Universitat de Valencia

Facultat de Fisica

Department de Fisica Teorica

Programa de Doctorat en Fisica

Dynamical Hadrons:

Case Studies of Meson-Meson

and Meson-Baryon Molecules

and Triangle Singularities

Vinicius Rodrigues Debastiani

Doctoral Thesis, june 2020

Supervisor:
Eulogio Oset Baguena






Dr. Eulogio Oset Baguena, Catedratico del Departamento de Fisica Tedrica de
la Universidad de Valencia,

Certifica:

Que la presente memoria, “Dynamical Hadrons: Case Studies of Meson-Meson and
Meson-Baryon Molecules and Triangle Singularities”, ha sido realizada bajo su di-
reccion en el Departamento de Fisica Tedrica de la Universidad de Valencia por
Vinicius Rodrigues Debastiani como Tesis para obtener el grado de Doctor.

Y para que asi conste, en cumplimiento con la legislacién vigente, presenta ante el
Departamento de Fisica Tedrica de la Universidad de Valencia la referida memoria,
y firmando el presente certificado.

Valencia, 18 de junio de 2020.

Fdo.: Eulogio Oset Baguena






Contents

(Table of Contentsl iii
I FPublications v
[Abstractl vii
I__Introduction 1
A brel] Tiction 3
[Resumen en Espanoll 5
Bibliogratial| . . . . . . . . .. 13
LI Scientific Researchl 15
I__Meson-Meson Interactions] 17
[LI Tntroductionl . . . . . . . . . . . . 17
(1.1.1  Chiral Unitary Approach|. . . . . . .. ... .. .. ... ... 17

[1.1.2 cc — light pseudoscalars| . . . . ... ... ... ... ... .. 19

(.2 Predictions for n. — nm 7~ producing fo(500), fo(980) and ao(980)[ . 25
[L2.1 Tntroductionl . . . . . . . . . . . ... 25

[L22 Formalisml . . . . . ... ... ... 26

.23 Results. . . .. ... 29

(.24 Conclusions . . . . . . . . . 32

(1.3 ap(980) — fo(980) mixing in x»q — 7 f0(980) — 7m’n 7~ and xq — |

| 70ag(980) — 7Ol . .. 33
[L3I1 Tntroductionl . . . . . . . . . . . ... 33

32 Formalism|. ... ... ... ... .. .. .. .. ... 36

(3.3 Resultsl. . . .. ... 40

(L34 Conclusions . . . . . . . . ... 46
Bibliographyl . . . . . . . . . . e 47

2 Meson-Baryon Interactions| 53
I TIntroductionl . . . . . . . . . ... 53
[2.1.1  Chiral Lagrangians| . . . . . . ... ... ... ... ... ... 53




iv Contents
[2.1.2  Local Hidden Gauge approach| . . . . . . ... ... ... ... 54
[2.1.3  Poles and couplings| . . . . . . ... ... ... ... .. ... 59

2.2 Molecular ), states| . . . . . . . . ... 60
221 TIntroduction]. . . . . . . . ... .. 61
222 Formalisml . . . . . ... ... 62
223 Results. . . . ... . 70
224 Conclusions . . . .. .. ... 73

2.3 The €, — (), decay and the molecular €). states| . . . . . . .. .. .. 73
231 TIntroduction]. . . . . . . . ... ... 74
2.3.2  The €.(3050) and €2.(3090) in the molecular picture[. . . . . . 75
233 TheQ, — (E.K/=.K/ED)n decays| . ... ........ 75
R34 Resulld. . . ... ... ... 80
235 Conclusions . . . .. .. ... 84

[2.4  Predictions for molecular €}, states| . . . . . . . ... ... ... ... 85
241 TIntroduction]. . . . . . . . ... ... 85
242 Formalisml . . ... ... ... o 86
243 Results. . . .. ... 89
244 Conclusions . . . . . .. ... L 91

Bibliography| . . . . . . . . . 92

[3 Triangle Singularities| 101

B.1 Introductionl . . . . . . . . . . ... 101

3.2 Revising the f1(1420)| . . . . . . . .. ... ... 109
321 TIntroductionl. . . . . . . . ... ... 109
B22 Formallsml . . . . ... ... ... 111
.23 The K*K chanmell. . . . . ... ... ... ... ........ 112
13.2.4  The ma(980) decay mode of the f(1285). . . .. ... .. .. 115
[3.2.5  The singularity of the triangle diagram| . . . . . . . . ... .. 119
[3.2.6  Detailed evaluation with the I = 0 and C' = + parity of the |

| FiO1285)[ . . oo 120
327 Conclusions . . . .. ... ... L 122

13.3  Role of a triangle singularity in the 7 N (1535) contribution to yp — pm n[124
3.3.1 Introductionl. . . . . . . . . ... 124
B32 Formalisml . . . ... ... ... o 126
B33 Resultd. . . ... ... 131
.34 Conclusions . . . . . ... ... 134

3.4 Considerations on the Schmid theoreml . . . . . . ... ... ... .. 135
B.41 TIntroduction]. . . . . . . .. .. ... 135
B.42 Formulationl . . . . . . .. ... ... 137
[3.4.3  Study of the singular behavior{ . . . . . ... ... .. ... .. 147
[3.4.4  Considerations on the Dalitz plot| . . . . . .. ... ... ... 150
3.45 Resultsl. . . . ... .. 151
3.4.6 Conclusions . . . . . . . . . ... 156

Bibliography| . . . . . . . . . 158




List of Publications

This thesis is based on the following articles:

Meson-Meson interactions (Chapter 1):

e V. R. Debastiani, W. H. Liang, J. J. Xie and E. Oset,
“Predictions for n. — nmrn~ producing fo(500), fo(980) and a(980),”
Phys. Lett. B 766, 59 (2017).
do0i1:10.1016/j.physletb.2016.12.054
arXiv:1609.09201 [hep-ph)]

e M. Bayar and V. R. Debastiani,
“a(980)— fo(980) mizing in xo1 — 7° fo(980) — 77T 7™ and xo — 7°ag(980) —
7T07T077, ”
Phys. Lett. B 775, 94 (2017).
doi:10.1016/j.physletb.2017.10.061
arXiv:1708.02764 |[hep-ph]

Meson-Baryon interactions (Chapter 2):

e V. R. Debastiani, J. M. Dias, W. H. Liang and E. Oset,
“Molecular . states generated from coupled meson-baryon channels,”
Phys. Rev. D 97, 094035 (2018).
do01:10.1103 /PhysRevD.97.094035
arXiv:1710.04231 [hep-ph)]

e V. R. Debastiani, J. M. Dias, W. H. Liang and E. Oset,
“Q, — (EF K7) 7~ and the Q. states,”
Phys. Rev. D 98, 094022 (2018).
doi:10.1103/PhysRevD.98.094022
arXiv:1803.03268 |[hep-ph]


http://dx.doi.org/10.1016/j.physletb.2016.12.054
http://arxiv.org/abs/arXiv:1609.09201
http://dx.doi.org/10.1016/j.physletb.2017.10.061
http://arxiv.org/abs/arXiv:1708.02764
http://dx.doi.org/10.1103/PhysRevD.97.094035
http://arxiv.org/abs/arXiv:1710.04231
https://doi.org/10.1103/PhysRevD.98.094022
http://arxiv.org/abs/arXiv:1803.03268

vi

Contents

e W. H. Liang, J. M. Dias, V. R. Debastiani and E. Oset,
“Molecular €, states,”
Nucl. Phys. B 930, 524 (2018).
do01:10.1016/j.nuclphysb.2018.03.008
arXiv:1711.10623 [hep-ph)]

Triangle singularities (Chapter 3):

e V. R. Debastiani, F. Aceti, W. H. Liang and E. Oset,
“Revising the f1(1420) resonance,”
Phys. Rev. D 95, 034015 (2017).
do01:10.1103 /PhysRevD.95.034015
arXiv:1611.05383 [hep-ph]

e V. R. Debastiani, S. Sakai and E. Oset,
“Role of a triangle singularity in the wN(1535) contribution to yp — pr’n,”
Phys. Rev. C 96, 025201 (2017).
doi:10.1103/PhysRevC.96.025201
arXiv:1703.01254 [hep-ph)]

e V. R. Debastiani, S. Sakai and E. Oset,
“Considerations on the Schmid theorem for triangle singularities,”
Eur. Phys. J. C 79, 69 (2019).
doi:10.1140/epjc/s10052-019-6558-1
arXiv:1809.06890 |[hep-ph]


http://dx.doi.org/doi:10.1016/j.nuclphysb.2018.03.008
http://arxiv.org/abs/arXiv:1711.10623
http://dx.doi.org/10.1103/PhysRevD.95.034015
http://arxiv.org/abs/arXiv:1611.05383
http://dx.doi.org/10.1103/PhysRevC.96.025201
http://arxiv.org/abs/arXiv:1703.01254
https://doi.org/10.1140/epjc/s10052-019-6558-1
https://arxiv.org/abs/1809.06890

Abstract

In this thesis we used various methods based on Effective Quantum Field The-
ories to study the interaction of hadrons. In particular, we focused on problems
related to what is known as exotic hadrons, which are hadronic states that have
different configurations from the standard of baryons or mesons, which are made
of three quarks or a quark-antiquark pair, respectively. The meson-meson inter-
action, for example, can form hadronic molecules with four quarks, also known as
tetraquarks; the same is true of the meson-baryon interaction, which can generate
states with five quarks, known as pentaquarks. Evidence of the existence of these
states has been accumulating in recent decades, due to new data from high-energy
particle accelerators such as the Large Hadron Collider, LHC, at CERN.

Here we show the results of various research works that we have produced in re-
cent years, contributing to the development of our understanding of hadronic states.
Our approach is based on the picture of the hadronic molecule, where these states
emerge from the dynamical interaction of meson-meson (or meson-baryon) coupled
channels, sometimes called dynamically generated. We also use this same framework
to study what is known as triangular singularities, which are kinematic effects that
arise from hadronic interactions that can be misinterpreted as real physical states.

By showing how experimental data can be explained with our theoretical models,
and making predictions that can then be compared with future experiments, we
add a little more to the bulk of knowledge of hadronic physics, contributing to our
understanding of the fundamental properties of matter.

This thesis is structured around three chapters: 1) Meson-meson interactions, 2)
Meson-baryon interactions and 3) Triangular singularities. Each chapter contains a
selection of published articles that share a similar framework.

First we briefly discuss the main characteristics of the method we use to de-
scribe meson-meson interactions, in particular the interaction that generates the
well-known scalar mesons f(500), f5(980) and ay(980). These states appear in the
two articles discussed in the first chapter: that of the n. — nr* 7~ decay, and that
of the ag(980) — fo(980) mixing in the reactions x» — 7 7°n and xoq — 7 7t7r—.
Both works share common characteristics of a method also used in an earlier study
on the x»q — nrtn~ decay.

The method we use is known as chiral unitary approach. In essence, these states
are described as meson-meson molecules, emerging from the interaction of pairs of
light pseudoscalar mesons. Its main ingredient comes from chiral perturbation the-
ory which is an effective field theory that uses chiral symmetry to describe the meson
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interaction. In this framework, pseudoscalar mesons are the degrees of freedom that
act as Goldstone bosons.

In our approach, the interaction of the mesons is described by the lowest order
chiral Lagrangian, from which we extract the interaction between channels, which in
this case are given by: 1) 7t7~, 2) 7%7°, 3) K*K~, 4) K°K°, 5) nn, 6) 7%. Next, we
unitarize the amplitude using the Bethe-Salpeter equations for the coupled channels,
which implements the sum of loop diagrams in infinite order. Factorizing the V'
(interactions) and 7' (amplitudes) matrices on-shell out of the internal integrals, the
solution of the Bethe-Salpeter equation is purely algebraic, and we can rearrange
the sum as follows: T' = (1 — VG)™'V, where G is the matrix of the integral of the
propagators of meson pairs, which we regularize with a cutoff. The T" matrix gives
us all the dispersion amplitudes, including the transitions between each coupled
channel, and the resonances appear as poles in the dispersion amplitudes of the
channels to which they are coupled. From the position of the pole in the complex
energy plane, the mass and width of each resonance can be obtained.

In chapter one we also presented an approach of using elements of SU(3) symme-
try to see the weight of different trios of pseudoscalars produced in the charmonium
decay cc — 123. The pseudoscalars then can undergo the final state interaction
of pairs of mesons that generate the scalar mesons f,(500), fo(980) and a(980).
The combination of three mesons that behaves like a scalar of SU(3) is given by
SU (3)[scalar] = Trace(pgpg), where ¢ is the matrix of pseudoscalar mesons, as the
dominant term. We start discussing an example of using that method in the study
of the reaction y.; — nr7~. Using SU(3) symmetry we can obtain the initial pro-
portion of the pairs of mesons created at the moment that the x.; decays. Next, we
can for example calculate the main contribution for the invariant mass distribution
of 77—, which can be calculated assuming that n goes in P wave and then 77,
7970 or nn that occur in the primary step, go through the final state interaction to
produce a 77~ pair, which gives rise to the resonances f(500) and f;(980) that
are seen in the experimental measurement.

After that we present our first work on the n. — nm ™7~ decay, where we have also
explored the contribution of other possible structures of SU(3), and complemented
the information for the case of x4 — nmTm~, where only Trace(¢pp@) was used.
We have concluded that this is the best way to describe these decays, based on
the symmetry of the structure and the conformity of the results in relation to the
experimental data. In our first work, we performed calculations for the decay n. —
nrtr~. After finding the initial pseudoscalar trios using SU(3) symmetry, we used
the chiral unitary approach to describe the meson pair interaction leading to nata—
in the final state. We have evaluated the invariant mass distributions of 777~ and
7 and we have found large and clear signals for the resonances f,(500), fo(980)
and ap(980). The experimental implementation of this reaction and comparison
with our predictions is of great value in shedding light on the nature of the light
scalar mesons.

We also use the chiral unitary approach and SU(3) symmetry to study isospin
breaking in the reactions y. — 7’777~ and x., — 7°7% and its relation to the
a(980) — fo(980) mixing. We have shown that the same theoretical model previously
developed could also be used successfully in this study. The isospin violation was
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introduced by using different masses for the charged and neutral kaons, either in the
meson pair propagators created in the decay of x.;, or in the propagators within
the matrix 7. We have found that violating isospin inside the 7" matrix makes the
amplitude of the transition 77 — 77~ non-zero, which generates a significant
contribution, and it also increases the effect of the contribution of K K. We also
find that the most important effect on the total amplitude is the isospin breaking
within the T matrix, due to the constructive sum of 7°n — 7t7~ and KK — ntn—,
which is essential to achieve a good agreement with the experimental measurement
of the mixing.

In chapter two we saw a method for studying meson-baryon interactions and
looking for new states as poles in the scattering amplitude. In this chapter we
present three papers on meson-baryon interactions: the one on the five new ).
states recently discovered by the LHCb collaboration, the following article on how
to observe these states in the weak decay of €2, baryons and a third article with
predictions for 2, molecular states.

At the beginning of chapter two we discussed two frameworks that are useful for
describing meson-baryon states, either using the lowest-order chiral Lagrangian that
describes the meson-baryon interaction in the SU(3) sector (octet of pseudoscalar
mesons with octet of baryons 1/2%), and the local hidden gauge approach, describing
the interaction through the exchange of vector mesons. We briefly discuss the rela-
tionship of the two methods, with an emphasis on the particular case where certain
simplifications can be made and the interactions can be obtained at the quark level.

In particular, we discussed how to extend the local hidden gauge approach to the
charm sector, which is particularly complicated in the case of the chiral Lagrangians.
Using the local hidden gauge approach and singling out the heavy quark, we can
assume SU(3) symmetry and obtain the interaction in a very simple way through
the wave function of the baryons, looking at their quark content. We have shown
that the dominant terms come from the exchange of light vectors, where the heavy
quarks are spectators. This has the consequence that the heavy quark symmetry is
conserved for the dominant terms in the expansion in powers of (1/mg), and also
that the interaction in this case is equivalent to what can be obtained from the chiral
Lagrangians in SU(3).

In the first work on this topic we have investigated the 2. states, which can be
generated dynamically from the meson-baryon interaction, looking for poles in the
dispersion matrix that correspond to physical states. We show that for a standard
value for the cutoff, we get two states with J¥ = 1/27 and two more states with
JP =3/27, three of them in remarkable agreement with three experimental states,
0.(3050), ©2.(3090) and ©.(3119), of the five recently measured by the LHCb collab-
oration, in mass and width. We also made predictions at higher energies for states
of vector-baryon nature, which could be further explored in future experiments.

After this work we have studied the weak decay €, — (Ef K~) 7, using our
method to describe how the Q. states arise from the final state interaction. We ana-
lyze the particular case in which the states ©.(3050) and ©.(3090) can be generated
from the pseudoscalar-baryon(1/2) interaction. We investigated the invariant mass
distributions 2D, =K, and =/ K, making predictions that could be confronted with
future experiments.
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Finally, we have extended our approach and made predictions for the meson-
baryon interaction in the Beauty sector, with bottom quarks instead of charm
quarks. We have found several €2, states: two states with masses 6405 MeV
and 6465 MeV with J¥ = 1/27; two more states with masses 6427 MeV and
6665 MeV with J” = 3/27; and three states between 6500 and 6820 MeV, degen-
erate with J” = 1/27, 3/27, derived from the vector-baryon interaction, analogous
to what we had for the €2, states. Future experiments could also search for these
states. Indeed, after the production of this work, a new article from the LHCb
collaboration appeared, announcing the discovery of new €, states. As discussed in
a recent article, at higher energies, between 6400 MeV and 6500 MeV, four peaks
appear in the experiment that are consistent with our predictions.

In chapter three we see how triangular singularities can be formed in the decay
A — 1+ R, followed by R — 2 + 3 and the rescattering 1 +2 — 1" + 2. We
show our method of explicitly making the loop integral of the triangle to find the
amplitude and how, by studying its poles, we find the conditions and position of the
singularity. We have seen that especially in the case when there is a resonance from
the rescattering (1,2), at the same energy corresponding to the singularity of the
triangle, its effect can be seen in the experiment and can even be misinterpreted by
a new state.

In our first work on triangular singularities we studied the production and decay
of f1(1285) in 7ag(980) and K*K as a function of the resonance mass. In particular,
we found an enhancement in the mass distribution around 1400 MeV in the may(980)
decay mode tied to a triangular singularity, which explains the peak in the exper-
imental data, and we also found a peak around 1420 MeV with approximately 60
MeV of width for the K* K mode. Both characteristics are in agreement with the ex-
perimental information on which the resonance f;(1420) is based. Furthermore, we
find that if the f;(1420) is a genuine resonance, coupling primarily to K*K as seen
experimentally, a fraction of 20% is inevitably found for the decay mode maq(980)
of this resonance, in drastic contradiction with all experiments. In total, we have
concluded that the f;(1420) is not a genuine resonance, but the manifestation of the
decay modes 7ag(980) and K*K of f,(1285) at energies higher than the nominal
one.

Next, we have studied the reaction vp — pr’n paying attention to the two main
mechanisms at low energies, yp — A(1700) — nA(1232) and vp — A(1700) —
wIN(1535). Both are generated by the photoexcitation of the A(1700) and the sec-
ond involves a mechanism that leads to a triangular singularity. We can quantita-
tively evaluate the cross section of this process and show that it agrees with the
experimental determination. However, there are some differences from the standard
partial wave analysis that does not explicitly include the triangular singularity. The
exercise also shows the value of exploring possible triangular singularities in other
reactions and how a standard partial wave analysis can be extended to accommodate
them.

Finally, we have investigated the Schmid theorem that states that if one has a
tree-level mechanism with a particle A that decays into two particles 1 and R, with a
subsequent decay of R into particles 2 and 3, the possible singularity of the triangle
developed by the elastic reescattering mechanism of two of the three particles does
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not change the cross section provided by the tree level. We have investigated the
process in terms of the width of the unstable particle produced in the first decay
and determined the violation and the limits for validity of the theorem. One of
the conclusions is that the theorem remains valid at the strict limit of the zero
width of that resonance, in which case the weight of the triangular diagram becomes
insignificant compared to the tree level. Another conclusion, from a practical point
of view, is that for realistic width values, the triangular singularity can provide
a contribution comparable to or even bigger than the tree level, indicating that
invoking the Schmid theorem to omit the triangular diagram derived from the elastic
reescattering from the tree level should not be done. Furthermore, we note that
the realistic case keeps some memory of the Schmid theorem, which is visible in a
peculiar interference pattern with the tree level.

Overall we have seen many examples of the dynamical nature of states emerging
from the hadron-hadron interaction, either in the case of the light scalar mesons
emerging from meson-meson interactions, or new heavy baryon states from the
meson-baryon interaction, or even cases where peaks can be misunderstood as gen-
uine states due to the effects of triangle singularities. In the big picture we have
shown, through a series of examples and applications, the importance of the dynam-
ically generated states, and how this description should be part of our understanding
of the fundamental interactions of matter.
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Introduction






A brief introduction

Hadron Physics is in the intersection of Nuclear and Particle Physics. Hadrons
are the bulk of all matter as we know it, and they are composed of smaller particles,
the quarks. Quantum Chromodynamics is the theory of the Standard Model that
describes the interactions of quarks due to the strong force, which are mediated
by the gluons, just like the photon is the mediator of the electromagnetic force.
In a simplified description, we can say that quarks are always bound together in
two main configurations: the baryons, which are composed of three quarks, and the
mesons, which are composed of a quark and an antiquark. These states composed by
quarks, such as baryons and mesons are what we call hadrons, which is the domain
of knowledge we focus on this thesis. Known examples of baryons are protons and
neutrons, which can bind together to form the nuclei of atoms; whereas a good
example of a meson is the meson 7, which is responsible for the residual force that
binds protons and neutrons together and can also be found in cosmic rays entering
the atmosphere.

Quarks come with many different properties such as color, flavor and mass, and
can be combined in many different configurations, giving rise to a huge number of
composite states with many mechanisms of decay. Just as in atomic and molec-
ular physics one can study an infinity of different configurations and interactions,
or all the possible nuclei studied in nuclear physics, their binding and decays, in
hadron physics one can study all the possible hadron configurations, interactions
and decays. Most of them are unstable and live for just a tiny fraction of a second
after being created in experiments on particle accelerators. Through the effort of
huge collaborations of scientists, today we can study the complex world of these
subatomic particles and the fundamental structure of matter as we known it.

These subjects of study are very rich and complex. The state of the art of
these theories are based on a framework called Quantum Field Theory, which takes
into account the relativistic and quantum nature of the subatomic world. In this
framework particles are described as excitations of the field they generate. In the-
ories such as Quantum Chromodynamics, properties such as asymptotic freedom
and color confinement make the exact solution of the equations virtually unsolvable,
therefore creating the necessity of certain simplifications in order to extract informa-
tion about the physical objects the theory predicts. Approaches known as Effective
Quantum Field Theories use symmetries of the theory to extract information by
means of approximations valid in certain domains, such as at low energies, heavy
particles, and so on.



In this thesis we will be using several methods based on Effective Quantum
Field Theories to study the interaction of hadrons. In particular, we will focus on
problems related to what is known as exotic hadrons, which are hadronic states that
have different configurations from the standard baryons and mesons. The meson-
meson interaction, for instance, can form hadronic molecules with four quarks, also
known as tetraquarks; the same can be said about the meson-baryon interaction,
which can generate states with five quarks, known as pentaquarks. The existence of
these states were already a possibility in the past, since they could in principle fit
in the framework of Quantum Chromodynamics. In the past decades evidence of
their existence has been accumulating, due to new data from high energy particle
accelerators such as the Large Hadron Collider in CERN.

Specifically, we will show the results of several research papers we produced
during the past years contributing to the development of our understanding of these
states. Our approach is based on the hadronic molecule picture, where these states
emerge from the dynamical interaction of meson-meson (or meson-baryon) coupled
channels, sometimes referred to as dynamically generated. We also used this same
framework to study what is known as triangle singularities, which are kinematic
effects that emerge from hadronic interactions that can be misunderstood as real
physical states.

Our contribution to this field has the objective of increasing the knowledge on
the topic of hadron interactions. By showing how experimental data can be ex-
plained with our theoretical models, and by making predictions that can later be
confronted with future experiments, we add a bit more to the bulk of knowledge that
has been generated over the years, contributing towards a deeper understanding of
the fundamental properties of matter.

This thesis is structured around three core chapters: 1) Meson-Meson Interac-
tions, 2) Meson-Baryon Interactions and 3) Triangle Singularities. Each chapter
contains a selection of published articles which share some common features and
references, being somewhat complementary.

Therefore, we have combined the general features from the formalism of these
articles into an introductory section at the beginning of each chapter, leaving only
the specific framework of each article into its own section later on. The references
of each article have also been combined into one common bibliography per chapter.
Note that each chapter has its own bibliography, instead of one long bibliography
for the whole thesis. To avoid any misreading we have used the following notation
for reference numbering: [(chapter#) (dot) (reference#)]. This way, each chapter is
self-contained and can in principle be read in any order, although it is advisable to
read at least the first section Chiral Unitary Approach to start.

Next we present a summary of the whole thesis in Spanish.



Resumen en Espanol

A continuaciéon presentamos un resumen de toda la tesis, con una pequena in-
troduccién acerca de la motivacién y objetivos del trabajo, los puntos principales de
cada capitulo (de la metodologia y de los resultados con sus respectivas conclusiones)
y la conclusién final.

Introduccion y Objetivos

La Fisica Hadrénica esta en la intersecciéon de la Fisica Nuclear y de Particulas.
Los hadrones son la mayor parte de toda la materia tal como la conocemos, y estan
compuestos de particulas més pequenas, los quarks. La Cromodinamica Cuantica es
la teoria del modelo estandar que describe las interacciones de los quarks debido a la
fuerza fuerte, que esta mediada por los gluones, al igual que el fotén es el mediador
de la fuerza electromagnética. En una descripcion simplificada, podemos decir que
los quarks siempre estan unidos en dos configuraciones principales: bariones, que
estan compuestos por tres quarks, y mesones, que estan compuestos por un quark y
un antiquark. Los estados compuestos por quarks, como bariones y mesones, son lo
que llamamos hadrones, que es el dominio del conocimiento en el que nos centramos
en esta tesis. Ejemplos conocidos de bariones son los protones y los neutrones, que
pueden unirse para formar los nicleos de los atomos; mientras que un buen ejemplo
de un mesén es el meson 7, que es responsable de la fuerza residual que une protones
y neutrones y también se puede encontrar en los rayos césmicos que ingresan en la
atmosfera.

Los quarks tienen muchas propiedades diferentes, como color, sabor y masa, y
se pueden combinar en muchas configuraciones diferentes, dando lugar a una gran
cantidad de estados diferentes con muchos mecanismos de desintegracion. Al igual
que en fisica atéomica y molecular se puede estudiar una infinidad de atomos y
moléculas diferentes y sus interacciones, o todos los niicleos posibles estudiados en
fisica nuclear, su ligadura y desintegraciones, en fisica de hadrones se pueden estudiar
todas las configuraciones, interacciones y desintegraciones posibles de hadrones. La
mayoria de ellos son inestables y viven solo una pequena fraccion de segundo después
de haber sido creados en experimentos con aceleradores de particulas. Gracias al
esfuerzo de grandes colaboraciones de cientificos, hoy podemos estudiar el complejo
mundo de las particulas subatémicas y la estructura fundamental de la materia tal
como la conocemos.



Estos temas de estudio son muy ricos y complejos. El estado del arte de estas
teorias se basa en un marco llamado Teoria Cuéantica de Campos, que tiene en
cuenta la naturaleza relativista y cuantica del mundo subatémico. En este marco, las
particulas se describen como excitaciones del campo que generan. En teorias como la
cromodindmica cuantica, propiedades como la libertad asintética y el confinamiento
del color hacen que la solucién exacta de las ecuaciones sea practicamente imposible,
creando asi la necesidad de ciertas simplificaciones para extraer informacion sobre
los objetos fisicos que la teoria predice. Un enfoque conocido como teorias de campo
cuantico efectivas utiliza simetrias de la teoria para extraer informacion por medio
de aproximaciones validas en ciertos dominios, como a bajas energias, particulas
pesadas, etc.

En esta tesis usaremos varios métodos basados en teorias de campo cuantico
efectivas para estudiar la interaccion de los hadrones. En particular, nos centraremos
en los problemas relacionados con lo que se conoce como hadrones exdticos, que son
estados hadrénicos que tienen configuraciones diferentes de la configuracién estandar
de los bariones o mesones. La interaccién mesén-mesén, por ejemplo, puede formar
moléculas hadronicas con cuatro quarks, también conocidas como tetraquarks; lo
mismo puede decirse de la interaccion mesén-barion, que puede generar estados
con cinco quarks, conocidos como pentaquarks. La existencia de estos estados ya
parecia una posibilidad en el pasado, ya que podrian encajar en el marco de la
cromodinamica cuantica. En las tltimas décadas, la evidencia de su existencia se
ha ido acumulando, debido a los nuevos datos de aceleradores de particulas de alta
energia como el Gran Colisionador de Hadrones, LHC, en el CERN.

Especificamente, mostraremos los resultados de varios trabajos de investigacion
que produjimos durante los ultimos anos contribuyendo al desarrollo de nuestra
comprension de estos estados. Nuestro enfoque se basa en la imagen de la molécula
hadrénica, donde estos estados emergen de la interaccion dindmica de los canales
acoplados mesén-mesén (o meson-barién), a veces denominados como generados
dinamicamente. También usamos este mismo marco para estudiar lo que se conoce
como singularidades triangulares, que son efectos cineméaticos que surgen de las
interacciones hadrénicas que pueden malinterpretarse como estados fisicos reales.

Nuestra contribucion a este campo tiene el objetivo de aumentar el conocimiento
sobre el tema de las interacciones de hadrones. Al mostrar cémo se pueden explicar
los datos experimentales con nuestros modelos tedricos, y al hacer predicciones que
luego se pueden confrontar con futuros experimentos, agregamos un poco mas al
conjunto de conocimiento que se ha generado a lo largo de los anos, contribuyendo
a una comprension mas profunda de las propiedades fundamentales de la materia.

Metodologia, Resultados y Conclusiones

Esta tesis estd estructurada en torno a tres capitulos: 1) Interacciones mesdn-
meson, 2) Interacciones mesdn-barion y 3) Singularidades triangulares. Cada capitu-
lo contiene una seleccion de articulos publicados que comparten un marco similar.



Interacciones Mesdon-Mesdn

En esta seccion discutimos brevemente las caracteristicas principales del método
que utilizamos para describir las interacciones meson-mesén, en particular la inter-
accion de mesones que genera los conocidos mesones escalares f,(500), ag(980) y
f0(980). Estes estados aparecen en los dos articulos discutidos en el primer capitulo:
el de la desintegracion n, — nm 7~ de la Ref. [1], y el de la mezcla ay(980) — £5(980)
en las reacciones Yo, — 07N y xa — 707w~ de la Ref. [2]. Ambos trabajos
comparten caracteristicas comunes de un método también empleado en un estudio
anterior sobre la desintegracién x. — nmn~ de la Ref. [3].

Nuestros dos trabajos, el de la desintegraciéon 7. — nr 7~ y el de la mezcla
ao(980) — fo(980), fueron citados en los articulos de BESIII y en otros trabajos
posteriores relacionados.

Teoria quiral unitaria

El método que empleamos para describir las resonancias escalares f(500), a(980)
y f0(980) es conocido como teoria quiral unitaria. En esencia, estos estados se des-
criben como moléculas mesén-mesoén, que emergen de la interaccién de pares de
mesones pseudoescalares ligeros.

El ingrediente principal proviene de la teoria de perturbacion quiral que es una
teoria de campo efectiva que utiliza la simetria quiral para describir la interaccién de
los mesones. En este marco, los mesones pseudoescalares son los grados de libertad
que actian como bosones de Goldstone.

El marco que adoptamos en esta seccion para describir las resonancias escalares
estd en la misma linea que la Ref. [4]. En nuestro enfoque, la interaccién de los
mesones es descrita por el Lagrangiano quiral de orden més bajo, de donde extraemos
la interaccién entre canales, que en este caso vienen dados por: 1) 77—, 2) 77, 3)
K*K~,4) K°K°, 5) nn, 6) 7°n. A continuacién, unitarizamos la amplitud utilizando
las ecuaciones de Bethe-Salpeter para los canales acoplados que implementan la
suma de diagramas de bucle en orden infinito. Al factorizar sobre la capa maxima
las matrices V' y T (de interacciones y amplitudes, respectivamente) la solucién de
la ecuacién de Bethe-Salpeter es puramente algebraica, y podemos reorganizar la
suma de la siguiente forma: T'= (1 — VG)™'V, donde G es la matriz de la integral
de los propagadores de pares de mesones, que regularizamos con un cutoff.

Finalmente, la matriz 7" nos dara todas las amplitudes de dispersion, incluidas
las transiciones entre cada canal acoplado, y las resonancias apareceran como polos
en las amplitudes de dispersion de los canales a que se acoplan. Desde la posicién del
polo en el plano complejo se puede obtener la masa y la anchura de cada resonancia.

cc — pseudoescalares ligeros

En el capitulo uno también estudiamos cémo usar elementos de simetria SU (3)
para ver el peso de diferentes trios de pseudoescalares producidos en la desinte-
gracion del charmonio c¢¢ — 123. Los pseudoescalares experimentan luego la in-
teraccion del estado final de pares de mesones que generan los mesones escalares



f0(500), f0(980) v ao(980), para lo cual utilizamos la teoria chiral unitaria. La com-
binacién de tres mesones que se comporta como un escalar de SU(3) viene dada
por SU(3)[scalar] = Trace(¢pp¢p), donde ¢ es la matriz de mesones pseudoescalares,
como término dominante.

Un ejemplo del uso de ese método se discuti6 en la Ref. [3] acerca de la reaccién
X — nr . Utilizando la simetria SU(3) se puede obtener la proporcién inicial
de los pares de mesones creados en el momento que Y. se desintegra. En segui-
da, podemos por ejemplo, calcular la contribucion principal para la distribucién de
masa invariante 777, que se puede calcular asumiendo que 7 se va en onda P y
luego ntrn~, w7% or mn que se producen en el paso primario, pasan por la interac-
cién de estado final para producir un par 777, el que dd lugar a las resonancias
f0(500), fo(980) que se ve experimentalmente en la medida de la distribucién de
masa invariante w7,

Se ha demostrado que este enfoque es muy fiable a bajas energias, y en el trabajo
de Ref. [3] los datos de estadisticas altas de BESIII [5] de la reaccién xo — nata~
podrian reproducirse bien, explicando los picos de f,(500), f5(980) en la distribucién
de masa invariante 77—, y también en el pico de a((980) en la distribucién de masa
invariante 7.

En el trabajo de la desintegracién de 7. de la Ref. [1] también hemos explorado
la contribucién de otras posibles estructuras de SU(3), y complementamos la infor-
macién dada en la Ref. [3] para x.,, — n7" 7, donde solo se usé Trace(¢ppp). Hemos
concluido que esta es la mejor manera describir las desintegraciones investigadas,
basandonos en la simetria de la estructura y la conformidad de los resultados en
relacién a los datos experimentales.

En vista de estos resultados, las predicciones para la desintegracion n, — nrnta™
y el estudio de la mezcla ao(980) — f5(980) en las reacciones y. — 7°fo(980) —

07Ty X1 — map(980) — 707 se realizaron solo con el término Trace(dgpg).

Predicciones para 1, — nmtw~ produciendo f(500), fo(980) y a¢(980)

En nuestro primer trabajo, en la Ref. 1], realizamos célculos para la desinte-
gracién n, — nrtw~. Después de encontrar los trios de pseudoescalares utilizando
la simetria SU(3), utilizamos la teorfa quiral unitaria para describir la interaccién
de pares de mesones que conduce a nrT7w~ en el estado final. Hemos evaluado las
distribuciones de masa invariante de 77~ y 71 y hemos encontrado seniales grandes
y claras para las resonancias fy(500), f5(980) y a0(980). La implementacion experi-
mental de esta reaccion y comparacién con nuestras predicciones tiene mucho valor
para arrojar luz sobre la naturaleza de los mesones escalares ligeros.

La mezcla ao(980) — fo(980) en xo — w°f0(980) — wntn~ y xa —
79%a0(980) — won'n

En la Ref. [2] también usamos la teorfa quiral unitaria y la simetria SU(3) para
estudiar la ruptura de isospin en las reacciones y.; — 7’7 7" ¥ o1 — 7070 ¥ su
relacién con la mezcla ag(980) — f3(980), que también fue medida por la colaboracién
BESIII, antes y después de nuestro trabajo [6,7]. Hemos demostrado que el mismo
modelo tedrico desarrollado previamente para estudiar la reaccién y. — natn~, y



explorado mads a fondo en las predicciones de 1, — nr 7™, podria también emplearse
con éxito en este estudio. La violacion de isospin se introdujo mediante el uso de
diferentes masas para los kaones cargados y neutros, ya sea en los propagadores de
pares de mesones creados en la desintegracién de x.1, o en los propagadores dentro de
la matriz T, construida a través de la unitarizacién de las amplitudes de dispersion
y transicion de pares de mesones pseudoescalares. Hemos encontrado que violar
isospin dentro de la matriz T hace que la amplitud de la transicién 7% — 77~
sea no nula, lo que genera una contribucién importante y también aumenta el efecto
de la contribucién de K K. También encontramos que el efecto mas importante en
la amplitud total es la ruptura de isospin dentro de la matriz 7', debido a la suma
constructiva de 7°n — 7t7~ y KK — 777, que es esencial para lograr un buen
acuerdo con la medicién experimental de la mezcla.

Interacciones Meson-Barion

En el capitulo dos vimos un método para estudiar las interacciones mesén-barion
y buscar nuevos estados como polos en la amplitud de dispersion.

En este capitulo presentamos tres trabajos sobre las interacciones mesén-barién:
el de la Ref. [8] sobre los cinco nuevos estados (2. recientemente descubiertos por la
colaboracién LHCD [9], el siguiente articulo de la Ref. |10] sobre como observar estos
estados en la desintegracién de bariones €2y, y el de la Ref. [11] con predicciones para
estados moleculares €. [

Nuestro trabajo en los estados €2, fue citado muchas veces, y la prediccion sobre
los estados (), también ha sido citada en el informe del LHC para las perspectivas
futuras en la proxima ejecucion después del upgrade actual.

Lagrangianos quirales y la teoria de calibre local oculto

Al principio del capitulo dos comentamos dos marcos que son utiles para describir
los estados meson-barion, ya sea utilizando el Lagrangiano quiral de orden mas bajo
que describe la interaccién mesén-barion en el sector SU(3) (octete de mesones
pseudoescalares con el octete de bariones 1/2%1), y la teorfa de calibre local oculto,
basando la interaccién en el cambio de mesones vectoriales. Discutimos brevemente
la relacion de los dos métodos, con énfasis en el caso particular donde se pueden hacer
ciertas simplificaciones y las interacciones se pueden obtener a nivel de quarks.

En particular, discutimos como estender el método de la teoria de calibre local
oculto para el sector de charm, que es particularmente complicado en el caso de
los Lagrangianos quirales. Utilizando la teoria de calibre local oculto y destacando
el quark pesado, podemos asumir la simetria SU(3) en la interaccién, y obtener la
interaccion de manera muy sencilla a través de la funcion de onda de los bariones
mirando su contenido de quarks. Hemos demostrado que los términos dominantes
provienen del intercambio de vectores ligeros, donde los quarks pesados son espec-
tadores. Esto tiene como consecuencia que la simetria de quark pesados se conserva

I Después de la produccién de este trabajo, aparecié un nuevo articulo de la colaboracién
LHCb [12], que anuncia el descubrimiento de nuevos estados €2,. Tal como se discute en un reciente
articulo [13], a energias mds altas, entre 6400 MeV y 6500 MeV, aparecen en el experimento cuatro
picos que son compatibles con nuestras predicciones.
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para los términos dominantes en el desarrollo en potencias de (1/mg), y también
que la interaccién en este caso es equivalente a lo que se puede obtener de los La-
grangianos quirales en SU(3).

Estados Moleculares 2.

En el primer trabajo [8] sobre este tema hemos investigado los estados €2, que se
generan dindmicamente a partir de la interaccién mesoén-barién, buscando polos en la
matriz de dispersién que corresponden a estados fisicos. Mostramos que para un valor
estdndar para el cutoff, obtenemos dos estados con J¥ = 1/27 y dos més con JF =
3/27, tres de ellos en notable acuerdo con tres estados experimentales, €2.(3050),
Q.(3090) y ©.(3119) de los cinco recientemente medidos por la colaboraciéon LHCD,
en masa y anchura. También hicimos predicciones a energias mas altas para estados
de naturaleza vector-barion, que podrian explorarse mas a fondo en experimentos
en el futuro.

La desintegracion €2, — 2. y los estados moleculares (2.

Después del trabajo sobre los estados €2, hemos estudiado en la Ref. [10] la de-
sintegracién débil Q,” — (EF K~) 7w, utilizando nuestro método para describir los
estados €. [8] que surgen de la interaccién del estado final. Analizamos el caso par-
ticular en el que se pueden generar los estados €2.(3050) y ©2.(3090) a partir de la
interaccién pseudoscalar-barién(1/2). Investigamos las distribuciones de masa inva-
riantes 2D, =K y Z,K haciendo predicciones que podrian confrontarse con futuros
experimentos, proporcionando informacion 1util que podria ayudar a determinar los
numeros cuanticos y naturaleza de estos estados.

Predicciones para estados moleculares (2,

Finalmente, en la Ref. [11] hemos extendido nuestro enfoque sobre los estados
Q. [§] e hicimos predicciones para la interaccién de mesén-barién en el sector de
la Belleza (Beauty / bottom). Hemos encontrado varios estados €2,: dos estados con
masas 6405 MeV y 6465 MeV con J¥ = 1/27; dos estados mds con masas 6427 MeV
y 6665 MeV con JP = 3/27; y tres estados entre 6500 y 6820 MeV, degenerados
con JP =1/27,3/27, derivados de la interaccién del vector-barién en el sector de
la Belleza, andlogo a lo que teniamos para los estados {2.. Experimentos futuros
también podrian buscar estos estados.

Singularidades Triangulares

En el capitulo tres vimos cémo se pueden formar singularidades triangulares en
la desintegracion A — 1+ R, seguida por R — 243y por el rescattering (dispersion)
142 — 1’+2". Vimos nuestro método de hacer explicitamente la integral del bucle del
tridngulo para encontrar la amplitud [14] y cémo, estudiando sus polos, encontramos
las condiciones y la posicién de la singularidad. Hemos visto que especialmente en
el caso cuando hay una resonancia proveniente del rescattering (1,2), a la misma
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energia correspondiente a la singularidad del triangulo, su efecto puede verse en el
experimento e incluso puede ser malinterpretado por un nuevo estado.

Revisando la f;(1420)

En nuestro primer trabajo sobre singularidades triangulares en la Ref. [15] es-
tudiamos la produccién y la desintegracion de la f;(1285) en 7a(980) y K*K en
funcién de la masa de la resonancia. En particular, encontramos un aumento en la
distribucién de masa alrededor de 1400 MeV en el modo de desintegracién may(980)
atado a una singularidad triangular, lo que explica los datos de la Ref. [16], y encon-
tramos también un pico alrededor de 1420 MeV con aproximadamente 60 MeV de
anchura para el modo K*K. Ambas caracteristicas estan de acuerdo con la informa-
cién experimental en la que se basa la resonancia f;(1420). Ademés, encontramos
que si la f1(1420) es una resonancia genuina, acoplandose principalmente a K*K
como se ve experimentalmente, se encuentra inevitablemente una fraccién de 20 %
para el modo de desintegracion mag(980) de esta resonancia, en contradiccion drésti-
ca con todos los experimentos. En total, hemos concluido que la f;(1420) no es una
resonancia genuina, sino la manifestacién de los modos de desintegracion mag(980)
vy K*K de la f1(1285) a energias més altas que la nominal.

Rol de una singularidad triangular en la contribucién wN(1535) a yp —
pm'n

A continuacién, hemos estudiado en la Ref. [17] la reaccién yp — pr°n prestan-
do atencién a los dos mecanismos principales a bajas energfas, vyp — A(1700) —
nA(1232) y yp — A(1700) — 7N (1535). Ambos son generados por la fotoexcitacion
de la A(1700) y el segundo involucra un mecanismo que conduce a una singularidad
triangular. Podemos evaluar cuantitativamente la seccion eficaz de este proceso y
demostrar que estd de acuerdo con la determinacion experimental [18]. Sin embar-
go, hay algunas diferencias con el analisis de onda parcial estandar que no incluye
explicitamente la singularidad triangular. El ejercicio también muestra la convenien-
cia de explorar posibles singularidades triangulares en otras reacciones y cémo se
puede extender el andlisis parcial estandar para acomodarlas.

Consideraciones sobre el teorema de Schmid

Finalmente, en la Ref. [19] hemos investigado el teorema de Schmid [20], que
establece que si uno tiene un mecanismo a nivel de arbol con una particula A que
se desintegra en dos particulas 1 y R, con una desintegracion posterior de R en
particulas 2 y 3, la posible singularidad del triangulo desarrollada por el mecanismo
de reescattering elastico de dos de las tres particulas no cambia la seccion transversal
proporcionada por el nivel del arbol. Hemos investigado el proceso en términos de
la anchura de la particula inestable producida en la primera desintegracién y deter-
minamos los limites de validez y violacién del teorema. Una de las conclusiones es
que el teorema se mantiene en el limite estricto de la anchura cero de esa resonancia,
en cuyo caso el peso del diagrama triangular se vuelve insignificante en compara-
cién con el nivel del arbol. Otra conclusién, desde el punto de vista practico, es que
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para valores realistas de la anchura, la singularidad triangular puede proporcionar
una contribucion comparable o incluso mayor que el nivel del arbol, lo que indica
que invocar el teorema de Schmid para omitir el diagrama triangular derivado del
reescattering elastico del nivel del arbol no debe hacerse. Ademas, observamos que
el caso realista guarda algo de memoria del teorema de Schmid, que es visible en un
patron de interferencia peculiar con el nivel del arbol.

Conclusiones Finales

En general, hemos visto muchos ejemplos de la naturaleza dinamica de los estados
que emergen de la interaccién hadron-hadron, ya sea en el caso de los mesones
escalares ligeros que emergen de las interacciones mesén-mesén, o nuevos estados
bariénicos pesados de la interaccién mesén-barion, o incluso casos en los que los
picos pueden malinterpretarse como estados genuinos debido a los efectos de las
singularidades triangulares. En el panorama general, hemos demostrado, a través
de una serie de ejemplos y aplicaciones, la importancia de los estados generados
dindmicamente y como esta descripcion deberia ser parte de nuestra comprension
de las interacciones fundamentales de la materia.
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CHAPTER

1 Meson-Meson Interactions

1.1 Introduction

Throughout this thesis we will use a method known as the chiral unitary ap-
proach. In the following section we will briefly discuss its main features in de-
scribing meson-meson interactions, in particular the light pseudoscalar-pseudoscalar
interaction that generates the well-known scalar mesons f,(500), a(980) and f,(980),
which will appear in the two articles discussed in this chapter: the one about
the decay n. — nrtm~ of Ref. [1.1], which will be discussed in section [L.2] and
the one about the ao(980) — f5(980) mixing in the reactions x., — 7 7’p and
Xeo — 77t of Ref. [1.2], which will be discussed in section [I.3] Both works
share common features from an approach also employed in a previous study about
the decay x. — nmtn~ of Ref. [1.3], on which we will also comment throughout
this chapter. The general aspects of this approach will be outlined in section [1.1.2]

1.1.1 Chiral Unitary Approach

In this section we will present the basic features of the method we employ to
describe the f,(500) (previously denoted as the o meson), the ao(980) and f;(980)
resonances. In essence, these states are described as meson-meson molecules, which
emerge from the interaction of pairs of pseudoscalar mesons.

The main ingredient comes from chiral perturbation theory [1.4-1.6], which is
an effective field theory that uses chiral symmetry to describe the interaction of
mesons. In this framework the pseudoscalar mesons are the degrees of freedom
which act as Goldstone bosons, and a series expansion is made as a function of the
energy of the mesons. Since this is a perturbative approach, one can go to higher
orders at the expense of introducing new parameters, which later have to be adjusted
with experimental data, therefore increasing both accuracy and uncertainty. Due to
this compromise and the need of experimental data to fit the increasing number of
parameters, the predictive power of the theory may also decrease at higher orders.

The framework we adopt in this chapter to describe the scalar resonances is in
the same line as Ref. |1.7], where more details can be found. In our approach the
interaction of mesons will be described by the lowest order chiral Lagrangian

Trace[ (9,6 ¢ — ¢9,0)> + Mg* ] (1.1)
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where f, =93 MeV is the pion decay constant and ¢ is the pseudoscalar matrix

\%WO + \/Lgng nt K+
hs = m —5m + s K° , (1.2)
K~ K —\/lg??s
whereas M is given by
m2 0 0
M= 0 m2 0 . (1.3)
0 0 2m%i—m?

Next, we unitarize the amplitude using the Bethe-Salpeter equations in coupled
channels which implements the resummation of loop diagrams to infinite order, as

depicted in Fig.

> SO 00
Figure 1.1: Diagrams representing meson-meson loops.

As seen in the diagrams, the amplitude goes like
T'=V+VGV+VGVG+... (1.4)

which can be written as
Ty = Vi; + VuGiTy; (1.5)

where T;; stands for the matrix elements of the scattering amplitude corresponding
to the transition between channel ¢ to j. Analogously, V' corresponds to the matrix
describing the tree level interaction in each vertex and G| is the diagonal matrix of
the propagators describing the meson-meson loops of channel [.

The term VGT actually means

VGT = /% Vi(k,p;q) G(P,q) T(q; K, p). (1.6)

where P, q, k, p, k', p’ are the energy-momentum quadrivectors of the center-of-mass,
the internal loop, and incoming and outgoing meson pairs.

Factorizing the V' and T matrices on-shell out of the internal integrals, which
is justified in Refs. [1.7] and [1.§], the solution of the former equation is purely
algebraic, and we can rearrange the sum in the following form

T=01-Va)'v, (1.7)

From the Lagrangian in Eq. we extract the kernel of each channel, which
in charge basis are: 1) 7t7~, 2) 7%7%, 3) KTK~, 4) K°K°, 5) nm, 6) 7% and can be
found in Refs. [1.7,/1.9,1.10]. These kernels are used to build the V' matrix which is
then inserted into the Bethe-Salpeter equation. Each kernel is projected in S-wave
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and a normalization factor is included when identical particles are present, which
later needs to be restored.

The individual amplitudes can be plugged into a specific case of study, as we will
do in the following sections and or be combined in isospin basis to obtain
each resonance. One could as well write the V' and T" matrix in isospin basis from
the beginning, as done in Ref. |1.7].

The functions (G} are given by

) dq 1 1
Gl—Z/( ) 2 . P) ) (18)

2m)4 g2 — m2 +ie (P — q)%? — m3 + ie

where m; and msy are the masses of the two mesons of the [-channel. This function
diverges and it must be regularized with a proper scheme. We will use a cutoff
regularization method, which consists in replacing the infinite upper limit of the
integral by a large enough cutoff ¢4, for the modulus of the three-momentum. We
will take ¢nqe ~ 600 MeV, the value used in Refs. |1.1-H1.3] which we will discuss in
this chapter. After the integration in ¢ and cos @ we have

dmaz qu w1 + we
G = : 1.9
/ )2 wiws[(P9)? — (wy + we)? + i€ (1.9)

wi—\/q2+m (P%)? =

Finally, the T" matrix will give us all the scattering amplitudes, including transi-
tions between each coupled channel, and the resonances will appear as poles in the
scattering amplitudes of the channels that couple to them. From the pole position
in the complex plane the mass and width of the resonance can be obtained.

To illustrate this, we show in Figs. [l.2a] and [1.2b| the results from Ref. [1.3]
on the study of the x.; — nr7n~ where one can see the three scalar resonances:
the fy(500) which is dominated by 77 scattering in isospin 0, the f,(980) which is
dominated by KK scattering in isospin 0 and also couples to w7, and the aq(980)
which is dominated by K K scattering in isospin 1 and also couples to 7.

1.1.2 cc¢ — light pseudoscalars

As mentioned at the beginning of this chapter, we will present two works that
share some general features, the first point being that both study the decay of
a charmonium state into a trio of pseudoscalar mesons. The first one will be a
particular 7. decay and the second one will be a particular x.; decay. Both initial
states are composed of a c¢ pair, the only difference being their quantum numbers.
The 7. has JP¢ = 0~*, and in quark models it can be described as an L = 0,
S = 0 ground state, whereas the y.; has JP¢ = 1** and can be described as an
orbitally-excited state with L =1, S = 1 such that J = 1.

Since we will study the decay of these charmonium mesons into trios of light
pseudoscalars, it is reasonable to assume that they behave as an SU(3) scalar, that
is, we will assume that once the c¢ pair annihilates, trios of light pseudoscalars
are created respecting SU(3) symmetry, then the final state interaction of these
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(b) mm invariant mass distribution showing
the broad shape of the fy(500) and the sharp
f0(980) peak. The solid line adds an empirical
background (see Ref. [1.3] for details).

(a) mn invariant mass distribution showing the
huge ao(980) peak.

Figure 1.2: Results from Ref. [1.3] (before publication) using preliminary BESIII
data from Ref. [1.11] on the xoq — nr™7~ decay.

pseudoscalars will dynamically generate the scalars resonances f,(500), fo(980) and
a0(980), which will be observed in the decay channels measured in the experiment.

The assumption that c¢ is an SU(3) singlet stems from the fact that it does not
contain any of the u, d, s quarks that are the elements of SU(3). This is in total
analogy to the case where s5 has isospin 0.

This is our starting point, then the first thing we need is to construct a structure
containing trios of pseudoscalar mesons which is an SU(3) scalar in terms of the
flavor content, that is, being symmetrical in the amount of u, d, s quarks it contains.

An intuitive argument can be draw based on the following ¢g matrix:

Ul ucz UuUs U -
M=|du dd ds | =[d |(u d 5) (1.10)
su sd ss S
This matrix has the property
MMM
u . u B Uu 3
= (ads)|d](uauds) (a d s)
S S S
u —_ —
=|d | (a d 5)(au+dd+ss)
S
= M (tu + dd + 5s)°. (1.11)

Since (@u + dd + 3s) is an SU(3) scalar, then the scalar that we form with the
combination of Eq. (1.11)) is

Trace[M (uu + dd + 35)?] = (tu + dd + 5s)* = Trace[M M M].
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This matrix M can be related to the ¢ matrix of the light pseudoscalars meson
octet we saw in Eq. . If we write the light pseudoscalar mesons in terms of their
quark content, we see that we need to include the n; singlet to match the ¢ matrix
with the ¢g matrix M. This can be done by simply making the approximation of
n = ns and adding a diagonal term of n;/v/3 diag(1,1,1), with 1’ = ;.

Then, the combination of three mesons that behaves as an SU(3) scalar is given
by

SU(3)[scalar] = Trace(pgpo). (1.12)

For better accuracy one can also consider the n — 7’ mixing, in better agreement
with the actual physical meson states n and 7', which are defined as

n = costpng —sinbpn,

n' = sinfpng + cosbpn (1.13)
where 6p is the mixing angle. In terms of quarks we have
ns = (u + dd — 255)/v/6 (1.14)
m = (uii + dd + s5) /3
We will take sin p = —1/3, which is a standard choice |1.12]. Then
n ~ L(uﬂ+ dd — s3)
V3 (1.15)

1 _
"'~ —(ut + dd + 2s5
n \/6( )

A more recent determination of this mixing angle from fits to world data is done
in Ref. [1.13] with p = —14.34°. Since the dominant 7 component going with
cosfp only changes by 3% by taking 0p = —14.34° or sinfp = —1/3, we choose
sinfp = —1/3 (cosfp = 2+/2/3), which leads to the following convenient form of
the ¢ matrix

T+ o+ e ot K+t
— 1 1 1
6= ™ —wm et K . (116)
K- K — 5+ /5

which is the parametrization we will use throughout this thesis.

As we will discuss in detail in the following sections, using this SU(3) scalar
structure we can figure out the weights in which trios of pseudoscalars are created,
and then let them undergo final state interaction (using the method described in
the previous section to obtain the final trio of pseudoscalars observed exper-
imentally. We also must take into account the mass and quantum numbers of the
initial charmonium state, to properly evaluate the relevant dynamics and resonances
that can be present. Since the use of the chiral unitary approach already takes into
account the dynamical generation of the scalar resonances in coupled channels, we
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can use the amplitudes obtained with such method to calculate the invariant mass
distributions of each reaction.

Let us show one example from the work of Ref. [1.3] on the decay x. — nr 7,
when looking at the 77~ invariant mass distribution. By performing the algebra
involved in Eq. and isolating the 1 term we find the combination

4+ 3 00 1
n (2\/§7T T+ \/g’/T T + 3\/§7777) . (1.17)

As discussed in Ref. [1.3], the leading contribution for the 7 "7~ invariant mass
distribution can be calculated assuming the n leaves in P-wave and then, accord-
ing to Eq. , atn~, 7%7% or nn are produced in the primary step which will
undergo final state interaction to produce a w7~ pair, which will give rise to the
fo(500), fo(980) resonances. The main contribution comes from the diagrams shown

in Fig. [[.3|

LN LN
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(a) (b

Figure 1.3: Main contribution for the 777~ invariant mass distribution in the . —
nrtr~ decay: tree level (a) or rescattering (b) of 77 or nn pair, which generate the
scalar mesons fo(500) and fo(980).

This approach has been shown to be very reliable at low energies, and in the
work of Ref. [1.3] the high statistics data from BESII [1.14] of the x. — nrta~
reaction could be well reproduced, explaining the f,(500), fo(980) peaks in the 77~
invariant mass distribution and the huge a¢(980) peak in the 77 invariant mass dis-
tribution, as seen in Figs. and of the previous section [T.1.1]

Before we dive into the details of the works we will present in this chapter, there
is yet another interesting point to discuss regarding the SU(3) structure Trace(¢¢o).
Although the argumentation using the ¢g matrix to create the SU(3) scalar structure
Trace(¢¢¢) is intuitive, we should note that there are other possibilities. Formally,
the quantity Trace(¢¢p¢) is an SU(3) scalar by construction, since the light pseu-
doscalar matrix ¢ transforms as ¢ — U@U ™! under flavor transformations U in
SU(3). In fact, even using the ¢g formulation one can get other structures changing
the order of rearrangement of the quarks.

That being said we should note that we can construct three independent SU(3)
scalars using the ¢ matrix: Trace(¢gp), Trace(¢)Trace(pp) and [Trace(q)]®. In
principle one could use any linear combination of these scalars, however, that would
result in a less symmetrical structure and would only introduce more arbitrary pa-
rameters and uncertainties. To see that, let us first show all the terms of each one.
Using the parametrization of the ¢ matrix with the n — ' mixing of Eq. we
obtain
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mn
3V3

3 3
+\/—T]7TO7T0+ \/_ 0K+K— OKUKO

+77’< \/77777+3\/7K+K +3\/7K0K0 \fw%ufw 7r>

777777

Trace(ppg) = +2V3nmtn” + 3t KK~ + 3 K K°

: 1.18
75 T3 \/‘ n'n'y (1.18)

Trace(¢)Trace(¢p¢p) = % (mn + 77 + 2nt ™ 4+ 2K T K~ + 2K°KY)

2 _

+ 2\/; n' (m+ 7’7" +2rtn” 4+ 2K K~ 4+ 2K°K")
)
2
+ 77\77/%7 + 2\/;77’77’77’, (1.19)
nmn 2 m'y’ 16 /2

[Trace(¢)]* = 35 2 s AT S (1.20)

Here we show all the terms obtained for future reference, however, one should
be aware that depending on the final state of each reaction, not every term can
contribute since it must be possible that a transition to such final state can actually
occur using the coupled channels approach discussed in section [I.I.1 Also, since
we are interested in the scalar mesons f(500), fo(980) and ay(980), we will neglect
the 1’ terms, which play only a marginal role in the building of these resonances,
because of its large mass and small couplings.

Now let us discuss the different possible structures. First of all we should mention
that were the 7 not included, (which we do through the inclusion of the n — 7/
mixing), but instead we had taken n — ng and no 7/, then Trace(¢) = 0, so the
terms [Trace(¢)]® and Trace(¢)Trace(¢p¢) would vanish. We include the n—n' mixing
to fine tune it to the physical n state, which then allow us to consider these other
structures.

However, as we can see in Egs. and , these terms are not very
symmetrical since the n (or 1) have a prominent role in all of them, as expected.
We will show in a moment that this asymmetry causes an unbalanced contribution
from the channels that have transitions to 7m with respect to the channels with
transitions to 7.

We have explored the contribution of these terms and in the work of the 7.
decay in Ref. [1.1] we complemented the information given in Ref. [1.3] for the
Xe1 — nmtwT reaction, where only the Trace(¢p¢¢) was used. We show in Figs.
and [L.F], the results of Ref. [1.3] using only Trace(¢¢g¢) or Trace(¢)Trace(¢e),
presented in Ref. [1.1]. The results have been normalized in both cases to the peak
of the 77 invariant mass distribution in Fig.
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Figure 1.4: Results for the 7 mass distribution in the y.; — n7™ 7~ reaction. Data
from Ref. [1.14]. Solid curve: results from Ref. [1.3] using Trace(¢¢p¢). Dashed line:
results using Trace(¢)Trace(¢p¢) normalized to the peak of the distribution.
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Figure 1.5: Results for the 77~ distribution in the x.; — nat7~ reaction. Data
from Ref. [1.14]. Dotted and solid lines: results from Ref. [1.3] using Trace(¢po),
with and without background contribution. Dash-dotted and dashed lines: results
using Trace(¢)Trace(¢¢), with and without background.

We observe that the shape for the case of Trace(¢)Trace(¢¢) is completely off
from experiment [1.14]. Similarly, the strength of the 7+ 7~ distribution is also much
bigger than experiment and it produces a huge f,(980) peak, in total disagreement
with experiment. We have also tried different linear combinations of Trace(ppg),
Trace(¢) Trace(¢pp) and [Trace(¢)]?, concluding that the best reproduction of the
data is obtained with the term Trace(¢¢¢) alone, which is also more symmetrical
in the three mesons. The functional role of the term [Trace(¢)]?, involving only 7
mesons, is negligible since it cannot alone contribute to the 77 invariant mass.
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In view of these results, the predictions for the 1, — nrt7~ decay that will
be presented in section [1.2| and the study of the a¢(980) — f,(980) mixing in x. —
70 £5(980) — 77t~ and xoq — 70ag(980) — w077 reactions that will be presented
in section [L.3] were done with the term Trace(¢p¢) alone.

1.2 Predictions for n. — nw ™7~ producing f,(500),
£0(980) and ao(980)

In this section we will present the work of Ref. [1.1] with the predictions for the
Ne — Nt~ reaction.

1.2.1 Introduction

The sector of light scalar mesons has been a topic of intense discussions for
years [1.15-1.19]. Early discussions on their nature as ¢ or more complex objects
have converged to accept that these states cannot be g objects. An extensive
updated discussion on the issue can be seen in the report [1.20]. The discussions
in Ref. [1.20] reveal the large amount of empirical information favoring a dynamical
picture in which the interaction of pseudoscalar mesons in coupled channels and
constraints of unitarity generate scalar mesons, which would qualify as multichannel
pseudoscalar-pseudoscalar molecular states. The successful picture incorporating
the constraints of unitarity in coupled channels and the dynamics of the chiral
Lagrangians [1.21-1.23] is known as the chiral unitary approach, and either using
the inverse amplitude method [1.24-1.26] or the coupled channels Bethe-Salpeter
equations [1.7,/1.27H1.29|, the success in providing an accurate description in the
different reactions where these resonances are produced is remarkable. Detailed
reviews of such reactions can be seen in Ref. [1.30] and more recently in Ref. [1.31],
in relation to B, D, A, and A. decays involving these resonances as dynamically
generated. We note in passing that the chiral unitary approach does not implement
crossing symmetry, which means that it cannot be used to obtain 7K — 7K from
the 7w — K K amplitudes. In practice what one does is to unitarize 7w — KK and
7K — wK in the physical region as independent reactions. This procedure leads
to amplitudes in remarkable agreement with semiempirical studies using the Roy
equation, where crossing is also implemented [1.32,|1.33].

Tetraquark pictures have also been invoked [1.18,1.34], but the standard con-
figurations chosen to account for the masses run into one or another problem in
different reactions. A detailed discussion on this issue can be seen in section IV of
Ref. [1.35].

What ultimately sets the balance in favor of one or another theoretical picture
is the power to provide an accurate explanation of multiple reactions, and in this
sense there is nothing more convincing than making predictions for reactions not
yet measured and having the predictions realized a posteriori by experiment. This
is the aim of the present work where we make predictions for the decay n, — nrta™
looking into the invariant mass distributions of 77 and 7. In the distributions we
find a very clear and strong signal for the a¢(980), and also clearly seen but weaker
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signals for fy(500) and f;(980) excitation. We are confident on the results up to
invariant masses of about 1200 MeV and propose the measurement of this reaction.

There is a precedent for the . — nrt7~ reaction in the y. — nrt7~ decay,
which has been measured at BESIII [1.14]. As discussed previously, in this reaction
one can see a neat ag(980) signal in the 77 mass distribution with its typical cusp
shape and with very little background. On the other hand, in the 77~ mass
spectrum one sees a very clear peak for the fy(500) and a smaller, but visible peak
for the f4(980). The 77~ spectrum also shows a pronounced signal for the f5(1270)
excitation. A theoretical study for this reaction using the chiral unitary approach
was done in Ref. [1.3] and a good reproduction of the shapes and relative strengths
of the invariant mass distributions was obtained up to about 1200 MeV, the present
limit of applicability of the chiral unitary approach in the interaction of pseudoscalar
mesons.

The 1. — nm 7~ reaction has many things in common to the x.; — 77~ one,
but also differences. The y. has quantum numbers I¢(JF¢) = 0T(17+), the 7, has
0t(01). In the xog — prta—, if the 77~ is in S-wave to create the fy(500) and
f0(980), the n must be in P-wave to conserve angular momentum and parity. In the
n. decay the process can proceed in S-wave. Concerning the f»(1270) excitation, in
the .1 — nmt 7~ reaction, the same process with n in P-wave, and the 77~ in D-
wave, can produce the resonance. In the n, — nm ™7~ we will need a D-wave for 7 in
the production vertex, in addition to the internal D-wave of 777 ~. This mechanism
should be suppressed versus the one of fy(500) or f,(980) production and then the
signals for the scalar mesons would be cleaner than those in the y. — nata™
reaction. With this perspective we perform the calculations and make predictions
for the reaction. In the absence of the fo(1270) excitation we also make predictions
for the background. Our limitations to the range below 1200 MeV for the energies
of the interacting meson pairs induce uncertainties on the background, but we can
show that these uncertainties are small in the region of 77~ or 77 invariant masses
below 1200 MeV, thus making our predictions really solid. With these results and
clear predictions, we can only encourage the performance of the experiment which
is easily implementable at BESIII.

1.2.2 Formalism

As discussed in the previous section, we will assume that trios of light pseu-
doscalars are created after the c¢ decay respecting SU(3) symmetry, which can be
described by the structure Trace(¢¢p¢) that was shown to reproduce well the data
of the analogous reaction x., — nntw~. So, the first step is to select the terms
from Eq. that can go to the final state nw* 7~ through the coupled channels
interactions of pairs of pseudoscalar using the chiral unitary approach from section
[.1.1] Asin the x»q — nr™n~ decay [1.3], these terms are:

3
Trace(pgg) = 2v/3nmta™ + V3nr'n" + %—nrm
+ 37T K'K™ +3n" KT K", (1.21)



1.2 Predictions for n, — nntn~ producing fy(500), fo(980) and ay(980) 27

We have eliminated the terms 7K+ K~ and 7°K°K° because upon final state in-
teraction of any pair, as we do here, we never have the nm*7~ combination which
is measured experimentally. In order to have nr*7~ at the end, at least one of the
mesons has to be the n, 7+ or 7#~. The 1’ terms were also removed because they
play a negligible role in the formation of the f,(500), fo(980) and a(980) states.

This expression gives us the relative weights in which trios of pseudoscalars are
produced from 7. decay in a first step, prior to the final state interaction of these
mesons. The next step is to allow them to interact. By letting all possible pairs to
interact and make transitions, and isolating the final n7* 7~ channel, the diagrams
to be considered are given in Fig. [1.6
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Figure 1.6: Diagrams involved in the 7. — nrt7~ reaction including final state
interaction of pairs of mesons.

In the loops of Fig. we show all pairs allowed by Eq. that can give
rise to the considered final state. Then the amplitude that sums all terms is given
by

t = tiree + by + tor + tom, (1.22)

where the tree level amplitude is
tiree = Vphprta—, (1.23)
and the first transition amplitude is

ty=Vp > hiSiGi(Miny (757 )t e (Mg (7F77)), (1.24)

where V, is a constant coefficient, common to all four terms, that accounts for the
matrix element of the tree level 1. — 3 mesons transition, up to h; coefficients,
which are the factors multiplying each combination of three mesons in Eq. (1.21)):

h,,77T+7r7 = 2\/3, hnﬂoﬂo = \/g,
V3 (1.25)
9

h hﬂ—JrKOK— = hﬂ.fKJrf(o - 3

nn —
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In Eq. only Atz hyzozo and hy,, contribute. The function Gj; is the
loop function of the two intermediate mesons and ¢; ;+,- is the transition matrix
element from the state ¢ to #77~. The G; and t; .+, functions, depending on the
invariant masses of 777~ My, (7"77), are taken from the chiral unitary approach,
and we follow Refs. [1.7,/1.9,1.10,|1.37], as presented in section . The factor S;
is a symmetry factor to account for identical particles,

1 1
Sr070 :2!5 (for 77°), Snn:3!§ (for nm). (1.26)

Here we also need the charged components, which can easily be obtained using
isospin symmetry and we find [1.36]

tKOKf - = \/EtKJrK*,ﬂ'Om
tK”—(Oﬁn = V2t g on, (1.27)

trtnatn = tr—nr—n = Lx0pa0p-

Similarly, we have

ter =V, Z hiSiGli( Miny (771) Vs (Miny (771)), (1.28)

where in the sum over i we have the states 7~n and K°K~, and

=V, Zh S5 G Miny (75 0)) st (Mo (7)), (1.29)

where now in i we have 7*n and K+ K.
We take as reference the 777~ and 777 invariant masses and write the double
differential mass distribution for three-body decays [1.3§]

d2r
AMipy (777 )dMiyy (71 1)
1 1

= ——— M (777 ) My () [£]*.

(1.30)

From this formula we obtain and dl by integrating over the
(mFn)

dr
dMinv(ﬂ'+7T7) dMinV
other invariant mass. By labeling 1, 2, 3 to the n, 7", 7~ particles, respectively, if
we integrate over Mg, the limits of integration are given in Ref. [1.38] (alternative,

equivalent, expressions can be obtained from Ref. [1.39]). These limits are

(MZ)maz = (B3 + E3)?
N (CET
(M3)min = (E3 + E3)? (1.31)
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Figure 1.7: Dalitz Plot for . — n7"7~, in the 7 and 77 masses.

where
By = (M7, —m7 +m3)/2Ma, (1.32)
Ej = (M, — Mf; —mg)/2M,. ‘
If we integrate over Mis, the limits of integration are
(M122)max = (E;, + Eikl>2
2
_ (\/E;’2 —m2— \/Ef'2 — m? ) :
o o (1.33)
<M122)mm = (B + Ej )2
2
- (\/E22 —mi+ \/Ef’2 — m? > ,
where
EY = (M2, — m2 +m2)/2Mas,
5 = (M 3 2)/2Mo3 (1.34)

Ei = (M; — M3y —m7)/2Mog.

Since we take the 77~ and 717 invariant masses as variables, we must note
that ¢,+ depends on the 777 invariant mass, M;3. However, this mass is given in
terms of the other two variables since one has |1.3§]

Mty = M} +2m2 +m. — M7, — M3, (1.35)

1.2.3 Results

For simplicity, we will refer to M, (7T7n~) and M, (7%n) as M, and My,
respectively. In Fig. we show the Dalitz plot for My, and My, in the n. — nrtn~
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decay. We are interested in dev‘gﬂ_) and dMin(jIEn+n) in the region of f,(500), fo(980)
and ao(980). If we take M., ~ 1000 MeV we see that M., goes from 500-2300
MeV, but the range is similar for values of M, up to 2200 MeV. This means that
the strength of the 77 distribution will be spread along a wide range of M, and
we expect roughly a background following phase space. At My, ~ 750 MeV the
range of M, is reduced to 800-1700 MeV and we can expect to obtain contribution
from the M., ~ 980 MeV region, which we have under control. Altogether we
might anticipate that the background below the a¢(980) peak will be moderate and
controllable.

If we now fix My, in 500-1000 MeV, the range of M, is large and we should
expect a background evenly distributed according to phase space. However, for
M~ ~ 400 MeV the range of M, begins at 1200 MeV, thus for these energies we
will not have contribution from the large peak of the a¢(980) and the background
will be small.

In order to evaluate the differential mass distributions we must bear in mind that
the chiral unitary approach that we use only makes reliable predictions up to 1100-
1200 MeV. One should not use the model for higher invariant masses. With this
perspective we will have to admit uncertainties in the mass distributions, particularly
at invariant masses higher than 1200 MeV which are a large part of the Dalitz plot.
Yet, we are only interested in the region of invariant masses below 1200 MeV both
in My and M, and it is just there where we would like to know uncertainties of our
model. For that purpose we take the following prescription: we evaluate Gt(Miyy)
combinations up to Mi,, = Mcy. From there on, we multiply Gt by a smooth factor
to make it gradually decrease at large M;,,. Thus we take

Gt (M) = Gt( My )e™@Minv=Meut) = for VLo > Moy (1.36)

We take the value Mgy, = 1100 MeV, with a = 0.0037 MeV~!, 0.0054 MeV !
and 0.0077 MeV~!, which reduce Gt by about a factor 3, 5 and 10, respectively, at
My + 300 MeV. We show the results in Fig. for WM and Fig. for

W. The results taking M., = 1150 MeV are practically identical below
1200 MeV.
In Fig. we show our results for 4+ d€ﬂ+ﬁ) (the g dfﬂ_n) is identical). We see

that below 1200 MeV, in the region of the ay(980), the uncertainties are very small,
what makes the predictions in that region rather reliable. Since the amplitude ¢
of Eq. sums coherently all terms, it is interesting to see what is mostly
responsible for the peak. For this we keep in ¢ only the tree level amplitude t;,..
and t,-, since t,- is the term that contains the direct M., (7n) dependence in
tintn(Miny(777)). The result obtained with these two terms are shown in Fig. [1.8
by the solid line. This is what we call in the figure, “no background”. We can see
that the “background” created in that region by the other two terms, ¢+ and ¢, is
rather small. Yet, in the region from M, = 700 MeV to 990 MeV, this “background”
reduces a bit the contribution obtained by t;.c. + t.— only.

It is interesting to note that the “no background” prescription was taken in Ref.
[1.3], and a smooth background was added incoherently to the 77 mass distribution
in the xoo — nrt7™, but not to the mn mass distribution. The ay(980) mass
distribution was in quite good agreement with experiment [1.14], but was a bit
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Figure 1.8: df/[—ljm as a function of M, for M., = 1100 MeV and three different

values of a.. See text for explanations.

higher in the M, = 700 — 990 MeV region, by an amount similar to the difference
seen in Fig. between the solid and other curves. The results obtained here could
be easily translated there, with the consequent improvement of the agreement with
the data. Similarly, at energies above 1000 MeV the “background” increases the
“no background” curve, and this could also help the results of Ref. [1.3], as seen in
Fig. of section [L.1.1] to get in better agreement with the data of Ref. [1.14].

The strong cusp shape of the a¢(980) and the small background, qualify this
reaction, together with the x.; — nr 7™, as the reaction where ao(980) shows up
more strongly and more neatly.

In Fig. e show the analogous results of Figbut for the W mass
distribution.” We see that taking M., = 1100 MeV, There are uncertainties in the
region of M, > 1200 MeV for the different values of o chosen, but the uncertainties
are much smaller in the region below 1200 MeV, what makes the predictions more
solid. It is more interesting to see that we observe a neat signal for the f,(500) and
a much smaller, but clearly visible, signal for the f;(980). We also show the results
with “no background” obtained taking for ¢ the sum ¢, +1,, since in ¢, we have the
terms t; p+o— (Miny(7777)). We can see that the “background” does not affect the
mass distribution below 450 MeV, but gives a sizeable contribution from 550 MeV
to 1200 MeV. Once more, in the x. — nr™ 7~ reaction studied in Ref. [1.3], where
only the “no background” terms were considered, it was found that an “empirical”
background of this size was needed to reproduce the data of Ref. [1.14], as seen
in Fig. of section [[.T.T] Again, all these facts reinforce the reliability of the
predictions made here.

The results obtained are shown in arbitrary units (the calculations are done
taking a value of V, = 100), however, the relative weights for the M. and My,
mass distributions of the figures are also predictions that can be tested in actual
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experiment. As we can see, the strength of the peak of the a(980) is about three
times the strength of the f(500) peak.

We should note that in the region of M, or M, above 1200 MeV one should
expect contribution from other resonances, not accounted for here. However, the
small uncertainties of the spectrum below 1200 MeV due to the uncertainties above
1200 MeV, indicate that the corrections below 1200 MeV due to the contribution of
higher energy resonances would still be small.

We can be more quantitative about this by looking at the amplitude analysis
done in Ref. [1.14]. In Fig. 6 of that work, one can see contributions of ay(980),
az(1320)m, ax(1700)7, Sk ig—snr?s Srnosmah, f2(1270)n, f1(2050)n. What is seen there
is that all these terms (except for the ag(980)7 itself) give a negligible background
in the a¢(980)7 peak below 1200 MeV. On the other hand, the 77 distribution is
dominated by the S;;_.n term (leading to the fy(500) peak) and the Sk i xn
term (leading to the f,(980) peak). All the other terms, except for the replica of the
ao(980)m peak, give also negligible contribution in the 77 mass distribution below
1200 MeV. Only the f2(1270)n gives some small contribution around 1200 MeV, but
we argued that here it should be suppressed. The replica of the a(980)7 peak in the
7 mass distribution we have here, and it is basically responsible for the differences
that we have in Fig. between the “no background” and the total contributions,
similarly as to what is found in Ref. [1.3], as seen in Fig. of section [L.1.1]

1.2.4 Conclusions

We have done a theoretical study of the . — nr*7n~ decay paying attention

to the final state interaction of the pairs of mesons. We evaluate W and
dr

o ) and make predictions that should be confronted by a future experiment.
The first step is to see the weight of the possible trios of mesons coming from the 7,
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decay, prior to any final state interaction, which is done assuming that the 7. is an
SU(3) singlet and then using SU(3) symmetry in the trios of pseudoscalar mesons.
We relied upon the results of the x.; — nm*7~ reaction to support the fact that
the Trace(¢p¢@), most symmetric in the three fields, is the appropriate invariant to
be used in the present reaction, as discussed in section[1.1.2] After that, all possible
pairs in the trios are allowed to interact (not only nmt7~) leading to the final nr* 7.
The calculations are done using the chiral unitary approach for the interaction of
mesons, which has a limit of applicability up to Mi,, = 1200 MeV. We observe a
large and clean signal for the a¢(980) in the 7 mass distribution, and a relatively
large signal for f(500) and a smaller one for f5(980) in the 77~ mass distribution.

Given our ignorance above 1200 MeV, we gradually decrease the loop functions
and amplitudes beyond M., around 1200 MeV and, with different options, we
estimate uncertainties. What we observe is that, while uncertainties indeed appear
in the region of M;,, > 1200 MeV, they are very small below that energy, rendering
our predictions rather solid. The shape and strength of the mass distributions, up to
a global factor (the same for all of them), are predictions of the theory which could
be confronted with experiment. The ultimate aim would be to provide support to
the picture in which the f(500), f5(980) and ag(980) resonances are dynamically
generated from the pseudoscalar-pseudoscalar interaction. Since neat predictions,
more than reproduction of measured data, have a higher value to support one or
another picture for the scalar mesons, we encourage both, calculations of the reaction
in different models, as well as the performance of the reaction, which in analogy to
the x. — nrtn~ already measured at BESIII, could be measured in this or other
facilities.

1.3  ao(980)— f4(980) mixing in x. — 7°f,(980) —
't~ and xo — 7°a0(980) — wln'n

In this section we will present the work of Ref. [1.2], where the same framework
discussed in the previous sections was employed. In this case we also introduce
isospin violation in the reaction x4 — 7°f(980) — 777~ and study its connec-
tion with e — m0ap(980) — 7°7% and the ao(980) — fo(980) mixing.

After this work was published new measurements from BES were published in
Ref. [1.40], confirming the previous measurements with higher statistics.

1.3.1 Introduction

The nature of the scalar mesons a((980) and f,(980) has been a topic of much
discussion since their discovery decades ago. Several models have been proposed,
from regular ¢g to more exotic configurations like tetraquarks qqgg, hybrids ggg
and meson molecules [1.7,[1.34,/1.41-1.45]. In this context, the isospin-violating
mixing of f(980) and ad(980) presents an opportunity to filter different proposals
and constrain parameters in the models.

In Ref. [1.46], the possibility of observing these scalar mesons in the reaction

+ - 0.0

ete” — yn'n’(n) was already discussed along with their different interpretations



34 Chapter 1. Meson-Meson Interactions

as s5 states, tetraquarks or KK molecules. Their mixing was first suggested in
Ref. [1.47] and its connection to the difference in the mass of the charged and neutral
kaons was already seen as the main source of the isospin symmetry violation. Also,
in Ref. [1.48] the scattering amplitudes of 77 and 77 were studied with the Jiilich
meson exchange model and it was found that the cross sections for 7w — 71 would
be nonzero, indicating again the possibility of aq(980) — f,(980) mixing.

There are several reactions where this isospin-breaking mixing appears, for in-
stance, in the decay 1(1405) — 7 f(980) and 1(1405) — 70a0(980) [1.49], which was
studied in Ref. [1.50] using the chiral unitary approach. The same puzzle seemed
to be present in the decay of the 7(1475) and both problems were discussed in
Refs. [1.51,/1.52], where the interesting role of the triangular singularities in enhanc-
ing the isospin violation was shown. This reaction was also discussed in Ref. [1.53],
and in Refs. [1.54,/1.55] the reaction f;(1285) — 7°f;(980) was studied along the
same lines.

Recently, another case where a triangular singularity reinforces the isospin break-
ing in the a¢(980) — fo(980) mixing was studied in Ref. [1.56], indicating that the
reaction DF — 777%a0(980)(f0(980)) could bring further information on this sub-
ject.

Also recently, the role of the ag(980) — fo(980) mixing was investigated in the
D° — Kl7ntn~ and DY — K9nn® decays [1.57]; and also in the D — nr7*
decay [1.58|, showing new possible reactions to investigate this topic. In Ref. [1.59)
several possibilities of D, and B, decays have been proposed and it is argued that the
ao(980) — fo(980) mixing could be experimentally determined with high precision.

One of the first attempts to quantitatively relate the ao(980) — f5(980) mixing
with experimental data was made in Ref. [1.60], through the analysis of an enhance-
ment in the production rate of the ag(980) relative to the a»(1320) in pp — ps(n7°)p;.
However, questions about other secondary effects related to G-parity were raised in
Ref. [1.61], which could affect the assumptions made in Ref. [1.60].

The mixing of these scalar mesons in the radiative ¢ decay was discussed in
Refs. [1.62,1.63], while the photoproduction of f,(980) and a((980) was studied in
Ref. |1.64], with emphasis on the isospin-violating mixing due to the mass difference
of kaons and the role of polarized photons and protons.

The decay of 1 has also been a topic where this mixing was investigated. For
instance, in Ref. [1.65] the reaction ¥ — nm%7® was studied in the framework of
the isobar model, where the fy(500) was also included in the analysis. Similarly,
the decays ' — 37° and ' — 777~ were considered in Ref. [1.66], both recently
measured by the BESIII Collaboration [1.67]. After this measurement, the decay
n — 3w was studied in Ref. |[1.68] with an extended chiral Khuri-Treiman formalism,
where the a((980) and f,(980) are taken into account in the dispersive integrals.

Other reactions have been proposed to search for the f,(980) and ay(980) mixing,
like the pn — dag in Ref. [1.69]. This reaction was also studied in Ref. [1.70], where
two more reactions were proposed: the pd — 3He /*Hay and the dd — *He ay.
Also, in Ref. [1.71] it was suggested performing polarized target experiments on the
reaction 7~ p — nw’n, where the mixing would be detected through the presence
of a jump in the azimuthal asymmetry in the 7% S-wave production cross section
around the K K threshold.
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Searching for a reaction where the isospin breaking could be measured unambigu-
ously, the decay J/v — ¢f5(980) — ¢ag(980) — ¢7’n was proposed in Ref. [1.61],
where it was assumed that first there would be the formation of the f,(980), which
then would make a transition to ao(980) violating isospin conservation and finally
the latter would decay into 7%). The background of other reactions was analysed
and the conclusion was that one should expect a narrow peak in the 7% invariant
mass with a width of about 8 MeV in the region of the K K threshold, which would
come from the difference in the mass of the charged and neutral kaons, and would
be clearly distinguishable from the broad structure of other background process.

The reaction J/1 — ¢n’n was also investigated in Ref. [1.72], where the chiral
unitary approach was used to study the a¢(980) — f,(980) mixing, considering the
difference in quark masses and also one-photon exchange between charged mesons.
It was shown that this mixing was indeed the most important isospin-breaking effect
and could be extracted from experiment through that reaction.

Next, the question whether there would be a difference in the inverse isospin-
breaking process, where the a¢(980) would make a transition to the f,(980), the
complementary reaction y. — 7’ap(980) — 7°f5(980) — 777~ was proposed
in Ref. [1.73], and it was found that one could indeed expect different rates of
mixing. The uncertainty of these calculations were attributed essentially to the
different parameters extracted from different theoretical models or experimental
measurements of these two scalar mesons.

Some time later, the two reactions proposed in Refs. |[1.61,|1.72|1.73] were mea-
sured by the BESIII Collaboration [1.74], the isospin-forbidden production of a((980)
in the decay J/v — ¢n°n and the isospin-forbidden production of f3(980) in the de-
cay Ye1 — m'mtm~. The mixing in both reactions was determined through the frac-
tion of the branching ratios with their corresponding isospin-allowed process [1.74],
respectively the J/¢ — ¢ntn~ (where the f3(980) shows up) measured by the BES
Collaboration [1.75], and the x.; — 7°7%n (where the aJ(980) shows up). As argued
in Ref. [1.73], the latter reaction could be compared to the x4 — nrtn~ (where
the ai (980) shows up clearly), since by isospin symmetry the same production rate
is expected for yo» — 7°a((980) as in xo1 — 7ad (980) (with af (980) — nr).
The x. — nrr~ was measured by the CLOE Collaboration [1.76] and recently by
BESIII [1.14] with high statistics.

After the BESIII experiment [1.74], the reaction J/¢ — ¢ was studied in
Ref. [1.77] using the chiral unitary approach, where the importance of other mecha-
nisms was also shown, like the sequential exchange of vector and axial-vector mesons
to obtain a good agreement with the data. Also based on this experiment, a study
of the amount of KK in the ag(980) and fo(980) was developed in Ref. [1.78] using
the chiral unitary approach and the Flatté parametrization, where the mixing of
these scalar mesons, formulated in a similar manner of Refs. [1.61,]1.73], was used
to constrain their parameters and compositeness.

Not much theoretical work has been done to describe the other isospin-breaking
reaction also measured by BESIII, the yo — 7’7 F7~, in which we focus. There is
one more reason to tackle this reaction at this stage, since the recent experiment
by BESIII [1.14] on the x4 — nm*7~ reaction has brought new light into this
problem. Indeed, the process was studied theoretically in Ref. [1.3] (see Figs. |1.2a
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and with the basic assumption that the x. is an SU(3) singlet due to its c¢
structure. The different SU(3) scalar structures with three mesons were discussed
in Refs. [1.1,/1.79] in the study of the 7. — nrt7~ reaction (see section
supporting the structure used in Ref. [1.3] by means of which a good agreement
with the experimental data of x4 — nrTn~ [1.14] was found (see Figs. and
. This information is important for the y.; — 77 7~ reaction since it provides
the weights of different trios of pseudoscalar mesons that can be formed, prior to
their final state interaction from where the f5(980) and ay(980) resonances emerge.
The use of this information and of the chiral unitary approach to deal with the
interaction of pairs of pseudoscalars allows a thorough investigation of this process,
clarifying the mechanisms that lead to isospin breaking, and providing for the first
time a quantitative description of the f;(980) and a¢(980) production with a ratio
of strengths in agreement with the BESIII [1.74] experimental data.

1.3.2 Formalism

In this work we are interested in two reactions: x. — 7°f(980) — 7077~
and ye1 — 7ag(980) — w07, from which we wish to calculate the invariant mass
distribution of 7+7~ and 7%, respectively. We follow a similar approach to the one
of Refs. [1.1,|]1.3], assuming that the x.; behaves as a flavor SU(3) scalar since it is
a cc state. Therefore, in the present work we also adopt Trace(¢ppe) as the SU(3)
scalar. Since we are interested in observing the f;(980) in the 77~ channel when
the final state is 7777~ and the a¢(980) in the 7 channel when the final state is
797%) , we need trios of pseudoscalars that have at least one 7%, and such that the

remaining pairs couple to these channels, directly or indirectly. Looking back to Eq.
(1.18)) for the Trace(¢pgp) we obtain the combinations 7% and 7K K, as follows

0
V2

Then Eq. tells us the weight by which trios of pseudoscalars are produced
in the first step of the x.; decay. The next step consists of letting these mesons
interact in coupled channels such that the final state is 7% or 7% *7~. In this
case, the diagrams for a(980) and f,(980) production are shown in Fig. and
1.11], respectively.

Here we have a different situation from the 7. (J = 0) decay of the previous
section and Ref. |1.1], where every main contribution would proceed in S-wave,
such that all diagrams could in principle interfere. In the present case, since the
Xa (J = 1) has an orbital excitation, we need to take into account the different
combination of quantum numbers.

In the study of the x. — nmTn~ reaction in Ref. [1.3], to conserve the J¥
quantum numbers, we needed a P-wave in either any of the three mesons 7, 7" or
77, such that the remaining pair 77~ or n7® could interact in S-wave to generate
the fo(980) or ag (980), respectively.

In that case the possible structures were

Trace(¢ppo) = V3n'n'n + —(BKTK~ —3K°K?), (1.37)

Vi=Aé., Dy
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Vo= Bé,, it (1.3
Vs =Cé,, P

8)

If, for instance, we take the first structure of V4, the p, coupling introduces L = 1
and forces the 77~ pair to also have positive parity. With these quantum numbers,
the 77~ pair can be in 19(JY) = 0% (07*) and then produce the resonance f,(980).

Then we would have a combination of the three structures of Eq. and

then the primary amplitude would be of the type

t=A chl 'ﬁn + B gXcl Prt +C chl P (1'3

9)

However, as discussed in Ref. [1.3], there is no interference between these terms.
Indeed, the crossed terms in |¢|? after averaging over the polarization of the massive
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X1 State go as
Z2RG(AB*)€Xc1 ’ ﬁn chl ’ ﬁﬂ'""
1 2
:2Re(AB*)§(5ijpmpﬂ+j == gRe(AB*)ﬁn . ﬁﬂ—Jr? (140)

which vanish upon integration over angles in phase space. Thus, for [¢{|*> we have
the sum of the squares of each amplitude in Eq. , in which the tree level and
rescattering of a pair is contained in each one.

For symmetry reasons, the probability that the P-wave is in either of the mesons
should be the same, then A = B = C' at tree level (up to the factor of the weight of
each trio under SU(3) symmetry), then we will use a common normalization factor
Vp that stands for the dynamics of y.; — three mesons, as in the case of the 7,
decay.

Also, as argued in Ref. [1.3], the interaction of the meson that comes in the
P-wave with any of the other two should proceed in P-wave, which is negligible for
7n and zero for wm which have been created in I = 0. That made the interpretation
of the signals in Ref. [1.3] particularly easy, since they came from either the 7
or 7 interaction in S-wave. Under this condition, one can avoid using the double
differential mass distribution as in the 7. decay of section [1.2] which forced us
to introduce a cut in the amplitudes at high energies, and instead use directly a
simple invariant mass distribution with just the dominant contribution when one
meson leaves in P-wave and the remaining pair interact in S-wave. Since the same
argumentation is valid in the reactions we will present in this work, the y. —
70a0(980) — 77%n and the x4 — 7°£(980) — 707 7, we will follow the same
approach.

That being said, let us analyse the specific case of the present work. The quantum
numbers of the x. are I¢(JFY) = 07(17), while the quantum numbers of the
ao(980) and f,(980) are 17(0*T) and 07 (0""), respectively. If the 7% and nt7r~
are in S-wave to create the ag(980) and f;(980), the remaining 7° must be in P-wave
to conserve angular momentum and parity. Then the structure of the amplitude at
tree level will be

t ="V, €. - Dno, (1.41)
where, for comparison purposes, we will take the same value of V), that was used in
Ref. [1.3].

The full amplitude for the isospin-allowed a¢(980) production (with final state
70 7%9) is obtained considering also the rescattering of the pairs of mesons as indi-

cated in Fig. [1.10} then

t =€y, - Pro fwon, (1.42)
with
t~7r077 =V, (fLTr(),7 + hﬁoq7 G7r077 Lr0y—sm0y
+ hg+x- Grig- tk+k——n0y
+ hgogo Ggogo tKoj(o_mon), (143)

where the weights h; are obtained from Eq. (1.37): hgo, = 2V3, hitg- = 3/V/2
and hgogo = —3/v/2. Note that ho, has an extra factor 2 with respect to the
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coefficient v/3 for the 7°7%) field in Eq. (I.37), since with the production of two 7°
we will have the terms 9;7° 7%+ 7° 9;7%. The functions G;; are the same used in the
Bethe-Salpeter equation, from which we also obtain the rescattering amplitudes, as
we saw in section [[LT.1]

Now for the isospin-forbidden f;(980) production (with final state 7 777 ~) we
have no tree level, and we consider only the rescattering diagrams, as indicated in

Fig. then
t =&y Do trtam, (1.44)

where

batn- = ‘/p (hrron Gwon tTl'On*)Tl'+ﬂ'7
+ hi+r- Gr+r- TR+ K- Satn-
4+ hgogo Grogo tKoko_mﬁTf). (145)

As we will discuss in a moment, the isospin symmetry breaking will be introduced
through the use of different masses for the charged and neutral kaons. We note that
the difference between the K*K~ and K°K° loops is convergent, and useful to
investigate the fy(980) production, but in order to deal with the a¢(980) production
and study the whole problem quantitatively, one must face the divergent behaviour
of all the propagators. For that we have a simple solution of employing in Egs.
and the same cutoff used to regularize the loops inside the 7" matrix, which
yields results in good agreement with the y.; — nm 7~ decay, as shown in Ref. [1.3].

We note that our approach is in the same line of Ref. |[1.77], but it is different
from the approach of Ref. [1.73], where it was assumed that the isospin-forbidden
production of f,(980) comes from a transition a¢(980) — fo(980), related to the
phase space available in the propagators of pairs of mesons. On the other hand,
we assume that the f;(980) emerges from the y.; decay, stemming from the meson-
meson loops, without going first through the a(980) production. As we will show
next, our method has some interesting features, providing an intuitive explanation
of the mechanism behind the isospin symmetry violation.

Note that if we consider isospin symmetry the amplitude in Eq. would
be identically zero, because 7% — 777~ would not conserve isospin — since we
consider 777~ in I = 0 to create the fy(980) — and the terms with kaons would
cancel due to the minus sign in hgogzo. Indeed, we can interpret the last two terms
as KK in isospin 1 basis, which again, would not go to 7*7~ in I = 0.

Therefore, the only way to have f,(980) production is by introducing isospin
breaking, which we implement using different kaon masses. We introduce isospin
violation from two sources, one comes from Gg+r- and Ggogo, the first loops of
rescattering with K*K~ and K°K? pairs in Egs. and . In the case
of 7% production the KK~ and K°K° terms add, but in the case of the 7+ 7~
production they subtract, and would cancel if the masses of the kaons were equal.

The other source comes from the 7" matrix that we construct with different kaon
masses in the propagators inside the Bethe-Salpeter equation T'= (1-VG)~™'V [1.7],
which we use to obtain the scattering and transition amplitudes ¢; 0, and ¢, +.-.
This way, the t 0, .+~ transition will also be nonzero — because of the coupled
channels interaction — when we introduce isospin breaking inside the 7" matrix.
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Finally, for the case of a¢(980) production we can write the invariant mass dis-
tribution as

dr 11 1, I,
= - a tronl”, 1.46
Al e0) ~ @rp Az, 307 0o Dol A0
Where 1/2 2 2 2 0
p 0 = )\ / (MXcl’mTr07 Minv<7T T])) (1 47>
" 2MXCI 7 '
and
OB (), ) s
pﬂ - 2Minv(77077) . ( . )

On the other hand, for the case of f,(980) production, the invariant mass distri-
bution reads

dF ]_ ]_ 1 2 ~ 7 2
- o T T tﬂ' T | 149
Mo (r777) ~ (@m)p A0Z, 307 P Prtlfr] (1.49)
with 1/2( 172 2 2 (4
AE(ME  mZy, M3 (™
Pro = (M M )), (1.50)
2MX61
and 12/ 072 (ot 2 2
AE (M, - _
per _ ( lIlV<7T T )7?7;L7r+’m7r ) (151)
2Mipn (7))

1.3.3 Results

The importance of the kaon mass difference in the a(980) — f,(980) mixing
can be appreciated when we look at the KK amplitudes obtained with the chiral
unitary approach in isospin 0 and 1, as shown in Figs. [1.12aland [1.12b| where isospin
symmetry was used. We can see that both resonances appear around the KK
threshold, and their dynamical nature emerging from coupled channels interactions
allows the mixing to occur when isospin symmetry is broken.

The fact that both resonances couple to KK and have similar masses around
this threshold is what allows the mixing to occur, which takes place in the energy
range of about 8 MeV between the charged and neutral kaon pair thresholds, K+ K~
and K°K°,

We should note that all our results are calculated using isospin-average pion
masses, but the effect of using different pion masses is completely negligible (as we
have checked) in comparison with using different masses for the charged and neutral
kaons.

We show in Figs. and the invariant mass distribution dI'/dM,, from
Eq. , where the shape of the ay(980) is clear. The solid line represents the case
where different masses for the charged and neutral kaons are used in the propagators
inside the T" matrix and also in the first rescattering loops Gg+x- and Ggogo, as
discussed in the formalism. The dashed line is the case where the different masses
are used only inside the T" matrix and the dotted line only in the first rescattering
loops G+ - and Ggogo. As we can see in Fig. [I.13] there is only a small difference
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Figure 1.12: Comparison between KK — KK amplitude squared in isospin 1 and
0 (S-wave).

around the KK threshold. Looking closer into this region (Fig. one can see
that in the three curves there is a small cusp effect at My, equal to 2mg+ and
2myo; whereas in the dashed and dotted line (where the isospin-average kaon mass
(m) is also used) the a¢(980) peak appears at 2 (mg).

Notice that there is an interesting comparison to be made with the reaction y.; —
nmtw~. In this case, the x. — 7’7’y has the same isospin content, and we can see
for instance in Eq. (7) of Ref. [1.3] that when the 7" is in P-wave the 77 term has
the same weight as the 77 in Eq. — after the inclusion of the statistical factor
— while the K°K~ term has the same weight as the (K+ K~ — K°K°)/y/2, and both
are KK in isospin 1. The same is valid for Eq. (8) of Ref. [1.3], when the 7~ is in
P-wave. Indeed, if we look at Fig. 6 of Ref. [1.3] (see Fig. of section we
see that the intensity of the a((980) peak is exactly twice as here (in Figs. and
1.14)) since there we had the sum of both contributions from 7+7 and 777, and here
we have only 77 (notice the extra factor 2 in Eq. (24) of that reference).
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Figure 1.13: Invariant mass distribution of 7% in the . — 7°a(980) — 7°7%p
reaction. (See text for explanations).
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Figure 1.14: Zoom around the a((980) peak in the invariant mass distribution of
71 in the o — 7°a(980) — 77%n reaction. (See text for explanations).
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reaction. (See text for explanations).

For the isospin-breaking production of f;(980), we show in Fig. the invariant
mass distribution dI'/dM,, from Eq. (1.49). We have a narrow peak around the
threshold of KK similar to the results in the literature [1.73]. We can see clearly
the effect of the two different thresholds, at M, equal to 2mg+ and 2mgo, and for
the case of the dashed and dotted lines, we also see the cusp effect at M., equal to
2 (m K>~

The bump around 980 MeV of dI'/d M., is a manifestation of the “good” f,(980),
that can be obtained if one considers the sum of the amplitudes tx+x-_-+r— and
t 0 g0t o, With a plus sign, which would be the scattering of K K — 77 in isospin
0 (similar to the amplitude of Fig. [1.12D]). In this work, as in Ref. [1.3], we use a cutoff
of 600 MeV to regularize the loops inside and outside the T" matrix, which better fits
the data and yields the peak position of the f,(980) in KK — 77 amplitude at 980
MeV, in agreement with the majority of experimental measurements. This bump
can be translated in the direction of the K™K~ threshold by lowering the cutoff
to about 560 MeV, making it less bound and the curve more similar to results of
Ref. |1.73], for instance. However, the use of 600 MeV is more appropriate since it is
contrasted with the f;(980) production in isospin-allowed experiments. The shape
of Fig. also tells us that a very precise measurement of the 7+ 7~ invariant mass
distribution in the y. — 77T 7~ reaction could help to constrain the model and
determine the f;(980) and ay(980) parameters precisely.

Another important point to note is that, according to our findings, the isospin
breaking inside the 7" matrix turns out to be more important than from the external
kaon loops G+ k- and G oo, as shown in Fig. [1.15] This seems to go against what
one would naturally expect: that regarding the KK interaction, the contribution
from the external loops would be more significative than the one from the loops
inside the 7" matrix. Actually, this is implicitly assumed in Refs. [1.73]/1.78], since
isospin symmetry is assumed for the coupling of the f(980) to the K+ K~ and K°K?°
components.
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To investigate this interesting feature we look back to Eq. (| - where we see
that the contribution coming from 7% — 7+~ is:

\/§7T07TO?7 = hgo, G'ﬂ.077 I
= 2V/3 Glrop troysmtne (1.52)

while the contribution coming from KK — 7t7n~ is:

(K+K— — KOKY)

3 0
" V2

= hg+x- Gr+r- T+ K——ntn-

F+hrogo Grogo togo_mt o
3

= %GKH« Uk+K——n+n-
3
- EGKO[(O tKORO_m.Jrﬂ.—. (153)

Then we compare in Fig. the amplitude square of these two terms. We
can see that the K K contribution coming from the isospin breaking in Gg+ - and
Grogo (blue dotted curve), is indeed greater than the one coming from the isospin
breaking inside the T" matrix (red dashed curve), and the effect is maximized when
isospin symmetry is broken in both (green dash-dotted curve). What happens is that
when we violate isospin inside the 7" matrix, the transition amplitude ¢ o, +,-
becomes nonzero (black solid line), which is even bigger than the contribution of
KK with isospin breaking only inside the 7" matrix (red dashed curve), and their
combined effect turns out to be greater than the isolated effect from G+ x- and
G oo (blue dotted curve).

Therefore, we can conclude here that the K K contribution is still the dominant
term when isospin symmetry is broken both in 7" and . However, the effect of
isospin-breaking inside the T matrix is of great importance, not just because of
the enhancement in the KK contribution, but mainly due to the coupled channels
interaction that allows the isospin-forbidden 7% — 7t7~ transition. This is a
novel result which is usually neglected in most of the approaches in the topic of the
ap(980) — f,(980) mixing.
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Figure 1.16: Comparison between isolated contribution of 7°p — 77~ and KK —
7t~ (See text for explanations).

Finally, we show in Table [1.1] the results of the a¢(980) — f,(980) mixing in the
Xe1 — 7T~ and x — w07 reactions. We calculate it in analogy to Ref. [1.74]
(where it is taken as the ratio between the branching ratios of the former to the latter
reaction) by integrating the invariant mass distribution dI'/dM,, and dividing it by
the integrated dI'/dM,.,, where the latter we calculate in two ways: 1) integrating in
the whole mass distribution of the My, from m, +m,, up to 1200 MeV (around the
limit of validity the chiral unitary approach), 2) integrating in the more appropriate
range of the a¢(980) resonance, from 885 MeV to 1085 MeV, as done by the BESIII
Collaboration in Ref. [1.80] (Section IV.C.2).

Table 1.1: Comparison between experiment and theoretical results for the aq(980)—
f0(980) mixing in the y. — 7’77~ and y., — 7’7" reactions.

F(Xcl — 7TO7T+7T_) /F(Xcl — 70707])

BESIII [1.74] | (0.31 £ 0.16(stat) &= 0.14(sys) £ 0.03(para))%
My+ 7 Mo M, € [885,1085] MeV
in T and G 0.26 %

only in T 0.19 %

only in G 0.05 %
MK+ # MEKo My, € [mz +m,, 1200 MeV]
in T and G 017 %

only in T’ 0.12 %

only in G 0.03 %

We can see we get a good agreement with the experimental measurements of
BESIII [1.74] only when we introduce isospin breaking inside the 7" matrix and
also in the first external rescattering loops (Gk+x- and Ggogo). The case where
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we use different kaon masses only inside the 7" matrix is still within the range of
the experimental errors, but the one where we consider them only in Gg+xr- and
G koo is already outside the range of the experimental errors if they are summed in
quadrature, what shows the importance of considering both effects simultaneously.
Besides, when we integrate in the more appropriate range of the ay(980) resonance,
from 885 MeV to 1085 MeV as in Ref. [1.80], the results are closer to experiment.

1.3.4 Conclusions

We have shown in the present work that it is possible to use the same theoret-
ical model previously developed to study the x. — nm "7~ reaction [1.3], recently
measured by the BESIII Collaboration [1.14], and further explored in the predic-
tions for the 7. — n7 7~ reaction [1.1], to study the isospin breaking in the decays
Xer — mntr™ and xoa — 77%n and its relation to the ao(980) — fo(980) mixing,
which was also measured by the BESIII Collaboration [1.74].

We assumed that the x.1 behaves as an SU(3) scalar to find the weight in which
trios of pseudoscalars are created, followed by the final state interaction of pairs of
mesons to describe how the a((980) and f,(980) are dynamically generated, using the
chiral unitary approach in coupled channels. The isospin violation was introduced
through the use of different masses for the charged and neutral kaons, either in the
propagators of the pairs of mesons created in the x.; decay, as in the propagators
inside the T" matrix constructed through the unitarization of the scattering and
transition amplitudes of pairs of pseudoscalar mesons.

We have analysed the contribution of each term and found that violating isospin
inside the 7" matrix makes the 7% — 7+7~ contribution nonzero, which gives an
important contribution to the total amplitude. We also investigated the importance
of the isospin breaking from the KK term, and found that even though the most
important contribution comes from the first rescattering loops, violating isospin
inside the T" matrix enhances this effect significantly. Also, in the total amplitude
the most important effect is the isospin breaking inside the 7" matrix, due to the
constructive sum of 7’y — 7¥7~ and KK — 7t ~, which is essential to get a good
agreement with the experimental measurement of the mixing [1.74].
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CHAPTER

2 Meson-Baryon Interactions

In this chapter we will present three works on meson-baryon interactions: the one
of Ref. [2.1] on the five new (2, states recently discovered by the LHCb Collaboration
[2.2], the follow-up article of Ref. [2.3] on how to observe these states in the decay
of €, baryons and the one of Ref. [2.4] with predictions for molecular €2, states.

2.1 Introduction

In this section we will comment on two approaches which are useful to describe
the meson-baryon states, either using the chiral Lagrangians or the local hidden
gauge, and briefly discuss their relation, with focus on the particular case where
certain simplifications can be made and the interactions can be obtained at quark
level. Also, in section we will present how the mass, width and couplings of
each state are related to the pole position.

2.1.1 Chiral Lagrangians

The lowest order chiral Lagrangian describing the meson-baryon interaction in
the SU(3) sector (pseudoscalar meson octet with the 1/2% baryon octet) is given
by [2.5/2.7]

LP = (Biy"V,B) — Mp(BB) + %D(Bv“%{uu, B}) + %F(Bv“%[uu, B]) (2.1)
where () stands form trace in SU(3) and
vV.,B=0,B+,,B|,
r,= %(uTauu + ud,ut),
U = u? = exp(ivV2®/ f,),

Uy, = iuT(?HUuT.

(2.2)

Here fr =93 MeV is the pion decay constant, and ® and B are the SU(3) matrices
for the mesons and baryons

%WO - \/Lén nt K+
P = T —\%ﬂ?: 75 K2° : (2.3)
K K — "
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At lowest order in momentum the interaction comes from the I', term in the
covariant derivative, and the Lagrangian reads

I
LB — i (Bin" [(cp 0,8 — 0,8 )B — B(®9,d —9,0D)]), (2.5)

The lowest order amplitudes are of the form

v, — —cijrj?a@'m(p)(ku R, (2.6)

where p,p’ are the incoming and outgoing momentum of the baryons and k, k" of
the mesons.

At energies close to threshold one can consider only the dominant contribution
coming from 9y and 7° [2.8], such that the interaction is given by

1
Vij = —C

ij4—f2(1€0 +E°), (2.7)

where kY, k% are the energies of the incoming and outgoing mesons, respectively,

po = M ZMp S E M, — M, (2.8)
2y/s ’ 2¢/s

where my,,, Mp, (Mmy,;, Mp,) are the masses of the initial (final) meson, baryon,
respectively, and Cj; are the coefficients one has to calculate, which are tabulated
in Ref. [2.6] for the case of K~ p and coupled channels (note that C' is a symmetric
matrix where Cj; corresponds to the transition (m;, B;) — (m;, B;)). The extension
of Eq. to the charm sector is complicated. Yet, using the local hidden gauge
approach [2.9-2.13] the task is notably simplified and clarified simultaneously.

2.1.2 Local Hidden Gauge approach

In the hidden gauge approach [2.9-2.13] the meson-baryon interaction in SU(3)
is obtained exchanging vector mesons as in Fig. [2.1]

The local hidden gauge approach works with pseudoscalar and vector mesons in
the light sector and chiral symmetry is one of its assets, showing up in the limit
of small mass of the pseudoscalar mesons (Goldstone bosons). In Refs. [2.9-2.14],
and particularly in Refs. [2.9,2.14], one can see that the terms of the chiral La-
grangians can be obtained from the exchange of vector mesons in the local hidden
gauge. Ref. [2.14] also shows that the consideration of vector mesons is necessary
to implement vector meson dominance. Both in Ref. [2.14] and Ref. [2.9] it is also
shown that the formalisms using antisymmetric tensors for the vector mesons, and
the use of ordinary vector fields in the local hidden gauge are equivalent. If one
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v v
|

B; > Py > By

Figure 2.1: Diagram representing the meson-baryon interaction through vector me-
son exchange. M;(M;) and B;(By) are the initial (final) meson and baryon states
involved the interaction, while V' stands for the vector meson exchanged.

specifies to the meson-baryon Lagrangians [2.5], it is easy to show that the exchange
of vector mesons gives rise exactly to the lowest order chiral Lagrangian in the limit
of small momentum transfer compared to the vector meson mass. All this occurs
within SU(3), involving u, d, s quarks. The local hidden gauge in the unitary gauge
in SU(3), can be found in Ref. [2.9] and with more detail in Ref. [2.10].

The ingredients needed are the vector(V)-pseudoscalar(P)-pseudoscalar(P) La-
grangian for the upper vertex on Fig. [2.1

Lypp=—ig([®, 9,2]V"), (2.9)
with 1 0 1 + +
vl 1 g 1 » 0
V., = P —%p7 + Y K~ , (2.10)
K*f K*U ¢ .

and the vector(V)-baryon(B)-baryon(B) Lagrangian for the lower vertex on Fig. [2.1
Lyss =g ((BrulV", B)) + (ByB) (V")) (2.11)

with ¢ = my/2f, and my the mass of the vector mesons (we take an average of
about 800 MeV).

In Fig. we can see three examples of diagrams representing vector meson
exchange in SU(3). Note that in diagrams of the type (a) we only exchange light
quarks u, d, through p and w exchange while in diagrams of the type (b) a s quark is
transferred through K* exchange (in this case from the K meson to the X baryon)
and in diagrams of the type (c) u,d and s quarks are exchanged both ways through
p,w and ¢ exchange.

It is easy to prove that the picture of the vector meson exchange with the La-
grangians from Eqs. and gives rise to the same interaction as Eq.
taking ¢>/m?, — 0 in the propagator of the exchanged vector, which is quite good at
low energies. One can even keep this term in the propagator, as done in Ref. [2.15],
since in the meson-meson sector this is shown to generate higher order terms of the
Lagrangian [2.9,[2.14]. Yet, if one takes a regulator of the loops integrating to a
value |Gnq:| and fitting this to data, the consideration of the ¢*/m# terms in the
vector propagator is unnecessary.
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K~ K~ K~ T K+ Kt
> i > > i > > | >
| | |
* P, W * K* * P, W,Qﬁ
| | |
> ! > > ! > > ! >
p p p »t P Y

(a) (b) ()

Figure 2.2: Example of diagrams of vector exchange in the meson-baryon interac-
tion.

Extending Egs. and to the charm sector is easy for the VPP La-
grangian, as we will discuss in section , but not for the V BB Lagrangian [2.16].
However, we introduce here a procedure that renders it very easy. For this, let us
look at the quark structure of the p°, w and ¢ (which can be extended to K*, p*)

1 _
O = —(um—
w = %(uﬂ + dd),
¢ = sS§. (2.12)

In the approximation of taking v* — " the spin dependence disappears, and we
can consider an operator at the quark level as in Eq. (2.12]).

Let us analyse the vector(V)-baryon(B)-baryon(B) vertex for pp®p at quark
level. First we write the proton wave function using SU(3) symmetry:

1
_ N , 2.13
P \/§‘¢MSXMS PrmaXMaA) (2.13)

where ¢nrs, Gara, Xms, Xma are the flavor and spin mixed symmetric and mixed
antisymmetric wave functions for the proton [2.17].
Then we take

1 1 _
0 _ _
<p| gp !p> = \/§<¢MS XMS + Ora XMA|g\/§( )’¢MS XMS + Pma XMA>

1
2
(2.14)

where the vector meson p° will act on the proton wave function as an operator
creating and destroying u and d quarks.

The spin 1/2 wave functions, with the symmetric/antisymmetric part on the first
two quarks, are given by

1

Xas = = ZS(H AT =2110), for S, =172 (2.15)
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and
1

A pumy
XM V2
We should note the fact that these wave functions are orthonormal, i. e., (xms|xms) =

(xaralxaa) = 1 and (xaralxms) = 0.
Now for the proton we have

(=411, for S, =1/2. (2.16)

Dpe = %[(ud + du)u — 2uud], (2.17)
1
Dpra = E[(ud — du)ul, (2.18)

Taking into account that the mixed-symmetric and mixed-antisymmetric flavor
wave functions are also orthonormal, we will get

1
(| p° |p) = B {(®ars°[Pars) + (Paralp|Pasa) } (2.19)
where we have dropped the coupling g to simplify the notation.
Then
1 ({(ud + du)u — 2uud| (uti — dd) |(ud + du)u — 2uud)
0 = _ 2.20
(vl 7" p) = 5 N = NG (2:20)

((ud — du)u| (uvu — dd) |(ud — du)u) }
V2 V2 V2

We can think of the ¢qg of the vector mesons as the operator af]aq that destroys
and creates a ¢ quark. Then we get

1 (2-1) (2-1)
Olp) = =< (® Prrg) + (P P
{plp”[p) 2{< ms| NG [Pars) + (Paral 7 | MA)}
= @usl ) + (@aal )} (221)
3/ Ms|®Pums MA|P M A .
So this vertex will be proportional to
(8l 8} = == (2.22)
V2
Similarly, for the neutron we would get
1
Py = ———=|(ud + du)d — 2ddul, 2.23
1
Dpra = E[(ud — du)d). (2.24)

Then instead of (2 —1) we would get (1 —2), since now we have one u quark and
two d quarks, then we would have

oy — L
(n] ) =~ (2.25)
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We can also have w exchange. According to Eq. (2.12)), we see that we would
get (24 1) for the pw p vertex instead of (2 — 1) that we got for the p p° p vertex.

3
plwip) = —%= 2.26
bl = (2:20)
Since ¢ = s5 and there is no s quarks in the proton wave function, we immediately
see there is no contribution from ¢ exchange.

(pl¢|p) =0 (2.27)

Now let us calculate the same vertex (p|p°|p) and (p|w |p) using the Hidden

Gauge Lagrangian from Eq. (2.11])).
Using the approximation of taking only the v and y contribution, and the ma-

trices B and V from Eqs. (2.4)) and (2.10)), the first term (B, [V#, B]) will contribute
with

1, 1
— " —w ) — ¢, 2.8
(57 + 50) 0 (229

whereas the term (B, B)(V#) will contribute with

1, 1 1, 1 ) 2
—p t+t—=w |+ |——F=p +t—=w ]| +to=—Fw+0o. 2.29
(57 75) + (- gge) Hom oo 09
So, the total contribution using the Hidden Gauge Lagrangian from Eq. (2.11))

will be
1 3

0
i’

As we had in Eqgs. , and using the quark operator in the
baryon wave functions.

As we have illustrated with this example, one gets the same result using the
method at quark level as using the Hidden Gauge Lagrangian from Eq. , and
this is also the case for all transitions in coupled channels.

This artifact can be very useful, in fact, as we will discuss in detail in section
2.2.2] we can also use the operator at quark level to obtain the VBB vertex in the
charm sector.

(2.30)

Finally, let us mention that if we have vector mesons instead of pseudoscalars,
i.e., for VB — VB transitions the only difference is that now we have the VVV
vertex instead of V PP one, and it can be evaluated using the following Lagrangian

/CVVV = zg( [VM, 8uvu] VV> N (231)

with the coupling g the same as in Eq. . In the case where the three-momentum
of the vector meson is neglected versus the vector meson mass, as we also do here,
only v = 0 contributes in Eq. which forces V¥ to be the exchanged vector,
and the structure of the vertex is identical to the one of Eq. for pseudoscalars,
with the additional factor €- €', with €, €’ the polarization vectors of the external
vector mesons [2.18]. Following this procedure we can calculate all the transition
amplitudes.
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2.1.3 Poles and couplings

Once we have a method to describe the meson-baryon interaction, which could
be of the form of Eq. (2.7)) for instance, then we proceed to find the amplitude using
the on-shell factorized Bethe-Salpeter equation [2.19,2.20], as we had in chapter 1

section [I.1.7]
T=[1-Va)'v, (2.32)

with GG the meson-baryon loop function.

We choose to regularize it with the cutoff method to avoid potential pathologies
of the dimensional regularization in the charm sector, which we will investigate in
the next section [2.2] where G can become positive below threshold (and eventually
produce bound states with a repulsive potential) [2.21]. There is another reason,
because in order to respect rules of heavy quark symmetry in bound states, it was
shown in Refs. [2.152.22] that the same cutoff has to be used in all cases. Alterna-
tively one can use a special G function defined in Ref. [2.23].

The G function for meson-baryon with the cutoff method is given by

G — z/ dq M, 1 1
(2m)* Ei(q) k° + p° — ¢° — Ei(q) +ie q®> — m] + ie
_ / dg 1 M ! (2.33)
lal<gmas (273 2wi(q) Ei(q) KO+ p° — wi(q) — Ei(q) + i€’ '

where £°+p° = /s and w;, Fj, are the energies of the meson and baryon respectively
and m;, M; the meson and baryon masses.

Molecular states can be associated with the poles in the scattering amplitudes
of Eq. in the complex plane of 1/s. The poles appearing below the threshold
in the first Riemann sheet are categorized as bound states, and those found in the
second Riemann sheet are considered to be resonances. The loop function, Gy, of
a given channel [, will be calculated in the first Riemann sheet for Re(y/s) smaller
than the threshold of that channel (\/Eth,l), and in the second Riemann sheet for
Re(y/s) bigger than /s, ;. To take this into account, we define a new loop function

Gi(s) for Re(v/s) < V/sy,

Gl = 2Mq , 2.34
T\ G it for Re(V) > vy, (2:34)
where ¢ is given by
/\1/2 2 M2
_ AT MY i Tm(q)>0, (2.35)

with A(x,y, z) the ordinary Kéllén function.
After all the poles have been calculated, we can evaluate their coupling constants
to various channels. In the vicinity of the poles, the T-matrix can be expressed as

Ga9b
Top(s) = 75 — 2’ (2.36)
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where zr = Mpg — il'g/2, which stands for the position of the bound states or
resonances found in the complex plane of /s. Therefore, the couplings can be
evaluated as the residues at the pole of T,;,, which can be written explicitly with the

formula )
g r Toa(zr + 1e?)edd. (2.37)

:%O

However, to be consistent with the different complex phases of each coupling, we
choose to calculate the biggest coupling (call it j) for each resonance as in Eq. ([2.37)),
and then calculate the remaining couplings in relation to this one:

T,
da = Gj lim / (S)

. 2.38
Vs—zr Tj;(s) (2.38)

Meanwhile, with the couplings obtained, we can also evaluate ¢;G which can
give us the strength of the wave function of the i-channel at the origin [2.24].

2.2 Molecular (2. states

S
Cl)
I

Candidates/ (1 MeV)
08
-
<

3000 3100 3200 3300
=IK) [MeV]

Figure 2.3: New (). states reported by the LHCb collaboration in Ref. .
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2.2.1 Introduction

In Ref. [2.2] the LHCb collaboration reported five new narrow 2 states studying
the ZF K~ mass spectrum produced in high energy pp collisions: 2.(3000), ©2.(3050),
.(3066), ©2.(3090) and €.(3119). Predictions for such states and related ones had
been done within quark model in Refs. [2.25(2.37]. Molecular states had also been
used to make predictions in Refs. [2.16]2.38] studying the interaction of coupled
channels, one of them the =Zf K~ where the recent LHCD states were found. A
more updated study along these lines was done in Ref. [2.39], where predictions for
charmed and strange baryons are done using an interaction based on SU(6) flavor-
spin symmetry in the light quark sector and SU(2) spin symmetry in the heavy quark
sector, extending the SU(3) Weinberg-Tomozawa interaction. All these works take
the coupled channels of meson-baryon that couple to the desired baryon quantum
numbers and use a unitary scheme to obtain the scattering matrix between the
channels, looking for poles of this matrix. The differences come from the input
interaction and the way that loops are regularized.

The experimental findings of Ref. [2.2] have brought a new wave of theoretical
activity with many suggestions to explain the new states. Different versions of quark
models have been proposed in Refs. [2.40-2.43]. Pentaquark options have been
suggested in Refs. [2.44}-2.49]. QCD sum rules were used to describe these states in
Refs. [2.50-2.56]. Lattice QCD has also brought some light into the problem [2.57].
Some works have emphasized the value of decay properties to obtain information
on the nature of these states [2.58-2.60] and a discussion on the possible quantum
numbers was done in Ref. [2.61].

In the molecular picture, an update of the work of Ref. [2.38] was done in
Ref. [2.62] using some information from the experimental spectrum to regularize
the loops and then giving a description of the mass and width of two states of
Ref. [2.2] as J¥ = 1/2" meson-baryon molecular states.

In the present work we shall follow Refs. [2.39,2.62] for the coupled channels
and the unitarization procedure. We differ in the input for the interaction, which
in our case is based on the local hidden gauge approach, exchanging vector mesons
[2.9-2.13] as we presented in section [2.1.2]

The extrapolation of the local hidden gauge approach to SU(4) to incorporate ¢
quarks, or even higher with b quarks, is not straightforward, as one cannot invoke the
Goldstone boson character for D or B mesons. Yet, what one does is the following:
think of the DN interaction for instance. In the D°p — DY p transition we have ci
in the DY and uud quarks in the p, then we can only exchange p°, w vector mesons
and the ¢ quark of the D? is a spectator. In this case the situation is the same as in
K%p — K°p. The s quark of the K° (sd) is also a spectator and only p, w vector
mesons are exchanged. In as much as the ¢ quark in D°p — D%p is a spectator,
the dynamics is the same as in the K°p — K°p transition, and for this we can use
the local hidden gauge approach. We find thus a way to obtain the D°p — D%p
interaction using the dynamics of the light quark sector, since only these quarks are
also involved in this case. Hence, in the diagonal channels the interaction is well
controlled.

However, assume the coupled channel 7 X, then in the transition D°p — 7% 3T
if we extrapolate the local hidden gauge approach to SU(4), we would be exchanging
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a D* and the ¢ quarks are now involved. This is an extrapolation of the local hidden
gauge approach which is model dependent. Fortunately, the exchange of D* is pe-

2
m
nalized with respect to the exchange of light vector mesons by a factor of < P ) ,
mp=

which is a small factor and then one is only introducing uncertainties in some non-
diagonal terms which are very small. Formally one can use the SU(4) extrapolation
of the local hidden gauge approach and for the diagonal terms the framework auto-
matically filters the exchange of light vectors, providing the results that one obtains
from the mapping explained before. This is what is done in Ref. [2.62].

In the present work the diagonal terms that we evaluate coincide with those of
Ref. [2.62] where the model of Ref. [2.16] is used implementing also the exchange
of vector mesons and SU(4) symmetry for mesons and baryons. We, instead, use
explicit wave functions for the baryon states imposing flavor-spin symmetry on the
light quark sector and singling out the heavy quarks. Hence, in the baryon sector
we are not using SU(4) symmetry. For the diagonal terms we also show that one
is exchanging light vectors and the heavy quarks are spectators. In this case we
obtain the same matrix elements as in Ref. [2.62], but there are differences in the
non-diagonal ones. Since in the dominant terms we are exchanging only light vectors
and the heavy quarks are spectators, the interaction automatically respects heavy
quark symmetry [2.63-2.65]. The non-diagonal terms which exchange heavy vectors
do not fulfill heavy quark symmetry, but neither should they since these are terms
of order O(mc_f) in the heavy quark mass counting. In addition to the work of
Ref. [2.62] we also include pseudoscalar-baryon(3/2%) components and we obtain
two more states. We can identify two states of J© = 1/27 and one of JI' = 3/27
with the states found in Ref. [2.2]. We also look for vector-baryon states and find
three states at higher energies.

2.2.2 Formalism

Following Ref. [2.39] we distinguish the cases with J¥ = 1/27 and J¥ = 3/2" and
write the coupled channels. In Ref. [2.39] 12 coupled channels are used ranging
from thresholds 2965 MeV to 3655 MeV. The experimental states of Ref. [2.2] range
from 3000 MeV to about 3120 MeV. Hence we restrict our space of meson-baryon
states up to the Q. w with mass 3478 MeV. Yet, the diagonal matrix element in this
channel is zero and we can also eliminate it. The energy ranged by the channels
chosen widely covers the range of energies of Ref. [2.2] and it is a sufficiently general
basis of states. We show in Tables [2.1] and these states together with their
threshold masses.

Table 2.1: J = 1/2 states chosen and threshold mass in MeV.

States =K =K ED Qu ED° =K ZK°
Threshold | 2965 3074 3185 3243 3327 3363 3472

Now let us see how we can extend the approach presented in section to the
charm sector. The extension of the V PP vertex to the charm sector is easy. We
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Table 2.2: J = 3/2 states chosen and threshold mass in MeV.

States =K O =D =.Kk* =D =K
Threshold | 3142 3314 3327 3363 3401 3472

take the same structure as in Eq. (2.9) but now P and V are

1.0, 1 1 + + N0
ol +73f7+7677/ L 7r1 o Ko D,
K- K° —Fn+/3 Dy |
D° Dt Df Ne
(2.39)
where we also include the mixing between 1 and 1’ [2.66], and
\/Lipo + \/Lﬁw 1 §+ 1 K*-(i)— Z?*O
V, = P Ty tpw KD . (2.40)
K*f K*O ¢ D:f
D*0 D** Dt T/

o

Now for the VBB vertex we will use a similar argument at quark level, as
presented in section However, to extend it to the charm sector, we will leave
the heavy quark of the baryon as an spectator, and use SU(3) symmetry on the light
quarks. It has been shown in Ref. [2.67] (see section IIA of that reference), using
similar arguments at the quark level as in Egs. and , that in the heavy
sector the coupling of the light vectors to the charmed mesons leaves the heavy
quark as a spectator. Then one can map the matrix elements with light quarks to
the equivalent ones in SU(3), with the result that using Eq. in SU(4), with the
matrices of Egs. (2.39)) and (2.40)), the result obtained is the same as using this quark
model with the heavy quarks as spectators. In other words, one is making use of the
SU(3) content of SU(4). Furthermore, the fact that the heavy quarks are spectators
has immediately as a consequence that the interaction complies with the rules of
heavy quark spin symmetry (HQSS). However, if we have non-diagonal transitions
like Z.K — =D one must exchange a D* and the heavy quarks are involved. Here
SU(4) is used and the result is more model dependent, apart from not satisfying
the rules of HQSS. However, in this case HQSS should not be satisfied, because
the heavy quark propagator goes as (1/mp:)? and those terms are subleading in
the (1/mg) counting (mg is the mass of the heavy quarks). One should mention
that the use of SU(4) in this case is marginal, since the Lagrangian of Eq. is
basically counting the quarks involved in the process.

That being said, the first step to calculate VBB is to build the proper wave
functions for the charmed baryons.

Baryon wave functions

As we saw in Eqs. (2.15) and (2.16]) from section [2.1.2] the mixed symmetric and

mixed antisymmetric spin wave function for spin 1/2 baryons, now with the sym-
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metric/antisymmetric part on the last two quarks, are

XMS‘T”””“ —2 1), for 5. =1/2, (2.41)

and

o = % Y (b= 11), forS. =1/2. (2.42)

Now for the flavor part, we will follow Ref. [2.17] using SU(3) symmetry in
the light quarks u, d and s while singling out the charm quark as an spectator.
We should note that to be consistent with the chiral Lagrangians one has to use
a different phase convention with respect to Ref. [2.17], where the ¥, 2 and A
change sign with respect to Ref. [2.17]. The correct assignment for the ¢p4 are
given in Table IIT of Ref. [2.68] (the same assignment is also used in Ref. [2.69]).

Below we list the flavor wave function of the baryons involved in the construction
of the €. states.

For the baryon states with J© = 1/27:

== %(CDMS XMs + OnmaXnma), (2.43)

where for =°

1
[s(us + su) — 2uss],

¢MS:%

dyma = ——=[s(us — su)],

Sl

and for =~
dus = —%[s(ds + sd) — 2dss],
Orma = 7[ s(ds — sd)]

Note how we change u — d to get the isospin partner.

Now for =, we have ¢pra Xara

1
=F = c—=(us — su) xuma,
\/5 (2.44)
ES = E(ds—sd) XMA,
and for =/ we have ¢nrs xurs
—t 1
=t = cﬁ(us + su) Xss
(2.45)
=0 = L(ds + sd) Xums
c \/_ ’
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Also note how the spin wave functions in Eqgs. (2.41]) and (2.42) are symmetric
or antisymmetric in the last two quarks, corresponding to the flavor symmetry of

the last two quarks in Eqgs. (2.44]) (2.45)).
Finally,

Q0 = css xus. (2.46)

For the baryon states of spin J© = 3/27 we have the fully symmetric spin wave
function g

xs =111, for 5, =3/2. (2.47)

For =* we have ®g xg, were the flavor part is also fully symmetric in SU(3)

—x0 __

—

(sus + ssu + uss)xs,

[
|

(2.48)

= —(sds + ssd + dss)xs,

IRYE

* /

and for =} we have the symmetric part for the light quarks, as we had for =/ in
Eq. (2.45), but now the spin is 3/2
gt = ci(us + su)Xs
c \/5 )
1 (2.49)
—x*0
=, =c—=(ds + sd)xs,
\/5( )XS
and finally,
Q0 = cssyg (2.50)

Once we got the wave functions, we have to construct the molecular states with
isospin I = 0, strangeness S = —2 and charm C' = 41 to match the €. quantum
numbers. For that recall that our isospin multiplets are:

— K° Dt — =0
() o (%) = (2)
_ E+ — E/Jr s E*+

Se = ( E%) ;e = ( E?O) ) e = <E(i0> ) (251)

[1]

and thus
_ 1 _
EEI=0) = ——|5tK" +2K"),
\/§ (4 C
1
ED,I=0) = ——|="D — E*D+> ,
V2
_ 1 _
SR I=0) = ——|=tK- +E*°K0>,
(4 \/§ (4 (&
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s 1
|=*D, I =0) 7
And we also have the channels Q.7 and Q%1 which already have the right quan-
tum numbers. With these wave functions and the prescription to calculate the V PP
and V BB vertices we can construct the matrix elements of the transition potential
between the states in Table 2.1 and in Table[2.2] Let us show an example evaluating
the first diagonal case 2. K — Z.K.

=00 1 E*—D+> . (2.52)

Evaluation of the transition matrix elements of 2. K — ZE.K

Using the Z.K wave function from Eq. (2.52)) we find four diagrams at lowest order,
as depicted in Fig. 2.4

K~ K~ K~ K" K" K~ K" K"
e —_— . .
| | | |
2 Y AAw o + Y o + \ + Y A w ¢
| | | |
_ RN S 1 1

=+ =+ =+ =0 =0 =+ =0 =0

Figure 2.4: Diagrams in the Z, K — Z.K transition.
Let us analyse the upper vertices first. We have four cases: K~ — K~ (p%, w, ¢),

K- — K%, K' - K p* and K = K°p° w,¢). Using Eq. (2.9) for the VPP

vertex we find

° 1/v/2

K 5K [w]: —itgkx-(owe =gV (—ip' —ip™) | 1/V/2 |, (2.53)
¢ -1

K™= K% =ity go,- = gp™ (—ip" —ip"), (2.54)

K= K p*:  —itgo g = gp " (—ip" —ip™"), (2.55)

P ~1/v2
K5 K| w | —itgo,gopwe =gVu(—iph —ip™) | 1/v2 |, (2.56)
¢ -1

with p, p’ the momenta of the incoming and outgoing kaons.
The lower vertices are readily calculated using Eq. (2.12)), as seen in Fig. [2.5
For Fig. 2.5(a) we have the matrix elements

) 975 (ut — dd) 79
—((us — su)| g\%(uﬁ +dd) | |—=(us — su)) = % g (2.57)
\/§ gss \/§ q
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| | |
| | |
* p()’ W, Q5 * P, W, * P
| | |
| | |

Y

]V

—_

=+ =+ =
—c (a) —c —c (b)
Figure 2.5: Vector-baryon vertex diagrams in the K=, — KZ, transition.

For Fig. 2.5(b) we have

, gy5(ui —dd)\ ~59
—((ds — sd)| g\%(uﬂ +dd) | |—=(ds — sd)) = \/Li g (2.58)
V2 gss V2 g

The vertex of Fig. (C) can be evaluated using the operator g du for p—,

%((ds — sd)l|g du|%(us — su)) = %((ds - sd)|%

An alternative method to calculate or double check the result for this ver-
tex is to use Clebsch-Gordan coefficients to relate to another previously calcu-
lated one, for example p?ZF=F from the diagram in Fig. [2.5(a). Let us anal-
yse its isospin content. We had incoming p’ZF, and outgoing =F. Taking into
account that =, has isospin 1/2 and p has isospin 1, this vertex corresponds to
the Clebsh-Gordan coefficient 1 x 1/2 — 1/2, i.e., C(S1,S2, St; Siz, S9., S1.) =
C(1,1/2,1/2;0,1/2,1/2) = —\/1/3, where |S1,S1.) = p° |Ss, Sa.) = =F (in-
comi and |St, St.) = =& (outgoing). On the other hand, for the diagram in

(ds — sd)) =g. (2.59)

Fig. [2.5(c), we have C(1,1/2,1/2; —1,1/2,—1/2) = —+/2/3, which means that the
vertex p~ZF — =0 is a factor v/2 greater than p°=F — ZF. Since we had a con-
tribution of ¢g/v/2 for the first case with p°, we find that the contribution from
p =5 — =7 is g, as we had obtained looking at the quark content in Eq. .

The reverse case for Z°p" — =1 also gives the same contribution, so we have 2¢
coming from the p™ and p~ exchange.

Altogether, the matrix element for Fig. [2.4]is given by

1 i 1/v2 1/V2
—itz, g 2.k = 592 [(—ip“—ip’“)(—guo)m 1/V2 )i |1/v2
v\ -1 1

b 2Aip = ") gpa)
i _1/\/§ _1/\/§
+ (=i = i) (—guo) —— | 1/V2 )i | 1/v2
—1 1

2
1 1

= —1— 0 10 =D— 0 /0 9.
4f7%(p +'°) 4]2(1? +p'7), (2.60)
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with D = —1 (recall that g = my/2f;).
Following these steps it becomes easy and systematic to evaluate all the matrix
elements, which have the general form

1 0 /0
Vij = Dijrﬁ(p +p"). (2.61)
where V;; will be used as the kernel of the Bethe-Salpeter equation from Eq. (2.32)).
Alternatively, we can use another expression which includes relativistic correction
in s-wave [2.70]

2y/s—Mp, — Mp, |Mp, + Ep. |[Mp, + Ep.
.. \/g Bi BJ\/ Bz—‘f_ Bz\/ B; B, (262)

‘/i' = Dz )
3= 4f2 2Mp, 2Mp,

where Mp, g, and Ep, g, stand for the mass and the center-of-mass energy of the
baryons, respectively.

The matrix Dy; for the channels from Table [2.1] are given in Table [2.3]

Table 2.3: D;; coefficients of Eq. (2.62) for the meson-baryon states coupling to
JP =1/27 in s-wave.

J=1/2 || 2K EK ED Qn ED* EK* EK*
= T
:;,Jg —1 0o - 1\@)\ 04 0 0 0
=LK -1 A -z 0 0 0
ED -2 22X 0 0 0
Qen 0 0 0 0
=D* — -1 1
=D 2 BN A
2K — 0
=LK —!

In Table we have the parameter A in some non-diagonal matrix elements,
which involve transitions from one meson without charm to one with charm, like
K — D. In this case we have for the propagator of the exchanged vector

L ~ L , (2.63)
(@°)? = la > =mbp.  (mp —mg)* —mp,
and the ratio to the propagator of the light vectors is
A= —my ~0.25. (2.64)
(mp —mg)? —m2.

We take A = 1/4 in all these matrix elements, as it was done in Ref. [2.7].

The diagonal matrix elements of Table coincide with those of Ref. [2.62],
but not all the non-diagonal. This is not surprising. SU(4) symmetry is used in
Ref. [2.62], but only SU(3) is effectively used in the diagonal terms, as we have
argued. Then we should note that the heavy baryons that we have constructed are
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not eigenstates of SU(4) since we have singled out the heavy quarks and used sym-
metrized wave functions for the light quarks. This induces a spin-flavor dependence
different from the one of pure SU(4) symmetry.

With respect to Ref. [2.39], we have some diagonal matrix elements equal but
not all of them, and there are also differences in the non-diagonal terms. These
matrix elements are also different from those of Ref. [2.62].

Table 2.4: D;; coefficients of Eq. (2.62) for the meson-baryon states coupling to
JP=3/2".

J=3/2 | =K <y =D° =K =D EK°
= 4 2
=K -1 - 0 0 ZX 0
O 0 0 0 —¥2N 0
= _ 1 =l
=D 2 A0 I
=K -1 0 0
=D —2 0
=K ~1

To calculate the matrix elements for the states that couple to J¥ = 3/27 of
Table we proceed in the same way. We must take into account that the VV'V,,
are like those of PPV,, under the approximation of neglecting (p/my)?, where p
is the momentum of the external vector. In addition one has for the factor €- &’
for the vector polarization, which makes these terms to contribute to J = 1/2 and
J = 3/2 with degeneracy. The terms connecting P and V like = K — ZD* require
exchange of pseudoscalars, which go with the momentum and are small compared to
the exchange of vectors [2.71]. In the ZfK — ZD* one would have to exchange a D,
and it would be doubly suppressed. In the =* K — Z.K* one would exchange a pion,
but the K and K* states are quite separated in energy and the transition is also
not important. In the D= — D*= transitions one has the 7== Yukawa vertex that
goes like D — F' compared to D+ F for 7PP, with F' = 0.51, D = 0.75 |2.72|, which
is highly suppressed. Therefore, we neglect all terms which involve transition of a
pseudoscalar to a vector and then the matrix elements are again given by Eq.
with the D;; coefficients given in Table [2.4]

In order to see the relevance of the m exchange discussed above, we take the
D= — D*Z= transition and we evaluate the effect in the D= — D = interaction
going through the intermediate D* = state. For this we follow Ref. [2.73] and consider
the diagrams of Fig. 2.6

As discussed in Ref. [2.73], in addition to the 7 exchange there is a contact
term called Kroll-Ruderman in the y N — © N (or p N — 7 N) transition, then
the four diagrams of Fig. must be evaluated. They provide a 0V potential for
D= — DZ= which can be evaluated by means of Eq. (40) of Ref. [2.73], simply
changing the masses of B, B* to D, D* and N to =Z. We have performed the
calculation and, compared to the potential V;; from Eq. and Table 2.3 we
find 0V/V = 0.012 for the = D channel calculated at the energy of the pole around
3090 MeV (which is dominated by this channel, as shown in Table [2.6of the Results
section), a correction of order 1%, which we safely neglect.
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[1]

—_

Figure 2.6: Box diagrams accounting for the D= — D*= — DZ=.

2.2.3 Results

In Table 2.5/ we show the poles that we obtain for the J© = 1/2" sector for different
values of the cutoff ¢,,... We only show the results with the pseudoscalar-baryon
interaction. This sector decouples from the vector-baryon one, where the states are
obtained degenerate in J¥ = 1/27,3/27 . We will come back to this sector later on.

Table 2.5: Poles in J¥ = 1/2" sector from pseudoscalar-baryon interaction. (Units:

MeV).

Gmaz 600 650 700 750 800
3065.4 +¢0.1 | 3054.05 +i0.44 | 3038.13 + ¢1.78 | 3016.21 + ¢6.02 | 2989.69 4+ i16.24
3114.22 +¢3.75 | 3091.28 +i5.12 | 3067.71 + ¢4.12 | 3046.24 +43.83 | 3027.75 + i2.19

We can see that we always get two states in the range of the masses observed
experimentally. The strategy followed in these calculations is to fine tune the cutoff
to adjust the pole position to some experimental data. We see that if we take ¢q. =
650 MeV the results agree well with the second and fourth resonances reported in
Ref. [2.2], £2.(3050) and €2.(3090). It is interesting to note that cutoff values of this
order are used in Ref. [2.6] for KN or in Ref. [2.74] for DN. Fitting one resonance is
partly merit of fine tuning the cutoff, but then the second resonance and the widths
are genuine predictions of the theory. Note that the widths are respectively 0.88
MeV and 10.24 MeV, which agree remarkably well with the experiment, 0.840.240.1
MeV and 8.7+ 1.0 + 0.8 MeV, respectively. It is instructive to see the origin of the
widths. For this we look at Table for the couplings to the different channels.
We can see that for the lower state at 3054 MeV only the =, K state is open for
decay, precisely the channel where it has been observed, and the coupling of the
state to this channel is very small. However, for the state at 3091 MeV the =K
channel is also open, and the coupling to this channel is considerable. Furthermore,
the coupling to Z.K is bigger than before and there is more phase space for decay.

Next we look for the states of J© = 3/27 from the pseudoscalar-baryon(3/2%) in-
teraction. In Table MWe see that the pseudoscalar-baryon(3/2") states do not cou-
ple to vector-baryon and we can separate two blocks, the channels =* K, Qfn, Z* D
and ED*, =, K*, =, K*. The first three channels in s-wave give rise to J* = 3/2",
while the other three give rise to J¥ = 1/27,3/27, degenerated in our approach.
We then separate these two sets of states.

In Table [2.7| we show the results for J© = 3/2" for different values of the cutoff.
We see that we get two poles. Yet, if we choose the same cutoff as in the JZ = 1/27
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Table 2.6: The coupling constants to various channels for the poles in the J* = 1/2~
sector, with ¢mnee = 650 MeV, and ¢; GIT in MeV.

3054.05 + i0.44 =K =K ED Qo ED* Z.K* ZK*
g —0.06 +i0.14 1.94 +1i0.01 214+40.26  1.98 1 0.01 0 0 0
g GH ~1.40 —i3.85 —34.41-i0.30 9.33—41.10 —16.81—30.11 0 0 0
3091.28 +i5.12 EK =K D Qo ED° = K* DK
i 0.18 —¢0.37 0.31 +1:0.25 5.83 —10.20 0.38 +10.23 0 0 0
g GH 5.054i10.19 —9.97 —i3.67 —29.82+i0.31 —3.59—4:2.23 0 0 0
sector we find a mass of 3125 MeV and zero width for the lowest state. As we

can see, the mass is smaller than all the thresholds in Table hence it does not
decay into them. To decay into Z.K, where it has been observed, we would need
the exchange of vector mesons in p-wave, which give rise to a small width. We can
clearly associate the state found with the ©.(3119) observed experimentally, which
has a width of 1.1 £ 0.8 & 0.4 MeV. The agreement is also remarkable.

Table 2.7: Poles in J = 3/2" sector from pseudoscalar-baryon(3/2%) interaction.
(Units: MeV).

Qmaz

600

650

700

750

800

3134.39
3316.48 +10.14

3124.84
3290.31 + ¢0.03

3112.83
3260.42 + 10.08

3099.2
3227.34 +10.15

3084.52
3191.13 +10.22

In Table we show the couplings of the states to the coupled channels of
Table . We can see that the state at 3125 MeV couples strongly to =7 K and
2% n, more strongly to =% K. The upper state couples very strongly to =* D.

Table 2.8: The coupling constants to various channels for the poles in the J* = 3/2~
sector, with ¢q. = 650 MeV, and g; GiH in MeV.

3124.84 =K Qr ED*  ZK° =D E K
g 1.95 1.98 0 0 —0.65 0
g: G —35.65 ~16.83 0 0 1.93 0
3290.31 + 0.03 =K O ED"  Z.K* =D =K
9 0.01 +i0.02  0.31+0.01 0 0 6.22 — i0.04 0
g: GH —0.62 —i0.18 —5.25—i0.18 0 0 —~31.08 +i020 0

For the vector-baryon states with J© = 1/27,3/2" we choose the same cutoff
Gmaz = 650 MeV that we have chosen in the former cases and find three states that
we show in Table together with the couplings to each channel.

The first state obtained has zero width and couples mostly to = D* while the
second and third ones have very small widths and couple mostly to =, K* and
=! K*, respectively. The widths could be bigger if we had considered vector-baryon
transitions to pseudoscalar-baryon but we argued that they were small in any case
and neglected them in our study.

It is interesting to compare our results with those of Ref. [2.62]. The main
feature is that the results obtained are remarkably similar. In Ref. [2.62] two states
of JP = 1/27 are also found that compare well with the ©.(3050) and €.(3090),
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Table 2.9: The coupling constants to various channels for the poles in JX =
1/27,3/27 stemming from vector-baryon interaction with ¢, = 650 MeV, and
g: GIT in MeV.

3221.98 =ED* = K* = K*
gi 6.37 0.59 —0.28
g:GH —29.29 —4.66 1.62
3360.37 +i0.20 =ED* = K* = K*
gi —0.11 — i0.12 1.31 —i0.03 0.03 4 40.01
g:GH 2.12 +40.48 —26.04 +i0.36 —0.26 — i0.06
3465.17 +i0.09 =ED* = K* = K*
gi —0.01 +40.06 0.01 —i0.01 1.75 +10.01
g;GH —0.84 —i0.23 0.17 4 40.24 —32.29 —i0.08

as we have found here. The width of the second state is about 17 MeV, while we
get 10 MeV, closer to the experimental value. In Ref. [2.62] two sets of subtraction
constants (cutoffs) are used and in one of them the width of this state is 12 MeV,
at the expense of using a somewhat small cutoff in the Z. K decay channel of 320
MeV. Even then, the main channels and the strengths of the couplings are similar
to ours.

In Ref. [2.62] the compositeness magnitude —g? 9G/0/s is evaluated for all
channels. This magnitude provides the probability to find bound channels [2.24]
2.75//2.76] and for the case of open channels it gives the integral of the wave functions
squared with a given prescription of the phase [2.77]. The magnitude ¢ G that we
calculate gives the wave function at the origin of each channel the resonance couple
to [2.24]. Yet, there is a correspondence in these two magnitudes, and we find that
when —g? 0G/0+/s is large for some channel in Ref. [2.62], so is g G in our case.

The pseudoscalar-baryon(3/2") states are not considered in Ref. [2.62] and, thus,
the states that we get in Table are new. As to the vector-baryon(1/2%) states
we obtain three new states, two of them in qualitative agreement with Ref. [2.62).
In Ref. [2.62] two states were found at 3231 MeV and 3419 MeV, that couple mostly
to ZD* and Z. K*, respectively. We also find two states, at 3222 MeV and 3465
MeV, which also couple mostly to = D* and =, K*, respectively, as in Ref. [2.62],
plus a new intermediate state at 3360 MeV that couples mostly to =, K*.

As to the results of Ref. |2.39], the bindings obtained there, in the absence of
any experimental data, gave rise to bound (2. states with more binding than here.
It would be interesting to have a new look in that framework under the light of the
new experimental information E]

The basic input of our calculations are the V;; transition potentials of Eq. (2.62),

1
and the terms are proportional to —. We estimate uncertainties in the following

way. We increase f2 by 10% and readjust the cutoff to obtain the same energy of

the first state (going from guax = 650 MeV to 694 MeV), and then we get the results
of Table As we can see, the changes in the masses and widths are small. The

L After completion of this work, this calculation has been performed [2.82]. The results agree
qualitatively with experiment, but not as quantitatively as in our case.
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difference in the masses are always smaller than 5 MeV, and for the three states that
we compare with experiment the changes are even smaller. The widths also change
a bit, but the width of the widest state only changes from 10.24 MeV to 11.82 MeV,
and the others are still very small and compatible with experiment within errors.

Table 2.10: Dependence of the results on the value of f;.

J=1/2 fr =93 MeV and qpa = 650 MeV | f, =97.6 MeV and gu. = 694 MeV

Pole 1 3054.05 +10.44 3054.05 +20.70

Pole 2 3091.28 +15.12 3087.24 +15.91

J=23/2 fr =93 MeV and gmax = 650 MeV | fr = 97.6 MeV and gmax = 694 MeV

Pole 1 3124.84 3125.71

Pole 2 3290.31 +:0.03 3284.73.24 + 10.05
J=1/2,3/2 | f, =93 MeV and gmae = 650 MeV | f, = 97.6 MeV and gmae = 694 MeV

Pole 1 3221.98 3216.98

Pole 2 3360.37 + 10.20 3361.28 +10.18

Pole 3 3465.17 + 10.09 3469.04 + 10.07

2.2.4 Conclusions

We have studied €2, states which are dynamically generated from the interaction of
meson-baryon in the charm sector. The interaction is obtained using an extension
of the local hidden gauge approach with the exchange of vector mesons. We show
that the dominant terms come from exchange of light vector mesons, leaving the
heavy quarks as spectators. This has two good consequences: first we can map the
interaction to what happens in SU(3) using chiral Lagrangians, and second, the fact
that the heavy quarks are spectators in the interaction guarantee that the dominant
terms in the (1/mg) counting fulfill the rules of heavy quark symmetry.

We obtain two states with J” = 1/27 which are remarkably close in mass and
width to the experimental states €2.(3050), £.(3090). In addition, we also obtain a
3/2" state with zero width at 3125 MeV, which can be associated to the experimental
2.(3119) that also has a width of the order or smaller than 1 MeV.

The agreement of the results with experiment is remarkable. It would be very
interesting to see the next experimental steps to determine the spin-parity of these
states, which could serve to discriminate between present models where there are
large discrepancies concerning the spin-parity assignment.

2.3 The Q — (2. decay and the molecular (2.
states

In this section we present the follow up article of Ref. [2.3], which is based on the
work presented in the previous section [2.2] from Ref. [2.1]. We discuss the reaction
QO — (2. K) 7~, in which the new ), states [2.2] could be observed. The predictions
presented here could be confronted with future experiments from the LHCb and

other collaborations.
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2.3.1 Introduction

The recent discovery of five narrow 2. states by the LHCb collaboration [2.2] in pp
collisions, also recently confirmed by the Belle collaboration [2.78] in eTe™ collisions,
motivated an increasing amount of theoretical work with different proposals for their
structure. In particular, the correct assignment of quantum numbers J¥ remains an
open question and it could be the key to understand the nature of these states.

Predictions using quark models for such states and related ones were done in
Refs. |2.25-2.37,2.40-2.42,2.79,]2.80]. Mostly proposing a diquark-quark structure
(ss)c. Other methods have also been employed to study these states, as QCD Sum
Rules in Refs. [2.50-2.56] and Lattice QCD in Ref. [2.57]. Pentaquark options have
been suggested in Refs. [2.44-2.49]. Some works have emphasized the value of decay
properties to obtain information on the nature of these states [2.58-2.60] and a
discussion on the possible quantum numbers was done in Ref. |2.61].

On the other hand, some of these states could actually be pentaquark-like molecules,
dynamically generated from meson-baryon interactions in coupled channels with
charm C = 1, strangeness S = —2 and isospin I = 0. Predictions in the molec-
ular picture using coupled channels of meson-baryon interactions were done in
Refs. 2.16,2.38,2.39]. In this picture the interaction in S-wave of baryons with
spin-parity JE = 1/2% or J¥ = 3/2% with pseudoscalar mesons leads to meson-
baryon systems with J© = 1/27 and J© = 3/27, respectively. Channels with vector
mesons instead of pseudoscalars can also be included resulting in J© = 1/27, 3/2~
and 5/27. However, most of the recent works adopting this picture manage to relate
two or three of the new 2. states to meson-baryon systems with J” = 1/27 and
JP =3/27, dominated by the pseudoscalar-baryon channels.

In Ref. [2.39] an SU(6);5y x HQSS model (HQSS stands for heavy quark spin
symmetry) extending the Weinberg-Tomozawa 7N interaction was employed to
make a systematic study of many possible meson-baryon systems. In Ref. [2.82]
the renormalization scheme of Ref. [2.39] was reviewed, performing an update of the
results of the C' =1, § = —2 and [ = 0 sector in view of the new experimental
data. The updated results indicate that one can relate the £2.(3000) to a state with
JP =1/27 and the ©.(3050) to another state with J© = 3/27, with hints that the
Q.(3090) or ©.(3119) could also have J© =1/2".

In Ref. [2.38] the molecular picture was developed using SU(4) symmetry to
extend the interaction described by vector meson exchange in the local hidden gauge
approach. This work was also reviewed under the light of the new experimental data
and an updated study was made in Ref. [2.62], where it was shown that the ©.(3050)
and Q.(3090) can be both related to meson-baryon resonances with J© = 1/27
stemming from pseudoscalar-baryon(1/27%) interaction.

A similar approach which also describes the meson-baryon interaction through
vector meson exchange was recently developed in Ref. [2.1], using an extension of the
local hidden gauge approach [2.9-2.13] and taking into account the spin-flavor wave
functions of the baryons, which was presented on the previous section 2.2} In the
present work we will follow this description of the €, states. In section we saw
that a remarkable agreement of both masses and widths of the 2.(3050) and £2.(3090)
was obtained from the pseudoscalar-baryon(1/2%) interaction, in accordance with
results of Ref. [2.62]; also an extra state in the sector of pseudoscalar-baryon(3/2%)
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could be related to the .(3119), therefore assigning to it the quantum numbers
JP=3/2".

Other works on the molecular picture followed [2.83}2.85]. In Ref. [2.83] the
authors propose that the broad structure found around 3188 MeV [2.2,2.78] could be
related with a molecular ZD state due to the proximity of its threshold around 3185
MeV. As we saw in the previous section [2.2.3] in our approach [2.1] the molecular
state dominated by the =D channel corresponds to the €2.(3090).

In the present work we propose the experimental study of these new states
through the decay of €, baryons, as suggested in Ref. [2.86]. The mass and life-
time of the €2, were recently measured by the LHCD collaboration [2.87], obtaining
results compatible with the previous measurements of the same collaboration [2.88|
and also with the ones of the CDF collaboration [2.89], but not with the results of
the DO collaboration [2.90]. We shall adopt the mass value listed by the Particle
Data Group [2.91], which is quite close to the most recent measurement of LHCb.

We will discuss the Q, — (EFK~")n~ decay and how the coupled channels
approach naturally account for the dynamical generation of the €. states from the
hadronization that takes place after the conversion of the b quark into a ¢ quark.
Then we show the results of how these two states would be seen in the €2 decay
if the molecular picture of Ref. [2.1] is correct, providing solid predictions for the
experimental measurements that could be performed by the LHCb collaboration
[2.86] in the future, which would provide useful information to distinguish states
with different structures and quantum numbers.

2.3.2 The ©2.(3050) and 2.(3090) in the molecular picture

In the previous section a thorough discussion of the work of Ref. [2.1] was
made about the meson-baryon interaction due to the exchange of vector mesons.

While vector-baryon contributions were also considered, it was shown there
that these states decouple to a good degree of approximation from pseudoscalar-
baryon(1/2) states, and using the channels =.K, Z.K, =D, Q.1 the states Q.(3050)
and €.(3090) could be reproduced, both the mass and width.

A third state, the Q.(3119), could also be related with another pseudoscalar-
baryon(3/2) system. However, since in our approach this state does not mix with
the channels of J = 1/2, its decay into Z.K calls for additional mechanisms with
the exchange of pseudoscalars, which go beyond the scope of our approach here.

On the present work we will study the mechanism where these two states, the
2.(3050) and 2.(3090), can be generated in the €, decay. In Table we show

the main results we will need.

2.3.3 The Q, — (E.K /E, K/E D)~ decays

Let us see how the €©.(3050) and §2.(3090) are produced in this reaction within
our picture. Since the resonances come from the interaction of pseudoscalar-baryon
states shown in Table one has to hadronize the three quarks which come from
the b — ¢ transition and the spectator ss quarks (see Fig. . In the hadronization
we introduce gq with the quantum numbers of the vacuum, and two options are
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Table 2.11: Pole position [MeV], couplings g; [dimentionless| and wave functions at
the origin g; G [MeV] from pseudoscalar(0~)-baryon(1/2%) interaction describing
the ©.(3050) and €.(3090).

3054.05 + 10.44 =K =K ED Q.
gi —0.06 +40.14  1.94 +40.01 —2.14 +40.26 1.98 +:0.01
g:GH —1.40 —43.85 —34.41—-i0.30 9.33—:1.10  —16.81 —0.11
3091.28 + 15.12 =K =K ED Q.
gi 0.18 —0.37 0.31 +i0.25 5.83 — i0.20 0.38 +:0.23
g: G 5.05+i10.19  —9.97 —i3.67 —29.82+i0.31 —3.59 —i2.23

possible: insertion of gq between the ¢ and one s-quark, as shown in the figure, or
insertion between the two s-quarks. In this latter case the three final quarks (leaving
the 7~ apart) have JP = 1/2% and hence the state has positive parity. With one
pseudoscalar, J¥ = 07, and a baryon of J© = 1/27 in the final state, this requires
a P-wave, but the molecules are produced in S-wave and this mechanism is hence
inoperative to produce these resonances. In the case of hadronization between the
c- and s-quarks, the ¢ quark can be produced in L = 1 after the weak vertex and
the negative parity is restored. Then, the L = 1 excited c-quark is deexcited via
hadronization, where the gq is produced in a 3Py state [2.92-2.94].

T
U
d
b > o c
( ‘ uu + dd + ss
S > s
S > S

Figure 2.7: €, decay at quark level with emission of a 7~ and subsequent hadroniza-
tion.

Looking at the flavor of the quarks, the hadronization proceeds as follows:

css — c(uu+dd + 3s) ss = H, (2.65)
H = chjiqi 55 = Z Dy, q;ss, (2.66)

where in the last step we have written the (¢g) matrix
ul ucz us uc
(47) = du dd ds de
99) = i sd s5 sC
ct cd ¢S5 cc

(2.67)
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in terms of their meson components by means of the matrix ® in Eq. (2.39),
Then replacing the cg meson terms we get

H = Duss + DV dss + . .. (2.68)

where we have already neglected the heavy combination of D} sss which could
only contribute to states with J© = 3/27 since sss corresponds to the 27, and
furthermore its mass is far away from the range of energies studied here.

It is easy to see that, since ss has isospin zero, the combination D° uss 4+ D*dss
has isospin zero ﬂ , and uss, dss have only overlap with 2 and =, respectively.
Hence the combination of Eq. can be written up to a global factor by

— [=D,1 =0) =00 ;D+>, (2.69)

i
where we have absorbed the global minus sign when we changed to the isospin zero
combination in the order baryon-meson.

Now we proceed to construct the amplitude of the process Q, — (2. K) 7. It
is instructive to first look at the process Q; — (D)7, as depicted in Fig. 2.8
From Eq. we see that after the emission of a pion, the hadronization involving
the css quarks generates a ZD pair in isospin zero. Thus we can write this process
as the sum of a tree-level contribution and the final state interaction of =D going
through the molecular states of Table This information is contained in the
diagonal ¢ matrix element tL7) .-, the same ¢ matrix from Ref. [2.1] used to search

for the poles, as we saw in section [2.1.3] and [2.2]

m T
o A Q, P E
—»—(——\-»—-- = + —>—9\'"\\: 1,’
"N R ) s
D
D N

Figure 2.8: € — 7~ =D process. Tree-level (left) plus ZD rescattering (right).

Then for the tree-level contribution (left diagram of Fig. [2.8]) we simply write
tiwee = Vp, where Vp contains all information related to the ;" weak decay and
dynamics of the hadronization, a common unknown factor in all process we will
investigate. On the other hand, for the ZD rescattering (right diagram of Fig. [2.8)
we will have

Zfloop VP G [Mlnv( D)} t”D—V“D [Man(ED)} ) (270)

2 Recall the isospin doublets:
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where Gz=p is the propagator of the baryon-meson loop used in the Bethe-Salpeter

equation, as in Egs. (2.32)) and (2.33)), with V' the transition potential from Eq. (2.62)
as we saw in section[2.2.2] calculated in Ref. [2.1]. Then the amplitude of the process
Q, — 7 =D is given by

tay om-zp = Vi |1+ Gzn(Mzp) t4,=p(Mzp) (2.71)

where we introduced the compact notation Mzp for My, (D). With this amplitude
we can write the =D invariant mass distribution

dr 1 Mz

2
= 7~ t - —_
dMin (ED) — (27)® My b pD‘ 2 mED

, (2.72)

where we adopt the Mandl-Shaw normalization for fermion fields and p,- is the pion
momentum in the €, rest frame for the Q,” — (D)7~ decay

1/2 2 2 2 (=
)‘/ (MQb—7m7r7Minv(_‘D>)

o = , 2.73
p N, (2.73)
b
and pp is the D momentum in the ZD rest frame
>\1/2 (Mliv(EDL m2D7 sz)
Pp = (2.74)

2M; (ED)

For the ©, — (E.K)n~ process there is no tree-level contribution, since the
hadronization only produces a ZD pair, as in Eq. (2.69)). Then the only contribution
comes from the diagram in Fig. 2.9

s
s
4 —_
-, —
o 4 =

-, — ,
—>—'— \\\‘—‘ //

\ \ ¥

AY \ //

\\ b:(

D i N

Figure 2.9: Q, — 7 Z.K process through =D rescattering.

Due to our coupled channels approach, the transition =D — =.K is already

contained in the ¢ matrix and the production of Z.K (also in isospin zero) appears
naturally. The corresponding amplitude will be

tQ;_)W—Ec]_{ = VpG=p(Mz, i) tzpsz,k (M= k), (2.75)
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where tzp_,z g is the transition amplitude of 2D — = K, from the same t matrix.
Then the =.K invariant mass distribution is also analogous,

2

dr 1 M=
= : (2.76)

— o =~ t -~ . _
dM (Z.K)  (2m)3 Mo, p pK‘ Q) s 2K

where p,- is the pion momentum in the €, rest frame (now for Q, — (2. K)7")
and pg is the kaon momentum in the =, K rest frame, analogous to Eqs. and
(12.74).

Analogously, we can also calculate the invariant mass distribution for the final
state =LK, replacing =, by Z. in the previous equations and taking the matrix
element of the ¢+ matrix corresponding to the transition =D — ZLK.

It is also interesting to look at the case of coalescence, where the =D pair merges

into the resonance regardless of the final decay channel, as depicted in Fig. [2.10}

Figure 2.10: Resonance coalescence in the €, — 7~ R; process through =D rescat-
tering, where R; is the .(3050) or £2.(3090).

The value of the amplitude in the process €}, — 7~ R;, where R; is one of the
molecular states of Table [2.11] is proportional to the coupling of that resonance to
the =D channel,

th_—Hr*Ri - VP GED<MR1) 9Rr; ED (277)

where the propagator is calculated at the resonance mass Mp,. With this quantity
we can calculate the equivalent of the integrated mass distribution around the R;
resonance, which does not depend on its decay mode,

2

1 Mg
ip;r* ‘tﬂb_—m*Ri(MRi) ) (278)

T o= —
Qy —=r~R; 27TM97
b

where p/ _ is the pion momentum in the 2, rest frame for 0, — 7~ R;.

Let us make some further remarks concerning the €2, decay process. As we have
discussed, the mechanism of Figs. or produces the resonances 2.(3050) and
Q.(3090). These resonances are generated in Ref. [2.1], as discussed in section [2.2]
through the interaction of the coupled channels =K, Z.K, ZD and Q.. This
approach takes into account the transition from one channel to another, and all of
them participate in the generation of the resonances. In principle one could create
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these resonances initiated by any of the channels. However, the discussion leading
to Eq. tells us that the weak decay mechanism filters the primary production
of the ZD channel and the resonances are only initiated by this channel. This does
not mean that the other channels do not play a role here. Their contribution is
implicit in the t=p_,4na transition amplitudes which contain all channels through
the terms Vap_yi G Visinal, Vap—i Gi Vij Gj Vjfnal, etc, that are summed up by the
Bethe-Salpeter equation.

One can, however, see if there is a way to produce, for instance, Z.K in the first
step of the decay. Topologically this is possible producing the hadronization between
the ss quarks in Fig. 2.7 Indeed, taking the @u component of the hadronization
one obtains the cus baryon, corresponding to =, and us that corresponds to K.
However, in the spectator picture of Fig. this is not possible for other reasons,
as we pointed above. Indeed, since the ¢ quark is not affected by the hadronization
and belongs to Z. at the end, it is a state 1/27 in its ground state. But the initial
ss component is a spectator in the weak decay and both quarks are in 1/2% and
ground state. After the weak decay and prior to the hadronization we have c, s, s all
in 1/2% and in their ground state, and have total positive parity. This state cannot
lead to the 1/27 Q.(3050), ©.(3090) resonances, or equivalently meson-baryon in
S-wave.

2.3.4 Results

It is interesting to see how these processes show the importance of the coupled
channels. The decay of the 2. states into =D is kinematically forbidden below
the corresponding threshold at 3185 MeV, then we cannot see the corresponding
peaks in the =D invariant mass distribution, but we can see their indirect effect,
both from the meson-baryon loop in Eq. and from the amplitude t5 ..
The corresponding invariant mass distribution, Eq. , is shown in Fig. by
the solid line. To compare with the case where only the tree-level contributes, we
remove tiop and keep only ¢ (keeping only the term 1 in the bracket of Eq. ),
normalizing the curve such that it has the same area as the solid curve in the energy
range shown, which is plotted as the dashed line in Fig. We should note that,
should we have produced the =D in P-wave at tree-level, hadronizing with g within
the two s-quarks, we would find a contribution to dI"/dM,, (2D) in Eq. with
an extra p% factor, which changes the shape of the dashed line in Fig. drastically
and is easily distinguishable from an S-wave.

If we look at 7~Z.K in the final state, the Z.K threshold is at 2965 MeV,
and then we can see clearly the peaks of the €, states in the =.K invariant mass
distribution. According to Eq. , we expect only =D production from the
hadronization that occurs right after the €2, decay, which means we have no tree-
level contribution for Z.K production. However, the transition to Z.K through
off-shell =D loops arises naturally from the coupled channels approach. In fact,
both the €.(3050) and 2,.(3090) couple strongly to =D (see Table 2.11)), and their
formation from the ZD state formed in the first step of the €),” decay with subsequent
transition to Z.K (going through the =D virtual state) is not only possible, but
expected.
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150+

3200 3250 3300 3350
Min(ED) [MeV]

Figure 2.11: =D invariant mass distribution from Eq. (2.72). Solid line: using the
complete amplitude of Eq. (2.71). Dashed line: removing the Gz=p tL7), =, term
(only tree-level contribution) and normalizing such that both curves have the same
area.

In Fig. we show the Z.K invariant mass distribution. The only unknown
quantity is the global factor Vp, common to all amplitudes we investigate here. The
ratio between the intensity of each peak does not depend on Vp, so all ratios are
predictions that could be confronted with future experiments. We can see that the
intensity of the Q.(3050) peak is about 65% higher than for the €2.(3090) peak.

The width of the states in Fig. [2.12]is an output of the coupled channels dynamics
in Ref. [2.1] to generate the (2. states. However, as seen in Fig. [2.9] the strength
of these peaks is related to the product of the couplings of the resonances to =D
and Z.K and hence a direct consequence of the way in which the reaction proceeds
according to our picture.

Note that we are using the same normalization for all the reactions, hence the
ratio of the strength at the peaks in Fig. to the strength of the =D mass
distribution (solid line) in Fig. is also a prediction. In arbitrary units, the ZD
distribution has a maximum of about 125 around 3240 MeV, whereas in the Z,K
distribution the £.(3050) and 2.(3090) peaks have an intensity of about 15.50 x 10?
and 9.45 x 103, respectively, therefore we predict that the Z.K distribution in the
vicinity of the resonances peaks is roughly two orders of magnitude higher than that
of the =D distribution.

Cusp effects in the Z.K distribution also appear at the =, K and ZD thresholds at
3074 MeV and 3185 MeV, respectively, but their intensity is very small compared to
the peaks of the resonances and cannot be seen clearly in Fig.[2.12] Then, according
to our predictions they should not be seen in experiment.

We also notice that apparently no significant interference pattern is seen between
the two states in Fig. [2.12] even though they have the same quantum numbers, a
feature that also agrees with the fit performed by the LHCb collaboration [2.2}2.40].
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Figure 2.12: = K invariant mass distribution from Eq. (2.76).
As for the =LK invariant mass distribution, only the ©.(3090) can be seen, as

shown in Fig.[2.13} since this channel is also open for the decay of this state, whereas
the ©.(3050) is below the threshold of =/ K.
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Figure 2.13: =K invariant mass distribution from Eq. (2.76]), replacing =. by Z.
and taking t=p_= -

Again we can compare the intensity of the peaks. In the Z.K distribution the
Q(3090) peak has an intensity of 3.86 x 10*, which is about 40% of the intensity it

has in the = K.
Finally, it is interesting to compare the results of I'o- , 5, given by Eq. (2.78),

with the integrated invariant mass distribution of Eq. (2.76)) around the peak of each
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resonamnce,

dI’ _
——— dM;, (EK). 2.79
/- dMinv(EcK> ( ) ( )

In Table 2.12 we show the results of Eqs. (2.78) and (2.79) for the ©.(3050) and
2.(3090), and for the latter we also show the integrated =, K distribution.

Table 2.12: Comparison between integrated invariant mass distributions around
each resonance and the corresponding coalescence (arbitrary units).

State 00.(3050) 02.(3000)
Pole [MecV] 3054.05 1 10.44 3091.28 + i5.12
Coalescence Eq. (2.78)) 21289 215237
Channel 2K 2K =K
Tuterval [MeV] [3049,3057] | [3057,3120] | [3074,3120]
Integral Eq. (2.79) 21344 133482 51074

From these results we can draw some interesting conclusions. Let us look first
at the Q.(3050). In Table [2.11] we can see that this state is dominated by the Z.K
channel, and also has smable contributions from the higher channels ZD and an.
However, the pole is at 3054 MeV, which is 20 MeV below the =K threshold, so
the only open channel is Z.K, to which the resonance couples very weakly and the
phase space available is only about 90 MeV. This feature explains two points: 1)
The narrowness of the state, whose upper limit of the width reported by the LHCb
collaboration is 0.8 0.2 £ 0.1 MeV [2.2], in excellent agreement with the result of
Ref. [2.1) with ' = 2 x Im(R;) = 0.88 MeV; 2) The good agreement of ngfﬁﬂ_Ri,
21289, given by Eq. , with the integrated invariant mass distribution around
the resonance peak, 21344, given by Eq. (the small difference is irrelevant
and comes essentially from the choice of the interval of integration). This happens
because the state is very narrow and the only channel open for decay is the =K,
so the value we obtain from the coalescence, which is independent of the decay
channel, matches the value obtained from the integration over the only channel
available (Z.K), as it should be.

On the other hand, the ©.(3090) is dominated by the ZD channel, with some
contribution from the other channels. Even though this state couples very strongly
to ZD, it is almost 100 MeV below the respective threshold. It can only decay to

Z.K and Z.K. In both cases the coupling is small, and in the latter channel the
phase space available is less than 20 MeV (see Table [2.11] E This again, explains two
main features: 1) The narrowness, with a width not so small as in the case of the
Q.(3050), but still very narrow, since the decay into Z.K is reasonable, with more
than 120 MeV of phase space available, although the coupling to that channel is
weak. The LHCD reports a width of 8.7£1.04+0.8 MeV [2.2], in fair agreement with
the result of Ref. [2.1] of 10.24 MeV; 2) The fact that the integrated invariant mass
distribution around the peak, 133482 in the Z.K distribution, is about 2/3 of the
total given by the coalescence, 215237, which is also expected, since in Eq. - we
are integrating only in the Z.K channel, whereas this state can also decay into =K.
The sum of both integrals, in =.K and Z.K, is 184556, close to the total given by
the coalescence, but still below. This is also expected since Eq. - is actually an
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approximation that is valid in the limit of zero width, which works pretty well for
the ©.(3050) but is not so good for the ©.(3090), with already 10 MeV of width.

As a prediction we can also state, based on the coalescence results, that the ratio
of the .(3050) over the €©.(3090) production is about 10% in the €2, decay:

FQ; -7~ Q(3050)

~ 10%. (2.80)
FQ; -7~ Q(3090)

Another point worth discussing is the possibility to have some component of
these resonances of the 3¢ type and not molecular. We have considered 2. states
of pure molecular nature. In the real world, if allowed by quantum numbers, the
mixing with 3¢ components with the same quantum numbers is unavoidable. The
question is how large these components are. In our work we are implicitly assuming
that they are negligible. The issue of the mixing of 3¢ and molecular components has
received some attention [2.95-2.97], and present lattice results [2.98] are helping in
these studies through proper analysis, as done in Ref. [2.97]. These studies show that
in cases where the dynamical coupled channels unitary approach leads to molecular
states, the 3¢ components are indeed small. Yet, the question here is whether we can
show how the present results are stable under the assumption of small 3¢ components
for the (2. states. An answer for this problem is already available in the thorough
study carried out in Ref. [2.99).

In that work a study similar to the present one is carried out for the B? —
J/U f1(1285) decay. The J/W plays the role of the pion here and the f;(1285)
state, assumed to be a K*K molecule, plays the role of the €, resonances here. In
Ref. [2.99] a study was done taking into account the f;(1285) as a pure molecule
or heaving a probability z to be a ¢ state. The details of the issue are shown in
section IX of Ref. [2.99] where one can see that for values of z ~ 0.2 the changes in
ratios of magnitudes are smaller than 20% and they are also moderate for values of
z &~ 0.4. These results tell us that the results obtained here are solid in this respect,
since changes of 20% in the results obtained are not relevant for the prospective
work carried out here.

2.3.5 Conclusions

We have studied the weak decay 2, — (Ef K~) 7, in view of the narrow €.
states recently measured by the LHCD collaboration and later confirmed by the Belle
collaboration. Based on the previous work where the §2.(3050) and 2.(3090) are de-
scribed as meson-baryon molecular states, using an extension of the local hidden
gauge approach in coupled channels, with results in remarkable agreement with ex-
periment, we have investigated the 2D, Z.K and =K invariant mass distributions,
and discussed the role of coupled channels in the process. Predictions that could be
confronted with future experiments are presented, providing useful information that
could help to determine the quantum numbers and nature of these states. Since €2,
baryons have already been observed in several experiments, two of them performed
by the LHCb collaboration, the present work should encourage such study in the
near future, which would certainly bring novel key information for the understanding
of these new states.
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2.4 Predictions for molecular 2, states

In this section we present the work of Ref. [2.4] with predictions for molecular
(2, states using the same approach of Ref. [2.1] in section for the . states.

2.4.1 Introduction

The study of baryon states with charm or beauty is capturing much attention in
hadron physics recently [2.48,2.100-2.104]. The finding of baryon states of hidden
charm (pentaquarks) in Refs. [2.105,2.106] certainly stimulated this field, but this
was followed by another relevant discovery, with the observation of five new (2.
states [2.2]. This discovery stimulated much theoretical work trying to describe
these states, as we saw in section and Ref. [2.1]. From these we specially refer
to Ref. [2.62] which uses a dynamics closely related to ours.

The €, states have not been the subject of much study. Experimentally the
PDG [2.91] quotes the ground state J&' = ;— and no more states. The JI' = %Jr
excited state has not yet been observed. Theoretical work is also scarce, but there
are predictions for 17,27, 27, %+, %Jr, g+, %Jr states in different quark models,
relativistic quark model [2.29], non-relativistic quark model [2.26] and QCD sum
rules [2.35,2.107-2.109]. In this latter line, some recent works make predictions for
the €2, ground state and the first orbitally and radially excited states, with spin
J =1/2 and 3/2 [2.50,2.110].

Unlike in the charm sector, no work on €2, molecular states has been done. The
recent finding of the Q. states by the LHCb collaboration [2.2], and the steady
work in the search of new states, makes the study of €2, molecular states relevant
and opportune. The opportunity is even more apparent after the realization in the
works of Refs. [2.1,2.62] that several of the observed states can be well described
in the molecular picture. In Ref. [2.62] the local hidden gauge formalism is used
to obtain the interaction between mesons and baryons in the charm sector, with
the quantum number of Q.. The channels considered are Z.K, Z.K, 2D, Q.n, Q.
and the interaction proceeds via the exchange of vector mesons, extending the local
hidden gauge Lagrangian [2.11-2.13] to SU(4). Two states of 3~ could be associated
to the ©.(3050) and €2.(3090) states of Ref. [2.2], both in energy and approximately
width.

As presented in section 2.2 the work of Ref. [2.1] continues with this line but
does not assume SU(4) for the interaction. Instead, the wave functions of the
charmed baryons in the coupled channels isolate the charm quark and symmetrize
the spin-flavor wave function of the light quarks. The diagonal terms in the transition
potentials between the coupled channels coincide in Ref. [2.62] and Ref. [2.1], but
there are differences in the non-diagonal ones. In addition in Ref. |2.1] the states
Z:K, Qin, Z*D are considered from where another state of 2~ emerges that can
also be associated to a third state of Ref. [2.2].

In Ref. [2.1] one obtains three states, which can be associated to three states
of Ref. [2.2], and the agreement of masses and widths is good. The success of this
approach to get some of the observed . states stimulates us to use the same idea
and make predictions for €2, states. The work is simple because all one must do is
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to change a ¢ quark by a b quark, and the matrix elements of the interaction are
formally the same, although some differences appear in the non-diagonal terms due
to the different masses of the hadrons. On the other hand, we can also benefit from
the works of Refs. [2.15]2.22] which show that to preserve heavy quark symmetry
in the molecular states one should use a common cutoff in the regularization of the
meson-baryon loop functions in the heavy quark sector. An alterative method to
preserve this symmetry is provided in Ref. [2.23]. Given these two ingredients, we feel
confident that the two %7 states and the %7 state that come from our approach for
the 2, should be realistic. We also predict other states at higher masses, analogous
to some states predicted for (). which lie in a region of large background and are
more difficult to identify. (2, states are produced with smaller statistics in LHCb
but they are subject of investigation. With increased luminosity in the next LHCb
runs, the observation of €, states will become a state of the art and the comparison
with the predictions done here will shed light on hadron dynamics and the nature
of some hadronic states.

2.4.2 Formalism

We follow closely the formalism of section by changing a ¢ quark by a b quark.
For the case of €. we took the coupled channels from Ref. [2.39] up to an energy
of 3470 MeV, far above the energy of the states seen in Ref. [2.2]. In the present
case we take the corresponding states changing the quark ¢ by the b quark. We take
into account the S-wave interaction of these coupled channels and hence we can
have states with J* = %7, %7. In Tables |2.13|, |2.14 and |2.15| we show these coupled
channels and the corresponding threshold masses [’}

Table 2.13: The pseudoscalar-baryon states with J = %7 and their threshold
masses in MeV.

States =K =K Qun =B
Threshold 6289 6431 6594 6598

Table 2.14: The pseudoscalar-baryon states with J = %7 and their threshold
masses in MeV.

States =K n =B
Threshold 6451 6619 6813

3The ()} state has not yet been observed. We estimate its mass as follows. In the charm sector,
we have mp~ —mp = 142MeV, mq: —mgq, = 71 MeV. Hence the difference of masses between )
and €. is about one half the one between D* and D. We apply the same rule in the b sector and
take moz —me, ~ %(mB* —mp) ~ 23 MeV. If we assume, following the rules of heavy quark spin
symmetry, that me; —mq, goes as m%) and mqs —mq, ~ mic, then we get me; —me, = 28 MeV.
We take the average value 25MeV, hence mgq; = 6071 MeV.
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Table 2.15: The vector-baryon states with J* = %_, %_ and their threshold masses
in MeV.

States =B* =K =, K*
Threshold 6643 6687 6829

The interaction between these channels at tree level is obtained using the local
hidden gauge (LHG) approach [2.11-2.13] extended to the beauty sector. The in-
teraction is mediated by the exchange of vector mesons, as shown in Fig. for
two cases.

The upper vertex in Fig. for vector(V)-pseudoscalar(P)-pseudoscalar(P) is
given in terms of the V PP Lagrangian of Eq. we saw in section with
O, V the SU(4) matrices for pseudoscalar mesons and the vector mesons with the
quarks u, d, s, b.

70+ g mt K+ B+
- 1,0 1 1. 0 0
- s v + WL vl K B
K~ KO —\/%77+ gn, Bg )
B~ B Bg M
(2.81)
where we also include the mixing between 1 and 1’ [2.66], and
Lo 1 + *+  prt
Vel ":75“’ 1 g 1 n 0 D 0
V= P —vaf_ e BB (2.82)
K*— [_(*0 _¢ B:O
B*— B*O B:O T

The change of the ¢ quark by the b quark, with the same structure of the wave
functions, has as a consequence that the matrix elements of the transitions are
formally the same up to some small change in the non-diagonal terms that we
discuss below.

As we had for the €2, states, in the diagonal terms one exchanges light vectors
and the heavy quark (b quark here) is a spectator. In the non-diagonal transitions,
sometimes a B} vector is exchanged, instead of p,w, ¢ in the diagonal terms. Then
these terms are very much suppressed by the mass of the B¥. In Ref. [2.1], a D} was

K- K- K- B~
> I > > I >
| |
oo w @ { B
| |
=0 =0 —0 —
= (a) =b = (b) =

Figure 2.14: Vector mesons exchanged in the diagonal transition of K~ =) — K=
(a) and non-diagonal one of K~=) — B~Z" (b).
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exchanged, and both in Ref. [2.62] and Ref. [2.1] it was found that this was penalized
by a factor about 1/4, as we saw in Eq. (2.64). We follow the same argumentation
and write for the heavy propagator compared with the diagonal case

- M3

¢ = |72 —m%,  (mx —mp)* —mi,

A:

~0.1. (2.83)

The lower vertices in Fig. for the vector(V)-baryon(B)-baryon(B) couplings
are obtained by writing explicitly the vector mesons and the baryons in terms of
quarks, as it is done in Ref. [2.1]. The wave functions for the baryons are identical
to those used in section changing the ¢ quark by a b quark. As to the isospin
states (we need only I = 0 to construct €2, state), we have the isospin multiplets

B KO . B B BO . - :0 ' . :*0 .
- _K— ) - _B— ) — —E_ ) - k— )
=0 =70 —*0
_(ub). :/_<~b>. :*_(ub).
b — —_— ) —b — =/ — ) —b — % )
=b ) =b

and the isospin I = 0 states are easily obtained from those and have the same
relative signs as in the charm sector in Eq. (2.52)).
Then the transition potentials are given by Eq. (2.62)) with the D;; coefficients

given in Tables |2.16| 2.17 and [2.18]

Table 2.16: D;; coefficients for the PB channels with .J P = %7.

=i

[1]

[1]

JP=1/2 | 5K EK EB
= K _ L
:f,l_( 1 0 @A 04
S ~1 TN 7
=B —2  2)
S 0

Table 2.17: D;; coefficients for the PB channels with .J P = %7.

JP=3/2 | 5K On =B
=R _ _4 2
Qn 0 —2)
E'B -2

From the potential we construct the t-matrix using the Bethe-Salpeter equation
in coupled channels in the on-shell factorized form of Eq. (2.32). As in section[2.2.3
we take the cutoff regularization and use here the same cutoff for every channel, in
order to respect rules of heavy quark symmetry, as discussed in Refs. [2.1512.22].
We take ¢nq: = 650 MeV, which was the cutoff providing good agreement with the
experimental states in Ref. [2.1]. The poles of the amplitudes provide the states
and they are searched in the second Riemann sheet of the complex energy plane as
discussed in section 2.1.3
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Table 2.18: D;; coefficients for the VB channels with J© =17, %_.

JP=1/2=,3/2~ | EB* Z,K* EK*
= R* _ _ 1L 1T
=B 2 A A
E, K —1 0
=K ~1

It should be noted that in the case of vector-baryon interaction, V;; of Eq.
has the extra factor €-€”, where € and €’ are the polarization vectors of the initial and
final vector mesons, stemming from the V(€)-V(€”)-V(virtual) vertex in the limit of
small three momenta compared to the vector meson masses [2.1,2.18]. This factor

induces degeneracy in JP =17, 37 Vector—baryon({r) states in S-wave. This factor

2 02
+
does not appear for pseudoscalar mesons and, hence, for pseudoscalar—baryon(% )

we only obtain J” = 17 states and for the pseudoscalar-baryon( %Jr) we only obtain

2
JP = %_ states. For the case of vector-baryon we predict states both in %_
%7, which in our approach have the same energy. The degeneracy can be broken by

mixing the pseudoscalar-baryon and vector-baryon channels, which is done through
pion exchange [2.111], but in our case pion exchange is found to be small.

and

2.4.3 Results

In Tables 2.19] [2.20] and [2.21], we show the results. In Table we see that we
obtain two states with JZ = %_ at 6405 MeV and 6465 MeV. The widths are given
by twice the imaginary part of the pole position, and they are small in all cases. We
also show the couplings of the states obtained to the different coupled channels, as
well as the product g; G (G is the G function calculated at the pole in the second
Riemann sheet), which as shown in Ref. [2.24] is proportional to the wave function
at the origin. By looking at the couplings and the wave function at the origin we
can see that the first state, at 6405 MeV, couples strongly to =) K and next to Q7.
The second state, at 6465 MeV, couples most strongly to =B and little to the other

channels, and hence it qualifies as mostly a =B bound state.

Table 2.19: The poles, and coupling constants of the poles to various channels in
the PB sector with JX = 1/27, taking ¢ma: = 650 MeV. g; has no dimension and
g; GIT has dimension of MeV.

6405.2 =K =K =B Qn
gi —0.01 +40.02 2.04 +i0.01 —1.62 +40.02 2.08 +10.01
g;GH —0.34 —i0.47 —37.31 —i0.18 2.27 —i0.02 —18.28 —i0.09
6465.3 +i1.2 =K =K =B Qn
gi 0.07 —140.15 0.11 +40.125 10.70 —i0.10 0.15 +40.11
g; G 3.92 +i3.91 —4.53 —i1.66  —18.89 +i0.08 —1.55 —il.14

In Table , we show the states that appear exclusively in JZ = %_. They are

obtained from a pseudoscalar meson (1, K or B) and a baryon of spin-parity %+
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Table 2.20: The poles, and coupling constants of the poles to various channels in
the PB sector with J* = 3/27, taking g = 650 MeV. g; has no dimension and
g; GIT has dimension of MeV.

6427.1 =K Qin =B
gi 2.01 2.05 —0.60
g: G -37.17 —~17.86 0.53
6664.8 + i0.2 =K Qin =B
gi —0.02 —i0.01  0.10 +140.05 11.06 +i0.01
g: GI 0.59 —i0.53 -3.07+1i0.41 —19.31 —i0.02

Table 2.21: The poles, and coupling constants of the poles to various channels in
the VB sector with JP =1/27, 3/27, taking ¢me. = 650 MeV. g; has no dimension
and g; GI! has dimension of MeV.

6508.0 EB* S K* = K
gi 10.88 0.32 —0.15
g: G —18.86 —2.37 0.77
6676.1 +i0.1 EB* EK* = K
gi —0.05 — i0.09 1.78 —i0.10 0.01 +0.01
g:GH 0.68 +i0.27 —35.16 +i1.90 —0.07 —0.01
6817.5 =EB* S K* = K
gi —0.01 +0.02 0.01 —40.01 1.77 +1i0.01
g: G —0.26 — i0.01 0.05+1i0.03  —34.71 —i0.18

(=5, 2 or ). We also find two states, one at 6427 MeV and the other one at 6665
MeV. The first one couples mostly to Z;K but also to Qin, while the second one
couples mostly to =* B and little to the other channels and would qualify as mostly a
Z*B bound state. We can see here a qualitative difference with the results obtained
for the €. states. There the first %_ state had bigger energy than the two %_ states.
Here it is in the middle. The reason is simple because the difference between Z; and
=p, € and ), are now smaller than between =} and =, €2} and €2.. Confirmation of
this feature by future experiments would already provide support to the molecular
picture that we discuss here.

Finally we also show in Table the three states that we obtain from the vector-
baryon channels. Here the spin-parity can be %_, %_, since in our approach these
spin states are degenerate. One can break the degeneracy allowing pion exchange
between the pseudoscalar-baryon and vector-baryon states as done in Refs. [2.73]
2.74], but as shown in the end of section for the (). states, the pion exchange
was very small in this case. We obtain three states at 6508 MeV, 6676 MeV and
6818 MeV with very small width. The first state couples mostly to ZB*, the second
one to =, K* and the third one to =, K* with small coupling to the other channels,
which make them qualify as bound states of these channels. The last state would
correspond to a bound Zj K* state, with a binding of barely 11 MeV.

In Ref. |2.1] we had also found three states of vector-baryon nature, but they
appear in a region where the experimental background is large. In any case our
approach does not tell the strength at which the states are produced in the partic-
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ular LHCDb reaction. Yet, other more selective methods to produce the states like
Q, — (EfK )7~ suggested in Refs. [2.3,[2.86] and section [2.3] in the case of Q.
states, would allow theoretical approaches to predict the relative strength at which
every state is produced. In the present case we cannot rely on the weak decay of
heavier resonances, but it would be convenient to search for the {2, states in differ-
ent reactions where the strength for the production of the different states would be
different, and one would have more chances to find them. The analogy of the €2,
states with the (). ones, suggest that three of the states predicted by us could be
easily seen using a similar reaction.

2.4.4 Conclusions

Motivated by the recent experimental finding of five (). states and the successful
reproduction of three of these states in the molecular model for €2, states, we have
used the same formalism used to obtain the (). states to make predictions for €,
states, just changing one ¢ quark by a b quark. The only freedom in the approach
is the regulator in the loop function of the meson-baryon states, but for this we
used a cutoff regularization with the same cutoff as in the charm sector, which has
been shown in different approaches to respect the rules of heavy quark symmetry.
In this way, the predictions of the model should be very accurate. Since we study
only the interaction of meson-baryon in S-wave, we predict states of pseudoscalar-
baryon nature with JZ = %_ and %_, and we find two states of %_, two states of %_
and three more states, degenerate in our approach in %_, %_, that stem from the
interaction of vector mesons with baryons.

Although the production of €2, states is done with less statistics than the 2.
states in LHCDb, with increased luminosity in future runs the access to these states
will become a state of the art. Predictions done before the experiment are very
useful, and comparison of the results obtained here with experimental measurements
in the future will help us understand better hadron dynamics and the nature of some
of the states found. [

4 After the production of this work a new article from the LHCb collaboration appeared [2.112],
announcing the discovery of new €, states. In a recent article [2.113] it is shown that some narrow
peaks seen in the experiment, between 6400 MeV and 6500 MeV, are in fair agreement with our
predictions.
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CHAPTER

3 Triangle Singularities

In this chapter we will present three works on triangle singularities.

First we introduce basic concepts of triangle singularities and the general features
of our framework in section B.1l

Next, in section , we present the work of Ref. [3.1] where we discuss how
the f1(1420) can be explained as a manifestation of the K*K and mao(980) decay
modes of the f;(1285). In particular, we show that the shoulder on the may(980)
decay mode in the data of Ref. [3.2] is related to a triangle singularity.

After that, we present in section [3.3]the work of Ref. [3.3], where we have studied
the vp — pr%n reaction paying attention to the two main mechanisms at low ener-
gies, the yp — A(1700) — nA(1232) and the yp — A(1700) — 7N (1535), showing
that the second one involves a mechanism that leads to a triangle singularity. We
are able to evaluate quantitatively the cross section for this process and show that
it agrees with the experimental determination from Ref. 3.4].

Finally, in section 3.4 we present the work of Ref. [3.5] where we study the relative
contributions and singularities of the tree level and triangle diagrams, discussing
the Schmid theorem [[] [3.6]. We investigate the process in terms of the width of the
unstable particle produced in the first decay and determine the limits of validity
and violation of the Schmid theorem, with the particular interest in the case where
a resonance is formed from the rescattering on the triangle diagram.

3.1 Introduction

The systematic study of triangle singularities was done by Landau [3.7]. Later
S. Coleman and R. E. Norton showed the conditions for the singularity to be phys-
ically observable, into what is known as the Coleman-Norton theorem [3.8].

Let us look at a process proceeding at tree level, depicted in Fig. in which
particle A decays into R and 1, and R further decays into particles 2 and 3. Triangle
singularities stem from the related reaction mechanism, which is depicted in Fig. [3.2]
where the particle A decays into R and 1, posteriorly R decays into 2 and 3, and
then 1 and 2 fuse to give a new particle or simply rescatter to give the same state
(or another one if there are inelasticities).

I The Schmid theorem states that if one has a tree level mechanism with a particle A decaying
into two particles 1 and R, with a posterior decay of R into particles 2 and 3, the possible triangle
singularity developed by the mechanism of elastic rescattering of two of the three decay particles
does not change the cross section provided by the tree level.
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Figure 3.1: Tree level diagram for the process A — 142+ 3 mediated by a resonance
R that decays into particles 2 and 3. In brackets the momenta of the particles.

A (P) (P - Q)\R - 3 (p3>

Y

Figure 3.2: Triangle mechanism emerging from the mechanism of Fig. |3.1| with final
state interaction of particles 1 and 2. The vertex with particles 1 and 2 symbolizes
the 1 +2 — 1 4 2 scattering matrix. In brackets the momenta of the particles.

The loop function containing particles 1, 2 and R as intermediate states can
lead to some singularities (in the limit of zero width of the R particle) when all
the particles inside the loop in Fig. [3.2] are placed on shell in the integration and
the particles R and 3 go parallel in the A rest frame (then particle 1 and 3 are
antiparallel). It is interesting to note that if particles R and 3 go in the same
direction, then both particles 1 and 2 go in the opposite direction to them in the
A and R rest frames, respectively. According to the Coleman-Norton theorem [3.§]
the singularity appears when the classical process of particle 2, moving in the same
direction as particle 1, but produced later, catches up with particle 1 and scatters
(or fuses to produce another particle).

One should note that in the situation where the R resonance is placed on shell
in the triangle loop, as well as particles 1 and 2, the tree level mechanism of Fig.|3.1
will also have a singularity in the limit of zero width for the resonance R, since the
amplitude goes as (M, (R) — Mg +il'g/2)~!. However, the tree diagram does not
have the restriction that particles R and 3 should be parallel and hence the region
where R can be placed on shell is much wider than for the triangle singularity. In
section [3.4lwe will study the relation of the tree level and triangle diagrams regarding
their singularity when we discuss the Schmid theorem [3.6].

First, let us study the generic case depicted in Fig. The conditions for the
triangle singularity to occur, relating the invariant mass of particles 1,2 with the
mass of A, can be seen in a pedagogical description of the process in Ref. [3.9], which
we will follow closely in this section since it will be the framework we will adopt
throughout this chapter.
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The Coleman-Norton theorem [3.8] we have mentioned will determine the con-
ditions for the solutions to be located on the physical boundary, i.e., whether they
can produce a prominent effect on the amplitude in the physically allowed region.
Note that the intermediate R particle has a finite width, it has to decay into particle
2 and 3, and 2 also must be able to catch up with particle 1. If we fix the masses
of the particles 1 and 2, only when the R mass is located in a small range there is
a triangle singularity on the physical boundary. Since the mass region is small, the
singularity is also close to the R—1 threshold (see, e.g., Refs. [3.10-3.13]).

The position of the singularities in the amplitude of the triangle diagram can be
obtained by solving the Landau equation [3.7], as done in Ref. [3.10], for example.
However, it can be very instructive to perform the loop integration of the three
propagators explicitly. Let us consider the scalar three-point loop integral

4
1
_flzl'/dq .(3.1)

2m)* (> —mi+ie) [(P—q)* —mi+i€[(P—q—k)*—mj+i€

A simpler expression can be obtained if we neglect the negative energy part of the
particle 1 propagator. This is

1 1 1 1
@ —mi+ie  2wi(q) (qo — wi(q) + i€ B q° + w1(q) —|—z'e>
1 1

— —.
2wi1(q) ¢° — wi(q) + e

(3.2)

Since we are interested in the region where the R may be treated nonrelativis-
tically, we can safely neglect the negative energy pole from the R propagator. The
integral over ¢° can be done analytically using the residue theorem and we are left
with the integral in the 3-momentum ¢. Taking particle A at rest we obtain

B d3q 1
h= / (2m)3 8 w1(q) wr(q) wQ(E+Q’)

1 1
X =3 —
kO —wa(k +q) —wr(q) P°+wi(q) +wa(k+q) —k°
2 POy (7) + 2 Kows(E + §) — 2 [wl(cj’) +wa(k + q)} [wl(cj’) + ok

X

where wi(§) = /mE+ @ wa(@) = Ik T 8 wlF + @) = \/md+ (F+ )2,

P° = My, and k° = /m2 + k2.

We immediately observe that the poles of the propagators correspond to having
pairs of intermediate particles on shell. The conditions for all the three intermediate
particles to be on shell are

P’ —wp(q) —wi(7) = 0,
PP =k — () —wo(k+q) =
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The other propagators do not lead to singularities, since particle 3 cannot decay into
2+ R and P° +w; +w, is always larger than £°, we have dropped the corresponding
1€.

From Eqs. and ( . we have

AV2(M3, mg, m?)

on — 5 3.6

q M, (3.6)
M2 +m? —m?

OJl(QOn) - A QMA R 5 (37)
M2 +m?2% —m?

wr(gon) = —2 5 Mi L (3.8)

where we have defined the Kallén function \(z,y, z) = 2? +y*+ 2% — 2wy — 2yz — 222,
In addition, from energy conservation in the process A — 123, we have

Mfl + m% - m%Q L— )‘I/Q(pr m%, m%2)

k= = 3.9
7 : N , (3.9)
with mjo the invariant mass of the (1,2) system.
Then Eq. (3.5)) leads immediately to
2 2 2 2 =
Mg ¥ M Z M3 =M [rn2 4 (7 + B)2 =0, (3.10)

2M 4

which is the equation providing the singularities of the integrand of the loop integral
in Eq. (3.4). However, a singularity of the integrand is not necessarily the singularity
of the integral. If we can deform the integration contour in the complex plane to
avoid the singularity, the integral would be regular. In the following two cases we
cannot deform the contour and a singularity develops: 1) when the singularity of the
integrand is located at the endpoint of the integration, 2) two or more singularities
of the integrand pinch the contour. They correspond to the cases of endpoint and
pinch singularities, respectively.

With that in mind, we notice that, in order to analyze the singularity structure,
it is sufficient to focus on the following integral:

1
I(my) = d? §
/ q[PO—WR((T)_(AM((j)—FiE] [Elg—wl(g’)_WQ(k+ )+Z€}
— or - q?
- /0 dq PY — wgr(q) —wi(q) +i6f(q) ’ (3.11)

where, in the rest frame of the decaying particle and with the more general notation

as labelled in Fig. [3.3[ (note that pry = E) wr(q) = /m2R +¢2, wilq) = /m% T,

wo (¢ + Pra) \/m2 (§+ Pro)?, E1a = P° —p%,, and

f(q) = / az ! — (312)

1 Ei—wl(q) —vmi+@+k2+2qkz+ie

where e o )
- | _ AV (MA7mR27m12)
2M 4 ’

(3.13)
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with M4 = VP? and mpy = \/Phy, Mia = /Pl and ¢ = |¢|. The integral I(my2)
is in fact a function of all involved masses and external momenta, and here we only
show m15 since we will discuss the singularities in this variable.

Figure 3.3: A triangle diagram showing the notations used in the general discussion
of triangle singularities, where m;’s denote the masses of the intermediate particles,
and P, pgro, p12 correspond to the four-momenta of the external particles. Note that
PRro = k. The two dashed vertical lines correspond to the two relevant cuts.

It becomes clear that we need to analyze the singularity structure of a double
integration: one over ¢ and one angular integration over z. The two factors in
the denominator of the integrand of I(m,2) correspond to the two cuts depicted in
Fig. 3.3l The cut crossing particles 1 and R provides a pole of the integrand of
I(m2) given by

P? —wir(q) —wi(q) +ie=0, (3.14)

which is like Eq. (3.4]). However, we have kept the 7 € here explicitly, which is impor-
tant to determine the singularity locations in the complex-g plane. The pertinent
solution is

1
Jont = Qon +1i€ Wwith ¢on = —\/A(Mi, m%,m3). (3.15)
2M 4

The function f(g) has endpoint singularities, which are logarithmic branch points,
given when the denominator of the integrand vanishes for 2z taking the endpoint val-
ues £1, i.e., the solutions of

Elz—wl(q)—\/m§+q2+k2i2qk+i6:0, (3.16)

which is like Eq. . The 4+ and — signs correspond to z = +1 and —1, i.e.,
the situations for the momentum of particle 1 to be anti-parallel and parallel to
the momentum of the (1,2) system in the frame with P = 0, respectively. These
endpoint singularities of f(q) provide logarithmic branch point singularities to the
integrand of (m12), in addition to the pole given by the first cut. Intuitively, we can
envisage that when z = +1, —1 the principal part of the integration does not cancel
the infinities of the denominators because one branch is outside the integration
interval z € [—1,1]. To see if the end points induce singularities in (m12) we need

to analyze each possibility.
For z = —1, Eq. (3.16]) has two solutions:

Gor =7 (VE] +p]) + i€, o =7v(WE] —p]) —ie, (3.17)
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where we have defined

k 1 Eis
v = — s = = s
Eq 7 V1—02  mig
B =g (mbytmi—md), pi= g yAmbmim). (318)

Note that E} and pj are the energy and the magnitude of the 3-momentum of
particle 1 in the center-of-mass frame of the (1,2) system, v is the magnitude of
the velocity of the (1,2) system in the rest frame of the decaying particle and = is
the Lorentz boost factor. Therefore, the two solutions given above correspond to
the momentum of particle 1 in the rest frame of the decaying particle in different
kinematic regions, which will be discussed later.

For z =1, the two solutions of Eq. are:

G+ =y (—v E] +p]) +ie, G- = —y (vE] +p]) —ie. (3.19)

The second one, ¢, is irrelevant since it is always negative when € = 0, and is
never realized in the integral on the momentum modulus in Eq. . It might be
worthwhile to emphasize that all of ¢,+ and ¢+ are singularities of the integrand of
I(my2) simultaneously. However, depending on the value of m, (for real m;s), either
lim.0(q,—) or lim¢,o(gp+), but not both, is positive and appears in the relevant
integration range of ¢ from 0 to +o00. These two cases are shown in Fig. and
Fig. 3.5} respectively.

Imgq Imgq Im g

Gon+ —~ Qa+ Gon+ qa+ Qon+ Qa+
L X i S o —— B X /__® ______ X_ ® —
0 ~~_~ ©® ~_7 Regq 0| >~_~ ® Regq 0 ® T~ < _ 7 Regq
Ga— Ga— Ga—

Figure 3.4: Pertinent singularities of the integrand of I(mjs) when lim.o(q,_)
is positive. (a) is for the case without any pinching, (b) shows the case when the
integration path is pinched between ¢, and q,_, which gives the two-body threshold
singularity, and (c) is for the case when the pinching happens between gy, and
Ga—, which gives the triangle singularity. The dashed lines correspond to possible
integration paths. (Figure from Ref. [3.9)]).

Let us discuss Fig. first. In the integration range of ¢, the integrand has
three relevant singularities: a pole ¢, and two logarithmic branch points ¢,..
Their locations are determined by kinematics. It can happen that all of them are
located at different positions, and one can deform the integration path freely as
long as it does not hit any singularity of the integrand. One such path is shown
as the dashed line segments in Fig. [3.4] (a). In such a kinematic region, I(mi2) is
analytic. Since g,_ is in the lower half of the complex-q plane while g, and g,
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are in the upper half plane, it could happen that the integration path is pinched
between ¢, and one of ¢,,+ and ¢, or even both of them. Then one cannot deform
the integration path away from the singularities of the integrand and I(mjs) will
be nonanalytic as well. If the integration path is pinched between ¢, and q,., as
shown in Fig. [3.4] (b), which happens when myy = m; + my or pj = 0, one gets the
normal two-body threshold singularity which is a square-root branch point. If the
integration path is pinched between ¢, and gony, as shown in Fig. [3.4] (¢), one gets
the triangle singularity or anomalous threshold which is a logarithmic branch point.
Therefore, the condition for a triangle singularity to emerge is given mathematically
by

lim (gon+ — Ga—) = 0. (3.20)

e—0

It could also happen that both ¢.,+ and g, pinch the integration path with ¢,_ at
the same time, and then the triangle singularity coincides with the normal threshold
at mio = my + ms. The location of the triangle singularity in the variable m;is is
found by solving Eq. , which is the main result we later use when searching
for possible triangle singularities in experimental data.

It is important to understand the kinematic region where the triangle singu-

larity can occur. Since g, is the singularity of f(q) at the endpoint z = —1,
the momentum of particle 2 in the rest frame of the decaying particle is thus
Po = —q — Pro = (k — q)q, where ¢ stands for the unit vector along the direc-

tion of ¢. From Eqgs. (3.17) and (3.18)), it is easy to see that & > lim._,(q,—) for
mia > mq + my. Thus, particles 1 and 2 move in the same direction in this ref-

erence frame. Another condition for g, to be relevant becomes clear by checking
the expression of ¢,_ in Eq. , which is the Lorentz boost of the momentum
of particle 1 from the center-of-mass frame of the (1,2) system to the rest frame of
the decaying particle. The negative sign in front of pj in Eq. means that the
direction of motion of particle 1 in the center-of-mass frame of the (1,2) system is
opposite to the one in the rest frame of the decaying particle, while the direction of
motion of particle 2 is the same in both reference frames. This implies that particle
2 moves faster than particle 1 in the latter reference frame. Therefore, the triangle
singularity happens only when particle 2 moves along the same direction as particle
1, and has a larger velocity in the rest frame of the decaying particle. This, together
with having all intermediate particles on their mass shells, gives the condition for
having a triangle singularity. One can realize that this is in fact the Coleman-Norton
theorem [3.8]: the singularity is on the physical boundary if and only if the diagram
can be interpreted as a classical process in space-time.

For given my, ms and invariant masses for external particles, one can also work
out the range of mpr where the triangle singularity shows up, as well as the range of
the triangle singularity in mqs. For ¢,, and ¢, (taking € = 0) taking values in their
physical regions, one needs to have mr < M4 — my and miy > my + my. Using

Eq. (3.20)), we find that when

MQm + m2 m

2 AlTY2 R2'41 2

E 9 M 9 3.21
Mr my + mo mumz, (Ma=m) (321
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I(m12) has a triangle singularity, and it is within the range

2 2

MA—m1

These are in fact the ranges discussed in Refs. [3.10}3.13] derived from the point of
view of the Coleman-Norton theorem.

The kinematic region where particle 1 moves faster than particle 2 but in the
same direction corresponds to the case that the three-momentum of the on shell
particle 1 takes the value of g,.. One then has lim. ,0(q.+ — qo—) > 0 (it would
be equal to 0 if the two particles move with the same speed in the rest frame of
the decaying particle), and I(m2) has no singularity. From the point of view of
the Coleman-Norton theorem [3.8], particle 2 emitted from the decay of particle
R cannot catch up with particle 1 so that the rescattering between them in the
triangle diagram cannot be interpreted as a classical process. This case corresponds

to Fig. 3.4 (a).

Imgq

Gon+ b+ Ga+
X ® ®

o —— -

0 T T =-—___ --7"7 Regq

Figure 3.5: Pertinent singularities of the integrand of I(mj3) when lim, ,o(qp) is
positive. (Figure from Ref. [3.9]).

There is the possibility that g, < 0 (here and in the following when we talk
about the sign or relative size of ¢,+ and g+, € takes the value of 0) and, thus,
this solution is unphysical for on-shell intermediate particles. In this case, solving
numerically Eq. with ¢ and kin opposite directions will give only one positive
q solution, which, by necessity, is ¢,.. Note that ¢, < 0 means ¢, = —q,— > 0,
so that gy, is in the physical range of q. We show this case in Fig. [3.5] where only
the positive singularities of the integrand, which are the ones in the physical range
of ¢ for on-shell intermediate particles, are depicted. Since ¢, < 0 in this case, and
qr— < 0, and furthermore qon1, q,+ and gy, are on the same side of the Req axis,
no pinching can occur and, hence, none of these singularities of the integrand turns
into a singularity of the integral I(m,2). The condition for ¢, < 0 is pj > v Ef,
i.e., the magnitude of velocity of particle 1 in the (1,2) center-of-mass frame (which
is equal to the one for particle 2) is larger than the velocity of the (1,2) system
in the rest frame of the initial particle. It implies that particle 1 and particle 2
move in opposite directions in the latter frame and thus particle 2, emitted from
the decay of particle R, which moves also opposite to particle 1 in the rest frame
of the initial particle, cannot rescatter with particle 1 in a classical picture with
energy-momentum conservation, in accordance with the conclusion of Ref. [3.8].
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In section we will bring back this topic of the singularities of the triangle
diagram, and also in the tree level, when we discuss the Schmid theorem [3.6].
In the following sections and we will see two cases where we applied this
framework to study the triangle singularities in experimental data.

3.2 Revising the f,(1420)

In this section we present the work of Ref. [3.1], where we have studied the
production and decay of the f;(1285) into 7ag(980) and K*K as a function of the
mass of the resonance and find a shoulder around 1400 MeV, tied to a triangle
singularity, for the mag(980) mode, and a peak around 1420 MeV with about 60
MeV width for the K*K mode. Both these features agree with the experimental
information on which the f;(1420) resonance is based. In addition, we find that if the
f1(1420) is a genuine resonance, coupling mostly to K*K as seen experimentally,
one should expect about a 20% fraction for mao(980) decay of this resonance, in
contradiction with all experiments. Altogether, we conclude that the f;(1420) is
not a genuine resonance, but the manifestation of the 7ao(980) and K*K decay
modes of the f1(1285) at higher energies than the nominal one. We also compare
our results with the experimental data from Ref. [3.2].

3.2.1 Introduction

The f1(1420) resonance is catalogued in the Particle data book [3.14] as an
I9(JPC) = 07 (17F) state and has been observed in over 20 experiments. Its mass is
M = 1426.4£0.9 MeV and its width I' = 54.9£2.6 MeV. Its dominant decay mode
is KK*. In Ref. [3.15] 100% of the width is associated to the K K* + c.c. mode. In
Ref. |3.16] other modes are also searched for, with negative results, concluding again
that the K K* + c.c. channel exhausts the decay width. In Ref. [3.17] the authors
also conclude that the f1(1420) decays into K K*+c.c. 100%. In Ref. [3.2] the decay
mode may(980) is reported with I'(way(980))/T'(KK* + c.c.) = 0.04 4+ 0.01 4 0.01.
In this latter paper a clean peak is seen for the f;(1285) in the may(980) mode,
followed by a broader structure around 1400 MeV with much smaller strength, that
is tentatively associated to the f;(1420), with the comment “The shoulder at 1.4
GeV can be interpreted as an a¢(980)7 decay mode of the f;(1420)” with no devoted
work to support this assertion. A discussion on mesons in the 1400 MeV region can
be seen in the PDG review [3.1§].

In the present work we shall provide a different explanation of the experimental
findings, showing that the K*K peak associated to the f,(1420) is the manifestation
of the KK* + c.c. decay mode of the f;(1285). On the other hand, the broad peak
for mag(980) decay in the region of 1400 MeV will be explained as a consequence of a
triangle singularity, due to f;(1285) — K*K, K* — 7K, KK — a¢(980). The K*K
decay mode of the f;(1285) appears as “not seen” in the PDG [3.14]. Indeed the
f1(1285) is 100 MeV below the K*K threshold. However, the K K mode is reported
with a branching fraction of 9%. These features found an adequate answer in several
works [3.19}13.20], where the f;(1285) was considered as a dynamically generated
resonance. This state, together with all the low-lying axial vector resonances, were



110 Chapter 3. Triangle Singularities

obtained in Refs. [3.21],3.22] as dynamically generated states from the interaction of
pseudoscalar mesons with vector mesons, using a coupled channels unitary scheme
with chiral dynamics for the meson interaction [3.23]. In the particular case of the
f1(1285), the K K* +c.c. is the single channel in the coupled channel approach [3.22].
The work in Refs. [3.21,3.22], using the lowest order chiral Lagrangian, has been
extended in Ref. [3.24] including higher order terms, but in the case of the f;(1285)
the higher order terms were found essentially negligible.

In this picture for the f;(1285), a good description of 7a(980) and the isospin
forbidden 7 f,(980) decay modes were well reproduced [3.20]. Actually the 7 f,(980)
decay mode was first predicted in Ref. [3.20] and corroborated later experimentally
by a BESIII experiment [3.25]. Similarly, in Ref. [3.19] the K K7 decay mode was
studied and also found consistent with experiment [3.2,3.26]. In the present work,
we shall see that, as a consequence of the K*K nature of the f(1285), if we excite
that state and go to higher energies where the K*K can be produced, the tail
of the f1(1285) propagator, together with the phase space for K*K production,
produce a peak around 1420 MeV with a width of about 60 MeV, that explains the
experimental features observed for the f;(1420) resonance.

One may wonder how much our results are tied to the assumed nature of the
f1(1285) as a dynamically generated resonance. Before we discuss this issue further,
let us clarify that for the sake of the present work it is not necessary to assume
that this is the nature of the f1(1285). We only need that it couples to K K* + c.c.
whatever its origin. The fact that with the strength of the coupling to this channel
provided by the approach of Ref. [3.22] one obtains a good reproduction of the
important partial decay width to 7ag(980) [3.20] and the K K7 decay mode [3.19],
indicates that the coupling of the f;(1285) to K K* + c.c. used here is realistic. In
any case, it is interesting to discuss the issue to the light of what a quark structure
provides for the axial vector states. The detailed work on relativistic quark models
of Ref. [3.27] indicates that masses of the right order of magnitude can be obtained
for the axial vector meson states within the scheme of Ref. [3.27], which is very
successful to describe the bulk of the meson properties.

Yet, most of the axial vector mesons have large decay widths and couple to
pseudoscalar-vector components. Some, as the f1(1285) have a relatively small
width, but can equally couple to pseudoscalar-vector bound components, like K K*.
The need to consider these meson-meson components for the structure of some
mesons became apparent and studies were done in Refs. [3.28-3.31] starting with
a seed of g¢ and unitarizing the model with the meson-meson components. For
the case of the low lying scalar mesons the result is that, as a consequence of the
unitarization, the original ¢gq seed is dressed with meson-meson components to the
point that the latter become the most important ingredient in low energy reactions.
Even in the work of Ref. [3.27] the fo(980) was hinted as a KK bound state, which
was more substantiated in Ref. [3.32], and more recently by the framework of the
chiral unitary approach [3.33-3.36]. This latter approach is the one used to de-
scribe also the low lying axial vectors, with energies below 1.4 GeV, as being largely
made of pseudoscalar-vector components in Refs. [3.21,3.22] and much present phe-
nomenology supports this picture as discussed above. From this perspective, it
is then not surprising that other works concentrate on the nature of these states
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as tetraquarks [3.37,13.38]. In the real world a mixture of ¢¢ and molecular com-
ponents (or tetraquarks, for this purpose) would appear [3.39], but the molecular
components are very important and play a dominant role in low energy reactions
as phenomenology is telling us (see Refs. [3.40H3.43] in addition to the works cited
above).

On the other hand, the triangle diagram with K*K K intermediate states, with
7w and f,(980) or ap(980) external products, develops a singularity at 1420 MeV,
which is seen as a peak for 7f,(980) or map(980) production. This was already
suggested in Ref. [3.12] and shown explicitly in Refs. [3.44,13.45], and provided a
natural explanation of the COMPASS observation [3.46] of a peak in the 7 f,(980)
mode around 1420 MeV, which was interpreted as a new resonance, the “a;(1420)”
in Ref. [3.46]. In Refs. |3.44,|3.45] the peak was interpreted as a consequence of a
triangle singularity associated to the decay mode of the a;(1260) into K* K, followed
by K* — K7 and fusion of the KK to give the f3(980). The mechanism to produce
the map(980) from the decay of the f1(1285) is identical to the one used in Ref.
[3.45] to produce the 7 f;(980) from the decay of the a;(1260). Only the isospin
combinations are different, but the singularity is tied to the masses of the particles
and is independent of the internal degrees of freedom like the isospin. We shall
see that, also in this case, a peak is produced around 1420 MeV in the maq(980)
decay mode of the f;(1285) which explains the features of the experiment of Ref.
[3.2]. The conclusion of all these observations is that the f;(1420) is not a genuine
resonance, but the manifestation of the K*K and may(980) decay modes of the
f1(1285) resonance. This would go in line with the conclusions of Refs. [3.44.|3.45]
that the “a;(1420)” is not a genuine resonance, but the manifestation of the 7 f(980)
decay mode of the a;(1260) resonance.

3.2.2 Formalism

The resonance f;(1420) is observed in very high energy collisions, which we depict
in Fig. [3.6] and the resonance is observed in the invariant mass of particles 2 and 3.

1
CL+/

2
b +—<
R 3

Figure 3.6: Diagrammatic representation of the process producing the resonance,
observed in the decay channel 2 + 3.

In the Mandl and Shaw normalization of fermion fields [3.47] we have for this
process with three particles in the final state

d%o 1 9
G~ T H(?m 3p222 T2, (3.23)
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where mp refers to the masses of the fermions, and the sum and average of |T|?
is done over the polarizations of all particles involved. In Eq. (3.23) ps is the
momentum of particle 2 in the rest frame of the 2 + 3 system,

)‘1/2(M2237 m%7 m%)
2M>3 ’

p2 = (3.24)
and My3 is the invariant mass of the 2+ 3 system. Fixing the Mandelstam variables
sand t, s = (ps + )%, t = (po — p1)?, the T matrix in Eq. (3.23)) will be of the type
(Minv = M23>: 1
C 3.25
M2, — M2 + iMgLg 7% (3:25)
where we have put a coupling gg 23 for the resonance R to the 2 4 3 system. The
width for the resonance going to 2 + 3 is given in this case by

T

11 _
['go3 = gM—sz 9%723, (3.26)

which allows one to write Eq. (3.23)) as

d20' o H(2mp) ]_ 2 87TM§WF3723 (3 27)
dtdMy,,  32ps (2m)3  |MZ, — M3+ iMglg[? '

This equation is also good when we sum and average over polarizations of the
particles in a more general case of |T|>. The sum over polarizations of 2 and 3 will
go into I'g 23 and the sum and average over polarizations of the other particles can
be absorbed in the constant C' (for fixed s and t). Eq. can also be used for
any decay channel of the resonance, substituting I'r o3 by I'; of the particular decay
channel. Since Y I'; = I'g, the total width of the resonance, the sum of Eq.
over all decay channels, can be cast in terms of Im[1/(M2, — M3+ iMgTg)], which
is a variant of the optical theorem.

3.2.3 The K*K channel

Let us look at the process depicted in Fig. m with 2, 3 being K*K. We shall
investigate what happens when the resonance R is the f;(1285). We can use directly

Eq. 1} replacing the coupling gr 23 in Eq. || by the fi, K K coupling
9R23 = 9 K*K €f1 " €K% (3.28)

and summing and averaging over polarizations, and we use gy, gz = 7555 MeV,
from Ref. |3.22], ignoring for the moment the isospin and C-parity structure. The
I'y, g+ width is then given by

11 B
A S—WM—ng»I,K* i D& O( My — mpe- — mp). (3.29)

inv

The K*K production will begin at a threshold of 1383 MeV, 100 MeV above the
nominal mass of the f;(1285). The results of Eq. (3.27) are depicted in Fig. 3.7}
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where in addition we plot also the result using in the numerator the nominal width
of the f;(1285), I'y, = 24.1 MeV, which will account for the decays of the f;(1285)
into other channels. In the denominator of Eq. (3.27)) we use

Tp =T + T k- (3.30)

1.2

other channels

1k
0.8 r
0.6

0.4 r

do/dtdM;,, [a.u.]
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Figure 3.7: Production of K* K induced by the excitation of the f;(1285) resonance.
Dashed line: production of f;(1285) through the decay of f1(1285) into K*K. Solid
line: through the decay of the f;(1285) into other channels.

We observe in Fig. the typical threshold production of a channel. However,
since the production is driven by the excitation of the f;(1285), one has two factors
competing, a decreasing strength of the resonance as the energy increases, and an
increasing phase space for the K*K production, and the product of these two factors
confers the cross section a particular shape. Yet, we want to be more accurate here
by taking into account that the K* will decay into K7 and the experimentalist will
observe KK at the end. This will also allow us to go below the threshold of K*K
production.

To account for the decay, we look into the diagram of Fig. 3.8

K

K*
f1<1285> (0

=

K

Figure 3.8: Decay diagram for f;(1285) — K*K considering the K7 decay channel
of the K*.
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The decay width of the f,(1285) for Fig. is given by
dl'y, kri
Ffl,K*RHKWI_( E/ dj;nl( Kdminv; (331)
where m;,, stands for the K7 invariant mass, and
de KrK 1 1 _ 12
L = v Dr ', 3.32
dminv (27T)3 4M2 Pr D Z Z | | ( )

inv

where pg is the K momentum in the f;(1285) rest frame and p, the 7 momentum
in the K7 rest frame, and ' contains now the K* propagator, the f;(1285) — K*K
and K* — K couplings. There is no need to evaluate ¢’ explicitly since we can use

the same step that led us from Eq. (3.23)) to Eq. (3.27) and we can write
dehKWf{ . ]_ 1

2 _
dmipyy (27)3 402 Ip.xK PE

inv

8rm?2 T e (Miny)

% inv : : 3.33

|mi2nv - m%(* + ZmK*FK* (Tninv>|2 ( )
where ,
My~ DPr

FK* (miHV) = mignv ﬁ#‘on 1—‘K* on » (334)

with Ig«|on = 49.1 MeV the nominal width for the K*, and pr, pr|on the pion

momenta in the K* rest frame with K™ mass my,, or mg+ respectively,

1/2 2 2 2
’p’ . A / (minv’mK7m7r)
v =

(3.35)

2Tninv

In Eq. we have taken into account that the K* — K7 proceeds in P-wave.

In Fig. |3.9) we plot the results for Eq. with I'g 23 replaced by Egs.
and , and also when I'g 93 is replaced by I'y,. Fig. is very intuitive, we see a
double peak structure. The first peak accounts for the standard f;(1285) decay into
KmK observed with the shape of the f;(1285). The ratio of strengths at the peak
of the dashed and solid lines provides the branching ratio of the f;(1285) into KK
channel. As we see, it is of the order of 8%, the same value obtained in Ref. [3.19]
with a more elaborate model that we shall discuss below, and in agreement with
experiment [3.14].

Yet, what concerns us here is that the same mechanism produces a second peak
around 1420 MeV as a consequence of the influence of the tail of the f(1285)
resonance and the increasing phase space for K*K production. In Fig. we can
see in more detail the two peaks corresponding to KmK production. By assuming a
smooth background below the second peak, as an experimental analysis would do,
we induce that there is a resonant-like structure peaking around 1420 MeV with a
width of about 60 MeV, the features observed in experiment when talking about
the f1(1420) resonance. Yet, we did not have to invoke a new resonance for this
structure, which appears naturally and unavoidably from the decay of f;(1285) into
K*K — KnK. This also explains why the f;(1420) resonance is seen in the K*K
(or K7K) channel alone. In the next section we address the production of the
7ap(980) channel.
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Figure 3.9: Production of K7 K coming from K*K decay of the f1(1285) considering
the decay of K* into K. The dashed line accounts for K7 K production and the
solid line accounts for the decay of the f;(1285) into other channels.
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Figure 3.10: The KmK production cross section from Eq. ([3.27) showing detail of
the dashed line in Fig. 3.9

3.2.4 The m®ao(980) decay mode of the f;(1285)

This problem was also addressed in Ref. [3.20] but at the peak of the f;(1285).
Now we extend it to higher energies according to Eq. , but replacing the width
I'ro2s by I 1285),7ao(980)- Following Ref. [3.20] and sticking to the simplified K*K
decay of the former section, we have to look at the diagram of Fig. [3.11] where we

consider the a¢(980) decay into the 7y channel.
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Figure 3.11: Triangle diagram leading to the production of may(980), the latter is
observed in 7°7. In brackets the momenta of the particles.

The amplitude for the diagram of Fig. for the f1(1285) at rest (P = 0) is
given by
tf1,7r7r07] =9, Kk*K 9K* ,Kn it th(—mOn(minV)v (336)
with M,y the 7% invariant mass, and where t; stands for the triangle loop integral
with three propagators,

1
—m2 +ie (P —q)? — m%. + impT e

y / d¢ _ . . (2];_'_4)

=1 _— . * .

T (2m)1 €f, " €EK* €K q o
1

3.37
X(P—q—k)Q—mi(—i-’ie’ (3:37)

and t g0, is evaluated using the chiral unitary approach of Ref. [3.33], with the
input used in the study of weak decays of B and D mesons in Refs. [3.48.[3.49].

The integral of ¢° in Eq. can be done analytically and it is done in
Ref. [3.20] with the result

tp = tréy, - K, (3.38)

and

- _ [ 4% koq
= | (“ P )
y 1 1 1
8w(q)w'(qw*(q) k° —w'(q) —w*(q) +iec P —w*(q) — w(q) + ic

2P°w(q) + 2k (q) — 2(w(q) + '(q))(w(q) + w'(q) + w*(q))
(PY —w(q) — w'(q) — k* +ie)(P° + w(q) +w'(q) — kO —ie)

with w(g) = V@ +mk, w/(q) = \/(@+F)? +mi, w'(q) = @+ ml. , (or
V7?+ m2. — il /2 if the K* width is considered as in Eq. (3.37)).
The width Ff1(1285),7r7r017 is given by

(3.39)

AT}, rmon
Uf mmon = / LT A (3.40)

dﬁlinv
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with dT'f, 7r0,/d7iny obtained using Eq. (3.32) with miny — Miny (of 7°9), pg — P,
Dx — Dy and

_ 1o
Z Z ’tfl,ﬂﬂ'onlz = §k2’tT’2g]2€1,K*f( g?{*,[(ﬂ' ’tKI_(JrOn’Q : (341)
The value of gx+ g is taken such that

41 1
Pie = 2o 5 Palice iin (3.42)

38T mi.
gives the width of the K*, I'x» = 49.1 MeV (gx+ xr = 5.5 MeV).
We should note a small modification in the integral with respect to Ref. |3.20].
In this latter work a cutoff 0(gmax — ¢) originated in the chiral unitary approach
in the study of the KK — 71 amplitude was implemented, with gnax = 600 MeV
[3.48,13.49]. Since in those works the cutoff is implemented in the center of mass

(CM) frame, we make a boost of ¢ to the rest frame of the 77 system and implement
the cutoff 6(gmax — gen). We show the results obtained in Fig. m
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Figure 3.12: Differential cross section for may(980) — 77"y production induced
by f1(1285) excitation. Solid line: considering the triangle diagram of Fig. [3.11}
Dashed line: using Eq. with I'r = I'f, 1285y = 24.1 MeV, ' 23 a constant and
normalizing the curves to the peak of the f;(1285) (this reflects the shape of the
modulus square of the f;(1285) propagator). The dotted curve is what we would
expect for mag(980) — wn%n production from f;(1420) excitation assuming that the
production rate of the f1(1285) and f1(1420) are the same.

As we can see in Fig. [3.12] there is a large strength in the cross section built
around 1400 MeV induced by the f;(1285) excitation, which makes it very distinct
from the usual shape of the Breit-Wigner distribution for the f;(1285). It is interest-
ing to see that this cross section is remarkably similar to the one found in Ref. [3.2]
(we shall come back to it in the next section to do a comparison with the data). In
Ref. |3.2] no explanation was found for this extra strength and it was suggested that
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it should be the may(980) decay mode of the f;(1420). What we see here is that
the peculiar shape of the cross section for this particular channel is a consequence
of the triangle diagram of Fig. the mechanism for may(980) production from a
resonance (the f;(1285)) that is a bound state of K*K, or that couples strongly to
K*K for the purpose (the f1(1285)). The unexpected large strength around 1400
MeV comes from a singularity in the triangle diagram as we discuss in the next
section. From that we can conclude that the strength found in this channel around
1400 MeV is not tied to the f1(1420) resonance but to the f;(1285).

There is one more argument that we can bring in favour of the former interpre-
tation. Indeed, let us assume that the f;(1420) is a genuine resonance. If it decays
into K*K and this channel exhausts the width as found experimentally, we can get

the coupling gy, (1420),x+x by means of Eq. (3.26) and we find

91, (1420, K+ & = 4256 MeV . (3.43)

With this coupling we can reevaluate the triangle diagram of Fig. simply
replacing the coupling gy, (1285, kg With the new one. Then we would use Eq.
to get the cross section for f;(1420) — mag(980), replacing the f1(1285) propagator
by the one of the f(1420). The other change might be the constant C, but this
constant, appearing in the a + b — 1 + R vertex (see Fig. is related to the
resonance production (irrespective of the decay channels). Since one is dealing with
high energies of the order of hundreds of GeV in these reactions, and the masses
of the f1(1285) and f1(1420) are similar, on statistical grounds we should expect
similar production rates for both resonances, and hence C' should be similar in the
two cases. Assuming C'is the same for both resonances, what we see in Fig. [3.12
is a shape for f1(1420) — 7a((980) production very different from the one coming
from the f1(1285) decay, which reflects a f;(1420) Breit-Wigner structure, and most
importantly, with a very large strength, which is not seen in any experiment. Even
this signal reduced by a factor five should be clearly seen experimentally, and on
statistical grounds it is not easy to justify that the production of the f;(1420) should
be reduced by a factor five with respect to that of the f;(1285).

There is yet another factor to note. When performing the previous calculation
that involves the f;(1420) propagator, we had to calculate the width of the f;(1420)
into man(980). We find that (see next section for a more detailed evaluation)

BR(f1(1420) — mao(980))

BR(f,(1420) » K*K) 0.17. (3.44)

This is a fraction that could not be missed and has not been found in any experiment
where this decay mode has been searched for. Only in Ref. [3.2] a 5% ratio was
invoked by guessing that the shoulder seen in that decay mode around 1400 MeV
was due to this resonance, but we have given a different interpretation for this
feature.

It is interesting to recall here that the triangle singularity of Fig. also shows
up in the decay of the 7(1405) — may(980) which was studied in Refs. [3.50,3.51],
together with the isospin violating 7(1405) — 7 f5(980) decay. This latter decay
was abnormally enhanced due to the triangle singularity. In a follow up of Ref.
[3.50] in Ref. [3.52] the idea is retaken and applied to study the BESIII decay of
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J/Y — yn(1405)(n(1475)) with 1(1405) — KK7, nrm and 37. In this work the
possible contribution of the f;(1420) in addition to the 7(1405) was discussed. The
f1(1420) was assumed to be a regular resonance and the triangle singularity enhanced
some decay modes, in spite of which its contribution relative to that of the 1(1405)
was found small in the radiative J/1 decay. Although we find that the f;(1420) is
not a genuine resonance, we have seen that there is indeed strength in the KnK
and map(980) channels in the 1420 MeV region from the decay of the f;(1285). A
reanalysis of the BESIII experimental data [3.53] from this new perspective would
be most interesting.

It is interesting to evaluate uncertainties of the results obtained. We have used
a coupling of f;(1285) to K*K, 9p 1+ = 7555 MeV. In Ref. [3.22] the value is 7230
MeV, but the binding appeared at 1288 MeV. Imposing the binding at 1282 MeV,
as in the PDG [3.14], leads to this small change in the coupling. We can take this
difference in the couplings as a measure of uncertainties in this magnitude. This will
affect the rate for K*K production (K7K in our approach) of Fig. , related to
the diagram of Fig. (3.8, This means we have a 10% difference between the results
with these couplings, or the centroid +5%. We should note that this process is
related to the tree-level amplitude of Fig. [3.10| and, thus, it is not tied to the cutoff
used, which appears only in the loops.

Similarly, we can estimate the uncertainty in the ratio of Eq. . Let us
recall that here the coupling of f1(1285) to K*K does not enter, because we took
the coupling of f1(1420) to K*K from the width of that state, Eq. (3.43). Hence, the
uncertainties here come from the cutoff used in the loop of Fig. [3.11] replacing the
f1(1285) by f1(1420). The cutoff affects both the loop function and the KK — 7%
amplitude (via a¢(980)), since as argued before, one has the same cutoff in the loop
of Fig. and in the loops of the t-matrix that generates the a¢(980). In order
to estimate the uncertainties in the cutoff we have taken a recent experiment where
the rate of a¢(980) production is large and the signal is very clean [3.54], and a
theoretical calculation that agrees well with the data is available [3.55,3.56]. We
have looked at the data in Fig. 6 of Ref. [3.55], which is calculated with gp.x = 600
MeV, 580 MeV and 630 MeV. We have redone the calculations and found that
by using 550 MeV and 650 MeV, the differences with experiment become already
obvious. Then, we redo our calculation of the loop of Fig. and then the ratio
of Eq. becomes (17.0 £+ 1.5)%.

3.2.5 The singularity of the triangle diagram

The shoulder for the fi(1285) decay to wn’n around 1400 MeV has its origin
in the singularity that the triangle diagram of Fig. develops at 1420 MeV. As
discussed in section [3.1] triangular singularities stem from triangle diagrams when
the intermediate particles are all placed on-shell and the momenta are parallel (—¢
and k of Fig. |3.11| go in the same direction). There is also a further constraint which
is that the mechanism can lead to a classical process with R — K*K; K* — K;
KK — a¢(980), which is stated by the Coleman-Norton theorem [3.8]. A practical
way to see where the singularity appears is to use Eq. from section .
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In the present case we can see the origin of the singularities by looking at the ex-
pression of Eq. . The two factors in the denominator that develop singularities
are

Dy = P° — w*(q) — w(q) +ic (3.45)

and .
Dy =P —k° —w(q) = (T+ k) +ic. (3.46)

When they are zero with ¢ and k in opposite directions, one gets a pole when
Dy = 0 at gon + i€ and two poles when D, = 0, at q,, + i€ and g,_ — te. Then,
when ¢,, = ¢, two poles appear in opposite sides of the real axis at the same
energy and the integral path cannot be deformed to avoid the singularity, which
thus shows up in the result of the integral. If the width of the K™ is considered, then
Jon + 1€ = on + '+ /2 and the singularity turns into a peak. If we apply ¢on = ¢a_,
as in Eq. from section , we find the singularity when the incoming energy
in the triangle diagram is 1420 MeV. To show it, we plot in Fig. the result for
|tr|? of Eq. . In Fig. we see how an original singularity becomes a broad
peak when I'g« # 0. This softened singularity, together with the propagator of the

tT [a.U.]

~
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Figure 3.13: Results for the singular diagram, |i7|?, of Eq. (3.39).

f1(1285), is what gives rise to the broad shoulder of the f;(1285) — ma((980) in Fig.
B.12

3.2.6 Detailed evaluation with the I = 0 and C' = + parity
of the f,(1285)

So far we did not pay attention to the isospin and C-parity structure of the
f1(1285) and f1(1420), but the shapes and relative weights of the cross sections are
well evaluated with the previous formalism. The wave function for the f;(1285) is
given by

1 _ _
| f1(1285)) = —§(K*+K’ + KK’ - K* K+ — K*K") (3.47)
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and then everything is identical to what has been done so far, except that one
has four diagrams. The evaluation of the widths for f;(1285) — ma((980) and
f1(1285) — wK K at the peak of the f,(1285) are done in Refs. [3.20] and [3.19],
respectively. All that must be done is to perform the same evaluation as a function
of Miy, (for the f1(1285) at higher energies), and implement the f;(1285) propagator
in Eq. (3.27). The results are shown in Figs. [3.14] [3.15{ and [3.16| which should be
compared with Figs. [3.12] and respectively. As we can see, not only the
shapes but the absolute numbers are about the same as with the simplified wave
function. Moreover, in Fig. a peak develops for the f,(1285) — 7KK decay
around 1400 MeV (see Fig. for more details). The peak and width of the
distribution around this energy are in fair agreement with the mass of 1420 MeV
and width of about 55 MeV quoted in the PDG [3.14].

We have taken advantage to make a more refined evaluation. Indeed, in Eq.
we have I'y = I'f (1285) in the denominator. Since we are evaluating the
partial decay width into K7 K and 7ao(980) we write

I'r= Ff1(1285) - Ff1(1285)—>K7rR'|0n - Ff1(1285)—>7ra0(980) |0n
+Ff1(1285)ﬁan<(Minv) + T, (1285) = 7ao(980) (Miny ) (3.48)

which guarantees that on shell, M;,, = 1285 MeV, I'r = 24.1 MeV. The values

that we obtain are I'y, (1285 kr i lon /T 1(1285) = 0.095, T'f, (1285) a0 (980) lon /T p1(1285) =
0.275.
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Figure 3.14: The differential cross section for the decay f1(1285) — ma(980) as in
Fig. [3.12, here with the full wave function of Eq. (3.47).

We also make a more detailed comparison with the results of Ref. [3.2]. In Fig.
3.17 we show our results folded with a resolution of 20 MeV to facilitate comparison
with the experimental numbers. We normalize the results approximately to the peak
of the experimental distribution. We can see that the agreement with experiment is
fair.
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Figure 3.15: The differential cross section for the decay f;(1285) — K7K as in
Fig. here with the full wave function of Eq. (3.47).
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Figure 3.16: Same as Fig. here with the complete wave function of Eq. (3.47)).

3.2.7 Conclusions

We have carried out a study of the production of the f;(1285) and decay into
7ap(980) and K*K modes. We have studied the cross sections as functions of the
f1(1285) mass, My, up to 1500 MeV and we have observed two relevant features:

1) The K*K mode (allowing the K* — K7 decay) has two peaks as a function
of My, one at the f1(1285) mass and the other one at about 1420 MeV, this
latter one with a width of about 60 MeV.

2) The map(980) mode has a peak at 1285 MeV and a broad shoulder around 1400
MeV, which comes from a triangle singularity involving K* K K as intermediate
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Figure 3.17: Comparison of the results of Fig. [3.14] convoluted with a resolution of
20 MeV, with the experimental results of [3.2].

states, and tied to the nature of the f;(1285) as a K*K molecule, a sufficient
although not necessary condition, since what matters is that the f;(1285)
couples to K*K and this is known experimentally from the K7 K decay mode.
The combination of the tail of the f;(1285) with the increased phase space for
the K*K production is the reason for this second peak.

The two features described above are the experimental facts in which the f;(1420)
was accepted as a resonance, but we have shown that they are consequence of the
decay modes of the f;(1285) and one does not have to introduce any new resonance
to account for these facts. The absence of the may(980) decay mode of the f;(1420)
in all but one experiment [3.2], is a fact that we have exploited here, because if it
were a resonance which decays mostly into K*K, it would unavoidably have a width
into may(980) of the order of (17.0 & 1.5)%, which has not been observed. The 5%
7ap(980) decay mode attributed to the f1(1420) in Ref. [3.2] was a guess based on
the lack of any other interpretation of the shoulder found for this mode around 1400
MeV in the study of the decay of the f;(1285). We found a natural explanation for
this broad peak which then does not require the existence of the f;(1420).

Altogether, our study leads us to the unavoidable conclusion that the f;(1420)
is not a resonance but simply the manifestation of the K*K and 7ag(980) decay
modes of the f1(1285) around 1420 MeV.
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3.3 Role of a triangle singularity in the w /N (1535)
contribution to yp — pn'n

In this section we present the work of Ref. [3.3] where we have studied the
vp — pm¥n reaction paying attention to the two main mechanisms at low energies,
the vp — A(1700) — nA(1232) and the vp — A(1700) — 7N (1535). Both of them
are driven by the photoexcitation of the A(1700) and the second one involves a
mechanism that leads to a triangle singularity. We are able to evaluate quantitatively
the cross section for this process and show that it agrees with the experimental
determination from Ref. [3.4]. Yet, there are some differences with the standard
partial wave analysis which does not include explicitly the triangle singularity. The
exercise also shows the convenience to explore possible triangle singularities in other
reactions and how a standard partial analysis can be extended to accommodate
them.

3.3.1 Introduction

The vp — pr¥n reaction was measured first in Ref. [3.57] up to energies of the
photon of £, = 1150 MeV. Early theoretical determinations of the threshold be-
haviour, with large uncertainties were done in Ref. [3.58]. Some accurate predictions
in the range up to E, = 1700 MeV, were done in Ref. [3.59] prior to the measure-
ments done at GRAAL [3.60], CB-ELSA [3.61}3.62] and MAMI [3.63]. The basic
idea of Ref. |3.59] was that the process is dominated by the photoproduction of
the A(1700)(3/27), which later decays into nA(1232) followed by A(1232) — 7%p.
The dominance of this resonance at low energies was also established experimen-
tally [3.60,3.62,3.63]. In Ref. [3.63] it is quoted “it is possible to get a reasonable
agreement with the data by taking into account only the Ds33(1700) resonance”.
Further support for this idea comes from the correlation of many reactions based
upon the dominance of the A(1700). Indeed, in Ref. [3.64] the 77p — K°7°A,
atp — KtntA, KTK%, Ktnt¥?, KTa°S*, nrtp reactions were described suc-
cessfully based upon the mechanism of A(1700) excitation with subsequent decays
into K3*(1385) or nA(1232). The pr®, pn and n7° mass distributions measured in
Ref. [3.60] also give support to this idea, which is further reinforced by the agree-
ment shown in Ref. [3.65] for the polarization observables I° and I¢, I? measured
in Refs. [3.66/3.67].

A high statistics measurement of different observables is done in Ref. [3.4]. In this
work a separation of the cross section is made in three main channels, nA, 7N (1535)
and a(980)p, and up to E, around 1500 MeV the first two channels saturate the
cross section. The nA channel is dominant, but the 7N (1535) is also sizable in this
region. The experimental results are shown in Fig. (the model curves will be
explained later). The purpose of the present work is to find a theoretical description
of these two channels.

The nA channel finds a natural interpretation in the dominance of the A(1700)
excitation and provides support for the dynamical generation of this resonance from
the interaction of the octet of pseudoscalar mesons with the decuplet of baryons



3.3 Role of a triangle singularity in the wN(1535) contribution to yp — pmn 125

3.5} -
----- [al>+|bl? 4 CBITAPS 1 Hgﬁ
3.0t — |a+b)? v CB/TAPS2 i (f# i # -
-------- al? o MAMI 143
---- - bl o GRAAL L
25 6 G . A S
g 2.0
S
N — A(1232)n
— N{535)7T
B 20(980)p
0.5}
00 L e RS -:- . . | -
1000 1100 1200 1300 1400
E, [MeV]

Figure 3.18: Cross section for yp — 7%np. |a|* stands for the mechanism of Fig.
3.19] |b|? stands for the triangle mechanism of Fig. [3.20, |a + b|? stands for the
coherent sum of the two former mechanisms and |a|* + |b|?* stands for the incoherent
sum.

[3.68,[3.69]. Indeed, as shown in Ref. [3.69], the A(1700) is generated from the
coupled channels A7, ¥*K and An, and the scattering matrix leads to a sizable
coupling of that resonance to An. Hence, the main channel assumed in Ref. [3.59)
is photoproduction of the A(1700) followed by the decay of the A(1700) into An
and posterior A — 7N decay. In this mechanism there is no direct room for the
mN(1535) channel, although some terms, with final state interaction of 77, partly
incorporated this channel in Ref. [3.59]. In the present work we are going to show
that the relatively large weight of the wN(1535) channel is tied to a triangular
singularity for the process vp — A(1700) — nAT followed by AT — 7% and
posterior fusion of the pn to produce the N(1535).

Other examples of triangle singularities can be seen in Refs. [3.11}3.70-3.73].
More closely related to the present problem is the case of the 1(1405) — ma(980),
7 f0(980) [3.50H3.52], where in particular, the latter channel violating isospin is en-
hanced due to a triangle singularity. Another recent example can be seen in the
“a1(1420)” peak, originally advocated as a new resonance by the COMPASS collab-
oration, which hinted in Ref. [3.12] and shown explicitly in Refs. [3.44}3.45], comes
naturally from the 7 f,(980) decay of the a;(1260), via a triangular mechanism that
develops a singularity when the a;(1260) decays into K*K, the K* — 7K and the
KK merge to produce the f5(980). A case similar to this is the recent reanalysis
of the f1(1420), which is shown in Ref. [3.1] and in the former section [3.2f to corre-
spond to two mechanisms: the decay of the f(1285) into may(980) via a triangular
singularity, f1(1285) — K*K, K* — 7K, KK — a¢(980); and decay into K*K,
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that shows as a pronounced peak above the K*K threshold. Adding to this list of
reinterpretation of some accepted resonances is the case of the f»(1810), also ex-
plained in Ref. [3.74] as the production of the f5(1650) followed by the decay into
K*K*, K* = 1K, KK* — a;(1260).

In some cases the singularity helps to explain enhancements in cross sections not
attributed to any resonance. This is the case of the yp — KA(1405) reaction, where
a triangular singularity stemming from the production of a N* resonance at 1930
MeV, with N* — K*¥, K* — Kr and 7% merging to give the A(1405), produces
a peak in the cross section around /s = 2120 MeV [3.75], that solves a problem in
the interpretation of the data [3.76].

Recent interest in triangle singularities was stirred by the suggestion in Refs.
[3.10,3.13] that the peak seen in the LHCb collaboration attributed to a pentaquark
in Refs. [3.77,3.78] should be due to a triangle singularity stemming from A —
A(1890) xc1, A(1890) — K~ p, xap — J/vp. However, the x. p system is at
threshold for the energy of the peak at 4450 MeV, and if this peak has quantum
numbers 3/27 or 5/27 as suggested by the experiment, the x.; p system must be in P-
or D-wave, which at threshold kills the y.; p — J/¥ p amplitude. This observation
was made in Ref. [3.9] where it was concluded that this mechanism could not be the
explanation of the experimental peak if these quantum numbers are confirmed.

In the present work we will show another case of a triangle singularity via yp —
A(1700) — nA — nnp, with np merging into the N(1535), which gives rise to a
mN(1535) production cross section similar in strength and shape to the experimental
one. We will also show that the energy dependence of this cross section is quite
different to a standard one proceeding thorough vp — 7N (1535) directly, and it
is tied to the structure of the triangle singularity. As we shall see, the N(1535)
plays a special role among other possible N* states, which do not lead to a triangle
singularity, or couple weakly to the n/V state.

3.3.2 Formalism

The tree level vp — A(1700) — An

In Fig. we depict the mechanism for direct production of the A(1700) fol-
lowed by the decay into A(1232)n and A(1232) — 7.

T
\“‘\.‘_‘A*(NOO) A(1232).//
> >
D m M .\\M m’ D
n

Figure 3.19: Mechanism for yp — A(1700) — nA(1232) — nn% driven by
A(1700)(3/27) photoproduction.
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The first ingredient needed in the evaluation is the A(1700)vyp coupling. This
proceeds in S-wave and can be taken into account with the amplitude

—

—Z‘tA*y,yp = —igA*,yp S-€ (349)

where €is the polarization of the photon in the Coulomb gauge representation (e =
0) and S the spin transition operator from 3/2 to 1/2. The width of A* into this
channel is given by

1 MN —
LCasyp = %M_A*pwz Z |tA*,’yp’27 (3.50)

where

SN ol =l A (m

M m -~ pol

S-€

UIERE

1 2 )
SN <m ‘5 by — Lo m>
m v pol
1 ) L. 2 )
=3 garap? Y €= 3 |gas pl?- (3.51)
v pol

Experimentally, the branching fraction is 0.22—0.60% from a Breit-Wigner width
Cax = 200 — 400 MeV and mass Ma~ = 1670 — 1750 MeV [3.14]. We shall play
with the uncertainties for a more accurate fit to the vp — pr’n data. By taking the
central value of the branching fraction, 0.41%, I'a+ = 300 MeV and Ma- = 1700

MeV, we obtain from Eq. (3.50)
Gasnp = 0.188. (3.52)

The PDG has also data for the helicity amplitudes. It is easy to construct the
helicity amplitudes from the coupling of Eq. (3.49), following the steps of Ref. [3.79],
and show that both, helicity 1/2 and 3/2, are compatible with the structure of
Eq. and the coupling of Eq. . On the other hand, the coupling of A*
to the channel nA is one of the outputs of the chiral unitary approach of Ref. [3.69)
where we find

gA*,ﬂA = 17—214, (353)

and the amplitude —ita«,a is just —iga- ,a since the process proceeds via S-wave
and has no spin dependence.
The A(1232) decaying to 7N has a standard coupling as

—itann = Jana g C(1,1/2,3/2; i in,in), (3.54)
My
with C(1,1/2,3/2; ir,in,ia) the Clebsch-Gordan coefficient, /2/3 for 7%, and k
the pion momentum. From the A width, we find

2

ITNE — 0.36; fona = 2.13. (3.55)
47
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The amplitude of Fig. [3.19 can now be constructed with the former ingredients
and we have

—it 0, = E Jana <m'
YpP,NTEP Moy

M M’

S -k

M'>\/§ ?
3 Mim,(ﬂ'op) - MA +ZFA/2
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nss s (]3]
I Vs e s A L "

_ le'NA \/? 1
9IA*p 9Ar A My V3 My (79p) — Ma +ila/2

§-E‘M><M‘§T.€

m> . (3.56)

1
X , Z <m’
\/__MA*+ZFA*/2 Iv;
where M, (7%p) is the invariant mass of the 7°p system and s the ordinary Man-
delstam variable for the center-of-mass (CM) energy of the ~yp initial system.

The triangle singularity in vp — w°N(1535)

The mechanism that we shall study is depicted in Fig. [3.20, The A* decays
into An, the A decays into 7°p and the np merge to produce the N(1535) that
subsequently decays into n p. It is easy to see, by taking Eq. from section ,
that the diagram of Fig. develops a singularity around /s = 1782 MeV, which
corresponds to E., in the laboratory frame at 1220 MeV. One can see in Ref. [3.4]
that there is some kind of broad structure around £, = 1200 MeV for the 7N (1535)
part of the cross section in the analysis done there.

Figure 3.20: Triangle diagram leading to the production of 7N (1535) (np). In
parenthesis, the momenta of the particles.

The amplitude for the mechanism of Fig. [3.20]is given by

= {
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(3.57)
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which defines ¢r, the triangle amplitude, as ¢ [ d*q of the product of the three propa-
gators, A, n, p. The Mandl-Shaw normalization for fermion fields |3.47], responsible
for the factors 2My, 2Mp in Eq. , is used. The ¢° integration in Eq. is
done analytically and then the 7 amplitude is written as we saw in section 3.1}

. / 43 1 1 1

T (27)3 8w(q)w' (q)w*(q) kO — w'(q) — w*(q) + ie PO — w*(q
2P°w(q) + 2k°W'(q) — 2[w(q) + ' (q)][w(q) + w'(q)
(PY — w(q) — w'(q) — kO +ie) (P + w(q) + w'(q) —

) —w(q) +ie
+w*(Q)]

— i€)
where w(q) = \/m,,2+c72, W'(q) = \/MNQ-I—(CT—F E)Q, w(q) =V Ma® +¢*.

To account for the width of the A in the loop function we replace w*(q) —
w*(q) —i'A/2, where we use an energy-dependent width

MA pwg(Minv(CD)
va(CI) p7r3|on

with Min(q) the A(1232) invariant mass inside the triangular loop, calculated from
the second denominator of Eq. (3.58))

. (3.58)

FA<Minv(Q)) = FA’OH? (3'59)

Min(a) = /(PO 2 = 2P0 (), (3.60)

and ['alon = 117 MeV, while p,(Miny(q)) is the pion momentum in the A(1232) rest
frame

)‘1/2(Minv(q>2a MN27 m7r2)
Dr Minv q)) = )
(Minv(q)) Mo (d)

pﬁlon - pw(Minv<Q) - MA)7 (362)

where A is the Killen function, and we set I'a to zero if M, (q) < My + m,. We
have also used the analytical extrapolation of Eq. below threshold, but since
then the A is so far off shell it has a minor relevance in the triangle singularity with
changes at the level of less than 2%.

The np — np amplitude ¢,,,, is driven by the N(1535), which also shows up
as a dynamically generated resonance in Ref. [3.80]. The integral in Eq. is
convergent. Yet, one must take into account that the chiral unitary approach of
Ref. [3.69] can be formally obtained using a Quantum Mechanical formulation with
a potential of the type V(7,q") = VO(qmax — |7])0(gmax — 17" ]) [3.81] and this leads
to a T-matrix where the two # functions are also factorized, leading to a @uax in
the d3q integration of Eq. . A value of quax suited for the A* — An as well
as for the t,,,, that we take from the work of Ref. [3.80] done along similar lines,
1S ¢max = 800 MeV in the N(1535) rest frame, that we shall use in our study. We
can see that the amplitude of the triangle diagram, Eq. and the tree level
vp — A* — An of Eq. have exactly the same spin structure S.k St €, and
we expect some kind of interference, although the amplitudes are complex and one
has to see explicitly how the interference occurs.

(3.61)
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The cross section for vp — nn’p is given by the standard a +b — 1+ 2+ 3
formalism, as

C@My)? [ dp 11
7 T ip /s ) (2r)32E, 1672

x /d@ @Miz TP, (3.63)

where P, is the momentum of particle 2 in the rest frame of 2 + 3 and €, its solid
angle in that frame. Proceeding like in Eq. (3.51]), summing over transverse photons

Z € €5 = (5@‘ - Pri Py (364)

—»2 )
Dy

v pol

we find that

= o = 1 (5 1.
ZZ|S.I<;ST.E|25§{§k2—§k2cos201} (3.65)

where 0, is the angle between the photon and the 7°. The variables ps, ps3, defined
in the 2 + 3 rest frame, are conveniently boosted to the yp rest frame in order to
evaluate the invariant masses entering the evaluation of 7. Summing the tree level
amplitude and the triangle diagram, 7" in Eq. is given by

—iT=(+b)S kS¢ (3.66)
where

c ! (3.67)

a = .
Miny(12) — Ma + ila /2
b=C 2My 2Ma tr by (3.68)
fﬂ'NA \/5 1

C =g . - : 3.69

JarnA GaTaN = N3 /5 — Ma- +iTax /2 (3.69)
Thus,

= 1 (52 1n
SN TP = Ja+ b 5 {gk? - ng cos? 91} . (3.70)

In Eq. we also employ the energy-dependent width of Eq. , but now as
a function of the invariant mass M, (12).

We shall also see the contribution of the A* — nA alone, just taking |a|? in
Eq. (3.70), and of 7N(1535), taking |b> in Eq. (3.70), instead of |a + b|?, which
corresponds to the coherent sum of the two processes.

The singularity that comes out from ¢r in Eq. leads to a peculiar energy
dependence of the cross section for 7/N(1535) production. In order to show it, we
also evaluate the yp — wN(1535) cross section with a standard mechanism that
does not involve the triangle singularity, and which we show in Fig. |3.21]
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Figure 3.21: Standard mechanism for yp — 7N (1535) production.

The transition from angular momentum 1~ +1/2% — 07 +1/27 requires P-wave,
L =1, to restore the parity. Two structures are possible,

ek (Gxk)-E. (3.71)

Both of them, after squaring and summing over polarizations, taking into account
the transversality of the photons, Eq. (3.64)), lead to a combination

_ . _ 1 .
ZZMQ o ck? + dk*cos® ) ~ (c—i-gol)k:2 (3.72)

where in the last step we have substituted cos®6; by 1/3 as it would come by
integration over the phase space. Then, the cross section from this mechanism can
be obtained from Eq. (3.63) substituting |T'|2 by a constant times k2t |

IT)? — D k[t ypml* (3.73)

At this point we would like to discuss the possibility of having some relevant
contribution from other N* states instead of the N(1535). The N(1440) does not
have the 7 p channel open for decay and does not develop a triangle singularity. In
principle the N (1520)(3/27), given the proximity in mass to the N(1535) could also
develop a triangle singularity with the same mechanism of Fig. |3.20, However, in
Ref. [3.14] we see that the coupling of this resonance to 7 p is very small, BR(np) <
1%, while for the N(1535) this mode gives BR(np) ~ 32 — 52%. If we take the
N(1650), and other resonances of higher mass, we see that the condition gon—¢,- = 0
from Eq. in section is far from being fulfilled, and as the mass of the
resonance increases ¢, — (.- iS even larger, indicating that one never gets a triangle
singularity for these resonances. The excitation of the N(1535) has a privileged role
as we see.

3.3.3 Results

In Fig. [3.22] we show the result for the amplitude 7 of Eq. . We can see
that Re(t7) and I'm(t7) have the Breit-Wigner shape like —BW = —(y/s — mg +
iI'r/2)~1. However, the real part does not go through zero, so the shape resembles
D — BW(s), with D a constant real background. We can see in |t7|? a clear peak
around /s = 1770 MeV, as anticipated by the simple application of the rule of
Eq. .

In Fig. we show the results for the cross section. The ¢, ,, amplitude is
taken from Ref. [3.80] as a Breit-Wigner amplitude

2
IN*mp

t —
e My (np) — M+ + 1T /2]

(3.74)
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Figure 3.22: |tr|?, Re(tr), Im(tp) and |tr| as a function of the vp energy, \/s.
The mass of the np system is taken at the N(1535) mass of 1543 MeV determined
in [3.80].

and we take the values for My, I'y+ and gy, from that work, which provides a
fair reproduction of the scattering data,

gN*JIp = 177,
My~ = 1543 MeV,
I'n+ =92 MeV.

The width seems a bit smaller compared to the PDG average 150 MeV, but in
agreement with BES data 95 £ 25 MeV [3.82] and not far from the most recent
determination of 120 4 10 MeV in Ref. [3.83].

As shown in the former section, there are uncertainties in the mass, width and
radiative decay of the A(1700). Playing with these uncertainties, one obtains a
band of allowed cross sections from the dominant vp — A(1700) — nA — nr'p
mechanism, which is shown in Fig. 2 of Ref. [3.60]. Since we want to see the relative
weight of the 7N (1535) production versus nA(1232), we fine tune the values of Ma-,
I'a+ and ga«,p to get a fair agreement with the data for low energies. We find that
the values that better fit the curve |a+b|? to the MAMI data [3.63] up to 1300 MeV
are Ma« = 1663.6 MeV, I'a« = 114.1 MeV and ga- ., = 0.142, which corresponds
to the branching fraction of 0.60%.

We obtain a fair reproduction of the cross section up to about p, = 1300 MeV.
From there on one would be relatively far away from the A(1700) mass and other
mechanisms discussed in Ref. [3.4] should come into play. The important finding
concerning the triangle singularity is that we obtain a 7N (1535) contribution in
fair agreement with the experimental determination. One should not overstate the
agreement, since the methods to obtain it in Ref. [3.4] and here are different. In any
case, the approximate agreement is welcome.

It is instructive to see that the cross section for mN(1535) production is much
wider than one could anticipate from the shape of |t7|? in Fig. This is because
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the 7%np production amplitude has an extra factor |E | plus phase space factors and
the weight of the A(1700) propagator.

In order to see the differences between the approaches followed here and in
Ref. [3.4] we show in Fig. the contributions of Eq. and Eq. (3.70)), taking
la|? (only nA), |b]* (only 7N (1535)) and |a + b|* in the equations. We can see that
there is actually not much interference between the two amplitudes. Actually we
find a small destructive interference, but this can become slightly constructive with
small change of the parameters. The message is small interference, which happens
in spite of the same spin structure of the two amplitudes as we have shown in
Egs. and (3.57). The reason is that the N(1535) structure provided by the
topyp amplitude is multiplied by ¢7, which as seen in Fig. has by itself a rich
complex structure. This can explain the differences with the analysis of Ref. [3.4],
where a more constructive interference between the two mechanisms occurs, as can
be seen in Fig. 19 of that paper. In Ref. [3.4] a partial wave analysis is done using
a K-matrix approach in which the t-matrix is given Ay, = K,.(1 — pK),', where p
is a diagonal matrix that takes into account phase space of the intermediate states,
and the kerne(ll Kéw is written as background plus a sum of Breit-Wigner amplitudes,
Koy = ]\52 gﬁ) s
analyticz:lly rich multiplicative structure of the triangle singular mechanism that we
have studied here. The reason for the small interference of the tree level and the
triangle singularity finds its most clear explanation through the Schmid theorem
which we discuss in the following section |3.4]

As commented at the end of the former section, we would like to show the effect
of having the 7N (1535) production from the triangle mechanism. For that purpose,
we compare in Fig. the results of our approach with the results that we would
obtain using the mechanism of Fig. [3.21] for a standard production mechanism.

+ fa. It is clear that in this analysis there is no room for the

[T
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__|a+bp? . CBITAPS 1
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Figure 3.23: Cross section for the yp — 7N (1535) with the triangle mechanism and
the standard mechanism of Fig. [3.21]

To facilitate the comparison we have normalized the cross sections at F, = 1200
MeV. We can see that the shape of the cross section with the standard mechanism
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is quite different, and produces a cross section that keeps rising and has a concave
shape. The mechanism that we have produces a different structure and gradually
decreases around E., = 1300 MeV, producing a better agreement with the experi-
mental extraction in the range up to about £, = 1400 MeV.

In Ref. [3.4] the data are given up to E., = 2500 MeV, but these are energies too
big to be contrasted with our model where only the A(1700) resonance excitation
is included, together with a A(1700) induced triangle singularity to account for
the mN(1535) production. Other resonances and other mechanisms are at play at
these energies [3.4]: the mN(1535) channel at higher energies would also receive
contribution from another triangle singularity involving 3* K™ in the intermediate
state with ¥*° — 7%A and KA fusing to give the N(1535). Using the method of
Eq. from section [3.1] the singularity peaks around E, = 1410 MeV, about 200
MeV higher than the one we studied here. We have also evaluated the contribution of
this singularity using the couplings from Refs. [3.69/3.80] and we find also a sizeable
contribution above £, = 1400 MeV, but for the purpose of the present work, its
contribution is very small compared to the one we have calculated up to £, = 1300
MeV, where with the limited information used here we give a fair description of the
experimental data.

As we have noted, the dominant mechanism of Fig. and the triangle mech-
anism of Fig. have the same spin and angular structure, given by the operator
Sk St.-eof Eq. . Hence, the angular dependence is given by Eq. , both
in the case of each individual mechanism or the coherent sum of the two. Angular
distributions with the dominant mechanism were discussed in Ref. [3.65] and we do
not discuss them further here.

3.3.4 Conclusions

We have evaluated the vp — nm¥p cross section at low energies, up to about
500 MeV above threshold for E.,, taking into account two mechanisms: the vyp —
A(1700) — nA(1232) — na’ and the vp — A(1700) — 7N(1535). The first
mechanism is the one shown to be dominant in the productions of Ref. [3.59] and
subsequent papers. The second one is new and involves a triangle singularity in
which A(1700) — 7nA(1232), A(1232) — 7% and then np fuse to produce the
N(1535). The latter mechanism gave rise to a peak (broadened by the effect of the
A(1232) width) around E, = 1220 MeV (y/s = 1782 MeV). We have shown that this
latter mechanism, which we can evaluate with elements borrowed from the proper-
ties of the A(1700) and N(1535) as being dynamically generated resonances, gives
rise to a contribution to the cross section in fair agreement with the experimental
determination. We showed that the shape produced by the triangle mechanism is
quite different from the one we would have assuming a standard P-wave N (1535)
production mechanism, and the experimental determination is in better agreement
with the triangle mechanism. We also showed that there is some discrepancy in the
interference pattern between the two mechanisms with respect to the one obtained
in Ref. [3.4], but we argued that this was a consequence of the fact that the analysis
of Ref. [3.4] does not include explicitly a triangle singularity in the approach. The
triangle amplitude created by itself a kind of a resonance structure which multiplies
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(not sums) an amplitude like the one assumed in Ref. [3.63]. As a consequence of
this factor we find very small interference between the two mechanisms, while a
more constructive interference is seen in the analysis of Ref. [3.4]. This also means
that the amount of yp — nA(1232) in the cross section is somewhat bigger in our
approach at energies around £, = 1100 — 1400 MeV.

The exercise made here also has repercussion for other reactions. It has shown
that in cases like the present one, where there is an unavoidable triangular singular-
ity, the standard partial wave analyses should be extended to accommodate such a
structure. It is not clear a priori that a triangle singularity is going to have a rele-
vance in a given reaction, but, given the simplicity of the rule developed in section
to find out whether a singularity appears within a certain mechanism, it would
be wise to make a general survey of a given reaction to see if such mechanisms can
develop. One could easily derive the structure for this singularity, which up to a
global factor only depends on the intermediate states of the triangle diagram, and
use it as a multiplicative factor on top of the standard amplitude of present partial
wave analyses. Future analyses of data along these lines would be most welcome.

3.4 Considerations on the Schmid theorem

In this section we present the work of Ref. [3.5] where we investigate the Schmid
theorem [3.6], which states that if one has a tree level mechanism with a particle
decaying to two particles and one of them decaying posteriorly to two other particles,
the possible triangle singularity developed by the mechanism of elastic rescattering
of two of the three decay particles does not change the cross section provided by the
tree level. We investigate the process in terms of the width of the unstable particle
produced in the first decay and determine the limits of validity and violation of the
theorem. One of the conclusions is that the theorem holds in the strict limit of zero
width of that resonance, in which case the strength of the triangle diagram becomes
negligible compared to the tree level. Another conclusion, on the practical side, is
that for realistic values of the width, the triangle singularity can provide a strength
comparable or even bigger than the tree level, which indicates that invoking the
Schmid theorem to neglect the triangle diagram stemming from elastic rescattering
of the tree level should not be done. Even then, we observe that the realistic case
keeps some memory of the Schmid theorem, which is visible in a peculiar interference
pattern with the tree level.

3.4.1 Introduction

Early studies of triangle singularities were done in Ref. [3.84] but the system-
atic study was done by Landau [3.7]. Work followed in Refs. [3.85-3.88] and some
peaks observed in nuclear reactions [3.89] were suggested as indicative of a triangle
singularity [3.90]. A thorough discussion of this early work was done by Schmid
in a clarifying article |3.6]. There a surprise appeared, known nowadays as Schmid
theorem that states that if the rescattering of particles 1 and 2 occurs, going to
the same state 1 + 2, the triangle singularity does not lead to any observable effect
in magnitudes like cross sections or differential widths. It is simply reabsorbed by
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the S-wave of the tree level amplitude (the same mechanism without rescattering,
see Figs. [3.24] and [3.25) modifying only the phase of this partial amplitude. In
angle-integrated cross sections the effect of the triangle singularity disappears.

Some debate originated on the limits to the Schmid theorem and its range of
validity [3.733.91-3.93]. In Ref. [3.91], for example, it was shown that if the scat-
tering amplitude of 1 + 2 — 1 + 2 contains inelasticities then the Schmid theorem
does not hold.

Recently there has been a renewed interest in triangle singularities because
the present wealth of experimental work offers multiple possibilities to study such
mechanisms. A topic that stimulated the present interest on the subject was the
one of isospin violation in the 1(1405) decay into 7°f,(980) versus the isospin al-
lowed decay into m0ay(980) [3.503.52,3.9413.95]. One interesting work was done in
Ref. [3.12], with many suggestions of places and reactions where triangle singulari-
ties could be found. One of the most striking examples of this rebirth is the work
of Refs. [3.44113.96] where a peak observed by the COMPASS collaboration [3.46],
and branded as a new resonance a;(1420), was shown to be actually produced by a
triangle singularity. The renewed interest in the issue was also spurred by the work
of Ref. [3.10], suggesting that a peak observed by the LHCbD collaboration, which has
been accepted as a signal of a pentaquark of hidden charm [3.97], was actually due
to a triangle singularity. The hypothesis was ruled out in Ref. [3.9] if the present
quantum numbers of this peak hold. Yet, given the fact that some uncertainties
concerning these quantum numbers still remain, the issue could be reopened in the
future.

The work of Ref. [3.9] develops a different formalism than the one usually em-
ployed, which is very practical and intuitive, as presented in section [3.1, and we
shall also follow these lines in the present work, which offers a quite different formal
derivation of the Schmid theorem and allows to see its validity and limitations.

The former recent works on triangle singularities have stimulated many works
on the issue [3.1,3.3,13.13,13.98-3.114]. Further information can be found in the
report [3.115].

Along the literature on this topic it is customary to find the statement that due
to the Schmid theorem, whenever one has rescattering in the loop to go to the same
states as inside the loop, there is no need to evaluate the triangle diagram because its
contribution is reabsorbed by the tree level. The purpose of the present paper is to
get an insight on the theorem and see where it holds exactly, when it fails and when
it is just an approximation and how good or bad can it be. For that, a new derivation
is carried out, and a study in terms of the width of the intermediate state R is done.
The failure of the theorem when the ;5 12 scattering matrix has inelasticities is also
shown in detail, providing the quantitative amount of the breaking of the theorem.
Apart from the limit of small I'g, where the theorem strictly holds, we study in
a particular case what happens for a realistic width, and a typical 1 +2 — 1+ 2
scattering amplitude, which serves as a guide on how much to trust the theorem to
eventually neglect the contribution of the triangle loop.
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3.4.2 Formulation

Let us study the decay process of a particle A into two particles 1 and R, with
a posterior decay of R into particles 2 and 3, as we saw in Fig. in section 3.1,
which we repeat here in Fig. [3.24, We shall also assume for simplicity that all

) (P_Q)>R > 3(p3)
(}\1 \2<Pqp3>

Figure 3.24: Tree level diagram for the process A — 14243 mediated by a resonance
R that decays into particles 2 and 3. In brackets the momenta of the particles.

A (P

vertices are scalar, and can be represented by just one coupling in each vertex. The
conclusions that we will reach are the same for more elaborate couplings, with spin
or momentum dependence.

The next step is to allow particles 1 and 2 to undergo final state interaction, as
depicted in Fig. |3.25] which we also saw in Fig. in section |3.1}

A \(P) (P - Q)\R > 3 (p3)

Figure 3.25: Triangle mechanism emerging from the mechanism of Fig. [3.24] with
final state interaction of particles 1 and 2. The vertex with particles 1 and 2 symbol-
izes the 1 4+ 2 — 1 + 2 scattering matrix. In brackets the momenta of the particles.

Let us make a quick recap: we have seen that triangle diagrams can develop a
singularity when all the particles inside the loop in Fig.|3.25| are placed on shell and
the particles R and 3 go parallel in the A rest frame. In section [3.1] we studied the
conditions for this to occur, relating the invariant mass of particles 1,2 with the
mass of A. Also recall that if particles R and 3 go in the same direction, then both
particles 1 and 2 go in the opposite direction to them in the A and R rest frames,
respectively. The last condition for a singularity was given by the Coleman-Norton
theorem [3.8], which stated that the classical process of particle 2 catching up with
particle 1 should be possible.

We also mentioned that in the situation where the R resonance is placed on
shell in the triangle loop, as well as particles 1 and 2, the tree level mechanism
of Fig. [3.24] also has a singularity in the limit of zero width for the resonance R,
since the amplitude goes as (M, (R) — Mg + il'r/2)"'. Note however, that the



138 Chapter 3. Triangle Singularities

tree diagram does not have the restriction that particles R and 3 should be parallel
(as is the case for the triangle singularity) and hence the region where R can be
placed on shell is much wider than for the triangle singularity. This relation of the
singularities of the tree level and triangle diagram will be the subject of our present
study.

Let us come back to the tree level mechanism of Fig. [3.24] Assume for the
moment that the decay into 2 + 3 is the only decay channel of the resonance R. In
the limit of 'y — 0 one has the decay of A into two elementary particles 1 and
R. The width of A can be calculated with the standard formula for decay of two
particles or three particles and the results are identical. Intuitively one can say
that, once the particle decays into 1 and R, if particle R decays later this does not
modify the A width, since this was determined at the moment that A decayed into
1 and R. The same could be said about the triangle mechanism of Fig. [3.25 Once
the A particle decays into 1 and R, and R decays into 2 and 3, the probability
for this process is established and the posterior interaction of 1 and 2 should not
modify this probability. This argument is the intuitive statement of the Schmid
theorem, which technically reads as follow: Let t,EO) be the S-wave projection of the
tree level amplitude, t¢;, of the diagram of Fig. [3.24] evaluated in the rest frame of
1 + 2, referred to the angle between the particles 1 and 3. Let t;, be the amplitude
corresponding to the triangle loop of Fig. [3.25| The Schmid theorem states that

10 gy = 020 (3.75)

where ¢ is the S-wave phase shift of the scattering amplitude 142 — 1+ 2 (assume
also for simplicity that this is the only partial wave in 14 2 — 1+ 2). The formula
holds for the case that there is only elastic scattering 1+2 — 1+ 2. In the case that
there can be inelastic channels the formula is modified, as we shall see later on, and
the Schmid theorem does not strictly hold.

The interesting thing about Eq. is that
2

2 . 2
1) +tL‘ o e2is|” = tgo)’ (3.76)

and consequently, since ty#o) and tEO) do not interfere in the angle integration, then
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and as a consequence the contribution of the triangle diagram does not change
the width that one obtains just with the tree level diagram. Note that if we had
142 —= 142 orl1+2— R, where R is some resonance, the theorem does not
hold because there is no contribution of the tree level to these reactions.
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Kinematicsof A —-1+2+3

We assume that all particles are mesons to avoid using different normalization for
meson or baryon fields. The width of particle A for this process is given by

.= 1 /d3p3 1 /d3p2 1 /d3p1 1
AT oMy ) @rPows ) (272w, ) (27)3 2w,

x (2m)*0*(Pa — p1 — p2 — ps) [t] (3.78)

where Py is the four-momentum of A and w; the on shell energies w; = y/m? + i
We perform the integration over particles 1 and 2 in the frame of reference where
Py— p3 = 0, where the system of 1+ 2 is at rest and the integration over ps in the A
rest frame. We perform the d3p, integration using the § function and have in that

frame (ph = —p))
AT oMy ) )P 2ws ) (2m)3 20 2@,

x 2md (Ea s — B1(B1) — Ba(in) ) 12 (3.79)
where the tilde refers to variables in the 1 + 2 rest frame, and ¢ is the scattering

matrix for the process.
Note that

Eq— @3 = 01(P1) + @2(P1) = Mine (12). (3.80)

There is no ¢ dependence in that frame if we chose ]7?, in the z direction and the
d3p; integration is done with the result

3 1
[y = 2]\14,4 / ((;:)33 2; 8i7r » d cos eﬁl—valuz) It]? (3.81)
with p; the momentum of particle 1 in the 14 2 rest frame and 6 the angle between
ﬁl and ]72,
Note also that
M2 ,(23) = (Py — p1)? = M2 + m? — 2EFy + 2p1p3 cos 6. (3.82)

inv
Hence, the integration over cos @ is equivalent to an integration over M;,,(23). Sim-
ilarly we can write

M2, (12) = (Py — p3)? = M3 +mj — 2Mws , (3.83)
where the evaluation has been done in the A rest frame. It is also easy to derive

~ 1
Ey=—— (M?+ M2 (12) — m?

A 2 My (12) ( A+ Mg (12) m3)

~ 1

By = ————— (M3 — M2 (12) — m2

3 2Mlnv(12) ( A 1nV< ) m3)

o 1 2 2 2

~ A2 (M3, (12), mi, m3)

= 2 Mo (12)

= N2 (ME,m3, M (12))

p3 = .

2M;y (12)
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The d?p; integration is done in the A rest frame

d3p3 1 1
_ = d .
/(2#)3 Qs A2 p3 aws (3.85)

and using Eqs. (3.82) and (3.83)), the w3 and cosf integration can be substituted
by integrations over M;,,(12) and M;,,(23) and one has the formula given in the
PDG [3.14]

d’T' 4 11
dMiny (12)dM;y, (23) 6473 M3

M (12) My (23) [t)? (3.86)
Yet, for the explanation of the Schmid theorem it is better to use Eq. (3.81)).

t; and t; amplitudes

Since we are concerned only with the situation when the particles are close to on
shell we will use

1 1

@ —m2+ic  (¢°)2 —q% —m?+ie

1 1 1
~ 2w(q) {qo —w(g) +ie ¢ +wlq) + ie} (3.87)

and keep only the term [2w(q) (¢° — w(q) +i€)] " since this is the term that can be
placed on shell. .
The amplitude of Fig. is given in the 1 4 2 rest frame by (P4 = p3, and we
omit the tilde in the momenta)
1 1

2wr(P3 — q) B4 —wi(q) —wr(ps — q) + i€

tt = gagr (3.88)

where g4, gr are the couplings for the decay of A and R. From Eq. (3.88) we get

tﬁo) projecting into S-wave

o 1 [ 1
tt = —/ dCOSGT
2 /)4 QWR(pS - Q)
gAa gr

Ey —wi(q) — wr(ps — ) + ie
Note that in the realistic situation the ie in Eqgs. (3.88]) and ([3.89) will be sub-
: T'r
stituted by i

On the other hand, the amplitude of the triangle diagram can be written in the
1 4 2 rest frame as

(3.89)

/ d'q 1 1

tL:Z 4 — — ot - — .

(2m)* 2wR(Ps — @) Fy — ¢° — wr(ps — §) + i€
1 1 1

* 2w1(q) ¢° — wi(q) + ie 2wa(q)
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1
X = = — gagrtiziz, (3.90)
Ex—q° — B3 —wa(q) +ie

where 19 15 is the scattering amplitude for 1+2 — 1+ 2. The ¢” integration is done
immediately using Cauchy’s theorem and we obtain

[ — / d3q 1 _ 1
(27)% 2wR(Ps — @) Ej — wi(q) — wr(Ps — @) + ie
1 1 9a grti2,12
2w1(q) 2wa(q) B4 — wi(q) — Es — wa(q) + i€ '

X (3.91)

We can see that the R propagator term [QwR(ﬁg —q) (EA —wi(q) —wr(Ps —7) + ZE)] 1
is common in t; and t; of Eqgs. and . There is, however, a difference
since in the loop function t; the momentum ¢ is an integration variable while, in

t¢, ¢ is the momentum of the external particle 1. In the loop, after rescattering of
particles 1 and 2 the momentum p; is different than ¢, and only for the situation
where all particles in the loop are placed on shell, the moduli of the momenta are
equal.

The ¢ integral in Eq. (3.91) is trivially done and we have

po 1 /Oo 2 1 1
g (27T)2 0 4 q2w1(Q) 2w2(Q)
1

EA — E;; — w1(q) — wa(q) + ie

I 1
X 2—/ dCOSQT
2/, 2wR(Ps — q)
1

= I — gagrti22- (3.92)
Ea—wi(q) —wr(ps — ) + e

X

We can see now that the integral over cosf is the same in t§°) (Eq. (3.89)) and t,,
(Eq. (3.92).

To find the singularity in ¢, let us look for the poles of the two propagators. On
the one hand from

Ej — B3 —wi(q) — w(q) +ie = 0 (3.93)
we obtain Lo ( ) 12) ) 2)
A2 (M, (12), mT, m5 ,
= A KU ERLL TN 94
Gon + 2va<12> 1€ (3 9 )
On the other hand from
Ex—wi(q) —wr(fs — 7) +ie=0 (3.95)

we get two solutions which depend on cos . Yet, we are only interested in cos = +1
because it is there that we will not have cancellations in the principal value of

1
/ d cos § because we cannot go beyond |cos# | = 1 in the integration. In this case
—1
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one finds immediatelyﬂ

E E,
7= p—L 4+ =2
LS VIR V)

py tie, (cosf = +1) (3.96)

where FY, p)| are the energy and momentum of particle 1 in the A rest frame, while
p3 is the momentum of particle 3 (or A) in the 1 + 2 rest frame that we have used
before. For cos @ = £1 this is just a boost from the frame where A is at rest (q = p})

to the one where it has a velocity vy = %—A = g—g, but the position in the complex
A A
plane is given by the =ie.
Take now:
a) cosf = —1
The (—) solution in Eq. (3.96),
E, Eis,
I _ A 3.97
Q b3 MA MApl 1€, ( )

gives g negative and does not contribute in Eq. (3.92) since ¢ runs from 0 to oo. If
we take the (+) sign,

B, Fa
My Ma
the pole is in the upper side of the complex plane. This situation corresponds to
the one in Fig. [3.26 We can see that in that case one can deform the contour path
in the ¢ integration to avoid the poles and one does not have a singularity.

Qv = —ps p1 + i€, (3.98)

Im(q)

Qon+ q

° °

I S
’

AP Re(q)

’/
Figure 3.26: Pole positions for the case of cos = —1 when q can be positive. The

line shows the contour path that one can take to avoid the poles.

b) cosf =1

2 Note that Egs. (3.94)) and (3.96)) do not coincide with those in section [3.1| because there these
momenta are obtained in the A rest frame and here in the 1 + 2 rest frame. They can be reached
by a boost to the frame where A is at rest.
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Im(q) Im(q)
'Y (Jon+ /7 N PY q011+
- y A —_—_ - - - - -
A7 e Re(q) . Re(q)
Qa— Ja—
(a) (0)

Figure 3.27: Pole positions for g, and ¢, for cosd = 1. The case (b) leads to the
triangle singularity.

The (+) solution,

B Ea
My My
corresponds to a pole in the upper part of the complex plane and does not lead to
a singularity. The (—) solution, let us call it g,_,

(ot = D3 Py + i€ (3.99)

E{ Eas, .
_ A 1
. ]\414])1 i€ (3.100)

Ga— = P3

lies in the lower side of the complex plane. In this case if ¢,_ is different from ¢, of
Eq. (3.94) we have the situation as in Fig. [3.27|(a). In this case we can also deform
the contour path to avoid the poles in the ¢ integration of ;. However in the case
that

Jont = Qa— (e —0), (3.101)

corresponding to Fig. [3.27(b), the path of the integral has to go through the poles
Gons and g, and we cannot deform the contour path to avoid the poles. This is the
situation of the triangle singularity E| Note for further discussions that ()= = —qa
and Q+ = —Ga—.

It might be curious to see that we find the singularity for cosf = 1, while in
section |3.1] it was found for cos# = —1. This is a consequence of the different frame
of reference. Indeed, we are in the situation of Fig. [3.28] We can make a boost with
velocity v4 to bring particle A at rest

va=24 I8 (3.102)
Eys  Ey
The velocity of particle 3 in the 1 4 2 rest frame is
vy =2 50, (3.103)
Ey

but since the mass of particle 3 is smaller than M, then vs is bigger than v, and
in the boost particle 3 still goes in the same direction as before. However p) in that

3 Another possibility to have singularities is that ¢.. = ¢.— (e — 0). This leads to a threshold
singularity, discussed in section and Ref. [3.9], but which plays no role on the present discussion.
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— 5 PaA=D3

Figure 3.28: Situation of momenta in the 1 4 2 rest frame when cosf = 1.

frame has a velocity
/
_ P

= 3.104
U1 E ( )
and since we are taking the ¢,_ solution positive
E,  Ey4
Qa— = p3Ml _Mpll > 0,
A A ) (3.105)
= 2! V41
El > piEy; = > = = > vy
b3l P1Liaj; B Ei vA U1

Hence particle 1 changes direction under the boost of velocity v4 and in the rest
frame p3’ and p;’ have opposite directions, cos @’ = —1, as it was found in section[3.1]

Formulation of Schmid theorem

Let us perform the cos @ integration in ¢, of Eq. (3.92)).

1

1
I(q :/ dcos) ———
@ 1 2wr(P3 — q)

1
X = (3.106)

Ea—wi(q) — wr(Ps — @) +ie

We can introduce the variable =

r=wr(ps —q) = \/m%%—pg + q% — 2p3qcosd
deos = — 2 gy (3.107)
p3q

wr(p3—q) 1 wpg 1

I(q) = —/ dx = :
wr(p3+q) 2wp P3q By —wy (q) — x4 e
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Im(q)
r= ==
! *x
| \
Y \
1 \
.Q+ i .QOn+ .QaJr 1
P m =
° e | eg. Re(q)
‘\ Qi Gon— i 4
\ Y
\ |
* |
S o d

|
|

Figure 3.29: Integration path followed to evaluate t; of Eq. (3.109)).

wr(p3+q) 1 1
= / dz — ‘
wr(ps—q) 2p3q B4 — wi(q) —  + e
L (EA —wi(q) —wr(ps — q) + z’e)

 2psq E,— wi(q) — wr(ps + q) + i€

(3.108)

It is interesting to see that I(q) = I(—q) is an even function of ¢q. Then, since
the rest of the integrand of ¢;, in Eq. (3.92)) is also even in ¢ we can write

= 1/OQCJqu ! !

(2m)22 ) 2w1(q) 2w2(q)
9gagr1(q) 112,12

E4— E5— wi(q) — wa(q) + ie

We should note that the singularity that we are evaluating corresponds to the nu-

merator in Eq. (3.108)) becoming zero.
Since we have extended the integration to g negative, we must also consider the

poles of @_ and @ of Egs. (3.97) and (3.98)). The situation of the poles is shown
in Fig. [3.29. In this figure we also show the contour path followed to perform the
integral over ¢ using Cauchy’s theorem. We have

/ dq~~—i—/ dq--~—i—/ dq ...
—00 100 circle

= 2mi Res(gon+) + 27mi Res(qay ) (3.110)
— 2mi Res(qon—) — 2mi Res(Q-) (3.111)

(3.109)

The relevant point now is the fact that the integral over the circle of infinity vanishes

and / dq, Res(qa+) and Res(Q)_) do not produce any singularity, and thus

,00

/ dq - -+ = 2mi Res(qons ) — 2mi Res(gon-) (3.112)

o0
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is the part of the integral that leads to the singularity. We go back to Eq. (3.92)
and perform the ¢ integration before cosf is integrated. Since the denominator

<£~7 W — By — wi(q) — wz(q)) vanishes for ¢4 and go,_, we can apply L'Hopital rule
to calculate the residues (EA — E3 = M,y (12), with g, standing for gony O gon—)

. qd — Gon
Res(qon) o lim
(on) o B, Mo (12) — () — (@)
1 W1 W2
_ | =7 (3.113)
(;q) + (ﬁ) ‘ Qon Minv(lz)
w1 w9 on
Thus, the singular part of ¢, is contained in
1 1 1
—— — |qon| ————— t —)dmi
L (2#)2 1 \q ‘Minv<12> gA dr 12,12( ) ™
1! 1
X —/ dcos6 — 57
2/ 2wr(P3 — )
1
X = —. (3.114)
By —wi(q) — wr(ps — q) +ic
Comparing with Eq. (3.89) we find
o1 1 (0)
tr, = =1 — |Qon| ————1 t . 3.115
L Z47r lq ’va(w) 12,12 Uy ( )

We must now recall the relationship of our ¢ matrix in the field theory formulation
with the f matrix of Quantum Mechanics

1 1
= —— t 3.116
/ 81 Mipny ( )

which allows us to reformulate Eq. (3.115)) as

tp =21 |qon| ftEO) (3117)
and since 0is
ne™ —1
gt —1 3.118
21 ’%n’ ( )
we find that '
t0 + b =10 (14 2i|gun| £) = e 17, (3.119)

also derived in Ref. [3.73]. Eq. for the case when there is only the 1,2 elastic
channel (n = 1) is the expression of the Schmid theorem [3.6]. It was already men-
tioned in Ref. [3.91] that the Schmid theorem does not hold if #1915 has inelasticities
and we can be more quantitative here. Indeed, recalling Eq. we have now

1 1 9
/ dcos@|tt+tL|2:/ dcos@{ tl(to)‘ }
-1 -1

2
tg#m’ e
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2

s o ool

1 ) 1 012
:/ decosO |t|” — (1 —772)/ dcos 0 |t! )‘ (3.120)
_ 1

1 —

2
7 ‘ + |t 1

and since tio) contains the same singularity as t;, the singularity of the triangle

diagram will show up with a strength of 1 — n%.

It is interesting to recall at this point that Watson’s theorem [3.116] does not
hold in this case. We might expect that the sum of the tree level and rescattering
would introduce a phase e in the final state for elastic rescattering, while we see
that in the present case one introduces the phase €2 on top of tﬁo), which is itself
complex from the structure of the R propagator. A detailed discussion of this issue
can be found in Ref. [3.92].

It is also interesting to mention the effects of further rescattering beyond our
triangle diagram. Final state interaction with three particles in the final state has
been addressed repeatedly. One of the early works on this issue concerns rescatter-
ing in the K' — 37 decay [3.117] (for a modern reformulation of this problem one
can see the work of Ref. [3.118]). What is relevant for our problem is that further
rescattering of particles 1, 2 in Fig. is already accounted for by the 15 12 scatter-
ing matrix that sums all the rescattering loops implicit in the Lippmann-Schwinger
equation that generates t1212. However, after the mechanism of Fig. one can
have for instance, rescattering of particles 2 and 3 which would lead to a new loop
with the former external 2 and 3 particles now being intermediate particles. Note
that then particles 2 and 3 in the new loop could be off shell, in which case the trian-
gle singularity of the 1R2 triangle would be destroyed. Even if one concentrates on
the contribution of 2 and 3 on shell in the loop, there is an angle integration for ps,
and ps3 of the new loop and ¢ would no longer be parallel in the whole range of the p;
integration, which was a necessary condition for the triangle singularity. Hence, this
new rescattering term would not have the triangle singularity structure and would
be a smooth background term. Nevertheless, the modern techniques [3.11§] allow to
calculate such terms if precision is desired in a physical process. Yet, these issues go
beyond the problem at hand, which is the investigation of the triangle mechanism,
to which we come back.

3.4.3 Study of the singular behavior

Let us look at the behavior of ¢, around the triangle singularity. For this it is easier
to look at t§°) which has this same singularity. Let us look at Eq. (3.89)). The integral

1
there is él(q)gAgR, with I(q) from Eq. (3.108]). Hence

10 _ 9A9R 4 Ey — wi(q) — wr(ps — q) + e (3.121)
' 4ps q Ea—wi(q) —wr(ps + q) +ic

and since for the ¢ of the singularity (¢ positive from now on)

Er—wi(q) —wr(ps —q) =0 (3.122)
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then N
Ex—wi(q) = wr(ps — q) (3.123)
and we can write
RONS gagr ( iTr/2 )
L= n
4ps q wr(ps — q) — wr(ps +q)
T
~ JATE 1 ( L ) (3.124)
4ps q wr(ps — q) — wr(ps +q)

r
where we have substituted ie by i—2 and kept the singular part when ' — 0. In
the A decay width we shall have

dF(AL) ! ]2
A [ deost i)
dMinV(12) X /1 COS ¢

gagr\’ I'r
~ 2 In
4ps q wr(ps —q) —wr(ps + q)

On the other hand, we can look at the whole ¢, amplitude, and the equivalent part
to Eq. (3.125]) going into the evaluation of the A width is, using Eq. (3.88)),

dF(t) 1 2 2
A oc/ deos—JA9R

2

(3.125)

dMi (12) ~ /), 4wr?(ps — q)
2
1
< | | - (3.126)
Ey—wi(q) —wr(pz —7) + 27
Performing the same change of variable to the variable x of Eq. (3.107)) we obtain
ary ik / ntrd 1
dMinv(12) 4p3 q wr(p3s—q) x
1

o (3.127)

- 2 Ts\?2
<EA —wi(q) — :E) + (TR)
. ~ oo 1 . .
By making the change F4 — wy(q) — ¢ = y and substituting — by its value in the
x
~ -1
singularity, [E A — wl(q)] , We get

ary 1 gigh 2
dMiy (12) Apsq By —wi(q) I'r

Ea—wi1(q)—wr(p3+q)

x arctan =2 (3.128)

Ea—w1(q)—wr(p3—q)

4The integral can also be performed analytically, and the most singular term corresponds to
the choice made.
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where the lower limit in y vanishes. Hence, we get

ar® L dgr 2
dMiny (12) Apsq By —wi(q) T'r
2 —q) — 0
« d arctan (wr(ps —q) —wr(ps +49) arctan — (3.129)
FR FR
and since wr(ps — q) < wgr(ps + q)
2 _— —
lim arctan (Wrps = @) = wrlps +4)) -z (3.130)
and we get
ar® 1 ghgr 7

dMinv(]-2) > 4p3q EA — wl(q) FR. <3131)
It is interesting to see that when I'r — 0, where the Schmid theorem holds, I" 4 from
the tree level, Eq. , grows much faster than I'4 from the triangle singularity
from Eq. . This means, in a certain sense, that the Schmid theorem, even
if true, becomes irrelevant, because in the limit where it holds, the contribution to
the A width from the tree level is infinitely much larger than that from the triangle
singularity.

Actually, I'4 from Egs. and do not diverge because gg is related
to the width. In fact, assuming 2 + 3 the only decay channel of R, for the S-wave
coupling that we are considering we have

with g the on shell momentum of particle 2 or 3 in R — 2 + 3 with R at rest. Then
'y from Eq. goes to a constant, as it should be. If 2 + 3 is not the only
decay channel then
gp 1
8r M3
where BF(24-3) is the branching fraction of R to the 2+3 channel, and the conclusion
is the same. In fact, in the limit ' — 0, ', calculated with the three body decay
is exactly equal to I'4 calculated from A — R + 1 times the branching fraction
BF(2 + 3). This means that the contribution of the triangular singularity becomes
negligibly small compared to the contribution of the whole tree level. However, if
the width I'p is different from zero the ratio of contributions of the tree level to the
triangle loop becomes finite, and many of the terms that we have been neglecting
in the derivation of the Schmid theorem become relevant. Thus, one has to check
numerically the contribution of the tree level and the triangle loop, summing them
coherently, to see what comes out. This is particularly true when %159 sits on
top of a resonance where the triangle singularity could be very important, or even
dominant.
Yet, it is still interesting to note that in the realistic case the reaction studied
still has a memory of Schmid theorem, in the sense that the coherent sum of ampli-
tudes gives rise to a width, or cross section, that is even smaller than the incoherent

7=BF(2+3)Tx (3.133)
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sum of both contributions. One case where one can already check this is in the
study of the vp — 7°np reaction in Ref. [3.3], discussed in the former section .
The v p couples to A(1700) which decays to n A(1232). The A decays into 7% and
np fuse to produce the N*(1535) that subsequently decays into np. The contribu-
tion of this mechanism is sizable and has been observed experimentally [3.4]. In
the study of Ref. [3.3] one compares the loop contribution with the tree level from
vp — A(1700) — 1 A(1232) — nr°p and they are of the same order of magnitude.
A remarkable feature is that the coherent sum of tree level and loop does not change
much the contribution of the tree level, even if the loop contribution is sizable, and is
smaller than the incoherent sum of both processes (see Fig. 1 of Ref. [3.3] or Fig.|3.18
in section . Yet, even then, the N*(1535) contribution to the yp — 7% p gives
a distinctive signature, both theoretically and experimentally. The message is clear:
one must evaluate both the tree level and the loop contribution for each individual
case to assert the relevance of the triangle singularity. Obviously, in the case that
the final channel is different from the internal one of the loop there is no tree level
contribution and then the triangle singularity shows up clearly.

3.4.4 Considerations on the Dalitz plot

In Fig. [3.30] we show the Dalitz plot for a typical A — 1+2+ 3 process, where 1,2, 3
are final states on shell. Recalling Eq. (3.82)) that we reproduce again here

M2 (23) = M% +m? — 2E,Ey + 2p1ps cos 0 (3.134)

and that E’A, El,ﬁl,ﬁg all depend on M,,,(12), by fixing M;,,(12) Eq. gives
the limits of the Dalitz plot. For cos @ = —1 we have the lower limit and for cos = 1
we have the upper limit of the boundary of the Dalitz region. Let us cut the Dalitz
boundary with a line of M;,,(23) = Mg. This line cuts the boundary in points A
and D. In these points we have all final particles on shell and M;,,(23) = Mg. This
is the situation of a triangle singularity provided that Eq. is fulfilled (note
that there are two solutions of ¢ for cosf = 1, but only one produces the triangle
singularity, where in addition Eq. is fulfilled). On the other hand, from
point A to D, M;,,(23) = My is allowed for some valid cos @ and we should expect
a singularity (up to the factor g%) of the tree level mechanism. Let us study this in
detail.

1In Eq. we already saw the contribution of ¢; to the A width evaluating

/ dcos@|t,)* at the point of the triangle singularity (point D in Fig. [3.30). Let
-1

us now evaluate it for an invariant mass Mj,,(12) between points A and D in the
figure. Close to point A to the left we shall have now
Y1

1 2 9

1 2 2

/ dcos|t,)* = _9AIR _ = arctan =2 (3.135)
-1 A4p3q Ep—wi(q) I'r I'r

Y2
with y; < 0 and y» > 0, and hence
1

lim dcosf |t,|* = —
Fr=0 J_4 £ Apsq By —wi(q) I'r

_GAgR 1 2
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X (—5 . 5) (3.136)

which is twice the result of Eq. (3.131]). This value stabilizes as we move from A
to D, and the interesting thing is that it goes like (I'z)™! (apart from the factor
1

g%). In addition we can evaluate / dcos @ |t,|> for My, (12) bigger than the one

-1
corresponding to point A. In this case R is never on shell and in the limit of small
['r we get zero contribution relative to the on shell one. Technically one would find
it from Eq. (3.135)) since now both y; and ys would be negative and the upper and

lower limits of arctan Y cancel.
R

3.4.5 Results

We are going to perform calculations with a particular case with the following con-
figuration:

My = 2154 MeV
Mpr =1600MeV, TI'p = 30MeV

M, = 500 MeV (3.137)
M, = 200 MeV
M; = 900 MeV.

In addition we shall take an amplitude 1 + 2 — 1 + 2 parameterized in terms of a
Breit-Wigner form

g2

(12) — M2y + i Dy (Miny (12)) Mine (12)

li2,12 = e (3.138)

with Mgw = 800 MeV, I'gyy = 20 MeV. We shall use Eq. and choose g% such
that the width is given by Eq. . In this case we have purely elastic scattering
and g = 1338.7 MeV. We will also consider the case where we take the same value
of g and a width double the elastic one to account for inelasticities, to test what
happens in the case of inelastic channels.

We will use Eqs. and and integrate Eq. over Min(23) to
obtain dI'4/dM;,,(12). Note that according to Eq. the integral over cos6
that we have done is simply 2M,,(23)dMiyn (23)/2p1p3. The limits of integration
are obtained from Eq. for cos ) = £1, and explicit formulas can be obtained
from the PDG [3.14]. In Eq. (3.92)) we have used a cutoff in the ¢ integration of 600
MeV, a common value in many of these problems.

The choice of variables in Egs. (3.137)) and (3.138)) is done such that Eq.
is satisfied and we have a triangle singularity for this configuration.

In Fig. [3.30| we show the Dalitz plot for the reaction A — 1+ 2 4+ 3. We can
indeed see that the triangle singularity point corresponds to point D of Fig. [3.30]

In the first place we evaluate dI" 4 /dM;,, (12) for M4 = 2200 MeV, about 50 MeV
above the mass that leads to a triangle singularity at M;,,(12) = 800 MeV. With
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Figure 3.30: Dalitz plot for A — 1+ 2 4+ 3 with the parameters of Eqs. (3.137)) and
(3.138]). Point D corresponds to the triangle singularity.

this value of My, the triangle singularity appears at M, (12) = 769 MeV, about
30 MeV below the Breit-Wigner mass. We can expect that the loop function will
give a small contribution, since #1512 at this invariant mass is significantly reduced
compared to its peak. Yet, this serves us to investigate the points discussed in the
former section.

In Fig. we show dl'a/dMin, (12)/g% g% as a function of M;,,(12). We show
the results for the triangle diagram alone, the tree level alone, and the coherent sum
for ' = 30 MeV. As we have discussed previously, we have proved the Schmid
theorem in the limit of I' — 0. Fig. [3.31] gives us the answer of what happens
when we look at a realistic case with I'g of the order of tens of MeV. As we can see,
the triangle loop gives a sizable contribution of the order of the tree level, and the
coherent sum of the triangle diagram and the tree level diagram gives rise to a very
distinct structure, as a consequence of the resonance in the 1,2 channel enhanced by
the triangle diagram. This already tell us that in a realistic calculation we should not
rely on the Schmid theorem to neglect the triangle diagram with elastic rescattering
of the internal particles of the loop.

In Fig. [3.32] we show the same results but calculated with ' = 0.5 MeV. As
we can see, the triangle singularity gives a small contribution compared to the tree
level, and the coherent sum of the two does not change the contribution of the tree
level, as expected from the Schmid theorem. In Fig. [3.33| we show the same results
but calculated with I'p = 0.1 MeV. Comparing these results with those of Fig. [3.32]
we can see that as ' is made smaller the tree level contribution grows more or less
like 1/T'g, as expected from Eq. , while the triangle contribution grows much
less.

In Fig. [3.34 we show again the results for the same M4 mass and I'y = 0.1 MeV,
but this time we take in Eq. I'sw — 2T gw to account for the inelasticities.
The contribution of the triangle loop is reduced with respect to the one in the elastic
case of Fig. [3.33] Curiously, the relative strength of the singularity (narrow peak
in the dotted line) with respect to the resonance peak increases now, as a reminder
that according to Eq. the Schmid theorem does not hold. Yet, the main
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M4 = 2200 MeV, TI'p=30MeV.
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Figure 3.31: 5— as a function of M;,,(12) with M, = 2200 MeV and
dMinv(12) g% 97,
I'r = 30 MeV.
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Figure 3.32: as a function of M, (12) with M, = 2200 MeV and

dMin(12) 65 9%,
I'r = 0.5 MeV. The dashed and solid lines are indistinguishable in the figure.
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Figure 3.33: as a function of M, (12) with M4 = 2200 MeV and

dMin.(12) g5 g%
' = 0.1 MeV. The dashed and solid lines are indistinguishable in the figure.

My = 2200 MeV, T'p = 0.1 MeV, inelastic.
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Figure 3.34:
dMin(12) g7 g7
I'r = 0.1 MeV. Here I'gyy — 2w to account for the inelasticities. The dashed

and solid lines are indistinguishable in the figure.
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My = 2154 MeV, Tg = 0.1 MeV.

——— Coherent Sum
77 500
% ————— Tree Level
E 400f Triangle Loop x 10?
L
= 300
S
"5 200
)
=
% & 100
=
=
(] e ——— S M e
700 800 900 1000 1100 1200
M (12)  [MeV]
dl' 4 1

Figure 3.35: 5— as a function of M;,,(12) with M4 = 2154 MeV and
dMin(12) g3 9%,
' = 0.1 MeV. The dashed and solid lines are indistinguishable in the figure.

message from Figs. |3.32} [3.33] and [3.34] is that in the limit of 'y — 0, where the
Schmid theorem holds, the relative strength of the triangle diagram versus the tree
level becomes negligible.

Next we perform the calculations for M, = 2154 MeV, first for I'r = 0.1 MeV,
and show the results in Fig. [3.35] The novelty in this case is that, since the triangle
singularity occurs for M, (12) = 800 MeV, equal to Mpw, now the contribution of
the triangle mechanism is much bigger than in the former cases. Yet, relative to the
tree level its strength is very small and in the coherent sum one does not appreciate
its contribution, as was the case of Figs. |3.32 and in agreement with the
Schmid theorem. Actually this is a good case to show the effects of the Schmid
theorem, since the strength of the peak is about 1072 that of the tree level. This
implies a factor 107! in the amplitude, and in an ordinary coherent sum of these two
amplitudes one might expect a contribution of about 20% in the differential width,
which is not the case in Fig. [3.35] Yet we should stress once more that the triangle
mechanism becomes negligible on its own, independently of the Schmid theorem,
when I'p — 0.

In Fig.|3.36| we show the same results now for FdRI‘ = 30 MeV. We can see now that

A
dMiyy (12)
to see that the coherent sum of the tree level and the triangle singularity is smaller
than their incoherent sum, indicating that, although one is in a region where the
Schmid theorem does not strictly hold, the process still has some memory of the
the absorption of the triangle mechanism by the tree level amplitude that occurs in
the limit of small I'r. We should also note that if we make I'g bigger the relative
strength of the loop contribution to the tree level grows and can become dominant
at the invariant mass of the triangle singularity.

the effect of the triangle singularity shows in . However, it is interesting
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My = 2154 MeV, TI'p =30 MeV.
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Figure 3.36: as a function of M, (12) with M4 = 2154 MeV and

dMiny (12) g4 g%
T = 30 MeV.

3.4.6 Conclusions

We have done a new derivation of the Schmid theorem and have studied the results
as a function of I'p, the width of the intermediate state in the triangle loop that
decays into an external particle and an internal one. The Schmid theorem holds
strictly in the limit when I' — 0. We show this again and illustrate it with a
numerical example.

The first thing that we find is that when I'r — 0 the relative weight of the
triangle singularity versus the tree level contribution goes to zero. This means that,
in a strict sense, the Schmid theorem would be irrelevant because where it holds
and shows that the singularity changes only the phase of the S-wave part of the
tree level amplitude, tl(to) , the strength of the triangle diagram or of tio) is very small
compared with the whole contribution of the full tree level amplitude.

We conducted some tests to see what happens when we have I'g finite and also
when the scattering amplitude of the two particles that interact in the loop sit on
top of a resonance.

In general lines we see that for finite I'y widths the Schmid theorem does not
strictly hold but the A — 1 + 2 + 3 process still has some memory of the theorem
in the sense that the coherent sum of tree level and triangle singularity gives rise
to a differential width where the interference is much smaller than usual, with final
results even smaller than the incoherent sum of the two mechanisms.

We also saw that in the case of a 1 +2 — 1 4 2 scattering amplitude with
inelasticities the Schmid theorem does not hold and we could quantify the contri-
bution of the triangle singularity, both analytically and numerically in the example
we discussed.

The biggest contribution of the triangle singularity appears when the 1+2 — 142
scattering amplitude sits on top of a resonance. In this case, and for finite I'g, the
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contribution of the triangle singularity shows up clearly and can be even dominant
over the tree level in some cases.

The message in general is that for each particular case one has to calculate both
the tree level and the triangle mechanism and sum them coherently to see what
comes out. Invoking the Schmid theorem to rule out the triangle mechanism in the
case that the rescattering of particles 1,2 goes to the same channel should not be
done.
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CHAPTER

4 Final Remarks

Throughout this thesis we saw three main branches of hadron interactions:
meson-meson and meson-baryon molecules in chapters one and two, respectively,
and triangle singularities in chapter three. Each chapter was based in a selection of
published articles sharing a similar framework. Let us go through the main ideas of
each work.

In chapter one we first saw how to use elements of SU(3) symmetry to see
the weight of different trios of pseudoscalars produced in the charmonium decay
c¢c — 123. The pseudoscalars then would go through final state interaction of pairs
of mesons generating the scalar mesons fy(500), fo(980) and ay(980), for which we
used the chiral unitary approach.

In our first work we performed calculations for the 7, — na™7~ decay using
this approach. After finding the trios of pseudoscalars using SU(3) symmetry, the
interaction of pairs of mesons lead to nm™ 7~ in the final state. We have evaluated
the 777~ and 7 mass distributions and found large and clear signals for f,(500),
f0(980) and ag(980) excitation. This reaction is similar to the y. — nm 7™, which
has been recently measured at BESIII and its implementation and comparison with
our predictions will be very valuable to shed light on the nature of the low mass
scalar mesons.

We also used this approach to study the isospin breaking in the reactions y. —
7 r~ and xo — 77% and its relation to the ag(980) — fo(980) mixing, which
was also measured by the BESIII Collaboration, before and after our work. We
have shown that the same theoretical model previously developed to study the
Xe1 — ntwT reaction, and further explored in the predictions to the n, — nrt7™,
could be successfully employed in this study. The isospin violation was introduced
through the use of different masses for the charged and neutral kaons, either in the
propagators of pairs of mesons created in the y.; decay, or in the propagators inside
the T matrix, constructed through the unitarization of the scattering and transition
amplitudes of pairs of pseudoscalar mesons. We have found that violating isospin
inside the T" matrix makes the 77 — 77~ amplitude nonzero, which gives an im-
portant contribution and also enhances the effect of the K K term. We also find that
the most important effect in the total amplitude is the isospin breaking inside the
T matrix, due to the constructive sum of 79 — 7t7~ and KK — 77—, which is
essential to get a good agreement with the experimental measurement of the mixing.
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Both of our works, the one about the 7. — n7™n~ and the one about the
ao(980) — fo(980) mixing, were cited in the BESIII articles and in other related
subsequent works.

In chapter two we saw a method to study meson-baryon interactions and look for
new states as poles in the scattering amplitude. In particular, we saw how we can
extend the local hidden gauge approach to the heavy quark sector, singling out the
heavy quark and assuming SU(3) symmetry in the interaction. We have shown that
the dominant terms come from the exchange of light vectors, where the heavy quarks
are spectators. This has as a consequence that heavy quark symmetry is preserved
for the dominant terms in the (1/mg) counting, and also that the interaction in this
case can be obtained from the SU(3) chiral Lagrangians.

In the first work on this topic we have investigated (2. states, that are dynamically
generated from the meson-baryon interaction. We show that for a standard value for
the cutoff regulating the loop, we obtain two states with J¥ = 1/2” and two more
with JP = 3/27, three of them in remarkable agreement with three experimental
states, 2.(3050), €2.(3090) and Q.(3119) from the five recently measured by the
LHCDb collaboration, in mass and width. We also made predictions at higher energies
for states of vector-baryon nature, which could be further explored in experiments
in the future.

Next, we have studied the weak decay €, — (EF K~) 7, using our approach
to describe the €. states. We looked into the particular case where the §2.(3050)
and €2.(3090) can be generated from the pseudoscalar-baryon(1/2) interaction. We
investigated the ZD, Z.K and Z,K invariant mass distributions making predictions
that could be confronted with future experiments, providing useful information that
could help determine the quantum numbers and nature of these states.

Finally, we have extended our approach on the 2. states and made predictions
for the interaction of meson-baryon in the beauty sector, searching for poles in the
scattering matrix that correspond to physical states. We have found several €2,

states: two states with masses 6405 MeV and 6465 MeV for JF = %_; two more

states with masses 6427 MeV and 6665 MeV for %7; and three states between 6500

and 6820 MeV, degenerate with J¥ = %_, %_, stemming from the interaction of
vector-baryon in the beauty sector, analogous to what we had for the (. states.
Future experiment could also search for these states.

Our work on the €. states received many citations, and the predictions about
the €2, states has also being noted in the report of the LHC for future prospects on
the next run after the undergoing upgrade.

In chapter three we showed how triangular singularities can be formed in the
decay A — 1+ R, with subsequent R — 2 + 3 and rescattering 1 +2 — 1"+ 2. We
showed our approach explicitly doing the loop integral to find the amplitude, and
how, studying its poles, we find the conditions for and the position of the singularity.
We have seen that specially in the case when there is a resonance from the (1,2)
rescattering at the same energy corresponding to the triangle singularity, its effect
can be seen in experiment and even be misunderstood by a new state.

On this topic, we first studied the production and decay of the f;(1285) into
7ap(980) and K*K as a function of the mass of the resonance and found a shoulder
around 1400 MeV, tied to a triangle singularity, for the way(980) mode, and a
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peak around 1420 MeV with about 60 MeV width for the K*K mode. Both these
features agree with the experimental information on which the f;(1420) resonance
is based. In addition, we find that if the f;(1420) is a genuine resonance, coupling
mostly to K*K as seen experimentally, one finds unavoidably about a 20% fraction
for map(980) decay of this resonance, in drastic contradiction with all experiments.
Altogether, we have concluded that the f;(1420) is not a genuine resonance, but
the manifestation of the mag(980) and K* K decay modes of the fi(1285) at higher
energies than the nominal one.

Next, we have studied the yp — pr’n reaction paying attention to the two
main mechanisms at low energies, the yp — A(1700) — nA(1232) and the yp —
A(1700) — wN(1535). Both of them are driven by the photoexcitation of the
A(1700) and the second one involves a mechanism that leads to a triangle singularity.
We are able to evaluate quantitatively the cross section for this process and show that
it agrees with the experimental determination. Yet, there are some differences with
the standard partial wave analysis which does not include explicitly the triangle
singularity. The exercise also shows the convenience to explore possible triangle
singularities in other reactions and how a standard partial analysis can be extended
to accommodate them.

Finally, we have investigated the Schmid theorem, which states that the possible
triangle singularity in a three particle decay developed by the mechanism of elastic
rescattering of two of the particles does not change the cross section provided by
the tree level. We have investigated the process in terms of the width of the un-
stable particle produced in the first decay and determined the limits of validity and
violation of the theorem. One of the conclusions is that the theorem holds in the
strict limit of zero width of that resonance, in which case the strength of the triangle
diagram becomes negligible compared to the tree level. Another conclusion, on the
practical side, is that for realistic values of the width, the triangle singularity can
provide a strength comparable or even bigger than the tree level, which indicates
that invoking the Schmid theorem to neglect the triangle diagram stemming from
elastic rescattering of the tree level should not be done. Even then, we observe that
the realistic case keeps some memory of the Schmid theorem, which is visible in a
peculiar interference pattern with the tree level.

Overall, we have seen many examples of the dynamical nature of states emerging
from the hadron-hadron interaction, either in the case of the light scalar mesons
emerging from meson-meson interactions, or new heavy baryon states from the
meson-baryon interaction, or even cases where peaks can be misunderstood as gen-
uine states due to the effects of triangle singularities. In the big picture we have
shown, through a series of examples and applications, the importance of the dynam-
ically generated states, and how this description should be part of our understanding
of the fundamental interactions of matter.
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