant C > 0 such that for all measurable
functions f and g,

HngLF’/”(wf/plwg/pz) < CHf“LF’l'“’(wl) HgHLPZ"”(wz)/ (1.4.4)
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as it happens with the Lebesgue spaces, then for all weights w; € AZ% and

R
Wy € Apz'

||M®(f,g)||Lp,w(wf/p1wg/}72) S ||Mf||L”1'°°(w1)||Mg||LP2'°°(w2)
N ||f||LP1/1(w1)||g||LP2r1(w2)l

as we expect. This is what happens in the particular case when all the weights
are equal. Note that (1.4.4) is trivially true if p; = 00 > pp, or py = c0 > py.
However, we will see in Subsection 2.2.1 that (1.4.4) does not hold for
arbitrary weights. Nevertheless, we will be able to prove new Holder-type
inequalities powerful enough to produce alternative characterizations of the
classes of weights A, and AZ}, adapted to the operator M® (see Subsec-
tion 2.2.2), yielding necessary conditions to have strong, weak, mixed, and
restricted weak type bounds of M® for A, weights (see Subsection 2.2.3). In
particular, given 1 < py,...,pu < 0o, and % = % +- 4+ pim, and weights
Wi, ..., Wy € A, and w = wf/pl . ..wfn/p’",if
M® : LPY(wy) X - - - x LP(wy) x LP Y (wpyq) x - - x LPmt (wy,) — LP(w),

with 0 < ¢ < m, thenw; € Ay, fori = 1,...,¢, and w; € AZ,%, fori =
¢+1,...,m,and if

M® : LPY(wy) x -+ - x LPm(wy,) — LP(w),

thenw; € Ay, fori=1,...,m.

Surprisingly, we couldn’t find in the literature any reference to these nat-
ural questions about necessary conditions to establish weighted bounds for
M®, apart from the case when m = 1, which corresponds to the Hardy-
Littlewood maximal operator M (see [17, 58, 85]). We published our work on
M® in [13].

The study of the converse of such results for M® relies on the develop-
ment of new Sawyer-type inequalities for Lorentz spaces and weights in AZ}
(see Theorem 2.4.1).

1.5 Sawyer-Type Inequalities

“Sawyer-type inequalities” is a terminology coined in the paper [27], where
their authors prove thatif u € Aj,and v € A or uv € Aw, then

uv ({x eR": [T(fo)(x)] > t}) < %/IR" |f(x)|u(x)o(x)dx, t>0,

v(x)

(1.5.1)
where T is either the Hardy-Littlewood maximal operator or a linear Calde-
réon-Zygmund operator. This result extends some questions previously con-
sidered by B. Muckenhoupt and R. Wheeden in [86], and solves in the affir-
mative a conjecture formulated by E. Sawyer in [103], concerning the Hilbert
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transform.

These problems were advertised by B. Muckenhoupt in [84], where the
terminology “mixed type norm inequalities” was introduced and was also
used since then in other papers like [2] or [80]. In general, this terminology
refers to certain weighted estimates for some classical operators T, where a
weight v is included in their level sets; that is,

{xe]R”:M>t}, t> 0. (1.5.2)
v(x)
The structure of such sets makes impossible, or very difficult, to use classical
tools to measure them, such as the Vitali’s covering lemma or interpolation
theorems.

In Chapter 2, we consider mixed restricted weak type norm inequalities, or

Sawyer-type inequalities for Lorentz spaces; that is, we study estimates of the

form
n . Tf(x)] Yr_c

where p > 1, T is a classical operator, and u, v, w are weights. We also con-
sider extensions of such inequalities to the multi-variable setting. Our goal
is to prove estimates like (1.5.3) for sub-linear and multi-sub-linear maximal
operators, and multi-linear Calderén-Zygmund operators.

Observe that in the classical situation, namely when u = w, and v = 1,
and T is either the Hardy-Littlewood maximal operator or a linear Calderén-
Zygmund operator, the inequality (1.5.3) holds if w € A;} (some authors use
the notation A, ; for this class of weights, as in [17]). The case when v % 1 is
much more difficult, and in this work, we will study it in great detail.

Our primary motivation to consider Sawyer-type inequalities for Lorentz
spaces comes from the study of the m-fold product of Hardy-Littlewood max-
imal operators, M®. As we will see in Theorem 2.2.8, published in [13],
given exponents 1 < py,...,pm < 00, and % = % +- 4 Pim, and weights

Wy, ..., Wy in Ae, and w = vg = w’f/pl...w,’;/p’”

have

, a necessary condition to

M® : LY (wy) x - x LPm (wy,) — LP™(w) (1.5.4)

is that w; € AZ,%,, fori = 1,...,m. It is reasonable to think that this last
condition is also sufficient for (1.5.4) to hold, since the endpoint case was
proved in [69]; that is, for weights wy, ..., w;;, € A1, we have that

M® : LY (wy) x -+ X LNwy) — Lv®(wl/™ . wl/™). (1.5.5)

To prove this result, one has to control the following quantity for ¢t > 0,
which is related to the level sets in (1.5.2):

o ({M2(F) > 1}) = w ({Mﬁ g WD |
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This is achieved by applying the classical Sawyer-type inequality (1.5.1) for
the Hardy-Littlewood maximal operator M in combination with the obser-
vation that for locally integrable functions hy, ..., hy, H;-‘Il(th)’l € RH,,
with constant depending only on k and the dimension 7.

As we will show in Theorem 2.4.1, it turns out that the bound (1.5.4) holds
if w; € ARI,, fori =1,...,m, solving in the affirmative the open question in
[13] and completing the characterization of the restricted weak type bounds
of M® for As weights. We also obtain the analogous characterizations of
strong, weak, and mixed type bounds of M®. The strategy that we follow is
similar to the one in [69] for the endpoint case (1.5.5), but we have to replace
the classical Sawyer-type inequality (1.5.1) by the estimate obtained in Theo-
rem 2.3.8, which is a new restricted weak Sawyer-type inequality involving
the class of weights AR that is,

i

forp >1,u € AR and uv? € Ae. The AZ,Q condition on the weight u is a
natural assumption since it is necessary when v ~ 1. In Lemma 2.3.10 we
also manage to track the dependence of the constant C,,, on the weights u
and uv?, even in the endpoint case p = 1, refining the bound (1.5.1) in [27].
Quite recently, the bound (1.5.1) has been extended to the multi-variable
setting in [75]. More precisely, for weights wy, ..., w;; € A1, and v € A,

Mf

0 < Cu,v ||f||L7’f1(u)/ (1.5.6)

Lp® (uoP)

m

STl ) @5.7)

1
L (vgol/m) i1

HM(f)

HH 1 Mfi

1
#59(pl
L™ (vgzol/m)

Inspired by this result, we follow a similar approach to extend our Sawyer-
type inequality (1.5.6) to the multi-variable setting, obtaining a generalization
of (1.5.7) in Theorem 2.4.6. That is, for weights wy, ..., w;, and v such that for
i=1,...,muw; € AZ,% and w;v"i € A,

m

P (vgor) =1

<[5

HM(f)

L (v0P)

Observe that this result is an extension of (1.5.4). To our knowledge, this
multi-variable mixed restricted weak type inequalities for maximal operators
involving the A% condition on the weights have not been previously studied,
and we found no record of them being conjectured in the literature.
Motivated by the conjecture of E. Sawyer in [103], we can ask ourselves if
it is possible to obtain bounds like (1.5.8) for multi-linear Calderén-Zygmund
operators T. Once again, the endpoint case p; = --- = p;;, = 1 has already
been considered and extensively investigated in [75]. There, it was shown
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that for weights wy, ..., w, € Ay, and vz € A,

T(f)

0

S T illzr ), (1.5.9)

L%,w(vwvl/m) 1

m
=1

as a corollary of (1.5.7), combined with a result in [90], that allows replacing
M by T using an extrapolation type argument based on the A« extrapolation
theorem obtained in [32, 35].

We succeed in our goal and manage to obtain an extension of (1.5.9) to
the general restricted weak type setting. In Theorem 2.4.10 we prove, among
other things, that for weights w, ..., w,, and vsuch thatfori =1,...,m, w; €
AZ}I, and w;vFi € A, and some other technical hypotheses on the weights,

-

T(f)

0

S; H ||ﬁ||LPi/1(wi)' (1-5-10)

LP*(vgoP) 1

m
=1

To achieve this, we build upon (1.5.8), but unlike in [75], we manage to avoid
the use of extrapolation arguments like the ones in [90]. Instead, we present
in Theorem 2.4.8 a novel technique that allows us to replace M by T ex-
ploiting the fine structure of the Lorentz space LP**°(vgzvP), the AZ} condi-
tion, and the recent advances in sparse domination. It is worth mentioning
that we couldn’t find in the literature any trace of results like (1.5.10), in-
volving multi-linear Calderén-Zygmund operators, AZ} weights, and mixed
restricted weak type inequalities.

It is curious that we didn’t find much about Sawyer-type inequalities for
Lorentz spaces apart from the endpoint results studied in [27, 74, 75, 86, 90,
103], some results for commutators in [6, 7], and some endpoint estimates
for multi-variable fractional operators in [95]. As we have seen before, these
inequalities are fundamental to understand the behavior of the operator M®,
but they appear naturally in the study of other classical operators, even in the
one-variable case. Consider, for example, the case of the Hilbert transform H.
Indeed, if p > 1and w € A;z, it is well known that H : LP} (w) — LP™(w).
Hence, duality, linearity and self-adjointness of H yield

H(fw)
U2 <Cullfluag-

Ve (w)

This is an example of an estimate like (1.5.3) involving the AZ} condi-
tion on the weights and obtained almost without effort. The same inequality
holds for the Hardy-Littlewood maximal operator M, but we cannot use the
same argument, as shown in [14]. In Theorem 2.4.12 we will generalize such
result for M, obtaining as a particular case an alternative proof of the result
in [14]. In [54, 68], one can find similar endpoint estimates for Calderén-
Zygmund operators, with p’ = 1and w € A;.

As we will see in Chapters 3 and 4, Sawyer-type inequalities for Lorentz
spaces play a fundamental role in the proofs of our multi-variable extrapola-
tion schemes.
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For convenience, we made our work on Sawyer-type inequalities avail-
able online (see [93]).

1.6 Sparse Domination and Restricted Weak Type
Bounds

During a stay at the University of Alabama in 2017, we started a collaboration
with David V. Cruz-Uribe. Our goal was to produce bounds for fractional in-
tegral operators, Calderén-Zygmund singular integral operators, and com-
mutators of these operators in the context of Lorentz spaces with restricted
Muckenhoupt AZ} weights, exploiting recent sparse domination techniques
presented in [21, 23, 65, 66, 70, 71].

We got satisfactory results on this matter, presented in Chapter 5. We
highlight the characterization of the tuples of weights (wy, . .., Wy, v) for whi-
ch the multi-variable fractional operators M, and Z, satisfy the bounds

My, Iy Lpl’l(wl) X -0 X Lp””l(wm) - LQIOO(V),

with0 < a < nm, 1 < py,...,pm < oo,% = %—i—-~~—|—#, and p < g.
For more details, see Theorem 5.2.2, Theorem 5.2.6, and Corollary 5.2.10. For
more information about these operators, and bounds for them, see [59, 82].

In particular, in Theorem 5.2.7 we obtain a complete characterization of
the restricted weak type bounds for the multi-sub-linear maximal operator
M introduced in [69], along with the corresponding estimates for multi-
variable sparse operators and multi-linear Calderén-Zygmund operators.

In the case of linear commutators of fractional integrals I,, and linear
Calderén-Zygmund operators T, we establish two-weight restricted weak
type bounds

[b,T),[b, 1] : LPY(w) — L9 (v),

withl < 4,1 <p <g4,0 < a <mn and b € BMO, working with pairs
of weights (w, v) satisfying some logarithmic bump conditions, as shown in
Theorem 5.3.9 and Theorem 5.3.11. For strong and weak type bounds for
these commutators, see [21, 23].

From the bounds for the operator Z,, in Theorem 5.4.1 and Theorem 5.4.2,
we can obtain Poincaré and Sobolev-type inequalities for products of func-
tions, following the approach in [82].

Motivated by novel works of K. Moen [81], and C. Hoang and K. Moen
[53], recently we started extending our results for commutators to the multi-
variable setting, with very promising expectations (see [33]).

1.7 Further Research

In what follows, we briefly describe some potential future research projects
that one could investigate, apart from the various questions that we have left
open in the following chapters of this document.
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(a)

(©)

(d)

Let Ty, ..., T, be one-variable operators defined for measurable func-
tions. Fix exponents 1 < py,...,pm < oo, with % = % 4+ e+ me,

and weights wy, ..., wy,, with w = wf/pl...wﬁ/p’”

fori=1,...,m,

, and suppose that

T; : LPr (w;) — LP™ (wy;).

Study the existence of a non-trivial constant C = C(ws,...,wy) > 0
such that for all measurable functions f1, ..., fm,

m
||T1f1 .. TmmeLPOO(w) < CH ||ﬁ||LPi'1(wi)'
i=1

A particular case of interest is when Ty = --- = T,, = H, the Hilbert
transform on R.

Fix m > 1. Given measurable functions fi, ..., f;, and g, suppose that
for all weights uq, ..., uy, € Ay,

m
180 gy < P) e Bl a) TT 10

where ¢ : [1,00)" — [0,00) is a function increasing in each variable.

Given exponents 1 < q1,...,q9, < oo, and % = qll + -+ qim, and
weights w; € gqi,oo/ i = 1,...,m, study the existence of a non-trivial

constant Cy = Cy(wy, ..., wy) > 0 such that
m
||g||Lq,oo(w?/qlme1/qm) S C(p E ||fi||L’4ir1(wi) .
Prove multi-variable Sawyer-type inequalities for Lorentz spaces with

tuples of weights in A?, as it was done in [75] for weights in Aj.

Establish multi-variable restricted weak type extrapolation results for
tuples of weights in Ag, analogous to the results obtained in [72, 73,
89] for weights in Ap.
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Chapter 2

Hardy, Littlewood, Lorentz, Holder,
and Sawyer

No discovery of mine has made, or is likely to make, directly or
indirectly, for good or ill, the least difference to the amenity of the
world.

Godfrey Harold Hardy, A Mathematician’s Apology, 1941

We devote this chapter to the study of new Holder-type and Sawyer-
type inequalities for Lorentz spaces with weights in AZ}. In Section 2.1, we
provide general information about Lebesgue and Lorentz spaces, classical
Holder’s inequalities, common classes of weights, types of bounds, dyadic
grids and sparse collections of cubes, multi-linear Calderén-Zygmund oper-
ators, and commutators. In Section 2.2, we present our Holder-type inequal-
ities for Lorentz spaces, along with alternative characterizations of A, and
AZ}, and necessary conditions to obtain strong, weak, mixed, and restricted
weak type bounds of M® for A weights. In Section 2.3, we discuss our
Sawyer-type inequalities involving the Hardy-Littlewood maximal operator.
In Section 2.4, we give applications of our Sawyer-type results for M, includ-
ing weak, mixed, and restricted weak type bounds for M®, multi-variable
Sawyer-type inequalities for classical operators, and a dual Sawyer-type in-
equality for M.

2.1 General Preliminaries

In this section, we introduce some basic concepts that we will use throughout
this document. This introduction is not intended to be exhaustive.

2.1.1 Lebesgue and Lorentz spaces

We include a brief exposition about Lebesgue and Lorentz spaces, containing
definitions and well-known properties. For a detailed discussion, see [4, 44].
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Given 0 < p < oo, and a o-finite measure space (X, v), LP(X,v) is the set
of v-measurable functions f on X such that

1/p
1l = ( /X |f|Pdv) <o

and L*(X,v) is the set of v-measurable functions f on X such that

| llo(x0) = v-esssup |f(x)] = inf{C > 0: v({x € X : [f(x)| > C}) = 0}

xeX
< 0.

If 1 < p < oo, then we have Minkowski’s inequality, or triangle inequal-
ity; that is, for all v-measurable functions f, g € L7 (X,v),

1f+8lrxw) < I lerxw) + 181 x)-

In general, such inequality fails for 0 < p < 1, but one can fix this issue by

1-
multiplying the right-hand side by a suitable constant, like 27

The Lebesgue space LP (X, v) is a Banach space for 1 < p < o0, and a quasi-
Banach space for0 < p < 1.

Given 0 < p,q < oo, and a v-measurable function f on X, define

IeS) ) i 1/q
= (v [ s )

and for g = oo, define

1 fllzpe(x,v) = sup W‘}/f(y)l/p/

y>0

where /\; is the distribution function of f with respect to v, defined on [0, c0) by

Ap(y) =v({x € X:|f(x)] > y}).

The set of all v-measurable functions f on X with ||f{[rpa(x,) < oo is
denoted by LP(X,v), and it is called the Lorentz space with indices p and q.
The space L®*(X,v) is L* (X, v) by definition.

For 0 < p < oo, LPP(X,v) = LP(X,v), and hence, Lebesgue spaces are
particular examples of Lorentz spaces. The space LP*(X, v) is usually called
weak LP (X, v).

Some Lorentz spaces that will be of great interest for us are LP!(R",v),
LPP(R",v), and LP*°(R",v), where dv(x) = w(x)dx,and 0 < w € L} (R").
For such measures on R", we shall use the notation LP(w), or LP1(R") if
w=1.

If1 <gqg<p<o,orp =g = o, then we have the triangular inequality
for the functional || - [|1r(x ., but for other choices of indices, such inequality
may fail. However, for all v-measurable functions f, g € LP(X,v), we have
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the estimate

1
1f + gllrax) < 2P max{1,2°7 }( fllpacxv) + I8llraxu))-

In general, LP4(X,v) is a quasi-Banach space, butif 1 < p < oo and
1<g<oo,orifp=g=1,orif p =g = oo, then it can be normed to become
a Banach space.

Lorentz spaces are nested. More precisely, if 0 < p < co,and 0 < g <r <
oo, then

LPA(X,v) — LP"(X,v),

and for every f € LP1(X,v),

r=q

g
e < (2) ™ Wfllsncr 1)

Given parameters 0 < r < p < oo, consider the quantity

1/r
W llimi = sup w(EV ([irrav)
0<v(E)<oo E

where the supremum is taken over all v-measurable sets E C X such that
0 < v(E) < co. We have that

==
=

1/r
o) < Wllorwin < (525) Ifllimora

This result is classical (see [43, Chapter V, Lemma 2.8] or [44, Exercise 1.1.12]),
and we will refer to these inequalities as Kolmogorov’s inequalities.

2.1.2 Classical Holder’s Inequalities

Given 0 < p < oo, the conjugate exponent p' is defined by the relation

Let (X, v) be a o-finite measure space. The classical Holder's inequality as-
serts that for 1 < p < o0, and all functions f € LP(X,v) and g € LF’/(X,V),

/X £5ldv < | Fllrxn gl o

This inequality is sharp in the sense that

Hg”LP/(X,v) = sup {/X flav ([ fllr ) < 1}~
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We will refer to this as the duality between LP (X, v) and LV (X, v), or just dual-
ity.
Similarly, for 1 < p < oo, and all functions f € LPY(X,v) and g €
LF'=(X,v),
/X|fg|d1/ < ||f||LP/1(X,v)Hg”LP'rw(X,y)'

Once again, this inequality is sharp in the sense that

1
gl < sup { [ 17510 1) <1} < gl

We will also refer to this as duality.
Given m > 2, and exponents 0 < py,..., pm < 0o, with

1 1 1
p P Pm

the classical multi-variable Holder’s inequality asserts that for all functions f; €
LP(X,v),..., fm € LPn(X,v),

m
- Sl ey < TTHAillpi -
i=1

In the particular case when X = IN, and v is the counting measure on IN,
we obtain the discrete Holder’s inequality, which asserts that for sequences of
real or complex numbers {x]1 bieNs-- -y {x;11 }ieN,

o0 U o /oo 1/pi
() <T1(Eer)

provided that 0 < py,..., pm < co.
We also have a version of Holder’s inequality for weak LP (X, v) spaces, which
asserts that for all functions f; € LPV*(X,v),..., fm € LPm®(X,v),

m
1fi- frullpoxny <p 7 (HPUPZ> LTSl riee(x,)0
i=1

provided that 0 < py,..., pm < 0.
For more information about such inequalities, see [3, 4, 44, 52, 79].

2.1.3 Common Classes of Weights

A positive, and locally integrable function w on R" is called weight.
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Given f € L} (R"), the Hardy-Littlewood maximal operator M, introduced

loc

in [51], is defined by
1
MF() = sup o [ 1l x e R,
Q>x |Q| Q

where the supremum is taken over all cubes Q C R" containing x. Given
i, fm € L} _(R™), we also define

loc
MO(f1,..., fm)(x) := Mfi(x)... Mfu(x), x€R"

In [85], Muckenhoupt studied the boundedness of M on Lebesgue spaces
LP(w), obtaining that for 1 < p < oo,

M : LP(w) — LP(w)

if, and only if w € Ay; that is, if

[w]a, == sgp (]{2 w) <][Q wl_”/>p1 < oo.

Moreover, if 1 < p < o0,
M : LP(w) — LP*(w)

if, and only if w € Ay, where a weight w € Ay if

xeQ

s, = sup (]é @) o ) = sup (]é @) (essinfo(x)) ! <o

Buckley proved in [8] that for 1 < p < oo,

1/
[ M| L ()= L2 () S [W]Appz

and if p > 1, then

1
M| L (w0) 1P () Snp [W]Z;l-
In [17, 58], Chung, Hunt, and Kurtz, and Kerman, and Torchinsky proved
that for 1 < p < o0,

M : LPY(w) — LP™(w)

if, and only if w € A%, where a weight w is in AZ} (also denoted by A, 1) if

xgw ™l e
[w] 4= 1= sup w(Q)/? © W) o,
P Q Q]
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or equivalently, if

/p
E| (w(Q)\'
|w|| 4z = supsup = | ——= < co.
AT o 10l \w(E)
Also,
Ml 0y S 0]

We have that [W]A;z < ||W||A;e < p[w]AZ}' Moreover, A; = AT, and in

virtue of [44, Exercise 1.1.11], for 1 < p < g, A, C AZ} C Ay, with

! g—1
1/
wlap < [w]4), and  [w]a, < <p,p_ q,) @] (2.12)

For a complete study of the boundedness of M on Lorentz spaces, see

[10].
A remarkable subclass of AZ} is Ap, introduced in [9]. Given1 < p < o0, a

weight w belongs to the class gp if there exist a function f € L} (IR"), and a

loc
weight u € A such that w = (Mf)!~Pu. It is possible to associate a constant

to this class of weights, given by

. 1/
] 5, := inf ]},

where the infimum is taken over all weights u € Aj such thatw = (Mf)!~Pu.

<> " R oy . .
Ifw e Ay, then ||wHA;z Sup ||w||gp, and Ap C A7, butitis not known if such

inclusion is strict for p > 1. Note that 21 = Ay, andforp >1, A, C A\p.

We now introduce some other classes of weights that will appear later.
For more information about them, see [27, 31, 39, 43].

Define the class of weights

Aco 1= UAP: UAZ;-
p>1 p>1

It is known that a weight w € A if, and only if
[w] 4, = sup — /M(wx ) < o0
A - — .
o w(@ Jo e

This quantity is usually referred to as the Fujii-Wilson A constant (see [40]).
More generally, given a weight u, and p > 1, we say that w € Ap(u) if

[w] A, () = sgp (ﬁ/(gwu) (u(lQ) /le—r”u) p-1 < o,
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and w € Aq(u) if

1 -1
W] 4. () = SU wu W | 1o faon
el =00 (g ) Do Mimien

1

= sgp (u(Q) /Qwu) (eisei(?fw(x))_ < 00,

and as before, we define

= U Ap(u)

p>1

A weight u is said to be doubling if there exists a constant D, > 0 such
that for every cube Q C R", u(2Q) < D,u(Q), where 2Q denotes the cube
with the same center as Q but with twice its side length. If u € A, then u is
doubling.

Given a doubling weight u, and w € A (1), then

(W] Au(u) = P u(Q) / My (wxg)u < o,

where

Muf(x) = sup s [ IF) (), xR,
Q>x M(Q) Q
is the weighted Hardy-Littlewood maximal operator. Its centered version, defined
via a supremum over cubes centered at x, will be denoted by M. If p > 1,
then M, is bounded on L?(wu) if, and only if w € A,(u), provided that u is
doubling.

Given s > 1, we say that a weight w € RH; if

[w]RH, = sgp w|(QQ|) (]é ws>1/s < 09,

w ‘= sup W||peo(Rr) = SUP ——~5 €sSsup w(x < 0.

and w € RHy, if

We have that

J RH..

1<s<oo

In [69], the following multi-variable extension of the Hardy-Littlewood
maximal operator was introduced in connection with the theory of multi-
linear Calderén-Zygmund operators:

T
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forf: (fi,.--, fm), with f; € Llloc(]R”), i =1,...,m. Commonly, this opera-
tor is referred to as the curly operator.
Forl1 <piy,...,pm < 0o, P = (pl,...,pm),% = %—i—-u—l—pim,andweights
W, ..., Wy, Wwith@ = (wy,...,wy), and vg = wf/pl...wﬁ,,/pm,
M LPY(wq) X -+ X LP"(wy,) — LP(vg)

if, and only if @ € Aj; that is, if

1/pﬁ 1_p/ 1/;7:
[0] 4, := sup (][ 1/~> (][ w, i) < 0o,
g Ve ) g U

_o\ /P
where (fQ wll pl)
ifl <py,...,pm < oo, then

is replaced by (essinfycow;(x)) ! if p; = 1. Moreover,

M L (wy) % -+ x LPn(wy) —> LP (vg)

if, and only if @ € Ajp.

2.1.4 Types of Operators

Let m > 1, and let T be an m-variable operator defined for measurable func-
tions on R". Given exponents 0 < p1,q1,..., Pm, qm, P,q < oo, and weights
w1, ..., Wy, w, suppose that

T: Lpllql (wl) X oo X meﬂm (wm) — Lprq(w)

(a) We say that T is of strong type (p1,...,Pm,p) if g1 = P1, -+, Gm = Pm,

and g = p.

(b) We say that T is of weak type (p1,..., Pm, p) if g1 = p1,.-.,9m = Pm, and
q = .

(c) We say that T is of restricted weak type (p1,...,pm,p)ifq1 = =qm =

1, and g = co. We may also use this terminology in the case when
0<E]l' <1l,i=1,...,m.

(d) We say that T is of mixed type (p1,..., Pe, Pest, -+, Pm, P), With1 < £ <
m,ifqy =p1,...,q0 = pr,and qpp1 < 1,...,9n < 1,and g = co. We
may also use this terminology if 1 < py,..., pm < o0, and w; € Ay, for
i=1,...,¢, and w; € AZ, fori = ¢ +1,...,m, independently of the
choice of the other exponents.

Analogously, we will talk about strong, weak, mixed, and restricted weak
type inequalities.

The definitions of strong and weak types are standard (see [4]), but the
ones of mixed and restricted weak types may vary depending on the source.
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2.1.5 Dyadic Grids and Sparse Collections of Cubes

A general dyadic grid 9 is a collection of cubes in R" with the following prop-
erties:

(a) Forany Q € 7, its side length [ is of the form 2k, for some k € Z.
(b) Forall Q,R € 2,QNR € {®,Q,R}.

(c) The cubes of a fixed side length 2¥ form a partition of R".

The standard dyadic grid in R" consists of the cubes 27%([0,1)" + j), withk € Z
and j € Z". It is well known (see [54]) that if one considers the perturbed
dyadic grids

Do = {275(0,1)" +j+a): ke Z,jcz"},

witha € {0, %}”, then for any cube Q C R", there exist a, and a cube Q, € %,
such that Q C Q, and Ip, < 6lg.

A collection of cubes S is said to be 77-sparse if there exists 0 < 77 < 1 such
that for every cube Q € S, there exists a set Eo C Q with #7|Q| < |Eg|, and
forevery Q # R € S,ERNEg = Q.

Given an 77-sparse collection of dyadic cubes &, we define the sparse oper-
ator As by

As() = T (ﬁ Qﬁ) xo.

Qes \i=1

For more information about these topics, see [66].

2.1.6 Calderén-Zygmund Operators

We say that a function w : [0,00) — [0,00) is a modulus of continuity if it is
continuous, increasing, sub-additive and such that w(0) = 0. We say that w
satisfies the Dini condition if

1
w(t
fewlioms = [ “Pat < oo
0
We give the definition of the multi-linear w-Calderén-Zygmund opera-

tors. We denote by . (R") the space of all Schwartz functions on R" and by
<! (R") its dual space, the set of all tempered distributions on R™.

Definition 2.1.1. An m-linear w-Calderén-Zygmund operator is an m-linear and
continuous operator T : . (R") x --- x (R") — ./(IR") that extends
to a bounded m-linear operator from L7 (R") x --- x Lim(R") to L1(IR"), for
somel <qq,...,q9m < oo, with % = c71_1 +--+ qlm’ and for which there exists a
locally integrable function K(vo, y1, . . ., Ym), defined away from the diagonal
Yo =y1 = - - = yp in (R")"*1, satisfying, for some constant Cx > 0:
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(a) the size estimate

CK
(lyo —y1l + - - + [yo — ym|)™™’

IK(yo,y1, -+, ym)| <

for all (vo,y1,--.,ym) € (R")" "1 with yy # yj forsome j € {1,...,m},

(b) the smoothness estimate

’K(yO/y]_/ . ~/]/i/- . /]/m) - K(yO/]/l/ . '/y§/~ . /ym)‘

< Ck ( ’yz ’ )
= w ’
(lyo = wal +- -+ lyo —ym)™ = \lyo —yal - +1yo — yml)™"
fori=0,...,m, and whenever |y; — yi| < %maxogjgm{]yi —yil},

and such that

T(fi,---, f /]R ) / (Y1, ym) A1) - fn(ym)dya - dYm,

whenever fi,..., fu € €°(R") and x € R" \ (i supp f;.

If we take w(t) = t* for some ¢ > 0, we recover the classical multi-linear
Calderon-Zygmund operators. In general, an m-linear w-Calderén-Zygmund
operator with w satisfying the Dini condition can be extended to a bounded
operator from L1(R") x - - - x L1(R") to Lu"®(R").

The theory of Calderon-Zygmund operators has been investigated by ma-
ny authors. For more information on this matter, see [49, 69, 77] and the
publications cited there.

2.1.7 BMO and Commutators
Given f € L] (IR"), the sharp maximal operator M* is defined by

, xecR"

g [} f

Q>x

Ifb € L (R") is such that M*b € L*(IR"), we say that b is a function of
bounded mean oscillation, and we denote by BMO the set of all these functions.
For b € BMO, we write

1611870 = ([ M*D]| oo (-

Note that L*(R") € BMO, and for b € L*(R"), |[b|lpmo < 2||b|| poo(rn).-

For further information about these concepts, see [38, 43].

Given a one-variable operator T defined for measurable functions on R”,
and a measurable function b, the commutator [b, T] is formally defined for a
measurable function f by

b, TIf(x) == b(x)Tf(x) — T(bf)(x), x€R"
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The first results on these commutators where obtained in [20], where it
was proved that if T is a classical singular integral operator with smooth ker-
nel, and b € BMO, then [b, T] is bounded on L (R") for 1 < p < co. More-
over, if T is one of the Riesz transforms on R”, then the condition b € BMO
is necessary. Such results were further extended in [1], establishing bound-
edness properties of commutators of general linear operators on weighted
Lebesgue spaces. Endpoint estimates for commutators were studied in [91].
For further results on commutators, see [16, 70].

Similarly, given an m-variable operator T defined for measurable func-
tions on IR", and measurable functions by, ..., by, with = (by,...,by), the
m-variable commutators [_15, T)i, i =1,...,m, are formally defined for measur-
able functions fi, ..., fu by

B, T)i(f1, - fn) (%) == bi(X)T(fr, -, fin) (%)
—T(fl,...,ﬁ,l,bifi,fiﬂ,...,fm)(x), x € R".

Multi-variable commutators of multi-variable Calderén-Zygmund oper-
ators were considered and studied in [69, 92, 94].

2.2 Holder-Type Inequalities for Lorentz Spaces

In this section, we present new Holder-type inequalities for Lorentz spaces
LP®(w), and we discuss their applications to the study of the classes of
weights A, and AZ} via the operator M®. The contents of this section are
partially available in [13].

2.2.1 Modern Holder’s Inequalities

Let us start by giving a counterexample that shows that (1.4.4) does not hold
for arbitrary weights.

Fix a dimensionn > 1, and for m > 2, take exponents 0 < py,..., pm < 00,
and % = % 4+ 4 pim Fori=1,...,m — 1, take functions on R"

1 a(l_ L
fi(x) = WX{yGIR”:le}(x)I fm(x) = |x] G ””‘)X{yeﬂzn:|y|21}(x),
and weights
1
wi(x) =1, ww(x)= WX{}/GIR":WPH(X) + X{yeRrn: [y|<1} (%)

Then, f1 - fm = X{yeR": |y|>1}~ and

1

w(x) = w1 ()PP wy(x)P/ P = Wx{yew 213 (%) + X yern : [y <13 (%),
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SO

1
”fl"'meZP,w(w) = / dx = oo,

(yeRrn:|y|>1} |x["
butfort >0,andi=1,...,m—1,

w: . Vn _
MO = vt = Do (0, Afr() = = maxd1, i,

m

and

1/p;
nmmmw=wﬂ,nmmwwwz(

Unp ) L/ pm
pm—r)
where v, denotes the volume of the unit ball in R" (see [44, Appendix A.3] for
its explicit expression in terms of 7).

Due to this fact, and in order to prove estimates for product-type opera-
tors like M®, we need the following Holder-type inequalities.

Lemma 2.2.1. Fix exponents 0 < py,...,pm < oo, and % =L 4.4 me, and

T n
Pl

weights wy, ..., Wy, and w = w . Given a measurable function g, and

measurable sets Eq, ..., E;—1 C R",

m—1
IXE; - XEp18llpeow) < <H ”XEI'HU’i'”(wi)) 1811 o (20, - (2.2.1)
=1

Moreover, if p > 1, then for all measurable functions fi,. .., fm—1,

m—1
Hﬁ~%wMMwm§C<rUMMWWJHﬂmwmw- (222)
i=1

Proof. Let us start by proving (2.2.1). If m = 1, then there is nothing to prove.
We discuss the case when m = 2. As usual, we may assume that w1 (E1) < oo,
and ||g||Lp2,co(w2) < oo,

Now, for every t > 0, we have that {xg,|g| > t} = E;1 N {|g| > t}, and
hence, by Holder’s inequality,

tw({xe, gl > tH"7 < twi({xe, gl > )" 1w ({x, lg] > t})'/P?
< twi (E1) ' Mwa({Ig] > £1)1/72,

from which (2.2.1) follows taking the supremum over all t > 0.
Finally, if m > 2, we use the previous computations to get that

1XE; - XEno18llLro @) < IXE 0B, o= w) 18]l Lomeo (o)
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with % = L4 .. 4 ﬁ, and W = wq/m ... wq/_pl’”’l, and by Holder’s in-

P m

equality,

”XElﬁ"'ﬂEm—l ”Lq,oo W(El ﬂ ﬂ Em_l)l/q

32

IN

m—1
wi(El N NE,-1)Pi < I 1XE; | L7 (o) -
i=1 i=1

To prove (2.2.2), for i = 1,...,m—1, take a function f; € Lpifl(w,'), and
for every integer k, write Ei := {28 < |f;| < 2¢t1}. It is clear that |f;] <
2Y vez ZkXE}i{ a.e., and since p > 1, LP*°(w) is a Banach space, so

Hfl---fm—lgumw(w)
< 2m71p/ Z 2k1+-..+km—lHXE1 ﬁn%ﬁEmil g”Lp,oc(w)
k€7 ky |

< o= 1p/ ( Z 2k 1/P1> ||g||me,oo(wm)

i=1 k;eZ

<2y (H Y 2Nwi({|fi] > 2" D””’) 181l oo )
cZ

i=1 k;

m— 2ki+1
<222y <H Z wi({[fil > f})l/’”idf> 1811 Lo (e
i=1 k,eZ
2m=2, 1
<27 —fill ppi ) ) 11811 Lomoo oy -
i=1 Pl '
where in the second inequality we have used (2.2.1). Hence, (2.2.2) holds,
with C =222 P O

The next result is a weaker version of (1.4.4).

Lemma 2.2.2. Fix exponents 0 < py,...,pm < 00, and % = % +-oo+ L, and

Pm
weights wy, ..., Wy, and w = wf/pl .. .w,’j/p’”. Given a measurable function g,

and measurable functions fi, ..., f—1, with ||_f1‘HLoo(]Rn) <1li=1,....,m—1,
and parameters 0 < 61, ...,6,—1 < 1, we have that

m—1
1At 1€l oy < € (H |||ﬁ|5i||LPi'°°(wi)> 18l 223)
i=1

Proof. If m = 1, then there is nothing to prove. We first discuss the case when
m=2.
Note that for every measurable function F, by Lemma 2.2.1, we have that

sup t{| X p> 18l Lreow) < sup tllxqrsnllrre ) 181l Lras wy)
>0 £>0 (2.2.4)

= [[Ell e ooy 1811 r2m () -
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Fix 0 < g < p. By Kolmogorov’s inequality (see [44, Exercise 1.1.12]),

1
1/18llpewy < sup  lfigxall o) w(A)? 7,
O<w(A)<oo

Q=

where the supremum is taken over all measurable sets A C R" with 0 <
w(A) < oo. For one of such sets A, we have that

q = Tw < 27" 2k 1
HfngAHLﬂ(w) k;) Aﬁ{2k<\f1|§2k+1} |f1g‘ — k;) ||X{|f1‘>2k}gXAHLq(w)

_ q
=21} k(1) (21«51 ||X{|f1‘51>2k51}gXA||Lq(w))
k<0

0<t<1

q
29
S S 1 (S“p tHX{f1|‘51>t}gXA”U(w)> ,

and hence, applying Kolmogorov’s inequality again, and (2.2.4) with F =
| f1]1, we get that

==
= =

sup ||f1gXA||L'7(w) w(A)
O<w(A)<oo

1-6 -3
<2(290-%) _1)7% sup t sup
0<t<1 O<w(A)<

1/
< 2(290-0) _ 1)*% (L) !
B p—q

==
<

”X{|f1|‘51>t}gXA”Lq(w)w(A)

Oil;lgl t||7({|f1|51 >t}g||LP,00(w)

- 1yt (2N iap
< 2(2‘7 1) — 1) q (ﬂ) |||f1| 1||L7’1'°°(w1) HgHLPZ'C"’(wz)

1/q

P 5
< A )
<2 gommitso=) APl ISlvase

and (2.2.3) follows, with

1/q
E— = i p
C=0Csp= Og;ipz ((logZ)q(l —o)(p— ‘7))

1/p
—2( inf (o)1 -0l - ) )

D=

Finally, if m > 2, we iterate the previous case m — 1 times. For i

1,...,m, write% = %-l—----l—pim, and W; := w:"/p"...w;i/p’". Note that
i/ Pitarti/ Tis1
W, = /P i

; G After the kth iteration, with 1 < k < m — 1, we obtain
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that

K
1f1-- fm-18llre () < (Hcéi,ri ||fi|(5i||L’”i'°°(w,-)>
i=1

X || fe1 - -fm—18||L’k+1/°°(wk+1)r

so for k = m — 1, we conclude that (2.2.3) holds, with

m—1
C= H Cayri
i=1

]

Remark 2.2.3. Observe that for 0 < § < 1, if p > 1, then choosing 6 = %, we
get that

2p 1
<
Cor = Tog2) =3’
and if p < 1, then for every a > % — 1, and choosing 6 = ﬁ, we get that
oo 2 pa+1)2\""™ 1
op = (log2)1+* \ap+p—1 (1—0)l+a’

Moreover, for 0 < p < oo,

o .
Cop=2 (Og;ip (P - Q) ) o1t ((1082)(1 - 5)‘7)

1/p
e _ e
— 2 ((10 2)p(1—5)> p 021 plog2’
2er e (0820=0) 5 g

—_€
plog2’

and hence, lims_,;- C5, = o0, as expected, since Lemma 2.2.2 is false for
m=2and d = 1.

Note also that we can’t remove the assumption that || f[[jorr) < 1,7 =
1,...,m — 1, as can be seen by a standard homogeneity argument, or by
choosing functions on R" f1 = -+ = fiu—2 = X{yeRrn:|y|>1}/

fm—l(x) = |x|'BX{y€]R”:|y|21}(x)/ and g(x) = |x|_ﬁX{y€1R":|y\21}(x)/
and weights
wi(x) = -+ = Wy 2(x) = X[ xR =13 (X) F Xgyerr: <13 (),

Wy (x) = x| 7P e 121y (0) + Xqyere Jyj<1y (%), and

Wi (x) = x| PP xR 1513 (X) 4 Xyere: yl<13 (X))



32 Chapter 2. Hardy, Littlewood, Lorentz, Holder, and Sawyer

where for m > 2, we take f = %—i—---—kﬁ, and for m = 2, we take any
B > 0.

2.2.2 New Characterizations of Ay and AZ}

Let us start by proving a property of A weights that will be essential to
produce our alternative characterizations of A, and A;z.

Lemma 2.2.4. Fix exponents 0 < py,...,pm < oo, and % = % +- me' and

weights wy, ..., Wy € A, and write w = wf/pl . w,’f/pm. Then, for every cube
Q CR",

w1 Q)PP .. wu(Q)P/ P ~ w(Q). (2.2.5)

Proof. Note that if m = 1, then there is nothing to prove, so we may assume
that m > 2. In virtue of Holder’s inequality, we have that

w@yzéw?mmwﬂmSWN@WWWWM@WW-

To establish the equivalence in (2.2.5), let us first assume that m = 2. Since
w1, Wy € Ao, by Theorem 2.1in [31], we have that wf/pi € RHy;,i=1,2,and
p
the desired result follows from Theorem 2.6 in [31], with an implicit constant
Cuw,,w, depending on w; and w,.
Finally, if m > 2, we iterate the previous case m — 1 times. Fori =1,...,m,

writerli = %—l—~-+pim, and W, = w;i/pi...w%/pm € Aw. After the kth

iteration, with 1 < k < m — 1, we obtain that

1

m—k—
wi (Q)P/P ... wu(Q)P P < Cuy i ( I1

i=1

M@WM>WWA®W%%

so for k = m — 1, we conclude that (2.2.5) holds, with an implicit constant
Cuw,,...,w, depending on wy, . .., wy,. O

Remark 2.2.5. A different proof of this result can be found in [29].
Now we present an alternative characterization of AZ}.

Proposition 2.2.6. Given weights wy, ..., Wy € A, and exponents 0 < pq,...,

pm < oo, with py, > 1, and % = %_{_..._{_piml and w = wi’/l’ln.wﬁ/l’m, the
following statements are equivalent:

(a) wy, € Az,zm.

(b) There exists a constant C > O such that for all measurable sets Eq, ..., Ey_1,
and every measurable function g,

m—1
IXE, -+ XEy 1 M8l peowy < C (H wz’(ﬂ)”’”) 181 Lrm (a0,)-
i=1
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(c) There exists a constant ¢ > 0 such that for every cube Q, and every measurable
function g,

m—1
IxMgllirme < (H wl‘Q)l/’”) Iems
i=1

Proof. 1t is clear that (c) follows from (b), with ¢ = C, taking E; = --- =

En-1=0Q.
To see that (b) follows from (a), we apply Lemma 2.2.1 and Remark 5.2.3,
obtaining that

||XE1 --.XEmilMg”Lp,oo (w) = (H Wi 1/p1> |Mg||me’°°(wm)

< 2”24”””” wm]AR (H w;(E 1/p’> ||g||me,1(wm),

and we can take C = 224"/ P [w,,] AR, -

Let us show that (a) follows from (c). Fix a cube Q, and using duality,
choose a non-negative function g such that ||| 1, < 1and

1
/Qg = /Rng(mwm Jom 2 et et

Since Mg > ( 1o g) Xq. (c) implies that

1/ m—1
e )s;omc<nwi<g>“m>,

i=1

and applying Lemma 2.2.4, we get that

wm Q)P

1/p
Il |xow
Q] Q

1||me ~(w, )< meC

and taking the supremum over all cubes Q, we obtain that w,, € Az,zm, with
1
[wm]AZ}m S meCw{fwwm' O]
Similarly, we can obtain new characterizations of A, weights.

Proposition 2.2.7. Given weights wy, ..., wy € A, and exponents 0 < py,...,
pm < oo, wzth pm Z 1, ﬂnd% = %—i—..._i_me, ﬂndw — wi’/Pl.“wﬁi/Pm/ the

following statements are equivalent:

(a) wy € Ap,,.
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(b) There exists a constant C > 0 such that for all measurable sets Eq, ..., E;_1,
and every measurable function g,

IXEy -+ XEp M8l peo(wy < C (H wi( wl) 18l Lo (o)

(c) There exists a constant ¢ > 0 such that for every cube Q, and every measurable
function g,

m—1
IXQMgllLre(w) < € (1—[ wi(Q)l/pl) 181 Lom (10y) -
i=1

Moreover, if py, > 1, then the following statements are also equivalent to the previ-
ous ones:

(d) There exists a constant C > 0 such that for all measurable sets Eq, ..., E;_1,
and every measurable function g,

||XE1 o 'XEmflMgHLp( < C (H w 1/pl) ||g||LPm(wm)-

(e) There exists a constant ¢ > 0 such that for every cube Q, and every measurable
function g,

m—1
IxoMgllrr(w) < 5<. wi(Q)l/pi) &1l Lo (20,)-

Proof. Again, it is clear that (c) follows from (b), with ¢ = C, taking E; =
- = E,y_1 = Q. Similarly, (e) follows from (d), with ¢ = C.
To see that (b) follows from (a), we apply Lemma 2.2.1 and the weak type
bound for M in [8, (2.6)], obtaining that

IXEy - - XEp s M| Lre () (H wi( 1/*”) Mg Lrmes (2,

1/ m
< Cu,p, [wm] 4 p (H wi( Up') 181l Lo ()

]1/Pm

and we can take C = Cy p,, [, Similarly, if p,, > 1, then (d) follows

from (a) applying Holder’s inequahty and the strong type bound for M in [8,
1

Theorem 2.5], and we can take C = én,pm [w) 57

pm
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Let us show that (a) follows from (c). Fix a cube Q, and using duality,
choose a non-negative function g such that |||y (y,,) < 1 and

/Qg = /]Rng(mwm JOm Z 11X 4t ()

Since Mg > < 1o g) X@. (c) implies that

w(Q 1/ m—1 .
O rgron b < ¢ (H wi<Q>1/Pz> ,
and applying Lemma 2.2.4, we get that

1/Pm
) ot <

me ) W1,e.., W7

and taking the supremum over all cubes Q, we obtain that w, € A, with
[wWn] Apy S CCzluéf..,wm- The same argument shows that (a) follows from (e)

evenif p,, =1, with [wp]a,, < EC}U{f.,,wm, and the proof is complete. O

2.2.3 First Results Involving M®

As a consequence of Proposition 2.2.6, we obtain necessary conditions on the
weights to produce weighted restricted weak type bounds for M®.

Theorem 2.2.8. Given exponents 1 < py,...,pm < 00, and % = % 4.+ L

Pm
and weights w1, ..., Wy € A, and w = wf/m .wﬁ/p’”, if

M® : LPV (wy) x -+ x LPml (w,,) — LP(w),

then w; EAZ%,forizl,...,m

Proof. Given a cube Q, we have that xo < M(xg),soforj =1,...,m, and
fi € Lpf'l(w]-), we get that

IXoMfillLpe@w) <

(HM(XQ)> Mf;

i7]

LP>(w)
j—1 m—j

= HM® (kQ/ tee /XQ/fj/?CQ/ s /XQ) ||LPr°°(w)

<C (Hwi(Q)” ”") 15l 232

i7]

and the desired result follows from Proposition 2.2.6. O

Remark 2.2.9. Observe that in virtue of Holder’s inequality for weak Lebes-
gue spaces, and Remark 5.2.3, we have thatif wy = -+ = w,, = w €
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i AZ%, then for all measurable functions fi, ..., fu,

m

IM®(Fi sl (o) < Cotpri (H[wu;) [Tl

i=1

which suggests that the converse of Theorem 2.2.8 may be true. As we will
show in Theorem 2.4.1, this is the case.

Just for fun, let us present here our first attempt at proving the converse
of Theorem 2.2.8, based on Lemma 2.2.2. Such result motivated our study
of mixed type inequalities and was a fundamental piece of our first mixed
type extrapolation schemes before we developed our theory of Sawyer-type
inequalities.

Theorem 2.2.10. Let 1 < py,...,pm < oo, withp; > 1,i =1,...,m—1,
and let% = %+---+p%n. Let wy,...,wy be weights, with w; € Apl.,i =

1,...,m—1, and w,, € Az,zm, and write w = wf/pl b/, Then, for every

measurable function g, and all measurable sets E4, ..., E,_1 C R",

1M (XEys -0 KBy &) | Lro ) (]_[ IxE N it (o > 181 Lm ) (2-2:6)

Proof. Fori = 1,...,m — 1, since p; > 1, and w; € Ay, then in virtue
of Lemma 3.1.7, there exists 0 < §; < 1 such that w; € Aj,,. Applying
Lemma 2.2.2, we obtain that

-1

1M (X s XE1r 8) | Lpo () S 11 [ M( XE)HLAI,;, ) M| Lo ()
1=

m—1
J;
<(T1 ||xE,.||L5i,,i(w,)) I8l )
i=1 !
m—1
<11 ||xE,.||Lpi,1<wi)) 18 et ) -
i=1

]

Remark 2.2.11. If p > 1, then arguing as in the proof of Lemma 2.2.1, we can
extend (2.2.6) to arbitrary measurable functions fi, ..., f;;—1, and g.

As a consequence of Proposition 2.2.7, and arguing as in the proof of
Theorem 2.2.8, we obtain necessary conditions on the weights to produce
weighted strong, weak, and mixed type bounds for M®.

_|_...+L,

. 1 1
Theorem 2.2.12. Given exponents 1 < py,...,pm < 00, and 5= B o

and weights wy, ..., Wy € A, and w = wf/pl wh/P, if
M® : LP1(wy) X - - x LPC(wy) x LPev (wyy ) x - - x LPmY (wy,) — LP™(w),
(2.2.7)
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with1 < 0 < m, then w; € Ay, fori =1,...,¢, and w; € Az,%,fori =/+
1,...,m. Similarly, if

M® : LPY(wy) x -+ - x LPm(wy,) — LP(w), (2.2.8)
then w; € Ay, fori=1,...,m.

Remark 2.2.13. In virtue of Holder’s inequality and [8, Theorem 2.5], we
have that, under the hypotheses of Theorem 2.2.12, if 1 < py,...,pm < 09,
then (2.2.8) holds if, and only if w; € Ay, fori = 1,...,m. Similarly, this
last condition is also equivalent to (2.2.7) when ¢ = m. In Remark 2.4.2,
we discuss an alternative proof of this fact for the full range of exponents
1 < py,...,pm < oo. This alternative approach allows us to establish the
converse of Theorem 2.2.12 for1 < ¢ < m.

2.3 Sawyer-Type Inequalities for Maximal Opera-
tors

We devote this section to the study of a novel restricted weak type inequality
that extends the classical Sawyer-type inequality (1.5.1) for the Hardy-Little-
wood maximal operator. To this end, we will need some previous results.

The following lemma contains well-known results on weights (see [27, 31,
43, 75]), but we will give most of their proofs since we need to keep track of
the constants of the weights involved.

Lemma 2.3.1. Let u and w be weights.
(a) Ifu € Ay, then u™! € RHeo, and [u™|rp,, < [u]a,.

(b) Ifu € RHeo, and g > 0, then u € RHeo. If g > 1, then [u]rpy,, < [”]?QHOO'

(c) If u € RHeo, and [u|ry.,, < B, then there exists r > 1, depending only on
n, B, such that u € A, and [u] 5, < Cn,p- In particular, RHe C Aco.

(d) Ifu € A, and w € RHe, then uw € Ac.
(e) Ifu € Ay N RHe, then u ~ 1.
Fixp >1,and fy,..., fu € L}, (R"), and let v = [T/ (Mf;) L.

() vP € RHe, and 1 < [0P]rp, < Cunp-

() If u € Aco, then uv? € Ao, with constant independent of f = (f1, ..., fm)-

Proof. To prove (a), fix a cube Q C IR". By Holder’s inequality, we have that

0 = (L) ()"
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and hence,

= infu(x))” u Q| u u-
esiesélpu(x) 1 (eisle ()7t < [u]a,—r = 2(Q) < ]Al]é L

and the desired result follows taking the supremum over all cubes Q.
The property (b) follows from [31, Theorem 4.2]. Let ¢ > 1, and fix a cube
Q C R". Then,

1/q
esssup u(x) < [u]RHoo][ u < [u|rm., (][ uq) ,
xeQ Q Q

from which the desired result follows, as before.
To prove (c), fix a cube Q C R", and a measurable set E C Q. Then,

= 1 u ‘E‘ esssup uix | | |E‘
u@w‘MQAfESu@>ﬂ@p()§” “lal =Piar

In particular, for every € > 0, and é := 4, if |E| < 6|Q|, then u(E) < eu(Q),
and the desired result follows from this fact applying the last theorem in [83].

To prove (d), take g,7 > 1 such that u € A; and w € A,. We will show
that uw € A, fors := g +r — 1. Fixa cube Q C R". Then,

fomo e (f) (f)

and in virtue of Holder’s inequality with exponent a := 1+ % = 1,

1

(o)< () )
NE =
:(]{gulq) (]éwlr) ’

o [MZU]AS < [w]RHco[u]Aq [W]Ar < oo,
The property (e) follows immediately from Corollary 4.6 in [31].
To prove (f), observe that in virtue of [44, Theorem 7.2. 7] we have that for
0<6<1, (Mfi)’ € Ay, and [(Mfi)°)a, < 12,1 =1,...,m. In particular,

w = [T (Mf;)%/™ € Ay, and [w] 4, < T [(MS) ]1/m < 1%, Since vF =
(o %, it follows from (a) and (b) that

P
_omp mp c o
ol <l i, < Wi < (125)

SO
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To prove (g), we already know by (f) that v/ € RHs, with constant
bounded by cy,n,p, s0 by (c), there exists r > 1, depending only on m, n, p,
such that [0F] 4, < Cyn,p. By (d), forg > 1suchthatu € Ag,ands = g+r—1,

[uoP] a, < Con,p [u]a, < oo O
The next lemma gives a result on weights that will be handy later on.

Lemma 2.3.2. Let u and v be weights, and suppose that u € Ae. Then, uv € A
if, and only if v € Aco(u).

Proof. Let us first assume that uv € Ae. Since u € A, there exists s > 1
such that u € RH,, and since uv € Ao, there exists r > 1 such that uv € A,.
Take q := % > 1. We will show that v € A;(u). Fix a cube Q. Then,

o= (g /Q) (w0 /Q”H/”)M 1
q N
- (o) (@ o) (g fytemmeu )

Take a := % = 1+m > 1 and observe that (1 —q')a = 1—7/,

=s,and qa;,l = 1. Using Holder’s inequality with exponent

=1 _ I,
to=r—14qu
«, we get that

—1 -1

(ﬁ/g(vu)l—tfuq’)q_l < (ﬁ/Q(vu)(l—q’)a)“ (ﬁ/Quq,a,)"“,
-1 /s
Gl Gl

cwin (i o) ()
Hence,

to < k. (g7 o) (17 /. ) <l s,

and [0] 5 () = supg Ig < [u]%HS [uv] 4, < co.

For the converse, let us assume that v € A (u). It follows from Theorem
3.1in [39] that there exist , C > 0 such that for every cube Q C R" and every
measurable set E C Q,

“B <c(m8y.
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Similarly, since u € A, there exist €,¢ > 0 such that for every cube Q C R"
and every measurable set E C Q,

B<c (48,

so for every cube Q C R" and every measurable set E C Q,

o= (=5

and hence, uv € Ac. l

El

IN

Remark 2.3.3. This result is an extension of Lemma 2.1 in [27], where it is
shown thatif u € A; and v € A (1), then uv € A.

We introduce a weighted version of the dyadic Hardy-Littlewood maximal op-
erator.

Definition 2.3.4. Let 7 be a general dyadic grid in R", and let u be a weight.
For a measurable function f, we consider the function

7 ‘= su 1 u X "
M@ = s o | Wiy e R

where the supremum is taken over all cubes Q € Z that contain x. If u =1,
we simply write M7 (f).

The following bound for the operator M/ is essential.

Theorem 2.3.5. Let & be a general dyadic grid in R", and let u and v be weights.
Ifu € A and uv € A, then there exists a constant C,, ,, independent of 9, such
that for every t > 0, and every measurable function f,

e
(Y

< Cus /R flu)o(x)dx.

LV (uv)

Proof. In virtue of Lemma 2.3.2, v € A (u) and hence, this theorem follows
from the proof of Theorem 1.4 in [27]. O

Remark 2.3.6. If we examine the proof of Theorem 1.4 in [27], and we com-
bine it with Appendix A in [28], we can take

Cup = 2q(2”r[uv]Azz)r(q71) HMuHZq(uvlfq) ’

where 7,4 > 1 are such that uv € A¥ and v € Ay (u).

Remark 2.3.7. The bound of Theorem 2.3.5 also holds for the weighted Har-
dy-Littlewood maximal operator M,,, with constant

C 1= 26" pPu]}  Cuvo



2.3. Sawyer-Type Inequalities for Maximal Operators 41

where p > 1is such that u € AZ}.
We can now state and prove the main result of this section.

Theorem 2.3.8. Fix p > 1, and let u and v be weights such that u € AZ} and
uv? € Ae. Then, there exists a constant C > 0 such that for every measurable
< CllfllLrawy-

function f,
‘ LP*(uvP)

Proof. Tt is known (see [54, 64]) that there exists a collection {Z, }, of 2" gen-
eral dyadic grids in IR” such that

Mf
o

2n
Mf < 6" Y M7(f).
a=1
Hence,
o D
’ w < 12" Z M_(f) ,
U lLpe (uop) a=1 v L (uoP)

and it suffices to establish the result for the operator M7, with 2 a general
dyadic grid in R".

We first discuss the case p = 1, which was proved in [27]. We reproduce
the proof here keeping track of the constants. Indeed, by the definition of the

Aq condition, . )
a1 L1 < Wy [ 15

so we get that M7 (f) < [u]a, M7 (f). This estimate combined with Theo-
rem 2.3.5 gives that
HM@(f) My (vfv~1)
v

< [u]a, -

L1 (uv)

< ()4, Cuo / flu,
RTZ

LV (uv)

and hence, the desired result follows, with C = 24" [u] 4, C,, ».
Now, we discuss the case p > 1. Let us take f = x, with E a measurable
set in R”, and fix a cube Q € Z. As before, by the definition of the AZ,Q

condition, y
1 u(EﬁQ)) P
|Q|/Qf§”””f‘5( W@ )

so we get that M7 (xg) < p[u]A;z(M;? (xe))Y?. In particular,

1/
M7 (xe) | "
0P

H% < P[”]A{}

LP (uoP) L1 (uoP)

We can now apply Theorem 2.3.5 to conclude that

‘ My (xe)

0P

< Cu,vp u ( E) :
L1 (uoP)

My (0F xgoP)
0P

L1 (uoP) B ‘
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Combining all the previous estimates, we have that

HM(XE)

1/
: < 24 [u) 4 Cy A e

LP® (uoP)

Since p > 1, LP*°(uv?) is a Banach space, and arguing as in the proof of
Lemma 2.2.1, we can extend the previous estimate to arbitrary measurable
functions f, gaining a factor of 4p’ in the constant. Hence, the desired result

. o 1/p
follows, with C = 4 - 24"p’ [u]A;zCulvp. O
Remark 2.3.9. For p = 1 and u € A1, amore general version of Theorem 2.3.8
was established in [74], replacing the hypothesis that uv € A by the weaker
assumption that v € A. It is unknown to us whether the hypothesis that
uvP € A canbe replaced by v € Ao, when p > 1.

In virtue of Lemma 2.3.1, if u € Aw and v € RHe, then for every p > 1,
uv? € A, and we have a whole class of non-trivial examples of weights that
satisfy the hypotheses of Theorem 2.3.8.

Observe that the conclusion of Theorem 2.3.8 is completely elementary if
p>landu € Ay, since

However, this argument doesn’t work in the general case, because the in-
equality

Mf

Mf

0 = HMfHLP(u)

Lp (uor) (2.3.1)

1 1
< e[l 1l < ealul Mo

< ‘

LP (yoP)

h

0

S Hh”LPr”(u)
LP> (uoP)

may fail for some measurable functions & on R”, and arbitrary weights u
and v, as can be seen by choosing i(x) = |x| "X {yeRrr:|y>1}(x), u = 1, and
v(x) = h(x) + X{yeRrn: |y‘<1}(x), with 0 < p < co.

To provide applications of Theorem 2.3.8 we need to give a more precise

estimate of the constant C that appears there in terms of the corresponding
constants of the weights involved. We achieve this in the following lemma.

Lemma 2.3.10. In Theorem 2.3.8, if r > 1 is such that uv? € Azz, then one can
take

C= ‘Pf,p([”]Az}r [uv?] yx),

where g1, - [1, 00)? — (0,00) is a function that increases in each variable, and it
depends only on r, p, and the dimension n.

Proof. We first discuss the case when r > 1. We already know that we can

take
o 24” [u]Alcu,w P - 1/
— ) 4 24"p'[u]A;;C1/” p>1,

u,oP”’
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and in virtue of Remark 2.3.6,

Cypr = 2q(2nr[uvp]AF)r(q_1) HM”HZq(uUP(l*q)) ’

where 7,4 > 1 are such that uo? € AF and o € Ay (u). For convenience,

)
of homogeneous type (R”, deo, 1(x)dx), it follows from the proof of Theorem

1.3 in [55] that

we write V := vP. Let us first bound the factor || M, ||Zq (wvi-1)" For the space

_ 1
”M“HZq(uvl—q) < 21-14/40%Du(1 4 6 - 800Du)[v]Aw(u)[V]f’4q/(u),

where D, := plog,(2"p|u] A;z). Now, given a cube Q C R”, and applying
Holder’s inequality with exponent g, we have that

[ mvaah = [ My o || gy

4 L(uV)

= [ Mu(VX) || 1auvi-1) uv(Q)'4

< [ Mullysguyr o) Vo aguys) 4V QM
= ||Mu||m(uv1*q) uv(Q),

and taking the supremum over all cubes Q, we get that

V]Aw@) < 1 Mull sy -

Combining the previous estimates, we obtain that

||MM||Zq(uV1—q) < (2‘7—1q/40un(1 16- SOODLI))EI/[V]?%/(”).

Now, we will bound the factor [V]Z1 (u) I Virtue of [54, Proposition 2.2],
q

and using the definitions of [u]4,, and [u] AR and Kolmogorov's inequalities,
we can deduce that

_ 2 2
i < calilag, < @2p = V2 leufulZfy = cpalulZy,

1
2”+1Cp,n [u

and applying Theorem 2.3 in [55], u € RH; for s = 1 + Ly and

P
AR
p
[u]rp, < 2. Since uV € Ajp,, Lemma 2.3.2 tells us that if we choose ¢4’ = 2rs/,
then
!/ / _ 2
[V]Zq/(u) < [”]?aqHs [”V]sz, <299 (2r — 1)q(2r 1)[uV]ArZz_
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Finally, observe that 4’ = 2”+2rcp,n [u]i’%, and 1 < g <2,s0

Cuy < 22(2"r[uV] 4r)"
x (2q/40%P% (1 + 6 - 800P))7 x 227 (2r — 1) 2 [V,

< 22+nr(2r _ 1)4r—21,r[uvp]i{f73

2n+2 2p

5plog, (2" repn[ul e
X (2’“r 5GC,n[u]ipR o F By MA?})) A
14

= C;},p([u]AZ}/ [”UPJA?)I
and the desired result follows, with

" (] o) ) = 241 [”]A1C3,1([“]A1r [uv]Azg), p=1,
Prp (U] AR AR) = 4. 247p" [u] 4w C7.p ([] g, o] )P, p> 1.

The case when r = 1 follows, for example, from the case when r = 2 and
the fact that if uv? € A, then [MUP]A;z < [uvp]z/zz < [uzﬂ”]xz. O

2.4 Applications

In this section, we will provide several applications of the Sawyer-type in-
equality established in Theorem 2.3.8, obtaining mixed restricted weak type
estimates for multi-variable maximal operators, sparse operators and Cal-
derén-Zygmund operators.

24.1 Restricted Weak Type Bounds for M®

The first result that we present is the converse of Theorem 2.2.8. Combin-
ing both theorems, we obtain the complete characterization of the restricted
weak type bounds of the operator M® for A, weights.

Theorem 2.4.1. Let 1 < pq,...,pm < 0o, and let% = 1 -|—---—|-pim. Let

Pt
w1, ..., Wy be weights, with w; € AZ,%, i=1,...,m,and w = wf/pl...wﬁ/pm.

Then, for every vector of measurable functions f = (fi,..., fu),

-

M2 (D)o < 90115 - [l g ) Tl
i=1

where ¢ : [1,00)™ — (0, 00) is a function increasing in each variable.

Proof. The case when p; = --- = p; = 1 was proved in [69], and we build
upon that proof to demonstrate the remaining cases.

We can assume, without loss of generality, that f; € L*(R"),i=1,...,m.
Fix t > 0 and define

=

Er:i={xeR":t < M®(f)(x) < 2t}.
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Fori=1,...,m, and taking 7; := Hj#i(ij)’l, we have that
Ei = {x € R" : t7;(x) < Mfi(x) < 2t7;(x)}.

Using the fact that 3; € RHe, with constant independent of f (see Lemma
2.3.1), Holder’s inequality, and Theorem 2.3.8, we obtain that

v _ M2 (F)\
<f>()_AM®<f>(2t)_/gtw§/,5t< t >

< lplﬂ[ (/ (Mfi) Pzwz)p/pi

1=

p/pi
1) P
< pmpy(m— PH </{Mfz>t} wl>

1
<ol cht anznm,

/\w

(2.4.1)

Iterating this result, we get that for each t > 0 and every natural number N,

N oq

Aoy (8) < 2"CP ... Cy (2 2]p> tpH”fl”m |+ e @YD),

and letting N tend to infinity, the last term vanishes, and we conclude that

“ 2(m+1) » 1
)\ (")( )S P _—1 C HHﬁHLPz
Observe that in virtue of Lemma 2.3.1, for i = 1,...,m, we have that

w,-z?fi € As,, where s; > 1 depends only on m, n, p;, and

2p;

pi]Asi ,Sm,n,p,- [wi]Azpj Sm,n,pi [wi]A;;/
1

< [wiﬁi

2p;
so by Lemma 2.3.10, we have that C; < ¢Z,pi([wi]A§/Cm,n,pi [w;] /=), and
i Pi
hence, the desired result follows, with

om+1 m 2p;
4’([“’1],4;211 . [wm]Apm) = WH‘PS, pi wz]ARr m,n,p; [wl]AR)
which depends on the constants of the weights w; in an increasing way. [

Remark 2.4.2. Concerning weak, and mixed type bounds, the proof of The-
orem 2.4.1 can be easily modified, applying (2.3.1) in (2.4.1), to show that for
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1gﬁgm,ifwiEApi,izl,...,E,andwiEAZ,%,izE—l—l,...,m,then

M® : LP (wy) X - - x LPt(wy) x LPe (wyg) X - - - x LPl (wy) — LP(w),

with constant depending in an increasing way on the constants of the weights
w1, ..., Wy. Combining this with Theorem 2.2.12, we obtain the complete
characterizations of the weak, and mixed type bounds of the operator M®
for A weights.

As an immediate consequence of Theorem 2.4.1, we can produce restric-
ted weak type bounds for operators that are point-wise dominated by M®,
like the averages of products of convolutions that we now present.

Theorem 2.4.3. For everyi =1,...,m, let i : [0,00) — [0,00) be a decreasing
function that is continuous except at a finite number of points, and suppose that
Yi(x) = ¢'(|x|) is an integrable function on R". Given t > 0, write ¥i(x) =
t="¥i(t~1x). For a measure y on (0,00)™ such that |p|((0,00)™) < oo, consider
the averaging operator

Tq’,y(flz-..,fM)(x / v (H |f1 xX—vy |1II1( ) y> d}l(h,...,tm)
:/(OOO)M(Ifll*T}l)(x)...(|fm|wg)(x)dy(tl,...,tm),

defined for locally integrable functions fi,..., fm on R". Take exponents 1 <
qi,---,qm, and % = ql—l + -+ qlm, and weights w; € AR, i=1,...,m, and

w = wi’/ql . qun/qm' Then,
Ty, : LY (wy) x - - x LI (w,,) — L™ (w), (2.4.2)

with constant bounded by CIJ([wl]A;a, e, [wm]A;z ), where @ : [1,00)™ — [0, 0)
1 m
is a function increasing in each variable.

Proof. In virtue of [44, Theorem 2.1.10], we have that fori =1,...,m,
(Ifil + ¥1) < HTi”Ll(]R”)Mfi/

SO

Ty, (f1-- -0 fn) | <[] ((0, 00) (HH‘I”l!Ll R > Mf1... Mfm,

and (2.4.2) follows from Theorem 2.4.1. O

Remark 2.4.4. Note that from the argument in the proof of Theorem 2.4.3,
and taking into account Remark 2.2.13 and Remark 2.4.2, we can also deduce
strong, weak, and mixed type bounds for Ty "
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Remark 2.4.5. In virtue of [44, Remark 2.2.4], given a Schwartz function f on
R", we have that
Ctn
< 2 ¢ YR,

()] < i € LR
and hence, we can use Theorem 2.4.3, Remark 2.2.13, and Remark 2.4.2 to
obtain strong, weak, mixed, and restricted weak type bounds for some bi-
linear constant coefficient paraproducts on R" (see [99, Section 5]).

2.4.2 Sawyer-Type Inequalities for M® and M

The next application that we provide is an extension of Theorem 2.3.8 to the
multi-variable setting, which in turn, extends Theorem 2.4.1. The proof is
based on the previous one, and is similar to that of Theorem 1.4 in [75].

Theorem 2.4.6. Let 1 < py,...,pm < 0o, and let % = % R Let

) ) . / /
w1, ..., Wy be weights, with w; € AZ%,Z =1,....mand vg = wf Prowh/ P,

Let v be a weight such that vgoP is a weight, and w;v"i € A, i =1,...,m. Then,
there exists a constant C > 0 such that the inequalities
HM(f) M (f)
v

<

LP (v507)

0

m
< CTT Aot
i=1

LP(vgoP)
hold for every vector of measurable functions f = (f1,..., fm)-

Proof. The first inequality follows from the fact that M(f) < M®(f). For
the second one, we can assume, without loss of generality, that f; € LZ°(R"),
i=1,...,m. Fixy,R > 0and define

Ey:={x € R": [x| <R, yo(x) < M®(f)(x) < 2yv(x)}.
Fori=1,...,m, and taking 7; := H]-#i(ij)_l, and v; := 7,0, we have that

E5 ={x eR": |x| <R, yv;j(x) < Mfi(x) < 2yv;(x)}.

Since 7; € RHy, and w;v?i € A, we know that wivf I € A, with constant
independent of f (see Lemma 2.3.1). In virtue of Holder’s inequality and
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Theorem 2.3.8, we get that

vgo? ({x eR": |x| <R, %;)(x) > y})

— vgoP ({x €R": |x[ <R, # > 2y})
27\ 7 m
< (0) e
ER ER y yP i
" p/pi 1
-1 pi p p
< gy >H</{} w) <2 T

Iterating this result, we deduce that for each y > 0 and every natural number

N,
vgoP ({x eR": |x| <R, Mi((x))( x) > y})

P P s 1 B
< 2mPC1 Cm ZZ]P H”leLp,
J=

+vgof ({x eR": |x| <R, ]\/Ii((#;))(x) > 2N+1y}> p

and letting first N tend to infinity, and then R, the last term vanishes, and we
conclude that

o 2<m+1)P 1
Aﬁg(f) () = o — 1 Cp H Hfl“m
Fori = 1,...,m, if we take g; > 1 such that w;o"i € AZ,?, in virtue of
Pi

Lemma 2.3.1, we have that w; v;
Pz]

€ A, where s; > 1 depends only on

m,n, p;, q;, and [w;v ar < [w;ol ]Asi Smnpigi [wivf’i]?j;%,so by Lemma 2.3.10,

i
2‘71

we have that C; < ¢7. , ([w;] AR Con,py ;[ wivP] AR) and hence, the desired re-

sult follows, with

om+1 m 2q;
C= W H‘PSZ pi wz]AR/Cmn pig; [ Wio" ]AR))
which depends on the constants of the weights w; and w;v"i in an increasing
way. [
Remark 2.4.7. In the case when p; = --- = p;;, = 1, the previous result is a

corollary of Theorem 1.4 in [75].
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Observe that if we take weights w; € AZ%, i=1,...,m,and v € RH,,
then the hypotheses of Theorem 2.4.6 are satisfied.

2.4.3 Sawyer-Type Inequalities for .As and Whatnot

The next result will be crucial to work with Calderén-Zygmund operators in
the mixed restricted weak type setting.

Theorem 2.4.8. Let 0 < p < oo, let S be an nj-sparse collection of cubes, and let
v, w be weights. Suppose that there exists 0 < € < 1 such thate < p, wv™¢ € Aw,

and
w(Q)

[Uﬁs]RHw(w) = Slép m_—S(Q)HXQUi‘C:HLoo(w) < ©Q.

Then, there exists a constant C > 0, independent of S, such that the inequality

HAS(J?)

0

LP= (w) LP(w)

holds for every vector of measurable functions f =(fi,--s fm)-

Proof. In virtue of Kolmogorov’s inequalities, we obtain that

F
0 0 X

< sup

Lp,oo(w) 0<w(F)<OO

L (w)

where the supremum is taken over all measurable sets F with 0 < w(F) < oo.
For one of such sets F, and W := wv ¢, we have that

As(f) <[ Y xo (—;ﬂ_le |ﬁ|> XFW

H Ls(w) R" QES

(4
- T (T ) (g o) wea =

Since W € A, there exists r > 1 such that W € AZQ. Hence,

El (W(Q)

1/r
supsup — | ———= = ||W < 00,
QPECE|Q|<W<E>) Wl

By hypothesis, S is i7-sparse, so for each Q € S,

W(Q) < (%nww)rww@.
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Using this, we get that

I< <3:7—H|IW||AZ€> Q;S (ﬁ Ifz> <@/ XFW) W(Eq)

:(%\wruze)rQeS (H][ Iﬁ)( 50/, XEW ) W=

The sides of an n-dimensional cube have Lebesgue measure 0 in R", so
we can assume that the cubes in § are open. For Q € S and z € Eg, we
define Q* := Q(z,1p), the open cube of center z and side length twice the
side length of Q. We have that Eo C Q C Q* C 3Q, so

( fm)m M),

m/gxpw < @/Q XEW < Miy (xF)(2)-

Since the sets {EQ}Qes are pairwise disjoint, and using Holder’s inequal-
ity with parameter >1,

s (Ziwige) [ (M) Miyeow
< (1wl ) (M( )>S

p_ (3"
< °
= p—¢ (17 HWHA?) || Miy | L5y, (w)

and

1My o)l s

L= (w) )

Pyl HM

Lr(w)

Observe that for every measurable function g, || My (8) = w) < [Ig |12 (w)
and arguing as in the proof of Theorem 5.2.2, it is easy to show that

My (8| 1o ) < 24" [0 REp () 18 1] 11 (w0)

In particular, and applying Marcinkiewicz’s interpolation theorem (see [4,
Theorem 4.13]), we conclude that

1_¢

IVl 2ya gy S Enpel0™ TREL () <

(&) (w)
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Combining the previous estimates, we obtain that

HAS(f)XF

==
o =

w(F)
Lt (w)

1/¢
p(¥ ' et
. (p—s (7HWHAZ€> Cr eV E]RHZo(w)>

and the desired result follows, with

p 3n r 1 e 1/¢
- inf P —¢€ P )
c r>1 :u’VIZGAZz (P —& ( n HWHAF) C”'p'g[v ]RHoo(w)>

(%

M(f)

4

LV (w)

]

Remark 2.4.9. For 0 < p < 1, if we take v such that v° € Ag for some & > 0,
and w = uv?, with u € Aj, the previous result can be established via an
extrapolation argument (see [90, Theorem 1.1]).

Under the conditions that 0 < p < 1, and w = uv?, we can find weights
u and v that satisfy the hypotheses of Theorem 1.1 in [90] but not the ones
of Theorem 2.4.8, and vice versa. If we take a non-constant weight u € A,
and v = u= 17, then v € RHeo C Ao, and uov? = 1, but for every 0 <e <1
such that ¢ < p, we have that v™¢ = u?’P € Ay, and since u is non-constant,
v~ ¢ € RHe. Similarly, if we take a non-constant weightv € Ay, andu =v77,
then uv” =1, and for every ¢ > 0, uvP * = v ¢ € RHo € Ao, but u € RHeo
and is non-constant, so u ¢ Aj (see Lemma 2.3.1).

The previous examples show that, sometimes, some of the hypotheses of
Theorem 2.4.8 may be redundant. Let us be more precise on this fact. If w €
Aco, and wo~ ¢ is a weight, then [v™|gpy () < oo implies that wo™* € Ac.
Indeed, given a cube Q C R”, and a measurable set E C Q, we have that

wo ¢(E) 1 -
wo=(Q) ~ wo¢(Q) /QXE
w(E) w(E)

< wv,—g(Q)HXQU_ [roo(w) < [07 ]RHoo(w)mr

and since w € Ae, there exist §, C > 0 such that

wE) (Y

w(Q) Q]
N wtE) _ o (LY ”
wo Q) = [0 R Hoo () (@) , (2.4.3)

and hence, wv™¢ € A (see [39]).
The next application of Theorem 2.3.8 follows from the combination of
Theorems 2.4.6 and 2.4.8, and gives us mixed restricted weak type bounds for
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multi-variable sparse operators that can also be deduced for other operators,
such as multi-linear Calderén-Zygmund operators, using sparse domination
techniques (see [71]).

Theorem 2.4.10. Let 1 < py,...,pm < oo, and let % = % + e+ me' Let

w1, ..., Wy be weights, with w; € AZ%,, i=1,...,mand vg = wf/pl...w,ﬁ]/p’”.

Let v be a weight such that vgo?P is a weight, and w;oFi € Ae, i = 1,...,m.
Moreover, suppose that there exists 0 < € < 1such that e < p, vzoP ¢ € Ao, and
[0 RHo (vg0r) < ©0- Then, there exists a constant C > 0 such that the inequality

=,

T(f)

0

m
< CT Tl o)
LP> (vg0P) i=1
holds for every vector of measurable functions f = (f1,..., fm), where T is either a
sparse operator of the form

As(F) = Y (ﬁ Qﬁ-) xo

Qes \i=1

where S is an n-sparse collection of dyadic cubes, or any operator that can be con-
veniently dominated by such sparse operators, like m-linear w-Calderén-Zygmund
operators with w satisfying the Dini condition.

Remark 2.4.11. In the case when p; = --- = p;; = 1, and T is a multi-linear
Calderén-Zygmund operator, the previous result follows from Theorem 1.9
in [75].

In general, there are examples of weights that satisfy the hypotheses of
Theorem 2.4.10 apart from the constant weights. For instance, if 1 < py,...,

pm < m’, we can take w; = (Mhi)%, with h; € L} (R"),i=1,...,m, and

loc

==

0 =1V

» - Indeed, in virtue of Theorem 2.7 in [9], we have that w; € AE,

. , 1/p\ Pi/m
i=1,...,mand w;ofi = (Hﬁéi(Mh]-) J) € Aj. Observe that vzof =1,

N 1/m
and v = ( ?Ll(Mhi)l/pi> € Ay, so for every ¢ > 0, vzoP ™% = v™° €
RHe C Aw.

2.4.4 A Dual Sawyer-Type Inequality for M

The last application that we provide of Theorem 2.3.8 can be interpreted as a
dual version of it, and generalizes [14, Proposition 2.10].

Theorem 2.4.12. Fix p > 1, and let u and v be weights such that u AZ}, uof €
Aco, and for some 0 < & < 1, uvP~* is a weight, and [0~ gy, (or) < 0. Then,
there exists a constant C > 0 such that for every measurable function f,

M(fuovP~1
H# < Cllfll gy (2.44)

LV (u)
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Proof. Tt is known (see [64]) that there exist a collection {Z, }, of 2" general
dyadic grids in R", and a collection {S; } of %-sparse families of cubes, with
Sa € Yy, such that for every measurable function F,

271
MF <2-12" Y As, (|F|).

a=1

Hence,

M(fuvf’_l) ; 2n
R —— < .
H 2-24 E

LP'® (1) a=1

As, (Ifluo?~1)

u

(2.4.5)

LV (u)

By duality, and self-adjointness of .As, , and in virtue of Holder’s inequal-
ity, we have that

H As, (IfluoP™)

u

<p s { [ Aslur g}

LY (1) 1811 pa =1

=p s [ e s

||gHLp,1 (u)

< sup {HA&SSD

||gHLp'1(u)§1

)} ||f||LP,:1(uz)77)'
(2.4.6)

LP (yoP

Given a measurable function g such that g/ 1(,) < 1, and in virtue of
Theorem 2.4.8, we get that

A e M
HM < Yeu0 ([0 RH (uor)) ’ Tg , (2.4.7)
LP (uvP) LP (uvP)
with
" 1_¢ 1/¢
lPe,u,v([Ufg]RHw(uvP)) = (P ﬁ c <2 : 3’17[“0?78]1423) Cn,p,g[vS]RHi(w,,)) ’
(2.4.8)

where r > 1 is such that uvP=* € AZ2 (see (2.4.3)). Applying Theorem 2.3.8
and Lemma 2.3.10, we obtain that

?

where s > 1 is such that uv? € ARX.

Mg
0

< Pop ([l ag, 0] 4m )8l or ) < @5 (U] 4R, [H07] 4R),

(2.4.9)

LP (uovP)
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Combining the estimates (2.4.5), (2.4.6), (2.4.7), and (2.4.9), we conclude
that (2.4.4) holds, with

C=2- 48nPlP£,u,U([U_S]RHoo(qu’))(Pg,p([u]AZ}/ [MUP]AZQ).
]

Remark 2.4.13. Observe that if v = 1, then in Theorem 2.4.12 we can take

e=1and C = Gy, [u]ijzl, and the dependence on u of the constant C is
P

explicit, yielding a refined version of [14, Proposition 2.10].

Note that for p > 1,ifu € A,, and visa weight, then for every measurable
function f,

|t M)

LV (u)

< HM(fuv”‘l)
) u

LY (u ” LY (ul=r")

1
—pli 1 _
< Cl[ul P ]zp,l ||fuvp 1”1}’(”17;7’) =0 [u]AprHLP/(uvP)

S CZ[u]AprHLP//l(uUP)’
(2.4.10)

where in the second line we have used [8, Theorem 2.5] and [44, Proposition
7.1.5]. Hence, we obtain (2.4.4) without assuming that for some 0 < ¢ < 1,
[0 RH (uory < 0. We would like to prove Theorem 2.4.12 without this
technical hypothesis, but unfortunately, at the time of writing, we don’t know
how to do it.
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Chapter 3

Two-Variable Mixed Type
Extrapolation

No, no, no, it's all right. It's supposed to be a little asymmetrical.
Apparently, a small flaw somehow improves it.

Sheldon Cooper, The Big Bang Theory, 2018

We devote this chapter to the study of mixed type Rubio de Francia’s ex-
trapolation and its applications. For simplicity, we write the two-variable
versions of our results; the extension of these to the multi-variable setting is
just a matter of notation. In Section 3.1, we expose technical results that we
will apply in our work. In Section 3.2, we present our first two-variable re-
stricted weak type extrapolation theorems, precursors of our work on mixed
type extrapolation. In Section 3.3, we discuss our main results on mixed
type extrapolation, including downwards, upwards, and combined schemes.
In Section 3.4, we apply our extrapolation results to produce bounds for
product-type operators, averaging operators, bi-linear Fourier multiplier op-
erators, and two-variable commutators.

3.1 Technical Results

In this section, we gather some technical results that we will use throughout
this chapter.
The next result will be handy for future computations.

Lemma 3.1.1. Given real numbers A,B > 0,and 0 < 0 < o,

8/0
: —¢ —¢ Q (¢e—7 1-5 o/
B2 A eBY/¢
;2%{’47 l } Q—l?( 1% ) ‘

Proof. If AB = 0, then the result is clear. Otherwise, observe that the function
h(vy) :== Ay~% + By2~?, defined for v > 0, achieves its minimum at

9 1/Q A 1/Q
o= (35) (5)
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and hence,

0 — o\ 4 e
i 9 0=t _ _ Q 1-5p¥/e
;I;% {A’y + By } h(y0) <1+ Q—l9) < 9 ) A" eBY/¢,

The next result ensures that certain functions are locally integrable.
Lemma 3.1.2. Let p > 1, and let w be a weight.
(a) Ifw € Ay, and f € LF(w), then f € L} (R").

loc

(b) Ifw € AR, and f € LPY(w), then f € L} _(R™).

loc

Proof. To prove (a), in virtue of Holder’s inequality we have that for every
cube Q C R%,

J 1= [ kg™ < Uflarollxow ™

< Il iy <

To prove (b), in virtue of Holder’s inequality we have that for every cube
QC R7,
J 1= [ kg™ < Iflls g e e

< N f gm0l A2

P w(Q)l/P <

The next result allows us to construct nice weights.

Lemma 3.1.3. Let 1 < g < p, and let w be a weight. For a measurable function
hel]l (R"), letv=(Mh)TFw.

(a) If1 <q<pandw € Ay, thenv € Ay, and

4
1+

[U]AP S C[w]Aq ! ’
with C independent of h.

(b) Ifw € Ay, then v € AR, and
/
ol ap < Cllwl ",

with C independent of h.
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Proof. To prove (a), since w € A,;, we can find weights 11, u, € Aq such that
P 2 &

1- . 71 .
w =1y Tup, with [u1]a, < 1 [w]jlq1 and [uz]a, < ca[w]a,. The details on the

construction of such A; weights are available in [22, Theorem 4.2]. Moreover,

1-p
—p _.~51-p
Uy =: u1 Uus,

and in virtue of [14, Lemma 2.12], i1 € Ay, with [u1]4, < c3[u1]a,, and c3
independent of h. Hence, v € A, with

1—

Q
‘m
‘-m

H
)—\,_.

Pu

o= ('t

~ 1p—1 -1 -1 -1 1 1+
[0]a, <[]}y [u2la, <& (]l [uala, <] cach [w ]Aq ,

and the desired result follows, with C = cf _1c2c§ -1
To prove (b), since w € A;, we can find a measurable function h; €
Ll

1 .(R") and a weight u € A; such that w = (Mhy)'"7u, with [u]xq <
ZHWHAq- Note thatif p =1,theng =1, and v = w = u. If p > 1, then

1-g

5 (M) ),

9=
-

= ((Mh)'"Pu)

and it follows from [9, Lemma 3.8] that v € A%, with
1/ /
||U||A}7$ < C[M]Alp < 29/Pc Hw”%qp’

and the desired result follows, with C = 29/7¢, independent of h. O
The next result also allows us to construct nice weights.
Lemma 3.1.4. Let 1 < p < q, and let w be a weight. For a measurable function
he Ll (RY), letv = wit (Mh)T.
(a) Ifw € Aq, thenv € Ap, and

1+27

[0la, < Clw],, ",
with C independent of h.
) Ifw e A\q, thenv € Kp, and

/
ol 5, < CllwlZ",

with C independent of h.
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Proof. To prove (a), since w € Aq, we can find weights uj,u; € Ap such that

w = u}fquz, with [u1]a, <1 [w] A, and [uz] 4, < ca[w]a,. Moreover,

,_\

‘G

q—r
v=u, " T (Mh)TT =: ul Piiy,

and in virtue of [14, Lemma 2.12], iy € Aj, with [ilp]4
independent of 1. Hence, v € A, with

. < c3lun)a,, and c3

and the desired result follows, with C = cf_1c2C3.

To prove (b), since w € ﬁq, we can find a measurable function h; €
L} (R") and a weight u € Aj such that w = (Mhy)'~7u, with [u]}q/lq <
2Hw]|gq. Note that

9=

v = (Mh)~ Py 1(Mh)q

"G

H

=: (Mhy)'" Pl

Applying [14, Lemma 2.12], we see that i € Ay, with [i]4, < c[u]a,, and ¢
independent of h. Hence, v € ﬁp, with

1/ 1/ /
||U||gp < [ﬁ}Alp < cl/F’[u]Alp < 2‘7/F’c1/P||w||ngP,

and the desired result follows, with C = 24/Pc1/p. O

The following result also lets us construct nice weights.

Lemma 3.1.5. Let 1 < p,q < co. Let u € Ay, v € Ay, and take W = (%)1/’).
Then, W € AHg, and
p

Wla,_, < ulyP )7

ql

T AC I I AC I R

Fix a cube Q C R". To estimate the first factor in (3.1.1), in virtue of
Holder’s inequality with exponent p > 1, we get that

/ /
Proof. Note that <1+%> :1+§,and% (1— <1+%> ) =—1 50

[(W]a

]é (%)W = (]{2 ”)w (]{2 Ul’”')ppl, (312)

where the last term is interpreted as esssup, .. o(x)"tifp=1.
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Similarly, to estimate the second factor in (3.1.1), in virtue of Holder’s
inequality with exponent ¢ > 1, we have that

]é(%y = (]é Z’>1/q (][Q ”1“’/>q;1, (3.13)

where the last term is interpreted as esssup, ., u(x)"tifg=1.
Combining (3.1.1), (3.1.2) and (3.1.3), we obtain that

ey = (£0)) (L6
e () (6 )" (1) (6"

< [ul /P [o]".

R

The next result gives us information about a certain weight.

Lemma 3.1.6. Let 1 < q1,92 < 00, and 1 =Lyl Jetw € Ag, Wy € qu,

n q2°
and take w = w;}/qlwg/qz Then, w € AR and

2q’
wlag < (il el

where P : [1,00) — [0, 00) is an increasing function.
Proof. 1f g = 1, then w, € Ay, and in virtue of [44, Exercise 7.1.5], we get that
1

w € Ay, with [w] AR < [w]zq, and
q

(W] ,, < [w ]q/ql[wz]il. (3.1.4)

If g, > 1, we can find a measurable function 1 € L], (R") and a weight
u € Ajp such that wy = (Mh)!~%2u, with [u]}q/lq2 < 2||w2\|gq g > 1, we
2

—q1

can also find weights uj,up € Aj such that w; = u} up, with [u1]4, <

1
cifwi)}) T and [u2]a, < calwi]a, - Note that 29 > 1, and 6 := L8 e (01),

and by [14, Lemma 2.12], 17 := ul(Mhz)1 9 ¢ Ay, with [ 1) a, < c3lui)ay,
and c3 independent of /. Now,

q
~1-2 (1-q1) 1—g—L
uy qug/qluq/qz = ulq1 (Mh) =n ug/”’luq/q2

= <ui_‘71u2>q/ql ((Mh)l—qzu)q/lh =w,
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and w € Ay, with

~ 129—1. q/
(W] ay, <[] [y ™8] 4,

9 4 291

2q—1r. 129—1 / / 2q-1 q/q 291 nta1
<c q [ul] ‘7 [u ]q ql[ ]ilqlﬂiz < 26101‘1 Cg ‘71C3q [wl]gql 7 szHi]@qz
Ifgo, >1andg; = 1, then w; € Ay, and L 7 1 2q =1,s0
w = (Mh)' " 210u1/%2 ¢ ﬁzq,
with [w]A§7 < C4||w||gzq, and
/2,170 1/2 1/2
”w”&q < [w] uq/flz]if < [wy]Y / 2[u] 412 < 21/2[wl]A/1 ||w2||g/qz.
1/2 -
In any case, w € Azq, and [ZU]A;%7 < zp([wl]Aql)szHA/@, with
%
[wl]Aq; =1 q=1,
_ -4 1-1 L 121
¢([w1]Aql) 21/2C C;m Cy % [, ]Zﬂ;l 2An-T > 1,q0>1,
21/ZC4[w1]}4/12, q1 = 1, qz > 1.
0

The following result is a precise open property for A, weights, and itis a
particular case of [55, Theorem 1.2].

Lemma3.1.7. Let 1 < p < oo, and let w € Ay and 0 = w' =P For

_ p—1
~ 1+6-800"[0],,

we have that w € Ap—e, and
[W]a,_, <227 N w]y,

The next result is the classical weak type extrapolation theorem for one-
variable operators (see [42, Observation] and [101, Theorem 4]), but with ex-
plicit constants. It follows immediately from the classical Rubio de Francia’s
extrapolation theorem for one-variable operators with explicit constants pre-
sented in [36, Theorem 1], the bounds for the Hardy-Littlewood maximal
operator proved in [54, Corollary 1.10], and the argument in the proof of [28,
Corollary 3.10].

Theorem 3.1.8. Let T be a one-variable operator defined for measurable functions.
Suppose that for some 1 < r < oo, and every weight u € A,,

T: L' (1) — L' (u),



3.1. Technical Results 61

with constant bounded by ¢([u]4,), where ¢ : [1,00) — [0,00) is an increasing
function. Then, for every 1 < p < oo, and every weight w € Ay,

T: LP(w) — LP™(w),

with constant bounded by

<

21/70(2(cup) 7 [w] 4,), P>,
P(w]a) =< ¢([w]a,), p=r,

r—

r— 1
27 9@ (enp)? " [w]a,)7), p <
The next result shows the strength of a restricted weak type operator.

Theorem 3.1.9. Let T be a sub-linear operator defined for measurable functions.
Suppose that for some 1 < r < oo, and every weight v € A,

T:L"(v) — L™ (v), (3.1.5)

with constant bounded by ¢([v] 4z ), where ¢ : [1,00) — [0, 00) is an increasing
function. Then, for every weight w € A,

T:L"Yw) — LY (w), (3.1.6)

with constant bounded by ®([w)] 4, ), where ® : [1,00) — [0, 00) is an increasing
function.

Proof. To establish this result, we will perform two different extrapolation
procedures and an interpolation argument, keeping track of the constants at
each step. In virtue of (3.1.5), and Theorem 3.11 and Remark 3.12 in [9], there
exists an increasing function ¢ : [1,00) — [0, 0), depending only on ¢, r,
and the dimension 7, such that for every weight u € A,,

T: L (1) —s L"(u), (3.1.7)

with constant bounded by ¢([u]4,).

Take a weight w € A,, and let 0 < ¢ < r —1 be as in Lemma 3.1.7.
Combining (3.1.7) and Theorem 3.1.8, we obtain that for every weight V ¢
AT—S/

T:L75V)— LT5%(V), (3.1.8)

with constant bounded by

r—1

P-([V]a, ) =27 ¢ ((ealr — ) [V]a, )7 o)

. (3.1.9)
<2792 VIR, )
since ¢ is increasing, 0 < (¢, (r —¢)’) ¢ <1, and
r—1 1 1
1< - -1 <2
r—e—1 1 1 +6-800”[w1_r]Am

1468007 [w! | 4,
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Similarly, for every weight W € A,
T:L"tE(W) — L'T5°(W), (3.1.10)

with constant bounded by

P+(Wla,) = 279(2(c(r +€)) 7T [Wl4,,,)

.11
< 21/V(P(2Cn (27’ - 1) [W] Ar+s)/ (3 )

since ¢ is increasing, 1 < cu(r +¢€) < cy(2r —1),and 0 < ;= < 1.

By our choice of ¢, we know that w € A,_, and [w]4, , < 22nrHr=1gy] A
so from (3.1.8) and (3.1.9), we get that
T:L"%(w) — L' 5%(w), (3.1.12)
with constant bounded by

Y ([w]a,) =27 ¢ 3] ).

r

Similarly, w € A,y¢, and [w]a,,, < [w]a,, so from (3.1.10) and (3.1.11), we
have that
T:L " (w) — L'™5®(w), (3.1.13)

with constant bounded by

Yo ([w]a,) = 2"7p(2cu(2r — 1)[w]4,)-

Applying Marcinkiewicz’s interpolation theorem with explicit constants
(see [44, Theorem 1.4.19]), we can interpolate between (3.1.12) and (3.1.13),
and deduce that (3.1.6) holds, with constant bounded by

C(¥-([w]a)"" (¥+([0]a)’, (3.1.14)
where 6 := £ € (0,1), and

21/7 () cl-0ch

(i— )2(1—9) <%_$)29’

4
Cy = 28+7k _rEe )
ris—% '

and ¢ := (1 — \%) -~ (log2)~2.

C:=8 (3.1.15)

==

with
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Note that

(P ([w]a,) " (F+([w]a,))’ < max{¥_([w]a,), ¥+ ([w]a,)}
< 2¢(max{2*" 373, 2¢, (2r — 1) }Hwly)

=¥ ([wla,)- 5116
3.1.16

It remains to control (3.1.15) in terms of [w],4,. Since 1 < r + ¢, we have that

1< ftf% < 2,50 Cy <2, and C179CY < max{C_,C} < 2'c. Hence,

(r — €)2(1-0),201-0) (5 4 ¢)40 < g.olo+l, r2(2r—1)*% o

1
C < 8-21t7¢ L
- €2 - €2 g2

In virtue of [54, Proposition 2.2], we know that

1

1< [w' "] a, < Calw' "] a, = Calw]}
o

1 1+6-800"w!" 1+ 6-800" 1 a1
- = : _[1 JAw < " Cn[w];(rl —. Cn,r[w];l/

2

and we get that C < ¢,C;,[w]}'. Finally, with this estimate, (3.1.14), and
(3.1.16), we conclude that the desired result holds, with

®([1]4,) = 0 C2, [], ¥ ([w],).

]

3.2 First Steps Towards Restricted Weak Type Ex-
trapolation

In this section, we present the first results on two-variable restricted weak
type extrapolation that we have obtained. The ideas and techniques behind
their proofs will be crucial for our work on mixed type extrapolation, and we
will refine and extend most of them in the next chapter to produce general
multi-variable restricted weak type extrapolation schemes.

The following theorem is a two-variable extension of [9, Theorem 2.11].
The proofs of both results share various common points, although the two-
variable setting gives rise to non-trivial differences. In Figure 3.1 you can
find a pictorial representation of this scheme.

Theorem 3.2.1. Given measurable functions fy, fo, and g, suppose that for some
1 <r < oo, and all weights v1,v2 € A,

181 30 172012 = @URnll 7, - 0201 7) 1 fllra o) 2l o) (32.1)
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where ¢ : [1,00)% — [0, 00) is a function increasing in each variable. Then, for all
weights wy, wy € Ay,

||g||L%'oo(w%/2w%/2) S (I)([wl]All [w2]A1) ||f1||L1%(w1) ||f2||L1%(w2) 7 (322)

where ® : [1,00)? — [0,00) is a function increasing in each variable.

Proof. Pick weights wy,w, € A1, and write w = wl/ 2wk/2. 1f for some i =

1,2, ||fi HL1 1, = oo, then there is nothing to prove, so we may assume that
I leLl < oo, fori =1,2. In particular, f; and f, are locally integrable (see
Lemma 3 1 2). Fixy > 0 and y > 0. We have that
Ag (y) :/ w :/ w+/ w
{lsl>y} {lgl>y, MM >y} {lsl>y, MAMfa<vy}
< M)+ [ w
hip (sl MAiMf<) (323
r—1
< AW (WH/ <L)2w::1+11
e (gl>y} \MAMS,
To estimate the term I, we apply Theorem 2.4.1 to obtain that
_ (“Y}/)l/z 1 1/2
I= (7]/)1/2 Mflez('Y]/) (,),y)l/ZHMfleZH l°°(w)
P ¢x
(;;);";2 AL Il < 777 “’1);";2 1AM IRl
(3.2.4)
with ¢uw, w, 1= ¢([w1]a,, [w2]a,). The last inequality follows from the fact
that fori =1,2,
Al < 7 IAill (32.5)

as shown in (2.1.1) (see [44, Proposition 1.4.10]).
To estimate the term I, observe that for i = 1,2, v; := (Mf;)!"w; € A,,
so by (3.2.1) we get that

(’Yy)r/z/ 1/2 1/2
I = (Mf) w) 2 ((Mf2)'"ws)
(WWZ {lgl>y}
/2
S (ryy)l/zng”r 1/20%/2) (326)
r/2
< ol ezl )2 Wl 120



3.2. First Steps Towards Restricted Weak Type Extrapolation 65

Note that fori = 1,2,

1/r

il =7 [ (/ ) dz
e 0 o \Jygis

o 1/rd
<r a0 ( / wi> — ULy,
0 {Ifil>z}

because if x € {|f;| > z}, then Mfi(x)'™" < |fi(x)|'™" < z!7". Therefore,
from (3.2.6) we deduce that

(3.2.7)

r/2

Y 1 2 1 2
m<r )1/24)(” 1z lloall )72 11 A I 2 Hf I 2o (3.2.8)

- (
Fori=1,2, ||lvif| ; < [wl]z/ ", so by the monotonicity of ¢ and combining
the estimates (3.2.3), (3.2.4), and (3.2.8), we conclude that

1 _, 1 r—1
M) = o (77 R0+ el el )
1/2 1 2
<A, 120073

and taking the infimum over all ¢ > 0, it follows from Lemma 3.1.1 with
A=r1"Tpl2,  Bi=r (p([wl]l/’ [w ]1/’)”2, 0:=1%,and ¢ := J, that
1

2r!
AD(y) < P "’;’;7;’%»<[w1]zﬁf PO RE T REN T

Finally, multiplying this last expression by y'/2, raising everything to the
power two, and taking the supremum over all y > 0, we see that (3.2.2) holds,

with
D([w1]ay, [w2] a,) = 12 ()27 oo Ly @ ([0 ]{7, [0l Y1),

which depends on the constants [w1] 4, and [wy] 4, in an increasing way. [

We have presented Theorem 3.2.1 in its general form, for triples of func-
tions (f1, f,g). In the next corollary, we deduce the corresponding extrap-
olation scheme for two-variable operators. For convenience, we provide a
pictorial representation of it in Figure 3.1.

Corollary 3.2.2. Let T be a two-variable operator defined for measurable functions
f1 and fr. Suppose that for some 1 < r < oo, and all weights v1,v, € Ay,

T: L™ (vy) x L' (0p) — L2 (0} ?0)/2), (3.2.9)

with constant bounded by ¢(||o1|z , ||02]|z ) as in (3.2.1). Then, for all weights
w1, Wy € Al/

T: LY (wy) x LY (wy) — L2 (w)/?wl/?), (3.2.10)
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with constant bounded by ®([w1] a,, [w2] a,) as in (3.2.2).

Proof. Let g := |T(f1, f2)], and for every natural number N > 1, let gy :=
min{g, N} xp(o,n), Where B(0, N) := {x € R" : [x| < N}. Note that for every
N > 1, gy < g, so from (3.2.9) we have that

I8Nl 500 12372y < U017, M22ll 2 ) 1 filles o) 1 fallira o) -
for all weights vy, v, € A,, and by Theorem 3.2.1, we obtain that
1981, o gmgey < @0l [ala) WAl 12003

for all weights wq, w, € A1, and we get (3.2.10) taking the supremum over all
N > 1in the previous expression, because

HgH 1/2 1/2) SupHgNH 1/2 1/2)

since gn T . ]

Remark 3.2.3. Observe that if the operator T is defined for characteristic func-
tions of measurable sets Eq, E; C IR", then under the hypotheses of Corol-
lary 3.2.2, we deduce that

HT(XE1/XEz)||L%,oo(w%/zw;/z) < ' ®([wi] ay, [wa] 4, w1 (Er)wa(Ea),

and hence, T is of weak type (1,1, %) at least for characteristic functions.

(0,1) (1,1)

O
(0,0) (1,0)

FIGURE 3.1: Pictorial representation of Theorem 3.2.1 and
Corollary 3.2.2.

It is clear that the crucial point of the proof of Theorem 3.2.1 is the end-
point bound of the 2-fold product of Hardy-Littlewood maximal operators,
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which we manage to transfer to the original triple of functions (f1, f2, ¢). This
fact suggests that a general extrapolation scheme should allow us to transfer
bounds of a product-type maximal operator to a triple of functions (f1, f2,g)
under suitable hypotheses. The following theorem quantifies this idea and
allows us to obtain extrapolation schemes based on the bounds of an explicit
operator.

Theorem 3.2.4. Given measurable functions f1, f2, and g, suppose that for some

exponents 1 < p1, pa < o, % = 1 + - and all weights vy € AR and vy € Apz,

181 g ggiry < @01 ag lo2dag) il i) ity G2:10)

where ¢ : [1,00)2 — [0, 00) is a function increasing in each variable. Then, for all
exponents 1 < g1 < p1, 1 < gp < py, and % = 1 + 5 such that p # q, and all

weights wy € A\ql and wy € ng/

/; /p2
Igllzas () = F(llwrllz, /llwallz, )||ff||moo 1f1 qu s 112 qu :
wl

3 (w2)

(3.2.12)
where w = wz/qlwg/qz, and ¥ := (Mfl)‘slwfl(Mfz)‘52w§2, with
r_ 1
qi

p(pi — q:) pi .
b ="———"2 and B;:= , fori=1,2.
Y opi(p—9) Pi=rg=p /

Moreover,

1 2 /
llwillz, w2l z,) = L2 Coap(Crlanl 37 Collal 572, 321

which depends on the constants ||w1 || A, and ||wy|| A, in an increasing way.
1 2

Proof. Pick weights w; € qu and wy € A\qz, and let w = w;’/ qlwg/ 2. We may

assume that the quantity ||fil| + < oo, fori=1,2. In particular, f; and
L (w;)

f2 are locally integrable (see Lemma 3.1.2). Fix y > 0 and ¢ > 0. We have

that

A (y) = / w = / w+ / w
{lgl>v} {gl>y, 2>y} {Igl>y, Z <y}

< A% (vy) + w (3.2.14)

/{g>y, Z<vyy}

YY\ P
g)\w('yy)—i—/ - w=:1+1I.
z {g1>1) (%)

To estimate the term [ in (3.2.14), we have that

1= )T T (y) <

(’)’y) ||g||L1700 (3.2.15)

(W)
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68

We proceed to estimate the term II in (3.2.14). For i = 1,2, take
p)li (ﬁz(q p)+)k
= (Mfi)" v

( ) j
(Mfl) (q P)?w

Since w; € Eq , it follows from Lemma 3.1.3 that v; € AX, with

p_q
(P (a=p)+70) % _ (Mf)i P,

1

il ag < [villap = G szHq’/"” (3.2.16)

Observe that
PP = (Mfy) 1T PpP1I7P) (V1 £,) 020 p)gp P2l p) 171,702
P(‘]Q*PZ) i—% q/qla)g/q2

pla1—r1) %_% o
= (Mfy) n wq (Mf) P Wy
Up/mvg/pz’

((MA)TPraon)P/ P (Mf) = Peawn) P2
so by (3.2.11), (3.2.16), and the monotonicity of ¢, we get that
’ /p1.p/

oo P P1..P/P2
b %) (3.2.17)

2l o

Il

_ ('Yy)p/ P/ PP/ P2
(Y01 Jiglsyy " 2 _( )

/
¢(Cr ||wl||q1 " Co eI ’”)” LAl oy

p
< 24
(7y)7
and arguing as we did in (3.2.7), we have that fori = 1,2
l/ 1
Ifillinoy < AR (3.2.18)
L pl( i)

= 0o, then (3.2.12) holds, so we may assume that the quan-

If || 2] oo () = o0,
< oo. Combining the estimates (3.2.14), (3.2.15), (3.2.17), and

tity [|2 Lo (@
(3.2.18), we conclude that
VAL W) <UL o
P 27
Hsz e
P2 (wy)

1p2 /
+(B22) rtgcy a7 Ca ual ) 1A
4192 L P1
and taking the infimum over all y > 0, it follows from Lemma 3.1.1 that
_g\1P q
) (B2 gtcalwn] 37 Ca flwa |27
Ag Agy

qp\w SL(
) Pp—q\ q 9192
992

=y :
p 1 2

L
e 72 (10) ||f1|| a ||f2|| 5
1P1 (wy) 272 (wy)

7
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Finally, raising everything to the power % in this last expression, and tak-
ing the supremum over all y > 0, we see that (3.2.12) holds, with

1/q 1/p
_ p) (P—q>
Cpgi= —— r—1 (3.2.19)
P (P—q q

in (3.2.13). O

Remark 3.2.5. Observe that the expression (3.2.12) is homogeneous in the
weights w; and w,. Indeed, pick Weights w; € Ay and wy € Ag,. For
parameters a1, &y > 0, we have that a;w; € Aq , with [|a; wl||A = ||wl||A , for

i = 1,2, and under the hypotheses of Theorem 3.2.4, (3.2.12) glves us that

1,P2
||8Hmoo(az/q1a;/ﬂz ) < Yu, Wz”“l ||qu0( q/qlag/qzw)

/; /p2
x LA IRl

Ln i (vqwr) L 7 (wow)

with ¥y 1= ¥ (w1 5, llwallz, )- Since

1/ 1/
||g||Lq,oo(az/‘71[xg/qZ ) =& T, ”gHquo

and
/31+ ﬁ

2+
"o 25f”mw o1 020) = " ||g||m°°

and fori =1,2,
I T S

;Wi i (w;)

we conclude that

/p1 /P2
181l oo () <calaz‘1’w1w2||&”||moo 11 Hq1 1 f2 H”” ,
pl(w 2(w2)
with
. (Brtg) =P pr—ar (Bt ) A= -5
a1, T M 2
I N e
l(i,ﬂ) 1 _ 9 1(i_ﬂ) 1 _ 49
:“{7 1 r’n pqla; @ P2’ P2 Wz_ll

and we recover (3.2.12).

Note that we can easily recover the conclusion of Theorem 3.2. 1 from
Theorem 3.2.4. Indeed, for r > 1, choose p; = p» = r, with p = 5, and

g1 = q2 = 1, with g = 2. For this choice of parameters, §; = d, = 1, and
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B1 = P2 =0,s0 Z = Mf1Mf,, and Theorem 3.2.4 gives us that

I8l o,y < ¥ ey Rl IMAMEILY. RIS IR

with ¥ ([ur]a,, [wa] a,) = 135 ()2 9(Ciwi]1{", Calwa]!{"). Applying The-
orem 2.4.1, and (3.2.5), (3.2.2) follows with a shghtly dlfferent & due to the
constants C; and C,.

It may seem that the term % in Theorem 3.2.4 is a weird-looking object
in general, and it’s not at all clear what kind of bounds, if any, does it satisfy.
However, we have seen that under an appropriate choice of parameters, the
object 2 becomes the classical operator M®, for which we have a plethora of
estimates available. For this reason, we are now interested in finding all the
possible combinations of parameters for which 2 = M f; M f,. The following
lemma will help us in this matter. We will also use it later to find other useful
candidates for 2.

Lemma 3.2.6. In Theorem 3.2.4, the parameters involved satisfy the following rela-
tions:

no_— 49 f2 — 1 F1— 2
(a) il zf,anclonlyzfp2 =5 zf,arwlonlyzfp1 =5
(b) 61 = 01if, and only if & = . Similarly, 6, = % if, and only if 5 = 0.
(c) Fori=1,2,6; = 0if, and only if B; = —% if, and only if B; = — -
(d) B1+ B2 = 0. In particular, B1 = 0 if, and only if B2 = 0.

(e) Fori=1,2,6; = 1if, and only if B; = 0 if, and only if 1 = 6, if, and only if
B @
p1 2

Proof. To prove (a),

pr P P10 P2 2 P2 P
s _P 2 2,0 _12
q p q1 p1 p1 P2
To prove the first part of (b),
51—0@271—171(:);9-%;9 el P _P P 4
q  p2 2 P2 Q1 92
@ﬂ(&_l) Y Y 0. Sk ) ek DR N
p2 \ 92 q p292 q
The proof of the second part of (b) is entirely analogous.
To prove (c), we have that fori = 1,2,
P_49_P_4 1

G=0ep=gel-t=r_Taopg-_—
P T T w TP T
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Similarly,

1
,Bi:—q—(:)pl—qlﬁé =0.

To prove (d),

1314_[32:;71 ql_pZ fh:O

To prove (e), we have that fori =1, 2,

=1eP 8 P18 0 2 NN PRy,
pi p P p p2
and o B
=0 L= P8 P70 51,
pi qi Pi p
O]

We can see that the term 2 in Theorem 3.2.4 becomes Mf; Mf, if, and
only if 5y = 6, = 1 and 1 = B2 = 0, and Lemma 3.2.6 tells us that

51=14% =0 g, =0 5, =1 L T _ 42

P1 p2

In conclusion, & = Mf;Mf; if, and only if the points P = (p— E) and Q =

2
(L 7 qz) in R* lay on a straight line passing through the origin point (0, 0).
We are now in the position to provide an extension of Theorem 3.2.1 that
works not only in the diagonal case but also in the more general case when
the exponents of the Lorentz spaces involved satisfy the alignment condition

no_ 4
pi pz In Figure 3.2 you can find a pictorial representation of it.

Theorem 3.2.7. Given measurable functions f1, f2, and g, suppose that for some
exponents 1 < py,pa < 00, 1 = 1 -|— , and all weights v; € A and vy € A,

p p2’
(3.2.11) holds for a function ¢ : [ )2 — [0, c0) that increases in each variable.
1 _ 1, 1
Then, for all exponents 1 < g1 < py, 1 SA g2 < pa, anil il + o such that
p #qand I = 2, and all weights wy € Ag, and w, € Ag,,
||8||Lq,oo(w7/q1w;/qz) < q)(leHA ||w2||Aq ) ||f1||Lq1 B ||f2||Lq2 B
(3 2.20)

where @ : [1,00)% — [0, 00) is a function increasing in each variable.

Proof. Pick weights w; € 2@1 and w, € &h, and write w = w[{/ qlwg/ 2 From

Lemma 3.2.6 we see that % = % = %, and in virtue Theorem 3.2.4, we have
that

P (wy

1-1
< y q9/p q/p
I8y < FormalMAMSalai ATy ALy o G220
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with

2
o R Vv (P qa/p qa/p
Yuran == ¥l ezlla) = (£) CoaplCrlnl?  Ca a7
We apply Theorem 2.4.1 to obtain that

HMfleZHM/m(w) < 4’([“’1]14%/ [wZ]A%)Hfl ”Unrl(wl) HfZHqurl(wz)

< ¢lerllwillz, oe2llwall 3, Al Lot ) 12l o2 (o) -

(3.2.22)
We know from (2.1.1) that fori = 1,2,
P_
iy < (1) WAlL,g =50 If 3.2.23
||f1 Lqi/l(u]l-) — ﬁ ||,fl qup |f1 qup ( re )

Combining the estimates (3.2.21), (3.2.22), and (3.2.23), we get (3.2.20)
with

2_41_FP 1-1
S(wnlz,  lwallz, ) = (prp2) 7 hg(en will, eallwallz )7 oo

O]

Once again, we have presented Theorem 3.2.7 in its general form, for
triples of functions (f1, f2,g). We can deduce the corresponding extrapo-
lation scheme for two-variable operators arguing as in the proof of Corol-
lary 3.2.2. For convenience, we also provide a pictorial representation of it in
Figure 3.2.

Corollary 3.2.8. Let T be a two-variable operator defined for measurable functions.
Suppose that for some exponents 1 < p1,pa < o0, 1 = 1 + -, and all weights

p
U1 € A - and vy € APz'

T: LPvY(vy) x LP* (vy) — Lp'm(vf/plvg/pz),
with constant bounded by ¢ ([v1] AR [07] AR, ) as in (3.2.11). Then, for all exponents
1<q <p,1<q2<pyand; q—+q—suchthatp # qand - = T, and all
weights wy € Aq1 and wy € qu,

7 02,1 g0 (0701, 9/

T:L™7¥(wy) x L7 (wy) — LT (w] wy ™),

with constant bounded by ®(||w1 ||z , ||w2l| 5 ) asin (3.2.20).
91 72

Remark 3.2.9. Observe that if the operator T is defined for characteristic func-
tions of measurable sets Eq, E; C IR", then under the hypotheses of Corol-
lary 3.2.8, we deduce that

1 1
I Gtes ) |y < 21, il 7, Joa (1) cwn(E2) 2,



3.2. First Steps Towards Restricted Weak Type Extrapolation 73

p/q
with C = <q1q2 2) , and hence, T is of weak type (41,42,9) at least for
characteristic functions.

(0,0)

FIGURE 3.2: Pictorial representation of Theorem 3.2.7 and
Corollary 3.2.8.

All the extrapolation results presented in this section produce bounds in-
volving Lorentz spaces with lower exponents than the ones in the hypothe-
ses. In the one-variable extrapolation setting, the distinction between increas-
ing and decreasing the exponents was necessary, because the techniques in-
volved were different (see [9, 14]). In the two-variable case, we observe the
same phenomenon.

Now we present a result in which we manage to increase the exponents
of the Lorentz spaces involved, provided that we equip them with the same
weight. The key ingredient is a bound of a perturbed version of the Hardy-
Littlewood maximal operator, namely %
sentation of this scheme in Figure 3.3.

. We provide a pictorial repre-

Theorem 3.2.10. Given measumble functzons f1, fo, and g, suppose that for some

exponents 1 < pq, pp < oo, P = 1 + - and all weights v1 € Ap1 and vy € Apz,

||g||Lp’°°(U;]/plv§/p2) S q)(HU:lHA\pll HUZHA\pz) ||f1||Lp1’1(Ul) ||f2||Lp2’l(Uz) 4 (3'2'24)

where ¢ : [1,00)2 — [0,00) is a function increasing in each variable. Then, for
allexponentsq1 =p=lorqur>p1r>1Lq=p>1orgy>py>1, and

1_ 1
= + L T and every weight w € Aq1 N qu,

Igllzam (@) = @Clwllz, Mwllz,) il @) fall a2t @) - (3:2.25)

where ® : [1,00)? — [0,00) is a function increasing in each variable.
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Proof. Note that if g1 = p; and g2 = p», then there is nothing to prove. We
first discuss the case when 1 < p; < g3 and 1 < p2 < g2. Pick a weight w €
A, N Ag,. As usual, we may assume that || f; [ () < 00 and || 2| a1 (o) <
oo. For every natural number N > 1, let gn := [g|xp(o,n)- Fix N > 1. We will
prove (3.2.25) for the triple (f1, f2, gn)- Since gy < |g|, we already know that
(3.2.24) holds for (f1, f2,gn)- Fix y > 0 such that Ag, (y) # 0. If no such y

exists, then [|gn || g (,) = 0 and we are done.
In order to apply (3.2.24), we want to find weights v; € gm and vy € A\Pz
such that for v := val p/pz A (y) <A (y). Fori=1,2, take

7 gN
pi_l qz 7pz
v; 1= Wi (M(wx{‘ngy})) = (3.2.26)

Note thatif q; = p;, then v; = w. Applying Lemma 3.1.4, we see that v; € Ep ,
with ||vl||A < G ||w||ql/p’ and C; independent of w, N, and y. Observe that

P> wx{‘ngy}, so (3.2. 24) implies that

A?N(y) _/ whP/ PP/ P2 S/ f/m E/Pz /\gN(y)
{\gN|>y} {lsnI>y} (3.2.27)

/ /
S GO(C HWqu e HWqu p2)’” LAl i o) 12T

Fori = 1,2, we want to replace Hszva 1(0)) DY HleU,l (w) N (3.2.27). 1f
q;i = pi, then HfIHLpZ o) = Hlequ . If g; > pi, then applying Holder’s
inequality with exponent % > 1, we obtain that for every t > 0,

alft>m=[ <M<wngw'>”)> w

qz pi
M(wyx )\ @t
< ||X{|ﬂ|>t}HL%’1(w) ( {ul)gN|>y}
LT (1)
M( ) ql 771
! - wx
= q_w({|fl| > t1)Pil i g}gw|>y} | .
L% (w)

(3.2.28)

Now, Theorem 2.4.12, Remark 2.4.13, and [9, Corollary 2.8] give us that

i+1 !
<aillwlf M o{lgyl > y))VE 3229)

L7 (w) ’

M(wx {jgy|>y})
w
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SO
ﬁ], Pl ”
(Uil > 1 < 2 (el )" wdlen] > vh' Ha(lsl >
(3.2.30)
and hence,

illiagy =i [ ild1] > 0)) /i
1/pl 19— pl
qi gi+1 pi 49—
< i\ i 5
<pi(Z) 7 (™)
1_1 oo .
w({lgnl > yD)P 8 [ (Il > )V

pi\'" )7t 11
= ()7 () (gl > vDE Ul

qi 9
(3.2.31)
Combining the estimates (3.2.27) and (3.2.31), we have that
1 1-P2
Agv(y) < o O(|fewll 7, N0l 2, )P 1l o ) 1F2llF i ) Ay ()7 (3:2.32)

with

2 1/ T

H i ! +1 i qi
(D(Hw”A\ﬂ’HwHA\‘D) - (5:) (CZHZUHZ;\‘? )

i=1 !

/ /
< p(Callwly/7, Callw| &),

By our choice of y and gn, 0 < A, (y) < w(B(0,N)) < oo, so we can di-

vide by A% (y)l_% in (3.2.32) and raise everything to the power %, obtaining
that

yAg ()7 < (el 5, Nlwllz,)) fillpor @y 120l 2 )

and taking the supremum over all y > 0, we deduce (3.2.25) for the triple
(f1, f2,8N), and the result for the triple (fi, f2,g) follows taking the supre-
mum over all N > 1.

Finally, the case when for some i = 1,2, but not both, 1 < p; = ¢, follows
from the previous argument, since v; = w in (3.2.26), and estimate (3.2.31) is
no longer necessary. Il

We have presented Theorem 3.2.10 in its general form, for triples of func-
tions (f1, f2,g). We can deduce the corresponding extrapolation scheme for
two-variable operators arguing as in the proof of Corollary 3.2.2. For conve-
nience, we also provide a pictorial representation of it in Figure 3.3.
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Corollary 3.2.11. Let T be a two-variable operator defined for measurable functions.

Suppose that for some exponents 1 < p1,pr < o, % = % + %, and all weights

(S gm and vy € Apz,

T : LMV (01) x LP¥! (02) — LP (0] M10h/72),

with constant bounded by (p(||01||gp , HUZHEP ) as in (3.2.24). Then, for all expo-
1 2
nentsqi =p1>1lorqi >p1>1qa=p2>1orga>py>Loand ; = -+,
and every weight w € /qu N ng,
T: LT (w) x L2 (w) — L7™(w),
with constant bounded by ®(||w|| ; , ||w|| ; ) as in (3.2.25).
71 12

Remark 3.2.12. Observe that if the operator T is defined for characteristic
functions of measurable sets Ej, E; C RR", then under the hypotheses of
Corollary 3.2.11, we deduce that

T (e XE) | ooy < 22 (ll 5, ||w||gq2)w(El)l/qlw(Ez)l/qzr

and hence, T is of weak type (41, 92, q9) at least for characteristic functions.

(0,0)

FIGURE 3.3: Pictorial representation of Theorem 3.2.10 and
Corollary 3.2.11, and the results in Subsection 4.2.2.

Although Theorem 3.2.10 gives us a one-weight conclusion, we need to
assume a two-weight hypothesis to get it, because, in general, the weights
v; and v, that we chose in (3.2.26) are different. However, for q; > p; > 1

and g, > p» > 1 such that Z}:l = Z;—j, we have that vy = v,. That is, these

weights coincide if the points (py, p2) and (g1, 92) in R? lay on a straight line
passing through the point (1,1). Equivalently, for some T > 0, the points
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P = (%, —2) and Q = (— q—) in IR? belong to the graph of the function

Fr(x) := m, deflned for 0 < x < 1. Adding this assumption in Theo-
rem 3.2.10 allows us to replace (3.2.24) by its one-weight analog (3.2.33), ob-
taining the following corollary, and the corresponding extrapolation scheme
for two-variable operators. See Figure 3.4 for a pictorial representation of

these results.

Corollary 3.2.13. Given measurable functzons f1, f2, and g, suppose that for some

exponents 1 < p1,pa < o0 :, = 1 —l— 5, and every weight v € Ap1 N Apz,

I8y < 91215, 005, ) Willpniy 1ol (3:233)

where ¢ : [1,00)2 — [0, 00) is a function increasing in each variable. Then forall

> > 1_ 1,1 pi=l _ pa—
exponents q1 > p1, q2 > pa, and 7 o + o such that =T 7

1, and every

weight w € A\‘h N ﬁqz,
I8y < @Ulz, ol 7 ) Wfilla oy I fell sy, (3239)

where ® : [1,00)? — [0,00) is a function increasing in each variable.

Corollary 3.2.14. Let T be a two-variable operator defined for measumble functions.

Suppose that for some exponents 1 < p1,py < 00, = = 1 —I— -, and every weight

p
vE Ap NAy,
T : LPv1(0) x LP¥1(v) — LP™®(0),

with constant bounded by q)(||v|\gp , ”UHAP ) as in (3.2.33). Then, for all exponents
1 2

71 = P1 92 = P2 and% = L+ L guch that 221 = P2= 1

N . n =1 = g1/ nd every weight
we Ab]l N Aﬂizr

T: LY (w) x L2V (w) — L9 (w),
with constant bounded by ®(||w|| ; , ||w|| ; ) asin (3.2.34).
71 12

3.3 Main Results on Mixed Type Extrapolation

In this section, we present our theorems on two-variable mixed type extrap-
olation. To prove them, we build upon ideas introduced in the previous sec-
tion.

3.3.1 Downwards Extrapolation Results

The first result that we prove is a mixed type version of Theorem 3.2.4. The
proof is more or less the same, except for some technical modifications in-
volving the A, condition on the weights.
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A

(0,1) (1,1)

, ¢
(0,0) (1,0)

FIGURE 3.4: Pictorial representation of Corollaries 3.2.13 and
3.2.14.

Theorem 3.3.1. Given measurable functions fy, fo, and g, suppose that for some

1_1.,1 : R
exponents 1 < py, pa < 09, 5 = 5o+ -, and all weights v1 € Ap, and vy € Ay,

181 g1y < P01)0 021a8) Wil o) el i) B3)

where ¢ : [1,00)2 — [0,00) is a function increasing in each variable. Then, for all
exponents1 < g1 = prorl <q1 <p1,1< g2 < po,and % = qll—{— qlz such that

p # q, and all weights w1 € Ay, and wy € ﬁqz,

1-7 / /
I8l rase () = F(lwn]a, 12l g M2 Loes ) ||f1|lzlqlfé,1) Hfz”?qz%(w X
2

(3.3.2)
where ¥ : [1,00)2 — [0,00) is a function increasing in each variable, w =

w‘{/qlwg/qz, and % is as in Theorem 3.2 4.

Proof. We want to prove this result adapting the proof of Theorem 3.2.4. To
do so, we have to show that the weight v, := (Mf;)"""Pw; € A, apply
(3.3.1), find an appropriate replacement for estimate (3.2.18), and keep track
of the changes in the constants involved.

Let us see that v; € Ay,. If g1 = py, then v; = w; and we are done. If
p1 > q1 > 1, invirtue of Lemma 3.1.3, v; € Aj,, with

1+257

1
[vl]Apl <G [wl]Aqlql .
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Now, estimate (3.2.18) for i = 1 should be replaced by

1/p
flleen o) = (/Rn |f1|p1(Mf1)‘71_p1w1>
1
< PLfy |~ P n a/p
<\ APIAIT ) = AT,

Finally, if we follow the proof of Theorem 3.2.4 performing the previous
changes and keeping track of the constants, we conclude that (3.3.2) holds,
with

(3.3.3)

Y([wi]a,,, llwallz,) = Z Cpa@(P1([wn]a, ) C2 ||w2||QZ/p2) (3.3.4)
where
[w1]a,,, I1<q=p1
P1([wi]a, ) = 140
n Cl[w1]Aqlq1 Lol<q < py,

and ¥ ([w1]a, , [|wa qu) depends on the constants [w1] 4, and |[w;|| A, in an
increasing way.
If we combine Theorem 3.3.1 with Remark 2.4.2, we can deduce the fol-

lowing mixed type version of Theorem 3.2.7. In Figure 3.5 you can find a
pictorial representation of it.

Theorem 3.3.2. Given measurable functions f1, f2, and g, suppose that for some

exponents 1 < pq, pa < o, % = 1 —l— -, and all weights v1 € Ap, and vy € Apz,

(3.3.1) holds for a function ¢ : [1 oo) —> [0, 00) that increases in each variable.
Then, for all exponents 1 < q1 = prorl < q1 < p1,1 < g2 < pa, and% = ql_l + ql_z

such that p # q and - = 2, and all weights w1 € Ag, and w, € A
||8||Lq,oo(wz/q1wg/qz) < CID([wl]Aql, ||w2||gq2) ||f1||m1(w1) HfZHL"Z’%(wZ) , (3.3.5)

where @ : [1,00)% — [0, 00) is a function increasing in each variable.

q/q v// 92

Proof. Pick weights wy € Ay, and w; € qu, and write w = wy . From
Lemma 3.2.6 we see that % = % = p, and in virtue of Theorem 3.3.1, we

have that

1- / /
181l Lo () S‘I’wl,w2||Mf1Mlequoo ||f1||”£qfwl 1177, (3.3.6)

L2
2} w7

with Yo, w, 1= ¥ ([w1]4, , HwZ”qu) as in (3.3.4).
We apply Remark 2.4.2 to obtain that

IMAMS2 L) < @([wr]a,, e llwall g ) allen o 2l @, (3.37)
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and as in (3.2.23),

12l a2 gy < pz "||fz||Lq2p( s (3.3.8)

Combining the estimates (3.3.6), (3.3.7), and (3.3.8), we get (3.3.5) with

=

P

2—1— 1-1
Dl aycllwallz, ) T Y,

®([wn)a,, sl 5,) = s
[

Remark 3.3.3. Observe that if in Theorem 3.3.2 we assume that 1 < g, = p»
or1l < g < p2, change AZ}Z by Ap, and Ay, by Ag,, and replace (3.3.1) by

18N oo o/ ey < @[01] 4y [02) ) il o) 12l 2 o) - (B39)

then we can modify the proof of Theorem 3.2.4 as we did in the proof of
Theorem 3.3.1 to obtain that

18100y < FnaMAMBI L2 ) LN ) 110
with
Yor,w, = ¥([wi]a,,, [w2]a,,) = Cpao(@r([wi]a,), $2([w2]a,,)),
where fori = 1,2,
[wil 4, 1<4qi=pi

Yi([wila,, ) == 142
" Ci[wi]Aqiq’ Lol<qi<pi

and using Remark 2.4.2, we conclude that
||g||Lq,oo(w7/qlwg/qZ) S (P( [wl]Aql’ [wZ]AqZ )Twl/w2 ||.f1 ||Iﬂ1 (wl) ||f2||Lq2(W2) ‘

This argument gives an alternative proof of [15, Theorem 3.12] in the partic-
ular casewhen1 < g =pjorl <q; <p;, 1 <gp=prorl < gy < py, and
n_ 1
Pt P2’

As always, we have presented Theorem 3.3.2 in its general form. We can
obtain the corresponding extrapolation scheme for two-variable operators
arguing as in the proof of Corollary 3.2.2. See Figure 3.5 for a pictorial repre-
sentation of such scheme.

Corollary 3.3.4. Let T be a two-variable operator defined for measurable functions.
Suppose that for some exponents 1 < py,pa < o0, 1 = % + %, and all weights

p
R
v1 € Ap, and vy € Apz,

T: LP'(v1) x LPY () — L™ (0} P1ob/P2),
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with constant bounded by ¢([01]4, , [v2] AR ) as in (3.3.1). Then, for all exponents
2

1§q1:p10r1<q1<p1,1§q2§p2,and%:l+qlzsuchthatp7éqand

qn
A—}
P1 p2’

and all weights w1 € Ag, and wy € gqy
T: L9 (wy) x L7 (wy) — L9 (w/ T/ %),
with constant bounded by ®([w1] 4, , szﬂng) as in (3.3.5).

Remark 3.3.5. Observe that if the operator T is defined for characteristic func-
tions of measurable sets E1, E; C R”, then under the hypotheses of Corol-
lary 3.3.4, we deduce that

1 1
HT(XEVXEZ)Hw(wq/qlwg/qz) < CO([wi]a,,. w2l 5, w1 (Er) My (Ey) /%2,

/
with C = (ng) ’ q, and hence, T is of weak type (41,42, 4q) at least for char-
acteristic functions.

(0,0)

FIGURE 3.5: Pictorial representation of Theorem 3.3.2 and
Corollary 3.3.4.

So far we have produced extrapolation schemes for the case when the
exponents involved satisfy the alignment condition % = Z—i. Now, we are
interested in studying the case when we fix the value of the second exponent,
that is, when pp = 4. To do so, we can use Theorem 3.3.1, but this time the
term 2 differs from MfiMf,. Indeed, since p» = g2, we have that 6, = 0,

and in virtue of Lemma 3.2.6 (b), (c), and (d), we deduce that §; = qq—l, B1 = %,
and B, = —%. Hence,

1/p2
P = (Mfy)n/1 (%) " (3.3.10)
2
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and a suitable bound of this operator allows us to produce the following
extrapolation scheme. In Figure 3.6 you can find a pictorial representation of
it.

Theorem 3.3.6. Given measurable functions f1, f2, and g, suppose that for some

exponents 1 < p1, pa < o, % = 1 + -, and all weights v) € Ay, and vy € Af,

(3.3.1) holds for a function ¢ : [ )2 —> [0, 00) that increases in each variable.
Then, for every exponent 1 < g1 = pror 1 < q1 < py,and § = -+ -, and all

weights wy € Ag, and wy € Am,
8 o gy < Pllwnla, - [w2lag YAl o) 1f2 et oy - 331D

where ® : [1,00)? — [0, 00) is a function increasing in each variable.

Proof. Note thatif g; = p1, then there is nothing to prove, so we may assume
that 1 < g1 < p;. Pick weights w; € Ay, and w; € APz’ and write w =

117/ o g/ P2 Observe that in the proof of Theorem 3.2.4, the weight v, that
we chose becomes w, € ARZ, and estimate (3.2.16) is no longer necessary.

This fact allows us to work with AZ}2 instead of Apz in Theorem 3.2.4 when
g2 = p2, and also in Theorem 3.3.1, and hence, in virtue of (3.3.10), we have

that
1/p2
n/q (W1
(Mf1) (w2>

1-1
’ q1/p1
Hf Hqu wl Hfz”Lerl(wz) 7
19(w)

ngmw(w) < Yo,w,

(3.3.12)
with

p1—1

Yoo, = Y([w1]a,,, (W2l g ) = Coq@(Crlwr] g, " w2l oz )-

Note that

H(Mfl)ql/q (Zw“_l) e

1/
(Mfy)n/9 <ﬂ) &
[4%)
LI (w)

= </n(Mf1)Wi’ql+”q2)l/q

/ 7/q /
—HMflllilql” < clwn]y, "llfi H%”wl

(3.3.13)

L9 (w)

where the first inequality follows from [44, Proposition 1.1.6], and the second
inequality follows from [8, Theorem 2.5].
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Combining the estimates (3.3.12) and (3.3.13), we get that

‘7]1 (1 ) q1+q1 (17%)

Iy < ClorA, " Fansen Ay If2laan
1= ‘11
Clwrl "™ o son Iill s ) 12012 )

and (3.3.11) holds, with

1 P10
1 911
O([wr]a,, [wa] gz ) = Clon] i " Fopr-

]

Remark 3.3.7. Note that given 0 < a < py, if in Theorem 3.3.6 we replace
(3.3.1) by

U8W oo o/ o2y < @01l 4y [02] 4 ) Uil ooy Ifallpan o) -

and also in Theorem 3.3.1, then we can replace estimate (3.3.3) by
© agy At 1/a p 1/a /n
< ([ ®) " (2 e,
IAllzay < p™{ fi (O n) A Hﬂ O
and follow the proof of Theorem 3.3.6, using that

pP1—«

o xq1
<|(— «
Al < (5) ™ 1Al g

in (3.3.13), to conclude that

1811 g0 o/ 172y < Pal[wilay, s [w2] 4 ) ||f1||L,,1,%(wl) /20l Lrat o) «

with @, = (1) () VE T g

Remark 3.3.8. Observe that if in Theorem 3.3.6 we change AZ}2 by Ap,, and
replace (3.3.1) by (3.3.9), then we can modify the proof of Theorem 3.3.1 ar-
guing as in the proof of Theorem 3.3.6 to obtain that for 1 < g1 < p;,

q
Upa||' %
n/q (@1
(Mf1) (wz)

/
”fl”lzl'h P;}l ||f2||Lp2(w2) ’
117 (w)

”gHLﬂf‘”(w) < Yo,w,

with

p1—1

Yo,w, 1= ‘I’([wl]Aql, [WZ]APZ) = Cpa9(Cy [wl]Aqlqu/ [wz]Ap2),
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and in virtue of (3.3.13), we conclude that
||g||Lq,oo(w‘17/‘71wg/7’2) < CD([wl]Aqlz [wz]A,,z) ||f1Hm1(w1) ||f2HLp2(w2) ,  (3.3.14)

with
1 P11
P1 91—

P([wr]a,,, [wa]a,,) = clwily Yooy,
In the case when 1 < g7 = py, (3.3.14) is just (3.3.9). We can now use (3.3.14)
as a starting condition to extrapolate again, playing the role of (3.3.9) in the
previous argument, but this time we fix the value of g;, obtaining that for

1<q2<po % = 111_1 + qlz, and all weights w; € Ag and w, € Ag,,

181 e 12y < P01) s 02La) Il g [ oy (3315)

with

Pl 17 et = =
([wi]ay, s [wala,) = Clwn] " [wal g = @(Crlwn] 0, " Colwa] o )

In the case when 1 < qo = p», (3.3.15) is just (3.3.14). This argument gives
an alternative proof of [15, Theorem 3.12] in the case when 1 < g; = p; or
l<g<ppandl1<gy=prorl < gy < ps.

Remark 3.3.9. We can use Rubio de Francia’s algorithm (see [101]) to im-
prove Theorem 3.3.6, producing a better function ®. Indeed, for g1 > 1, in
Theorem 3.3.1 we can take

Z = (Rfy)"1 (ﬂ)“ﬁzl

wr
and in its proof, we can take
v = (Rf1)T Py,
where for a measurable function i € L7 (wq),

m k
Rh::Z Mh

k=0 (2||M||Lq1(wﬂ>k

is the Rubio de Francia’s algorithm (see [37, 101]).
In virtue of [37, Lemma 2.2], we have that || Rh|| a1 (5,) < 2[Rl 191 (y), Bt <
1

Rh, and Rh € A, with [Rh] 4, < 2||M|[pn(w,) < €1 [wl]l‘gqul (see [8, Theorem
1
2.5]). Moreover, applying [37, Lemma 2.1], we obtain that v; € A, , with
ol
[01]a,, < G [wl]jﬂfq*l. Hence, we can rewrite the proof of Theorem 3.3.6 to
1
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conclude that (3.3.11) holds, with

p1—1

1-1 ~ -
([wr]a,, (w2 ag ) =27 "1 Cpqaep(Cy [wl]ﬂqllf [w2] o )- (3.3.16)

As usual, we have presented Theorem 3.3.6 in its general form. We can
obtain the corresponding extrapolation scheme for two-variable operators
arguing as in the proof of Corollary 3.2.2. See Figure 3.6 for a pictorial repre-
sentation of such scheme.

Corollary 3.3.10. Let T be a two-variable operator defined for measurable functions.
Suppose that for some exponents 1 < p1,pa < oo, % = % + %, and all weights
vy € Ap, and vy € AR,

T:LP(vy) x LP* (vy) — Lp'“(vf/plvg/m),

with constant bounded by ¢([v1] 4, , [02] AR ) as in (3.3.1). Then, for every exponent
2

1<q=piorl <q <ppand =g+

® 7 p2’
Wy € APz’

and all weights wy € Ay, and

T: L9 (wy) x LP>! (wp) — L9 (w] Mw]'??),

with constant bounded by ®([w1]4, , [wz]A}@ ) as in (3.3.11).
2

Remark 3.3.11. Observe that if the operator T is defined for characteristic
functions of measurable sets Ej,E; C IR", then under the hypotheses of
Corollary 3.3.10, we deduce that

1T Cters X oo iy < P2 ([@1] [w2] 4 Jwr (En)' /ey (E2) /72,

and hence, T is of weak type (g1, p2, 9) at least for characteristic functions.

In Theorem 3.3.6, we manage to fix the second exponent p, and decrease
the first exponent p; down to q; exploiting the A, condition on the weight
wy. We can also fix the value of p; and decrease the second exponent p,
down to g, exploiting the ng condition on the weight w;, as we show in the
next result. The proof is similar to the one of Theorem 3.3.6, but we need to
use Theorem 2.3.8 to control the quantity |2 || s~ (w). We include a pictorial
representation of this scheme in Figure 3.7.

Theorem 3.3.12. Given measurable functions fi, f», and g, suppose that for some

1 _ 1 1 . R
exponents 1 < pq, pa < o, 5= B 4+ a7 and all weights vy € Ap, and vy € Apz,

(3.3.1) holds for a function ¢ : [1,00)> — [0,00) that increases in each variable.
Then, for every exponent 1 < gp < pp, and % = % + qlz, and all weights w1 € Ay,

and wy € A\(h,

||g||Lq,oo(w?/plwg/q2) S ¢([w1]Ap1’ ||w2||ng) ||f1||LP1(w1) ||f2||Lq2,%(w2) 4 (3'3'17)

where @ : [1,00)2 — [0, 00) is a function increasing in each variable.
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(0,1) P Q (1,1)
o *~——o—0

FIGURE 3.6: Pictorial representation of Theorem 3.3.6 and
Corollary 3.3.10.

Proof. Note that if go = p», then there is nothing to prove, so we may assume

that g, < ps. Pick weightsw; € A, and w; € ng, and write w = w‘{/ plwg/ %,
In virtue of Theorem 3.3.1, we have that

1-1
92/ p2
HgHm,oo(w) < Twl,wzHgHm,of(w) ”leU’l(wl) ”szqu'Z%(wz) ’ (3.3.18)
with
v —y R o &C C Q2/P2
oy = Y([wila, w2z, ) = 0 pa@([wia,  C szﬂgq2 )-

We want to control the term || 27| 19 (y,) in (3.3.18). Observe that

Z = (Mfp)/1 (%)m’l ,

w1

since 61 = 0, and from Lemma 3.2.6 (b), (c), and (d), we deduce that J, = 2—2,
q
1

B1 = —ps and By = % If we take W := <%> ﬁ, in virtue of Lemma 3.1.5,

1—-4L
W € Aw, and woW?2 = w;’/mwz ' = w. Applying Lemma 3.1.6, we
. 1/2
see that w € Ag, with [w]AZ < w([wl]Apl)szHA/qz, so by Theorem 2.3.8,
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Lemma 2.3.10, and (2.1.1), we obtain that

M#, 92/9
12 o) = | 2

/q
< ¢(|w2] 4%, = )P/ fo||
e < P oL PRI

1
7(a2—p2) /q
< p; plellwallz ¢ ([w1]Apl)||wz||1/2)”’2/’7||f 1%,
2 72 L7273 ()
i(02=12) g5/ /4
o R T
L7 (w2)
(3.3.19)
with
: 1/2
Py 7= 4’(C||w2||gq2r¢([w1]Ap1)Hw2||g/qz)- (3.3.20)
Combining estimates (3.3.18) and (3.3.19), we get that
i (=p2)(1-1) qz(l D q2+q2(1 )
1811 o) < P2 iy " Y | ll e oy 12172
L7 (w2)
_n_Pr 2
=P S 4)7471,50221?% w2 Hf1||m (wy) HfZH qu ’

2 (wy)
and (3.3.17) holds, with

—Ron o
([wi]a,, llw2llz)) =pa ™ " by Yoy

O

Remark 3.3.13. Note that given a > 0, if in Theorem 3.3.12 we replace (3.3.1)
by
18N oo/ oprray < @101l 4y [02] 4 ) Uil ooy Ifallpan o) -

then we can replace estimate (3.3.18) by

1

[2 /p2
||g||Lqr°°( < Yu, wz”ff”m ‘ ||f1||LP1“ (w1) ”f ||£]2 ’

3 (w2)

and follow the proof of Theorem 3.3.12 to conclude that

181 oo gy < U@y l02llz, ) Il o) 120 g -

As before, from Theorem 3.3.12 we can obtain the corresponding extrap-
olation scheme for two-variable operators arguing as in the proof of Corol-
lary 3.2.2. See Figure 3.7 for a pictorial representation of such scheme.

Corollary 3.3.14. Let T be a two-variable operator defined for measurable functions.

Suppose that for some exponents 1 < py,py < oo, % = % + %, and all weights
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R
v1 € Ap, and vy € APZ,

T LV (01) x LP(0g) — L (0] 10)'72),

with constant bounded by ¢([v1]a, , [v2] AR ) as in (3.3.1). Then, for every exponent
2

1<q<ppand =+

TR and all weights wy € Ay, and wo € ﬁqz,

vl
T: L~ (wl) X Lq2’l7§ (wz) — quoo(wii/r’lwg/%),
with constant bounded by q)([wl]Am, [wz]A;z) as in (3.3.17).
2

Remark 3.3.15. Observe that if the operator T is defined for characteristic
functions of measurable sets Ej,E; C IR", then under the hypotheses of
Corollary 3.3.14, we deduce that

| T(xE,s XE,) Hmm(w?/plwg/qz) < CO([wi]a,, , [w2] oz o1 (E1)/ M1 (E2) /%,

with C = pgz/ 72, and hence, T is of weak type (p1,q2,q) at least for character-
istic functions.

(0,1) Q (1,1)
O ® ®
Q Q
® ®
p P
® [
(@ ZEREETEET PR PR P (@ REREERTEETEEP PR P '@ ERELTRES >
(0,0) (1,0)

FIGURE 3.7: Pictorial representation of Theorem 3.3.12 and
Corollary 3.3.14.

We can combine Theorem 3.3.6 and Theorem 3.3.12 to produce a more
general extrapolation scheme that decreases both exponents p; and p, down
to g1 and gp, respectively. The monotonicity of the functions ¢ and ® in both
theorems is crucial for the iteration process. For convenience, we include a
pictorial representation of this scheme in Figure 3.8.

Theorem 3.3.16. Given measurable functions fy, f2, and g, suppose that for some
exponents 1 < py, pp < o, % = % + %, and all weights v1 € Ap, and vy € AZ}Z,
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(3.3.1) holds for a function ¢ : [1,00)> — [0,00) that increases in each variable.
Then, for all exponents 1 < g1 = prorl < q1 < p1, 1 < q2 < po, and% =

qll + ql—z, and all weights wy € Ay and wy € qu,

80 om gy S P 120 5,) Wil o) W2 o 332D

where ® : [1,00)? — [0,00) is a function increasing in each variable.

Proof. Note that if g3 = p; and g2 = p», then there is nothing to prove. If
g1 < p1 and q2 = py, then the result follows immediately from Theorem 3.3.6,
and if g1 = p; and g2 < p», then the result follows immediately from The-
orem 3.3.12. Let us assume that 1 < q; < pyand 1 < g < pa. In virtue
of Theorem 3.3.6 and (3.3.16), we have that for % =1 4 %, and all weights

n
Wi € Ay, and W, € Ap2,

11 g 12y < BWi L W24 ) Il iy 12 52y B3:22)

with
Pl*l

O([Wila,,, Walyg ) = 2! Cpro(CWALY " [Wal g ),

and applying Theorem 3.3.12 replacing (3.3.1) by (3.3.22), we conclude that
(3.3.21) holds, with

_12 _ er 1—

/
Blfwrla oalla,) = 73 * L BBl ColwalE™),

where ¢, w, is as in (3.3.20) with the obvious modifications in the parame-
ters. O]

Remark 3.3.17. Observe that in the case when ’7—1 = Zi we can extrapolate

with either Theorem 3.3.2 or Theorem 3.3.16, but the function ® that we ob-
tain with Theorem 3.3.16 is slightly better due to Remark 3.3.9.

As usual, from Theorem 3.3.16 we can obtain the corresponding extrap-
olation scheme for two-variable operators arguing as in the proof of Corol-
lary 3.2.2. See Figure 3.8 for a pictorial representation of such scheme.

Corollary 3.3.18. Let T be a two-variable operator defined for measurable functions.

Suppose that for some exponents 1 < py,pa < 00, 1 = % + %, and all weights

P
R
v1 € Ap, and vy € Ay,

T:LP(v1) x LP(0) — L ()P0}’ 72),

with constant bounded by ¢([01]a,,, [UZ]A;Q ) as in (3.3.1). Then, for all exponents
2

Il<g=prorl<qg <p,1<g< pz,and% = ;T+ql2,andallweights

wy € Ag, and wy € qu,

a2
T: L9 (1) x L2 (wp) — L9 (wf/ 1w/ ™),
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with constant bounded by ®([w1] 4, , ||w2||gq ) as in (3.3.21).
2

Remark 3.3.19. Observe that if the operator T is defined for characteristic
functions of measurable sets E;,E; C RR”", then under the hypotheses of
Corollary 3.3.18, we deduce that

ITOten xE) | g/ ) < €[] lwall 5, o (1) /Bawa(E2) /%,

with C = pgz/qz

istic functions.

,and hence, T is of weak type (g1, 92, 9) at least for character-

Onip, Q@ o (L1
Q
Q Q Q
®
Q
o P. )Q Q
- Y S S
(0,0) (1,0)

FIGURE 3.8: Pictorial representation of Theorem 3.3.16 and
Corollary 3.3.18.

3.3.2 Upwards and Combined Extrapolation Results

Now we want to produce extrapolation schemes that allow us to increase
the value of the exponents of the Lorentz spaces involved, like we did in
Theorem 3.2.10. The next result shows that we can increase the value of p;
while fixing p,. The proof is different from the one of Theorem 3.3.6, and
borrows some ideas from the proof of Theorem 3.2.10. See Figure 3.9 for a
pictorial representation of this new scheme.

Theorem 3.3.20. Given measurable functions fi, f», and g, suppose that for some

exponents 1 < pq, pa < 0, % = % + %, and all weights v, € Ay, and v, € Azfz,
(3.3.1) holds for a function ¢ : [1,00)> — [0,00) that increases in each variable.

Then, for every exponent g1 > p1, and % = ql_1 + %, and all weights wy € Ay, and

R
Wy € APz’

181 12y < P01 a2 ) el oy 2l iy B:323)
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where @ : [1,00)2 — [0, 00) is a function increasing in each variable.

Proof. Note thatif q; = p1, then there is nothing to prove, so we may assume
that g, > p;. Pick weights w; € A, and w; € AZ,QZ, and write w = wg/qlwg/m.
We may also assume that || f1[| 11 (5,) < 0 and || f2| a1 () < o0. For every
natural number N > 1, let ¢n := [g[xp(o,n)- Fix N > 1. We will prove (3.3.23)
for the triple (f1, f2,¢n)- Since ¢n < |g|, we already know that (3.3.1) holds
for (f1, f2,gn). Fixy > 0 such that AP (y) # 0. If no such y exists, then

||gN||Lq,oo(w) = 0 and we are done.
In order to apply (3.3.1), we want to find weights v; € A, and v, € A?fz

/ / .
such that for v := o}’ "vh’ 7 S AG W) <A (y). Since g1 > 1and wy € Agy,
we can find weights uq,u; € Aj such that w; = u}fql
1

1 [wl]l'gl; and [up] 4, < c2[w1] 4, . Consider the function

up, with [ug]a, <

75 (1+p2) L
W _”1 Uy wy

We have that W € A, and in particular, it is locally integrable. Indeed, since

—L(1+
—%(1-1—;?2) <0, u, pz (172) € RHw,andsince%+% =1, uq/q1 q/pz € A

Hence, W € As. Now take vy := w,, and

_hn

1—- / 1-p1 ~
v ==u; Tubt " (M(WX{‘ngy})) " =ru M,

Applying [14, Lemma 2.12], we see that iy € Ay, with [il5] 4, < c3[up]4,, and
c3 independent of W, N, and y. Hence, v1 € Ay, with

[v1]4,, < [u1]i11_1[ﬁz]Al < ¢3 [Ml]ill_l[uz] A, < Cilwy] Aqfl_l- (3.3.24)
Observe that

P (1—py) ya
p/p1..p/p2 =P b/ (1= p/ps
v oy T >y wy WP w0y e ls gy = U U W0R X (g 5y}

with
— P P9 p1
" _P(l Pi) - pip2 (1 Q1>(1+p)
— p2 _ B
- (11 + p2) (1 + p2) (1—p1)(g1+p2)+ (p1—91) A+ p2))
= b2 gy Pk0a) g
= i@y TP ma) =5 e = (),

ay:£+£10_ﬂ):£0+i_ﬂ):£<i+i>:i
1 Piq 1 q1 P11 q1 \P1 P2 q1

ay:£+£10_&):£G+i_i):£(i+i):il
P2 P1p2 n p2 P11 p2 \p1 P2 p2
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SOV = WX {|gn|>y}s and hence, (3.3.1) and (3.3.24) imply that

r1—1
1 1+

Av®) < A1) < —o(Crlwily " [w2] ag )P 1Ll s o) 120

(3.3.25)

Now we want to replace the term || f1[| p (o) in (3.3.25) by | f1[| pvr1 (o, )-

Appolying Holder’s inequality with exponent % > 1, we obtain that for every
t>0,

P1

1-~1

M(Wx AN

a({Iil> 1) = [ ( _f,'fN'”}) w1
AE! uy My

< ||X{|f1|>t}||L%,1(

wi)

1_
MW {jgy>y})
ul—Lh

= Lo ({1fa] > 1)/
p1 u

LV (wy)

Let Fy := WX{‘gN|>y}, U:=u € A,and V := ul_qluz S Aq1+1. Note that

1—-L(1+p,)
_ 2 q/ﬂh v/ P2
UFy = ”1 X{|gn|>v}

L(1=q1) 4/ /

a1 EI 1 EI p2

= Uy X{lgnl>y} = WX{|gn|>y}s

and since UV = wy € Ay C A , and [w] AR < [w1] A/ ?1 it follows from
Theorem 2.3.8 and Lemma 2.3.10 that

| M(WX{jgy|>y}) HM Fy)
uy M Lo L= (Uv)
< 9 (VL) | ury 3:326)
< 4><c1[w1r“ i Ly M ({lgn] > 1))
([wl]Aql) w({lgn| > y})-
Hence,

(1A > 1) < Tpwla,) Sedlsn] >y Twr({Ifil > )
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SO
0 dr\ 1/
il =" ([ #erl051 > 0T )
11
< P([wi]a, )7 mw({lgn]| > yh
X N/ (3.3.27)
<ol ([l > nyind )
0
11 11
= ¢P([wi]a, ) Tw({lgn] >y T fill L ) -
Combining the estimates (3.3.25) and (3.3.27), we have that
w 1 w 1
Agy () < ﬁqD([wl]Aqll[wz]A%)pAg (y)h LAl o () Hf2||Lp21 (w2)
(3.3.28)
with
14+ 11
D([wi]a,,, [wal gr ) = @(Crlwn] " [wa] o Jp([wr] 4, )P 70

By our choice of y and gn, 0 < Ag, (v) < w(B(0,N)) < oo, so we can divide
r_r
by Ag, (¥)P1 " in (3.3.28) and raise everything to the power %, obtaining that

YA YT < @([wilag (w2l 4g ) 1l Lo ) 12l 2 ()

and taking the supremum over all y > 0, we deduce (3.3.23) for the triple
(f1, f2,8§n)- Finally, (3.3.23) for the triple (f1, f2,g) follows taking the supre-
mum over all N > 1, because

||g||m,°°(w) = Sup HgN”L‘Ir“’(w) ’
N>1

since gn T |g]- O

Remark 3.3.21. Note that given a > 0, if in Theorem 3.3.20 we replace (3.3.1)
by

”gHLp,oo(v’f/plU;/pZ) < q’([vl]Aplf [UZ]A%) Hfl”Lplf"‘(vl) Hf2||LP2r1(vz) ’
then we can replace estimate (3.3.27) by

1

1
ZEG 1_1 11
L fullzrinoy) < (%) P([wr]a, ) mw{lgn] >y fill e ) -

and follow the proof of Theorem 3.3.20 to conclude that

1

11
P«
18 oo /g vay < (%) D([wr] ay,, [w02] ag ) | f1ll ponse oy 12l o2t () -
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Once again, we have presented Theorem 3.3.20 in its general form. We
can obtain the corresponding extrapolation scheme for two-variable opera-
tors arguing as in the proof of Corollary 3.2.2. See Figure 3.9 for a pictorial
representation of such scheme.

Corollary 3.3.22. Let T be a two-variable operator defined for measurable functions.
Suppose that for some exponents 1 < p1,pa < 00, 1 = % + %, and all weights

P
v1 € Ap, and vy € A;i,

T : L7 (1) x LM (vg) — LP (o} P1ob 72,

with constant bounded by ¢([v1]a, , [v2] AR ) as in (3.3.1). Then, for every exponent
2

R
p2’

q1 = p1, and % = ql—l + %, and all weights wy € Ay and wp € A
T s L () x L (wy) — L9 (@] "] 77),

with constant bounded by ®([w:]4, , [wz]AZ]z ) as in (3.3.23).
2

Remark 3.3.23. Observe that if the operator T is defined for characteristic
functions of measurable sets E;,E; C RR”", then under the hypotheses of
Corollary 3.3.22, we deduce that

| T(xE,, XE,) Hmm(w?/qlwg/pz) < CO([wi]a,,, [w2] a5 )1 (E1) M2 (E2) /72,

: 1/ .
with C = pp (%) , and hence, T is of weak type (41, p2,q) at least for
characteristic functions.

(0,1) Q P (1,1)
O———~—0—~—9
Q P P
O @ @ ®
.................................................. >
(0,0) (1,0)

FIGURE 3.9: Pictorial representation of Theorem 3.3.20 and
Corollary 3.3.22.

To extend Theorem 3.3.20 to the restricted weak type case, we have to
adapt the estimate (3.3.26), and we could do it with a version of Theorem 2.3.8
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in which the weight U € A; is replaced by Mh, for h € L} (R"). More
precisely, we would have to prove that given g > 1, there exists an increasing
function ¢ : [1,00) — [0,00) such that for every measurable function f,

every function h € L], (R"), and every weight u € A, we have that

e

< o] a) Lf 1L aamy -
Lhe((MR)1- 1)

At the time of writing, we don’t know if such a result is true. In Theo-
rem 3.3.35 and Theorem 4.2.7 we present an alternative approach, using The-
orem 2.4.12.

We can also use ideas from Theorem 2.4.12, and Rubio de Francia’s al-
gorithm (see [101]), to improve Theorem 3.3.20, producing a better function
®. We will adapt the proof of Theorem 3.2.10. To do so, we have to choose
appropriate weights v1 € Ay, and v, € AZ}Z, and find suitable replacements
for estimates (3.2.28), (3.2.29), (3.2.30), and (3.2.31) to control || f1 || (o)) by
| f1ll 271 (), and keep track of the changes in the constants involved.

First, assume that p; > 1. Instead of (3.2.26), we take

p1—1 91—P1
—1

. -1 1/ 1/4
vy 1= wy! (M(w1 Nw /qlx{‘gmw})) n

and vy := wy. Let us see that v; € A),. If g1 = p1, then v; = wy and we are
done. If g1 > p; > 1, in virtue of Lemma 3.1.4, v1 € A,, with

[v1]a, < Ci [wl]Aql

Po(1-1) P 1P
p/p1,p/p2 a1 a) p/py (-0 _
Observe that v;" " 0," ™ > w; wy WP X e sy = WX{|gn|>y)

Now, estimate (3.2.28) for i = 1 should be replaced by

91-r1

/91, 1/4 71—t

M(w;""w /iy >y})
oi({lfil > 1) <wi({|fa] >}/ o ,
L (wy)
and in virtue of (2.4.10), we can replace (3.2.29) by
M(w, Twl/4) )
1 X{lgn|>y} /4y

. < afwi]a, w({lgn| > y})

L7 (w1)
Hence, we can replace (3.2.30) by

91—P1

ni({lfil > t}) < <C1[w1]Aq1) " w({|gn| > y})l_%wl({’fﬂ > t})P/m,
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and (3.2.31) by

1M1

1/P1 K 1 1
il < (B) 7 (alonda, )™ ™ wlilon] > yDA il

Finally, if we follow the proof of Theorem 3.2.10 performing the previous
changes and keeping track of the constants, we conclude that (3.3.23) holds,
with

1/p 101-n 1401t
1 -1 =
@([wl]Aql,[wz]A%) — (Z_1> (Cl[wl]Aq1>”1 0 q)(cl[wl]Aqlﬁ 1,[W2]A%).
Alternatively, if p; > 1, and g1 > pj, then we can take
r1—1 91-P1
/ =1
o = (R () M0 e ) T

: 1-4]
where for a measurable function /1 € L% (w, m,

I Mkh

R'h:= kzo E
(21, (wi—qg))

is the Rubio de Francia’s algorithm (see [37, 101]).
In virtue of [37, Lemma 2.2], we have that h < Rk, |R/ h||Lq, .
1(w

2|k || R and R'h € Ay, with [R'h] 4, < 2||M||
Wy

<

- y =
L) < c1lwia,, (see
Wy

[8, Theorem 2 5] and [44, Proposition 7.1.5]). Moreover applying [37, Lemma
2.1], we obtain that v; € Ay, with [v1] 4, <G [ ] 4,,- Hence, we can argue

as before to conclude that (3.3.23) holds, with

p1 Ut 1a-m
®([w1]ay,, 2] ) = <q_1) 27T g(Colwn]ay [0l ). (3:3.29)

We can combine Theorem 3.3.20 and Theorem 3.3.12 to produce a more
general extrapolation scheme that increases the exponent p; up to gq; and
decreases the exponent p, down to 4. The monotonicity of the functions ¢
and @ in both theorems is crucial for the iteration process. For convenience,
we include a pictorial representation of this scheme in Figure 3.10.

Theorem 3.3.24. Given measurable functions f1, f2, and g, suppose that for some

exponents 1 < pq, pp < 0, % = 1 + and all weights v1 € Ap, and vy € Apz,

(3.3.1) holds for a function ¢ : [ )2 —> [0, 00) that increases in each variable.
Then, for all exponents g1 > p1, 1 < g < pp, and % = qll + qlz, and all weights



3.3. Main Results on Mixed Type Extrapolation 97

wy € Ag, and wy € qu,

U8W o /a2y < L]y, w2l 7 ) L fillos oy 121l g, 0 2 wn)”
(3.3.30)
where ® : [1,00)? — [0,00) is a function increasing in each variable.

Proof. Note that if g1 = p; and g2 = py, then there is nothing to prove.
If g1 > p1 and g2 = po, then the result follows immediately from Theo-
rem 3.3.20, and if g1 = pj and g2 < py, then the result follows immediately
from Theorem 3.3.12. Let us assume that g; > p1 and 1 < gy < pa. In virtue
of Theorem 3.3.20 and (3.3.29), we have that for 1 := - + %, and all weights

1
W; € Aﬂll and W2 < APZ’

||g||U,oo(er/f41W2r/pz) < &)([Wl]Aqlf [WZ]A%) ”fluml'm(wl) ”fZHLlel(wz) ’
(3.3.31)
with

- p1 Ut 1
q)([wl]Aqll [WZ]AZ}Z) = (q_l) 2p1 11-1 (P<C1[W1]A‘71’ [WZ]A;QZ)

Applying Theorem 3.3.12 replacing (3.3.1) by (3.3.31), and in virtue of Re-
mark 3.3.13, we conclude that (3.3.30) holds, with
_2_Pr2 CT’ q 1— /
D ([w1]a,,, ||w2||gq2) = Pz hn . —Puw,, ffzq’([wﬂAq ,C ||wz||q2 zpz),

where ¢y, w, is as in (3.3.20) with the obvious modifications in the parame-
ters. ]

From Theorem 3.3.24 we can obtain the corresponding extrapolation re-
sult for two-variable operators arguing as in the proof of Corollary 3.2.2. See
Figure 3.10 for a pictorial representation of such scheme.

Corollary 3.3.25. Let T be a two-variable operator defined for measumble functions.
Suppose that for some exponents 1 < py,pa < 00, 1 = 1 -|— , and all weights

P
v1 € Ap, and vy € Apz'

T : LP(01) x LM (vg) — LP(oF/P10b/2),
with constant bounded by ¢([v1] Ap,s [03] AR ) as in (3.3.1). Then, for all exponents
2
q1 > p1, 1 < g2 < po, and % = qll + q%, and all weights wy € Ag, and wy € Ay,
q
T: L7 (wy) X qu'i(wz) — Lq’“(w?/%wg/@),
with constant bounded by CID([wl]Aql, szung) as in (3.3.30).

Remark 3.3.26. Observe that if the operator T is defined for characteristic
functions of measurable sets Ej,E; C IR", then under the hypotheses of
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Corollary 3.3.25, we deduce that

IT(xE, XE,) HLq,w(wz/qlwg/qz) < CO([wila,,, wallz, Jwi(Er) Mwa(E2)' /%,

1/p
with C = (%) ' pgz/qz and hence, T is of weak type (41,42, ¢) at least for
characteristic functions.

(0,1) p Q (1,1)
QO—= —< — ®
Q Q Q
® ® ®
Q Q. P. .P
.......................... O rrrerrrnennQrreeeeeesd
(0,0) (1,0)

FIGURE 3.10: Pictorial representation of Theorem 3.3.24 and
Corollary 3.3.25.

For convenience, in the next result, we gather the principal extrapolation
schemes of this section, presented in Theorem 3.3.16 and Theorem 3.3.24. We
provide a pictorial representation of this result in Figure 3.11.

Theorem 3.3.27. Given measumble functions f1, f2, and g, suppose that for some

exponents 1 < pq, pa < 0, % = + - and all weights vy € Ay, and v, € Apz,
(3.3.1) holds for a function ¢ : [ )2 —> [0, 00) that increases in each variable.

Then, for all exponents 1 < g1 = pror1 < g1 <prorqi > p1, 1 <q2 < py, and

% = ql_l + q— and all weights wy € Ag, and wy € Ay,,

Hg||wo(w‘17/‘“w§/q2) < q)([wl]A,h/ ||w2||2q2) ”fl”L‘flmm{pl A} (wy) HfZHL'iz P2 (w,) !

(3.3.32)
where ® : [1,00)? — [0,00) is a function increasing in each variable.

Remark 3.3.28. Note that given 0 < a < p;y, if in Theorem 3.3.27 we replace
(3.3.1) by

181 g ey < 9001ty 102 48) Wfilpns o 12l oy
then taking into account Remarks 3.3.7, 3.3.13, and 3.3.21, we conclude that

HgHquo 11/41 q/qZ) < ¢’X([w1]Aql ||w2||Aq )||f1|| qltxmln{l 1} ||f2|| qu
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with @, := Cy p, 4, .

Arguing as in the proof of Corollary 3.2.2, we can obtain the correspond-
ing extrapolation scheme for two-variable operators from Theorem 3.3.27.
We provide a pictorial representation of this result in Figure 3.11.

Corollary 3.3.29. Let T be a two-variable operator defined for measurable functions.
1 _ 1, 1 i
Suppose that for some exponents 1 < p1,py < 00, - = T T 5y and all weights

p
R
v1 € Ap, and vy € Ay,

T2 LV (00) x L (02) — LP(of P1057),

with constant bounded by ¢([01]a,,, [vZ]A;g ) as in (3.3.1). Then, for all exponents
2

1<qg1i=prorl<qr<prorgr >p1;,1<gp < pz,and% = ql—l—kqlz,andall

weights wy € Ag, and wy € ng/

: L3
T : L™in{puand () x L7792 (wy) — Lq’”(wi’/qlwg/”’z),
with constant bounded by ®([w:] 4, , “wZH&, ) as in (3.3.32).
2

Remark 3.3.30. Observe that if the operator T is defined for characteristic
functions of measurable sets E;,E; C RR”", then under the hypotheses of
Corollary 3.3.29, we deduce that

1 1
HT(XEyXEz)HLq,oo(wtli/ﬁwZ/‘IZ) < CO([wn]a,,, [lwal 5, Jwi(Er) /Twy(Ey) V2,

1
with C = (W) min{prA1} pgz/lh’ and hence, T is of weak type (41,492,9)

at least for characteristic functions.

Observe that Theorem 3.3.27 doesn’t include the case when p; is smaller
than g>. A way to obtain results in this direction is to rewrite Theorem 3.3.16
and Theorem 3.3.24 swapping the variables and to add the symmetric hy-
pothesis (3.3.33) to Theorem 3.3.27, as we show in the next theorem. For a
pictorial representation of it, see Figure 3.12.

Theorem 3.3.31. Given measurable functions fi, fo, and g, suppose that for some

1 _ 1 1 . R
exponents 1 < pq, pa < o, 5= 4+ a7 and all weights vy € Ap, and vy € Apz,

(3.3.1) holds for a function ¢ : [1,00)> — [0,00) that increases in each variable.
Suppose also that for all weights v, € Az,zl and Uy € Ap,,

181 e opr1 gy < B0 ag Bl Wilipis oy ol - (B339

where @ : [1,00)% — [0, 00) is a function that increases in each variable. Then,
for all exponents 1 < q1 = prorl < gy < prorqr > p1, 1 < g2 < p, and

% = qll + ql2, and all weights w1 € Ay, and wy € qu/ (3.3.32) holds for a function

® : [1,00)%2 — [0, 00) that increases in each variable. Moreover, for all exponents
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A

O p Q Q (1,1)
C_)( > >

FIGURE 3.11: Pictorial representation of Theorem 3.3.27 and
Corollary 3.3.29.

1<qg1 <ppandl < qy =prorl < gy < pporgy > po, and all weights
@1 - Aql and @2 € Aq2,

181 oo g2y < O(|[@1 5, , [@2]a,,) Al o | 1 f2ll paamintpza2) ()
(3.3.34)

1 (wy

where ® : [1,00)% — [0, 0) is a function increasing in each variable.

Remark 3.3.32. Observe that in Theorem 3.3.31, we can not decrease both
exponents p; and p, down to 1. To do so, we need to impose the restricted
weak type hypothesis (3.2.11), and we will study this case in full detail in the
next chapter. Note that this hypothesis implies both (3.3.1) and (3.3.33).

Arguing as in the proof of Corollary 3.2.2, we can obtain the correspond-
ing extrapolation scheme for two-variable operators from Theorem 3.3.31.
We provide a pictorial representation of this result in Figure 3.12.

Corollary 3.3.33. Let T be a two-variable operator defined for measurable functions.

Suppose that for some exponents 1 < py,py < oo, % = % + %, and all weights
U1 € Ay, and vy € A?fz,

T : L7 () x LM (0g) — LP (o} P10b/72),

with constant bounded by ¢([01]a,,, [v2] AR ) as in (3.3.1). Suppose also that for all
2
weights 71 € A;el and T, € Ay,

T: LML (5y) x L2 (Gp) — LM (511572,

with constant bounded by ¢([01] AR - [02]4,,) as in (3.3.33). Then, for all exponents
1

l<q=piorl<q<piorq>p,1<q<ppand} =1+ 2L andall
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weights wy € Ag, and wy € qu,

T : Lovmindpum} () x qu'%(wz) N Lq,oo(wﬁll/qlwg/lh)’

with constant bounded by ®([w1]a, , ”wZHqu ) as in (3.3.32). Moreover, for all
2

exponents 1 < g1 < p,and1 < g = poorl < qa < paor g2 > po, and all
weights w1 € Ag, and Wy € Ay,

1 .
T . 190 (1) X qu,mm{zoz,qz}(@z) N Lq,oo(@z/qlﬁg/qz),
with constant bounded by ®(||@; ||gq1, [W2] 4,,) as in (3.3.34).
Remark 3.3.34. Observe that if the operator T is defined for characteristic
functions of measurable sets Ej,E;, C IR", then under the hypotheses of

Corollary 3.3.33, we can extend Remark 3.3.30 and also deduce that

1T (s Xe | g grm gy < Co(|[@1 5, , [@2],,) @1 (E1)'/ b2 (E)'/ 72,

1
a1~ n/m 92 min{py,q;}
with C = py (miﬂ{P2/q2}> ’

FIGURE 3.12: Pictorial representation of Theorem 3.3.31 and
Corollary 3.3.33.

In Theorem 3.3.31, we managed to increase the exponent p; up to g, ex-
ploiting the A, condition on the weight w,. It remains to produce extrapo-

lation schemes that increase p, up to g using the qu condition on w,. We
can achieve this using Theorem 2.4.12, but we will need to add an extra tech-
nical hypothesis, as we show in the next result, depicted in Figure 3.13. Its
proof is essentially the same as the one of Theorem 4.2.7, taking into account
Lemma 3.1.4 in (4.2.18), and Lemma 3.1.6 in (4.2.20).
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Theorem 3.3.35. Given measurable functions f1, f2, and g, suppose that for some
exponents 1 < py,pa < 00, 1 = 1 —|— >, and all weights v1 € Ap, and vy € AR

p p2’
(3.3.1) holds for a function ¢ : [ )2 —> [0, 00) that increases in each variable.
Take an exponent qy = pa > lor gy > pp > 1, and % = % + q%, and weights

wy € Ay, and wy € Agy, and w = w'{/plwg/qz. If g» > po, suppose that there

exists 0 < & < 1 such that wW~¢ is a weight, and [W~*|gy_ ) < oo, with
1/
W = (ﬂ) q2. Then,

w2

181l Las ) < Pegorwn ([wila,, /w2l 3, ) [ fllies oy [ follLer @y - (3.335)

where @y, w, : [1,00)2 — [0,00) is a function that increases in each variable,
given by

1 q2_

1/Pz
De01,0, ([w1] 4,/ lw 2|\Aq2) <Z§) (g2¢) 72 27T ([w1]a, Cszqu/m)

where if gy = po, then ¢ = 1, and if g, > py, then

¢=2 48nq2l/]€,w2,W([W_S]RHm(w))(qu,qz(C||w2||§q2/lp([wl]Aql)”wZHi{;)/

With Pewy,w as in (2.4.8),  as in Lemma 3.1.6, and ¢y, . as in Lemma 2.3.10. If
W =1, in virtue of Remark 2.4.13, one can take ¢ = Cn,qz(c||w2||gq )P+,
2

From Theorem 3.3.35 we can obtain the corresponding extrapolation re-
sult for two-variable operators arguing as in the proof of Corollary 3.2.2. See
Figure 3.13 for a pictorial representation of such scheme.

Corollary 3.3.36. Let T be a two-variable operator defined for measurable functions.

Suppose that for some exponents 1 < p1,py < o, % = % + %, and all weights

U1 € Ay, and vy € Ap2,

T: LPi(01) x P! (0g) — LP™ (0] P10}/72),

with constant bounded by ¢([01]a,,, [Uz]A;z ) as in (3.3.1). Take an exponent q; =
2
p2 > lorgy > pa > 1, and% =14+ and weights wy € Ap, and wy € Ay,

p1 92
and w = wz/pl q/(h. If g2 > po, suppose that there exists 0 < ¢ < 1 such that

1/
wW™¢ is a weight, and [W_S]RHOO(W) < oo, with W = <wﬂ2> q2. Then,

T : LP(wy) x L2 (wy) — L7 (w),
with constant bounded by Pew,w, ([w1]a, , [|w2 ||gq2) as in (3.3.35).

Remark 3.3.37. In fact, in Theorem 3.3.35 and Corollary 3.3.36 we don’t need
to assume that v; € A%, since the argument in their proofs works for v, €

-~

A

p2’
p2-
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Remark 3.3.38. Observe that if the operator T is defined for characteristic
functions of measurable sets E;,E; C RR”", then under the hypotheses of
Corollary 3.3.36, we deduce that

HT(XEyXEz)”Lq,OO(w) < 0P([wi1]a,,, ||w2||gq2)w1(E1)1/p1w2(Ez)1/‘72,

and hence, T is of weak type (p1, g2, q) at least for characteristic functions.

(0,1) (1,1)
Q ................... O ................... O
P P
® ®
Q lo
[ ([ ]
S S, S R
(0,0) (1,0)

FIGURE 3.13: Pictorial representation of Theorem 3.3.35 and
Corollary 3.3.36.

3.4 Applications

In this section, we present some applications for the extrapolation results
previously introduced.

3.4.1 Product-Type Operators, and Averages

We start with the following result, that gives us restricted weak type bounds
for products of one-variable operators.

Proposition 3.4.1. Let S and T be one-variable operators defined for measurable
functions. Suppose that S is sub-linear, and for some p; > 1, and every weight
01 € A;’}l,
S: L' (v)) — LPV®(1y), (3.4.1)
with constant bounded by @1 ([v1] AR ), where @1 : [1,00) — [0, 00) is an increas-
1

ing function. Suppose also that for some py > 1, and every weight vy € AZE,

T : LP2Y(vy) — LP2®(vy), (3.4.2)
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with constant bounded by ¢ ([v2] AR ), where ¢y : [1,00) — [0, 00) is an increas-
2

ing function. If% + % = % < 1, then for all weights wy € A, and wy € AZ}Z,

and all measurable functions f and g,
|| (Sf) (Tg) HLPr“(wf/plwg/pz) < (ID([ZUl]Apl/ [wz]AZ;z ) HfHLPLl(wl) Hg”U]Z'l(wz)’

where @ : [1,00)? — [0, 00) is a function increasing in each variable.

Proof. We may assume that f € LP(w;) and ¢ € LF>!(w;). In virtue of
Lemma 2.2.1, (3.4.1) and Theorem 3.1.9, and (3.4.2), we have that

NSHTN oo /m1prrey < CorpallSFllpin oy IT8 M Lrzewr)
< ®([wi]ay, (w2l ap Al i o) 181l L2t o
with
P([wi]a,,, [w2lar ) = cprpotr([wila, Jp2([w2] ar ),
and ¢1([w1]4,,) asin (3.1.6). O

Ideally, we should be able to extend Proposition 3.4.1 to the more general
case when pj,p» > 1, without restrictions on p, and w; € A;}l, but since
we don’t have a version of Holder’s inequality for Lorentz spaces with the
change of measures, this question is still open, although we managed to do
the job for the particular case of the point-wise product of Hardy-Littlewood
maximal operators (see Theorem 2.4.1). Fortunately, we can use our mixed
type extrapolation theorems to improve the conclusion of Proposition 3.4.1.

Theorem 3.4.2. Let Ty and Ty be sub-linear operators defined for measurable func-
tions. For i = 1,2, suppose that for some p; > 1, and every weight v; € AZE,

T; : LPit(v;) — LPi™®(v;), (3.4.3)

with constant bounded by ¢;([v;] A;;), where @; : [1,00) — [0, c0) is an increasing
function. Consider the operator 1

T(f,8) == (Tif )(T2g),

. . 1 1 o l
defined for measurable functions f and g. If atn =<l then for all exponents
1<g1 <o00,1< g < py, and% = ql—l + ql—z, and all weights wy € Ay, and
w2 < A\EIZ/

i 7 V3
T® . Llh,mm{l,pl}(wl) X Lflzf,,2 (wz) SN Lq,oo(wi/lhwg/‘h), (3.4.4)

with constant bounded by ®([w1]a, , sz”ﬁq ), where ® : [1,00)> — [0,00) isa
2
function increasing in each variable. Moreover, for all exponents 1 < qy < pq, and
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1 < gy < o0, and all weights w, € A\‘h and Wy € Ag,,
i inf1.92
T . L0 (@) x L™ ™MV (@,) — L9 @]/ M/ ), (3.4.5)

with constant bounded by ®( ||, ng ,[@2]a,,), where @ :[1,00)2 — [0,00) isa
1
function increasing in each variable.

Proof. If we apply Proposition 3.4.1to (S,T) = (T1,T2) and (S, T) = (T, T1),
we obtain that the operator T® satisfies that for all weights v; € Ay, and

R
Uy € AP2’

T® . Lpl,l(vl) % L”Z'l(vz) N LP'“(vf/plvg/pz),

2

with constant bounded by ¢([v1]4, , [v2] AR ), where ¢ : [1,00)* — [0, 00) is
2

a function that increases in each variable. Also, for all weights 01 € AZ% and
52 € APZ’

T® . Lr’l,l(gl) % Lp2'1(52) . Lp,oo(%)vi’/Plz'}fg/Pz)’

2 5 10,00) is

with constant bounded by ¢([71] AR/ [02]4,,), where ¢ : [1,00)
1
a function that increases in each variable. Taking into account Remark 3.3.28,

the desired result follows from Corollary 3.3.33. O

Remark 3.4.3. Observe that if for i = 1,2, T; satisfies (3.4.3) for every p; >
1, as it is the case of the Hardy-Littlewood maximal operator, then we can
deduce bounds like (3.4.4) for any exponents 1 < g1 < coand 1 < gp < o0
by choosing p1 = g1 and po > max{q,4q}}, and applying Theorem 3.4.2.
Similarly, we can obtain bounds like (3.4.5) for any exponents 1 < g < co
and 1 < g, < oo by choosing p; > max{q1, 45} and pp = ¢>.

We have seen in Theorem 3.4.2 that, sometimes, we can use extrapola-
tion techniques to avoid the application of some Holder-type inequalities for
Lorentz spaces. In the next result, we will see that we can also use extrapo-
lation theorems to overcome the lack of Minkowski’s integral inequality for
the Lorentz quasi-norm || - || g () when g < 1.

Theorem 3.4.4. Let {Tj},cr and {T5}scr be families of sub-linear operators de-
fined for measurable functions. For i = 1,2, suppose that for some p; > 1, every
t € R, and every weight v; € AZ,%,

T!: LPi (v;) — LPr™(v)), (3.4.6)

with constant bounded by ¢;([v;] A;;), where ¢; : [1,00) — [0, 00) is an increasing

function independent of t. For a measure u on R? such that |u|(R?) < oo, consider
the averaging operator

Tu(f,9) = [ TATdu(r,s)

defined for measurable functions f and g. If % + % = % < 1, then for all exponents

1<qg <00, 1< gy < py, and% = qll + qlz, and all weights wy € Ag and
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ZUZ E qu,

; a1 12
T, L™ () L72 (wy) — L9 (] T/ ), (3.4.7)

with constant bounded by P([w1] 4, , ||w2||gq ), where ® : [1,00)2 — [0,00) isa
2

function increasing in each variable. Moreover, for all exponents 1 < gy < pq, and

1 < g2 < o0, and all weights w1 € Ag, and Wy € Ay,

a1 i 12
T, : L0 (@) x L™V (@,) — 19 @/ M)/ %), (3.4.8)

with constant bounded by ®( ||, Hﬁq ,[@2]a,,), where @ : [1,00)2 — [0,00) isa
1
function increasing in each variable.

Proof. Since p > 1, in virtue of Minkowski’s integral inequality (see [104,
Proposition 2.1] and [3, Theorem 4.4]), we have that for all weights v, € A,

Uy € A;zzl and v := vi’/Plv}zﬂ/le
ITu(f,8) lpo(e) < 7' /R T AT38) vyl (7,5),

and applying Proposition 3.4.1 to (S, T) = (T, T5), we get that
ITu(f, )l 0) < Pl (RZ)@([01] 4, [02] 4 )1 F Nl it (o, 1811 L2 o)

where ¢ : [1,00)? — [0,00) is a function that increases in each variable.
Similarly, we also have that for all weights 7 € A;zl, Uy € Ap,,and U =
559/ P1 55/ P2

1T (f )l pe @) < Pl‘ﬂ‘(Rz)a([gl]A;ir [52]Ap2)|‘f|’Lp1'1(51)HgHLPZ'l(ﬁz)’

where ¢ : [1,00)2 — [0,00) is a function that increases in each variable.
We can now apply Corollary 3.3.33 to deduce the desired result, taking into
account Remark 3.3.28. O]

Remark 3.4.5. Note that if for i = 1,2, and every t € R, Tl-t satisfies (3.4.6)
for every p; > 1, then we can deduce bounds like (3.4.7) for any exponents
1< g1 <ooand1 < gy < oo by choosing p; = g1 and p, > max{qo, q;}, and
applying Theorem 3.4.4. Similarly, we can obtain bounds like (3.4.8) for any
exponents 1 < g; < oo and 1 < gp < o0 by choosing p; > max{q;,45} and

P2 = {q>2.

3.4.2 Bi-Linear Fourier Multiplier Operators

Let us start with some classical definitions from [102, Chapter 8].
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Definition 3.4.6. Given a function f : R — IR, we say that f is of bounded
variation if

N
V(f) = sup Z; 1f(xj) — f(xj-1)| € R,
i

where the supremum is taken over all N and over all choices of xp,...,xy
such that —oc0 < xp < x1 < --+ < xy < oo. We call V(f) the total variation
of f. The class of all functions f of bounded variation will be denoted by
BV (R).

We say that a function f € BV(R) is normalized if f is left-continuous at
every point of R, and lim,_,_« f(x) = 0. The class of these functions will be
denoted by NBV(R).

We say that a function f is absolutely continuous if for every ¢ > 0, there
exists § > 0 such that

N N
Y.(bj—aj) <6 = Y If(by) - flaj)] <¢

j=1 j=1

whenever (aq,b1),...,(an,by) are disjoint segments. The class of all such
functions will be denoted by AC(RR).

Let us focus our attention to [38, Corollary 3.8]. This result tells us that
for a function m € NBV(R), we can write

g
= [ am(t) = [ xwOdm(®) = [ xom@am(),  (349)

where dm denotes the Lebesgue-Stieltjes measure associated with m. There-
fore, the linear multiplier operator T;, given by

Tuf(@) = m@F(@) = [ xiow @F@dm() = [ Sif@dm(e), R
initially defined for Schwartz functions f on IR, can be written as
Tm f / S; oof dm x € R,

where

Steof (¥) 1= f<> ”m“‘m 27 £) (x) = f() ”me<>

As usual, H denotes the Hilbert transform on R, defined as

Hf(x)::llim f(y)dy x € R,
TCe=0" J{yeR: [x—y|>e} ¥ — Y
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and for a Schwartz function f : R — IR, we denote by fits Fourier transform,
given by

_ / Fy)e > %dy, ¢eR
R

Since for 1 < p < oo, H : LP(R) — LP(IR) with constant bounded by C,, in
virtue of Minkowski’s integral inequality we conclude that

1+C
1T fllp(w) S/RHSt,oof|\m(m)d|m!(t) < V)l fllw

and m is an L? Fourier multiplier for every 1 < p < oo.
Inspired by this result, let us take a measure u on R? such that |u|(R?) <
0o, and define the function

my(¢,n) = dr,t:/ oo AV ()X (oo (B)du (7, t
= [ ) = [ K (DX (D)

:/IRZX(r,oo)(g)X(t,oo)(ﬂ)d:u(r/ t)/
(3.4.10)

for §, 77 € R. Tt is clear that ||, || ~r2) < [#]|(IR?) < oo, s it makes sense to
consider the bi-linear multiplier operator

T (£ )0) = [ [ m(&mf@gne™Eagay, @41

initially defined for Schwartz functions f and g, and x € R. Arguing as we
did in the linear case, and applying Fubini’s theorem, we have that

T, (f,8)(x)

~ [ ([ xom@F@e5de ) [ xim 0neeray ) autr,

- / Sy oo f (X)St00g (X)dpi(r, 1),
]RZ

$0 Ty, is,in fact, a two-variable averaging operator, and we can follow the ap-
proach of Theorem 3.4.4 to prove weighted bounds for it, exploiting known
restricted weak type bounds for the Hilbert transform, as we show in the next
result.

Theorem 3.4.7. Given exponents 1 < g1 < 00,1 < gy < o0, and = 1 S

7 a2’
q > 1, then for all weights wy € Ag,, wy € qu, and w = w‘{/ql q/qz,
T, : LT (wy) x L2 (wy) — L9 (w), (3.4.12)

with constant bounded by P([w1]a, , [wz]AZf ), where ® : [1,00)? — [0,00) is a
2
function increasing in each variable. Moreover, if ¢ < 1, then for every exponent
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p2 > max{qo, q1}, and all weights wy € Ay, and wy € ﬁqz,

2
Ty, : L (wy) x L9 (w;) — L9 (w), (3.4.13)

and if also qu > 1, then for every exponent p; > max{qi, g5}, and all weights

R
w1 € Ag, and wy € qu,

a1
To, : L7771 (wy) x L9 (w;) — L9 (w), (3.4.14)

with constants bounded by @1 ([w1] 4, , ||w2|] ng) and 5 ([ur] a, , [wo] A%) respec-
tively, where for i = 1,2, ®; : [1,00)> — [0,00) is a function increasing in
each variable. Analogously, we also have the symmetric bounds for wy € Aﬁ or
wy € Agy, and wy € Ay,.

Proof. 1t follows from Theorem 5.2.7, and [67, Theorem 1.2], that for every

p > 1, and every weight v € AR, H : LP'(v) — LP*™(v), with constant
bounded by
Cppl0]" %, >1,
(o)) = { (ol 4

Cn[v] 4, (1 +log™[v]a,)(1+1og " log¥[0]4,), p=1,

so for every o € R, and every h € LP1(v),

1
[So,c0htl|Lpeo ) < hllLeo (o) + [ Hohtl ooy < | = 4+ @([0]ar) ) (1Bl o1 0)-
p p

Hence, applying Proposition 3.4.1to (S, T) = (Syc0, Stee), we get thatifg > 1,
then for all weights w1 € Ay and w; € A%, and all measurable functions
f € L1 (w;) and g € L7 (w,),

1Sni0f) Stes) | i ggre) < P01k 03] g ) i) I8y

where ¢ : [1,00)?> — [0,0) is a function increasing in each variable. There-
fore, in virtue of Minkowski’s integral inequality, we deduce that (3.4.12)
holds, with ® = ¢'|u|(R?) .

To discuss the case when g < 1, we will use our extrapolation results.
Note that for every p, > max{qy, 4} }, we have that qll + % =: 1 < 1,and by

(3.4.12), we get that for all weights v; € Ay, vz € AZ}Z, and v := vf/%vg/pz,

T, : LT (v1) x LP (0p) — LY (v),

with constant bounded by ¢1([v1]a, , [UQ]A?} ), where @1 : [1,00)?> — [0, 00)
2

is a function increasing in each variable. Hence, applying Corollary 3.3.14
and Remark 3.3.13, we can extrapolate downwards and obtain (3.4.13). Al-
ternatively, if g < 1 and g, > 1, then for every p; > max{q1, 45}, we have

that % + qlz =: % < 1, and by (3.4.12), we get that for all weights v; € Ay,
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R U g2
Uy € qu, and v :=0;"""0,

T, : P17 (01) x L2 (vp) — LY (),

with constant bounded by ¢>([v1]4, , [Uz]A;z ), where @ : [1,00)2 — [0, 00)
2

is a function increasing in each variable. Hence, applying Corollary 3.3.10
and Remark 3.3.7, we can extrapolate downwards and obtain (3.4.14). O
Remark 3.4.8. Observe that for 1 < p1,pr < oo, % = % + %,

Uy € AZ%, and v = vf/plvg/pz, and virtue of Lemma 2.2.1, we get that

R
01 € APl’

1(Sr,00f) (St,08) I Lroe (o)
< |1 f8llreo(o) + I fHigl oo (o) + I§Hrf | oo o) + | (He f) (Heg) [l oo (o)
< Cuprp P01 ar /020 4 M fll v (0) 18]l o2 (o) + 1 (HAF) (He) | po o)

where ¢ : [1,00)2 — [0, 00) is a function increasing in each variable. Hence,
if we could prove restricted weak type bounds for the point-wise product of
Hilbert transforms, we would be able to transfer them to the operator Tmﬂ
using our extrapolation results from Chapter 4, arguing as in the proof of
Theorem 3.4.7.

If we take functions mq, my; € NBV(IR), we can easily construct a function
like (3.4.10) by merely considering their product, since by (3.4.9),

(3 2 m12) €)= ma (€ ma ) = [ Xy (€0 (1) (),
and
s @ mllyse) < [ [ dlms|()dlmal6) = Vm) V() < o
The following result, which is a combination of Theorems 8.17 and 8.18 in

[102], will allow us to construct another simple yet more elaborate example of
a function like (3.4.10), along with many examples of functions in NBV(RR).

Theorem 3.4.9. If ¢ € L}(IR), and for every x € R,

f@= [

then f € NBV(R), f is absolutely continuous, and f' = i almost everywhere.
Conversely, if f € NBV(R) N AC(R), then f is differentiable almost every-
where, f' € L1(R), and for every x € R,

= [ o

An immediate consequence of Theorem 3.4.9 is the next lemma.
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Lemma 3.4.10. Given a function m € NBV(R) N AC(R), forall {,n € R,

i(Z, ) = m(min{, n}) = /R Koo (€)X 100 (1) (1),

and ||| o2y < [|m'|| 1Ry < 0.

Proof. Observe that for r € R, —co < r < min{¢, 7} if, and only if —co < r <
¢ and —oco < r < 77,50 by Theorem 3.4.9, we have that

min{g,}

m(min{Z,7n}) = / m' (r)dr =

—o0

R X(=00,2) ()X (=o0,p) ()" (r)dr
- /]RX(”IOO) (g)X(r,oo) (ﬂ)m'(r)dr

]

The function m is an example of function like (3.4.10) where the measure
u is restricted to R. More generally, we can take a subset E C RR?, and a
measure v on E such that |v|(E) < oo, and consider the function

mye(8, 1) = v(ENRe),

with Rg,, := {(r,t) e R*:r < &, t < 57}, and [yl Lo (r2) < [VI(E) < o0.
In the particular case when E = (0,1)?, the unit square, and v is the
Lebesgue measure on E, we obtain that

my,g(¢,n7) = min{1, ¢} min{1, U}X{reIR >0} ((;()X{reIR :r>0} (1) (3.4.15)

For a pictorial representation of such function, see Figure 3.14.
We obtain a more elaborate example if we consider the unit half-disk

E={(xvy) eR*:2x*+y* <1y >0},

and v the Lebesgue measure on E.
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In this case, we get that m, £(¢, 77) is equal to

4

0, —OO<17§0,

—00 < ¢ < 00,

0<ny <1,
—c0o < ¢ < -1,

S

) 0<ny<l,
LGN ¢ _ X2
4—1—2<C 1-¢ —l—arCSln(g)>, _1<§§_\/1_77]2,

. 0<n<l,
1 (;7\/1—7172+arcsm(17)) + ¢, —J1I-2 << \/1;7—7172,

. 0<y <1,
) Lley/1—¢2—
ny1—n +arcsm(17)+z(5 1-¢ arccos@))' I—2<&<1,

. 0<n<1
—_n2 '
7v/1 —n?%+ arcsin (1), 1< &< oo,
1<y <oo,
—c0o < ¢ < -1,

.

_ 1<7 <o,
g +% (g 1 —¢? + arcsin (5)) ’ —1_<17§ <1,

1<7n <o,
1< ¢ < oo
(3.4.16)

T
2

\

For a three-dimensional plot of such function, see Figure 3.15.

3.4.3 Two-Variable Commutators

Given one-variable operators T; and T, defined for measurable functions on
R", and measurable functions by and b, with b = (by, by), let us consider the

two-variable commutators [b, T®]; and [b, T®],. Observe that for measurable
functions f; and f»,

6, TN (f1, f2) := bi(Tofi)(Tafo) — T(b1f1) (Taf2) = ([b1, Tl 1) (T2fo),

and similarly,
6, T2 (f1, f2) = (Tofr) ([b2, T2l f2).

Hence, these operators are, in fact, product-type operators, and we can fol-
low the approach of Theorem 3.4.2 to prove weighted bounds for them, using
known estimates for commutators of one-variable operators, as we show in
the next result.
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(& 1)

(0,1)
®

A
R 2

® ®
(0,0) (1,0)

FIGURE 3.14: Pictorial representation of the function in (3.4.15).

Theorem 3.4.11. Let Ty be a linear operator such that for every weight u € Ay,
Ty : L*(u) — L*(u),

with constant bounded by ¢1([u] 4,), and let T, be a one-variable operator such that

for some py > 1, and every weight vy € AZ,ZZ,

Ty : LP2Y(vy) — LP>™(vy), (3.4.17)

with constant bounded by ¢, ([vs] AR ), where fori = 1,2, ¢; : [1,00) — [0, 00)
2

is an increasing function. Let by,by € BMO. Given exponents 1 < g1 < oo,

1 < gy < pa2, p1 > q1 such that p; > p, and % = qll + ql—z, and weights wy € Ag,,

wy € qu, and w = w‘{/qlwg/qz,

B, T]; : L7 (wy) x L% (w,) — LI (w), (3.4.18)

with constant bounded by ®y([w1] 4, , ||w2||gq ), where @y : [1,00)% — [0, 00)
2

is a function increasing in each variable. An analogous result can be produced for
b, T®],.

Proof. In virtue of [16, Corollary 3.3], we have that for 1 < r < oo, and every
weight v; € A,,
[bl, Tl] : Lr(l)l) — Lr(vl),
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0.5

FIGURE 3.15: Mathematica’s 3D plot of the function in (3.4.16)
on[—1,1] x [0,1].

with constant bounded by

max 1,% max 1,%
9([01]4,) = cnsp1 (Carlor]s ) o 2 |y o
In particular,

[bl, Tl] : Lr(vl) — Lr,w(vl),

with constant also bounded by ¢([v1] 4,), and arguing as in the proof of The-
orem 3.1.9, we deduce that for every weight v; € A,,

[bl, Tl] : Lr'l(vl) — Lr’l (’01),

with constant bounded by

2

p([01]a,) 1= Curlo1]y ¢(Curlor]3,).

= i ; 1.1, 1
For r = p1, and applying Lemma 2.2.1, since 7 = 5)1 + o < 1, we get that
R . LP/P1,P/P2
pas and v := v ",

for all weights v, € Ap, 2 €A , and all measurable
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functions f; € L1 (v1) and f, € LP>1(0vy),

I[, TN (fr, ) lrse (o) = 1([b1, Tal 1) (Tafo) L pes o)
< cpupall b1, Tal fill ot o) | T2 f2 | Lr2e o)

2
< cppat([01]a, ) 92([02] 4 ) T TIfill i o)
i=1

and (3.4.18) follows extrapolating downwards with Corollary 3.3.18, taking
into account Remark 3.3.7 and Remark 3.3.13.

It is worth mentioning that the function ®; that we obtain is of the form
O, = [|b]] Bmo®, where ® : [1,00)2 — [0,00) is a function increasing in
each variable and independent of b. O

Remark 3.4.12. Observe that if T, satisfies (3.4.17) for every p, > 1, asitis
the case of linear Calderén-Zygmund operators, then we can deduce bounds
like (3.4.18) for any exponents 1 < g1 < coand 1 < g < oo by choosing
p1 = q1 and p, > max{qy, ¢} }, and applying Theorem 3.4.11.
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Chapter 4

Multi-Variable Restricted Weak
Type Extrapolation

We choose to go to the Moon in this decade and do the other things,
not because they are easy, but because they are hard.

John Fitzgerald Kennedy, Address at Rice University, 1962

We devote this chapter to the study of multi-variable restricted weak type
Rubio de Francia’s extrapolation and its applications. In Section 4.1, we ex-
pose more technical results that we will use in our work. In Section 4.2,
we present our main results on restricted weak type extrapolation, includ-
ing downwards, upwards, and one-variable off-diagonal schemes. In Sec-
tion 4.3, we apply our extrapolation results to produce bounds for sums of
product-type operators, and the corresponding averaging operators.

4,1 More Technical Results

Let us start defining the following class of weights, which was introduced in
an unpublished version of [9].

Definition 4.1.1. Given1 < p < o0, and 1 < N € NN, we say that a weight

w belongs to the class gp,N if there exist functions fi,...,fy € L} _(R"),

parameters 6y,...,0y € (0,1], with 6 +--- + 0y = 1, and a weight u € A;
such that

i=1

N 1=p
w = (H(Mfi)gl) u. (4.1.1)
We can associate a constant to this class of weights, given by

. 1/
el 5, = inf ]}y,
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where the infimum is taken over all weights u € A; such that w can be writ-
ten as (4.1.1). We also define

o
Apeo = | Apn,
N=1

with the corresponding associated constant, given by

lwlz,, = inf o],

It is clear that A; ., = Aj, and A\p,l = A\p. Also, observe that for every
N2>1,ApN C Apny1,and ||w||A\p,N+l < ||w||gp/N,but we don’t know if these

inclusion relations are strict.
The following lemma will be helpful for future computations.

Lemma 4.1.2. Given real numbers A,B > 0,and 0 < 6 < 1,

/°° min{A,tB}dt  Al~9B?
0 to t 0(1—06)

Proof. 1If AB = 0, then the result is clear. Otherwise, the result follows from
the fact that

A,

tB,

>
min{A, B} = { : -

[SS[PNeCS

]

The next lemma gives us a restricted weak type interpolation result for
weights.

Lemma 4.1.3. Fix 0 < p < o0, and 0 < 0 < 1. Let uy,up,v1,vp be weights,

and write u = u%_eug, and v = v%_evg. Let T be a sub-linear operator defined for

characteristic functions. Suppose that for i = 1,2, there exists a constant C; > 0
such that for every measurable set E,

||T(XE)||LP,°°(ui) <G ||XE||UJ,1(UZ.)- (4.1.2)
Then, for C = Cy + Cy, and every measurable set E,

ITGENLreouy < ClIXEN Lo (0) -

Proof. Fixt,y > 0,and 0 < ¢ < 1. Since T is sub-linear, we have that

/ min{uq(x), tup(x) pdx < / uq (x)dx
{T(xe) >y} {UT(xey) >y}

(4.1.3)
+ t/ up(x)dx,
UT(xey) 1> (A=)}
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where E1 := {x € E : v1(x) < tvp(x)}, and E; := E \ E;. Applying (4.1.2),

and choosing y = %, we can bound (4.1.3) by

(%)%ﬂ&) + ¢ (%)pvz(h) = (%)p (01(E1) + tva(E2))
_ (%)p /E min{o; (x), foa (x) }dx,

and in virtue of Lemma 4.1.2, we conclude that

/ u(x)dx = 6(1—6) / ) / min{un (x), tuz(x)} ; dt
(T(ee) >} o JUTGw) > t°

<0(1-0) (%)p/Ow/}smin{vl(atce),tvz(ﬂ}dx?

()

and the desired result follows. O

Remark 4.1.4. At the time of writing, we don’t know if it is possible to prove
Lemma 4.1.3 with C = max{Cy, C>}.

We will use Lemma 4.1.3 to show that for p > 1, ﬁp,oo C AZ}, but due to
Remark 4.1.4, we can’t work with || - || Ay’ and we need to introduce a new

constant for weights in ﬁp,oo.

Definition 4.1.5. Given1 < p < oo, and w € A\p,oo/ we define the constant

[[w]]gploo = ]{]gleHwHAPN

We can see that [w] A = l|w|| A = [w] 4,, and in general, ||w|| Ay <
[w] Ay’ Moreover, [w] Ay < @ if, and only if ||w|| Ay < but we don’t

know if there exists an increasing function ¢ : [1,00) — [0, 00) such that
[@]z,, < ¥(lwlz,,)-

We can now prove that for p > 1, A\p,oo - AZ,Q.

Theorem 4.1.6. Given 1 < p < oo, there exists a constant C > 0, depending only
on p and the dimension n, such that for every N > 1, and every weight w € A, N,

[w]A;z < CN||ngp,N. (4.1.4)
In particular, if w € ﬁp,oo, then w € AZ}, and
[w] AT < Clw] Apeo’

Proof. Observe that if p = 1, then the result is true for any C > 1, so we will
assume that p > 1.
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For N =1,ifw € gpll, then we can find a locally integrable function f,
and a weight u € A; such that w = (Mf)!~Pu. It was proved in [9, Corollary
2.8] that [(Mf)'~Pu] AR < Cnp [”]}4/1 P, and taking the infimum over all such
weights u € A, we get tIAlat [w] AR < Cnp wl| A

For N > 2,if w € A,n, then we can find locally integrable functions
f1,...,fn,aweightu € Ay, and real values0 < 0y, ...,0y < 1, with Zfil 0; =

1—
1, such that w = (Hfil (Mf;) ) " 1. We will proceed by applying Lemma
4.1.3 iteratively N — 1 times. Let us assume that we are performing the kth

iteration, with 1 < k < N — 1, and that all the previous iterations are already
done. We choose the weights

k a1
o = (T ™47l o= ot e

i=1

and the exponent
o) . O
1- Zé\]:kﬂ 0

Observe that wék) S A\pll, and we already know that A\p,l C AR soin
virtue of Remark 5.2.3 and the case N = 1, we have that for every measurable
set E,

k
I ) < 27247 [0} )]A;; I%EN a0

k

(w3)

< 2m4MPe, p[u] p||XE||L,,1 ) -

Similarly, if k = 1, then wgk) = (Mf1)!"Pu € A\p,lr and we also have that for
every measurable set E,

1/
MO o ) = 224" Pnplil o e (41.6)

Lo (@)
If k > 1, we know from the previous iterations that for every measurable set
E,
1/
IM(xe)|| Ll S 224" Pey, k[l P lIxell 0 ) (4.1.7)

In virtue of (4.1.5), (4.1.6), and (4.1.7), if we apply Lemma 4.1.3 for the kth
(k) (k)

time, with exponent 8(¥) and weights w; " and w, ’, then we get that for every
measurable set E,

1/
IMEEEN o 00 < 224" Py p (ke + 1)) 4,7 1XEN (k51 5
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1—p() o(k)
because <w§k) wék) = wgkﬂ) . At the end of the iteration process,

k = N — 1, and we have that for every measurable set E,
1/
IMOCE) | ooy < 2724 Pen,pN{ul 4 P lIXE N 12 o) (4.1.8)

(N)

since w; = w.
Now, we apply Theorem 5.2.6 to deduce from (4.1.8) that

[l ap < lwllp < 224" /7 pen,pN{ul
and taking the infimum over all suitable representations of w, we get that
[w]yr < 2”24”/Ppcn’pN||ZU||gplN,
and hence, (4.1.4) holds taking C = 2"24"/P PCn,p-

Finally, given w & Ep,oo, we have that

< i ~ — .
[w]A;g <C inf NHw”A,,,N C[[w]]Aplw,

Nzl:wEAp,N
because if N > 1 is such that w ¢ A,,/N, then ||w|| , = inf@ = co. O
P,

The following result allows us to construct AZ} weights.

Lemma 4.1.7. Given1 < p < o0,0< 0y,...,0, <1, with6y+---+60, =1,
and weights wy, ..., wy € AZ,Q, the weight w = wfl - wgg” isin AR, and

s

[w ]A;? <C [wi]AZ}-

i=1

Proof. If m = 1, there is nothing to prove, so we may assume that m > 1.
If p = 1, it follows from Holder’s inequality that

:|§
=

1' < _max {[wl] <
:1 =1, i

[wi]Al'

I
—_

If p > 1, it follows from Remark 5.2.3 that for i = 1,...,m, and every
measurable set E,

IMOXE) | p () < 2724 P[] o lIXE N 01 (- (4.1.9)

We now proceed by applying Lemma 4.1.3 iteratively m — 1 times. Let us
assume that we are performing the kth iteration, with 1 < k < m —1, and
that all the previous iterations are already done. We choose the weights

91‘

k 1

o k
=[Jw, ™ e wg) = Wiy,
i=1
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and the exponent

p® .— Ok
1- E’Zlm O¢
In virtue of (4.1.9), if we apply Lemma 4.1.3 for the kth time, with exponent

0() and weights wgk) and wék), then we get that for every measurable set E,

ki1
» (wilag | IXEN ity

1

noqn/p
||M(XE)HLp,w(w§k+1>) <224 <
1—pk) oK)
since wgl) = wy, wél) = Wy, and (wgk)> (wék)> = wgkﬂ). In particu-
lar, fork =m — 1, wgm) = w, and we conclude that
/ m
IM(XE ooy < 27247 ( ) [wil gz ) IXEN Lo )
i=1
Finally, applying Theorem 5.2.6, we obtain that
/ m
n n
[wlap <2279 Y i,
and the desired result follows, with C = 2""24"/7p. [

Remark 4.1.8. For p > 1, we don’t know if [w] AR < Con,p 1,0 L 11 [wi]iR.
P

The next lemma allows us to construct nice weights.

Lemma 4.1.9. Let 1 < q < p, and let w be a weight. For a measurable function
helLl (R"), letv=(Mh)TPw Ifwe AyN, thenv € Ay N1, and

loc

N q/p
1ol 7, \y < C||w||gq,N, (4.1.10)

with C independent of h. In particular, if w € A\q,oo/ then v € ﬁp,oo, and

[[U]]gp/co < ZC[[ZU]]AWO. (4.1.11)

Proof. For a weight w € ﬁq,N, we can find measurable functions hy, ..., hy €
L} (R™), parameters 0y, ...,0y € (0,1], with 61 + - - - + 6y = 1, and a weight

loc
I—q
u € A; such that w = (Hf\il(Mhi)ei> u, with [u]{" < 2[|wl|; . Note
q

thatif p =1,theng =1, and v = w = u, so (4.1.10) holds for every C > 1. If
p > 1, then

=

—P

q-p 9, 14 o 171 1=p
v=((Mh)"7(Mhy)"'Tr...(Mhy) NTP u,
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and since % + 01+ + GN)%_;q =1, we have thatv € gp,NH, with

=

N 1/p q/p q/p
o7, 0 < L7 < 2977 ol 7

and (4.1.10) follows, with C = 27/7.
Finally, if w € Aj e, we can find a natural number N > 1 such that w €

~

Ay N, and in virtue of (4.1.10), we get that
/
[1s,. < (N+1)|olz,,,, <2CN @]’ <2CN vl .

and taking the infimum over all such N > 1, we obtain (4.1.11). O

The next result also allows us to construct nice weights. It is an extension
of Lemma 3.1.4, and the proof is similar.

Lemma 4.1.10. Let 1 < p < g,and1 < N € N, and let w € Eq’N, For a

p=l 1-p ~
measurable function h € Lj, (R"), let v = w9 (Mh)71. Then, v € A, N, and
~ < Cllw|7, 4.1.12
Iollz,, < CllwlZ (4.1.12)
with C independent of h. In particular, if w € A\q,oo, then v € Ep,oo, and
_ q/p
[v] Ay < Clw] Gy (4.1.13)

Proof. For a weight w € A\q,Nz we can find measurable functions hy, ..., hy €
L} (R"), parameters 0y, ...,0y € (0,1], with 61 + - - - + 6y = 1, and a weight

loc

N 0. 1-q . 1/q
u € Ajp such that w = (Hi:1(Mhi) l) u, with [u] ;' < 2||w||7 . Note
q,

that
N 1=p
= (H(Mhi)9i> i.

i=1

=

)|

N = .
v= (H(Mhi)"f) w1 (Mh) T

i=1

Applying [14, Lemma 2.12], we see that i € Ay, with [i] 4, < c[u]4,, and
c independent of h. Hence, v € EP,N, with

. 1/p 1/pp,11/p q/p1/p q/p
lollz, < 4" < /P! <27 P wl TF,

and (4.1.12) holds, with C = 29/pcl/p,
Finally, if w € Ageo, We can find a natural number N > 1 such that w &€

~

Ag N, and in virtue of (4.1.12), we get that
/
[0]3,.. < Nlellz,, < CNIwll}’ < CN [wliz ,)"7,

and taking the infimum over all such N > 1, we obtain (4.1.13). O
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The following lemma gives us information about certain weights.

Lemma 4.1.11. Let 1 < qq,...,9m < 0o, and % = ql—l + -+ #. Let 1 <
Ni, ..., N € N. Choose weights wy € A\Lher""’wm € A\f/]m/Nm’ and take w =
z{)‘17/q1 I Then, w € Aﬁq, and

m
1
(@] g, < C(N1+ -+ Ni) ]‘{ !!wz-Hg/q’le; (4.1.14)
i= (1
Alternatively, if w1 € Ag o+, Wm € Aqm oo, then w € Amax{q Y and
_m
w <C) [wilz .
[ ]Aﬁax{ql,...,qm} - ;[[ l]]A‘Ii"’O

Proof. Fori =1,...,m, w; € A\qi,Ni, and we can find functions hil,. . .,hé\,i €
L} (R"), parameters ol .., Gf\,i € (0,1], with 9% 4t 9}'\& =1, and a weight

loc
: i\ 1—4i .
u; € Aq such that w; = (H]I.\L’l(Mh})ef) u;, with [ui]l/ql < 2||wi||g

Ifmg=1theng = - =¢qu="1s0w=ul’'".. . ul/"¢ Al,and(41 14)
holds. If mg > 1, then

g 1—¢q; 1imq

m N; i\ 9T
w = H(H(Mh;)9f> i,

i=1 \j=1

with u = u;’/ql q/q’" € Aj, and since

q 1 g 1—aq _
zz;qzl_mq )2 L

i=1j=1 i=1 qi 1L —mq
we have that w € Amq,N1+...+Nm, with
m Y
% m
@z, o, < 14 :ﬂﬁ’ <2IPWM%M
and (4.1.14) follows from Theorem 4.1.6.
_ R R : :
Finally, fori = 1,...,m, Aql C A C AmaX (91t} and in virtue of

Lemma 4.1.7, (2.1.2), and Theorem 4.1.6, we get that

Ol <Y [l

max{qy....qm} = max{qy....qm}

m _m
<G Z[wi]A;? <C Z[[wi]]&,.oo'
i—1 : i=1 v
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4.2 Main Results on Restricted Weak Type Extrap-
olation

In this section, we present our theorems on multi-variable restricted weak
type extrapolation. To prove them, we build upon ideas introduced in the
previous chapter.

4.2.1 Downwards Extrapolation Theorems

The first result that we prove allows us to fix the exponents p, ..., p; and
decrease the first exponent p; down to q; exploiting the A\QLOO condition on
the weight w;. We include a pictorial representation of this scheme in Fig-
ure 4.1. Such scheme is a multi-variable restricted weak type version of both
Theorem 3.3.6 and Theorem 3.3.12.

Theorem 4.2.1. Given measurable functions fi,..., f,, and g, suppose that for

some exponents 1 < py,...,pm < 00, % = % + -4 #, and all weights v; €

~

Ap oo, i=1,...,m,

m
”gHLp,oo(vlf/mmvfn/pm) < (P([[Ul]]gpllw, sy [[Um]]gpmloo) E ”fi”[]’irl(vl.) ’ (4-2-1)

where @ : [1,00)" — [0,00) is a function increasing in each variable. Then,
for every exponent 1 < g1 < py, and % = ql—l + % e plm, and all weights

w1 € Ag o and w; € Ap o, 1 =2,...,m,

||g||Lq,oo(wz/Q1wg/p2...w?n/Pm) < q)([[wl]]gqlmr [[wﬂ]gpsz" e [[WMHAPWO)

m (4-2-2)
X | | ] it (w:) 7
HleLth/Z%( 1) i_2Hf1HLPV1( i)

where ® : [1,00)™ — [0, 00) is a function increasing in each variable.

Proof. We will follow the steps of the proof of Theorem 3.2.4. Note that if
g1 = p1, then there is nothing to prove, so we may assume that q; < p;.
Pick weights wy € Ag oo and w; € Ap, o i =2,...,m, and let w =

q9/q1,,.4/p2 q/pm :
wy Mwy L wy, . We may assume that the quantity || lequ'% y < oo.

In particular, f; is locally integrable (see Lemma 3.1.2). Fix y,y > 0, and take

1,41 _1 1
ot o

% = (Mfl)’h/qwl’T2 wy L wy,
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We have that

Ad(y) —/ w+/ w
{Igl>y, >y} {gl>y, Z<yy}

Yy P (4.2.3)
< A@;(WH/ LEALER R
{lgl>v} <ff )
To estimate the term [ in (4.2.3), we have that
(ry)* 1 || Mfi|™
= A% (ry) < [EAl1 — , (4.2.4)
(yyyr "2\ ('ry) L=@) = (yy) | W | yoo oy
with
B S 1 q/m 1/q;
W= (wl g Py ”m) - (ﬂ> . (4.2.5)
w1
Note that W € Ac. Indeed, if m = 1, then W = 1, and if m > 1, for
€= qlq > 0, Aq1 o € Ag te 50 in virtue of Lemma 3.1.5, fori = 2,...,m,
q1—
1
; € 0 O -
W, = (;glyl* € Aw,and W = W32 .. Wii", where 6; := (g, +¢) € (0,1],
and92+---+9m— (q +e) (__q_l) 1.

Applying Lemma 4 1.11, we get that w € AR with

max{q1,p2,.-,Pm}’

" m
[w]AR < C (le]]gﬁll,oo + Z[[wi]];{p-oo) = lelzn-/wm’ (426)
=2 v

max{qy,pp.-.pm}

so in virtue of Theorem 2.3.8, Lemma 2.3.10, Theorem 4.1.6, and (2.1.1), we
deduce that

M
Hi S 4)([w1:|AR’[w]AR )Hf1||Lq1’1(ZU1)
LI (W) max{qq,p,-..pm}
< ¢(C[[w1]]gq1,oo’ 1]L7W1,-~-,wm) Hfl H L1 (wy)
n (4.2.7)
<

n R
m ol o)

X
B 1
Py bwr,... w0, “fl Hqu’%(wl)’

and combining the estimates (4.2.4) and (4.2.7), we obtain that

1 q1—P1 441 q1
o |Lf1] : (4.2.8)
= Tyt Pl

We proceed to estimate the term IT in (4.2.3). Take vy := (Mf1)" Plw;,
and for i = 2,...,m, take v; := w;. Since w1 € Ay o, it follows from
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Lemma 4.1.9 that vy € A\pl,oo; with

A < A . ran
[[Ul]]Apl,oo < CﬂwlﬂAql,m (4 2 9)
Observe that
A (g 4 PD p=a, 4
FI Py = (Mfl)ql(q P)wir’2+ ) (4 p)+a1wzz iy wnl;m+Pm

q
P
= (Mfy)7 (g1—p )wf/plwg/pz...wfn/p’” _ Uf/m .vﬁ/p’",

so by (4.2.1), (4.2.9), and the monotonicity of ¢, we get that

(,),y)p/ p/p1 p/pm p

= v O

()7 J(gsyy ! (w) 1811 o1 _oh!m)
,),P

<

~ ()1

7P
HleLpll (o1) HHfzIILpl = Ty 7 P00 HleLpll (o1) ]—[HszLp,
(4.2.10)

o(Clwilz,  [walz, - lwnlg, )7

and arguing as we did in (3.2.7), we have that
P1 q1/p1
< .
1fill i) < a0 I f1 HL%% o) (4.2.11)

Combining the estimates (4.2.3), (4.2.8), (4.2.10), and (4.2.11), we conclude
that

AW < —P1 M0 n
g (y) = (,)/y)q pl WL'“’melequ’Z%(wl)
v’ <m) W
+ -
(’)’]/)q Q1 qul W ||f1|| l Z% (wl H ||f1||LF’z

and taking the infimum over all y > 0, it follows from Lemma 3.1.1 that

— q/p T g2-0_P) 4a-0)
]/q)‘?(y) < ﬁ (%) (%) Py e 4)wlr r%mgogulr W

||f1||q a l_[HszLpl

1'p (wl i=

Finally, raising everything to the power % in this last expression and tak-
ing the supremum over all y > 0, we see that (4.2.2) holds, with

11

_ﬂ_i pA P1
(Pwl wmq)wll s Wmr

1
(4.2.12)
and Cp 4 as in (3.2.19). O

O([wilz, . lwalz, - lwmlz, ) =Py
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(0,1) P Q (1,1)

FIGURE 4.1: Pictorial representation of Theorem 4.2.1 and The-
orem 4.2.5 form = 2.

Observe that in Theorem 4.2.1 and its proof, fori = 2,...,m, the quantity
“fiHLF’i/l(wJ plays no role and can be replaced by ||fi|risi (), with a; > 0.
This fact allows us to iterate m times the argument in the proof of Theo-
rem 4.2.1, one for each variable, to produce the following general downwards
extrapolation scheme, depicted in Figure 4.2. Note that the monotonicity of
the function ® in (4.2.12) is of utmost importance for the iteration process.
Such scheme generalizes and extends to the multi-variable case both The-
orem 3.2.1 and Theorem 3.2.7, and produces multi-variable restricted weak
type versions of Theorem 3.3.2, Theorem 3.3.6, Theorem 3.3.12, and Theo-
rem 3.3.16.

Theorem 4.2.2. Given measurable functions fi,..., fm, and g, suppose that for

some exponents 1 < py,...,pm < 00, % = % + -+ pim, and all weights v; €

Apiloo,Z:l,...,m,

m
||8||Lp,oo(vf/v1mv§1/pm) < @([[Ulﬂgpllm/-~r [[Um]]gpm,m)q ”fi”mrl(vi) , (42.13)
1=

where @ : [1,00)™ — [0, 00) is a function increasing in each variable. Then, for
all exponents 1 < g1 < p1,...,1 < qm < pm, % = ql—l +o 4 #, and all weights
wl E A\ql,oo,i: 1,...,m,

m
||g||Lq,oo(w?/q1_“wzl/qn’l) S ¢([[w1]]A\q1,oo, ctcs me]]gqm,oo) 11_11 ||ﬁ||qu,Z—i (u)i) 4 (4'2'14)
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where ® : [1,00)™ — [0, 00) is a function increasing in each variable, given by

i 3— ﬂiicrl 174 ~ -4
D(ty,... tm) = | [Ip; " gi ety Cilty 4+ -+ t)) P
i—1 i

X gD(Cltl, ey Cmtm),
withrg = p,andfori=1,....m L =L +... 4L L ... 1 c g
’ T T Dai ' opin pm” i1
in (3.2.19), and ¢; = as in Lemma 2.3.10. If q; = p;, then
we can take ¢; = 1.

(Pmax{ql qi/pi+1/"'rpnl}rqi

We have presented Theorem 4.2.2 in its general form, for (m + 1)-tuples
of functions (f1,..., fm, §). We can deduce the corresponding extrapolation
scheme for m-variable operators arguing as in the proof of Corollary 3.2.2.
For convenience, we also provide a pictorial representation of it in Figure 4.2.

Corollary 4.2.3. Let T be an m-variable operator defined for measurable functions.

Suppose that for some exponents 1 < pq,...,pm < 00, % = % + -+ pim, and all

weights v; € Api,oo, i=1,...,m,

T: LM (vg) X -+ x LP(0y,) — LPR (/P ob!/Pm),

with constant bounded by (p(ﬂvl]]gp e, [[Um]]gp ) as in (4.2.13). Then, for all
1, m,o0

exponents 1 < g1 < p1,...,1 < qm < pm, % = (11_1 + -+ qlm, and all weights

wl € A\qi,oo, Z - 1,...,m,

7 m
T L70 (wy) x -+ x L0 (wye) — L9 (@™l ™),
with constant bounded by @([[wl]]gq e, [[w’“]]ﬁq ) as in (4.2.14).
1/ m,o0

Remark 4.2.4. Observe that if the operator T is defined for characteristic
functions of measurable sets Eq,...,E; C R", then under the hypotheses
of Corollary 4.2.3, we deduce that

||T(XE1/ ... /XEm) HLq,oo(w;]/ﬂlmw?n/‘]m) S Cq)(ﬂwl]],@qlmr R4 meHA\qm,w)

with C = pfl/ql pﬁf/q’” and hence, T is of weak type (41, . ..,qgm, q) at least
for characteristic functions.

Let us pomt out that if in Theorem 4.2.1 we replace AP1 00 by Ap1 Ny+1/

and Aq1 ~ by Aq1 N, and for i = 2,...,m, we replace Ap ~ by Ap,,N,r with
1 < Nj,...,Ny € N, then we can replace (4.2.6) by

(] 45, < CN1+ -+ Now) aon | I—[H wi| "

q1- 11 ?’le
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01)ip 0O Q (1,1)
—@ —@ —@
Q Q Q
@ —@ L ]
O PO >Q0 QQ
1,
............ @ @ WRIEN
(0,0) (1,0)

FIGURE 4.2: Pictorial representation of Theorem 4.2.2, Corol-
lary 4.2.3, and Theorem 4.2.6 for m = 2.

and (4.2.9) by

; < Cllwy || /P!
lo1llz, 0 = Cllwnliz L

and use that
[wilap < eNiflwiliz

in (4.2.7), and obtain the following variant of Theorem 4.2.1, depicted in Fig-
ure 4.1.

Theorem 4.2.5. Given measurable functions fi,..., fu, and g, suppose that for

some exponents 1 < p1,..., pm < oo,%: %—|—---+pim,and1 <Nj,...,Ny €

IN, and all weights vy € A\P1,N1+1’ and v; € A\Pi/Ni’ i=2,...,m,

181 g agrrmy < @tz o ollo2llz e llomllz, )

}!71,N1+1
m

<]1 1fill i oy -
i=1

where ¢ : [1,00)™ — [0,00) is a function increasing in each variable. Then,
1 1 :
for every exponent 1 < g1 < pq, and % = qll LA e and all weights

w1 € Ag Ny, and w; € Ap, N, 1 =2,...,m,

)

181 oot /2oy < PUwnllz, ollw2llz, oo llwmlz

m
X il ppi
Il f1 HL‘“’%(wl) g | fi ||LP1,1(wl-) ,

pm,Nm
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where ® : [1,00)™ — [0, 00) is a function increasing in each variable, given by

3-n_nC . _n
Dt ty) =p, O %ﬂchtl,C(Nl+---+Nm)t}/m...t,1ﬂ/’”)1 n
X @(CEVP by k),

with Cp,q as in (3.2.19), and ¢ = ¢, o as in Lemma 2.3.10. If q1 = py, then we
can take ¢ = 1.

Once again, in Theorem 4.2.5, for i = 2,...,m, the quantity ||fi|| 1 )

plays no role and can be replaced by || f;| .vi (), With &; > 0. Hence, we can
iterate m times Theorem 4.2.5, one for each Varlable, to produce the following
alternative version of Theorem 4.2.2, depicted in Figure 4.2.

Theorem 4.2.6. Given measurable functions fi,..., fu, and g, suppose that for

some exponents 1 < pq,...,pm < oo,%: %+~~~+pim,and1 <Nj,...,N, €

IN, and all weights v; € Api,Nl.H, i=1,...,m,

m
180 g gy < U, e Vol DT T

where @ : [1,00)™ — [0,00) is a function increasing in each variable. Then, for
all exponents 1 < g1 < p1,...,1 < qm < pm, % = qll + -+ qim’ and all weights

w; € Aqi,Ni/i:L"'/m/

m
180 e gy < U3, mla o JTTIA g

where ® : [1,00)™ — [0, 00) is a function increasing in each variable, given by

mo3-dibC 1-%
Q)(tllltm) — (le pi 4q; ~Ti— 1rlll)1(tll"'/ ) pi>

i=1
X (p(Cltblh/pl,...,Cth;"/p’"),

and

1 1 i1 qm

IIJi(tl,...,tm) :¢i(CiNiti/6i(N1+' —|—Nm—i—m—z) tmi';:f)iﬂ ...i’;:lpm ),

wzth 1’0 = p, (anfOVi - 1, m - — 1 + _'_ + 1 _'_ e + le’ Cr,-_l,r,-

Pi+1

as in (3.2.19), and ¢; = ¢g’”’1ﬂi as in Lemmu 2.3.10. Ifql = p,, then we can take
P = 1.

4.2.2 Upwards Extrapolation Theorems

The next result that we present allows us to increase all the exponents ex-
ploiting the Ay o condition on the weights involved, but we need to assume
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some technical hypotheses coming from Theorem 2.4.12. See Figure 3.3 for
a pictorial representation of this extrapolation result when m = 2. Such re-
sult generalizes Theorem 3.2.10 and extends it to the multi-variable case, and
produces a multi-variable restricted weak type version of Theorem 3.3.20 and
Theorem 3.3.35.

Theorem 4.2.7. Given measurable functions f1,..., f, and g, suppose that for

1 .
some exponents 1 < py,...,pm < 00, T + -4 o and all weights v; €

Ap oo, i=1,...,m,

m
”gHLP’OO(Uf/pl...Ufn/pm) S (P([[vl]];{lfllool cty [[vm]];{pm,oo) g ”,fiHLpi’l(’Z)i) 4 (4'2']‘5)

where ¢ : [1,00)™ — [0,00) is a function increasing in each variable. Given
exponents q1 = p1 > 10rq1 >pr > 1 qm = pmo 2 1Torgu > pm >
1,and%:ql—l+ +—andwezghtsw1€Aqoo,z—1 .om, and w =

Wl Wl if for every i =1,...,m for which q; > p;, there exists 0 < &; < 1

, . 1/g;
such that wW, ' is a weight, and [W, S’]RHoo(w) < oo, with W; = <wﬂ,> 7 | then

||g||L‘7r°°(w) < gﬁ(ﬂwlﬂAq o [[wm]]gqm,oc)]_—‘[ ||fi||Lqi’1(wi) ’ (4216)
i=1

where Oz 5 : [1,00)™ — [0, 00) is a function that increases in each variable and
depends on € = (e1,...,em), and @ = (w1, ..., Wpy).

Proof. We will follow the steps of the proof of Theorem 3.2.10. Note that
if 1 = p1,-..,9m = pm, then there is nothing to prove. We first discuss
the case when1 < p; < ¢;,i = 1,...,m. Fori = 1,...,m, pick a weight
w; € A\ .00, and write w = wq/ n q/ T As usual, we may assume that
1 fill L33 ;) < o°- For every natural number N > 1, let gn == [g|xp(oN)- Fix
N > 1. We will prove (4.2.16) for the tuple (f1,..., fm, gn). Since gy < |g|,
we already know that (4.2.15) holds for (fi,..., fm, gn). Fix y > 0 such that
Agy(y) # 0. If no such y exists, then |[gn|| g, = 0 and we are done.

In order to apply (4.2.15), we want to find weights v; € Am,oo/- ., Om €

Ay, such that for v := vf/pl. op! P AR (Y) <AL (y). Fori=1,...,m,
take

pl 1 q9i—Pi

1 1/1 ! 1'71
v = w <M(wi qwl/”’lx{\gwy})) = (4.2.17)

Note that if g; = p;, then v; = w;. Applying Lemma 4.1.10, we see that
U; € Ap, 00, With
[vil, . = Ci[[wi]]i%i/p g (4.2.18)

qi,
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and C; independent of w;, w, N, and y. Observe that

o/ o/ m EF’:} qupl qupz
1 m pi 49— Pidi 49— Pi q q;i—
oy o EZQM Fwrl X{lgnl>v}
m P__(p;—"Li) m
_ piai—1) \PiT g 1 50 (i—pi)
= qwi’ l ’ )w R X anl >

m P (1 1 ) m P _ P
— q;—1 qj i=1p; 7
—ﬁﬂ% )w P X (gnl >y}

T X{Jsnl>y)

e et (1=5)
_ 9 9 q/q1 Q/Qm
= ([ 1w )ﬁmm& X{lgnl>y}

so (4.2.15) and (4.2.18) imply that

/ /Gm / /Pm
guw—/‘ W/ ) /‘ AP bl = 2 ()
{IgN|>y} {IgN|>y}

ypq’([[vl]]Ap oz [[Um]]Ap o pHHfZHLPz

]' m m
< ﬁqo(clnwlﬂgqfl - Cunlon]"” PHHfanp,
(4.2.19)

Fori =1,...,m, we want to replace | fill i (o) DY ||f1~Hqu )y in (4.2.19).
It g; = pi, then || fill ppir o) = lfill i ) 1 i > pis then applymg Holder’s
inequality with exponent Zli >1,we obtam that for every t > 0,

4i=p;
1/q9:1/4 -
AT (1) = / M(w; "0 X gy =p) |
fix?/ W i
{Ifil>t} i
1/ 9i— qi
qi,..1/q" 9=
< lxgssnl M(w; w1 oy))
= Wxug=ol g, w
L7 P (w;)
1 '71 Pl
_ —wl({lle > t})pildi e
1 /
L% (w;)

» w \ i
NOW, for F = X{IgN\>y}’ ui = w; - Am' and Wi = (—) & Aoo

wi

(see (4.2.5)), we have that Uini_l = wil/qiwl/qg, and UW! = w € A, s0
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Theorem 2.4.12, Theorem 4.1.6, and Lemma 4.1.11 give us that

H M(FU;W! )
L (uy)

U;

1/q; /
M(w; w10y 15 y))
wj

/!
L% (w;)

< 4’i([wi]A;§f [w]Aﬁax{qlwqm} )IE] L9 (W)
m
< aigieilwls, ., C Lz, Jw{lan] > yh'/e
1 ]:1 4

=: giprw({|gn] > y})V7,
(4.2.20)
SO

AF(H) < p(m)% wo({lgnl > v} Twi({I£] > )P,

and hence,
* 1/ qi Vpi 1 9i—Ppi Pl
HﬂHLPirl(yi) = Pi/o )sz (t)"Pidt < p; (P ) (qips) Pi i~

x w({|gn| > y})vﬂ‘%/o wi({If] > £V %dt (4.2.21)

pi\ " —
“\a (a100) 7T w({Ign > y})7 I ill i oy

Combining the estimates (4.2.19) and (4.2.21), we have that

1 _r
Agy(y) < o Pea([wilz, oo lwmlz, ) (HHszm ) '
(4.2.22)
with
m(p; 1/p; 14
eallwls, oo fwnlz, ) = (H (B) " i )
i=1 !
p(Cilal}y' ", Culwon] 37).

By our choice of y and gn, 0 < Ag, (y) < w(B(0,N)) < oo, so we can di-

V}ide by Ag, (y)lfg in (4.2.22) and raise everything to the power %, obtaining
that

m
y/\?N (y)l/q < q)g,zz;([[wl]]gqlm, XV [[wm]]gqmm) H Hfi”LW(w )
i=1

and taking the supremum over all y > 0, we deduce (4.2.16) for the tuple
(f1,---, fm, gn), and the result for the tuple (f1,..., f, g) follows taking the
supremum over all N > 1.
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Finally, the case when for some i = 1,...,m, butnotall, 1 < p; = g;,
follows from the previous argument, since v; = w; in (4.2.17), and estimate
(4.2.21) is no longer necessary. O

Remark 4.2.8. Note that, in general, there are weights that satisfy the hy-
potheses of Theorem 4.2.7. For instance, take w1 = - - - = w;; € (/L Ag; co-

Remark 4.2.9. In practice, we may desire an extrapolation result that allows
us to increase some exponents and decrease others. We can achieve this by
merely applying first Theorem 4.2.2 to lower the corresponding exponents,
and then using Theorem 4.2.7 to raise the other ones, taking into account
that in Theorem 4.2.7, if g; = p;, then we can replace the space LPi'!(v;) by
LFi*i(v;), with a; > 0.

From Theorem 4.2.7 we can obtain the corresponding extrapolation re-
sult for m-variable operators arguing as in the proof of Corollary 3.2.2. See
Figure 3.3 for a pictorial representation of such scheme when m = 2.

Corollary 4.2.10. Let T be an m-variable operator defined for measurable functions.

Suppose that for some exponents 1 < pq,...,pm < 00, % = % +- me’ and all

weights v; € A\pi,oo, i=1,...,m,

T: Lpl'l(vl) X e X Lrimfl(vm) N Lp’w(vf/pl . ..vﬁ/pm),

with constant bounded by ¢([v1] Ayl [om] A\pm,oo) as in (4.2.15). Given expo-
nentsqr =p1 > lorgqyr >p1>1,...,9m = pm > 1orqm > pm > 1,and% =
R o
forevery i =1,...,m for which q; > p;, there exists 0 < &; < 1 such that wW,

and weights w; € Eqi,oo, i=1,...,mand w = wcli/rh o wzi/qm, if

: 1/q;
is a weight, and [W; | gy () < o0, with W; = (%) ! , then

T: LT (wy) x -+ x LI (w,,) — LY (w),

with constant bounded by (Dg/w(ﬂwl]]gq e, ﬂwm]]gq ) as in (4.2.16).
1, m,00

Remark 4.2.11. Observe that if the operator T is defined for characteristic
functions of measurable sets Eq, ..., E; C R”, then under the hypotheses of
Corollary 4.2.10, we deduce that

||T(XE11 . ’XEm) HL‘7'°°(w) < Cq)g,w([[wl]]gqlm,. .., [[Wm]]gqmm)
X wl(El)l/ql . wm(Em)l/q"’,

with C = ¢1...qm, and hence, T is of weak type (41,...,9m,q) at least for
characteristic functions.

Note that if in Theorem 4.2.7 we replace A\pi,oo by A\PirNi’ and ﬁqi,oo by
Agnyi=1,...,m with1 <Nj,..., Ny € N, then in (4.2.20) we can use that

m
[w]ap < C(N1+ -+ Nu) ] szH%m Y

mq i—1 q;,Nj
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and
[wilap < eiNillwillz,

and replace (4.2.18) by
A MNopr. |19/ Pi
Joils, , < Cille 2%
and obtain the following variant of Theorem 4.2.7, depicted in Figure 3.3 for

m = 2.

Theorem 4.2.12. Given measurable functions f,..., fu, and g, suppose that for

some exponents 1 < py,...,pm < oo,%: %+---+pim,and1 <Ni,...,Ny, €

N, and all weights v; € A\Pz’/Ni’ i=1,...,m,

m
[T LT PR L P § (I AT

where ¢ : [1,00)™ — [0,00) is a function increasing in each variable. Given
exponents qu = p1 > lorgqr > p1 > 1,...,9m = pm = 1 0r gu > pm >
1, and % = ql—l + -+ qlm, and weights w; € Aqi,Ni/ i=1,...,m and w =

w;’/ﬂh e wqm/q’”, if for every i = 1,...,m for which q; > pj, there exists 0 < &; <1
e ) e ) 1/4i
such that wW, " is a weight, and [W, E‘]RHOO(W) < oo, with W; = (%) , then

m
||8Hmoo(w) < q’azv(lengl,le--r mengm,Nm)H ”fi”mi/l(wi) ’

where @z 5 : [1,00)™ — [0, 00) is a function that increases in each variable, given
by

mp\ VP 19p;
q)E',ZTJ(tlr .. -/tm) - (H (&) (6];4)1'(1'1, .. -/tm>) pi qi—1 >

i=1 \{i
C 91/ p1 C Gm/ Pm
X QD( 1t1 7y mtm )/

where fori=1,...,m, if g; = p;, then ¢;(t1,...,tm) = 1, and if q; > p;, then
Gi(t, o tm) = 2 - 48"qiWe, o, Wi (Wi I RHw ()
X Prg g (CiNiti, C(N1 + -+ - + N )t/ ™ . 3/™),

with e, w, w; as in (2.4.8), and ¢y, o as in Lemma 2.3.10. If W; = 1, in virtue of
Remark 2.4.13, one can take ¢;(t1,. .., tm) = Cn,qi(cl-Nit,-)qi“.

Remark 4.2.13. Observe that when we extrapolate the variable i downwards

i
with Theorem 4.2.6, the space LP'!(v;) becomes L7 (w;), and the class of
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weights gp N;+1 becomes gq N;- Something different happens when we ex-
trapolate such variable upwards with Theorem 4.2.12. In this case, the space
LPi''(v;) becomes L7 (w;), and the class of weights Ap N; becomes Aq N;-

4.2.3 One-Variable Off-Diagonal Extrapolation Theorems

In [37], multi-variable strong type extrapolation theorems were obtained as
corollaries of one-variable off-diagonal strong type extrapolation theorems;
that is, results in which the target space is different from the domain, both
in terms of exponents and weights. In the case of multi-variable restricted
weak type extrapolation, we observe a similar phenomenon, and we can also
deduce our results from one-variable off-diagonal restricted weak type ex-
trapolation theorems.

Let us start with the downwards extrapolation. The following theorem
will allow us to obtain alternative proofs of Theorem 4.2.1 and Theorem 4.2.2.
It is no surprise that its proof is similar to the one of Theorem 4.2.1.

Theorem 4.2.14. Let 0 < & < oo, and let u € A. Given measurable functions f
and g, suppose that for some exponent 1 < p < oo, and every weight v € Ay o,

&1 Lpame(on) < W01z, IS llLri o) (42.23)
where ;:17 = % +a, vy = vP/PyutPe, and i : [1,00) — [0,00) is an increasing
function. Then, for every exponent 1 < g < p, and every weight w € A\q,oo/

1,00 < = , 2.
I8ty < ¥l 2, )5, (4.2.24)
where qla = % +a, wy = W/, and ¥ : [1,00) — [0,00) is an increasing
function.

Proof. Observe that if § = p, then there is nothing to prove, so we may

assume that g < p. Pick a weight w € quoo_ We may also assume that
| f “L" 4 < co. In particular, f is locally integrable. Fix y > 0 and v > 0. We

have that

w YY\ Pa—a
Ag () :/ Wy < Azf“(w)+/ — wy =1 1+ 11, (4.2.25)
$ {lg1>v} z {815y} (ff )

where 2 := (Mf)1/9 (2)%,
To estimate the term [ in (4.2.25), we have that

Mf|1

()i, 1
A |z 7

= G ¥ ) = G2 W) = o

L9%(wWi)
(4.2.26)

aqa
with W := (%) 7 . Note that W € Aw. Indeed, if « = 0, then W = 1, and if

1
a > 0, then Ageo C Aq+1, so in virtue of Lemma 3.1.5, W = (%) 5 € Aco.
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Moreover, since u € As, and %" +agy =1, wy € Ao, and there exists r > 1
such that w, € AR. If s > 1is such that u € AL, then we can choose
r := max{q, s}, and applying Lemma 4.1.7 and (2.1.2), we get that [w.] ;r <
C([W]AZ} + [u] gr).

In virtue of Theorem 2.3.8, Lemma 2.3.10, Theorem 4.1.6, and (2.1.1), we
deduce that

M
R < 9([0] . 0] ) |l
L% (wW1)

< plelwly, , Clefol;, ,+ 1] 4o)) | fllioa
L _ (4.2.27)

<p T¢(clwly,  Clelwlz, |, + [1lar)) !|f||Lq,g( :
=7 9uollfll g

and combining the estimates (4.2.26) and (4.2.27), we obtain that
Pl (4.2.28)

=0 y) ¢

We proceed to estimate the term II in (4.2.25). Take v := (Mf)1 Pw.
Since w € Ay, it follows from Lemma 4.1.9 that v € A, with [v] Ay <

Clw] Apo’ Observe that
g%c_nxwa — (Mf)q(l sZ)w (% pa)+ (Pa %c)'l‘lxq:x

_ (Mf)%“(q—??)wpa/puapa — pPa/PyoPa

so by (4.2.23) and the monotonicity of ¢, we get that

— (’)’y)p“/ vpa/]f’uﬂépzx S
(ry)% Jyjg1>)

< X p(clol; )P IR
= Ty VAT W

Pu
||g” [Pa,® Pa/Pu"‘Pl’t)

<W ) " (4.2.29)

and arguing as we did in (3.2.7), we have that

/
£l < SIS - (4.2.30)

w)

Combining the estimates (4.2.25), (4.2.28), (4.2.29), and (4.2.30), we con-
clude that

/\w,x q—p 5w q
(v) < ('yy)%p Wl flyg
yPe (P)Pa paq
+ —— (£ Clw]+ P|Ifll 7y
i ) PCIla, IAl g
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and taking the infimum over all v > 0, it follows from Lemma 3.1.1 that

zx/pzx Ju
w Pa Pa — qa 1 p W(2-1-1)
A\ < ( ) (—) q Pq
YA (v) g\ i) 7

q“(l_%) Gu qu
X (Pu,w IP(C[[ZU]]AMO) ”fHLq’%

w

Finally, raising everything to the power qla in this last expression, and

taking the supremum over all y > 0, we see that (4.2.24) holds, with

1 _pCppg, 1-1
T([[w]]gqoo) — p3 P q%gj)u,wpllj((:[[ZU]]gq,w), (4231)

and Cp, 4, asin (3.2.19). O

From Theorem 4.2.14 we can obtain the corresponding extrapolation re-
sult for one-variable operators arguing as in the proof of Corollary 3.2.2.

Corollary 4.2.15. Let 0 < a < oo, and let u € Ae. Let T be a one-variable operator
defined for measurable functions. Suppose that for some exponent 1 < p < oo, and
every weight v € Ap o,

T : LPY(v) — LPv™(v,),
with constant bounded by lp([[v]]gpm) as in (4.2.23), where % =140 andv, =

—r
oP«/ Pu®Pe, Then, for every exponent 1 < q < p, and every weight w € Agoos

T L7 (w) —s LT (w,),

with constant bounded by ‘I’([[w]]gqm) as in (4.2.24), where qla = % + o, and w, =
W/ Ty e,

Remark 4.2.16. Observe that if the operator T is defined for characteristic
functions of measurable sets E C R”, then under the hypotheses of Corol-
lary 4.2.15, we deduce that

ITE) |0,y < PP T¥ ([0] 5, )w(E)!7,

and hence, T is of weak type (g, g.) at least for characteristic functions.

Remark 4.2.17. Note that in Theorem 4.2.14 and Corollary 4.2.15, we can re-
place the class of weights A, by A, N1, and the class of weights A by

o~

Agn, with1T < N € N, as we did in Theorem 4.2.5 and Theorem 4.2.6. If
N =1,a = 0, and T is a sub-linear operator, one can work with the class
of weights A\p,l instead of A\p,Z in Corollary 4.2.15, via an interpolation argu-
ment based on Lemma 4.1.3, as shown in [9, Theorem 2.13].

As we mentioned before, we can deduce Theorem 4.2.1 from Theorem
4.2.14. Indeed, under the hypotheses of Theorem 4.2.1, we apply Theorem
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4214, whereif m = 1, we takea = 0, and u = 1, and if m > 1, we take
a:%-l—---—i—pl?,and

4 )
U= (vg/pz...vf:/pm)m = (Ug/pz. q/p’”>q11q (4.2.32)
which is an A weight since } %, -~ plm 5 = Lizo ;Zl 7=7 = 1. Wealso take
m
’P([[Ul]]gplm) = (P(Hvl]]gplmz Ry [[Um]]gpmm) H ||fiHLP1/1(vi) . (4.2.33)
i=2

The estimate (4.2.2) follows immediately from (4.2.24). Moreover, we can
iterate the same argument m times, one for each variable, to deduce Theo-
rem 4.2.2.

Similarly, Theorem 3.3.12 follows at once from Theorem 4.2.14 and Theo-
rem 4.1.6, with a slightly worse function ®. Indeed, under the hypotheses of
Theorem 3.3.12, we apply Theorem 4.2.14 with a« = %, u = vy, and

p([oals, ) = p(lo1]a,,, Cloals, ) 1fillinon) 4234)

with C given by Theorem 4.1.6. The estimate (3.3.17) follows immediately
from (4.2.24) and the fact that [w;] A, < s | A, but we have lost a power
2,00 2

of % < 1in the dependence on ||w;|| A, of ®. Such loss can be avoided using
2

Remark 4.2.17 and Lemma 4.1.9.

We now discuss the upwards extrapolation. The next result will give us
an alternative proof of Theorem 4.2.7. Once again, it is no surprise that both
proofs are similar.

Theorem 4.2.18. Let 0 < a < oo, and let u € A. Given measurable functions f
and g, suppose that for some exponent 1 < p < oo, and every weight v € Aj o,

I8l e o) < w0l g, IFllLri o), (4.2.35)

where i = % + o, vy = VP/PyutPe, and ¢ : [1,00) — [0,00) is an increasing

function. Take an exponent q = p > 1orq > p > 1, and a weight w € gq,oo.
If g > p, suppose that there exists 0 < & < 1 such that w,W~¢ is a weight, and

Xu

(W RH (0n) < 00, With W = (%), and w, = wi/Tu™, where qla = % +a.
Then,
181l L () < Teuw(ﬂwﬂA At () (4.2.36)

where Ye 1 2 [1,00) — [0, oo) is an increasing function that depends on ¢, u, and
w.

Proof. Note that if g = p, then there is nothing to prove, so we may assume
that 1 < p < ¢q. Pick a weight w ¢ Aq,oo. As usual, we may assume that
1 f1lLa1 () < oo For every natural number N > 1, let gn := [g|xp(on)- Fix
N > 1. We will prove (4.2.36) for the pair (f, gn). Since gy < |g|, we already
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know that (4.2.35) holds for (f,gn). Fix y > 0 such that Ag*(y) # 0. If no
such y exists, then [|gn | paueo(s,) = 0 and we are done.

In order to apply (4.2.35), we want to find a weight v € A\p,oo such that
Agi(y) < Ags (v). We take

_ q-p
1 T

P 1/4 =
0= @i (M(wl/qwa/q X{\gm>y})> = (4.2.37)

Applying Lemma 4.1.10, we see that v € Ap,oo, with 7] A, < C[[w]]i%/p ,and
,00 q,0
C independent of w, w,, N, and y. Observe that

U X gnl >y}

=2
\
‘E
=2

p

_ q 14 _
=w T Wy " U X gy |5y} = WaX{|gy|>y}s

so (4.2.35) implies that

1 /
AQe < / pPa/PyPa — )\Va < Clwl /P YPa Pa .
IN (y) {‘gN‘>y} SN (y) yplx 170( [[ ]]Aq,oo) ||f| Lpl (U)

(4.2.38)

We want to replace || f{[1p1(5) b || f][191 () in (4.2.38). Applying Holder’s
inequality with exponent % > 1, we obtain that for every t > 0,

q—p
1/q q-T
Av(t)_/ M@ T00™ xpjgno) |
A w
1711

1/q
M(w" 7wy X (1gy>4})
w

q—r
q—1

— %w({m > t})P/1
L7 (w)

Arguing as we did in the proof of Theorem 4.2.14, we know that the
weights w,, W € A. Moreover, if s > 1 is such that u € Azz, then w, € Azz,
with r := max{g,s}, and applying Lemma 4.1.7 and (2.1.2), we get that
[wal gz < 6([w]A;% + [ul4z). Also, note that W = (%)1/'1, so wWi—l =

w
wl/q w,}/ ql, and wWY = w,. Hence, Theorem 2.4.12 and Theorem 4.1.6 give us

that

MWW X (1o |513)
w

1/q

< q'¢([w] gx, [wa gr)wa({Ign] > y})
L7 (w)

< q' e uwwa({1gN] > y})l/q/r
(4.2.39)
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with N
Peuw = ‘P(C[[w]]gqmr C(c[[w]]gm + [u]4r)),
SO
AU(H) < %(q’%,w)?”wa({\gm >y} T Tw({[f] > £,
and hence,

9=

1/p 1
||fHLP1 —P/ )‘v Updt <p %) (9" Peuw) P 1

‘B

._;

1_1
<wa({lgn] > v [Tw(If] > o) (4:2:40)
p v 19-p 11
~\y (q' Peuw)” T Twa({IgN] > Y1) 7 7 fll Lan )
Combining the estimates (4.2.38) and (4.2.40), we have that
1 1—Pba
M) < s Yol Bl3, ) W M) (42.41)
with
vy 19=p /
Youallolz,) = (B) (0 puun) Ep(CLl? )
By our choice of yand gn, 0 < Agi(y) < wa(B(0,N)) < o, so we can di-
videby Agy (y) i in (4.2.41) and raise everything to the power —- p , obtaining

that

W‘?ﬁ(y)l/q“ < \Fs,u,W([[w]]gqm) Hf”ml(w)

and taking the supremum over all y > 0, we deduce (4.2.36) for the pair
(f,gn), and the result for the pair (f, g) follows taking the supremum over
all N > 1. O

As usual, from Theorem 4.2.18 we can obtain the corresponding extrap-
olation result for one-variable operators arguing as in the proof of Corol-
lary 3.2.2.

Corollary 4.2.19. Let 0 < a < oo, and let u € Ae. Let T be a one-variable operator
defined for measurable functions. Suppose that for some exponent 1 < p < oo, and

every weight v € Ap e,
T:LPA(v) — LPv™(1,),

with constant bounded by lp([[v]]gpw) as in (4.2.35), where % = % +a, and v, =

vPa/PyPa. Take an exponent q = p > 1orq > p > 1, and a weight w € gq,oo.
If g > p, suppose that there exists 0 < & < 1 such that w,W™¢ is a weight, and



4.3. Applications to Sums of Products, and Averages 143

X

B 7 ] =\ 7/ ® = & & , ) .
(W8l b (wp) < 00, With W = (%), and wy = w1 /9u™e, where qla ;—FD(
Then,

T: L9 (w) — L9 (w,),

with constant bounded by ¥e 1, ([w] quo) as in (4.2.36).

Remark 4.2.20. Observe that if the operator T is defined for characteristic
functions of measurable sets E C R", then under the hypotheses of Corol-
lary 4.2.19, we deduce that

IT(xE) ||L‘10<r°°(w“) < qTE,u,W([[ngqm)w(E)l/q/

and hence, T is of weak type (g, g.) at least for characteristic functions.

Remark 4.2.21. Note that in Theorem 4.2.18 and Corollary 4.2.19, we can re-
place the class of weights A, by A, N, and the class of weights A;« by

~

Agn, with1 < N € NN, as we did in Theorem 4.2.12. If N = 1, and & = 0,
Theorem 4.2.18 gives us an alternative proof of [14, Theorem 3.1].

Observe that we can obtain Theorem 4.2.7 from Theorem 4.2.18 in the case
when g, = pa,...,qm = pm by taking a = % + pim, u as in (4.2.32), and
P(Jo1] A, ) asin (4.2.33). Similarly, we can recover Theorem 3.3.35 from The-

1%

orem 4.2.18 and Theorem 4.1.6 by choosing & = -, u = vy, and 1p([[02]]2p2/00)

p1’
asin (4.2.34).

4.3 Applications to Sums of Products, and Avera-
ges

In this section, we present some applications for our multi-variable extrapo-
lation theorems.

The following result gives us bounds for sums of products of functions.
Once again, thanks to our extrapolation techniques, we manage to produce
estimates in the case when g < 1 that we don’t know how to obtain di-
rectly due to the lack of the corresponding Holder-type inequality for Lorentz
spaces.

Theorem 4.3.1. Let Ty,..., T, be one-variable operators defined for measurable
functions. Fori =1,...,m, suppose that for some p; > 1, and every weight v;

AP;‘,OO/

T; : LPit(v;) — LP™(v;), (4.3.1)
with constant bounded by ¢;([v;] A, _), where @; : [1,00) — [0, ) is an increas-
ing function. Suppose also that % + plm = % < 1. Consider the operator Ty,

defined for measurable functions f1, ..., fm by

m

To(fireeorfr) = Y froe fia(Tif) fisn - fn

i=1
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Take exponents 1 < qy,...,qm, and % = qll + -+ qim, and weights w; € A\qi,oo;
i=1,...,mand w = w’i/% .wzq/q"’. If q; > p;, assume that p; > 1, and that
there exists 0 < &; < 1 such that wW, ' is a weight, and [Wi_si]RHoo(w) < oo, with

W; = <ﬂ>1/qi. Then,

w;

. 1 . m

T s LM () s ooose LI 50 ) o L9 (w),  (43.2)

with constant bounded by q)([[wl]]gq ey [[w’”]]ﬁq ), where @ : [1,00)" —
1, 1,00

0, 00) is a function increasing in each variable.

Proof. Given measurable functions fi, ..., f;, and weights v; € A\pi,oo, i =

1,...,m and v := vi’/pl . “Ug/Pm

have that

, in virtue of Lemma 2.2.1, and (4.3.1), we

Vs fod Loy < 1S Nf1 e fit (T s o Fnll o)
=1

i (HHf]HLV] ) |Tf1||L’”l

i=1 \j#i

(i ume>fwmmmm

=1

I/\

| /\

Hence, (4.3.2) follows from Corollary 4.2.3, Corollary 4.2.10, and Remark
4.209. O

In Theorem 4.3.1, we used our multi-variable extrapolation results to o-
vercome the lack of some Holder-type inequalities for Lorentz spaces. In the
next theorem, an extension of Theorem 3.4.4, we will use our multi-variable
extrapolation techniques to avoid the application of Minkowski’s integral in-
equality for || - || zae(,) When g < 1, which is not available, and we will pro-
duce bounds for averages of operators like T.

Theorem 4.3.2. Let {T}'},cR, -, {Th' }t,.cr be families of sub-linear operators
defined for measurable functions. For i = 1,...,m, suppose that for some p; > 1,

every t; € R, and every weight v; € Epiloo,
T/ : LPit(v;) — LP™(v;), (4.3.3)

with constant bounded by ¢;([v;] A, _), where @; : [1,00) — [0, 00) is an increas-

ing function independent of t;. Suppose also that % +oee 4 me = % < 1. Fora
measure y on R™ such that |u|(R™) < oo, consider the averaging operator

Tu(fireor fn / (Zfl ST f) fi - fm) dp(ty, .. tm),
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defined for measurable functions fy,..., fm. Take exponents 1 <4qy,...,9m and

% — qll+ . —l, and weights w; € Aq o, 1 = 1,...,m, and write w =

Wl wl ™ If g > p;, assume that p; > 1, and that there exists 0 < & < 1
e , e , 1/qi
such that wW; " is a weight, and [W; | gy () < 00, with W; = (%) . Then,

: 1 . m
Tap : L™ () oo LMV () s 192 (w),  (4.3.4)

with constant bounded by q)([[wl]]gq e, [[w’”]]ﬁq ), where @ : [1,00)" —
1% m,00
[0, 00) is a function increasing in each variable.

Proof Since p > 1, given measurable functions fi, ..., fi, and weights v; €

Apz o, 1=1,...,mand v := vp /1 p /P , in virtue of Minkowski’s integral

inequality (see [104, Proposmon 2. 1] and [3 Theorem 4.4]), we have that

dlul(ty, ..., tm),
1P (v)

! - ti ¢ )
T fiveoos bl < 91 [ | ST

j#i

and arguing as we did in the proof of Theorem 4.3.1, we get that

1

T (frr- - ) lLres (o) < mCp'[p| (R™) (Z ¢i([oilz, . )HHJ‘ZHM (o)

and hence, (4.3.4) follows from Corollary 4.2.3, Corollary 4.2.10, and Remark
4.209. ]
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Chapter 5

Fractional and Singular Integrals,
and Commutators

‘I have thought of a nice ending for my book: and he lived happily
ever after to the end of his days.” Gandalf laughed. ‘I hope he will.
But nobody will read the book, however it ends.”

John Ronald Reuel Tolkien, The Lord of the Rings, 1954

We devote this chapter to the study of restricted weak type inequalities for
fractional operators, Calderén-Zygmund operators, and their commutators.
In Section 5.1, we provide general information about fractional operators,
and Orlicz and weak Orlicz spaces. In Section 5.2, we present our restricted
weak type bounds for multi-variable fractional operators and Calderén-Zyg-
mund operators. In Section 5.3, we discuss our restricted weak type bounds
for commutators of Calderén-Zygmund operators and fractional integrals.
In Section 5.4, we apply our bounds for the multi-linear fractional integral Z,
to produce Poincaré and Sobolev-type inequalities for products of functions.
The contents of this chapter are part of a joint work with David V. Cruz-Uribe
(see [33]).

5.1 Special Preliminaries

In this section, we present some technical results that we will use throughout
this chapter.

5.1.1 Fractional Operators

We define some of the operators that we will study, and prove some useful
relations between them.

Definition 5.1.1. Let 0 < a < nm. Givenf: (fi,.-., fm), with f; € L} (R"Y),

loc
i =1,...,m,we define the centered fractional maximal operator M by

. m 1
ME - S — i,
70 =sup e /Q G
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where Q(x,r) := (x1 —r,x1+71) X - -+ X (x, —,x, + 1) denotes an open cube
with side length 2r centered at x = (x1,...,x,) € R". Similarly, we define
the fractional maximal operator M, by

M7 = sop [T [ 160

Q3x i=1

where the supremum is taken over all cubes Q containing x and with sides
parallel to the coordinate axes. If « = 0, then M, is just M.

The operators M, and M, are comparable, as the next lemma shows.

Lemma 5.1.2. MS(f) < My (f) < 2% MS(f).

- -,

Proof. Clearly, MS(f) < M,(f). Now, fix x € R”, and Q containing x. If
we denote by cg and /g the center and the side length of Q, respectively, we
have that

The first inclusion is clear. For the second one, we use that
Qleg o/2) = {y € R": [leg — yl|, < €o/2},

where for z = (z1,...,2,) € R, ||z|le := maxq<j<,{|zj|}. Since x € Q, we

have that |[cq — x||, < £g/2,so forany y € Q(cg,{o/2), by the triangular
inequality we obtain that

I =Yl < lleg =¥l + e =l < Lo

and y € Q(x,£g). The sides of an n-dimensional cube have Lebesgue mea-
sure 0 in R" and 1 — -7 > 0, so we get that

QY < |Q(x, £g)| T = 2w | QL.

Hence,

o
2w -

m 1 m
« i < « i < aniaMgé .
i1 [Q[' /Q A E 1Q(x, £g) |t~ /Q(x,EQ) 4 (H)(x)

]

Definition 5.1.3. Let 0 < a < nm, and f = (f1,...,fm), where each f; is a
measurable function on R”. We define the multi-linear fractional integral as

7 o fiy1) - - fn(Ym) X n
LA = [ oo [ e dy, xR

where the integrals converge if f € . (R") x --- x .(R"). If m = 1, then
we will use the notation I, (f).

The next result shows that the fractional integral Z, is controlled by the
fractional maximal operator M,.
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Theorem 5.1.4. Let 0 < o« < nm,0 < g < o0, andv € Ae. Then,

-

I Ze (F) o) =0 IMa(F) s v
forevery f = (fi,..., fm) with0 < f; € L*(R"), i =1,...,m.

Proof. One inequality follows from the fact that M, (f) < Z,(f) (see [82, Sec-
tion 3]), while the other one follows from Theorem 3.1 in [82] and Theorem
2.1in [35]. O

Remark 5.1.5. The equivalence in Theorem 5.1.4 is true for many other quasi-
norms rather than || - || 19, since Theorem 2.1 in [35] works for a large class
of rearrangement invariant quasi-Banach function spaces.

5.1.2 Orlicz and Weak Orlicz Spaces

We recall some facts about Orlicz and weak Orlicz spaces. For more informa-
tion, see [76, 96, 97].

A function ¢ : [0,00) — [0,00) is a Young function if it is continuous,
convex, strictly increasing, ¢(0) = 0, and @ — o0 as t — oo. Note that
¢(t) = Id(¢t) := t is not properly a Young function, but in many cases, what
we say also applies to it. A particular case of interest in this chapter is the
Young function

¢(t) = B(t) := tlog(e +1t).
Given a Young function ¢, a weight v, and a cube Q, L?(Q, =) is the

v(Q)
Orlicz space of measurable functions f on R” such that for some A > 0,

@ /Q P(AIf ) < oo.

For f € L?(Q, - (’b) ), define the Luxemburg norm with respect to ¢ and v by

i 1 _
llsanrmian = Iflpow = mf{A > 0: s /Q P fl) < 1} |

Given a measurable set E C R" with 0 < v(E) < oo,

1
¢1( v(Q) )'

v(ENQ)

IxEllg0v =

If we consider the function ¢(t) = ¥, with 0 < p < oo, which is a Young
function for p > 1, then

1 p
1fllg.ov = (m/QW’V) = Ifxallerwrvie) = 1fllr i)
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For a Young function ¢, one can define a complementary function

¢(s) = sup{st — ¢(£)}.

t>0

Such ¢ is also a Young function, and satisfies that for all s, > 0,

st < ¢(t) + P(s).

This is known as Young's inequality (see [105]) The class1ca1 examples of com-
plementary Young functions are ¢(t) = and o(t) = p,, with1 < p < oco.

One can also show that B(t) < ef — 1.
As an application of Young’s inequality, we can prove the following gen-
eralization of Holder’s inequality.

Theorem 5.1.6. Let ¢ and ¢ be complementary Young functions, and let v be a
weight. Then, for every pair of measurable functions f and g, and every cube Q,

1
m/Q f8lv < 2[flgaulislzor (5.1.1)

Proof. Without loss of generality, we may assume that || f{|4,0,, and ||g/5,0v
are non-zero and finite, since otherwise the inequality (5.1.1) is immediate.
By homogeneity, we may further assume that || f|ly0, = lIgll5,0, = 1. We
now have that

v <1

Indeed, it follows from the definition of the Orlicz norm that for every A > 1,

@ /Q POy < 1.

Let {Ax}x>1 C [1, ) be a sequence decreasing to 1. Then, by Fatou’s lemma,

R

Similarly, we also have that

@/Qqﬁugnvsl.

Finally, applying Young’s inequality, we conclude that

vy o e < gy e+ sy [ @by

<2=2|fllporlglsar
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Given a Young function ¢, a weight v, and a cube Q, L?*(Q, ﬁ) is the

weak Orlicz space of measurable functions f on R” such that for some A > 0,

sup p(At)v(|flxq > t) < e

t>0

For f € L#*®(Q, -/ ), define the quasi-norm

v(Q)

1l Lo Qv = inf {7\ > 0:supp(A ' Hv(|f|xg > 1) < V(Q)} :

t>0

Given a measurable set E C R" with 0 < v(E) < oo,

IxellLom(@urvi@) = IXEllLo@umie) = —— @+

and in general, || f{|.o(0v/v(0)) < Ifllo(Qu/v(q))- If we take ¢(t) = P, with
0 < p < oo, then

v(Iflxo >0\
I£lo~@urni@) = supt (TS))

= | fxollerew/vo)) = Ifller=u/vq))-

5.2 Bounds for Fractional Operators

In this section we will prove weighted restricted weak type bounds for the
fractional maximal operators M and M, and, as a consequence of Theo-
rem 5.1.4, we will be able to obtain the same type of bounds for the fractional
integral Z,.

Let us start by proving the following summation lemma. It is an extension
of [17, Lemma 2.5], and the proof is similar.

Lemma5.2.1. Let 0 < p,q < coand v > max{p, q}. Given a measurable function
f and a weight w, if {E;};>1 is a collection of measurable sets such that } ;-4 XE; <

C, then
Z IXE; f”LM < C,Y/p“fHLM (w)
j>1
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Proof. Smce > 1, applying Minkowski’s integral inequality we have that

q/7y
<zr|fo|\W ) — | {1} .,

ji>1

/g

21 pr/a

H w({x € E: |f(x)] > y})ﬂ'/*’y‘f-ldy}
1ty

< ljl/(
YAzl

. q/y
= P/O (ZW({X €Ej:|f(x)] > y})””) y'tdy =t I1.

=1

w({x € Ej: |f(x)| > y})!'"}

j>1

Smce > 1, by [44, Exercise 1.1.4.(b)] and the hypotheses, we get that

v/p
Y w({x € Ej:[f(x)] >y} < (Zw {x € Ej: |f(x)] >y}))

j>1 =
Y/p
) (/R Q“f’f{fw}W) < cPu({If] > yhy.
]2

Hence, [ < II < Cq/V||f||W , and the result follows. O

We can now give the characterization of the weights for which the oper-
ators M, and M, are bounded in the restricted weak type setting. We use
ideas from [17, Section 3] and [44, Theorem 7.1.9].

Theorem 5.2.2. Let 0 < a < nm, 1 < py1,...,pm < 0, % = %+---+pim,and
p <gq. Let wy,...,wy, and v be weights. The inequality
_’ m
IMa(F)ll sy < CTTIAN it (5:2.1)
i=1
holds for every vector of measurable functions f if, and only if
-1
[@,v] ;o = supv(Q)11 fi @) oo, (5.2.2)
ParQ -1 ol

Proof. First, recall that by [44, Theorem 1.4.16.(v)] (see also [3, Theorem 4.4]),
we have that

gy <59 {1t Uf iy <1 < Tl
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Now, fix a cube Q,and e > 1, and fori = 1,...,m, choose a non-negative
function f; such that || f1||Lpl w) < land

-1 1 -1
. = : . ; > E— . / . ol
/sz /IR"fZ(Xle Jwi 2 epi IQw; i e 5.23)

m 1 .
(gméwﬁ|> Xo < Mu(f),

the hypothesis (5.2.1) and (5.2.3) imply that

Since

i

Lp Do( i) S 5m]91 . pmcl

m_ || xQw;
1/q
M Ul ol

and hence, [@, V]AR < pp...pmC < oo
Pgu
For the converse, suppose that the quantity [, v] AR < 0. Observe that

by Lemma 5.1.2, it suffices to establish the result for the operator M.

If forsomei=1,...,m, ||fil LRt () = O then there is nothing to prove,
SO we may assume that ||fi||Lp,.,1(wi) < oo foreveryi =1,...,m. Fix A > 0,
and let E) := {x e R" : Mc(f)( ) > A}. We first show that this set is open.

If forsomei = 1,...,m, f; ¢ L}, _(R"), then E; = R". Otherwise, observe
that for any r > 0, and x € R", the function

m
x— ]
1

— | fil
11Q0x, )|V o

is continuous. Indeed, if x, — xg, then |Q(x,, )|~ — |Q(xo, 7))},
and also [y, Ifil — fQ(xg,r) |fi| by Lebesgue’s dominated convergence
theorem. Since |Q(xq,7)|!"m # 0, the result follows. This implies that

ME( f ) is the supremum of continuous functions and hence, it is lower semi-
continuous, and the set E, is open.

Given K a compact subset of E,, for any x € K, select an open cube Qy
centered at x such that

11 1/Qx]fi|>)\.

nm
i1 Qx|

In virtue of [44, Lemma 7.1.10], we find a subset {Q] v, of {Qy : x € K} such
that K C U]:1 Qj, and 2]:1 Xq; < 24". Then, by Holder s inequality, (5.2.2),
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—

i and Lemma 5.2.1,

discrete Holder’s inequality with exponents LZ]

N N m q
SEWCIE Ai; (gm/gw)

m

7”11 q q
_szQ, TTIQ Aot I 1

i=1
q

[w V]

N m
Z H HfZXQ]HZPl,l(w )

j=1i=1

(@, V]q

m q/4i
< /\—PMH (Z HfIXQ] 1pild ))

i=1
= 14
@)

<247 P”l‘[\lﬁﬂm

Taking the supremum over all compact subsets K of E,, using the inner reg-
ularity of v(x)dx, and applying Lemma 5.1.2, we obtain (5.2.1) with constant

C = 2" =924 P (@, v] 4»

Pgu

O

Remark 5.2.3. In fact, we have proved that

Ha—nm

m[ﬁ’r V]A?q,a < HMSCHH;; LPit (w;)— LI (v) < 2471/]0[@7’/ V]Algwr
and that

ﬁ[w g < Ml i omy <2247 B 0]

Remark 5.2.4. Observe that forw; = --- = w,, = v = 1, [@0, V] qu/a < oo if,
and only if % — % = 7. In general, if M, is bounded as in (5.2.1), then for
every cube Q, if we choose f; = -+ - = fi;; = xo, we get that

@ 11 1/q i L/pi
Q| n(fv) gpl...meH(][ wz) ,
Q i=1 \/Q

and this condition implies that % — % < % Indeed, if this is not the case, then
Lebesgue’s differentiation theorem implies that v = 0 a.e., which is not true.
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In virtue of Theorem 5.2.2, we define the following class of weights.
Definition 5.2.5. Let 0 < & < nm, 1 < py,...,pp < 00, L = L4 4L,
and p < g. Let wy,..., wy, and v be weights. We say that (wy,...,wy,v)
belongs to the class AR if [@,v] ;g < co. Fora = 0 and q = p, we write

q.e Pgu
R._ AR
A3 APP o

The condition that defines the class of A?q , weights depends on their be-

havior on cubes, and has been obtained following the ideas of Chung, Hunt
and Kurtz (see [17]). One can ask if it is possible to obtain a different condi-
tion, resembling the one obtained by Kerman and Torchinsky (see [58]). Our
next theorem gives a positive answer to this question, recovering their results
in the case whenm =1, =0, p; = p = ¢, and w; = v.

Theorem 5.2.6. Let 0 < a < nm, 1 < py,...,pm < oo,%: %+---+p%,and

p < q. Let wy,...,wy, and v be weights. The following statements are equivalent:

@) | Ma(F)lliaw(wy < CTI || fill i oy for every F.

(®) [|Ma(X) |l gy < T wi(E)YP, for every ¥ = (X, -/ XE,)-
(c)

E; _1
| mQ|w(EZ) pi <OO

m
@, vlge =supv(Q)VI]]  sup
Pgu Q i=10<w;(E <oo’Q|

d) (wq,..., wy,v) € ARq

Proof. 1t is clear that (a) implies (b), and we have already proved in Theo-
rem 5.2.2 that (a) and (d) are equivalent. Let us show that (b) implies (c). Fix
a cube Q and measurable sets E;, fori = 1,...,m, with 0 < w;(E;) < 0. Since

(H :g;?ﬂj) XQ < er(??)/

we apply (b) to conclude that
EinQl _

1/q1_[ [ o =

and hence, ||, VHAR < ¢ < oo.

le 1/191

To finish the proof we will prove that (c) is equivalent to (d). First, ob-
serve that foreveryi=1,...,m,

sup [Ein Q| |Eil
0<aw;(E;)<oo Wi(Ei)! /i pco wi(E) P
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where the first supremum is taken over all measurable sets E; such that 0 <
w;(E;) < oo, and the second one is taken over all non-empty measurable sets
E; € Q. Now, in virtue of [17, Lemma 2.8] and Kolmogorov’s inequalities,
we have that

|Eil
il 1

Ixqw; i

<
=) = g wi(E)7r < Pilxe®i e,y
and hence, [z?),v]A%z < ||z?),v||A§ <pi... Pm[ZTJ,V]A%z : O
A% 8 X

The following theorem gives some properties of the class of A§ weights.

Theorem 5.2.7. Let 1 < py,...,pm < 0o, with % = % + -4+ pim' Let woq, ...,
W, and v be weights. The following statements are equivalent:

-

@) [|M(F)|Lpwy < CTI I fill it o every f.

®) |M(X) || pesu) < Ty wi(E)VPi, for every X = (XEy, -+ ) XEy)-
(c)

m
@, v]| 4= :=supv(QVPT]  sup
P Q i=1 O<w,‘(Ei)<OO |Q|

d) (wyq,..., wy,v) € A?.
Moreover, if (w1, ..., W, V) € Alg, and v € Aeo, then

T:LP (wy) x - - x LPmY (w,,) — LP™(v), (5.2.4)

where T is either a sparse operator of the form

As(f) =), (H ) XQ

Qes

where S is an n-sparse collection of dyadic cubes, or any operator that can be con-
veniently dominated by such sparse operators, like m-linear w-Calderdén-Zygmund
operators with w satisfying the Dini condition.

Proof. The equivalences follow directly from Theorem 5.2.6 with a = 0.
A similar argument to the one in the proof of Theorem 2.4.8 shows that
for 0 < e < 1such thate < p,and r > 1 such that v € AF,

- — —

IMsP)lrmy < NASUFDrm) < Cemmpr W7 M (Pl (5:2.5)

where

/\/lg (Iﬁ | fi] ) XQr
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and since § is a countable collection of dyadic cubes, the proof of Theorem
5.2.2 can be rewritten to show that

Mg : L () -+ - x P (wy,) — LP™(v)

if, and only if

m [ xow; 'l

p/,,oo
w,v .= sup v(Q)Y? L (wi)

< 0,

which is true, since [w,v] 4,z < [w, V] ;r < 00. Moreover,
P,S P

1
m[w/ V]Algs < ||MS||H;?1:1 LPid (w;)—LP>(v) < [w, V]A%z,sl
so (5.2.5) implies that
1 < A < C 7’/8
m[er]Agﬁ <| S||H;n=1 LPil (w;)—LP>(v) = S,ﬂ,n,PJ’[V]A;R [w, V]AES'
(5.2.6)

Finally, in virtue of Theorem 1.2 and Proposition 3.1 in [71] (see also [65,
Theorem 3.1]), if T is an m-linear w-Calderén-Zygmund operator with w sat-
isfying the Dini condition, then there exists a dimensional constant0 < < 1
such that given compactly supported functions f; € LY(R"), i = 1,...,m,
there exists an #-sparse collection of dyadic cubes S such that

IT(f1, .-, fu)| < cnCrAs(|f)).

Hence, (5.2.4) follows from (5.2.6) and the standard density argument in [44,
Exercise 1.4.17]. Moreover,

/
1Tl it oy s eoe() < EnCrCommpr V] fp [0, v] g2

]

Remark 5.2.8. Given weights wy,...,wy, and v = ;-”:1 wlp / Pi the equiva-
lence between (b) and (c) in Theorem 5.2.7 can be found in [5]. Moreover,
if pp = -+ = pm = 1, then the equivalence between (a) and (d) can be
found in [69]. Observe that if @ € Ap, then (wyq,..., wm, vg) € A?. In
particular, Az C A?. In [69], strong and weak type bounds for m-linear
Calderén-Zygmund operators were established for tuples of weights in A.

In [77], these results were extended to m-linear w-Calderén-Zygmund oper-
ators with ||w||piy < 0.

Remark 5.2.9. Concerning mixed type bounds, the proof of Theorem 5.2.2
can be easily modified to show that for 1 < ¢ < m,

M LP (wy) % -+ x LP(wg) % LPE (wpyq) % -+ x LPl (wy) — LP2(v)
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if, and only if

e llxgwi Iy o NxQwi I e
W,V = sup v(Q)? @) L7 (@)
@] = supv(QT | [ T——5 1l —g

< 0.

The case ¢ = m is the weak type bound for M proved in [69, Theorem 3.3].
Moreover, if [@, V] AR < oo, and v € A, then we can adapt the proof of

Theorem 5.2.7 to obtam that
T:LPY(wy) x - - x LPt(wy) x Pt (wyyq) x -« - x LPwA(w,,) — LP™(v),

where T is either Ag or any operator that can be conveniently dominated by
such sparse operators.

To conclude this section, we give the restricted weak type bounds for the
fractional integral Z,, that follow immediately from Theorem 5.1.4, Theo-
rem 5.2.2, and the standard density argument in [44, Exercise 1.4.17].

Corollary 5.2.10. Let 0 <« < nm,1 < py,..., Pm <oo,% = %—i—---—i—p%n,and

p <gq. Letwy, ..., Wy, and v be weights, with v € Ae. The inequality
- m
IZe(F) oy < CTT AN ot
i=1

holds for every vector of measurable functions f if, and only if (wy, ..., Wy, v) €
R
AP g0
Note that in virtue of the embedding relations between Lorentz spaces,
the class A?q , contains the tuples of weights for which

m m
To : [[LPi(w;) — L7(v), or Tp:[]LVi(w;) — LI(v).
i=1 i=1

This type of bounds were studied in [82].

5.3 Commutators of Linear Fractional and Singu-
lar Integrals

We will devote this section to the commutators of Calderén-Zygmund op-
erators and fractional integrals. Our proofs will exploit sparse domination
results that, to our knowledge, are only available in the literature for the one-
variable case (see [21, 23]). We do believe that our techniques can be adapted
and extended to cover the general case when combined with the right multi-
variable sparse domination results. We are currently working on these topics,
but we will not discuss our findings here.
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Let us start with the following definition.

Definition 5.3.1. Given 0 < a < n, a Young function ¢, a weight v, a set of
cubes Q, and a measurable function f on IR", define

M2, () = sup v(Q)*"| flls,0uxa-
¢ QeQ

If « = 0, we omit the subindex «, and if v = 1, we omit the subindex v. If O
is the set of all cubes in R", we omit the symbol Q in the notation.

Now we state and prove some properties of the operator that we have just
defined.

Lemma 5.3.2. For 1 < p < oo, B(t) = tlog(e + t), and a dyadic grid 2,
Mg, : LM (v) — LP(v),
with constant independent of v and 9.

Proof. We have that

1 1/p
WMWSQ(mjLVW) < Coll fllimo

SO M];g’ ,  L®(v) — L*®(v), with constant independent of v and Z. In virtue
of [21, Lemma 2.6], for 1 < r < p, MB_@,I/ : L"(v) — L"(v), with con-
stant independent of v and Z. Finally, the desired result follows applying
Marcinkiewicz’s interpolation theorem (see [4, Theorem 4.13]). O

Theorem 5.3.3. Let 0 < a < n,1 < g,and1 < p < q. Let w and v be weights.
Let ¢ be a Young function. The inequality

”M“zéb(f)HLmoo(v) <C ”fHLPJ(w)
holds for every measurable function f if, and only if

1/q
o, vl = supsup Q1 xellyo L2 < o
pa.ap Q ECQ ’ ZU(E) P

Proof. Fix a cube Q and a measurable set E C Q. We know that

Q" lIxellg.0xe < Mugp(xe),
and by hypothesis, we obtain that
QI Ixellgov(Q)VT < pCw(E)'?,

so [, vl < pC <.
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Conversely, assume that ||w, v|| 4z , < oo. This implies that for every
P2

cube Q and every measurable set E,

1/p
a/n < _lfljégl__
QI lixengllp < llw vliar Q)

Now, fix a cube Q and a measurable set E. For every x € Q, Q C Q¥ :=
Q(x,£q), and since £ox = 2{, we deduce that HXEQQH(P,Q < 2"||XEnQr ”(P,Qx.
In particular,

101 e lpo = 101 Ixzngllpo < 271Q7 1 lxencrllpe
(E N Qx)l/P
" 1/(Qx)l/q !

and hence, My ¢ (xg)(x) < 2”||w,v||A;zqup,q(xE)(x)l/P, where

n
< 2w, vl 45,

_r
Nog(£)(x) i=supv(@Ce,r) 8 [ |ffw
r>0 Q(x,r)
Observe that the second part of the proof of Theorem 5.2.2 can be rewritten
to show that
IV ,q(f)||Lg,oo(V) < 247 fll 11 (w)

and we can conclude that

|Mag )iy < 2724 P, vl g w(E)V.

Up to this point, everything works for 4 = 1, but the following exten-
sion argument only works if L9®(v) is a Banach space, and that is why
we need ¢ > 1. Take f € LP!(w), and for every integer k, write E; :=
{2F < |f| < 281}, Ttis clear that |f| < 2Ycz2"xE, ae., 50 Myg(f) <
2Y kez 2"My g (xE,) and hence,

Mg () a0y < 20" Y 2| Mag (XE | L0 (1)

kez

< 24'2"24"P||w, Vilaz Z 2kw(Ep)YP
keZ

< 24'2"24"P||w, vliar Z 2w ({|f| > 2
keZ

2k+1
<agrw e ¥ [ wl(ifl > )
¢keZ

q_/n n/p
<47 224 P ovllam g
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Remark 5.3.4. In fact, we have proved that

1 q
e, vz < I Magllnsyosisey < 4;2”24”/}7”60,1/”14;3%“@.

Observe that for ¢(t) = ¢, ||w, VHAR = ||lw, VHAR , and we recover the

condition that we obtained in Theorem 5.2.6 for m = 1. Moreover, we can
characterize the weights such that ||w, v|| AR, < 0 in terms of their behavior
on cubes. At this point, one can ask if it is possible to do the same for a
general Young function ¢, or at least for ¢(t) = B(t) = tlog(e+t), which will
appear naturally in the study of commutators. The following result provides
a partial answer to this question.

Theorem 5.3.5. Let 0 < a« < mn,and 1 < p < g. Let w and v be weights. Take
¥(t) = B(t)P. Then,

1/q
w11 _1
[0 ag, S vl , S50 1QF 7 (£ v) o lm@uion

Proof. To prove the first inequality, observe that for every cube Q and every
measurable set E C Q,

El

and applying Theorem 5.2.6, we have that

w, g, ~ o vllag, < vl
To prove the second inequality, it suffices to show that

sup \AENEQ | xEllB, HIAXENBQ <

P w 7’ . 5.3.1
SUP W(E)P ™ QI 7 llw 7| Loerqa/10) (5.3.1)

For a non-empty measurable set E, and applying Holder’s inequality twice,
we get that

1 - 1/p 1/p' 1/p
= ot (forr) " (f) < () ()
E E E E E

and hence,

:= inf =pinf ( 1+ ! =p' >1
=1 p(t) P (e+t)log(e+t)) P ’
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so in virtue of Kolmogorov’s inequality for weak Orlicz spaces (see [76, The-
orem 3.1]), and (5.3.2), we have that

E|

/v

LAY
sup el < sup lxellpo f
Egg $.Q w(E) Egg $.Q c

~ sup ||XE||¢,Q/ o
o<|Ej<eo  |El JENQ

_1 _1
< gyllw P lles01/10) = PIw™ P llLe=01/10)-
(5.3.3)

Since ¢(t) = B(t)Y', p~1(t) = B~1(t'/¥). For t > 0, a straightforward
computation shows that
t/v

1 t /P
B™(t) ~ ——— ~ t og(e 1 177)

~ ~ 1/~
log(e+1t) E),

concluding that
Il =9~ (1QI/IED™

1/p
~ B (|Ql/|E])! (%’) ~ xe

1
IONM7
B,Q |E| 7
and hence, (5.3.1) follows from (5.3.3). O

The case when p = 1 in Theorem 5.3.5 is open. For p > 1, our original
guess was that the contribution of the weak Orlicz space should be in terms
of || XQw_lHLlp,oo(]Rn/w), since that is the case when we work with ¢(t) = ¢
instead of ¢(t) = B(t). But by the same type of argument,

B~ (w(E)™) ™,

_ |E|
X0 I oo (R o) = SUP ———
)™ EC0 w(E)

and this doesn’t seem to work because there is no clear relation between
B~Y(w(E)~Y)~!and ||xE| 5,0 Similarly, we have that

| w(Q)'?

-1 ~
[ v @) ~ S4B 2 gy 77— gy I1XE B

and again, there is no clear relation between || x| 5,0« and || x| 5,0
Now we define an operator that will play a significant role in the study of
commutators.

Definition 5.3.6. Given b € BMO, 0 < « < n, a set of cubes 9, and a mea-
surable function f on R”, we define the operator CbQ as

CR(f)(x) = ) QI (élb(ﬂ—b(}/)lf(}/)dy) xq(x), xeR™

QeQ
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We have the following bound for such operator.

Theorem 5.3.7. Let 0 < a < n,1 < g,and1 < p < q. Let w and v be weights,
withv € Ae and [w,v] 4= , < oo Letb € BMO. Let 9 be a dyadic grid, and let
P,

S C Z be an y-sparse collection of cubes. Then,
Cy : LPY(w) — LY (v).

Proof. Without loss of generality, we can assume that f > 0. In virtue of
Kolmogorov’s inequality (see [44, Exercise 1.1.12]), and since g > 1, we have
that

1G5 (D llsmwy < sup 1G5 (Fxellpyv(E) 7,

0<v(F)<oo

Q=

where the supremum is taken over all measurable sets F with 0 < v(F) < oo.
For one of such sets F, we have that

IG5 (Al
— [ ¥ xox)Q” (]é b(x) b(y)lf(y)dy> xe () (x)dx

R" 0es
< . Q;SXQ(X)‘Q‘IXM (]{2 b(x) — bef(y)dy> xp(x)v(x)dx
# fp Zxel0IQr (f, 166) ol )y ) ey = 1411

(5.3.4)

Since v € A, there exists s > 1 such thatv &€ AZQ, and hence,

E| (V@) _
e (i) = e <=

In particular, for each Q € S, v(3Q) < (%HVHAg%)S v(Eg). Observe that the

sides of an n-dimensional cube have Lebesgue measure 0 in R", so we can
assume that the cubes in S are open. For Q € § and z € Eg, we define
Q% := Q(z,{g), the open cube of center z and side length twice the side
length of Q. We have that Eo € Q € Q* C 3Q, so

QI*"IfIs.0x0(2) < MIp(f)(2),

and
1

1
— < — < M¢ .
1/(3Q) /QXFV — V(Qz) /QZ XFV = V(XF)(Z)
Using these estimates, Theorem 5.1.6, and the fact that for B(t) = tlog(e + t),

16 —bgllz,0 < Cusllbllsmo, (5.3.5)
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as shown in [21, Lemma 5.1], we can bound the term II in (5.3.4) as follows:

1
<2 Y |b—bollsolQ* " Ifl50 (@ /Q m) ¥(30)

Qes

3" s
<2Cyp <—||V\|Ag€> Ibllsmo Y. [ 1Q1%™Ifls0xoMS(xr)v
U QeS Y Eq

3" s p
<2, (ZWvlae ) Iollowo [ ME(IME oy 5:36)
S
< 2Cun (3 1vlap ) 18lamollMZ5(F) lvmir M5 ) s,
n (3 ’ 7 1/4'
< Cllys (S 0ar ) 1000l ME5 (1) i1 (B),

where Cfl{qlB 1= 2q'CBl| My || 1 vy independent of v (see [44, Theorem 7.1.9]
and [4, Theorem 4.13]).

Similarly, we can bound the term I in (5.3.4) using Theorem 5.1.6, Lemma
5.3.2, and the fact that

16 =ballg,0u < Cuplv]aslbllsao, (53.7)

proved in [21, Lemma 5.1], obtaining that

3" s
<2 (7||v||Aga) Q[ (][Q f> 16— bolla o lxellsonv (Eo)

Qes

3" ° .
< 2Cun (3l ) Wlaclolavio [ M2 ()ME, (re)y
3" ’ 9 9
<2, (L vllag ) W [60smolME (1) s |ME, G

3n s /
< Chas (Ll ) L I8l owollME () (B,
(5.3.8)

where C?ﬁ,q,B = qucn,B|IMgv||Lﬂ//1(v)

mentioning that it follows immediately from Theorem 5.1.6 (taking ¢ = 1)
that MY (f) < CBM&@,B(f)'
Combining all the previous estimates, we get that

, independent of v and Z. It is worth

3" °
IG5 () lsm () < Cugp (?HVHAf) V] 4 1Bl BMol MZ 5 (F)ll o (1)

with Cn,q,B = zq/CH,B max{cB ”Ml‘?,v ||L'7/'1 (1/)’ ||M1C/ ”Iﬂ/'l(v)}'
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Finally, the desired result follows from Theorem 5.3.3, and

1C 101 10) s L9 1)

q/ 31 s
<4022l vl g, (—HVHAR) V4. lIB o

]

Remark 5.3.8. If b € L*(IR"), in the previous argument one can apply Kol-
mogorov’s inequality with exponent 0 < r < 1 and control the terms I and
IT with the operator M,. With these modifications, one can bound C;f for
weights w and v such that [w, V] ARy, < (no logarithmic bump is required),

and also for the case g = 1. Nevertheless for & # 0, the classical exponent

q given by the relation 1 — 1 = £ is strictly bigger than 1, so this case is also

p 4
covered by the previous theorem.

We can now derive restricted weak type bounds for commutators of Cal-
derén-Zygmund operators.

Theorem 5.3.9. Let T be a w-Calderén-Zygmund operator with w satisfying the
Dini condition, and let b € BMO. Let1 < g, and 1 < p < g. Let w and v be
weights, with v € Ae. Moreover, suppose that

1/q
lw, vl g = supsup |xell5q 1/(Q)l/ <%
p.q,B Q EQQ 4 W(E) P

where B(t) = tlog(e +t). Then,
[b, T] : LPA (w) — L9 (v).

Proof. Without loss of generality, let f be a bounded function with compact
support. In virtue of Theorem 1.1 in [70], there exist 3" dyadic grids ;, and

ﬁ-sparse families S]- - 9] such that for a.e. x € R”,

.
0. TIF 1 < enCr L (T (D)) + T5(1F) ()
f=
where
T b(x)—0b d
a0 = T (1) =l )1y ) o)
and

ToallfDw) = B (o) ~tollldr) oo,

In particular,

3]1

116 T1f o) < 2-3"enCr Y- (17,0 (D) i) + 1T (Dl ey ) -

j=1
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Applying Kolmogorov’s inequality, and since g > 1, we have that

17s,6(f D=y < sup [ Tsp(Lf DxFllLwyv(E) 7,

O0<v(F)<oo

S

where the supremum is taken over all measurable sets F with 0 < v(F) < oo.
For one of such sets F, we have that

s Dl
= [, T o) (660~ ol Fty) ) e

R" QES]

Observe that we have recovered the term I that appeared in (5.3.4), with
« = 0, and we can bound it as in (5.3.8), obtaining that

17,5 (Lf DIy < cBCrgp (2'27”|\VHA;2> [V]a. 16l Bmo IMB (f) || Lass (1)

Similarly, and following the computations in (5.3.6) to bound the term II in
(5.3.4), we obtain that

178,51 Dllioo) < Crlgs (2- 27"Vl am ) llm30 IMB(F)l0ms)-

Since the constants involved don’t depend on j, combining all the previ-
ous estimates, we get that

15, Tf Lo
S
<4-9"caCrCugp (2- 27"Vl 4z ) [ acllbllsrio I Ma(f) laes(),

and the desired result follows from Theorem 5.3.3, with

118, TH ot ) Lo )

! 5
< 16%18”24”/pchTCn,q,B||w,1/]|A§qB (227" vl 4z) W allbllsmo-

]

Remark 5.3.10. Observe that for 1 < g = p, and w = v, if |w,v|| 4= , <
pA,

then it follows from Theorem 5.3.5 that w € A;z, and it is not difficult to
check that if w € Ay, then ||w, w|| AR, < using the open property of A,.
In particular, the classical diagonal bounds are covered by this result.
However, it is well known that, in general, [b, T] : L}(R") /- LV*(R").
For instance, following the ideas in [91, Section 5] and [69, Remark 7.7], one
can show that for b(x) = log |x + 1| € BMO (see [98, Corollary 3]), T = H,
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the Hilbert transform on R, and f = x( 1),

log(x k
116, H]x 0,1) I 1o (mry 2 supt‘{x >e: log(x) > t}’ > sup —k(ek—e) = co.
t>0 x 1<keN €

To finish this section, we present the restricted weak type bounds for the
commutators of the linear fractional integral I,.

Theorem 5.3.11. Let 0 <« <n,1 < g,and1 < p < q. Let w and v be weights,
withv € A and [w, v] < oo. Let b € BMO. Then,

AZ},q,a,B
b, 1] : LPA (w) — L™ (v).

Proof. Without loss of generality, let f be a non-negative and bounded func-
tion with compact support. In virtue of Proposition 3.4 in [23], there exist 3"
dyadic grids Z; such that for a.e. x € R”,

3,
1[0, ] f(x)| < Cna ;ij(f)(x)-

]

In particular,

3"
n 9
1 el fll sy < 3"Cona L 1C) ()l
=1

Observe that we can not apply Theorem 5.3.7 directly, because the grids
9; are not sparse, so we will have to work a little bit more. Applying Kol-
mogorov’s inequality, and since g > 1, we have that

P P
IC, (@) < sup 1C (Fxelliwv(E) 7,

0<v(F)<oo

= |

where the supremum is taken over all measurable sets F with 0 < v(F) < oo.
For one of such sets F, we have that

9.
IC," (F)xellcw)

= [ Y xo®lQI" <][Q |b(x) — b(y)lf(y)dy> XE(x)v(x)dx

R" QG@]

< [ ¥ xoWlor” (]é () — bol 5y ) (o) ()

n QEQJ

[ Y xo@Qr (fQ b(y) - bQ|f<y>dy) xe(x)v(x)dx = I+ 11

R" Qe
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In virtue of Theorem 5.1.6 and (5.3.7), we have that

1 <2C,5[v]albllemo Y 1QI"v(Q)lIxrl5ou (]éf ) '

QE@]‘

We now want to replace the summation over cubes in %; by a summation
over a sparse subset S; of 7;. We achieve this using an argument from [21]

(see also [25], [28, Appendix A] and [30]). Fix a = 2"+l and for each k € Z,
consider the sets Q;( := {M7i(f) > a*}. Each of these sets is the union of
a collection S{; of maximal, disjoint cubes in .@j such that a* < f f < 2mdk,
Moreover, the set S; := Uy Sj is -sparse. Let C ={Qe€ g :d < fof <
a**1}. By the maximality of the cubes in S, every P ¢ C] is contained in a
unique cube in S,](. Therefore, applying Lemma 5.2 in [21] we get that

1< 2Cosalblono ¥ T 101" (Q)lxrls.0n (]é f)

kEZQECj
< 2"2C, gV A l|bll Bmo Z Yo ¥ Q1 "v(Q) || x| 5,qv

kez PeSJ QcCp

< 2%aCoalila oo T X [P w(P)larles (£ 5)

keZ PeS,{

= 220, Co vl aclBllsvo 1P/ v(P) k5. (ﬁ f) .

PGS]‘

Repeating the computations in (5.3.8), we conclude that

[ <2mtlecpCl (23 ’ b M /e
¢aCBCy 4B [vllar ) [V]aslIDllBMO N Mas ()| Loy v (F) 7.

The argument to bound the term I is similar. In virtue of Theorem 5.1.6
and (5.3.5), we have that

1< 2Cusbllsmo X 1011011 f 15,0 (][Q m) .

QG@]'

Fix a = 2"*1 and for each k € Z, consider the sets ();{ = {M7i(xrv) > a*}.
Since fQ xev — 0 as |Q| — oo, each of these sets is the union of a collection

SV,]( of maximal, disjoint cubes in Z; such that a* < JCQ xrv < 2"aF. Moreover,
the setS UkS is 2-sparse. Let C,]{ ={Qe€ g :d< foxrv < a1}, By

the maximality of the cubes in S, every P € C] is contained in a unique cube
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in 5’7{ Therefore, and applying Lemma 5.2 in [21], we get that

1< 2C,alblsvio X X 10 1QIA s (f, xev)
kEZQGéZ Q
<22, slllawo X T T 101101l

<22¢,Coslblsmo X X 1PI*71Pll|fllsp (ﬁ m)

kez Peg‘,{

— 22, Cosllbllsno X 1P 1P f 10 (ﬁ m) .

PES]'

B,Q

Repeating the arguments in (5.3.6), we conclude that

S !
1< 2" eyl 5 (23" |[vll am ) V) Bl a0 | M s (F) sy v (F) /9

Since the constants involved don’t depend on j, combining all the previ-
ous estimates, we get that

116, 1 o)
S
< 2-18"uCraCrgp (23" [VlL42)” WA 0llma0l M () 150,

and the desired result follows from Theorem 5.3.3, with

|| [b/ LX] ||LP/1(w)—>L’1f°°(v)

/ S
< 8%36”24"/p0acn,acn,q,3||er||A§MB <2.3n||1/||AZz> [V] A, bl BMO-

O]

Remark 5.3.12. One can prove the previous result following an alternative
approach. In virtue of Theorem 1.3 in [24], for every non-negative function

f
M*([b, 1 f) < l1bllemo (TIa(f) + Ma,s(f)),

and applying Corollary 5.2.10 and Theorem 5.3.3,

,B

M (b, L) ) S Collbllmmo (0, vlag,, + vl oy

S Gollbllimollw, vliar Ifllpa o)-

Finally, by Lemma 7.1 in [24] (see also [38, Page 144] and [56]) and Theorem
2.11in [35],

16, La fll Loy < 1M (15, Tal ) | ass() S ColMH([B, L] ) aoe(),
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where M is the dyadic Hardy-Littlewood maximal operator, defined for locally
integrable functions & by

Md(h) = sup (][ |h|) X0
QE.@Q Q

where %) is the standard dyadic grid in R".

5.4 Applications to Poincaré and Sobolev-Type In-
equalities

Following ideas in [82], we can produce Poincaré and Sobolev-type inequal-
ities for products of functions from the bounds for the operator Z,.

Theorem 5.4.1. Let 1 < p1,py < o0, % = % + %, and p < q. Let wy, wy, and

v be weights, with v € A and (w1, wy,v) € Algq X Then, there exists a constant
C > 0 such that the inequality

/813y < C (”Vf”m,l(wl) 181 L2t ay) + N a0y ||V8‘|Lpz,1(w2)>
holds for all functions f, g € €°(R").
Proof. The proof of Theorem 7.1 in [82] establishes that

1f8l S TV AL 18D + Za(lfL Ve,

and the desired inequality follows immediately from Corollary 5.2.10 with
x =1 [

Theorem 5.4.2. Let 1 < n,1 < py,pp < oo, % = % + %, and p < g. Let

w1, wy, and v be weights, with v € A and (w1, wy,v) € A?q o Then, there exists
a constant C > 0 such that the inequality

1£8ll sy < C (1Al o) 1811521y + 1 o1 ) 188 1721y )
holds for all functions f,g € €°(R").
Proof. The proof of Theorem 7.2 in [82] shows that

78l S Ta(IAf, I8) + Za(If], 1Ag]),

and again, the desired result follows immediately from Corollary 5.2.10 with
& =2. O
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