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Resum

Aquesta tesis preten donar a coneixer els resultats obtinguts en
I'estudi de 'existencia, unicitat i regularitat de les solucions de diferents
equacions el-liptiques regides per 'operador 1-Laplacia.

La tesi comenca amb una breu introduccié i amb distintes explicacions
relatives a la notacid, definicions basiques i propietats elementals de les

ferramentes utilitzades al llarg d’aquest treball.

El primer capitol esta dedicat a I'estudi del seglient problema de
Dirichlet:

_div (“) +|Dul = f(z) a Q.
u (1)
u = a 0f),
on € és un obert fitat de RY amb frontera 09 Lipschitz i la dada f és
una funcié de l'espai de Marcinkiewicz LYV:>°(Q).

La motivaci6 de 'estudi d’aquest problema ve donada per un article de
J.M. Mazoén i S. Segura de Ledn (veure [55]), en el que proven 'existencia
de solucions fitades quan es trien les dades en l'espai de Lebesgue L9(€2)
amb ¢ > N.

En problemes semblants en els que en lloc del 1-Laplacia tenim
I'operador p-Laplacia amb 1 < p < oo, ’espai natural en que es troben
les solucions (seguinet un punt de vista variacional) és 'espai de Sobolev
WyP (), i les dades pertanyen al seu dual, és a dir, W=7 (Q) amb

p = z%' En particular, quan p = 1, deuriem trobar solucions en l’espai
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de Sobolev W, ! (Q) quan utilitzem dades en 'espai W ~1°°(2).No obstant
aixo, gracies al teorema d’inmersié de Sobolev i utilitzant arguments
de dualitat, s’observa que, per obtindre solucions febles, el millor espai
en qué podem triar les dades entre els espais de Lebesgue és LY () i
entre els espais de Lorentz és LY:>°(Q). El nostre objectiu és millorar els
resultats d’existéncia i unicitat obtinguts en [55] prenent les dades en
I’espai optim.

Hem indicat que l’espai d’energia deuria ser l’espai de Sobolev
Wy ’1(9), no obstant aixo, i contrariament al que ocorre amb els espais
Wol () aquest espai no és reflexiu. Es per aix0 que en els problemes
regits per I'operador 1-Laplacia treballem en un espai major i amb millors
propietats: 'espai de les funcions de variaci6 fitada, que denotarem per
BV () i esta format pel conjunt de totes les funcions integrables on la
seua derivada en el sentit de les distribucions és una mesura de Radon
amb variacié total finita.

La primera dificultat que trobem a l’enfrontar-nos a una equacié

on apareix 'operador 1-Laplacia és definir la solucié del problema. En

Du
[Dul”

que |Dul és una mesura. En [8], F. Andreu, C. Ballester, V. Caselles i

particular, hem de donar-li sentit al quocient tenint en compter

J.M. Mazo6n van resoldre aquest problema utilitzant un camp vectorial

Du
t TDul*

necessitem que ||z[| 1oy < 11 que el producte (z, Du) estiga ben definit

z € L=(Q;RY) que exercix el paper del quocien En particular,
i complisca (z, Du) = |Dul.

El producte (z, Du) va ser definit per G. Anzellotti en [13] i per
G.- Q. Chen i H. Frid en [26] i és una generalitzacié del producte escalar
entre el camp z i Du. Recordem que per a tota funci6 ¢ € C5°(Q),

Anzellotti definix la distribucid

((Z,Du),cp):—/ugpdivz—/ z-Vodr.
0 Q
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En [13] va provar que si prenem un camp vectorial z € L>®(2; RY) tal
que divz és una mesura fitada a Qi la funcié u € BV (Q) és fitada i
continua, aleshores (z, Du) és una mesura de Radon amb variaci6 total
finita.

Quan prenem dades en U'esapi L?(£2) amb ¢ > N, les solucions del
problema (1) sé6n funcions de 'espai BV (2) N L>°(Q2) (veure [55]), pero
no sén, necessariament, continues, per tant (z, Du) no esta ben definit.
La generalitzacié d’aquesta definicié es deguda a G.-Q. Chen i H. Frid,
des de una perspectiva diferent, i a A. Mercaldo, S. Segura de Ledn i
C. Trombetti, seguint la teoria d’Anzellotti. En els dos casos treballen
amb un camp vectorial z en espai DM™(Q), és a dir, z € L=(Q; RY)
i a més divz és una mesura de Radon amb variacié total finita, i una
funci6 u pertany a l'espai BV () N L>(£2). Utilitzant el representant
precis de u (denotat per u*), van provar que (z, Du) és una mesura de
Radon de variacié total finita. No obstant aixo, quan prenem la dada
f € LYN°°(Q) en el problema (1), les solucions que obtenim sén no fitades
i no podem utilitzar aquesta definicié del producte (z, Du). Es per aixd
que necessitem el resultat que s’enuncia a continuacié i que es prova al
final de la Secci6 1.4.

Teorema. Siga u una funcié de l’espai BV () i siga z un camp vectorial
de DM™>(QQ) amb divz = £ + f on £ és una mesura de Radon tal que
£>00&<0ilafuncid f és de lespai de Marcinkiewicz LYN>°(().
Aleshores, donat ¢ € C§°(R2), la distribucio definida per

((z, Du), @) = —/ u*pdivz —/ uz-Vodx
Q Q
és una mesura de Radon amb variacio total finita i verifica

(2, Du)| < [|2]| oo o) | Dl -
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A més, assumint les hipotesis abans mencionades també hem provat

la segiient generalitzacié de la formula de Green:

/Qu*divz—i-/Q(Z,Du) :/mu[z,l/] dHN

on [z, u] denota la traca feble a la frontera 92 de la component normal
de z, definida per Anzellotti en [13].

Finalment, en la Seccié 1.5 hem provat el resultat d’existencia d’una
tnica funcié u no negativa que és solucié del problema (1) quan prenem
com a dada una funcié f > 0 de l'espai de Marcinkiewicz LY>(€2). En-
cara que les solucions del problema de Dirichlet (1) no sén necessariament
fitades, si tenen una certa regularitat ja que séon funcions de variacié
fitada sense part de salt, és a dir, D’u = 0. A més, necessitem un camp

Du

vectorial z € DM (£2) que actuara com el quocient D €1 I’equacié.

La definicié de soluci6 es la seglient:

Definici6é. Siga f € LM*(Q) amb f > 0. Diem que u € BV(Q)
amb Diu = 0 és una solucié feble del problema (1) si existeiz un camp
vectorial z € DM™ () amb ||z||L~) < 1 i tal que

(i) —divz+|Dul=f en D'(Q),
(ii) (z, Du) = |Du| com a mesures a €2,

(iii) ulon =0.

Presentem a continuacio el resultat principal d’aquesta secci6.

Teorema. Siga Q un obert fitat de RN amb frontera Lipschitz i donada
una funcié f € LYN°(Q) amb f > 0, hi ha una inica solucié feble no

negativa del problema (1).

A més, quan prenem una funcié f de norma menuda sempre obtenim

la soluci6é nul-la, com mostra el segiient resultat:



XV

Proposicié. Siga u € BV (Q) la solucié no negativa del problema (1)

amb la dada 0 < f € LN>°(Q). Aleshores, la solucid es nul-la si i només
51 ||f||Wfloo(Q) S 1.

Es habitual trobar resultats semblants quan es treballa amb Poperador
1-Laplacia. En particular, en [57] es va provar que la soluci6 del problema
de Dirichlet amb 'equacié —div (W) = fésnullasi || fllw-10@) < 1.
Quan es dona la igualtat, la funcié u = 0 sempre és solucié encara que

també pot haver-hi una solucié no nul-la per a certes dades.

Finalitzem la seccié amb un resultat sobre la regularitat de les solu-
cions. Si prenem com a dada una funcié f € L9(€2) amb g > N, la solucié
del problema (1) sempre és fitada (veure [55]) . No obstant aixo, en el
cas limit, quan triem la dada f en 'espai de Marcinkiewicz LV:>°(Q),
la soluci6 u és de l'espai de Lebesgue L7(€)) per a tot 1 < ¢ < oo.
Per provar que, en efecte, les solucions del problema (1) amb dades no
negatius de Uespai LY:*°(Q)) no sén, necessariament, fitats, mostrem el

segiient exemple.

Exemple. Siguen0 < p < Ri0 < X< N—1. Si considerem 2 = Bg(0),
la solucié del problema (1) amb dada |?A|XBP(0)($) € LN>°(Q)\ LY (Q) ve

donada per

o)== 1= g (M) el <,
que pertany als espais de Lebesque L1(2) per a 1 < q < oo perd és una
funcio no fitada.

Les tltimes seccions del Capitol 1 estan dedicades a 'estudi d’una

generalitzacié del problema (1) al qué hem afegit una funcié g en el
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terme del gradient. Es a dir, estudiem el segiient problema de Dirichlet:

—div (ﬁ;;) +g()|Dv| = f(x) a Q,

v=20 a 0f),

(2)

on € és un obert fitat de RN amb frontera dQ Lipschitz, f és una
funcié no negativa de l'espai de Marcinkiewicz LY>°(Q) i la funci6
g : [0, 00[— [0, 00[ és continua i no negativa.

El nostre objectiu és veure com afecta la funcié g als resultats
d’existéncia, unicitat i regularitat de solucions. El terme amb la variacio

total és essencial per a la unicitat de solucié ja que si considerem el

mateix problema pero sense la variacio total —div (|BZ|) = f, i denotem
per v a la seua soluci6, la funcié h(v) també ha de ser solucié per a tota
funcié h suau i creixent.

A més, en [9] van provar que una equacié semblant al problema (1)
pero en la que tampoc apareix el terme amb la variacio total, no complix
la mateixa regularitat que les solucions de (1). En particular van provar
que 'equaci6 u — div (@—Z‘) = f(z) té una tnica soluci6 encara que la
dita solucié pot tindre part de salt.

Al llarg de les Seccions 1.7, 1.8 1 1.9 del Capitol 1 veiem que depenent
de les caracteristiques de la funcié g, la solucié del problema (2) satisfa
diferents propietats. A més, en els casos més extrems, quan la funcié g
s’anul-la, també hem de modificar el concepte de solucié ja que la solucid
no és, necessariament, una funcié de variacié fitada.

Independentment de les propietats de la funcié g, necessitem definir

la funcié auxiliar
G(s) = / g(0) do .
0

En la Secci6 1.7 estudiem les condicions de la funci6 g baix les quals la

solucié v satisfa millors propietats. En particular, introduim la definicio
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de solucié del problema (2) quan tenim una funcié g : [0, co[— [0, 00|

continua i tal que g(s) > m > 0 per a tot s > 0.

Definicié. Diem que v és una solucio feble del problema (2) si v €
BV (Q) amb Div = 0 i existeiz un camp vectorial z € DM™(Q) amb
2] Lo () < 1 @ tal que

(i) —divz+g(v)*|Dv|=f en D(Q),
(ii) (z, Dv) =|Dv| com a mesures a 2,

Es important destacar que en aquest cas, la solucié v complix les
mateixes propietats de regularitat que les solucions del problema (1).

Només afecta la funcié g en la igualtat distribucional.

Quan triem una funcié ¢g continua i tal que g(s) > m > 0, hem de
distingir dos casos per provar l'existencia de solucié. Si la funcié g és

fitada, utilitzem els resultats enunciats a continuacié.
Teorema.

(1) Siga u la solucié no negativa del problema (1). Aleshores la funcio

v tal que u = G(v) és solucid del problema (2).

(ii) Siga v una solucié no negativa del problema (2). Aleshores la

funcio u = G(v) és la solucid del problema (1).

En general, per provar I'existéncia de solucio es necessita utilitzar la
regla de la cadena per a funcions de variaci6 fitada. En [7] van provar que
siv e BV(Q) és tal que D'v =01i1 : R — R és una funcié Lipschitz,
aleshores ¥ (v) € BV (Q) i a més Diy(v) = ¢'(v)Dv. No obstant aixo, no

sempre podem utilitzar aquest resultat ja que, amb les nostres hipotesis,



xXVviii Resum

Y' no és, necessariament, fitada. Es per aixo que també hem provat una

lleugera generalitzacio de la regla de la cadena:

Proposicié. Siga v una funcio de variacio fitada sense part de salt i
siga g una funcié real, continua i no negativa. Siu = G(v) € L'(Q),
aleshores w € BV () si i només si g(v)|Dv| és una mesura finita. A

més, |Du| = g(v)|Dv| com a mesures a €.

Quan la funcié g(s) esta separada de 'eix s pero és no fitada, les
proves dels resultats anteriors no funcionen. En aquest cas, per provar
I'existéncia de solucié utilitzem una successié de problemes aproximants.
Per a cada n € N, considerem el problema (2) amb una funcié g,(s) tal
que hi ha una soluci6 v, del problema i a més g,(s) convergix a g(s).
Cal provar que la successi6 de solucions {v,} és convergent i el limit és
la solucié de (2) amb la funci6 g(s).

El resultat principal de la Seccié 1.7 s’enuncia a continuacio:

Teorema. Siga ) un obert fitat de RY amb frontera Lipschitz i siga
f e LN(Q) amb f > 0. Si g és una funcié real i continua i a més
compliz g(s) > m > 0 per a tot s > 0, aleshores hi ha una dnica solucio
no negativa del problema (2). A més, la dita solucié pertany als espais
de Lebesgue L1(2) per a tot 1 < g < 0.

La Secci6 1.8 esta dedicada a l'estudi del problema (2) quan la funcié
g : [0, 00[— [0, 00[ pot ser nul-la en algun punt. En particular, treballem
amb una funcié g continua, fitada, no integrable i tal que g(s) > 0 per a
quasi tot s > 0.

El primer resultat que provem en aquesta seccié mostra que hi ha
una unica solucié del problema (2) quan la funcié g complix, a més, la

restriccio segiient:

(C) Euxisteizen m, o > 0 tals que g(s) > m > 0 per a tot s > o.
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Si prenem una funci6 g(s) amb les condicions indicades, la prova de
I’existencia de solucié es basa a prendre una aproximacié amb funcions
gn(s) que estan separades de l'eix d’abcisses. Quan no es complix la
condicié (C'), hem de continuar utilitzant una aproximacié amb funcions
gn(s) separades de l'eix s, no obstant aixo, el limit de les solucions
d’aquestos problemes ja no és, necessariament, una funcié de variacié
fitada. Utilitzem el segiient exemple per mostrar que la solucié del
problema (2) amb una funci6 g tal que lim;_, g(s) = 0 no és de variaci6

fitada.

Exemple. Siguen R >0 i A > 2N — 2. Si considerem 2 = Bg(0), la

dada f(x) = ﬁ i la funcié g(s) = ﬁ, la solucio del problema (2) ve
donada per
[\ N
v(x) = (R) -1,
que no és de variacié fitada ja que |Dv| = #7575 |2[N 72 no és una

funcio integrable.

Per tant, les propietats de la solucié del problema (2) canvien quan
prenem una funcié g : [0, co[— [0, 00| continua, fitada, no integrable i
tal que g(s) > 0 per a quasi tot s > 0. La nueva definici6é de solucié es

la segiient:

Definicié. Diem que una funcié v és solucid feble del problema (1.43)
si G(v) € BV(Q2) amb D'G(v) = 0 i existeis un camp vectorial z €
DM>=(Q) amb ||z||p@) < 1 i tal que

(i) —divz+g@)*|Dv|=f en D'(Q),
(ii) (z, DG(v)) = |DG(v)| com a mesures a €,
(iil)  G(v)]on = 0.
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Encara que la solucié v no és de variaci6 fitada, si ho és la funcié
G(v), que a més, no ha de tindre part de salt. A més, com la funci6 v
no és de variacié fitada, el producte (z, Dv) no esta ben definit. Es per
aixo que utilitzem (z, G(v)) en el seu lloc.

El segiient resultat prova que el problema (2) té una tnica solucié

que complix la nova definicio.

Teorema. Siga 2 un obert fitat de RN amb frontera Lipschitz i siga
f € LN>(Q) una funcié no negativa. Aleshores hi ha una tinica solucié
del problema (2) en el sentit de la definicié anterior quan triem una
funcié g : [0, 00[— [0, 0o[ continua, fitada, no integrable i tal que g(s) > 0

per a quast tot s > 0.

Liltima seccié del primer capitol esta dedicada a 1’estudi d’alguns
casos particulars en que, segons les propietats de la funcié ¢, no tenim
necessariament existencia o unicitat o bé les solutions poden tindre salt
o no verificar la condicié a la frontera.

Suposant que la funcié g és integrable, I'existéncia de soluci6 ve
determinada per la dada f. En particular, quan la norma de f en 'espai
dual de Wy () és menor que 1, la solucié del problema (2) sempre és
nul-la. No obstant aixo, quan aquesta norma és major que certa constant,

el problema no té solucié. Enunciem el resultat a continuacio.

Proposicié. Siga f € LM°(Q amb f > 0 i siga g € L*(]0,00[).
Aleshores,

(i) si [|fllw-ree() <1, la solucio del problema (2) és trivial;
(ii) si || fllw-1o() > €7, el problema (2) no té solucid;
sent G(o00) = sup{G(s) : s €]0,00][}.

Finalment, també hem estudiat les propietats de la solucié del pro-

blema (2) quan la funcié ¢g s’anul-la en un interval. En particular, hem
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provat que mai tenim unicitat de soluci6 i a més, encara que hi haja
solucid, aquesta pot tindre part de salt o fins i tot no complir la condicid

a la frontera, tal com mostren el segiient exemple.

Exemple. Donats R > 0 y la dada f(x) = 2, si prenem Q = Bg(0) i

||’

la funcid g : [0, 00]— [0, 00] definida per

(a) g(s)=0si0<s<awyg(s)=s—a sis>a, aleshores la solucid
u no s’anul-la a la frontera, encara que si es compliz la condicio

frontera en un sentit feble, és a dir, [z,v] = — sign(u).

(b) g(s)=a—ssi0<s<a,g(s)=0sia<s<byg(s)=s—10bsi

s > b, aleshores la solucié del problema (2) té part de salt.

Els resultats que apareixen en el primer capitol estan publicats en el

segiient article.

M. LATORRE AND S. SEGURA DE LEON, Elliptic equations involving
the 1-Laplacian and a total variation term with LV'*°-data, Atti Accad.
Naz. Lincei Rend. Lincei Mat. Appl. 28 (2017), no. 4, 817-859.
DOI: 10.4171/RLM /787

El segon capitol d’aquesta tesi esta dedicat a generalitzar els resultats
obtinguts en Iestudi del problema de Dirichlet (1) quan prenem com a
dada una funci6 no negativa de l'espai de les funcions integrables L'().

Quan triem una dada f € L'(Q), i tal com succeix quan les dades
son funcions de l'espai de Marcinkiewicz, necessitem generalitzar la
teoria d’Anzellotti definint el producte (z, Du), ja que si u és solucié del
problema s’ha de complir la igualtat (z, Du) = |Du| com a mesures.

Es per aix0 que necessitem que (z, Du) siga una mesura de Radon
amb variacio total finita. No obstant aixo, al no ser les solucions a aquest
problema necessariament fitades, no podem utilitzar els resultats de [13],

i com a més f és una funcié de I'espai de Lebesgue L'(2), tampoc podem
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provar que (z, Du) siga una mesura de Radon amb variacié total finita
utilitzant els arguments del Capitol 1.

Per tant, hem de modificar el concepte de solucié utilitzant trunca-
ments, tal com van fer F. Andreu, C. Ballester, V. Caselles i J.M. Mazo6n
en [8] quan van definir la solucié del problema parabolic u; = div (ﬁ).

L’s dels truncaments en la definicié de solucié és degut a que
considerem dades de I'espai L'(Q2). En alguns problemes semblants en
que, en lloc del 1-Laplacia tenim 'operador p-Laplacia amb 1 < p < N,
ja s’han usat els truncaments, tant en solucions renormalitzades com en

solucions d’entropia (veure [30] i [16] respectivament).

Si denotem per Ti(s) = min{|s|, k} sign(s) a la funcié truncament,

la definicié de solucié del problema (1) es la segiient:

Definicié. Diem u € BV (Q) és una solucié del problema (1) si D’u = (

i existeis un camp vectorial z € DM™(Q) amb ||z||po) < 17 tal que
(i) —divz+|Du|=f en D'(Q),
(i) (z, DTy(u)) = |DTx(u)| com a mesures a S (per a tot k > 0),

(iii) ulon =0.

Cal remarcar que la funci6 Ty (u) és de 'espai BV (2) N L>°(Q2) i per
tant (z, DTy (u)) esta ben definit i és una mesura de Radon amb variacio
total finita.

D’altra banda, és important destacar que en [9] estudien una equacié
semblant amb dades en 'espai L'(€2) pero sense el terme de la variacié
total. Tal com nosaltres, definixen la solucié utilitzant els truncaments
pero al no tindre la variacié total, la solucié perd regularitat. En
particular, la condicié a la frontera es complix en un sentit feble, no sent

aixi en el nostre cas.
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Mostrem a continuaci6 el resultat principal d’aquesta secci6é que prova

I'existeéncia de solucid en el sentit de la definicidé anterior.

Teorema. Si f és una funcié integrable no negativa, aleshores hi ha

almenys una solucid del problema (1) en el sentit de la definicié anterior.

D’altra banda, quant a la unicitat de solucid, en la Seccié 2.2 del
Capitol 2 hem provat un principi de comparacié que no sols millora
el resultat d’unicitat de solucid, siné que també simplifica la seua de-
mostracié quan utilitzem dades de l’espai de Lebesgue L(€2) amb g > N.

El resultat és el segiient:

Teorema. Siga Q un obert fitat de RY amb frontera Lipschitz i siguen
f1 @ fo dos funcions de Uespai L*(Q) tals que 0 < f1 < fo. Siuy i ug s6n
solucions del problema (1) amb dades fi i fo respectivament, aleshores

ur < Ug.

Cal destacar que encara que (z, Du) no estiga ben definit, provem
que el producte (e "z, Du), i també (z, De™"), és una mesura de Radon
amb variacié total finita. Ambdds expressions sén imprescindibles tant
en la prova de l'existencia de solucié com en la demostracié del principi
de comparacio.

Finalment, i gracies al principi de comparacio, queda provada la

unicitat de solucié.

Teorema. Siga 2 un obert fitat de RN amb frontera Lipschitz i siga
f € LY) una funcié no negativa. Aleshores hi ha una inica solucid

del problema (1).

La Secci6 2.3 d’aquest capitol esta destinada a I’estudi de la regularitat
de les solucions del problema (1) quan prenem les dades en I'espai de
Lebesgue L?(§2) amb 1 < ¢ < N. Com ja s’ha indicat en el Capitol
1, si la dada pertany a LY (), la soluci6 és de I'espai L(€2) per a tot
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1 < ¢ < ooisiladada és de LY(Q2) amb ¢ > N, per [55] sabem que la
solucio és fitada.

El resultat principal d’aquesta seccio és el segiient:

Teorema. Siga Q) un obert fitat de RN amb frontera Lipschitz. Si prenem

una funcié f >0 de Uespai de Lebesque LI(€2) amb 1 < g < N, aleshores
Ng

inica solucid w del problema (1) satisfa uw € BV () N L¥-4().

En particular, hem provat que la maxima regularitat que aconseguixen
les solucions del problema (1) s’ajusta amb continuitat en relaci6 a la

regularitat de la dada f.

Per acabar el capitol hi ha una seccié en que mostrem que la regular-

itat de la solucid és, en efecte, Optima.

Exemple. Siguen R >0,1<q< N iX> 0. Si considerem Q2 = Bg(0)
i la dada f(x) = ﬁ de lespai de Lebesgue L*(2) amb 1 < s < %,

aleshores la solucid del problema (1) ve donada per

o (N = 1log (E1) 4+ 2 (0377 = [2[179) si 0< |a] < py
u\xr) =

0 st pa<lz| <R,

per a un cert valor 0 < py < R. Es a dir, la solucid u pertany a Uespai
de Lebesque L7 (Q) per a tot 1 <r < 2.
q—1

Els resultats que apareixen en aquest capitol estan publicats en el

seglient article:

M. LATORRE AND S. SEGURA DE LEON, Existence and comparison

results for an elliptic equation involving the 1-Laplacian and L!-data, J.
FEvol. Equ. 18 (2018), no. 1, 1-28. DOI: 10.1007/s00028-017-0388-0.

Finalment, en el Capitol 3 provem resultats d’existencia i unicitat

de solucié d’un problema d’evolucié. El dit problema consistix en una
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equacié de tipus el-liptic en que apareix 'operador 1-Laplacia i una
condici6é dinamica de frontera. El problema és el segiient:

: Du _
/\u—dlv(m)—() a (0,4+00) x Q,

wy + {%,u} =g(t,z) a (0,400) x 002,

u=w a (0,400) x 092,

w(0,z) = wo(x) a 00,

on 2 és un obert fitat de RY amb frontera OS2 suau, el parametre \ és
un numero real positiu, v representa el vector exterior normal de norma
1, la funci6 g esta en lespai L},.(0, 400, L?(09)) i la dada inicial wy és
una funci6é de quadrat integrable a la frontera 0f). Denotem per w; a la
derivada distribucional de w respecte de la variable t.

Aquest tipus de problemes amb condicions dinamiques de frontera
apareixen quan es modeliza un problema en que la solucié es pertorba,
no a l'interior del domini, sin6 a la frontera. En l'actualitat, ’estudi
d’equacions el-liptiques o paraboliques amb aquest tipus de condici6 a
la frontera és una area d’estudi molt activa, ja que s’ajusta a diferents
processos com poden ser la transferéncia de calor d’un fluid en moviment
a un solid o problemes de termoelasticitat o biologia.

Quant a problemes amb condicions dinamiques de frontera i ’operador
1-Laplacia, pel que nosaltres sabem, aquesta és la primera vegada que
s’estudia un problema amb aquestes condicions. F. Andreu, N. Igbida,
J.M. Mazon i J. Toledo van estudiar en [11] un problema semblant amb
una equacio6 el - liptica en que apareix 'operador p-Laplacia, amb 1 < p <
oo. Per provar 'existéncia de solucié, els autors definixen un operador
completament acretiu i utilitzant la teoria de semigrups no lineals obtenen

una mild solution o soluci6 en el sentit de la teoria de semigrups, que
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finalment proven que és, realment, una solucié distribucional del problema
estudiat.

Per obtindre una soluci6é del problema (3), com no podem provar
I'existencia utilitzant problemes aproximants, hem seguit el metode de
[11], pero adaptant-ho a les peculiaritats del 1-Laplacia.

Primer considerem el problema (3) restringint-nos al domini (0,7") x €2,
sent T > 0. Es a dir, estudiem el problema segiient:

Au — div (&>:O a (0,7) x Q,

[Dul
wy + {%74 =g(t,z) a (0,7) x 09,

U=w a (0,7) x 09,

w(0,x) = wo(z) a 0,

on g denota una funcié de l'espai L'(0,T; L*(0)).

En la Seccio 3.2 d’aquest capitol presentem la notacio especifica i
resultats previs necessaris a I’hora de provar l'existencia de solucié dels
problemes (3) i (4). En particular, enunciem els resultats que emprem
per provar l'existencia d’una soluciéo de semimgrups del problema de
Cauchy

wr + B(w) 3 ¢,

w(0) = wo, )

on g i wg sén funcions de L'(0,T; L?(9N)) i L*(0N) respectivament i

B denota a un operador en L?(9f2). Aquestes solucions de semigrups

s’obtenen com el limit de les solucions de les discretizaciones del problema
(5).

Ja en la Secci6 3.3 provem que la dita soluci6é de semigrups existeix i

és tnica i per aix0, definim un operador B en I'espai L?(99Q).
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Definicié. Siga w € L*(99). Diem que v € B(w) si v € L>®(9Q) amb
|l ooy < 1 i existeir una funcié uw € BV (Q) N L*(Q) i un camp
vectorial z € L= (4 RY) amb ||z|| L@y < 1 tals que

(i) Mu—divz=0 a D'(Q),
(ii) (z, Du) = |Du| com a mesures a
(iii) [z,v]| =v per a quasi tot x € 082,

(iv) |[z,v] € sign(w —u) per a quasi tot x € OS).

Cal destacar que l'equacié u — div <| Do |> = 0 amb la condici6 de
Dirichlet © = w té una tnica soluci6 i per tant, la funcié u és tunica.
No obstant aixo, el camp vectorial z no esta univocament determinat i
tampoc ho esta la funcié v.

Amb aquesta definicié, al llarg de la Seccié 3.3 provem que I'operador

B és m-acretiu en 'espai L?(99) i el seu domini és dens en L*(052), és

a dir, L*(0Q) = D(B) i per tant, hi ha una tnica solucié de semigrups
w € C([0,T]; L*(09)) del problema de Cauchy (5), per a dades g €
LY0,T; L2(0R2)) i wy € L2(092).

A més, en aquesta seccié també hem provat un principi de comparacio

entre solucions de semigrups enunciat a continuacio:

Teorema. Si denotem per w' i w? € C([0,T]; L*(0R)) a les solu-
cions de semigrups del problema de Cauchy (5) amb les dades gy i
go € L0, T; L?(09)) i wh i w2 € L*(00Q) respectivament, i a més

gt(t,z) < g*(t,x), per a quasi tot (t,z) € (0,T) x 99N,
i wy(z) <wd(z), pera quasi tot x € 09,

aleshores la desigualtat també és certa per a les solucions de semigrups:

w(t,r) < W(t,z), per a quasi tot (t,z) € (0,T) x 0.
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En la quarta seccidé provem els dos resultats principals d’aquest
capitol: I'existéncia d’una tnica solucié global forta del problema (3) i
un principi de comparacio.

Respecte al problema (4), la soluci6 forta esta formada per un parell
de funcions (u,w) i la definicié és la segtient:

Definicié. Diem que el parell (u,w) és una solucid forta del problema
(4) siu e L>=(0,T; BV(Q)) N L0, T; L*(Q)) i w € C([0,T]; L*(0Q)) N
W0, T; L*(09)) i és tal que w(0) = wy. A més existeiz un camp
vectorial z € L=((0,T) x G RY) amb ||z]| L omx0) < 1 que satisfa les

segiients condicions:
(i) Au(t) —div(z(t)) =0 en D'(Q),
(i) (z(t), Du(t)) = |Du(t)| com a mesures a €,
(iii) [z(t),v] = g(t) — w(t) per a quasi tot x € 0N,
(iv) [z(t),v] € sign(w(t) —u(t)) per a quasi tot x € 0N,
per a quasi tot t € (0,7T).

Diem que la solucié del problema (4) és forta ja que totes aquestes

condicions es complixen puntualment per a quasi tot t € (0,7).

S’enuncia a continuaci6 el teorema que prova l’existencia d’una tnica

solucié del problema (4).

Teorema. Donat A > 0 i donades les funcions g € L'(0,T; L*(0Q)) i
wo € L*(09Q), hi ha una tnica solucié forta del problema (4). A més, es

complixen les estimacions segiients:

lwl| L o,ms2200)) < llwoll2@a) + 19l o200y, peratot T >0,

Mu()lliz0) + lu®llzve) < lo(®)llzion),  per a quasitot t> 0.
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D’altra banda, si considerem el problema (3) i les dades wy € L*(992)
ige L,.(0,+00; L*(09)), la soluci6 (u,w) és global si és soluci6 forta
del problema (4) per a tot 7' > 0. Per tant, com el problema (4) té una
Unica solucid, també hi ha una tnica solucié global forta del problema

Es important remarcar que la regularitat de les funcions que con-
formen la solucié millora si triem les dades g i wy en espais més regu-
lars. En particular, si triem una funci6 g de espai L>(0, +oo; L*(09)),
deduim que w; € L*®(0,+00; L*(09)) ja que es complix la igualtat
we(t) = [z(t), u] + g(t) en 0. Per tant, la solucié w és Lipschitz respecte

a la variable t.

Utilitzant el principi de comparacié per a les solucions de semigrups i
certs resultats de convergencies que provem en la demostracié d’existencia
de soluci6 del problema (4), també demostrem un principi de comparacié

per a les solucions (u,w). El resultat és el segiient:

Teorema. Siguen les funcions g* i g> € L'(0,T; L*(00Q)) i wy i wi €
L*(09) tals que

gt(t,x) < g*(t,x), per a quasi tot (t,x) € (0,T) x 9%,

i wi(t,r) <wi(t,x), per a quasitot x € 0N .
Si denotem per (u',w') i (u®,w?) a les respectives solucions del problema

(4), aleshores es compliz
wi(t,z) <w(t,z), per a quasi tot (t,z) € (0,T) x O,

i ul(t,x) <ui(t,z), per a quasitot (t,x) € (0,T)x Q.

Acabem la seccié provant un resultat sobre el comportament a llarg

termini de la soluci6 (u,w) del problema (3). En particular, veiem que
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w convergeix feblement a una funci6é de quadrat integrable sobre 02 i
la funci6 u convergeix feblement en L?*(€2) i fortament en L'(£2) a una
certa funcié v de l'espai BV (Q2) N L*(Q). A més, Du convergix a Dv

feble-*x com a mesures en {2.

Finalment, en la Seccio 3.5 del Capitol 3 mostrem un resultat que
compara les solucions del problema (3) amb diferents dades. En particu-
lar, el resultat obtingut ens permet estimar la distancia entre solucions

en relacid a la distancia entre les dades.

Teorema. Si (uj,wi) @ (uz,ws) son solucions del problema (3) amb
les dades g1, g2 € L*(0,T; L*(09Q)) i wor, woe € L*(0) respectivament,

aleshores es complixen les desigualtats segiients:
lwr = wall Looo,m2200)) < [lwor — wozllL20) + |91 = g2llz1 (0,122 (00)) »

1 1
Allur — u2||%2(0,T;L2(Q)) < 5”0001 - W02||%2(ag) + 5”91 - 92”%1(0,T;L2(6Q)) ‘

Els resultats que apareixen en aquest capitol estan publicats en el

seglient article:

M. LATORRE AND S. SEGURA DE LEON, Elliptic 1-Laplacian equations
with dynamical boundary conditions, J. Math. Anal. Appl. 464 (2018),
no. 2, 1051-1081. DOT: 10.1016/j.jmaa.2018.02.006



Resumen

Esta tesis pretende dar a conocer los resultados obtenidos en el estudio
de la existencia, unicidad y regularidad de las soluciones de diferentes
ecuaciones elipticas regidas por el operador 1-Laplaciano.

La tesis empieza con una breve introducciéon y con distintas ex-
plicaciones relativas a la notacion, definiciones basicas y propiedades

elementales de las herramientas utilizadas a lo largo de este trabajo.

El primer capitulo esta dedicado al estudio del siguiente problema de
Dirichlet:

. Du B
—div <|Du|> +|Du| = f(z) en Q,

u=>0 sobre 0€2,

(1)

donde € es un abierto acotado de RY con frontera 9§ Lipschitz y el
dato f es una funcién del espacio de Marcinkiewicz LY:>°((2).

La motivacién del estudio de este problema viene dada por un articulo
de J.M. Mazén y S. Segura de Leén (ver [55]), en el que prueban la
existencia de soluciones acotadas cuando se eligen los datos en el espacio
de Lebesgue L9(2) con ¢ > N.

En problemas similares en los que en lugar del 1-Laplaciano tenemos
el operador p-Laplaciano con 1 < p < 00, el espacio natural en el que
se encuentran las soluciones (siguiendo un punto de vista variacional)

es el espacio de Sobolev W,7?(9), y los datos pertenecen a su dual,
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es decir, W‘LPI(Q) siendo p/ = ﬁ. En nuestro caso particular en el
que p = 1, deberfamos encontrar soluciones en el espacio de Sobolev
Wy (Q) cuando tomamos como dato una funcién del espacio W=1°(Q).
No obstante, gracias al teorema de inmersion de Sobolev y utilizando
argumentos de dualidad, se observa que, para obtener soluciones débiles,
el mejor espacio en el que podemos escoger los datos entre los espacios de
Lebesgue es LY (Q) y entre los espacios de Lorentz es LY:>°(Q). Nuestro
objetivo es mejorar los resultados de existencia y unicidad obtenidos en
[55] tomando los datos en el espacio 6ptimo.

Hemos indicado que el espacio de energia deberia ser el espacio de
Sobolev W' (), sin embargo, y contrariamente a lo que ocurre con los
espacios VVO1 P(Q) con 1 < p < oo, este espacio no es reflexivo. Es por ello
que en los problemas regidos por el operador 1-Laplaciano trabajamos en
un espacio mayor y con mejores propiedades: el espacio de las funciones
de variacién acotada, que denotaremos por BV () y esta formado por el
conjunto de todas las funciones integrables cuya derivada en el sentido

de las distribuciones es una medida de Radon con variacion total finita.

La primera dificultad que encontramos al enfrentarnos a una ecuacién
donde aparece el operador 1-Laplaciano es definir la solucién del problema.
En particular, hemos de darle sentido al cociente u%zw siendo |Du| una
medida. En [8], F. Andreu, C. Ballester, V. Caselles y J.M. Maz6n

solventaron este problema utizando un campo vectorial z € L>(Q; RY)
que desempena el papel del cociente @—u“'. En particular, necesitamos
que ||zl < 1y que el par (z, Du) esté bien definido y cumpla
(z, Du) = |Dul.

El par (z, Du) fue definido por G. Anzellotti en [13] y por G.-Q. Chen
y H. Frid en [26] y es una generalizacion del producto escalar entre el

campo z y Du. Recordamos que para toda funcién ¢ € C§°(€2), Anzellotti
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define la distribucion
((z, Du), ) = —/ updivz —/ z-Vodr.
0 Q

En [13] probé que si tomamos un campo vectorial z € L>(; RY) tal que
divz es una medida acotada en  y la funcién u € BV (Q2) es acotada y
continua, entonces (z, Du) es una medida de Radon con variacion total
finita.

Cuando tomamos datos en el espacio L9(€2) con ¢ > N, las soluciones
del problema (1) son funciones del espacio BV ()NL> () (ver [55]), pero
no son, necesariamente, continuas, luego (z, Du) no esté bien definido.
La generalizaciéon de esta definicion es debida a G.-Q. Chen y H. Frid,
visto desde un punto de vista diferente, y a A. Mercaldo, S. Segura
de Leon y C. Trombetti, siguiendo la teoria de Anzellotti. En ambos
casos toman un campo vectorial z en el espacio DM™(£2), es decir,
z € L*(Q;RY) y ademés divz es una medida de Radon con variacién
total finita, y una funcién u del espacio BV (£2) N L*>°(€2). Utilizando
el representante preciso de u (denotado por u*), probaron que (z, Du)
es una medida de Radon de variacion total finita. No obstante, como
tomamos el dato f € LY°°(€2) en el problema (1), las soluciones que
obtenemos son no acotadas y no podemos utilizar esta definicion del
par (z, Du). Es por ello que necesitamos el resultado que se enuncia a

continuacion y que se prueba al final de la Seccién 1.4.

Teorema. Sea u una funcion del espacio BV () y z un campo vectorial
de DM>(Q) con divz =&+ f donde £ es una medida de Radon tal que
£>00&<0yla funcion f es del espacio de Marcinkiewicz L>°(Q).
Entonces, dado ¢ € C§°(2), la distribucion definida por

((z, Du), ¢) :—/u*godivz—/uz-Vgodx
Q Q



XXXiv Resumen

es una medida de Radon con variacion total finita y verifica

|(z, Du)| <[] o= (e | Dl -

Ademas, asumiendo las hipdétesis antes mencionadas también hemos

probado la siguiente generalizacion de la férmula de Green:

/u* divz+/(z,Du) :/ ulz, v dHY T,
Q Q 20

donde [z, V] denota la traza débil sobre la frontera 02 de la componente

normal de z, definida por Anzellotti en [13].

Finalmente, en la Seccion 1.5 hemos probado el resultado de existen-
cia de una unica funcién u no negativa que es solucion del problema (1)
cuando tomamos como dato una funcién f > 0 del espacio de Marcin-
kiewicz L™*°(Q). Aunque las soluciones del problema de Dirichlet (1)
no son necesariamente acotadas, si tienen cierta regularidad ya que son
funciones de variaciéon acotada sin parte de salto, es decir, Diu = 0.
Ademas, necesitamos un campo vectorial z € DM () que z actuara

Du

como el cociente Du] €0 la ecuacién. La definicién de solucién es la

siguiente:

Definicién. Dada f € LY°°(Q) con f > 0. Decimos que una funcion
u € BV (Q) sin parte de salto, es decir, si D’u = 0 es una solucién
débil del problema (1) si existe un campo vectorial z € DM () con

2] Lo () < 1 y tal que
(i) —divz+|Dul=f en D'(Q),
(ii) (z, Du) = |Du| como medidas en 2,

Presentamos a continuacién el resultado principal de esta seccion.
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Teorema. Dado Q un abierto acotado de RN con frontera Lipschitz y
dada una funcién f € LN>(Q) con f > 0, existe una tnica solucién

débil no negativa del problema (1).

Ademsds, cuando tomamos una funcién f de norma pequena siempre

obtenemos la solucién nula, como muestra el siguiente resultado:

Proposicion. Sea u € BV (Q) la solucion no negativa del problema (1)
con el dato 0 < f € LN>(Q). Entonces, u =0 si y solo si || f||w-1.00(0) <
1.

Es habitual encontrar resultados similares cuando se trabaja con el
operador 1-Laplaciano. En particular, en [57], se prob6 que la solucién
del problema de Dirichlet con la ecuacién —div (%) = f es nula si
| fllw-1.00(2) < 1y no existe solucién del problema cuando || |y -1, () >
1. Cuando se da la igualdad, u = 0 siempre es solucion aunque también

puede existir una soluciéon no nula para ciertos datos.

Finalizamos la seccién con un resultado sobre la regularidad de las
soluciones. Si tomamos como dato una funciéon f € L(2) con ¢ > N, la
solucién del problema (1) siempre es acotada (ver [55]). Sin embargo, en
el caso limite, cuando elegimos el dato f en el espacio de Marcinkiewicz
LYN2°(Q), la solucién u es del espacio de Lebesgue L4(§2) para todo
1 < ¢ < oo. Para probar que, en efecto, las soluciones del problema
(1) con datos no negativos del espacio LY*°(£2) no son, necesariamente,

acotados, mostramos el siguiente ejemplo.

Ejemplo. Sean 0 < p< Ry 0 < A< N —1. 5i consideramos () =
Bgr(0), la solucion del problema (1) con dato ﬁXBP(O)(x) € LN>(Q)\
LY (Q) viene dada por

u<x>=<N—1—A>1og(’””p‘), 2] < p.
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que pertenece a los espacios de Lebesgue LI(S2) para 1 < q < oo pero es

una funcion no acotada.

Las ultimas secciones del Capitulo 1 estan dedicadas al estudio de
una generalizacién del problema (1), al que hemos anadido una funcién
g en el término del gradiente. Es decir, estudiamos el siguiente problema
de Dirichlet:

_div (ﬁ;z') +g(0)[Dv| = f(z) en Q,

v=20 sobre 092,

(2)

donde 2 es un abierto acotado de RY con frontera 02 Lipschitz, f es una
funcién no negativa del espacio de Marcinkiewicz L¥>*°(Q) y la funcién
g : [0, 00[— [0, 00 es continua y no negativa.

Nuestro objetivo es ver céomo afecta la funcién g a los resultados
de existencia, unicidad y regularidad de soluciones. El término con

la variacion total es esencial para la unicidad de solucién ya que si

consideramos el mismo problema pero sin la variacion total —div (‘gz‘) =
f, v denotamos por v a su solucién, la funcién h(v) también debe ser
solucién para toda funciéon h suave y creciente.

Ademas, en [9] probaron que una ecuacién similar al problema (1)
pero en la que tampoco aparece el término con la variaciéon total, no
cumple la misma regularidad que las soluciones de (1). En particular
probaron que la ecuacion u — div (@—Z‘) = f(z) tiene una tnica solucion

aunque dicha soluciéon puede tener parte de salto.

A lo largo de las Secciones 1.7, 1.8 y 1.9 del Capitulo 1 vemos
que dependiendo de las caracteristicas de la funcién g, la solucién del
problema (2) satisface diferentes propiedades. Ademaés, en los casos mas

extremos, cuando la funcién g se anula, también tenemos que modificar
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el concepto de solucion ya que la soluciéon no es, necesariamente, una
funcion de variacién acotada.
Independientemente de las propiedades de la funcién g, necesitamos

definir la funcién auxiliar

En la Secciéon 1.7 estudiamos las condiciones de la funcién ¢ bajo
las cuales la soluciéon v satisface mejores propiedades. En particular,
introducimos la definicién de solucién del problema (2) cuando tenemos
una funcion g : [0, co[— [0, co[ continua y tal que g(s) > m > 0 para
todo s > 0.

Definicién. Decimos que v es una solucion débil del problema (2) si
v € BV(Q) con Div =0 y existe un campo vectorial z € DM™(Q) con
2|~y < 1y tal que
(i) —divz+g)*|Dv|=f en D'(Q),
(ii)) (z, Dv) =|Dv| como medidas en €,
Es importante destacar que en este caso, la solucién v cumple las

mismas propiedades de regularidad que las soluciones del problema (1).

Sélo afecta la funcién g en la igualdad distribucional.

Cuando escogemos una funciéon g continua y tal que g(s) > m > 0,
hemos de distinguir dos casos para probar la existencia de solucion. Si la

funcion g es acotada, utilizamos los resultados enunciados a continuacion.

Teorema.

(i) Sea u la solucion no negativa del problema (1). Entonces la funcion

v tal que uw = G(v) es solucion del problema (2).
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(ii) Sea v una solucion no negativa del problema (2). Entonces la

funcion u = G(v) es la solucion del problema (1).

En general, para probar la existencia de soluciéon se necesita utilizar la
regla de la cadena para funciones de variaciéon acotada. En [7] probaron
que si v € BV(Q) tal que D’v =0y ¢ : R — R es una funcién Lipschitz,
entonces ¥ (v) € BV (Q) y ademas Dy (v) = 9'(v)Dv. Sin embargo, no
siempre podemos utilizar este resultado ya que, con nuestras hipédtesis, v’
no es, necesariamente, acotada. Es por ello que también hemos probado

una ligera generalizacion de la regla de la cadena:

Proposicién. Sea v una funcion de variacion acotada sin parte de salto
y sea g una funcién real continua y no negativa. Siu = G(v) € L(Q),
entonces u € BV (Q) si y solo si g(v)|Dv| es una medida finita. Ademds,
|Du| = g(v)|Dv| como medidas en Q.

Cuando la funcién g(s) esta separada del eje s pero es no acotada,
las pruebas de los resultados anteriores no funcionan. En este caso, para
probar la existencia de solucién utilizamos una sucesion de problemas
aproximantes. Para cada n € N, consideramos el problema (2) con una
funcion g, (s) tal que existe una solucién v,, del problema y ademas g, (s)
converge a ¢(s). Hay que probar que la sucesion de soluciones {v,} es
convergente y el limite es la solucién de (2) con la funcién g(s).

El resultado principal de la Seccién 1.7 se enuncia a continuacién:

Teorema. Sea Q) un abierto acotado de RN con frontera Lipschitz y sea
f e LN>(Q) con f>0. Sig esuna funcién real y continua y ademds
cumple g(s) > m > 0 para todo s > 0, entonces existe una unica solucion
no negativa del problema (2). Ademds, dicha solucion pertenece a los

espacios de Lebesgue L1(2) para todo 1 < q < o0.

La Seccién 1.8 esta dedicada al estudio del problema (2) cuando la

funcién g : [0, co[— [0, o[ puede ser nula en algin punto. En particular,
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trabajamos con una funcién g continua, acotada, no integrable y tal que
g(s) > 0 para casi todo s > 0.

El primer resultado que probamos en esta seccion muestra que existe
una Unica solucién del problema (2) cuando la funcién g cumple, ademas,

la siguiente restriccion:
(C) Ezisten m, o > 0 tales que g(s) > m > 0 para todo s > o.

Tomando una funcién ¢(s) con las condiciones indicadas, la prueba
de la existencia de soluciéon se basa en tomar una aproximacién con
funciones g,(s) que estan separadas del eje de abcisas. Cuando no se
cumple la condicién (C'), hemos de seguir utilizando una aproximacion
con funciones g,(s) separadas del eje s, sin embargo, el limite de las
soluciones de estos problemas ya no es, necesariamente, una funcién de
variacion acotada. Utilizamos el siguiente ejemplo para mostrar que la
solucién del problema (2) con una funcién g tal que limg_, g(s) = 0 no
es de variacion acotada.

Ejemplo. Sean R >0 y A > 2N — 2. Si consideramos 2 = Bg(0), el

1
1+s’

) Ja] N—l—)\_
v(z) I 1,

que no es de variacion acotada ya que |Dv| = HxE% x|V 722

dato f(x) = I%\ y la funcion g(s) = la solucion del problema (2)

viene dada por

no es una

funcion integrable.

Por lo tanto, las propiedades de la solucién del problema (2) cambian
cuando tomamos una funcién g : [0, co[— [0, co[ continua, acotada, no
integrable y tal que g(s) > 0 para casi todo s > 0. La nueva definicién

de solucién es la siguiente:

Definicién. Decimos que una funcion v es solucion débil del problema
(1.43) si G(v) € BV () con DIG(v) = 0 y existe un campo vectorial
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z € DM™(Q) con ||z||re) < 1y tal que
(i) —divz+g)*|Dv|=f en D'(Q),
(ii) (z, DG(v)) =|DG(v)| como medidas en €2,
(iii)  G(v)]on =0.

Aunque la solucién v no es de variaciéon acotada, si lo es la funcién
G(v), que ademés no debe tener parte de salto. Ademads, como la funcién
u no es de variacion acotada, el par (z, Dv) no estd bien definido. Es
por ello que utilizamos (z, G(v)) en su lugar.

El siguiente resultado prueba que el problema (2) tiene una tnica

solucién que cumple la nueva definicién.

Teorema. Sea ) un abierto acotado de RN con frontera Lipschitz y
sea f € LN>°(Q) una funcion no negativa. Entonces existe una tnica
solucion del problema (2) en el sentido de la definicion anterior cuando
elegimos una funcion g : [0, 0o[— [0, 00[ continua, acotada, no integrable

y tal que g(s) > 0 para casi todo s > 0.

La ultima seccién del primer capitulo esta dedicada al estudio de
algunos casos particulares en los que, segtin las propiedades de la funcion
g, no tenemos necesariamente existencia o unicidad de solucion, o estas
pueden tener parte de salto o no cumplir la condicion sobre la frontera.

Suponiendo que la funcién g es integrable, la existencia de soluciéon
viene determinada por el dato f. En particular, cuando la norma de f
en el espacio dual de W, "' (Q) es menor que 1, la solucién del problema
(2) siempre es nula. Sin embargo, cuando dicha norma es mayor que
cierta constante, el problema no tiene soluciéon. Enunciamos el resultado

a continuacién.

Proposicién. Sea f € LY>°(Q) con f > 0 y sea g € L*([0,00]).

Entonces,
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(i) si[|fllw-1e0) <1, la solucion del problema (2) es trivial;

(ii) si || fllw-1.00() > €€, el problema (2) no tiene solucion;
siendo G(00) = sup{G(s) : s €]0,00][}.

Por 1ltimo, también hemos estudiado las propiedades de la solucién
del problema (2) cuando la funcién g se anula en un intervalo. En
particular, hemos probado que nunca tenemos unicidad de solucién y
ademas, aunque existe solucion, esta puede tener parte de salto o incluso
no cumplir la condicién en la frontera, tal y como muestra el siguiente

ejemplo:

Ejemplo. Dados R > 0 y el dato f(x) = &, si tomamos Q. = Br(0) y

||
la funcion g : [0,00 — [0, 00| definida por
(a) g(s)=0si0<s<ayg(s)=s—a sis>a, entonces la solucion
u no se anula en la frontera, aunque si se cumple la condicion

frontera en un sentido débil, es decir, [z,v] = — sign(u).

(b) g(s) =a—ssi0<s<a,g(s) =0sia<s<byg(s)=s—0bsi

s > b, entonces la solucion del problema (2) tiene parte de salto.

Los resultados que aparecen en el primer capitulo estan publicados

en el siguiente articulo.

M. LATORRE AND S. SEGURA DE LEON, Elliptic equations involving
the 1-Laplacian and a total variation term with L™>-data, Atti Accad.
Naz. Lincei Rend. Lincei Mat. Appl. 28 (2017), no. 4, 817-859.
DOI: 10.4171/RLM /787

El segundo capitulo de esta tesis estd dedicado a generalizar los
resultados obtenidos en el estudio del problema de Dirichlet (1) cuando

tomamos como dato una funcién no negativa del espacio de las funciones
integrables L'(Q).
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Cuando escogemos un dato f € L*(Q), y al igual que sucede cuando
los datos son funciones del espacio de Marcinkiewicz, necesitamos gene-
ralizar la teoria de Anzellotti definiendo el par (z, Du), ya que si u es
solucién del problema se debe cumplir la igualdad (z, Du) = |Du| como
medidas.

Es por ello que necesitamos que (z, Du) sea una medida de Radon
con variacion total finita. No obstante, al no ser las soluciones a este
problema necesariamente acotadas, no podemos utilizar los resultados
de [13], y como ademés f es una funcién del espacio de Lebesgue L'(£2),
tampoco podemos probar que (z, Du) sea una medida de Radon con
variacion total finita utilizando los argumentos del Capitulo 1.

Por lo tanto, hemos de modificar el concepto de solucién utilizando
truncamientos, tal y como hicieron F. Andreu, C. Ballester, V. Caselles y
J.M. Mazén en [8] cuando definieron la solucién del problema parabélico
upy = div (lg—Z').

El uso de los truncamientos en la definiciéon de solucion es debido
a que consideramos datos en el espacio L'(§2). En algunos problemas
similares en los que, en lugar del 1-Laplaciano tenemos el operador
p-laplaciano con 1 < p < N, ya se han usado los truncamientos, tanto
en soluciones renormalizadas como en soluciones de entropia (ver [30] y

[16] respectivamente).

Si denotamos por Ti(s) = min{|s|, k} sign(s) a la funcién trun-

camiento, la definicién de solucién del problema (1) es la siguiente:

Definicién. Decimos que u € BV () es una solucion del problema (1)
si Diu = 0 y existe un campo vectorial z € DM>(Q) con ||z peo) < 1

y tal que
(i) —divz+|Du|=f en D'(Q),
(ii) (z, DTy(u)) = |DTy(u)| como medidas en Q (para todo k > 0),
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Hay que remarcar que la funcion Ty (u) es del espacio BV (©2) N L>(Q)
y por lo tanto (z, DT} (u)) estd bien definido y es una medida de Radon
con variacion total finita.

Por otro lado, es importante destacar que en [9] estudian una ecuacion
similar con datos en el espacio L!(Q2) pero sin el término de la variacion
total. Al igual que nosotros, definen la soluciéon utilizando los truncamien-
tos pero al no tener la variacion total, la solucion pierde regularidad. En
particular, la condicion sobre la frontera se cumple en un sentido débil,
no siendo asi en nuestro caso.

Enunciamos a continuacion el resultado principal de esta seccion que

prueba la existencia de solucién en el sentido de la definicién anterior.

Teorema. Si f es una funcion integrable no negativa, entonces existe
al menos una solucion del problema (1) en el sentido de la definicion

anterior.

Por otro lado, en cuanto a la unicidad de solucién, en la Seccién 2.2
del Capitulo 2 hemos probado un principio de comparacién que no solo
mejora el resultado de unicidad de solucién, sino que también simplifica
su demostracion cuando utilizamos datos del espacio de Lebesgue L9(€)

con ¢ > N. El resultado es el siguiente:

Teorema. Sea €2 un abierto acotado de RN con frontera Lipschitz y
sean f1 y fo dos funciones del espacio L*() tales que 0 < f1 < fo. Siwy
Y ug son soluciones del problema (1) con datos fi y fa respectivamente,

entonces u; < Us.

Hay que destacar que aunque (z, Du) no esté bien definido, probamos
que el par (e "z, Du), y también (z, De™"), es una medida de Radon

con variacién total finita. Ambas expresiones son imprescindibles tanto
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en la prueba de la existencia de soluciéon como en la demostracion del
principio de comparacion.
Finalmente, y gracias al principio de comparacién, queda probada la

unicidad de solucién:

Teorema. Sea Q un abierto acotado de RN con frontera Lipschitz y sea
f € LYQ) una funcién no negativa. Entonces existe una tinica solucién

del problema (1).

La Seccion 2.3 de este capitulo esta destinada al estudio de la regula-
ridad de las soluciones del problema (1) cuando tomamos los datos en el
espacio de Lebesgue L(Q2) con 1 < ¢ < N. Como ya se ha indicado en
el Capitulo 1, si el dato pertenece a LV (£2), la solucién es del espacio
L(Q) para todo 1 < ¢ < oo y si el dato es de LI(€2) con g > N, por [55]
sabemos que la solucién es acotada.

El resultado principal de esta seccién es el siguiente:

Teorema. Sea Q un abierto acotado de RN con frontera Lipschitz.
Si tomamos una funcion f > 0 del espacio de Lebesque Li(€2) con

1 < g < N, entonces la unica solucion u del problema (1) satisface
Nq
u € BV (Q)N LV-4(Q).

En particular, hemos probado que la maxima regularidad que alcan-
zan las soluciones del problema (1) se ajusta con continuidad en relacién

a la regularidad del dato f.

Acabamos el capitulo con una seccién en la que mostramos que la

regularidad de la solucion es, en efecto, optima.

Ejemplo. Sean R > 0,1 < q< N y X > 0. Si consideramos 2 = Br(0)
y el dato f(x) = =2 del espacio de Lebesque L*(Q) con 1 < s < %,

o el



xlv

entonces la solucion del problema (1) viene dada por

= [ = D1e(E) + 27— e si 0<lel <
u\xr) =

0 si pa<|z] <R,

para cierto valor 0 < py < R. Es decir, la solucion u pertenece al espacio
de Lebesgue L™ () para todo 1 < r < qur

Los resultados que aparecen en este capitulo estan publicados en el

siguiente articulo.

M. LATORRE AND S. SEGURA DE LEON, Existence and comparison

results for an elliptic equation involving the 1-Laplacian and L!-data, J.
FEvol. Equ. 18 (2018), no. 1, 1-28. DOI: 10.1007/s00028-017-0388-0.

Finalmente, en el Capitulo 3 probamos resultados de existencia y
unicidad de solucién de un problema de evoluciéon. Dicho problema
consiste en una ecuacion de tipo eliptico en la que aparece el operador
1-laplaciano y una condicion dinamica de frontera. El problema es el
siguiente:

Au — div <&> =0 en (0,4+00) x Q,

|Dul

wy + [&,V} =g(t,x) sobre (0,400) x OS2,
|Du (3)

U=w sobre (0,+00) x 0€2,

w(0,z) = wo(z) sobre 02,

donde © es un abierto acotado de RY con frontera 02 suave, el pardmetro
A es un numero real positivo, v representa el vector exterior normal
de norma 1, la funcién g estd en el espacio Lj,.(0,+oo, L*(09)) y el

loc

dato inicial wy es una funcién de cuadrado integrable en la frontera
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0f). Denotamos por w; a la derivada distribucional de w respecto de la
variable t.

Este tipo de problemas con condiciones dinamicas de frontera apare-
cen cuando se modeliza un problema en el que la solucion se perturba,
no en el interior del dominio, sino en la frontera. En la actualidad, el
estudio de ecuaciones elipticas o parabdlicas con este tipo de condicién
sobre la frontera es un area de estudio muy activa, ya que se ajusta a
diferentes procesos como pueden ser la transferencia de calor de un fluido
en movimiento a un sélido o problemas de termoelasticidad o biologia.

En cuanto a problemas con condiciones dinamicas de frontera y el
operador 1-Laplaciano, por lo que sabemos, esta es la primera vez que
se estudia un problema con estas condiciones. F. Andreu, N. Igbida,
J.M. Mazén y J. Toledo estudiaron en [11] un problema similar con
una ecuacion eliptica en la que aparece el operador p-laplaciano, con
1 < p < 00. Para probar la existencia de solucién, los autores definen un
operador completamente acretivo y utilizando la teoria de semigrupos no
lineales obtienen una mild solution o soluciéon en el sentido de la teora
de semigrupos, que finalmente prueban que es, realmente, una solucion
distribucional del problema estudiado.

Para obtener una solucién del problema (3) como no podemos probar
la existencia utilizando problemas aproximantes, hemos seguido el método
de [11], pero adaptandolo a las peculiaridades del 1-Laplaciano.

Primero consideramos el problema (3) restringiéndonos al domino

(0,T) x Q, siendo T" > 0. Es decir, estudiamos el siguiente problema:
M — div (%):0 en (0,7) x 9,
wy + [%W] =g(t,z) sobre (0,T) x 09,

U=w sobre (0,7) x 092,

w(0,z) = wo(z) sobre 02,
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donde g denota a una funcién del espacio L*(0,T; L*(99)).

En la Seccién 3.2 de este capitulo presentamos la notacion especifica y
resultados previos necesarios a la hora de probar la existencia de solucion
de los problemas (3) y (4). En particular, enunciamos los resultados que
empleamos para probar la existencia de una solucién de semigrupos del
problema de Cauchy

w+Bw) >y,

w(0) = wp, &)
donde g y wy son funciones de L'(0, T; L?(0R2)) y L*(0N2) respectivamente
y B denota a un operador en L*(992). Estas soluciones de semigrupos
se obtienen como el limite de las soluciones de las discretizaciones del
problema (5).

Ya en la Secciéon 3.3 probamos que dicha solucién de semigrupos

existe y es unica y para ello, definimos un operador B en el espacio
L2(09).

Definicién. Sea w € L*(09). Decimos que v € B(w) si v € L>(99Q)
con |[v|| (o) < 1 y existe una funcion uw € BV () N L*(Q) y un campo
vectorial z € L= (Q;RN) con ||z @) < 1 tales que

(i) Mu—divz=0 en D'(Q),
(ii) (z, Du) = |Du| como medidas en §2,
(iii) [z, v] = v paracasitodo x € 9,

(iv) [z,v] € sign(w —u) para casi todo x € OS2 .

Du
| Dul

de Dirichlet © = w tiene una tnica solucion, luego la funcién w es unica.

Hay que destacar que la ecuacion u — div ( ) = 0 con la condicion

No obstante, el campo vectorial z no esta univocamente determinado y

por tanto, tampoco lo estd la funcion v.
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Con esta definicién, a lo largo de la Secciéon 3.3 probamos que el
operador B es m-acretivo en el espacio L*(9f2) y su dominio es denso
en L*(09), es decir, L*(0Q) = D(B) y por lo tanto, existe una tnica
solucién de semigrupos w € C([0,T]; L*(992)) del problema de Cauchy
(5), para datos g € L*(0,T; L*(09)) y wy € L*(99).

Ademads, en esta seccion también hemos probado un principio de

comparacion entre soluciones de semigrupos enunciado a continuacion.

Teorema. Si denotamos porw' yw? € C(|0,T]; L*(0R)) a las soluciones
de semigrupos del problema de Cauchy (5) con los datos g1 y g2 €
LY0,T; L*(09)) y w} y wd € L2(09Q) respectivamente, y ademds

gt (t,z) < g*(t,x), para casi todo (t,z) € (0,T) x 0N,
y wi(r) <wi(x), para casi todo x € O,

entonces la desiqualdad también es cierta para las soluciones de semi-

grupos:

wht,z) <w?(t,z), para casi todo (t,x) € (0,T) x 09 .

En la cuarta secciéon probamos los dos resultados principales de este
capitulo: la existencia de una tnica soluciéon global fuerte del problema
(3) y un principio de comparacion.

Con respecto al problema (4), la solucién fuerte esta formada por un

par de funciones (u,w) y la definicién es la siguiente:

Definicién. Decimos que el par (u,w) es una solucion fuerte del
problema (4) si u es del espacio L=(0,T; BV (Q2)) N L>(0,T; L*(Q)) y
w € C([0,T]; L*(0Q))NWHL(0, T; L2(09)) es tal que w(0) = wy. Ademds,
existe un campo vectorial z € L*((0,T) x Q;RY) con ||z Lo 0mx0) < 1

que satisface las siguientes condiciones:

(i) Au(t) —div(z(t)) =0 en D'(Q),
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(ii) (z(t), Du(t)) = |Du(t)| como medidas en €,

(iii) [z(t),v] = g(t) — wi(t) para casi todo x € OS2,

(iv) [z(t),v] € sign(w(t) —u(t)) para casi todo x € 05,
para casi todo t € (0,7).

Decimos que la solucion del problema (4) es fuerte ya que todas estas

condiciones se cumplen puntualmente para casi todo t € (0,7).

Se enuncia a continuacion el teorema que prueba la existencia de una

tnica solucion del problema (4).

Teorema. Dado A\ > 0 y dadas las funciones g € L'(0,T; L*(09)) y
wo € L2(00), existe una tinica solucién fuerte del problema (4). Ademds,

se cumplen las siguientes estimaciones:

lwll e 0,m:22000)) < llwoll2o) + |9l o200y, para todo T >0,

Mlu®lZz@ + lu®llsve) < llw®)lliee) . para casi todo t>0.

Por otro lado, si consideramos el problema (3) y los datos g €
L. (0, +00; L2(09)) vy wo € L*(09), la solucién (u,w) es global si es
solucién fuerte del problema (4) para todo T' > 0. Consecuentemente,
como el problema (4) tiene una tnica solucién, también existe una unica
solucién global fuerte del problema (3).

Es importante remarcar que la regularidad de las funciones que
conforman la solucién mejora si escogemos los datos g y wp en espacios
mas regulares. En particular, si escogemos una funciéon g del espacio
L>(0, +00; L*(99)), deducimos que w; € L>=(0,+o00; L*(99)) ya que se
cumple la igualdad w(t) = [z(t), v]+¢g(t) en 0. Por lo tanto, la soluciéon

w es Lipschitz con respecto a la variable .
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Utilizando el principio de comparacion para las soluciones de semi-
grupos y ciertos resultados de convergencias que probamos en la de-
mostracion de existencia de solucion del problema (4), también probamos
un principio de comparacion para las soluciones (u,w). El resultado es

el siguiente:

Teorema. Sean las funciones g* y g*> € L'(0,T; L*(09Q)) y w§ y wi €
L2(09Q) tales que

g'(t,x) < g*(t,x), para casi todo (t,x) € (0,T) x OQ,

y wi(t,r) <wi(t,z), para casi todo x € ON.

Si denotamos por (u',w') y (u?,w?) a las respectivas soluciones del

problema (4), entonces se cumple
wi(t,z) <w(t,z), para casi todo (t,z) € (0,T) x O,

y u'(t,z) <u(t,z), para casi todo (t,z) € (0,T) % Q.

Acabamos la seccion probando un resultado sobre el comportamiento
a largo plazo de la solucién (u,w) del problema (3). En particular, vemos
que w converge débilmente a una funcién de cuadrado integrable sobre
09 y la funcién u converge débilmente en L%(Q) y fuertemente en L'()
a cierta funcién v del espacio BV (Q2) N L*(92). Ademés, Du converge a

Dwv débil-x como medidas en €.

Por 1ltimo, en la Seccion 3.5 del Capitulo 3 mostramos un resultado
que compara las soluciones del problema (3) con diferentes datos. En
particular, el resultado obtenido nos permite estimar la distancia entre

soluciones en relacion a la distancia entre los datos.

Teorema. Si (uy,w;) y (uz,ws) son soluciones del problema (3) con
los datos g1, g» € L*(0,T; L*(0R)) y wo1, woe € L2(0N) respectivamente,
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entonces se cumplen las siguientes desiqualdades:
lwr = wall oo o,m2200)) < [lwor — wozllL2a) + 1191 — 92l 21 (0,752200)) 5

1 1
Mluy = o720, 7,020 < §||W01 — wozll72(00) + 5”91 — 2|71 0.7 0200

Los resultados que aparecen en este capitulo estan publicados en el

siguiente articulo.

M. LATORRE AND S. SEGURA DE LEON, Elliptic 1-Laplacian equations
with dynamical boundary conditions, J. Math. Anal. Appl. 464 (2018),
no. 2, 1051-1081. DOI: 10.1016/j.jmaa.2018.02.006






Abstract

This dissertation is devoted to the study of the existence, uniqueness
and regularity of solutions of different elliptic equations involving the
1-Laplacian operator.

We start with a brief introduction to the topic as well as notations,
basic definitions and elementary properties of the tools that we are using

in this work.

In the first chapter we study the following Dirichlet problem:

_div (Z) +|Dul = f(z) in Q,

u=>0 on 0f),

(1)

where 2 is a bounded open set of RY with Lipschitz boundary 052 and
the datum f is a function in the Marcinkiewicz space LV:>(Q).

The motivation to study this kind of problem comes from a work due
to J.M. Maz6n and S. Segura de Leén (see [55]) where it is proved that
there exit bounded solutions when we take data in the Lebesgue space
L9(Q2) with ¢ > N.

In similar problems driven by the p-Laplacian with 1 < p < oo, the
natural space in which we find solutions, from a variational point of
view, should be the Sobolev space W, (Q) and data in its dual, that
is, W=1%(Q) where p' = ﬁ. In our case, when p = 1, we should find
solutions in the Sobolev space Wy (€2) when we take data in W=1°(Q).
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Nevertheless, thanks to the embedding Sobolev’s theorem and using
duality arguments, we observe that the best space for taking data is
the Lebesgue LY () and Lorentz space LY:*°(Q) in order to get weak
solutions. Our main aim is to improve the existence and uniqueness
results obtained in [55] taking data in the optimal space.

We have pointed out that the energy space should be the Sobolev
space Wol 1(Q) However, and contrary to what happens with the spaces
Wy (Q) with 1 < p < oo, this space is not reflexive. This is the reason to
work, in problems with the 1-Laplacian operator, with a larger space with
better properties: the space of functions of bounded variation, denoted
by BV (Q2). We say that u € BV(Q) if u € L'(Q2) and its derivative, in

the sense of distributions, is a Radon measure with finite total variation.

The first obstacle that we find when we work with an equation with
the 1-Laplacian operator is to give the appropriated definition of solution.
In particular, we have to give sense to the quotient %, where |Dul is a
measure. In [8], F. Andreu, C. Ballester, V. Caselles and J.M. Mazo6n
solved this problem using a vector field z € L°°(; RY) which plays role
of the quotient |g—u“‘.
that the pairing (z, Du) is well-defined and the equality (z, Du) = |Dul
holds as measures.

The pairing (z, Du) was defined by G. Anzellotti in [13] and also by
G.-Q. Chen and H. Frid in [26], and it is a generalization of the scalar
product between the field z and Du. We recall that for every function

p € C§°(R2), Anzellotti defines the distribution

In particular, we need that ||z|/z~) < 1 and also

((Z,Du),go):—/ngodivz—/ﬂz-Vgoda:.

He proved in [13] that if we take a vector field z € L°°(Q; RY) such that

divz is a bounded measure in €2 and a continuous bounded function
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u € BV(Q), then the pairing (z, Du) is a Radon measure with finite
total variation.

When we take data in the space L%(§2) with ¢ > N, the solutions of
problem (1) are functions of the space BV (§2) N L>(2) (see [55]) but
they are not necessarily continuous and then (z, Du) is not well-defined.
The generalization of this definition is due to G.-Q. Chen and H. Frid,
from a different point of view, and to A. Mercaldo, S. Segura de Ledn
and C. Trombetti, following Anzellotti’s theory. In both cases they use
a vector field z in the space DM™(Q), that is, z € L>®(;RY), and
also divz is a Radon measure with finite total variation and a function
u in the space BV (2) N L>(§2). Using the precise representative of
u (denoted by u*), they proved that (z, Du) is a Radon measure with
finite total variation. Nevertheless, since we take data f € L™°°(Q) in
problem (1), the solutions that we obtained are not bounded and we
cannot use this definition for the pairing (z, Du). For that reason we

need the following result which we prove at the end of Section 1.4.

Theorem. Let z € DM™(Q) and u € BV () and assume that divz =
&+ f where £ is a Radon measure satisfying either £ > 0 or € <0 and
[ e LN>=(Q). Then, let ¢ € C(), the distribution defined by

((z, Du), @) = —/ u* pdivz —/ uz-Vodx
Q Q
is a Radon measure with finite tota variation and satisfies

|(z, Du)| < ||z]| oo (o) | Dul

Moreover, assuming the same hypothesis as before, we prove the

following generalization of Green’s formula:

/Qu*divz—l—/Q(Z,Du):/mu[z,u]d’HN’l,
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where [z, v] denotes the weak trace on the boundary 9f2 of the normal

component of z defined by Anzellotti in [13].

Finally, in Section 1.5, taking a function f > 0 in the Marcinkiewicz
space LY >(Q2), we prove the existence of a unique nonnegative function u
which is solution to problem (1). Although the solutions of the Dirichlet
problem (1) are not necessarily bounded, we get some regularity since
the solutions are in the space of functions of bounded variation without

jump part, that is, D/u = 0. In addition, we need a vector field which

t Du

acts as the quotien Du]

in the equation. The definition of solution is

the following:

Definition. Let f € LY*°(Q) with f > 0. We say that a function
u € BV(Q) with D'u = 0 is a weak solution of problem (1) if there exists
a vector field z € DM () with ||z||1~@) < 1 and such that

(i) —divz+|Du|=f in D'(Q),
(ii) (z, Du) = |Du| as measures in €2,

We state now the main result of this section.

Theorem. Let Q be a bounded open set in RN with Lipschitz boundary
and let f € LN°°(Q) with f > 0. Then, there is a unique nonnegative

weak solution of problem (1).

Moreover, when we take a function f with small norm, we always get
the null solution as we can see in the next result.

Proposition. Let u € BV (Q2) be the nonnegative solution of problem
(1) with 0 < f € LN>*(Q). Then, u =0 if and only if || fllw-1.0(0) < 1.
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Is usual to find similar results when we work with the 1-Laplacian oper-
ator. In particular, in [57], it was proved that the solution to the Dirichlet
problem with equation —div (W) [ vanishes if || f||w-1.0(0) < 1 and
there is no solution when || f{|y-1.() > 1. When we have the equality,
u = 0 is always a solution although it may exist a nonzero solution for

certain data.

We finish this section with a result concerning the regularity of the
solutions. If we take as a data function f € L(Q2) with ¢ > N, the
solution of problem (1) is always bounded (see [55]). Nevertheless, in
the limit case, when we choice the data f in the Marcinkiewicz space
LY*(Q), the solution u belongs to the Lebesgue space L?(2) for all
1 < ¢ < . Indeed, in order to prove that the solutions of problem (1)
with nonnegative data of the space L¥:*°(Q2) are not necessarily bounded,

we present the following example.

Example. Let0 < p < Rand0 < A < N—1. If we consider 2 = Br(0),
then the solution to problem (1) with data I%\XBP(O) (z) € LYN>°(Q)\ LN ()

is given by

u(z) = (N —1- >1og(’ ‘) el <,
which belongs to the Lebesgue space L1(QY) with 1 < q < oo but is not
bounded.

The last sections of Chapter 1 are devoted to study a generalization
of problem (1) in which we add a function g in the gradient term. That
is, we study the following Dirichlet problem:

—d1v<’gvy) +g(v)|Dv| = f(x) in Q,
v=20 on 0,
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where ) is a bounded open set of RY with Lipschitz boundary 0%, f is a
nonnegative function which belongs to the Marcinkiewicz space L™>°(Q)
and ¢ : [0, co[— [0, 00[ is a continuous function.

Our aim here is to see how the function ¢ affects the existence,
uniqueness and regularity results of the solutions. The total variation

term is essential to have uniqueness of solutions. If we consider the same

problem without the total variation, i.e., —div <|35|> = f and v denotes
its solution, the function h(v) should be also a solution for all smooth
increasing function h.

Moreover, in [9] it was showed that a similar equation to problem
(1) without the total variation term, does not have the regularity of
the solutions of (1). In particular, they proved that the equation u —

div (lg—zl) = f(z) has a unique solution, although it may has jump part.

In Sections 1.7, 1.8 and 1.9 of Chapter 1, we see that, depending
on the characteristics of function g, the solution of problem (2) satisfies
different properties. Moreover, in the extreme cases, when the function
g vanishes, we also have to modify the definition of solution since it is
not, necessarily, a function of bounded variation.

In any case, we need to define the following auxiliary function

In Section 1.7 we study the conditions of function g such that the
solution v satisfies better properties. In particular, we introduce the
notion of solution to problem (2) when we take a continuous function
g : [0, 00[— [0, 00| such that g(s) > m > 0 for all s > 0.

Definition. We say that a function v is a weak solution to problem (2)
if v € BV(Q) with D’v = 0 and there exists a field z € DM™(Q) with
|2]| Lo () < 1 such that
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(i) —divz+g)*|Dv|=f in D'(Q),
(ii) (z, Dv) =|Dv| as measures in €2,

It is important to highlight that, in this case, the solution v satisfies

the same regularity properties as the solution of problem (1).

When we take a continuous function g such that g(s) > m > 0, we
have to distinguish two cases in order to prove the existence of solution.

If g is bounded, then we use the following results.
Theorem.

(i) Let u be the nonnegative solution of problem (1). Then, function v

such that u = G(v) is a solution to problem (2).

(ii) Let v be a nonnegative solution of problem (2). Then, function

u = G(v) is the solution of problem (1).

In general, to prove the existence of solution we need to apply the
chain rule for functions of bounded variation. In [7] it was showed that
if v € BV(Q) with D/v =0 and ¢ : R — R is a Lipschitz function, then
Y(v) € BV(Q2) and moreover Diy)(v) = ¢'(v) Dv. Nevertheless, we cannot
use this result under our hypothesis since function ¢’ is not, necessarily,
bounded. For that reason we prove the following slight generalization of

the chain rule:

Proposition. Let v a function of bounded variation without jump part
and let g be a continuous nonnegative real function. If u = G(v) € L'(Q),
then u € BV (Q2) if and only if g(v)|Dv| is a finite measure. Moreover,

|Du| = g(v)|Dv| as measures in §Q.

When the function ¢(s) does not touch the s-axis and it is not

bounded, then the proofs of the previous results do not work. In this
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case, in order to show the existence of solution we use approximating
problems. For each n € N, we consider the problem (2) with a function
gn(s) such that there exists a solution v,, to the problem and also g,(s)
converges to g(s). We have to prove that the sequence of solutions {v, }
is convergent and the limit is the solution of (2) with function g(s).

The main result of Section 1.7 is the following:

Theorem. Let Q be a bounded open set in RN with Lipschitz boundary
and let f € LN>°(Q) with f > 0. If g is a continuous real function such
that g(s) > m > 0 for every s > 0, then there exists a unique nonnegative
solution of problem (2). Moreover, that solution belongs to the Lebesgue

space L1(Q) for every 1 < q < oo.

Section 1.8 in devoted to the study of problem (2) when function
g : [0, 00[— [0, 00] may vanish at some points. In particular, we take a
non integrable bounded continuous function g such that g(s) > 0 for
almost every s > 0.

The first result we prove in this section shows the existence of a

unique solution to (2) when ¢ also satisfies the following restriction:
(C) There exist m, o > 0 such that g(s) > m > 0 for every s > o.

Taking a function g(s) with the above conditions, the existence proof
is based on the approximating argument. We approximate the function
g(s) by a sequence g, (s) which does not touch the s-axis. When condition
(C') does not hold, we follow the approximating argument but, in this
case, the limit of the sequence {g,(s)} is not necessarily a function of
bounded variation. We use the following example to show that the
solution of problem (2) with a function g such that lim_, ., g(s) = 0 does

not belong to the BV space.

Example. Let R >0 and A > 2N — 2. If we consider Q0 = Br(0), the

datum f(z) = ﬁ and the function g(s) = 1+, then the solution of the
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problem (2) is given by

v(z) = ("’”R|) T 1,

A—N+1 |I|N—2—)\

which is not of bounded variation since |Dv| = fx=r=x s not a

integrable function.

Therefore, the properties of solution to problem (2) change when we
take a non integrable bounded continuous function g : [0, co[— [0, 00|
such that g(s) > 0 for almost every s > 0. The new notion of solution is
the following:

Definition. We say that a function v is a weak solution to problem (1.43)
if G(v) € BV(Q) with D’G(v) = 0 and there exists a field z € DM (Q)
with ||z|| ey < 1 such that

(i) —divz+g)*|Dv|=f in D'(Q),
(ii) (z, DG(v)) =|DG(v)| as measures in 2,
(iii)  G(v)]on = 0.

Although the solution v does not belong to the BV space, G(v) does
and it does not have jump part. Moreover, since u is not a function of
bounded variation, then the pairing (z, Dv) is not well-defined. Because
of this, we use (z, G(v)) instead of it.

The next result shows that problem (2) has a unique solution satisfy-

ing the previous definition.

Theorem. Let Q be a bounded open set in RN with Lipschitz boundary
and let f € LN°°(Q) with f > 0. Then, there exists a unique nonnegative

solution to problem (2) in the sense of the previous definition when we
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take a non integrable bounded continuous function g : [0,00[— [0, 0]
such that g(s) > 0 for almost every s > 0.

The last section of the first chapter is devoted to the study of some
particular cases in which the properties of function g does not allow us
to have existence or uniqueness of solution. Moreover, solutions may
have jump part or do not satisfy the boundary condition.

Assuming g is an integrable function, the existence of solution depends
on the datum f. In particular, when the norm of f in the dual space
of Wy () is smaller than 1, then the solution of problem (2) is always
trivial. Nevertheless, when this norm is bigger than some constant, the

problem has no solution as we can see in the next result.

Proposition. Let f € LV*>°(Q) with f > 0 and let g € L*(]0,0).
Then,

(i) if [|fllw-re0() < 1, the solution to problem (2) is trivial;
(i) if || fllw-ro0(q) > €9C), problem (2) has no solution;
where G(o0) = sup{G(s) : s €]0,00][}.

We finish the chapter by studying the properties of solutions to
problem (2) when g vanishes on an interval. In particular, we show that
there is no uniqueness of solution at all and although problem (2) has a
solution u, this may have jump part or does not satisfy the boundary

condition. This is shown in the following example.

Example. Given R > 0 and the datum f(x) = 2 if we take Q = Bg(0)

||’

and a function g : [0,00 — [0, 00| defined by

(a) g(s) =0if0<s<aandg(s) =s—aif s> a, then solution
u does not vanish on the boundary. Nevertheless, it satisfies the

boundary condition in a weak sense, that is, |z,v] = — sign(u).
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(b) g(s) =a—sif0<s<a,g(s)=0ifa<s<bandg(s)=s—0
if s > b, then solution to problem (2) has jump part.

The contents of this chapter are published in the following paper:

M. LATORRE AND S. SEGURA DE LEON, Elliptic equations involving
the 1-Laplacian and a total variation term with L™*-data, Atti Accad.
Naz. Lincei Rend. Lincei Mat. Appl. 28 (2017), no. 4, 817-859.
DOI: 10.4171/RLM /787

The second chapter of this dissertation is devoted to the generalization
of the results that we have got in the study of Dirichlet problem (1),
taking now as a data f a nonnegative function in L'(Q).

When we choice a datum f € L'(€), and in the same way that we
have done with data in the Marcinkiewicz space, we have to generalize
the Anzellotti’s theory by defining the pairing (z, Du).

This pairing (z, Du) must be is a Radon measure with finite total
variation. Nevertheless, since the solution to this problem is not neces-
sarily bounded, we cannot use the results from [13]. Moreover, since f
is a function in the Lebesgue space L'(§)), we cannot prove that (z, Du)
is a Radon measure with finite total variation using the arguments from
Chapter 1.

For this reason, we need to modify the definition of solution using
truncations as F. Andreu, C. Ballester, V. Caselles and J.M. Mazén
did in [8], where they defined the solution to the parabolic problem
u; = div (lg—z‘).

Every time we take data in the space L'(Q), we have to use the
truncations, even when the equation is not driven by a 1-Laplacian
operator. For equations involving the p-Laplacian with 1 < p < N
we refer to [30] and [16] in order to see the use of truncation in the

renormalized and entropy solutions, respectively.
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If we denote by Tx(s) = min{|s|, k} sign(s) the truncation function,

the definition of solution to problem (1) is the following:

Definition. We say that uw € BV (Q) is a solution to problem (1) if
Diu =0 and there exists a vector field z € DM™(Q) with ||z @) < 1
such that

(i) —divz+ |Du|=f in D'(Q),
(i) (z, DTx(u)) = |DTk(u)| as measures in S (for all k > 0),

We highlight that function Ty (u) belongs to BV (Q2) N L>=(2) and
then (z, DTy (u)) is well-defined and it is also a Radon measure with
finite total variation.

On the other hand, it should be pointed out that a similar equation
with L'-data was studied in [9], but without the gradient term. Since they
have data in L'(£2), they have to use truncations in order to have a proper
definition. However, their solution satisfies the boundary condition in
a weak sense. So, it loses regularity because the boundary condition in
our problem holds in the trace sense.

The main result of this section shows the existence of solutions to

problem (1) in the sense of the above definition.

Theorem. If f is a nonnegative integrable function, then there is, at

least, one solution to problem (1) in the sense of above definition.

On the other hand, concerning the uniqueness of solution, in Section
2.2 of Chapter 2 we prove a comparison principle which improves the
uniqueness results and also simplify the proof when we take data in the
Lebesgue space L?(§2) with ¢ > N. The result is the following:
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Theorem. Let Q be a bounded open set in RN with Lipschitz boundary
and let fi and fy be two functions in the space L*(Q2) such that 0 <
fi < fo. If uy and ug are solutions to problem (1) with data fi and fo,

respectively, then uy; < us.

We highlight that although (z, Du) is not well-defined, we show that
the pairing (e "z, Du), and also (z, De™"), are Radon measures with
finite total variation. Both expressions are essential for the proof of
existence of solution as well as the comparison principle.

Finally, thanks to the comparison principle, we have proved the

uniqueness of solution.

Theorem. Let Q be a bounded open set in RN with Lipschitz boundary
and let f € LY(Q) be a nonnegative function. Then, there is a unique

solution to problem (1).

Section 2.3 of this chapter is devoted to the study of regularity of
solution to problem (1) when we take data in the Lebesgue space L4(€)
with 1 < ¢ < N. As we have observed in Chapter 1, if datum f belongs
to LY(€), then the solution belongs to L4(92) with 1 < ¢ < oo; and if
we have data in L9(Q) with ¢ > N, we know by [55] that the solution is
bounded.

The main result of this section is the following.

Theorem. Let Q be a bounded open set in RN with Lipschitz boundary.

If we take a function f > 0 in the Lebesque space L(Q) with 1 < ¢ < N,
Ng

then the unique solution u to problem (1) satisfy u € BV (Q)NL¥=a ().

In particular, we prove the best regularity that the solutions of

problem (1) achieve continuously adjust with the regularity of data f.

We finish the chapter with a section which shows that the regularity

of solution is in fact optimal.
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Example. Let R > 0,1 < g < N and X\ > 0. If we consider Q2 = Bg(0)
and the datum f(x) = 2 from the Lebesgue space L*(Q) with 1 < s < %,

~ Jale

then the solution to problem (1) is given by

(N = 1)log (E1) 4 2 (07— [219) if 0<|2] < py

N 1—q

u(z) =

for certain value 0 < py < R. That is, the solution u belongs to the
I N
Lebesgue space L™ (82) for every 1 <r < g

The contents of this chapter are published in the following paper:

M. LATORRE AND S. SEGURA DE LEON, Existence and comparison

results for an elliptic equation involving the 1-Laplacian and L!-data, J.
FEvol. Equ. 18 (2018), no. 1, 1-28. DOI: 10.1007/s00028-017-0388-0.

Finally, in Chapter 3 we prove an existence and uniqueness result for
an evolution problem. It consists in an elliptic equation involving the
1-Laplacian operator and a dynamical boundary condition. The problem

is the following:
Au — div (&>:O in (0,400) x 2,
wy + [& 1/] =g(t,z) on (0,+00) x 0N,

U=w on (0,+00) x 0§,

w(0,z) = wo(x) on 09,

where  is a bounded open set in RY with smooth boundary 99, \ is a
positive real number, v stands for the unit outward normal vector on
99, function g belongs to Lj,.(0, +oo, L?(99)) and the initial datum wy
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is a square-integrable function in the boundary 02. We denote by w;
the distributional derivative of w with respect to t.

This type of problems with dynamical boundary conditions appear
in applications where there is a reaction term in the problem that
concentrates in a small strip around the boundary of the domain, while
in the interior there is no reaction and only diffusion matters. Currently,
the study of elliptic or parabolic equations with this type of boundary
condition is a very active field since it adjusts to many mathematical
models including heat transfer in a solid in contact with a moving fluid,
in thermoelasticity, in biology, etc.

Concerning problems with dynamical boundary conditions and an
equation driven by the 1-Laplacian operator, as far as we know, this
is the first time that this problem is tackled. F. Andreu, N. Igbida,
J.M. Mazoén and J. Toledo studied a similar problem with an elliptic
equation with the p-Laplacian operator with 1 < p < oo (see [11]). In
order to prove the existence of solution, the authors defined a completely
accretive operator and using nonlinear semigroups theory, they obtained
a mild solution. Finally, they showed that this mild solution is in fact a
distributional solution.

To obtain a solution to problem (3), since we cannot prove the
existence using approximating problems, we adapt the method used in
[11] to the context of the 1-Laplacian operator.

First, we consider problem (3) restricted to the domain (0,77) x €2
with 7" > 0. That is, we study the following problem:

M — div (@7"‘) =0 in (0,T)xQ,

we + [‘g—z‘,y} =g(t,x) on (0,T) x 09,

U=w on (0,7) x 092,

w(0,2) = wo(x) on 012,
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where g denotes a function in the space L*(0,T; L*(92)).

In Section 3.2 we present the notation and previous results that we
need to prove the existence of solution to problems (3) and (4). In
particular, we state the results that we will use to prove the existence of

a mild solution to the Cauchy problem

wt+8(w)997 (5)

w(0) = wo,

where g and wy are functions in L(0,T; L*(992)) and L?(0R), respectively,
and B denotes an operator in L?(9). These mild solutions are obtained
as the limit of solutions of the discretizations of problem (5).

In Section 3.3 we prove that this mild solution exists and it is unique.
To do this, we define an operator B in the space L?(992).

Definition. Let w € L*(0R). We say that v € B(w) if v € L*(9)
with ||v|| @) < 1 and there exist a function w € BV (Q) N L*(Q) and a
vector field z € L®(Q; RY) with ||z|| @) < 1 such that

(i) Mu—divz=0 in D'(Q),
(ii) (z, Du) =|Du| as measures in €,
(iii) [z,v]=v HY '-a.e. on 00,

(iv) [z,v] € sign(w —u) H  '-a.e. on 0.

We highlight that since the equation u — div (%) = 0 with the
Dirichlet condition © = w has a unique solution, function « is unique.
Nevertheless, the vector field z is not unequivocally determined and so
does not v.

With this definition, in Section 3.3 we prove that the operator B

is m-accretive in the space L*(092) and its domain is dense in L?*(9%2),
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that is, L?(092) = D(B). Therefore, there exists a unique mild solution
w € C([0,T]; L*(092)) to the Cauchy problem (5) for the data g €
LY0,T; L*(092)) and wg € L*(09Q).

Moreover, in this section we also prove a comparison principle between

mild solutions as we show in the next result.

Theorem. Let w!' and w? € C([0,T]; L*(09)) be the mild solutions to
the Cauchy problem (5) with data g, and go € L'(0,T; L*(092)) and w}
and wi € L*(09), respectively. If

g'(t,x) < g*(t,x),  for almost every (t,z) € (0,T) x 09,

and wj(z) < wi(z),  for almost every x € 0N,

then, the corresponding mild solutions also satisfy

wit,r) <w(t,z), for almost every (t,x) € (0,T) x 09

In the forth section we prove the main results of this chapter: the exis-
tence of a unique global strong solution to problem (3) and a comparison
principle.

With respect to problem (4), the strong solution is given by a pairing
(u,w) and the definition is the following:

Definition. We say that the pairing (u,w) is a strong solution to problem
(4) if u € L>=(0,T; BV(Q))NL>(0,T; L*(Q2)) and w € C([0, T); L*(92))N
W10, T; L*(09)) such that w(0) = wy and there exists a vector field
z € L>((0,T) x Q;RY) with ||z||p(0,r)x) < 1 satisfying the following
conditions:

(i) Au(t) —div(z(t)) =0 in D'(Q),

(i) (z(t), Du(t)) = |Du(t)| as measures in 2,

(i) [z(t),v] = g(t) — w(t) for almost every x € O5),
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(iv) [z(t),v] € sign(w(t) —u(t)) for almost every x € 09,

for almost every t € (0,T).

We say that the solution of problem (4) is strong since all these

conditions are pointwisely satisfied for almost every t € (0,7).

Next we highlight the theorem that proves the existence of a unique

solution to problem (4).

Theorem. Let A\ > 0 and let g € L*(0,T; L*(00Q)) and wy € L*(0N).
Then, there exists a unique strong solution to problem (4). Furthermore,

the following estimates hold:
|w|| oo o,ms2200)) < llwollr2a0) + |9l Lt o,m200)) ,  for every T >0,

M) 220y + @l pvie) < lo@®llisoay,  for almost every > 0.

On the other hand, if we consider problem (3) with data g €
L}.(0,4+00; L?(09Q)) and wy € L*(0N), the solution (u,w) is global if it is
a strong solution to problem (4) for all 7' > 0. Therefore, since problem
(4) has a unique solution, there also exists a unique global strong solution
to problem (3).

It is important to remark that the regularity of the solutions get
better if we choice the data g and wg in more regular spaces. In particular,
if we take a function g in the space L*°(0,+o00; L?(91)), we deduce that
wy € L*(0, +00; L?(09)) since the equality wy(t) = [z(t),v] + g(t) holds
in 0€). Therefore, the solution w is Lipschitz with respect to the variable
t.

Using the comparison principle for the mild solution and certain

convergence results showed in the proof of the existence of solution to
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problem (4), we may also prove a comparison principle to the solutions

(u,w). This results is enunciated below.

Theorem. Let g' and g> € L'(0,T; L?(09)) and let w} and w? € L*(09)
such that

g'(t,x) < g*(t,x),  for almost every (t,z) € (0,T) x 09,
and wj(t,r) < wi(t,x), for almost every x € OS).

If we denote by (u',w') and (u?,w?) the corresponding solutions to
problem (4), then

wl(t,z) <w?(t,z),  for almost every (t,z) € (0,T) x 0L,

and u'(t,z) < u*(t,z),  for almost every (t,x) € (0,T) x Q.

We finish this section by proving a result about the long term be-
haviour of the solution (u,w) to problem (3). In particular we see that w
converges weakly to a square-integrable function on 92 and u converges
weakly in L?(Q2) and strongly in L'(Q) to some function v in the space
BV (Q) N L*(Q2). Moreover, Du converges weakly-* to Dv as measures
in Q.

Finally, in Section 3.5 of Chapter 3, we show a result which compares
the solutions of problem (3) with different data. In particular, the
obtained result allow us to estimate the distance between solutions in

relation to the distance between data.

Let (u1,wq) and (ug,ws) be the solutions to problem (3) with data g,
ga € LY0,T; L*(09)) and wy, wee € L*(00), respectively. Then, it
holds

||w1 - OJ2||L00(0,T;L2(89)) < ||Wo1 - w02||L2(aQ) + ||91 - 92||L1(0,T;L2(89)) ,
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Mur = w7201 12 () < §||W01 — wozllZ2a0) + 5”91 — 2ll7r 02200 -

The contents of this chapter are published in the following paper:

M. LATORRE AND S. SEGURA DE LEON, Elliptic 1-Laplacian equations
with dynamical boundary conditions, J. Math. Anal. Appl. 464 (2018),
no. 2, 1051-1081. DOI: 10.1016/j.jmaa.2018.02.006
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Introduction

This dissertation is devoted to the study of some elliptic equations
involving the 1-Laplacian operator. In Chapter 1 we focus on the study

of the equation

— div <ng|> + g(u)|Du| = f(x), (L.1)
in a bounded open set 2 in RV with Lipschitz boundary with the
Dirichlet condition u = 0 on the boundary, where the datum f denotes a
nonnegative function and g : [0, co[— [0, 0o[ is a continuous real function.

Our aim is twofold. On the one hand, we deal with unbounded
solutions when datum f belongs to the Marcinkiewicz space LV:>°(Q),
so we have to introduce the suitable concept of this kind of solutions.
On the other hand, this equation allows us to deal with many related
problems having a different gradient term, depending on the function g.
We show that the total variation term induces a regularizing effect, that
is, the bigger g, the better the properties of the solution.

Chapter 2 is devoted to study equation (I.1) when g = 1 and nonneg-
ative data in the Lebesgue space L!(€2). We prove an existence result
and a comparison principle. Moreover, we seek the optimal summability
of the solution when L?-data, with 1 < ¢ < N, are considered: If f
belongs to the Lebesgue space LI()) with 1 < ¢ < N, the solutions are



2 Introduction

N
in the space L4 (€2). Moreover, we show with an example that this
regularity is optimal.
Finally, in Chapter 3 we deal with an evolution problem. Let X\ be a

a nonnegative parameter. We study the equation

Du
Au—div (=) =0
! ”(wur) ’

with dynamical boundary conditions. Applying nonlinear semigroup
theory we obtain a mild solution to the problem and we prove that this
is, in fact, a strong solution. We also prove a comparison principle and
a result which shows that the distance between the solutions depends on

the distance between the data.

Notation

Let us now introduce some notation and basic results which will be
used throughout this dissertation. In what follows, we consider N > 2
and HY"!1(E) denotes the (N — 1)-dimensional Hausdorff measure of a
set F and |FE| its Lebesgue measure.

The set  will always stands for a bounded open subset of RY with
Lipschitz boundary. Thus, an outward normal unit vector v(z) is defined
for HN~l-almost every x € 9. We are working with the usual Lebesgue
and Sobolev spaces denoted by L?(Q2) and Wy(f2), respectively. For

sake of completeness, we recall the Sobolev embedding

i

We also recall that this constant C' just depend on N and p, and this

L]1/p" 1/p
P ] <C {/Q |Vu|”] . forall ue WyP(Q). (1.2)

dependence is continuous on p.
We refer the reader to [24] and [34] for more information about these

spaces.



On the other hand, C(Q) stands for the space of all continuous func-
tions on 2 and given k > 0, we denote by C(Q) the set of all functions
with compact support which are k-times continuously differentiable on
Q, and C5°(2) = NMi>oC*(9).

We recall that for a Radon measure p in €2 and a Borel set A C ,
the measure pl A is defined by (uL A)(B) = u(AN B) for any Borel set
B cq.

We also use truncation functions which are defined, for a given k& > 0,
by

Ty(s) = min{|s|, k} sign(s), (1.3)

for all s € R. Moreover, throughout this work, we also use another

auxiliary real function defined by

Gr(s) = s —Ti(s). (L.4)

Functions of bounded variation

In an equation driven by the p-Laplacian, that is, the operator defined
by
Ayu = |VulP?Vu, with p>1,

the natural energy space to look for solutions is the Sobolev space
Wy (). Nevertheless, in problems involving the 1-Laplacian we cannot
work with the Sobolev space Wy () since it is not reflexive. We
seek solutions in a bigger space with better properties, the space of
all functions of bounded variation denoted by BV (€2). We say that a
function u : © — R belongs to BV (Q) if u € L'(Q2) and its derivative

in the sense of distributions Du is a Radon measure with finite total
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variation. This space is endowed with the norm defined by

lullaviey = [ [ulde+ [ |Dul,
Q Q

for any u € BV (§2). We recall that the notion of trace can be extended
to every function of bounded variation and this fact allow us to interpret
it as the boundary values of u and we may write u|gg. Moreover, the
trace is a bounded linear operator BV () < L!(9€) which is also onto.
As a consequence of this, an equivalent norm on BV (£2) can be defined

as

lullpvey = [ _luld#™+ [ |Dul.
oN Q

Let u € BV (€2). We can decompose the Radon measure Du into its
absolutely continuous and its singular parts with respect to the Lebesgue
measure: Du = D*u + D*u. We denote by S, the set of all z € €2 such
that the approximate limit of u does not exist at x, that is, x € S, if

there exists @(z) such that

1

lpl,O |B( )| By(z )|U(y)—?j(l‘)|dy:0

We say that z € €2 is an approximate jump point of u, denoted by
x € Jy, if there exist two real numbers u*(z) > u™(z) and v,(x) with
|y ()| = 1 such that

I / ()| dy = 0
;E)l |B ZL’VU ’ :vuua:) — ($>| Y ’

I / “(@)|dy =0
;ﬁ)l ’B x, Vu | (z,vu(z)) Y (x)‘ 4 ’

where

By (w,vu(z)) ={y € B,(x) | {y = z,vu(2),) > 0}



and
B, (z,vu(z)) ={y € B,(2) | (y — z,vu(z)) <0},

We know that S, is countably HY~!-rectifiable and HY=1(S,\J,) = 0
by the Federer—Vol’pert Theorem (see [7, Theorem 3.78]). Moreover, we

also know that
DulJ, = (ut —u v, HYN L,

Using S, and J,, we can split D%u in two parts: the jump part D’u and
the Cantor part Du, defined, respectively, by

Diu = D*ul_J, and D= Dul(Q\S,).
Therefore, we have
Diu= (ut —u v, HV L J,.

In addition, if x € J,, then v,(z) = %(w) where % is the Radon—

Nikodym derivative of Du with respect to its total variation |Dul.

We will use the precise representative of u, denoted by u*, in the
definition of the pairing (z, Du) when wu is a merely BV -function (see (1.9)
below). We say that u* : Q\(S,\J.) — R is the precise representative of

w if it is equal to @ (the approximate limit of u) on Q\S, and equal to

u”Fut
2

if p is a symmetric mollifier, then the mollified functions u * p. converge

on J,. It is well known (see, for instance, [7, Corollary 3.80]) that

pointwise to u* in its domain. In order to simplify the notation, most of
the time we denote both function and its precise representative by w.
A compactness result in BV (€2) will be used several times in this work.
It states that every bounded sequence in BV (§2) has a subsequence which
strongly converges in L'(Q) to a certain u € BV (£2) and the subsequence

of gradients x-weakly converges to Du in the sense of measures.
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To pass to the limit we often use that some functionals defined on
BV (§2) are lower semicontinuous with respect to the convergence in
L'(Q). The most important are the functionals defined by

U /Q |Dul , (15)

and

u1—>/ |Du|+/ lu — w|dHN 1, (1.6)
0 o0

for any w € L'(99). In the same way, it yields that each ¢ € C§(Q)
with ¢ > 0 defines a functional

u»—>/9<p|Du|, (L7)

which is lower semicontinuous in L*().

Moreover, in Chapter 1 we use the chain rule, but only when u is a
function of bounded variation without jump part. That is, if u € BV(Q)
with D7y = 0 and f is a Lipschitz function in Q, then v = fou belongs to
BV (Q) and Dv = f'(u)Du, so that D’v = 0. It is worth noting that f is
only differentiable a.e., so that f’(u) could be undefined in a non-empty
set. Nevertheless, the above formula f/(u)Du is well defined since f’(u)
is not defined in a |Du|-null set due to the assumption D/u = 0 (see [7,
Proposition 3.92]).

For further information about functions of bounded variation, we
refer the reader to [7], [35] and [66].

L>*-divergence-measure fields

In every problem involving the 1-Laplacian operator we have to give

Du
S

that, it vanishes in a zone of the domain. Following [9], we use a vector
field z € L°°(Q; RY) which plays the role of @—“ul in our equation and

sense to the quotien even if Du is a Radon measure and if, besides



such that it satisfies two conditions: ||z||z~(q) < 1 and the dot product
of z and Du is equal to |Dul.

In each chapter, since the solution u € BV(Q) satisfies different
conditions, we will look for vector fields z € L>(Q; RY) which satisfy
different properties. In Chapters 1 and 2 we will need a vector field
z € DM™(Q), that is, a vector field in L>(Q; RY) such that divz is a
Radon measure in €2 with finite total variation. On the other hand, in
Chapter 3 we just ask for z € L>®°(; RY) with divz € L*(Q).

The validity of this dot product between gradients of BV -functions
and L>™-divergence-measure vector fields is due to G. Anzellotti [13]
and, independently, to G.-Q. Chen and H. Frid [26]. In spite of their
different points of view, both approaches introduce the normal trace of
a vector field through the boundary and establish the same generalized
Gauss—Green’s formula. It should be pointed out that the theory of
divergence-measure fields has been extended later (see, for instance, [27]
and [67]).

In [13], Anzellotti proved, in particular, that if one of the following

conditions holds

(i) a vector field z belongs to DM™(Q) and a function u € BV (2) N
C(2) N L>(2);

(ii) a vector field z belongs to L>(Q;RY) with divz € L?(Q2) and a
function u € BV (Q2) N L*();

then, the functional defined by

((z, Du), ) :—/ugpdivz—/uz-V<pdx,
Q Q

for every function ¢ € C§°(£), is a distribution of order 0 since it satisfies

the inequality

(2 Du), @) < llellz=@lizll = [ IDul.
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Hence, it is actually a Radon measure with finite total variation and the

following inequality holds
(2, Du)| < [|z]| oo () | Dul (1.8)

as measures in . In particular, the Radon measure (z, Du) is absolutely
continuous with respect to |Dul.

However, in [26] G.—Q. Chen and H. Frid consider general functions
u € BV (Q)NL>(Q) but it is only shown that the Radon measure (z, Du)
is absolutely continuous with respect to |Du|. In this dissertation we
need that the inequality (I1.8) holds for every u € BV(Q2) and every
z € DM™(Q) satisfying a certain condition.

As we had already commented, Anzellotti’s theory also provides the
definition of a weak trace on the boundary 02 of the normal component

of the vector field z. It is denoted by [z, v] and it satisfies ||[z, ]| = (a0) <

12| Lo ()
In addition, a Green’s formula involving all these elements holds: if

z and u satisfy either (i) or (ii), then

/Qudivz—i—/Q(Z,Du):/aQu[z,y] dHN L.

Let us stress that (z, Du) can be defined for other pairings; for
instance, divz € LY(Q) and v € BV(Q) or divz € LP(Q) and u €
BV (Q) N L¥(Q), where p is the conjugate of p, that is, 1 = %D + 1%' In
any case, the above results are also true.

Moreover, with a slight modification in the definition of the pairing
(z, Du), all these results also hold for a general z € DM™>(Q2) and
u € BV(Q) N L*(Q) (see [55]). Using the precise representative of u,
the pairing (z, Du) is defined by

((z, Du), p) :—/Qu*godivz—/guz-V<pdx, (L.9)



for all p € C§°(Q2), and a Green’s formula remains true:

/Qu*divz—i—/Q(Z,Du):/aQu[z,u] dHN L.






Chapter 1

Problem with a general

gradient term and LV"*-data

1.1 Introduction

This chapter deal with the Dirichlet problem for equations involving

the 1-Laplacian operator and a total variation term, namely

—div (ggl) + g(uw)|Du| = f(z) in Q,

u=0 on 01},

(1.1)

where 0 C R¥ is a bounded open set with Lipschitz boundary 02,
g(s) is a continuous nonnegative function defined for s > 0 and f is a
nonnegative function which belongs to the Marcinkiewicz space L™>°(Q)
(see Section 1.3 for the definition of this space).

A related class of elliptic problems involving the p-Laplacian op-
erator with a gradient term has been widely studied. We recall the
seminal paper [52] for a gradient term of exponent p — 1 and the sys-
tematic study of equations having a gradient term with natural growth
initiated by L. Boccardo, F. Murat and J.-P. Puel (see [20-22]). The
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variational approach seeks for solutions in the Sobolev space W,"(Q)
and considers data belonging to its dual W~3*'(Q). Notice that in the
setting of Lebesgue spaces, data are naturally taken in LN (Q) as a
consequence of the Sobolev’s embedding (see 1.2).

It should be pointed out that the natural space to look for a solution to
problem (1.1) is the Sobolev space W' () although we extend it to the
larger space of BV -functions, and the space of data, from a variational
point of view, is the dual space of Wy (Q), that is, W~1(Q). The
Sobolev embedding theorem and duality arguments lead to consider the
spaces LY () and L™>°(Q) as the right function spaces of data among
all the Lebesgue spaces and the Lorentz spaces, respectively. Evidences
that the norm of LY°°(£2) is suitable enough to deal with this kind
of problems can be found in [28, 57]. Therefore, our framework is the
following: given a nonnegative f € L™>°(Q), find u € BV (Q2) that solves
problem (1.1) in an appropriate sense (see Definition 1.5.1).

Two important cases of problem (1.1) have already been studied.
When g(s) = 0 we obtain just the 1-Laplacian operator: —div (lg—“ul>.
There is a big amount of literature on this equation in recent years, started
in [46]. Other papers dealing with this equation are [8, 15, 28, 31, 47, 57].
The interest in studying this equation came from an optimal design
problem in the theory of torsion and also related geometrical problems
(see [46]). The equation is also important from the variational approach
to image restoration (see [8] and also [12] for a review on the development
of variational models in image processing).

On the other hand, when g(s) = 1, we get —div (%) + |Du| which
occurs in the level set formulation of the inverse mean curvature flow (see
[44]; related developments can be found in [45, 61, 62]). Nevertheless, the
framework of these papers is different from ours since €2 is unbounded.
Furthermore, the concept of solution is based on the minimization of

certain functional and does not coincide with the one considered when
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g = 0. This operator has also been studied in a bounded domain in [55],
where it was proved the existence and uniqueness of a bounded solution
for a datum regular enough.

It is worth noting that, contrary to the p-Laplacian setting with
p > 1, where even the gradient term does not appear in equation, we
always have uniqueness of solution (see, for instance, [22] when g = 1 and
[52] for the equation without the gradient term and W~ (Q)-data), the
properties of solutions to problem (1.1) with g(s) = 0 are very different
from those with g(s) = 1. Indeed, the presence of the gradient term has

a strong regularizing effect because when g = 0 the following facts hold:

(i) Existence of BV -solutions is only guaranteed for data small enough;

for large data solutions become infinity in a set of positive measure.

(ii) There is no uniqueness at all: given a solution u, we also obtain

that h(u) is a solution for every smooth increasing function h.
Whereas, when g = 1, the properties are:

(i) There is always a solution, even in the case where the datum is

large.
(ii) An uniqueness result holds.

Regarding regularity of solutions, even an equation related to the case

g(s) =0 like u — div (%) = f(z) (for which existence and uniqueness

hold) has solutions with jump part (see, for instance, [8]). On the other

hand, in [55] proved that solutions to problem (1.1) with ¢g(s) = 1 have

no jump part. Moreover, solutions to u — div (@—Z‘) = f(x) satisfy the

boundary condition only in a weak sense (and in general, u|gq # 0),
while if g(s) = 1, then the boundary condition holds in the trace sense,

that is, the value is attained “pointwise” on the boundary.



14 Problem with a general gradient term and LY:*°-data

We stress that the situation concerning existence of the solutions of

problem (1.1) is very similar to the problem

—Au+|Vulr =A— in Q,
|z (1.2)
u=>0 on 0f),

in domains satisfying 0 € €2, since the presence of the quadratic gradient
term induces a regularizing effect (see [1, 3] and Remark 1.6.4 below).
Indeed, the existence of a positive solution to (1.2) is proved for all
A > 0. Nevertheless, if the gradient term does not appear, solutions can
be found just for small values of A\ due to Hardy’s inequality.

Our purpose here is to study how the function g affects the properties
of the solutions of (1.1). Roughly speaking, we see that the bigger g,
the better the properties of the solution. The standard case occurs when
g(s) >m > 0 for all s > 0 and the situation degenerates as soon as g(s)
touch the s-axis.

We begin by considering the case g(s) = 1 for all s > 0. To get an
idea of the difficulties one may finds, let us recall previous works on this
subject. As we have mentioned, this problem was already handled in [55]
for data f € L9(Q2) with ¢ > N. This condition is somewhat artificial
and was taken in this way due to the necessity of obtaining bounded
solutions. This requirement derives from the use of the theory of L>-
divergence-measure fields. Since we must expect unbounded solutions
starting from the most natural space of data LY°°(Q), the first result
we need is to find an appropriated definition for the dot product (z, Du)
when u € BV(€2) can be unbounded. This was achieved in [2], but we
include it for the sake of completeness.

Endowed with this tool, in the first part of this chapter, we prove
an existence and uniqueness result for problem (1.1) in the particular

case g(s) = 1. The second part is fully devoted to our main concern,
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that is, to investigate which properties satisfy solutions to problem (1.1)

depending on the function g.

Table 1.1
Function g(s) Existence Uniqueness Regularity
No jump part()
< (s . (1) s jump p
0<m <g(s) For every datum Yes Better summability®
g vanishes at some points | p every datum(®) Yes®) No jump part®

g9 & L'([0,00)

For every datum®,

g vanishes at infinity with another concept Yes® No jump part®

1
g & L([0, 00[) of solution®
For data small
1 (7) i art(™
g € L'(]0, o0[) enough(®:?) Yes No jump part

With jump part@®
No® No boundary
condition™)

For data small

¢ vanishes on an interval ®)
enough

Notes: (1) Theorem 1.7.4 and Theorem 1.7.5, (2) Proposition 1.7.6, (3) Theorem 1.8.1, (4) Theorem
1.8.3, (5) Definition 1.8.2 and Example 1.8.4, (6) Example 1.9.4, (7) Theorem 1.9.1, (8) Remark
1.9.5, (9) Remark 1.9.5 and Remark 1.9.7, (10) Example 1.9.8, (11) Example 1.9.6.

Let us describe the contents of this chapter. In Section 1.2 we give
the necessary background and we would like to highlight Proposition
1.2.1, a generalization of [55, Proposition 2.2] for which we give a new
proof. This result and Proposition 1.2.4 are essential in the definition
of pairings involving functions like ¢(u), where u denotes the solution
to problem (2.1) and ¢ is a function with certain properties, as, for
example, truncations (see (1.3)). Section 1.3 is devoted to define and give

some properties of the space L¥'*°(Q). In Section 1.4 we generalize the
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theory of L*°-divergence-measure fields in order to take pairings (z, Du)
of a certain vector field z and any v € BV (§2). This theory is applied
in Section 1.5 to extend the result of existence and uniqueness of [55]
to LM>°(Q)-data. In Section 1.6 we show explicit radial examples of
solutions. Section 1.7 is devoted to study the standard cases of problem
(1.1), those where g(s) is bounded from below by a positive constant. A
non standard case is shown in Section 1.8 when g(s) touches the s-axis;
in this case we need to change our definition of solution since solutions no
longer belong to BV (Q2). Finally, in Section 1.9 we deal with really odd
cases for which the considered properties are not necessarily satisfied.

For better understanding, we have summarized the results of this
chapter in Table 1.1.

1.2 Some properties of pairings (z, Du)

We start by taking z € DM™>(Q2) and uw € BV (Q2) N C(2) N L>(Q).
If we denote by 0(z, Dw,-) : Q@ — R the Radon-Nikodym derivative of
(z, Dw) with respect to |Dw|, due to [13], it follows that

/ (z, Dw) :/ 0(z, Dw,x) |Dw|, for all Borel sets B C (2,
B B

and

10(z, Dw, -)|| L@, 1puw)) < ||2]|z=() -

Moreover, if f : R — R is a Lipschitz continuous increasing function,
then
0(z, D(f ow),z) = 0(z, Dw,x) |Dwl|-a.e. in Q. (1.3)

As we have mentioned, for a general z € DM™(Q), Anzellotti’s
theory assumes w € BV(2) N C(2) N L>(R) in order to define (z, Dw)
and to prove a Green’s formula. Indeed, in [58] the authors generalize
it to any z € DM>(Q) and w € BV (Q) N L>*(2). Then, for every
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p € C§(N2) we may define the functional

((z,Du),cp):—/u*gpdivz—/uz~Vgpdx.
Q Q

We explicitly mention that we have shown in Section 1.4 that the precise
representative u* is summable with respect to the measure divz and
that this definition depends on the chosen representative of the function.

At first sight, it is not clear that (1.3) holds in the case that z €
DM>(Q2) and v € BV (2) N L>(§2). However, we will see in Proposition
1.2.4 that (1.3) holds if we assume that the jump part D’u vanishes.
This result was proved in [55, Proposition 2.2] but an extra hypothesis
is needed in the proof, namely the set of discontinuities of u is HN~1-
null. We next prove this result under the general assumption D7u = 0.
Following Anzellotti’s theory, the main ingredient to prove the above
formula is a “slicing” result which connects the measure (z, Du) with
the measures (z, DX, ) where E,; = {r € Q:ulzx) >t}

Proposition 1.2.1. Let z € DM™>(Q2) and consider u € BV (Q)NL>(Q)
with DIu = 0. Let E,; = {x € Q:u(x) > t}. Then, for all ¢ € C5°(Q),
the function t — ((z, DXy ), ) is Lebesgue measurable and

+o0

(2, Du). ) = [ {(z. DX, ) )t

—0o0

Proof. First we observe that we may assume u > 0; otherwise, we
consider the function u + ||u|| ().

For every set E (measurable with respect to Lebesgue measure), we
denote by 0*F its essential boundary (see [7, Definition 3.60]). Note that
for every measurable set F C €2 having finite perimeter, the condition
|divz|(0*E) = 0 implies

Xpdivz = X*Edivz.



18 Problem with a general gradient term and LY *-data

As a consequence, we obtain the following claim:
If E' is a measurable set in ) with finite perimeter such that |div z|(0*E) =
0, then

<(Z7DXE)aSO> :—/E@leZ—/EZVgOdZL',
for all p € C°(12).

In what follows, recall that u stands for the precise representative of
the BV -function. Observe that, thanks to the coarea formula (see, for
instance, [7, Theorem 3.40]), the level sets E,,; have finite perimeter for
L'-almost all t+ € R. Moreover, since D’u = 0, it follows that

HN T (O*E,, NO*E,) =0, for s#t.

Moreover, since the measure divz is absolutely continuous with respect
to HN71 e, |diva] < HY™! (by Proposition 1.4.1), we have

|div (z)| (0" Ey:NO*E,s) =0 if s#t.
Therefore, there exists A C R countable such that
|div (z)| (0"Ey,:) =0 if t € R\A.

In other words, we have seen that |div (z)| (0*E, ;) = 0 for £'-almost all
t > 0. Thus, our claim implies that if ¢ € C§°(Q2), then

(2, DX 5. ) @) :—/E cpdivz—/E z-Vodz, (1.4)

for £'-almost all ¢ > 0.
Considering ¢ € C§°(Q2), we apply the slicing formula for integrable
functions (see, for instance, [66, Lemma 1.5.1]) and (1.4) to get that the

function

t— — gpdivzdt—/ z - Vedx
Eu,t

Eu,t
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is Lebesgue measurable and
((z, Du), @) = —/ u pdiva —/ uz-Vodr
Q Q

:/Oo [— godivz—/ Z-Vgod:cl dt
0 Eu,t Eu,t

:/0 (2. DX, ). 0) dt,
as desired. n

Proposition 1.2.2. Let z € DM™(Q) and consider u € BV (2)NL>()
with D'u = 0. Let E,; = {x € Q : u(z) > t}. Then, for all Borel set
B C Q, the function t — [5(z, DX, ) is Lebesque measurable and

o=

Proof. Let S be a countable set in C§°(£2) which is dense with respect

to the uniform convergence. Then, for every ¢t € R such that £, ; has

/B (z, DXEM)] dt. (1.5)

finite perimeter and for every ¢ € C§°(Q2) with ¢ > 0, it yields

(2. DX p, )" 0) =sup {{(z. DX, ) 0) ¥ €S, 0< v <}

Thus, taking the positive part of the measure, t — ((z,DXEu,t)JF,@
defines a Lebesgue measurable function since it is the supremum of a
countable quantity of Lebesgue measurable functions. Recalling the
Riesz representation theorem, we may go further considering an open
set B C Q. It follows from

@ DX, )" =sup {{(2.DXp, ) 0) s 0 €S, 0w X}
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that ¢ — [p(z, D)X )" defines a Lebesgue measurable function. The
regularity of the measure leads to the same conclusion for an arbitrary

Borel set. This function is £!'-summable since

J,@ DX, )" < [ 1@ DX, )| < 2limio) [ 1DX )

for £'-almost all t € R, and t — [5|DX, | defines an £'-summable
function due to the coarea formula (see, for fnstance, [7, Theorem 3.40]).

On the other hand, a similar argument can be used for the negative
part of the measures (z, DXy, ), so that ¢ — [5(z, DX, )~ defines an
L'-summable function for every Borel set B C . As a consequence,
t— [p(z, DX, ,) defines an L'-summable function for every Borel set
B C Q too. |

Finally, consider a distribution p defined by

+o0
(1, 9) = {(z, Du). o) — [ {(2.DX, ). ) dt

—00

Proposition 1.2.1 gives (u, ) = 0 for all ¢ € C$°(R2), so that p is a
Radon measure which vanishes identically. Therefore, (1.5) holds. [

Corollary 1.2.3. Let z € DM™(Q) and consider v € BV (Q) N L>(§2)
with D’u = 0. Then,

0(z, Du,z) = 0(z, DX . ) |DXp |-a.e in Q, (1.6)

for L-almost all t € R.

Proof. Let a,b € R, with a < b and let B C Q2 be a Borel set. Applying
(1.5) to the set {z € Q:a <wu(zx) <b}N B, we obtain

/{agugb}mB(z’ Du) = /ab {/B(Z’ DXEW)

dt . (1.7)
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Now we are analyzing both sides of (1.7). On the one hand, the coarea

formula (see, for instance, [7, Theorem 3.40]) implies

/ (2, Du) = / 8(z, Du, )| Dul
{a<u<b}NB {a<u<b}nB

- /ab [/B 0(z, Duﬁx)lDXEu,tl} dt.

On the other hand,

/ab VB(Z’DXEW)] dt = /ab [/B Q(Z’DXEu,t’x)’DXEu7t|:| dt .

Hence, (1.7) becomes

/ab [/B H(Z,Du,ﬂi)‘DXEu’t@ dt = /ab [/B H(Z’DXEu,t7x)‘DXEu¢’:| dt .

It follows that, for £!-almost all t € R,

[, 0(e. Du.2) DX, | = [ 0z DX, . 2) DX,
holds for every Borel set B and the desired equality (1.6) is proved. [

Proposition 1.2.4. Let z € DM>(Q2) and consider u € BV (Q)NL>(Q)
with D’u = 0. If f : R — R is a Lipschitz continuous nondecreasing

function, then
0(z, D(f ou),x) = 0(z, Du,xz) |D(fou)|-a.e. in Q. (1.8)

Proof. We may follow Anzellotti (see [13, Proposition 2.8]) for the case
of an increasing function. For the general case, consider f nondecreasing
and let € > 0. Since the function given by ¢t — f(t) + €t is increasing, it
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follows that

(2, D(f o u)) +&(z, Du) = (2, D((f o u) +  u))
= 0(z, Du,x)|D((f ou) +eu)

— (2, Du, 2)(f'(u) + )| Dl
as measures in €. Letting ¢ — 0%, we deduce
(z,D(f ou)) = 6(z, Du,x)|D(f ou)| as measures in 2.

Therefore, we have seen that (1.8) holds. O

Now, we present an auxiliary result that we will need in the proof of

the existence of solution to problem (1.27).

Proposition 1.2.5. Let z € DM™(Q) such that ||z||p=~@) < 1. Let
u € BV(Q) and assume that divz = £ + f where & is a Radon measure
satisfying either € > 0 or € <0 and f € LN>°(Q). Then, (z, Du) = |Du|
as measures if and only if (z, DTx(u)) = |DTy(u)| as measures for all
k> 0.

Proof. First assume (z, Du) = |Du| and let & > 0. Using the auxiliary
real functions Ty(s) and G(s) defined in (I1.3) and (I.4) respectively, we
get

\Du| = (2, Du) = (2, DTj,(w)) + (2, DGy,(u))

< |[DTe(u)] + | DGr(u)| = [Dul.

Then, (z, DT\ (u)) = | DTy (u)| as measures in €.
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Conversely, we assume (z, DTy (u)) = |DT)(u)| for all & > 0. For
each ¢ € C§°(f2), we argue as in the proof of Proposition 1.4.6 to obtain:

lim ((z, DTy(u)), ) = (2, Du),¢) ,

k—00

and
Jim [ | DT (u)] = /Qso | Dul .

So, using the hypothesis, we conclude that ((z, Du), ) = [, ¢ |Du] for
every ¢ € C§°(Q2). That is, (z, Du) = |Du| as measures in €. O

On the other hand, we prove a slight generalization of [55, Proposition
2.3| for an unbounded function u € BV (), which will be very useful in
the proofs of Chapters 1 and 2.

Proposition 1.2.6. Ifz € DM™(Q) and u € BV () andv € BV (Q2)N
L>(Q) are functions with D'u = D’v = 0 then,

(vz, Du) = v*(z, Du) as Radon measures in §). (1.9)

Proof. Let k > 0 and consider Ti(u) € BV (2) N L>(Q). By [55, Propo-
sition 2.3], it yields

(vz, DT} (u)) = v*(z, DT} (u)) as Radon measures in 2.
Then, for every ¢ € C5°(Q2) it holds
—/ Ti(u) pdiv(vz) — / Ti(u)vz - Vedr
Q Q

:—/U*Tk(u)gpdivz—/v*Tk(u)z~V<pdx,
Q Q
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where we can take limits (thanks to the dominated convergence theorem)

to get
—/ugodiv(vz)—/uvz~Vgpdac
Q Q
:—/v*ugodivz—/v*uz-Vgod:U,
9) Q

and the proof is done. O

1.3 The data space

In this section we present the Marcinkiewicz and Lorentz spaces and
give some properties related to those spaces which will used throughout
this chapter.

Given a measurable function u : 2 — R, we denote by pu, the
distribution function of u: the function g, : [0, +00[— [0, 400 defined
by

pu(t) = {z € Q: ju(z)| > t}|, t>0.

For 1 < gq < oo, the space L9*°(£2), known as Marcinkiewicz or
weak-Lebesgue space, is the space of Lebesgue measurable functions
u : 2 — R such that

[u], = sup {t 1, ()9} < +00. (1.10)

The relation between Marcinkiewicz and Lebesgue spaces is given by the

following inclusions

LU(Q) < LI(Q) > LI5(9),
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for a suitable € > 0. Note that expression (1.10) defines a quasi-norm
which is not a norm in L#*(€2). We refer to (1.12), (1.13) and (1.14)
below for a suitable norm in this space.

Some properties of Lorentz spaces L% (Q) for 1 < ¢ < co must be
applied throughout this chapter and we define them as follows. Consider
the decreasing rearrangement of w as the function u* :]0, |Q2]] — [0, oo

given by
u*(s) = sup{t > 0 : p,(t) > s}, s €]0,|9]].

We refer the reader to [18, 43, 66| for the main properties of rearrange-

ments. Then, in terms of u*, the quasi-norm (1.10) becomes

[uly = sup {s'/9u*(s)} .

We say that a measurable function u : 2 — R belongs to the Lorentz
space L% () if

1 e d
Jullssiy = o [ 50w (5) 7 < o0, (1.11)
where (1.11) defines a norm on L%!(Q) (see, for instance, [18, Theorem
5.13]). The classical reference where these spaces are systematically
studied is [43] (see also [18, 66]). Now, let us describe some important

properties of Lorentz spaces:

1. LY(Q) is a Banach space endowed with the norm (1.11).
2. Simple functions are dense in L%!(Q).

3. The norm (1.11) is absolutely continuous.

Concerning duality, the Marcinkiewicz space L9>°(Q) is the dual
space of L%1(Q) where ¢’ is the conjugated of g, that is, %%—i = 1. Indeed,
it follows from a Hardy-Littlewood inequality that if f € L?°°(Q) and
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u € L9Y(Q), then fu € L'(Q) and a Holder’s type inequality holds as

we can see below:

fudz| < fr(s)u*(s)ds = sY9 f*(s)sY It (s) —
IR I 5

< qlflgllullzer (g -

Thus,

Jo fudx

1wl Lo (@)

[l o o0 () = sup tu € LY (Q)\{0} (1.12)

defines a norm in the Marcinkiewicz space and || f[| .« () < ¢ [f]y holds.

Moreover, applying the density of simple functions, we deduce that
||f||Lq’,oo(Q) = Sup{‘/ﬂfudl" U= |E|7§XE7 with |E| > O} (1‘13)
:sup{|E|_1/q/ flde : |E| > o} .
E

This implies [f]y < [|f| 4.2 (0), S0 that, the quasi-norm [ -], is equivalent

to the norm || - || 4.0 () It also yields
Iy = sup {72 1)} (1.14)
*k 1 5 *
where f*(s) = f/ f (o) do.
s Jo

On the other hand, we recall that Sobolev’s inequality can be im-
proved in the context of Lorentz spaces (see [4]): the continuous embed-
ding

Wol(©) < L¥T(Q)
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holds. The best constant of this embedding is denoted by

HUHL%J(Q) Cue WOI’I(Q)\{O}} , (1.15)

SN:S“P{W

and its value is N
r(%+1) 1

NyT  NCYNT

where Cy is the measure of the unit ball in RY. It should be pointed

Sy =

out that this is the value for the best constant taking into account the
norm of the Lorentz space defined in (1.11).

Furthermore, by an approximation argument, this inclusion may be
extended to BV-functions with the same best constant Sy (see, for
instance, [66)):

N1
BV (Q) — L¥17(Q).

It is worth remarking that the supremum in (1.15) is attained in BV ().
As a consequence of this embedding, given f € L™>°(Q) and u € BV (),
it yields fu € L'(Q2). This fact will be essential in what follows.

Another feature concerning Lorentz spaces and duality is in order.
We denote by W19 () the dual space of W,9(Q) for 1 < ¢ < co. Here
we recall just that the norm in W~1°(Q) is given by

ltllw =100 () = Sup{’ < Uyt (0) W (@) ‘ : /QWU’ dr < 1} '
Since the norm in L%’I(Q) is absolutely continuous, it follows that

C°(Q) is dense in L%’I(Q) and a duality argument shows that L™>°(()
— W~12(Q). Moreover, if f € L>°(Q) then, keeping in mind (1.12)
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and (1.15), it yields

Jo fudzx 1
HfHLN’OO(Q) = sup ”u“ N TuE WO’ (Q)\{O}
LN-T(Q)
Jo fudz Jo |Vu|dz
= sup Nadr ||ugf|‘ N‘ cu e Wy (Q)\{0}
“ LR (@)

> S fllw-reo(q) -

Therefore,

1
| fllw-1.00(02) < WHf”LNm(Q) ; (1.16)

for every f € LM°°(Q)). We refer to [57, Remark 3.3] for a related

inequality in a ball.

1.4 Extending Anzellotti’s theory

In this section we study some properties involving L*-divergence-
measure vector fields and functions of bounded variation. Our aim is to
extend Anzellotti’s theory (see Introduction for more details about this
theory).

We begin by recalling a result proved in [26].

Proposition 1.4.1. [26, Proposition 3.1] For every z € DM™(Q)), the
measure 1 = div z is absolutely continuous with respect to HN=!, that is,
| < HYL

Consider now p = divz with z € DM™(Q) and let u € BV (Q).
As we have mentioned before, the precise representative u* is equal to

lim,_,o+ p- x w in its domain , where {p.} is a symmetric mollifier. Then,
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u* is equal HV"!-a.e. to a Borel function. Therefore, it is deduced from
Proposition 1.4.1 that the precise representative u* is also equal p-a.e. to
a Borel function and then, given u € BV (), its precise representative
u* is always p-measurable. Moreover, u € BV (§2) N L*(§2) implies
u e L>®(Q,u) C LY, ).

1.4.1 Preservation of the norm

The aim of this subsection is to prove that we are able to define
the distribution (z, Du) for a general vector field z € DM™(2) and a
unbounded u € BV (). Indeed, we will show in Section 1.4.2 that with
these results, the pairing (z, Du) is, in fact, a Radon measure with finite
total variation.

We start noticing that every divz with z € DM™(Q) defines a
functional on W' () by

(divz,u>W_1,oo(Q)7W3,1(Q) = —/Qz -Vudz. (1.17)

To express this functional in terms of an integral with respect to the
measure p = divz, we need the following Meyers—Serrin type theorem

(see [7, Theorem 3.9] for its extension to BV-functions).

Proposition 1.4.2. Let u = divz, with z € DM™(Q). For every u €
BV (Q)NL>(Q) there exists a sequence {u,} in WHH(Q)NC®(Q)NL>(Q)
such that

1) w, —u* in LYQ,pu),

2 /]Vun|dx—> | Dul(Q) |
Q

3)  unlon = ulag for all n € N,

(1)
(2)
(3)
(4)

4)  un(@)| < ullpe@ |pl-a.e. for all n e N.
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Moreover, if u € WH(Q) N L>(Q), then one may find a sequence {u,}
satisfying, instead of (2), condition

2) up, —u in WH(Q).

Since
—/z-Vgpdx:/cpd,u
Q Q

holds for every ¢ € C§°(£2), we can also obtain this equality for every
Wy (Q)NC>(Q). Given u € Wy (Q)NL®(Q) and applying Proposition
1.4.2, we may find a sequence {u, } in Wy (Q)NC>®(Q)NL>®(Q) satisfying
(1) and (2'). Letting n go to infinity, it follows from

—/z-Vund:v:/undu,
Q Q

for every n € N, that

—/Z-Vudx:/u*du,
Q Q

and so

(divz,u>W_1,oo(Q)7W3,1(Q) :/Qu* du

holds for every u € W, ' (Q) N L>°(Q). Then the norm of this functional
is given by

a0y = sup {’ [ du] s € WPHQINLXQ), lullypo oy < 1} ,

where HuHW&,l(Q) = [o|Vu|dz. We have seen that p = divz can be
extended from Wy (Q) to BV (Q) N L>(Q). In fact, this extension can
be given as an integral with respect to p and it preserves the norm (see
Theorem 1.4.4). To prove this result, we will use the following lemma

which was showed in [13].
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Lemma 1.4.3. [13, Lemma 5.5] For every u € BV (), which implies
ulon € LY(09), there exists a sequence {w,} in WH(Q2) N C(Q) such

that
(1) waloa = uloa,

1

< N-1 , +
@ [ Vo< [ juldn

1

< —
(3) | fwaldw < .
(@) wa(x) =0 if dist(z,d0) >
n

(5) wp(x) =0 forall €.

Moreover, if u € BV (Q) N L®(2), then w, € L>®(2) and ||wy]| L=y <
|uloqll (o) for alln € N.

Theorem 1.4.4. Let z € DM™ () and denote yn = divz. Then, the
functional given by (1.17) can be extended to BV (£2) N L>(2) as an

integral with respect to p and its norm satisfies

[l 1tllw=1.(0) = sup {‘ /sz“ dﬂ’ s u € BV(Q) N L¥(Q), [lullpv) < 1} ,

where ||u| gy ) = /asz lu| dHN T + /Q | Dul.

Proof. Since we already know that BV (Q)NL> () is a subset of L*(, p),

all we have to show is

[ i < sy (1Du@) + [ alan¥t) (1)

for all w € BV(2) N L*>(2). We prove this inequality in two steps.

Step 1: Assuming that v € W1(Q) N L*>(Q), we consider the sequence
{w,} in WHHQ) N C(Q) of the Lemma 1.4.3. Hence, w, € L*>°(2) and
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”wnHLoo(Q) S Hu‘QQ“Loo(ag) fOI‘ all n € N. Then,

’ /Q(U* —wy,) du‘ = (1, (0= W)y 1oy Wi @)

< ||M||W,1,oo(m/ﬂ|vu—vwn|dx

_ 1
< lplw-son( [ Vulde+ [ ulan¥ 4 1)

and it follows that
/ u* du‘ <
0

L .
SHMHW_Loo(Q)(/Q]Vu|dx+/m | MY 1+n> +’/andp‘.

*_ * d
/Q(u w,,) u’+

* 1.19
/an u‘ (1.19)

Since the sequence {w,} converges pointwise to 0 and it is uniformly
bounded in L>(f2), by Lebesgue’s theorem,

lim/w;iduzo.
Q

n—o0

Now, taking the limit in (1.19), we obtain (1.18).

Step 2: In the general case, we apply Proposition 1.4.2 and find a
sequence {u,} in WH1(Q) N C>(Q2) N L*>°(£2) such that

(1) w, —u* in L'(Q,p),

@ [ IVunlde — |Dul(©).

(3)  unlog = ulaq for all n e N,

(@) Jn(@)] < Julli~o lulae. forall neN.
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Then, it follows from

[ dn] < sy ([ [Vl ot [ punl 1)
Q Q o0

for all n € N, that (1.18) holds. O

Thanks to Theorem 1.4.4 we are able to prove the following result,

which will be essential in Subsection 1.4.2.

Corollary 1.4.5. Let z € DM™(Q) be such that divz = £+ f for a
certain Radon measure & and a certain f € LN°°(Q). If either € >0 or
€ <0, then p=divz can be extended to BV () and

el w100 02) = sup{‘/ﬂu* d,u' cu € BV(Q) with ||ul|pv@) < 1},

where ||ull sy = | Dul(Q) + /m lu dHN 1,
Moreover, BV () < LY(Q, u).

Proof. Consider u € BV (2). Denote u; = max{u,0} and apply Theo-
rem 1.4.4 to Tj(uy ) for every k > 0 (see (1.3) for definition of truncations).
Then,

‘/QTk(qu)* dﬁb‘ < ||N||W17w(Q)(|DTk(u+)|(Q) _|_/(m Ti(u.) dHN_1>

< lplhwsoeien (1D (@) + [ wed¥1). (120)

On the other hand, observing that u* is a {-measurable function we
obtain

[ Ttws) dp = [ Tiw) g+ [ Ty (@) f(x) da
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for every k > 0. We may now apply Levi’s theorem and Lebesgue’s
theorem to deduce

lim [ Tyus) dg = [ (us)"de

k——+o0

and

lim /Q Ty () f(2) dz = /Q we (@) f(z) de .

k——+o0

Thus,

tim [ Te(uw) dp= [ (wy) ds+ [ ui@)f@)de = [ () dp.

k——+o0

Now, taking the limit when & — oo in (1.20), it yields

‘/ﬂ(u-i‘)* dﬂ' < ||MHWL°°(Q)<|Du+|(Q) + /(99 Uy d’;’-[N_l) . (L.21)

Assume, in order to be concrete, that £ > 0 and let = u™ — p~ be
a decomposition such that ™ and p~ are both nonnegative measures.

Since
[ du = [ u@)f- (@) de.

*

we already have that (uy)* is p~-integrable. Hence, as a consequence
of (1.21), we deduce that (uy)* is also pt-integrable and then, (u)* is
p-integrable too.

Since we may prove a similar inequality to u_ = max{—u, 0}, adding

both inequalities we deduce that u* is p-integrable and that

[ | < s (1Dl @) + [ fulan )
Q 0N

holds. O
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1.4.2 A Green’s formula

As we have seen in Introduction, a Green’s formula holds for a general
vector field z € DM>(Q) and a function v € BV () N L>®(2) and a
vector field z satisfying divz > f € LM*°(Q). Now, we generalize that
result in our context, that is, for a general function u € BV (2). We
have to begin with the appropriated definition of the pairing (z, Du).

Let z € DM™(QQ) and u € BV (Q2). Assume that divz = £ + f, with
¢ a Radon measure satisfying either £ > 0 or £ <0, and f € LY>(Q).
In the spirit of [13], we define the following distribution on 2. For every
p € C§°(82), we write

((z, Du), ¥) :—/Qu*god,u—/guz-Vgodar, (1.22)

where p = divz. Note that subsection 1.4.1 implies that every term in
the above definition makes sense. In what follows, we prove that this

distribution is actually a Radon measure with finite total variation.

Proposition 1.4.6. Let z € DM™>(Q) and u € BV (Q2) and assume
that divz = £ + f where & is a Radon measure satisfying either € > 0 or
£ <0 and f € LN°(Q). Then, the distribution (z, Du) defined in (1.22)
satisfies

(2, Du), )| < el 2= [ 1Dul, (1.23)

for all open set U C Q and for all ¢ € C§(U).

Proof. If U C Q is an open set and ¢ € C§°(U), then it was proved in
[58, Proposition A.1] that

{(z, DT} (u)), )| < HSOHLOO(U>HZHL°°<U>/U | DT (w))| (1.24)

< llplewlizliew |, 1Dul
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holds for every & > 0. On the other hand,

(2, DTy(w). @) = = [ Tulw)'edu— [ Th(w)z- Voda.

We may let & — oo in each term on the right-hand side, due to u* €
LY(Q, 1) and u € L'(Q2). Therefore, the dominated convergence theorem

implies

lim ((z, DTy (u)), ) = —/Qu*gpdu - /Quz -Vedx = ((z, Du), p),

k—o0
and so (1.24) implies (1.23). O
Due to Proposition 1.4.6, we get the following result.

Corollary 1.4.7. The distribution (z, Du) is a Radon measure. It and
its total variation |(z, Du)| are absolutely continuous with respect to the

measure |Du| and the following inequalities

[ (2 Dw)| < [ (2. Dw)] <zl [, 100l
B B B
hold for all Borel sets B and for all open sets U such that B C U C §Q.

We recall that for every z € DM™(2), a weak trace on 02 of the
normal component of z is defined in [13] and denoted by |z, v|. Using
this weak trace, we show in the following proposition that a Green’s

formula holds for z and « defined as above.

Proposition 1.4.8. Let z € DM™>(Q) and u € BV(Q)) and assume
that divz = £ + f where £ s a Radon measure satisfying either & > 0
or £ <0 and f € LN>(Q). With the above definitions, the following

Green’s formula holds:

/Qu* d,u—{—/Q(z,Du) :/mu[z,l/] dHN L, (1.25)
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where p = div z.

Proof. Applying the Green’s formula proved in [58, Theorem A.1], we

obtain

/Q Tho(w)* dp + /Q (z, DTi(u)) = /a T [z anT L (126)

for every k > 0. We can argue in the same way that in Proposition 1.4.6
to deduce that

lim [ (z, DT} (u)) :/Q(Z,Du).

k—oo JO
Moreover, we may apply the dominated convergence theorem in the
other terms since u* € L'(, ) and u € BV (Q2) — L'(09Q). Hence,
taking the limit £ — oo in equation (1.26), we get (1.25). O

1.4.3 The chain rule

We stress that there is a chain rule for BV -functions, the more general
formula is due to L. Ambrosio and G. Dal Maso (see [7, Theorem 3.101];
see also [7, Theorem 3.96]). In our framework, it states that if v € BV (Q)
satisfies D/v = 0 and v = G(v), where G is a Lipschitz continuous real
function, then u € BV (2) and

Du = G'(v)Dv.

We cannot apply directly this result in our context since G’ need not to

be bounded. Hence, the following slight generalization is needed.

Theorem 1.4.9. Let v € BV(Q) such that D’v = 0 and let g be a

continuous, nonnegative and unbounded real function. We define
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Assuming u = G(v) € L'(Q), we have that w € BV (Q) if and only if
g(v)*|Dv| is a finite measure and, in this case, |Du| = g(v)*|Dv| as

measures in §2.

Proof. Let ¢ € C§°(§2) with ¢ > 0. We apply the chain rule (see [7,
Theorem 3.96]) to get the next equality:

[ elou= [ eath@) b= [ eaw) D

Now, using the monotone convergence theorem, we take limits when

k — oo and we get that

[ e1Dul = [ @g(v) D],
Q Q

and if one integral is finite, so is the other. Finally, since ¢ = o — ¢~
with ¢ = max{¢, 0} and ¢~ = max{—¢, 0}, and both are nonnegative,
the result follows for every ¢ € C§°(€2). O

1.5 Solutions for LY*°-data

This section is devoted to solve problem

D
—div <]DZ|> + [Du| = f(z) in Q,

u=>0 on 012,

(1.27)

for a nonnegative datum f € L™>°(€). We begin by introducing the

notion of solution to this problem.

Definition 1.5.1. Let f € L™>°(Q) with f > 0. We say that u € BV ()
satisfying Diu = 0 is a weak solution of problem (1.27) if there exists
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z € DM™(Q) with ||z| L~y < 1 such that

(i) —divz+|Du|=f in D'(Q),
(ii) (z, Du) = |Du| as measures in €2,

Remark 1.5.2. Let us notice that any solution u € BV (2) N L>*(Q) to
problem (1.27) with datum 0 < f € L9(Q2) for ¢ > N satisfies

—div (e*”z) =e 'f
in the sense of distributions (see [55, Remark 3.4]).

Theorem 1.5.3. Let f € LN°°(Q) with f > 0. Then, there is a unique

nonnegative weak solution of problem (1.27).

Proof. The proof is divided in several steps.

Step 1: Approximating problems.

The function f is in LY°°(Q) so, there exists a sequence {f,} in
L>(Q) such that f,, converges to f in L'(Q) (we may take, for example,
fo(z) = To(f(z)), where the truncation function 7),(s) is defined in
(1.3)).

In [55, Theorem 3.5] it was proved that there exists u, € BV (£2) N
L>(Q) with Du,, = 0 and u,, > 0 which is a solution to problem

Duy,
_div< Z )—i—]Dun] = fulz) i Q,

Uy = on 0f).

(1.28)

That is, there exists a vector field z, in DM (€)) such that

(i) —divz, + |Du,| = f, in D'(Q),
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(ii) (zn, Duy) = |Du,| as measures in €,

(iii)  unlon = 0.

Taking into account Remark 1.5.2, we have that

—div(e7"z,) =e " f, in D'(Q). (1.29)

Step 2: BV -estimate.

Taking the function test

w in problem (1.28), we get

T
S/fndwEC,
Q

where C' does not depend on n. Since (2, Du,,) = |Du,|, it follows from
Proposition 1.2.5 that (z,, DTy (u,)) = |DTy(u,)|, which is nonnegative.
Thus,

1
%/QTk(un)*|Dun| <C.

Then, letting & — 0T in the above inequality we get
/ |Du,| < C.
Q

Therefore, the sequence {u,} is bounded in BV (2) and there exist
u € BV(Q) such that, up to a subsequence, u, — u in L'(€) and,

moreover, { Du,} converges to Du *-weakly as measures when n — oo,

Step 3: Vector field.

Now, we would like to find a vector field z € DM™(Q) with
|2]| Lo () < 1 such that

—divz + |Du| < f in D'(Q).
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Since the sequence {z,} is bounded in L>(Q;RY), there exists z €
L>®(Q; RY) such that z, — z *-weakly in L>(€;RY). In addition, since
12| Lo () < 1 we get ||z (o) < 1.

Using ¢ € C§°(£2) with ¢ > 0 as a function test in (1.28), we obtain
the following equality:

/zn-Vsoder/sO\Dun\:/fnsodw,
Q Q Q

and when we take n — 0o, using the lower semicontinuity of the func-

tional (1.5), it becomes

/z~V<pdx—|—/g0|Du|§/fgodx.
Q Q Q

Therefore,
—divz+ |[Du| < f in D'(Q) (1.30)

and —div z is a Radon measure. Moreover, since —divz, = f, — |Du,|
holds for every n € N, the sequence {—divz,} is bounded in the space
of measures and, since {—divz,} converges to —divz in a distributional
sense, we deduce that —divz is a Radon measure with finite total
variation.

On the other hand, multiplying (1.29) by ¢ € C°(Q2), Green’s

formula provides us
/ e "z, - Vodr = / fne "mpdx,
Q Q
and letting n — oo we get
/ e "z -Vodr = / fe tpdr.
Q Q

Therefore,
—div(e™"z) = fe™ in D'(Q). (1.31)
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Step 4: D'u = 0.

In this step, we are adapting an argument used in [40], which relies
on [6, Proposition 3.4] and [25, Lemma 5.6] (see also [2, Proposition
2]). We will make some manipulations on the restriction of the measure
div (ue™"z) over J,, i.e., the set of all jump points of u. Nevertheless,

we have to begin by proving that inequality
|De™| < (e "z, Du) (1.32)
holds as measures in {2. We begin by recalling
—div (e ""z,) =e " f, in D'(Q),

since u,, is the solution to problem (1.28). Using that u, = Gi(u,) +
Ty (uy) (see definitions (1.3) and (1.4)), we can write

v (67" 5m) = —e~ ORIy (T, ) — (¢ T, D)
= _e*Gk(’Ufn)diV (eka(un)Zm N (Gka(u"))*(Zn, DeiG’“(“”))
= —e Orlnldiv (e g, ) + (67" )| DGr(un)]

where we have used Proposition 1.2.6 and [55, Proposition 2.2], and so

e—Tk(un)fn = —div (e—Tk(Un)Zn) + (e—Tk(un))*|DGk<un)| (133)

= —div (e g ) + e *| DG (un)| .

Applying first the chain rule (see [7, Theorem 3.96]) and then Propositions
1.2.5 and 1.2.6, we have

= ((E_T’“(“"))*(zm DTy (u,)) = (e_Tk(“")zn, DTy (uy)) -
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Let ¢ € C§°(2) with ¢ > 0, due to (1.34) and (1.33), we get

./wWaﬂWM:«aHWhmanmwm
Q
= —/ Ti(uy,) @div (e “Th(un)g, /Tk (up) T (un) Z, - Vodr
:/TwmwaMan—/kf%w@mm
Q Q
—/ Tr(uy) e Telun) g . Vedzx.
Q
That is,
i) 4 F
Q ek Ja
= / Tio () @ e~ Ten) £ da —/ T (uy) e Ten) 7 . Voo da .
Q Q

Now, we can take limits for n — oo and applying the lower semicontinuity
of functional (1.7) we get

[ @1De 0] 4+ 2 [ DGy
< /QTk(u) e T f dy — /QT;C(U) e W 5 . Vo dr .
Finally, letting k — oo we have that
/ng |De™"| < /ngoe_“fdx - /Que_"z -Vodr = ((e "z, Du), o) .
Therefore, (1.32) holds:

|De ™| < (e7"z, Du) as measures in ().
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On the other hand, we know that
div(ue *z) = udiv (e “z) + (e “z, Du)

as measures and now we will consider its restriction on the set .J,. Since,

by using (1.31), we have
udiv (e “z) = —ue “f € L'(Q),

and |J,| = 0, it follows that the measure u div (e~ “z) vanishes on .J,, so
that

div(ue™z)LJ, = (e "z, Du)LJ, > |De "L J,. (1.35)

Now, we follow the notation used in [40] to denote the normal traces
[z,v]" and [z,v]” in J,. In addition, applying [40, Lemmas 2.4 and 2.5],

the following manipulations can be performed on J,,:

—Uu

+

div(ue z) = [ue "z, v|" — [ue "z, V| (1.36)

ez, V|t —u"[e "z, V] .

Moreover, we also deduce that, on J,,
: —u _ —u + —u -
dlv(e z) = ez, v]" — [e "z, V]|,
and, since

div (e‘“z) =—"feLl'(Q) and |J,|=0,
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it follows that [e7"z,v]T = [e""z,v]”. We write this common value as
[e~"z,v]. With this notation, (1.36) becomes

div(ue™z) = (u" —u)[e "z, v] = (v —u")(e ") [z,V]

= (ut —u e [z, ] < (ut —u)e ™

Thus, (1.35) and the previous inequality give us
(ut —u e ™ HN LT, > div(ue "z)LJ, > |De "L J,
= (e‘“f - e_“+)”HN_1 L.J,.

Hence, for HY~!-almost all z € J,,, we may use the mean value theorem

to get

(u(z)t —u(z) )e @7 > ¢7u@ _omu@" = (y(z)T —u(z))e @

with w(z)” < w(z) < u(x)*. Therefore, it yields u(x)* = u(z)~. Since

this argument holds for H¥~1-almost every point = € J,, we get

Diu=0.

Step 5: w is a solution to problem (1.27).

To finish the proof, it remains to check that u satisfies the three
conditions of Definition 1.5.1. The previous step will be essential in this

checking. Indeed, it allows us to perform the following calculations:
fe = —=div(e "z) = —(z,De™") — (e *)"divz
< |[De[+ fem* — (™) Dul

= fe ",
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where we have apply that |(z, De™")| < |De™*| and (1.30). Hence,
—divz+ |Du| = f in D'(Q).

To prove that (z, Du) = |Dul| as measures in 2, we just take into account
(1.32), (1.9) and the chain rule (see [7, Theorem 3.96]) to get

|De™| < (e7"2, Du) = (e7")"(2, Du) < (e7")"|Du| = |De™"|,

from where the equality (e™")*(z, Du) = (e™")*| Dul| as measures follows.
Hence, we conclude that (z, Du) = |Du| as measures in €).
Now, we prove that u(z) = 0 for " -almost all z € 9Q. To do so,

we use the test function 7y (u,) in problem (1.28), so that

[ (o DT()) + [ (Tewa)* | Dl = [ Tilun)

Defining the auxiliary function J; by

2

L if 0<s<k,

Jk(s)/osTk(a)da{ 2

ks — & if k> s,

the previous equality becomes

DTy (uy, / T (uy, N-1 / D . / . N-1
LIDTtun)l+ [ )| aH¥ "+ [ D)) + [ )] aH
:/Qka(un)dx.

Taking into account that Jy(u,) — Jp(u) in L'(Q), we let n — oo and

due to the lower semicontinuity of functional (1.6) we get

L1zl + [zl dn "+ [ Da )+ [ )] dr !
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§/§2ka(u)dx§/qudx.

Letting now k — oo we obtain

2
Q o0 2 00 2

On the other hand, Green’s formula implies

/qudx:—/u*divz—l—/u*|Du|
—/ | Du| — / [z, v] dHN ™ 1—1—/ *|Dul .

[l +ula iy an =+ [ <o,

Then,

and because of that, u = 0 H¥ -a.e. in 0.
Now, in order to prove that there is a unique solution to our problem,
we may argue as in Theorem 2.11 of Chapter 2 (we may also argue as in

[55, Theorem 3.8] to get the uniqueness). O

Proposition 1.5.4. The nonnegative solution u to problem (1.27) is
trivial if and only if the function f is such that || f|lw-1.0q) < 1.

Proof. Assume first that || f|jw -1 < 1 and let u € BV(Q) be the
solution to problem (1.27). Using the test function 7% () in that problem

we obtain
/z DTi(u +/Tk \Du]:/ka(u)d:cg/fudx. (1.37)
Q Q

Now, taking into account that [, Tx(u)*|Du| > 0, it yields

/Q(z DTy (u /|DTk \</fud:£
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Finally, letting & — oo in (1.37) and using duality and an approximating

procedure we get

/|Du|+/u*|Du| g/fudxg ||f|yW_1,oo/ | Du| g/ Dl .
Q Q Q Q Q

Then, [ u*|Du| =0 and thus, u* = 0 in 2. We conclude u(z) = 0 for
almost every x € (.

Now, we suppose that

ooy =sup{ [ ofde o [ [Veldo =1, o e W3 @)} > 1,
that is, there exists ¢ € W, (Q) such that

/\V¢|dx:1 and /wfdx>1.
Q Q
Finally, we use 1 as a test function in (1.27), so we get
/¢]Du|:/wfd:c—/z«vwdx>/|Vz/1\dx—/z~vwdx
Q Q Q Q Q
> [Vl de = [ ]l Vel da > 0.

Therefore, |Du| # 0 and so u # 0 in €. O

Remark 1.5.5. This phenomenon of trivial solutions for nontrivial
data is usual in problems involving the 1-Laplacian operator. It is worth
comparing the above result with [57, Theorem 4.1] (see also [58, Theorem
4.2]), where the Dirichlet problem for the equation —div (%) = f(x)
is studied. Indeed, for such a problem it is seen that a datum satisfying
| fllw-1.00(y < 1 implies a trivial solution, while no BV-solution can
exist for || f|lw-1.(q) > 1. Obviously, the most interesting case is when

|| fllw-1.00(2y = 1; then nontrivial solutions can be found for some data
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but the trivial solution always exists. In our case, this dichotomy does

not hold: for || f|lw-1..(q) = 1, only trivial solutions exist.

To study the summability of the solution to problem (1.27), we need

the following technical result which is also useful in Section 1.7.

Lemma 1.5.6. Let u € BV(Q) with D’u = 0 and let z be a vector field
in DM>(Q) with ||z]|p@) < 1 such that divz = £+ f, where £ is a
Radon measure satisfying either € >0 or £ <0 and f € LNV>°(Q). IfG is
an increasing and C" function and lim G(s) = oo, then, (z, Du) = |Dul|

implies (z, DG(u)) = |DG(u)|.

Proof. Since (z, Du) = |Dul|, we have (z, DT(u)) = |DTy(u)| for all
k > 0. Using [55, Proposition 2.2] we get (z, DG(Tx(u))) = |DG(Ty(u))]
for all £ > 0. Now, since G(Ty(u)) = T k)G (u) and lim G(s) = oo we
apply Proposition 1.2.5 to get (z, DG(u)) = |DG(u)|. O
Proposition 1.5.7. If u is the nonnegative solution to problem (1.27),
then u™ € L'(Q) and u™ € BV(Q) for all n € N. Consequently, u €
L1(Q) for all1 < q < 0.

Proof. We prove this result by induction. On the one hand, if u is the
solution of problem (1.27), then choosing the truncation Tj(u) with

k > 0 as a test function in that problem, we get
/Q \DT;.(u)] + /QTk(u)* |Du| = /Qka(u) dr < /qudx. (1.38)

On the other hand, since BV (Q2) — L*(Q) and (Ty(u))* € BV (Q) N
L>(Q), we get

J (@) dr < € [ IDT @)’ < 2€ [ Ti(w)'[Dul.

for some nonnegative constant C'.
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Now, since the first integral in expression (1.38) is nonnegative, we

also obtain

/(Tk(u))2daz < 20/ Tiu(w)*| Du| < 20/ fudz < oo.
Q Q Q
Hence, taking limits when & — oo, it results:
/u2da: < ZC/ fudr < oo,
Q Q
and also

/u*|Du|§/fudx<oo.
Q Q

That is, we have proved that u? € L'(Q) and u*|Dul is a finite measure.
Thus, Theorem 1.4.9 provides us u? € BV (Q) and 2u*|Du| = |Du?|.

Now, let n € N and assume u" € BV (Q2). Taking the test function
(T (w))™ in (1.27), it yields

[ D)) + [ (Tuw))|1Dul < | fu"de.
Moreover, we also know that
| @) de < € [ (D@ < (n+ 1) C [ (Tw)") 1Dl
< (n+1)C/qu"dx,

where we have used that (z, D(Ty(u))") = |D(Tx(u))"| > 0 (by Lemma
1.5.6). Finally, taking limits when k£ — oo in the previous inequality, we
get

/Qu"“dx < (n—i—l)C’/qu"dm < 00

and also

[ ioul < [ s <o
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Thus, u" € L'(Q) and the integral [, (u™)*|Du| is bounded. Consequently,
u™t € BV (Q) by Theorem 1.4.9. O

Remark 1.5.8. Let f be a nonnegative function in L4(Q2) for ¢ > N.
Then, the solution to problem (1.27) belongs to L>°(Q2) (see [55, Theorem
3.5]).

1.6 Radial solutions

In this section we show some radial solutions in 2 = Bg(0) with
R > 0 for particular data in L*°(Q2). In [55, Section 4], some examples
of bounded solutions for data f € L?(Q2) with ¢ > N can be found. In
Example 1.6.1 we will show bounded solutions for f € LY°°(Q)\LY(Q)
while in Example 1.6.3 we will present unbounded solutions. Therefore,
unbounded solutions really occur.

Throughout this section, we take u(x) = h(|z|) with h(r) > 0, h(R) =
0 and A'(r) < 0. To deal with the examples, we consider two regions. If
R'(r) < 0, we know that z(x) = |g—u“| = —p;p so that —divaz(z) = ]\gl

In the other case, h/(r) = 0 and then, the solution is constant and we

only have to determine the radial vector field z(z) = &(|z|) z, so that
divz(z) = &' (Jz])]x] + NE(|z]).

We would like to stress that we are interested in the continuity of
the vector field. Otherwise, it would has a jump and, as a consequence,
the measure divz would have a singular part concentrated on a surface
of the form |z| = p, and measure |Du| would also have that singular
part. Hence, it would induce jumps on the solution which contradicts
Definition 1.5.1.
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Example 1.6.1. Set 2 = Bg(0) and consider the following particular
case of problem (1.27):

D N -1 A
—div <u> + |Du| = +—  in Q,
| Dul [ fal
u=20 on 0,

with 0 < g <1 and A > 0. Then, this problem has a bounded solution.

Let 0 < p; < po. First, we assume that u is constant in a ring:
R'(r) = 0 for all p; < r < pe, and we consider the vector field z(x) =
x&(|x|). Then, denoting r = |x|, the equation —divz+|Du| = N_‘l +ﬁ

|z

becomes

N—-1 A

T T4

—(rg'(r) + N&(r)) =

which is equivalent to
—(rNVEr)) = (N = 1) PV 2 g AN
Therefore, solving the equation we get the vector field

z(r) = —x 2|t — xlx| 1+ Cx |x|_N7 (1.39)

N —q

for all p; < |x| < p2 and for some constant C'. We next see under what
conditions we can find a value for this constant satisfying ||z 1) < 1.

To this end, we distinguish three cases.

1. Assuming that 0 < p; < py < R (and that z is continuous), if
|z[ = p1, then

—z x|t =~z — x|z + Cx |z| ™V,

N —q
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and it implies N¢_qx|x|_q = Cz|z|™™. Thus, we deduce that
C = ﬁpff". The same argument leads to C' = ﬁpév ~7 when

|z| = pa. Therefore, p; = py and we have got a contradiction.

2. If we assume 0 < p; < po = R, then we may argue as above and
find C = ﬁpf’—q_ Substituting this value in (1.39), we get

z(r) = —x|z|™! —

A
zle[™+ —— qp{qux ||V

N — N

Thus, condition ||z L) < 1 yields

A

N=a =N < 1,
N _ " || =

A
14+ a1 —
—q

Nevertheless, this fact does not hold since

)\ N—q 1-N
> 1

for r > py.

3. If we assume 0 = p; < py < R, then z € L>®(; RY) implies C' = 0.
So (1.39) becomes

A
N —

z2(z) = —w 2| - x|,

and it follows from ||z||~(q) < 1 that ﬁx |z|~? vanishes. Hence,

A = 0 and a contradiction is obtained again.

In any case we get a contradiction, so that A/(r) = 0 cannot hold on

p1 < r < py. Therefore, we take z(z) = —f- Then, the equation
becomes
, A
—h (r) = 4

rd
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and the solution satisfying the boundary condition is given by

u(z) = lfqml-q ).

That is, the solution to problem (1.27) with datum f(z) = Y1 + - ¢
LY>(Q) \ LY () is bounded.

Remark 1.6.2. We may perform similar computations to those of the
previous example to study the problem
Du N -1
—div <> + |Du] = ——+ X in Bg(0),
| Dul ]
u=0 on 0Bg(0),

with A > 0. Then, the solution is given by u(z) = AR — |z|) with

_z
||

associated vector field z(x) =

Example 1.6.3. Let Q = Bgr(0) and 0 < p < R. Consider the following
problem:

) Du A .
—div <|Du|> + |Du| = —XBP(O)(x) in Q,

]

u=20 on 0,
with A > 0. Then, the solution to this problem is not necessarily bounded.

Two cases according to the value of A are distinguished:
e Casel1: 0 < A< N —1.

Assuming h'(r) < 0 for any 0 < r < R, the vector field is given by

z(x) = —7;7 and the equation becomes

N -1
r

—h'(r) = i\X]pr[(r) : (1.40)
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When p < R, we have to distinguish two regions: where p < r < R
in which equation (1.40) becomes A'(r) = ¥=1 and where 0 < r < p
in which we get //(r) = £=1=2. Both expressions are nonnegative and
so they provide a contradiction with our hypothesis. We get the same
contradiction when p = R. Therefore, h/(r) = 0 holds for all 0 <r < R
and then, h(r) =0 for all 0 < r < R because of the boundary condition.

To obtain the field z(z) = £(|z|)  we have to consider the equation

—(rE(r)) = AN X (7))

If 0 < r < p, then we obtain the field £(rr) = —525 r~* + Cr~" but since
we require [|z||z~(q) < 1, then C' = 0. On the other hand, if p <r < R,
then we get £(r) = —Cr~Y. In order to determine the value of C, we

demand the continuity of £ and then, the vector field becomes

Az .
2() = N1 if 0<r<p,
| -2 i p<r<R
N—1 Jz|¥ P> :

e Case2: A> N — 1.

In the region 0 < r < p, we may argue as in Example 1.6.1 and get a
contradiction when A'(r) = 0. So A/(r) < 0 and the solution is given, up

to constants, by

u(z)=(N—-1- )log<| |>

with the vector field z(z) = —17a7- On the other hand, if p < < R, we get
a contradiction when A/(r) < 0, with which the solution is u(z) = 0 and
the vector field is given by &(r) = —Cr~™. Since we have ||z||;~@q) = 1

when 0 < r < p, in order to preserve the continuity, we require

L=z (p)|=Cpp.
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Therefore, the vector field becomes z(z) = —pV _lﬁ and the solution

is given by

(N—1—Nlog (&) it 0< |z <p,
U,(l’): (P)
0 if p<lz| <R.

Remark 1.6.4. An important particular case of Example 1.6.3 is the

problem
Du A
—div | —— | +|Du| = — in Bg(0),
(IDU\> D |z ~{0) (1.41)
u=20 on 0Bg(0),
with A > 0 which solution is given by
0 when 0 <A N -1,

u(r) =

(N—=1=Nlog (&) when A>N-1.

Problem (1.41) can be seen as the limit case of problems with a Hardy-

type potential, namely

p—1

“div (|VulP~2Va) + |[ValP = A2 in Bp(0),

u=20 on 0Bg(0).

Problems with Hardy-type potential received much attention in recent
years. We highlight that in [3] has been studied problem (1.42) with
p = 2 showing the regularizing effect produced by the gradient term as

absorption.



1.7 A more general gradient term 57

1.7 A more general gradient term

From now on, we generalize problem (1.27) adding a continuous

function ¢ : [0, co[— [0, oo in the gradient term:

Dv
—div (\Dv\) +g(v)|Dv| = f(z) in Q,

v=0>0 on Of).

(1.43)

In this section, we study problem (1.43) for a function g bounded
from below, which is the standard case.

The existence and uniqueness of solutions to problem (1.43) depend
on the properties of the function g. Moreover, the definition of solution
to this problem may also depend of the case we are studying. In any
case, we have to give a precise meaning to g(v)|Dv|, since it depends on
the representative of g(v) which we are actually considering. First of all,
we assume that a solution satisfies D/v = 0 and then we take g(v) as
the precise representative g(v)* = g(v*), which is integrable with respect

to the measure |Dv].

1.7.1 Bounded g

In this subsection, let g be a continuous and bounded function such
that there exists m > 0 with g(s) > m for all s > 0. We define the

function

With this notation, the term g(v)|Dv| in the equation of problem (1.43)
means |DG(v)].

Let us now introduce the suitable concept of solution to this problem.

Definition 1.7.1. Let g : [0, 00[— [0, 00[ be a continuous function with
g(s) >m >0 for all s > 0. We say that a function v is a weak solution
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to problem (1.43) if v € BV(Q) with D’v = 0 and there exists a field
z € DM™(Q) with ||z|| =) < 1 such that

(i) —divz+g()*|Dv|=f in D'(Q),
(ii) (z, Dv) =|Dv| as measures in €2,
(iii) wlpa =0.
The following results show that there exists a unique solution of
problem (1.43) when we take a continuous and bounded function g such

that g(s) > m > 0 for all s > 0. The proof of these results relies on the

existence of solution to problem (1.27) and the chain rule.

Theorem 1.7.2. Let u be the nonnegative solution to problem (1.27).
Assume that g is a continuous function such that g(s) > m > 0 for all
s >0 and let u = G(v). Then, v is a nonnegative solution to problem
(1.43).

Proof. Since v € BV (£2) is the nonnegative solution of problem (1.27),
there exists a vector field z € DM™(Q) with ||z|| =) < 1 such that
(i) —divz+|Dul=f in D'(Q), (1.44)
(ii) (z,Du)=|Du| as measuresin 2,
(iii) wulgn =0.
By the properties of g, function G is increasing, so there exists G~! and
its derivative is bounded. Then, we apply the chain rule (see [7, Theorem

3.96]) to get v = G~(u) € BV(Q) and D/v = 0. We also deduce that
the boundary condition holds:

U‘QQ = Gil(u)bg =0.
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Moreover, by Lemma 1.5.6 we have that
(z, Dv) = |Dv| as measures in ).

Finally, making the substitution u = G(v) in (1.44) and applying the

chain rule (see Theorem 1.4.9) we get
—divz + g(v)*|Dv| = f in D'(Q).

]

In Theorem 1.7.2 we have used a continuous function g bounded
from below but in the following result we need a function bounded both
from below and above. That is because we cannot apply Theorem 1.4.9
instead of the chain rule from [7, Theorem 3.96], as we have done in
Theorem 1.7.2.

Corollary 1.7.3. If v is a nonnegative solution to problem (1.43) with
g continuous, bounded and such that g(s) > m > 0 for all s > 0, then

u = G(v) is the nonnegative solution to problem (1.27).

Proof. Applying the same argument which is used in Theorem 1.7.2 and
keeping it in mind that g is bounded and G is increasing and unbounded,
the result follows. O

We finally show the existence and uniqueness result.

Theorem 1.7.4. There exists a unique nonnegative solution to problem
(1.43) with g continuous, bounded and such that g(s) > m > 0 for all
s> 0.

Proof. Assuming there are two solutions v; and vy of problem (1.43),
by the Corollary 1.7.3, G(v;) and G(vg) are solutions to problem (1.27).

Thus, G(v;) = G(vy) and since G is injective we get v; = vs.
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1.7.2 Unbounded g

Now, we focus on the case when function g : [0, co[— [0, c0] with

g(s) > m > 0 may be unbounded.

Theorem 1.7.5. There is a unique nonnegative solution to problem
(1.43) with g continuous and such that g(s) > m >0 for all s > 0.

Proof. First of all, we consider the approximate problem

‘DU}C’
v, =0 on 0f).

. Dy, — 1
_@N< >+ﬂmm%W%F%@)an’ (1.45)

By Theorem 1.7.4, it has a unique nonnegative solution. Then, there
exists v, € BV (Q) with D’v), = 0 and also a vector field z;, € DM™(Q)
with ||z ) < 1 such that

(i) —divzg + Ti(g(vx))"|Dvg| = f in D'(Q),
(ii) (zg, Dvg) = |Dvy| as measures in €2,

First, we take the test function % in problem (1.45) and we get

T (v)*

;ll/JZk’DTh(vk)) + | Tlg()) = Du = | fThE:’“> da

SAfM.

Keeping in mind that the first integral is nonnegative (by Lemma 1.5.6),

we can take limits in the second integral when A — 0% and so we obtain

| D@y 1Dwl < [ fdo. (1.46)
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Since Tr(g(vx)) is bigger than m, it yields

m/ ]ka\g/fdx.
Q 0

Therefore, the sequence {v;} is bounded in BV(€2) and there exists
v € BV(Q) such that, up to subsequences, v, — v in L'(€) and a.e..
Moreover, Dv, — Dv x-weak as measures when k — oo.

To prove Dv = (0, we argue as in the proof of Theorem 1.5.3. So we
get D/G(v) = 0 and then, we deduce that D’v = 0. On the other hand,

we define the function

Fu(s) = /0 Ti(g(0)) do .

Using (1.46) and the chain rule (see [7, Theorem 3.96]) we have

| IDR@ol < [ fdr,

which implies that the sequence {F(vx)} is bounded in BV () and
converges in L'(€) to w. Since v, — v in L'(Q) and Fj(s) — G(s) when
k — oo, then we deduce that w = G(v).

Now, denoting uy = Fj(vx) and v = G(v) we get that {uy} converges

to u in L'(Q) and
[1Dw < [ far.
Q Q

Therefore, it is true that u € BV (). Moreover, due to Theorem 1.4.9
we get |Du| = g(v)*|Dv].
On the other hand, Corollary 1.7.3 implies that function w; is the

solution to problem

D
—div < I ) + [Dug| = f(z) in Q,
U

up =0 on 01},
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and the same argument from the proof of Theorem 1.5.3 can be used in

order to prove that w is the solution to problem

D
—div <|DZ|> + |Du| = f(z) in Q,

u=0 on 0f}.

Finally, since g(s) > m > 0 for all s > 0 and applying Theorem 1.7.2,
we deduce that v is the solution to problem (1.43). [

Concerning the summability of solutions to problem (1.43), we have

the following result.

Proposition 1.7.6. The solution v to problem (1.43) satisfies v € LI(2)
forall1 < g < oo.

Proof. We can follow the proof of Proposition 1.5.7 to prove this result,
taking into account that g(s) > m > 0 for all s > 0. O

1.8 A nonstandard case: g touches the axis

In this section we assume that g is a continuous, bounded and non
integrable function with g(s) > 0 for almost every s > 0. In this case, G
is increasing but (G!)’ may be unbounded.

First, we analyze the case when there are m, o > 0 such that g(s) >
m > 0 for all s > o. Observe that this condition is similar to condition
(1.7) in [1].

Theorem 1.8.1. Let g be a continuous, bounded and non integrable
function with g(s) > 0 for almost every s > 0 and such that g(s) > m > 0
for all s > o > 0. Then, there exists a unique nonnegative solution to
problem (1.43).
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Proof. By Theorem 1.7.4, there exist v, € BV (Q2) which is the nonnega-

tive solution to the approximating problem

Dv,, 1 )
_div (| T ) + (gl + 2 ) 1Dl = @) w9,

v, =0 on 0f),

with the associated vector field z,. We begin by using the test func-
tion M in that problem. Taking into account that DT} (v, —
Ty(vn)) # 0if 0 < v, — 0 < k and in that case DT (v, — T,(v,)) =

D(v, — o) = Dv,, and it holds (z,, Dv,) = |Dv,| > 0, then we get
T n _To n *
[ gty L [
{vn>0} k

{vn>0}

and taking limits when k& — 07 it yields

/ g(va)*| Doy | g/ Fdr.
{vn>0} {vn>0}

Since there exists m > 0 such that g(s) > m for all s > o, then the

previous inequality becomes

1
/ | Dun| < —/ fda. (1.47)
{vn>0'} m JQ

Now, we use the test function 7,(v,) in the same problem and since
fQ g(vn)*Ta(Un>*|Dvn| > 0, then we get

/{vn<a} Dol < /QfT"(Un> dz < U/Qfdx- (1.48)

Finally, by (1.47) and (1.48) we have

1
/]Dvn\g(a—l—)/fdx, for all n e N,
Q m/ Jo
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that is, the sequence {v,} is bounded in BV (2) and this implies that,
up to subsequences, there exists v € BV (Q) with v, — v in L'(Q) and
a.e. as well as Dv,, — Duv x-weak in the sense of measures. We conclude

the proof arguing as in Theorem 1.5.3. O

For a general function g we have to change the definition of solution.
We show in Example 1.8.4 that Definition 1.7.1 does not really work in

general.

Definition 1.8.2. Let g be a continuous, bounded and non integrable
function with g(s) > 0 for almost every s > 0. We say that a function v
is a weak solution to problem (1.43) if G(v) € BV () with D'G(v) =0
and there exists a field z € DM™(Q) with ||z ) < 1 such that
(i) —divz+g(v)*|Dv|=f in D(Q),
(ii) (z, DG(v)) =|DG(v)| as measures in 2,
(iii) G(U)’ag =0.

where the function G is defined by

Theorem 1.8.3. Assume that the function g is continuous, bounded and
non integrable with g(s) > 0 for almost every s > 0. Then, there exists

a unique solution to problem (1.43) in the sense of Definition 1.8.2.

Proof. The approximating problem

—div < Don ) + <g(vn) + i) |Dv,| = f(z) in Q,

v, =0 on 01},

(1.49)
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has a unique solution for every n € N by Theorem 1.7.4. That is, there
exists a vector field z, € DM™>(Q) with ||z, ||z~ < 1 and a function
v, € BV(Q) with D7v, = 0 and such that

(i) —divz,+ (g(vn) + 1> |Dv,| = f in D'(Q2),
n
(i) (zn, DG,(v,)) = |DG,(v,)| as measures in €,

(iii) Un‘BQ =0.

where we denote . .
Gn(s) = / (g(a) + ) do .
0 n

We show that the limit of the sequence {v,} is the solution to problem
(1.43). First of all, we take the test function w in problem (1.49) and

dropping the nonnegative term we get

li/ng(U”mDGn(Unﬂ < /Qfdx

for every k. Now, letting & — 0" and using Fatou’s lemma we have that

Avn¢0} | DGy (vn)| < /Qfdx.

In addition, since D’v,, = 0 it follows that Dv, = 0 almost everywhere
in {v,, = 0}. Thus,
[1DGu )| < [ fda.
Q Q

and so Gy, (v,) is bounded in BV (£2). This implies that, up to subse-
quences, there exist w € BV(Q) such that G, (v,) — w in L*(Q2) and
a.e., and also DG, (v,) — Dw *-weak in the sense of measures. We
denote v = G (w).

In what follows, we argue as in Theorem 1.5.3 with minor modifica-
tions, hence we just sketch it. There exist a vector field z € L>(; RY)
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which is the *-weakly limit of sequence {z, } in L*°(§2) with ||z||z=@) < 1
and —divz is a Radon measure with finite total variation. Moreover,
using the test function e~y with ¢ € C5°(€2) in problem (1.49)
and letting n — oo, it leads —div (e~%®z) = ¢~ ¢ f in the sense of

distributions. Next, we show that D’G(v) = 0 and we also obtain
—divz + |DG(v)| = f in D'(Q),

and
(z, DG(v)) = |DG(v)| as measures in Q.

Moreover, we use Tj(G,(v,)) as a test function in (1.49) to prove that
the boundary condition G(v)|sq = 0 holds.
Finally, the uniqueness can be proved as in Theorem 2.11 of Chapter

2 (we may also argue as in [55, Theorem 3.8]). O

To remark the necessity to have a new definition to the concept of
solution, we show in the next example that the solution to (1.43) when
g is such that lim g(s) = 0is not in BV (Q).

S o0

Example 1.8.4. Set Q2 = Bg(0). The solution to problem

D 1 A\
—div( ”>+ Du|= > in Q,
| Dol 1+ || (1.50)

v=_0 on 0,

is not in BV () for X big enough.

First, we solve the related problem

—div (Du) + |Du| = A in Q,
| Dul || (1.51)

u=20 on 0,
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and then, using the inverse function of

s 1
= do = log(1
Gls) = [ = do = log(1 +5)
we get the solution v. By Example 1.6.3 we know that for A > N —1, the
solution to problem (1.51) is given by u(z) = (N — 1 — \) log (%) with
the associated field z(x) = _\%I' Moreover, the inverse of the function ¢

is given by G~!(s) = €* — 1. Therefore, the solution to (1.50) is given by

x|

o) = 6ty = (B,

when A > N — 1. Nevertheless, v does not belong to BV (€2) when A is
such that N < A/2 + 1 because in this case, |Dv| = 37855 x|V 727 is

not integrable.

1.9 Odd cases

In this last section we show some cases where the properties of
the function g does not provide uniqueness, existence or regularity of
solutions to problem (1.43).

1.9.1 First case

We start assuming that function g is integrable. In this case, the size

of function f will determine the existence or absence of solution.

Theorem 1.9.1. Let f € L™°°(Q) with f > 0 and we consider problem
(1.43) with g € L*([0,00]). Then,

(i) if | fllwr—@) <1, the trivial solution holds;

(it) if || fllwr—oe ) > €9, there is no solution;
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with G(oco) = sup {G(s) : s €10, 00[}.

Proof. Let u be the solution to problem (1.43). We use Ty (u) as a test

function in that problem to obtain

/|DTk. |+/Tk w)|Du| = /ka dm</fudx

Taking limits when k& — oo and using duality arguments as in Proposition
1.5.4, we get

[ 1pul+ [ wg@lDul < [ fude < | flw-reo) [ 1Dul < [ [Dul.
Q Q Q Q Q

Thus, [, |Du| =0 and we deduce that u = 0.
On the other hand, let ¢ € Wy (). We use the distributional
equality —div (e7¢™z) = e~ ¢ f to get

00 [ flplde < [ e flplde = [ e V]g|do
Q Q 0
< / Vel dx.
Q
Then, if || f||w-1.00() > €%(>), there is no solution to problem (1.43). O
Remark 1.9.2. Since we have shown in (1.16) that
[ fllw=1000) < SNl fllLrvec(@)

Theorem 1.9.1 implies the following fact:
(i) It || f|lzrvoe) < Sy', the trivial solution holds.

Remark 1.9.3. One may Wonder what happens when datum f is such
that 1 < || f|lw-1.00() < €. Consider the approximate solutions v,
to problem (1.49) and let w satisfy G(v,) — w. Then w € [0, G(c0)]. In
particular, if w € [0, G(00)[, the function v = G~!(w) is finite a.e. in
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2 and it is the solution to problem (1.43). However, w can be equal to
G(o0) in a set of positive measure and so v is infinite in the same set.

We conclude that v, in this case, is not a solution.

Example 1.9.4. Let R > 0 and A\ > 0. Consider the following problem:

Dv 1 N -1
—di Dvl=——+ X in Bg(0
iv <|Dv|>+1+02| v| 7 + in Bgr(0),

v=>0 on 0Bg(0),

Then, there is no radial solution when X\ is large enough.

Assuming there exists a radial solution v(z) = h(]z|) with function
h: [0, R] — R satisfying h(r) > 0, h(R) = 0 and A'(r) < 0, we will get a
contradiction.

First, let 0 < p; < pa. We suppose that h'(r) = 0 for p; <7 < py
and, reasoning as in Example 1.6.1, we get a contradiction. Therefore,
we only can have h/(r) < 0 for all 0 < r < R. In this case, we know that

the vector field is given by z(x) = — 1 and the equation becomes

—g(h(r)h'(r) = A,

which is equivalent to (G(h(r))’ = —A. Then, the solution is given by
G(h(r)) = MR —r1).
On the other hand, we know that G(s) € [0, 5[ because

s s 1
G(s) = /0 g(o)do = /0 T2 do = arctan(s) .

Thus, we have a radial solution if A < i given by

v(w) = tan (M(R 7)) . (1.52)

is only attained in a null set, when A\ = =

Moreover, since G(o0) = 5F

5
we also obtain the radial solution 1.52.
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1.9.2 Second case

Now we take the function g : [0, co[— [0, oo such that g(s) = 0 when
s €[0,4] and g(s) > m > 0 for all s > ¢. We also assume g & L'([0, oo]).

Remark 1.9.5. If g defined as above, then there is no uniqueness of
solution. Indeed, if ||f|lw1-=@ < 1 and v € BV(Q) is a nontrivial

solution to problem

| Do
v=_0 on 0N,

_div (D“> ~ @) i Q,

(see [57, Proposition 4.1]), then function T;(v) is a solution to problem
(1.43). Thus, there is no uniqueness.
Now, let f € LN>(Q2). We define

h(s) = g(s + 1),

and let w be a solution to problem

. Dw .
—div <|Dw|> + h(w) |Dw| = f(z) in Q,

w=20 on 0f),

(1.53)

with associated field z. Therefore, v(xz) = w(z) + ¢ is a solution to
problem (1.43) with the same vector field z.

Moreover, let ¢ : [0,¢ + 1] — [¢, £ + 1] be an increasing and bijective
C-function such that ¢’(¢ + 1) = 1. Then, we consider

h(s) _ { W(s)g(w(s)) if 0<s< £+1’

g(s) it (+1<s,
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and let w be a solution to problem (1.53) with h defined as above.

Therefore, the function

(2) = Y(w(x)) if 0<w(x)<l+1,
w(z) it (+1<w(x),

is a solution to (1.43), as we can see as follows. It is straightforward that
the equation holds in the sense of distributions and since w|gg = 0, then
G(v)]ag = 0. It only remains to be checked that (z, DG(v)) = |DG(v)|
as measures in Q. If 0 < s < /41 we get

H(s) = [ ho)do = [ W (@)gtio)) do = [ g(o)do = Glus).
Hl+1)=G(l+1) =Gl +1),

and for s > ¢ + 1 we have

H(s)= H+1)+ [ h(o)do =G +1) + [ 9(0)dr = G(s).

I+1 +1

Therefore, DG(v(z)) = DH(w(x)) and we conclude (z, DG(v)) =

|DG(v)| as measures in €.

Example 1.9.6. Set Q = Bg(0). The solution to problem

Dv N
—div | = | +9(v)|Dv| = — in Q,
<|DU|> ]

v=>0 on 0,

0 if s<a,
9(8){

s—a if a<s,

with

for a > 0 does not vanish on 0.
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We define
. 0 if 0<s<a,
G(s):/ go)ydo =1 o
0 5—1—5—(13 if a<s.

It can be checked that

(@) = hlal) = h(r) = G (~10g ()

T

—17 Is such that (z, Dv) = |Dv| as measures in {2 and the

with z =

distributional equation —divz + g(v)*|Dv| = £ holds. However,
h(R)=G'(0)=a.

Although the boundary condition is not true, the solution achieves the

boundary weakly (see [8]), that is,

r T

[z,v] = —1 = —sign(v).

B

1.9.3 Third case

Let 0 < a < b, and assume that g : [0, co[— [0, 00] is a function with
g(s) = 0 when s € [a,b] and g(s) > m > 0 for all s < a and s > b.

Moreover, we assume that g & L*([0, oo[).

Remark 1.9.7. We argue in a similar way to Remark 1.9.5 to show
that there is no uniqueness of solution to problem (1.43) with function
g defined as above.

Let ¢ : [0,b] — [0, a] be an increasing and bijective C'-function. Now,

we define
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If w is a solution to problem (1.53), then we have that

v(x) =

{ b(w(z)) if 0<wx) <b,

w(z) it b<w(x),

is a solution to the original problem (1.43) because the equation holds
in the sense of distributions and also G(v)|sq = 0 (because w|sq = 0).
In addition, for 0 < s < b we have

() = [ ho)do = [ W (@)gtio)) do = [ g(o)do = Glus).
H(b) = GL0)) = Gla) = Gb),
and for s > b we get
H(s) = H(b) + /b h(o)do = G(b) + /bsg(a) do = G(s).
Therefore, we have proved that the remaining condition holds:
(2, DG(v)) = |DG(v)| as measures in Q.

Example 1.9.8. Set Q2 = Bg(0). Problem

D N
—div <U> +g(v)|Dv|=— in Q,

| Dl || (1.54)
v =0 on 0f),
with
a—s if s<a,
9(s)=4 0  if a<s<b,
s—b if b<s,

where 0 < a < b, has a discontinuous solution.
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Let us define

_752—1—@3 if 0<s<a,

2

G(s):/osg(a)da: < if a<s<b,

“2J2rb2+%—bs if b<s.

We prove that the radial function

oo = = (-1 (1)

is a solution to problem (1.54) and since G™' is discontinuous, the

solution v is discontinuous too. Having in mind that

S @)

and taking the vector field given by z(z) = —ﬁ, then the distributional
equality —divz + g(v)*|Dv| = % and the equality (z, Dv) = |Duv|
as measures in {2 can be checked, as well as the boundary condition

h(R) = G-1(0) = 0.

W(r)



Chapter 2

Non-variational data

2.1 Introduction

In this chapter, we study problem (1.1) but now considering g = 1.
More specifically, we are interested in investigate the following Dirichlet
problem:

D
—div <’DZ ) +|Du| = f(z) in Q,

u=>0 on 0f),

(2.1)

where ) is a bounded open subset of RV with Lipschitz boundary 0
and f is a nonnegative integrable function in €.

Our aim now is to go a step further of problem (1.1) and study
problem (2.1) when data are merely integrable functions. Hence, we
cannot use the solution v € BV (Q2) as a test function in the variational
formulation of this problem since fu is not integrable.

This kind of non-variational problems with L!-data has been exten-
sively studied for equations involving the p-Laplacian with 1 <p < N
for which there are two different formulations. For each one of them it
was introduced different concepts of solutions. Indeed, in [16] it was used

an entropy solution (see also [19]) and, on the other hand, renormal-
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ized solutions were adopted in [30]. We highlight that both approaches
systematically use truncations of solutions.

In [8], in the framework of the 1-Laplacian, the authors also introduce
a notion of solution by means of truncations. We follow the same concept,
but adapted to our situation. It should be pointed out that although we
follow the spirit of [8], due to the regularizing effect of the total variation
(see Chapter 1), the solution to problem (2.1) has better properties that
the one studied in [8]. Indeed, the boundary condition holds in the sense
of traces, not in a weak sense.

Another feature derived from the regularizing effect is that the so-
lution is a function of bounded variation without jump part. Never-
theless, this fact does not allow us to define the pairing of a general
L*°-divergence-measure vector field z and the solution u in the same way
that we have done in Chapter 1 following Anzellotti’s theory (see [13]).
Then, truncations must remain in the definition of solution and instead
of products of the form (z, Du) we have to handle with products such as
(z, De™") and (e “z, Du). Beyond these kind of technical complication,
the existence theorem holds as it was expected and we will only make
explicit those parts of the proof which are different from Theorem 1.5.3
with data 0 < f € LV>°(Q).

It should be pointed out that the comparison principle is much more
interesting since, even in the context of bounded solutions, its proof is
new and simpler than the proof of the uniqueness result proved in [55].

On the other hand, we also investigate solutions when data belong
to LP(Q2) with 1 < p < N, showing that solutions lie in LNL*%(Q) Notice
that Lebesgue spaces continuously adjust with the known cases p = 1
(with solutions u € BV () C L%(Q)) and p = N (see Proposition
1.5.7).

This chapter is organized as follows. Section 2.2 is devoted to prove

the main results, that is, the existence theorem and the comparison
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principle and in Section 2.3 we show the best summability that the
solution can get when data belong to LP(€2) with 1 < p < N. We finish
the chapter by showing examples of radial solutions which give evidence

that the obtained regularity is optimal.

2.2 Main results

In this section, we prove the existence theorem of problem (2.1) and
a comparison principle. We begin by stating our concept of solution to
this problem. The first obstacle we have to deal with is that, following
the techniques from [13] or from Section 1.4, we are not able to define
the distribution (z, Du) when u is a BV -function and the datum f is a
merely integrable function. Following [8], we will solve this problem by

using truncations in Definition 1.5.1.

Definition 2.2.1. Let f € L'(Q) with f > 0. We say that u € BV (Q)
is a solution to problem (2.1) if D'u = 0 and there exists a vector field
z € DM™(Q) with ||z| L~y < 1 such that

(i) —divz+ |Du|=f in D'(Q), (2.2)
(ii) (z,DTx(u)) = |DTx(u)| as measures in Q (for all k > 0), (2.3)

2.2.1 Existence Theorem

We next prove an existence theorem. In order to do this, we argue
as in proof of Theorem 1.5.3. Nevertheless, we need to detail some
important remarks. The result is the following.

Theorem 2.2.2. Let 2 be an open and bounded subset of RN with
Lipschitz boundary and let f be a nonnegative function in L'(). Then,

problem (2.1) has at least one solution.
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Proof. We begin by observing an important detail concerning the pairing
(e~"z, Du). If u is integrable with respect to the measure div (e~*z) and
€ C§°(92), then the integrals

/ pudiv(e™“z) and / ue “z-Vodx
Q Q

are both finite; notice that the second integral is bounded due to the

inequality uwe™* < e~!. Therefore,
((e7z, Du),p) = —/ pudiv (e “z) — / ue "z -Vpdx (2.5)
Q Q

is a well-defined distribution (although the distribution (z, Du) is not).
Moreover, we may apply the Anzellotti’s procedure and prove that (2.5)
is a Radon measure.

Taking this fact in mind, we may argue as in the proof of Theorem
1.5.3. Starting from suitable approximating problems with data f,(x) =
T,(f(x)), we get a limit of the approximate solutions u € BV (Q2) such
that D/u = 0. In addition, we also get a vector field z € DM>(Q) such
that ||z|| <) < 1. Moreover, equation (2.2) holds and so does

—div(e™z) =e"f in D'(Q). (2.6)

This last equality implies that u is integrable with respect to the measure
div (e "z) and then (e "z, Du) is a Radon measure.

Two conditions of Definition 2.2.1 must still be proved, namely (2.3)
and (2.4). We begin by seeing (2.3), that is,

(z, DT} (u)) = | DTk (u)| as measures in €2,

for every k > 0.
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To prove this, we start with the following inequality as measures

(proved in Theorem 1.5.3):
|De™"| < (e "z, Du) . (2.7)
First, we will show that
|De~ 1| < (e7"z, DTy (u)). (2.8)

On the one hand, considering the restriction to the set {u > k} and
thanks to the chain rule (see [7, Theorem 3.96]) we have

|De e W) {u > k} = e T | DT (u) | {u >k} =0,
and on the other hand
|(e "z, DTy (u))|L{u >k} < |DTy(u))|{u >k} =0.

Now, we just work with the restriction to the set {u < k}. For every
p € C§(R2) such that ¢ > 0, using the definition of the distribution and
applying (2.7) and the chain rule we get

((e7"z, DT} (u)){u < k}, )

=— pudiv(e "z) — / ue "z -Vodr
{u<k} {u<k}

— (e DL {u<k}o) = [ plDe
{u<k}

= [ e IDTi(w)] = [ ¢|De 0],
Q Q

and the proof of (2.8) is done.
Now, we have to prove that (z, DT} (u)) = |DT)(u)| as measures in
Q2. We use Proposition 1.2.6 and the chain rule (see [7, Theorem 3.96])
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to obtain
|D€*Tk(u)’ < (eiuz, DTk<U>> = eiu(z7 DTk(u))
S e_u’DTk<u>| _ |D€—Tk(u)’ .

Then, equality e “(z, DTi(u)) = e “|DTk(u)| holds as measures in Q.

Moreover, we deduce that

(z, DT\, (u)) = | DTk (u)| as measures in 2,

u

since e = 0 implies Ty (u) = k for every k > 0.

In order to check the boundary condition (2.4), we consider the real

function defined by .
Ji(s) = / Ty(0)do .
0

Then, analogously to Theorem 1.5.3, we obtain
DT /T dN-lfDJ /J dHN
LipTil+ [l + [ D)+ [ ) du
g/Qle(u)dx. (2.9)

Using now the distributional equation (2.2), Green’s formula, definition

of function J;(s) as well as condition (2.3), we get
/Qle(u) dx = —/QT1(U) dlvz—l—/ﬂTl(u)|Du|
_ _ N-1
_ /Q(Z,DTI(U)) /m Ty (u) [z, v] dHV ' + /Q IDJ, (u)]

= [IPTiwl - [ Tl v dd "+ [ DA,
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Going back to (2.9) and simplifying it, we obtain
| T + Tz ) ar™"+ [ Lh)|an = <o,

Observe that both integrals are nonnegative, so that both vanish. In
particular, Jij(u) = 0 HM l-a.e. on 9Q. Therefore, the boundary
condition holds. O]

2.2.2 Comparison principle

Before proving the comparison principle, we need to present some

preliminary results.

Proposition 2.2.3. Let z be a vector field in DM () and let u be a
function of bounded variation with D’u = 0 and such that (z, DT} (u)) =
|DTy.(w)| for every k > 0. If g : Q@ — R is a bounded, increasing and
Lipschitz function, then (z, Dg(u)) = |Dg(u)| holds as measures in €.

Proof. Since the equality (z, DTj(u)) = |DTk(u)| holds, the Radon—
Nikodym derivative of (z, DT} (u)) with respect to its total variation
| DTy (u)| is 6(z, DTy (u), z) = 1. Moreover, by Proposition 1.2.4 we get

0(z, Dg(Ti(u)),z) = 0(z, DTy(u),z) =1,

that is, (z, Dg(Tx(u))) = |Dg(Tk(u))| for every k > 0. Now, we apply
the chain rule (see, for instance, [7, Theorem 3.96]) to get |Dg(Tx(u))| =
9" (Ty.(w))T{(u)| Du|, taking into account that the set where ¢'(Ty(u))T} (u)
is undefined is |Du|-negligible. Thus, we get

(z, Dg(Ti(u))) = g'(Ti(u)) Ty (w)| Dul,

for every k > 0. Next, the dominated convergence theorem leads to

(2, Dg(u)) = g'(u) | Dul.
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Finally, applying the chain rule again, we are done. O]

We highlight that the distributional equality 2.6 holds for every
solution to problem (2.1), not only for the limit of the approximating

problems as we have shown.

Proposition 2.2.4. Let f € L'(Q) with f > 0. Ifu € BV(Q) is a
solution to problem (2.1) and z € DM () is the associated vector field,
then the following equality holds:

—div(e™z) =e"f in D'(Q).

Proof. Let ¢ € C§°(R2). Taking the test function e " in problem (2.1)

we obtain

—/ e_"godivz+/ e "¢ |Dul :/e_”gafdx.
Q Q Q

Now, since e~ is bounded we can use the definition of pairing (z, De™")

and the former equality becomes

/e_“z-chdm—i—/ gp(z,De_“)—i—/ e " |Dul :/6_“90fdx.
Q Q Q Q

Finally, using that (z, De™*) = —e~“|Du/| holds (see Proposition 2.2.3)

we deduce the desired distributional equality:

—div(e™z) =e™"f in D'(Q).

We present now the main result of this chapter.
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Theorem 2.2.5. Let fi and f, be two nonnegative functions in L'(Q)

with f1 < fs, and consider problems

D
—div ( “ > + |Duy| = fi(z) in Q,

| Dy | (2.10)
uy =0 on 0f),
and H
. Uz .
—div | ——— | + |Dus| = fo(x) in Q,
v (IDu2\> [Dual = fal) (2.11)

Uy =0 on 0N).

If uy is a solution to problem (2.10) and us is a solution to problem
(2.11), then uy < uy.

Proof. For each i = 1,2, we know that a solution u; € BV (2) satisfies
Diu; = 0 and there exists a vector field z; € DM™(Q) such that
|2i]| (@) < 1. Moreover,

(i) —divz; +|Dw;| = f; in D'(Q),

(i) (zi, DTp(w;)) = |DTy(u;)| as measures in € (for every k > 0),

We would like to show that u; < us. To do so, we divide the proof

in several steps.

Step 1: (z1 — z2, D(T)(u1) — Tx(u2))™) is a positive Radon measure for
all k > 0.

Let ¢ € C5°(Q) with ¢ > 0. We can perform the following manipula-
tions over the measure (z; — 2o, D(T)(u1) — Tk (u2))")) to obtain:

|, (@1 — 22, DT (1) = Ti(2))")
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¢ (21 = 22, D(Th(w1) = Tk (u2)))

/[Tk (u1)>Ty (uz)}

— ATk(u1)>Tk(u2)} (2 [(Zl, DTk(ul)) — (Zg, DTk(Ul))
— (Zl, DTk(UQ)) + (ZQ, DT]C('U/Q))‘|
B /{Tk(u1)>Tk(u2)} 4 l|DTk(UI)| a (Z27 DTk<UI))

= (21, DT (us)) + [ DTk (u)|| = 0,

because (z;, Du;) < |Duy;| for i,j =1,2.
Therefore, we conclude that (z,—za, D(Tk(u1)—Tk(ug))™) is a positive

Radon measure.

Step 2: (e72 —e ") (| Dug| — |Duy|) > 0.

{u1>uz}
First, we take the test function (e7%2 — e~“*)* in problem (2.10) and

since (€72 — e7")* £ () in the set {u; > uy}, we get

| @D e+ [ (e e Dl
{u1>ug} {Ul>u2}
. /Q (€™ — e ™) fy da.

Moreover, using that e™#2 —e ™ = (1 —e ) — (1 — e “2) we also have
/ (e — eu)* fy d (2.12)
Q

- ,D(1—e™ —/ D(1— e
/{W}@l (=)= [ (@, D1 =)

+/ e “? |Duy| — / e " |Duy |
{u1>u2} {U1>U2}
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=[P = [ (a, D)

{u1>uz}

—l—/ e "2 |Duy| — / e " | Duy|
{ur>u2} {ur1>u2}

- _ (z1, D(1 — e™"2)) +/ e " |Duy |,
{u1>ua}

{u1 >ug}

where we have used Proposition 1.2.4 and the chain rule (see [7, Theorem
3.96)).
Now, taking the same test function (e=“2 —e~*1)" but now in problem

(2.11) and making similar computations we obtain
/ (e —e ")t fodx (2.13)
Q

= Zo, D(1 —e ™ —/ e | Dusg| .
/{W}u ( N[ e D)

Since f; < fy, we continue by joining expressions (2.12) and (2.13) to
get the following inequality:

/ e " |Dusy| + e 2 | Duy |
{ur1>u2} {ur>uz}

< (z1, D(1 — e7"2)) (z2, D(1 —e™))

o {u1>u2} {u1>u2}

< (21, D(1 = e™*))| + (22, D(1 — )|

T J{ur>ug} {u1>ua}

< D(1 —e™™2 —|—/ D(1—e™
{u1>u2}| ( )| {WW}I ( )|

= / e 2| Dug| + e | Duy,
{u1>uz} {U1>U2}

where we have used that ||z;|| ) < 1 for i = 1,2 and also the chain

rule.



86 Non-variational data

In conclusion, we have just proved

/ e 2| Dug| + / e " Duy |
{u1 >ug} {Ul >U2}

—/ e " | Dug| —/ e "?|Duy| >0,
{u1>uz} {U1>U2}

and we are done.

Step 3: The Radon measure (z1 — 2z, D(T(u1) — Ti(ug))™) vanishes for
all k> 0.

Since uy is a solution to problem (2.10) and us is a solution to problem
(2.11), by Proposition 2.2.4 the following distributional equalities hold:

—div(e ™zy) =e " fy (2.14)

and
—div (e "2z9) = e 2 fy. (2.15)

Let k > 0. We choose the test function (T (u1) — Tk (u2))t in equality
(2.14). Applying Green’s formula, we get

J (7 D) = Tiwa)) ) = [ (L) = Tilwg) e~ fu
and using the same test function but now in equality (2.15) we have
[ (€722 D(T(w) = Tulw))*) = [ (Tulw) = Ti(w)) e foda.
Now, we put together the two previous equality to obtain
| @) = o)) (e o — e ) do (2.16)

:/Q(efulz1 — e "2y, D(Ti,(u1) — Ti(u2)) ™).
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Observe that the integral on the left-hand side is non-positive since
e " fi —e " fy <0 in the set {Tj(u1) > Ti(uz)}.

Our aim now is to prove the following limit:

lim [ (e "z — e "2y, D(T}(uy) — Tr(us))t) =0, (2.17)

k—oo JO

which is non-positive (by (2.16)). To this end, we write
/Q(e_ulzl — g, D(Ty(wr) — Ti(us))*)
-/ (7 = e7) 23, D(Ty(uz) — Ti(wn))
{Th(w1)>Ti (u2)}

+/ e "zg —z1), D(T)(ug) — Ti(u =11+12,
{Tk(u1)>Tk(U2)}( (22 1), D(T(us) k(1))

and will see that the limit as & — oo of (I.1) and of (I.2) are nonnegative
and so (2.17) holds.
On the one hand, thanks to Proposition 1.2.6 we know that

/ (7 = &) 23, D(Ty(uz) — Tiuwn))
{The (u1)>T (u2)}

-/ (7% = ™) (22, D(Ty(uz) — Tiuwn))
{ T (u1)>T (u2)}

= / e —e™ Du
B {Tk(ul)>Tk(u2)}( )X{u2<k}‘ 2‘

B e —e ™ Duy| .
/{Tk(ul)>Tk(u2)}< )X{u1<k}‘ 1|

And when we take limits when k& — oo we get

l. —u2 Ul D T _ T
kggo {Tk(u1)>Tk(u2)}((e ‘ )ZQ’ ( k(U2) k(UI)))
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> (e7 — e )(|Dug| — [Dwy]) > 0,
{ur>uz2}
which is nonnegative due to Step 2.
On the other hand, we already know that integral (I.2) is nonnegative
(because of Step 1); therefore, the limit when & — oo is nonnegative too.
Furthermore, since (2.16)=(1.1)+(1.2) and the limit of integrals (I.1)
and (I.2) are both nonnegative, it follows that both limits vanish.

In short, we have proved

lim | (Th(uy) — Te(ux)) (e ™™ f1 — e ™2 fy) dx

k—oo JO

= lim [ (e7"zy — e "2y, D(Tj,(u1) — Ti(ug))™) = 0.

k—o0 JO

Now, some remarks on Radon—Nikodym derivatives of these measures
are in order. Let 0} (z2, DT} (uy), z) be the Radon-Nikodym derivative
of (zg, DTy (uq)) with respect to | DTy (uq)|, that is,

9,1<Z2,DT]€(U1>,$) ’DTk<U1)’ = (Zg, DTk(Ul)) .

Since |(zg, DTy (u1))| < | DTy (uy)], it follows that |0} (ze, DTy (uy), z)| <
1. We note that this function is |DT(u)|-measurable and, taking
01 (z2, DTy (uy),z) = 0 in {u; > k}, it is | Du;|-measurable.

On the other hand, (z2, DTk11(u1)) L {u; < k} = (22, DTk(uy)) holds.

Therefore,

Op1 (22, DTt (u1), 2) X (i () = Op (22, DTi(ua), ),

and then, 0}(zo, DT} (uy), ) defines a nondecreasing sequence of |Du |-
measurable functions.

Likewise, if we denote by 603 (z;, DT} (us3),x) the Radon-Nikodym
derivative of (zy, DTy (ug)) with respect to | DTy (uz)|, then we may deduce
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the inequality |0%(z;, DTi(us),z)| < 1. Moreover, 6%(z;, DT}, (uz), )
defines a nondecreasing sequence of | Dus|-measurable functions.
Now, we define the functions 6'(z) and 6*(z) such that

0 (z) = 0;(z2, DT (u1),x)  if ui(z) <k

and

0*(z) = 03(z1, DTx(us), ) if us(z) < k.

We know that ' and 62 are |Du;| and | Dug|-measurable, respectively,
and they also satisfy |6'] <1 and [0?| < 1.
So let us get back to expression (I.2). We know that

‘/{Tk(u1)>Tk(u2)}(€_u1 (z1 — 22), D(Tjs(u1) — Ti(u2)))

= e Ut z,DTU _Z,DTU
/{Tk(“1)>Tk(’u2)} [( 1 k( 1)) ( 2 k( 1))

— (Zl, DTk(Ug)) + (ZQ, DTk(u2))‘|

—u .
B /Qe 1X{Tk(U1)>Tk(uz)}ﬂ{u1<k}(1 — 0" (7)) Duy |

—uy )
+ /Q ¢ X{Tk(u1)>Tk(UQ)}ﬁ{u2<k}<1 — 0 (a:‘))]Du2| .

Using the convergence dominated theorem we can take limits when
k — oo to get

0= [ e (1-0'@)|Du + e (1 — 6%(2))| Dus|
{u1>uz}

{u1 >u2}

and since both integrals are nonnegative, it yields

0= / e~ (1 — 4(x))| Duy| = / e~ (1 — 02(2))| Dus)| .
{ur1>u2} {ur1>uz}
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Therefore, we deduce that 1 — ¢(x) = 0 |Du;|-a.e. in {u; > uy} for
t = 1,2 and then, the Radon—-Nikodym derivative is

0i(2z9, DTy (uy),2) =1 |Dugl-ace. in {uy > us} N {u; <k}
and
0%(z1, DT} (uz),2) =1 |Dusgl-a.e. in {u; > up} N {uy < k},
for every k£ > 0. That is, we have the following equalities as measures
| DTy (uq) | {us > ug} = (29, DTj(uq)) L{ug > us} (2.18)
and
| DTy (ug) | {uy > uo} = (21, DTy (uz2))L{ug > us}. (2.19)

Finally, noting that {7} (uy) > Tk(u2)} C {u; > us} and the measure

(21 — 23, D(Ty(ur) — Th(ug))*) is nonnegative, it follows:
(31 — 2, D(Ti(ur) — Ti(u2)))
~ (IDTi(w0)| = (22 DTu(wr) = (o D02 + ||
C{Ti(ur) > Tal))

<

| DTy (u1)| — (22, DTi(u1)) — (21, DT (u2)) + |DTk(U2)|]
L{Ul > UQ} = 0,

and Step 3 is proved.
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as measures for 1,7 = 1,2 and for all k > 0.

Since {71} (u1) > Tx(u2)} C {u1 > us} and we have proved equalities
(2.18) and (2.19), Step 4 is straightforward.

Step 5: f1 = fo =0 in the set {u; > us}.
In Step 3 we have proved that the limit of expression (2.16) when

k — oo is 0. Then, using the monotone convergence theorem, we obtain

0= /Q(ul —ug)T(e™™f1 —e ™ fo) dw .

Notice that if u; > us, then e ™ f; = e 2 f, and f; = e~ (2~v) £, > £,
when fy # 0. We conclude that u; > us implies fo = f; = 0.

Step 6: | Duy | = / | Dus)|.
{u1>uz} {u1>us}

We begin by picking T.((Tk(u1) — Tx(u2))T) as a test function in
problems (2.10) and (2.11), and by Step 5, we get the following equalities:

0 :/ (21, DTo(Ti(u1) — Ti(us))) (2.20)
{Tk (u1)>T (u2)}

+ To(Ti(ur) — Ti(us)) | Duy|
{Th (u1)>Ty(u2)}

and

0= [ (22, DT.(Tx(ur) — Ti(us))) (2.21)
{Th (u1)>Ty (u2)}

+ To(Ty(w1) — Ty(us)) | Dus|
{Tk(u1)>T (u2)}

Now, since Step 3 holds, we have that

(z1 — 29, D(Tj(u1) — Ti(u2))) L {Th(u1) > Ti(uz)} =0,



92 Non-variational data

for all £ > 0. Furthermore, when we take the restriction to the set
{0 < Ti(uy) — Ty (ug) < e}, the measure (zy — 2o, D(Tx(u1) — Ti(u2)))
also vanishes for all ¢ > 0. Because of this, when we consider together
equations (2.20) and (2.21), we obtain

/ T.(Ti(wr) = Ti(ua)) [ D
{T (u1)>Ty (u2) }

= T.(Ti(ur) = Ti(2)) [ Da]
{T (u1)>Tg (uz2)

Now, dividing both integrals by ¢ and using the dominated convergence

theorem we can take limits as ¢ — 0% and then get

/ | Du | :/ | Dus| .
{Tk (u1)>Tg (u2)} {Tk (u1)>Tx (u2)}

Finally, the dominated convergence theorem also allows us to take limits

when k£ — oo and provide the desired equality:
/ \Duy| = / | Dus| (2.22)
{ur1>u2} {ur1>u2}

Step 7: Duy = Dugy = 0 in {u; > uy}.
We begin by taking the test function (7Tj(u1) — Tk(uz2))" in problem
(2.10) and, having in mind Steps 4 and 5, we get

{T (u1)>Ty (uz)} {Ty (u1)>Ty (u2)}
{Tk(u1)>Tk(u2)}( k( 1) k( 2))| 1|

Now, in the first two integrals we may apply the dominated conver-

gence theorem and in the last one, the monotone convergence theorem.
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Hence, when k — oo we get

0= (Dul=1Dw)+ [ (u—u)|Dul,
{u1 >ug} {Ul >“2}

and since the first integral is finite, so is the last one.
On the other hand, we have proved in Step 6 that the first integral

vanishes, then the above equality becomes

oz/ (w1 — up) | D
{ur1>uz}

and we deduce that | Duy|L{u; > us} = 0and also Duy = 0in {u; > us}.
To prove that Dus = 0 in {u; > us} we use (2.22), and since we

already know that Du; = 0 in {u; > us}, it becomes

0:/ | Dus|
{u1>u2}

Therefore we have that Dus = 0 in {u; > us}.

Step 8: uy < uy in €.

We have seen that D(u; — ug) = 0 in {u; > up} and since D7 (u; —
ug) = 0, it holds that D(u; — ug)* = 0 in Q. Moreover, we know that
(ug — ug)™ =0 in 99, therefore we get that 0 = (u; — ug)™* in Q. O

Corollary 2.2.6. Let 2 be a bounded open subset of RN with Lipschitz

boundary. Let f be a nonnegative function in L'(Q). Then, problem

D
—dw<w3>+wm2f@)in9,

u=>0 on 0N,

has a unique solution uw € BV ().
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Table 2.1 Optimal regularity of solutions

Data Solution

feLrLr(Q) withp >N u € L®(Q)

fe L) u € L) with 1 < ¢ <
FelP(Q withl<p<N  weLv5(Q)

feLy(Q) we LVT1(Q)

2.3 Better summability

In Section 2.2, we have seen that problem (2.1) has a solution for
every nonnegative datum of L(€) and this solution belongs to BV () C
L~ (2). We expect that the solution satisfies a better summability if
the datum belongs to L?(£2) with ¢ > 1. In this regard, we recall that
when the nonnegative datum f is in the space LP(2) with p > N, it is
proved in [55, Theorem 3.5] that the solution is always bounded. For a
datum f € LY(Q), we prove in Chapter 1 that the solution belongs to
Li(Q2) with 1 < ¢ < 0.

In this section, we show that solutions belong to L¥5 () if data are
in LP(Q) with 1 < p < N. Observe that this result adjust continuously

for p =1 and p = N with the known facts (see Table 2.1 for summarize).

The proof of our theorem relies on certain preliminary results. The
first one enables us to take a power of our solution u? as a test function

in problem (2.1).

Proposition 2.3.1. Let 1 <p< N and 0 < f € LP(Q) with 1 <p < N.
Ifu € BV (Q) is a solution to problem (2.1) satisfying u? € L (Q) for

certain ¢ > 1 and where p' = 1%’ then v and u?™ € BV (Q). Moreover,

/\Duql—i-/uq]Du\:/uqfdx.
0 Q 0
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Proof. Fixed k > 0, we recall (I.3) and (I.4) to take the test function
Gs(Ty(u)?) with §, k > 0 in problem (2.1), obtaining the following equal-
ity

/Q(z DGs(Ti(u /GJTk ) |Dul = /G(;Tk W) f dz

Since we know that the Radon—Nikodym derivative of (z, DGs(T)(u)?))
and (z, DTy (u)) with respect their respective total variations are equal
(see Proposition 1.2.4) and moreover (z, DT (u)) = |DTy(u)| holds for
all £ > 0, we deduce that

(2, G5(Ti(u)?)) = |[DGs((Ty(u))?)] -
Then, we can write
/|DG5(Tk |+/ Cs(Te(u)?) | Du :/QG(;(Tk(u)q)fdx. (2.23)

Now, we use that Gs(T(u)?) < u? and Hoélder’s inequality to get the

following bound
[ (T e < [ g de < ] oy I 1o < o0
Therefore, each integral in left-hand side of (2.23) is also bounded, i.e.,
LIDGHT @) < el oy flliey <00 (224)

and
[ Gs(Dw)) 1Dul < [l | ey < 00. (2:25)

We will take advantage of these bounds taking limits in (2.23).
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Now, we are able to prove that u? € BV (Q2). Using the chain rule
(see [7, Theorem 3.96]) in (2.24) we can write

| Xweryogurss Dl = [ 1DGs(Twy)] < gl lzscey < o0

and appealing to the monotone convergence theorem, we let § — 07 to
get
| X P21 < 1)yl sy < 00

We let k£ goes to oo and appealing to the monotone convergence theorem
once more, it follows that u? is a function of bounded variation.

Let 0 < § < 1 and keeping in mind (2.25), we get the following bound

/QX{u<k}ﬂ{uq+1>5}‘Duq+1’ =(¢+1) /Q WX fuciynfurt1 sy Dul
< (g+1) [ (Go(Tu()) + ) [Dul
< (g + D)l o o L f 2o () + dllull Br(e)) < oo
Taking limits when 6 — 0" and also when k& — oo we get
/Q\Duqﬂ < (g + Dllwll @ 1 fll o) < o0, (2.26)
that is, uwit! € BV (Q).

To conclude, we take limits in (2.23). First take § — 07 and then
k — oo to obtain

/|Duq]—i—/ u!| Du| :/uqfdx.
0 Q 0



2.3 Better summability 97

Theorem 2.3.2. Let 1 < p < N and let f € LP(2) be a nonnegative
function. Then, the solution to problem (2.1) belongs to BV (Q) N L*(Q)
for every 1 < s < Ajfv—p

Proof. Let u € BV () denote the unique solution to problem (2.1). For
every j € N, we will prove that u € L% (£2), where

e (M)

imo \ '
and p’ denotes the conjugate of p, given by p' = pp I
o0 N\ k
It should be pointed out that lim s; = N' ) (l,) = J\][V—_p. Thus,
j—o0 =0 \P p

proving u € L% () for all j € N, we are done.
We begin by choosing ¢ = ];f—,/ and since u? € L* (Q), we may apply
Proposition 2.3.1 to conclude that u*' € BV (Q) c LY (Q) and therefore
(N
we ¥ () (Q), that is, u € L*1(Q).
Assuming now that u € L% (), we take

EG)

By hypothesis we already know that u € L% (), and by Proposition
2.3.1 we get ui*' € BV(Q) C LY (Q). Hence, u € LN'+D(Q) and since
sj+1 = N'(q¢ + 1), the proof is done. O]

Now we are ready to prove the main result of this section.

Theorem 2.3.3. Let f be a nonnegative function which belongs to LP(S)

with 1 < p < N. Then, the unique solution u to problem (2.1) satisfies
Np

ue BV(Q)N L > (Q).
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Proof. To show that u € LN]%(Q), we first prove that the following

inequality

%(17;%1) 1__ q
(%zqﬂ (m) < Clg+ D[ fllzeoy Q27" G@ON" - (2.27)

holds for every 0 < ¢ < ]E, . Indeed, if ¢ satisfies this condition, then

we have that
, Np-1) p  Np

< = .
Pp N—-—p p—1 N —p

Therefore, applying Theorem 2.3.2 and Proposition 2.3.1 we get u¢™! €
BV (Q).
Now, we use Sobolev’s inequality and inequality (2.26) to get

([ ae) ™ < [ 1D < Clat D1 lune (o)

where C' = C'(p, N). Moreover, since ¢p’ < (¢ + 1)N’, we can apply

==

Holder’s inequality and we also get

/
qp

/ , (a+ DN’ (g+DN’ [
/qu dx < (/ (u?) " e’ dx> |Q @
Q Q

Summing up, we have

1
’ N/ ’ q / 9
</Qu(q+1)N dx) < Clg+D)Ifl, (/Q wlatHN dm)Hl)N Q|7 @A

and then, inequality (2.27) holds.

Now, let 0 < ¢, < (p 1) define a nondecreasing sequence convergent
N(p—1)

to N—p

. Hence, for every n € N it holds

1 _49n
(f a2 da) T < Clga + Dl
Q
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Thanks to Fatou’s lemma, letting n — oo, we get

N’ (gn+1)
an

P(N—l)N/ . . 1 an
/ u NV dr < hrgmf {C(qn + D) fl| e €27 (anrl)N/:l
Q n—00

N _ 1
< l()(p, N)pgv_;)ﬂfllm(m] :

Therefore, u € LNL—pp(Q) O
N(p—1)

Remark 2.3.4. Going back to Proposition 2.3.1, it follows from v ¥=# €
, N(p-1)

LP(Q2) that u ¥ can be taken as a test function in problem (2.1).

That is,

(p—1) (p—1) (p—1)
/ |D(uNNp—p1 )‘ +/ uNNp_pl |Du‘ _ / fuNNp—pl .
Q Q Q

2.4 Explicit examples

This section is devoted to show radial examples of solutions in a ball.
These examples allow us to provide evidence that our regularity result is
sharp (see Remark 2.4.2 below).

Recall that Bg(0) stands for the open ball of radius R > 0 centered
at 0.

Example 2.4.1. Set Q = Bg(0). We consider a particular case of
problem (2.1):

D
—div (u) +|Du| = — in Q,
| Du| || (2.28)

u=0 on 01,
with 1 < g < N and X > 0.

We know that a solution u to problem (2.28) must be a nonnegative

function of bounded variation with no jump part and there also exists a
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vector field z € DM™(Q) with ||z|[ @) < 1 such that

(i) -&vz+¢pu|_|AP in D(Q). (2.29)
xr

(il) (z,DTy(u)) = |DTy(u)| as measures in Q (for every k > 0),

(iii) ulon =0.

We assume that the solution is radial, that is, u(x) = h(|z|) = h(r).
Moreover, in order to satisfy the Dirichlet condition, we need that
h(R) = 0 holds. In addition, we also assume h'(r) < 0 for all 0 <r < R.

If A'(r) < 0 in an interval, then the vector field is given by z(x) =

@Zg;' = — 1y and div z(x) = —]\‘7;'1. Therefore, equation (2.29) becomes
N -1 A

—h'(r)=—. 2.30

1 w=2 (230

Since we are assuming /(1) < 0, then

N—-1 A
——<0.
T 74

B (N—1>1iq
Px = N .

Thus, if r < py, then A/(r) < 0 may hold, and if > p, the solution

Now, we define

must satisfy h'(r) = 0.

We assume 0 < py < R. Then, when p, < r < R the solution to
problem (2.28) is constant, and since we know that h(R) = 0, we deduce
that h(r) =0 for all py <r < R.

Taking into account (2.30), if 0 < r < p,, then solution is given by

h@g—mm:[“m@@:zf<N‘l_A>$

S s4
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— (N = 1)log (’“) D (e oy,

T
Hence, the solution to problem (2.28) is

A _
(N — 1)log (") b2 ) i 0 < ol < .
Px —q

u(z) =

and it only remains to be identify the vector field z. When 0 < r < p
we know that the vector field is z(x) = —z/|z|, and when p) <7 < R we
assume that the vector field is radial: z(z) = x{(|z|). Thus, divz(z) =
N&(|x]) + |x| €' (|x]), and equation (2.29) becomes

—(VE@) ) = 2.

rd
That is,
_.N _ N N Nelmg g A Neq
rE(r) = /(r 5(7’)) dr—/)\r dr—N_qr +C,
for some constant C' to be determinate. Then,

A
— _ -q —N
&(r) N—qr Cr—.

Since we need a continuous vector field and we know that z(z) = —

for all x such that || = py, we get the following equation
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and therefore, the vector field is given by

_|~’IT| if O§|Z'|<,O)\,

z(x) =

1 N—-1

N—q <(N_ 1)p|§;|_q +(1 —q)ﬁgw) if py<|z|<R.

Remark 2.4.2. In Theorem 2.3.3 we have proved that if data f belong
to the space L%(BR(O)), then u € L%(BR(O)). Since ﬁ € L*(Bgr(0))

for all s < %, it follows that u € L"(Bg(0)) for all r < qul- This is

exactly what it is shown.
Remark 2.4.3. In Proposition 1.5.4 it was proved that for any “small”
datum f € W=1(Bx(0)), the solution to problem (2.1) is always trivial.
Nevertheless, in our examples we always get a nontrivial solution. This
is due to the fact that the datum f(z) = A|z|~% when 1 < ¢ < N is not
in the space W=1°°(Bx(0)):

Let s = N — ¢, then function v(z) = |z|~* — R~ € W, "' (Bg(0))
since s < N — 1. However, the product f(z)v(z) = Nz|™ — f(x)R~5 &
L*(Br(0)). We conclude that f & W=1°°(Bg(0)).

It may be worth comparing our example with that occurring when

A
|9

the solution to problem (2.28) depends on the value

N—ql%q
”:( ) ) '

When 0 < g < 1, the solution to problem (2.28) is given by

the datum is with 0 < ¢ < 1. In the same way as in Example 2.4.1,

(N=Dlog () + 25 (R~ =r™")  if 0< [z <ry,
(N = 1)log (%) + 2o (R0 = [2["7) if ry < |2| <R,

q

u(r) =
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with the associated vector field

—NL_(I.I'|$|7q if OS |$| ST/\,
z(x) = .
- if ra<|z|<R.

]

We notice that since 0 < g < 1, this solution is always bounded.






Chapter 3

Problem with dynamical

boundary conditions

3.1 Introduction

In this chapter we deal with an existence and uniqueness result for
an evolution problem. It consists in an elliptic equation involving the

1-Laplacian operator and a dynamical boundary condition, namely

Au — div (’gZO =0 in (0,400) x £,
Du
we + LD“VV} =g(t,z) on (0,400) x 09, (3.1)
U=w on (0,400) x 082,
w(0,z) = wy(z) on 08;

where ) is a bounded open set in RY with smooth boundary 02, X is a

nonnegative parameter, v stands for the unit outward normal vector on

99, g € Li,.(0,+00; L?(0Q)) and wy € L*(9N2). Here, we have denoted

loc
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by w; the distributional derivative of w with respect to t. As far as we
know, this is the first time that dynamical boundary conditions for the
1-Laplacian are considered.

We point out that dynamical boundary conditions appear in applica-
tions where there is a reaction term in the problem that concentrates in
a small strip around the boundary of the domain, while in the interior
there is no reaction and only diffusion matters.

For that reason, it appears in many mathematical models including
heat transfer in a solid in contact with a moving fluid, in thermoelasticity,
in biology, etc. This fact has been attracted the attention of many
authors to deal with problems having dynamical boundary conditions
where mainly of those problems involve linear operators (see [5, 11, 10, 14,
29, 32, 33, 36, 41, 43, 48, 63]). The study of problems where an elliptic
or parabolic equation occurs with this kind of boundary conditions is
nowadays an active branch of research and we refer to [37, 39, 42, 59, 64]
and references therein for recent papers.

The first study of an evolution problem having an elliptic equation
driven by the p-Laplacian (with p > 1) and a dynamical boundary
condition is due to [11] (see also [10]). To handle with that nonlinear
problem, the authors define a completely accretive operator, apply the
nonlinear semigroup theory to get a mild solution and finally, prove
that this mild solution is actually a weak solution. Once their result is
available, we may study problem (3.1) taking the solution corresponding
to p > 1 and letting p — 1. Nevertheless, we are not able to pass to the
limit and this approach remains an open problem. Furthermore, once
a solution to our problem is obtained, we cannot prove that it is the
limit of mild solutions to problems involving the p-Laplacian because
we should use a Modica type result on lower semicontinuity (see [60,

Proposition 1.2]) for functionals depending on time.



3.1 Introduction 107

Instead of trying this approach, we adapt the method used in [11]
and apply the nonlinear semigroup theory (we refer to [17] for a good
introduction to this theory). Obviously, the singular features of the
1-Laplacian do not allow us to follow every step.

Among the special features verified by the 1-Laplacian, we highlight
that boundary conditions do not hold, necessarily, in the sense of traces
(we refer to [8] for the Dirichlet problem, to [56] for the Neumann problem
as well as [9] for the homogeneous Neumann for a related equation, and to
[54] for the Robin problem). This fact leads us to modify the procedure
from the very beginning since it implies a change in the definition of the
associated accretive operator. Indeed, the translation of the operator
studied in [11] to our setting would be an operator B : L*(9Q2) — L*(99)

defined as follows:

Definition 3.1.1. Let v,w € L*(99). Then, v € B(w) if there exists
u € BV (Q)N L2(Q) N L?(0) such that u|sq = w and it is a solution to
the Neumann problem

D
Au — div <|DZ|> =0 in Q,
D
[|DZ|.V]:U on 0N).

This is, in fact, a completely accretive operator but, unfortunately,
we are not able to prove that it satisfies the range condition R(I+ &%) =
L*(09Q) for all € > 0. Thus, the nonlinear semigroup theory cannot be
applied. We turn out to define our operator for v,w € L*(09) asv € B(w)
if v e L®(09), with [Jv|| (a0 < 1, and there exists u € BV () N L*(Q)
which is a solution to the Dirichlet problem with datum w and it is also
a solution of the Neumann problem with datum v (see Definition 3.3.2
below). Now, we do not know if this operator is completely accretive,

we only prove that it is accretive in L?(92). Hence, we do not have
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to expect that our solution holds every feature satisfied by solutions
to problems driven by the p-Laplacian (for instance, we just choose
initial data belonging to L?*(9f2)). Moreover, even when our solution
satisfies the same property, the proof of this fact can be different, as
can be checked in the comparison principle. Despite these difficulties,
we obtain global existence and uniqueness of solution for every datum
wo € L?(09) as well as a comparison principle. Furthermore, we prove
that our solution is a strong solution in the sense that the problem holds
for almost all t > 0. We also analyze some related properties as the

continuous dependence on data. Our main result is the following.

Theorem 3.1.2. Let A\ > 0, and let g € L}, (0,400; L*(09Q)) and
wo € L2(0). Then, there exists a unique global strong solution (u,w)
to problem (3.1) in the sense of Definition 3.4.1. Indeed, this solu-
tion satisfies u € L3, .(0,400; L*(Q)) N L2.(0, +00; BV(Q)) and w €

C([0, +00f; LA(09)) N W5 (0, +00; L2(99).

Furthermore, the following estimates hold:

|wl oo 0.7:22000)) < llwollz200) + 9l 0.1:22000)) ,  for every T >0,

Mu) 72 + lu®) vy < 2llw)llioe),  for almost all t > 0.

This chapter is divided in five sections. In Section 3.2, we introduce
our notation and state the main features of nonlinear semigroups theory.
Section 3.3 is devoted to obtain the mild solution to the associated
abstract Cauchy problem, while in Section 3.4 we check that this mild
solution is actually a strong solution to problem (3.1). Finally, Section

3.5 deals with continuous dependence of data.
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3.2 Preliminaries

In this section, we present some useful results and the notation used
in this chapter.

As we have mentioned in Introduction, L¢(Q) and W, () denote
the usual Lebesgue and Sobolev spaces, respectively. Then, if T > 0,
the spaces L"(0,T; L9(2)) are defined as follows: a Lebesgue measurable
function u : (0,7) x 2 — R belongs to L"(0,7; L9(2)) if

/OT (/Q ‘“(tﬁw)!quycit < o0,

It is clear that for ¢, > 1, the space L"(0,T; L9(f2)) is a Banach space
equipped with the norm

T P 3
|l Lo, p0()) = </0 (/QIU(M)de) dt> :

The spaces L" (0, T; W, 4(€2)) or W (0, T; L(Q)) are defined in a similar
way. We refer to [34] for more details.

Given a Banach function space X, recall that u € L"(0,T; X) implies
that u(t) € X for almost all ¢ €]0,7[. Moreover, instead of writing
“we L"(0,T;X) for every T' > 0", we shall write u € Lj, (0, +o0; X).
Finally, if Z is a real interval, then C(Z; X) stands for the space of all

continuous functions from Z into X.

3.2.1 Mild solutions

In this subsection we present some definitions and results concerning
mild solutions.

Let X be a Banach space and let P(X) be the collection of all subsets
of X. Every mapping A : X — P(X) will be called an operator in X
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and we denote by
D(A) ={veX : A{v) #0}
the effective domain of A and by
R(A) = U{A(v) : v e D(A)}

its range.

We say that operator A is accretive if
v =7+ a(w—=d)[x = llv-7]x,

whenever @ > 0, and v € A(w) and © € A(©). Moreover, when X is a
Hilbert space, the operator A is accretive if and only if it is monotone,
that is,

<U_67w_@>207

for every v € A(w) and ¥ € A(®).

On the other hand, we say that A : X — P(X) is m-accretive if it is
accretive and R(I +eA) = X for all € > 0, where I : X — X denotes
the identity operator.

Now, let us introduce the notion of mild solution to the following

abstract Cauchy problem

.

where g € L}, (0, +00; X) and wy € X.

loc
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Fix T">0and e > 0. Let 0 <ty <t; <---<t, <T be a partition
of the interval [0, 7] satisfying

0<ty<e,
ti—ti1 <e¢g, forz':l,Z,...,n,

0T —1t,<e,

and let g1, g0, ..., g, be a finite sequence in X such that

Z/t ||9(3)—gi||xd8<€.
i=17ti—1

Then, the system

Wi — Wi—1

; ; —i—A(w,-)Bgi, for 1=1,2,...,n, (33)
i bi—1

is called an e-discretization of (3.2) on [0,7]. Moreover, we say that
we : [to, tn] = X is a solution to this e-discretization if it is a piecewise
constant function such that w.(tg) = wo, we(t) = w; on ]t;_1,;] for
i=1,2,...,n, and system (3.3) holds.

Remark 3.2.1. The existence of an e-discretization is based on the
possibility of approximating any function g € L'(0,7;X) by steps
functions 37" giXji,_,.,)- We point out that this approximation can be
taken in such way that g; = ¢(t;), being ¢; a Lebesgue point of g for
i=1,...,n (see [17, Proposition 1.5]).

Now, we are able to define mild solutions.

Definition 3.2.2. Fized T > 0, let g € L'(0,T; X) and wy € X. A mild
solution of the abstract Cauchy problem (3.2) on [0,T] is a function w €
C([0,T7; X) such that, for every e > 0, there exists an e-discretization
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of (3.2) on [0, T] which has a solution w. satisfying
lw(t) —w(t)||x <e, forall t€[0,T].

Moreover, if g € L,.(0,+00; X), we say that w € C(]0,+o0[; X) is
a mild solution of problem (3.2) on [0,+o0] if its restriction to each

subinterval [0,T] of [0, 4o00[ is a mild solution on [0,T].

Remark 3.2.3. From the definition of mild solution one deduces that

solutions to discretizations satisfy the following convergence:
w. »w in L>([0,T]; X),

for every T > 0.

Finally, we present the result of [17] (see also [12, Theorem A.26])

that we will use to prove the existence of mild solutions in our context.

Theorem 3.2.4. [17, Theorem 4.6] Let A be an m-accretive operator

in X. Consider wy € D(A) and g € L},.([0, +o0[; X). Then, problem

(3.2) has a unique mild solution w on [0, +oo|.
We also need the following definition.

Definition 3.2.5. Fized T > 0, let g € L'(0,T;X) and wy € X. A
strong solution of problem (3.2) on [0,T] is an absolutely continuous
function w : [0,T] — X which is differentiable almost everywhere on
[0,T] and satisfies wi(t) + A(w(t)) > g(t) for almost all t € [0,T] and
w(0) = wp.

We point out that every strong solution is a mild solution (see [17,
Theorem 1.4]), but the converse does not hold in general.

For further information about mild solutions and semigroups on
Banach spaces we refer to [17] (and to [23] for semigroups on Hilbert

spaces).
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3.3 Existence of mild solutions

Let 7" > 0 and consider the problem

Au — div (%) =0 in |0,T[x€,
Du
wy + LDM,V] =g(t,z) on |0,T[x00Q, (3.4)
u=w on |0, T[x0%2,
w(0,z) = wo(z) on 0f).

As we have mentioned in the previous section, we would like to define
an m-accretive operator in L*(99) in order to apply the semigroup theory
and finally, using Theorem 3.2.4, get a mild solution. Afterwards, using

this mild solution we will obtain a strong solution to problem (3.4).

Remark 3.3.1. We point out that our operator will be defined on the
boundary, and so our mild solution is w, while v appearing in problem
(3.4) is just the corresponding auxiliary function. Nevertheless, this
auxiliary function u is univocally determined by w, since solutions to the

Dirichlet problem for equation Au — div (&) = 0 are unique (see |8,

|Dul
Theorem 4]).
We start with the definition of the operator B in the space L?(992).

Definition 3.3.2. Letw € L*(09). We say thatv € B(w) ifv € L>(09)
with ||v|| @) < 1 and there exist a function w € BV (Q) N L*(Q) and a
vector field z € L®(Q;RY) with ||z|| <) < 1 such that

(i) Mu—divz=0 in D'(Q),
(ii) (z, Du) = |Du| as measures in €2,

(iii) [z,v]=v HY '-a.e on 00,
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(iv) [z,v] € sign(w —u) HV '-a.e. on 00.

Using Green’s formula and since conditions (i) and (iii) hold, we

may deduce the following variational formulation:

)\/ugpdx—i-/(z,Dgo):/ vopdHN T,
9) Q o9

for every test function ¢ € BV(Q) N L*(Q). Notice that function

v € L>®(00) and p|aq € L*(0N), so that the last integral is well defined.

In other words, we say that v € B(w) if there exists u € BV (Q)NL?*(Q2)
such that w is a solution to equation
Du

Au — div <|Du]> =0 in Q, (3.5)

with the Dirichlet boundary condition
u=uw on OS2, (3.6)

and it is also a solution to equation (3.5) with Neumann boundary
condition
[ Du

|Du|’4 =uv on 0f). (3.7)

From another point of view, the operator B can be written as v € B(w)
if v € L>(09N) satisfies

(1) llollze@n) < 1,

(ii) v € sign(w — u) where u is the solution to (3.5) with boundary
condition (3.7).
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3.3.1 Associated Robin problem

Now, we analyze the Robin problem for equation (3.5). To this end
we follow [54]. For 8 > 0, we consider the Robin boundary condition
given by
Du
Dul v
Definition 3.3.3. Let g € L*(09). We say that uw € BV (Q) N L*(2) is
a weak solution to Robin problem (3.8) for equation (3.5) if there exists
a vector field z € L>(;RY) with ||z 1) < 1 such that

Bu + [ ] —g on 9. (3.8)

(i) Au—divz=0 in D'(Q),
(ii) (z, Du) = |Du| as measures in €,
(iii) Ti(Bu—g) = —[z,v] H Y '-a.e. on 00.

As a consequence of Green’s formula, we may write the following

variational formulation:

)\/ngpdxjt/ﬂ(z,Dgo)+/69T1(5u—g)90dHN_1 =0, (3.9)

for every p € BV (Q) N L*(Q).

Remark 3.3.4. Every solution to equation (3.5) with the Robin bound-
ary condition (3.8) is also a solution to the same equation but with
Dirichlet boundary condition (3.6) for w satisfying 771 (fu — g) = fw — g
(see [54, Proposition 2.13]). Using this function, equality (3.9) becomes

)\/ngodoc~l—/Q(z,Dgp)—i—/m(ﬁf,u—g)goal?'-lN*1 =0,

for every p € BV (Q) N L*(Q).

In the following observation we show that a comparison principle

holds.
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Remark 3.3.5. Consider data g1, g» € L?(99Q) and let uy, us € BV (Q)N
L*(Q) be the corresponding solutions to the Robin problem with data g;
and go, respectively. Denote by z; € L>(2; RY) the associated vector
fields and by w; the functions satisfying 11 (fu; — ¢;) = Pw; — g;, for
i=1,2.

Now, we prove that g; < go on 0f2 implies u; < wus in ) and
w; < wy on JN. Tt is enough to take ¢ = (u; — uz)™ as test function
in the respective variational formulations and perform straightforward

manipulations to obtain

2
)\/Q [(Ul—uz)ﬂ dx < /aQ(Tl(gl—Bul)—Tl(gg—ﬁuQ))(ul—U2)+ dH" T

(3.10)
Note that, on the set {ui|sq > ualga}, the assumption g; < go implies

Ti(g1 — fur) — Ti(ga — Pug) < 0.

Thus, the right-hand side of (3.10) is non-positive and so (u; — ug)™

vanishes in (2. Moreover,

puwir = g1 —T1(g1 — Bur) < g2 —T1(g2 — Bur) < g2 —T1(g2 — Bug) = Buws,

so that w; < wy on 0N2.

3.3.2 Main properties of B

In this subsection, we study the main properties of operator B that
lead to a mild solution of problem (3.4). We begin showing that our

operator is accretive.

Theorem 3.3.6. The operator B given in Definition 5.5.2 is accretive
in L*(092).
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Proof. Since L?*(01) is a Hilbert space, we just have to prove that B is
monotone. Let v; € B(w;) for i = 1,2. We will show that

/BQ(Ul — Ug)(a)l — u)g) d?‘[Nil Z 0.

Given v; € B(w;), we may find functions u; € BV (Q2) N L?(Q2) and
vector fields z; € L*°(;RY) with ||z () < 1 such that
(i) Au; —divz; =0 in D'(Q),
(i) (z;, Du;) = |Du;| as measures in €,
(iii) [zs,v] =v; HY '-ae. on 0Q,
(iv) [z, v] € sign(w; —u;) HY t-ae on 99,

(v) )\/ﬂuiapda:+/ﬂ(zi,Dg0):/agvigpd'HN_l,

for every p € BV(Q) N L*(Q) and for i = 1,2. Taking u; — uy as a test
function in condition (v) for both ¢ = 1,2 and subtracting one from the

other, we get
A/Q@l —w)?dr + /Q (| Dus| — (22, Duy) + | Dus| — (21, Duo)]
= /(99(?}1 — UQ)(Ul — UQ) dHNil .

Since the left-hand side is nonnegative (note that (z;, Du;) < |Du,| for
i,7 =1,2), we deduce

0 S BQ(Ul — Ug)(ul — 'Ll,g) dHNfl (311)

= 80(111 —vg)(wy — wa) dHN T + /m(vl —vg)(uy —wy) dHY !

+ ,/8Q<UZ — Ul)(UQ — LUQ) dHN_l .
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On the one hand, using conditions (iii) and (iv) and since [|v;|| () < 1,
it holds

/89(U1 — v9)(uy — wy) dHN !

= | v1(uy —wp) dHN ! — /89 vy (uy — wy) dHN 1

= —‘/80 (|u1 - w1| +U2(U1 - wl)) dHN_l S 0,
and similarly
/8Q(U2 — U1>(U2 — WQ) dHN_l
- —/BQ (Juz — ws| + v (us — ws)) dHY1 < 0.
Therefore, using (3.11) we conclude that

0< [ (o= va)m — ) dHY < [ (01— )y — ) RN

]

Proposition 3.3.7. The operator B given in Definition 5.5.2 is m-
accretive in L*(09).

Proof. Denoting by I the identity operator in L?(92), we just have to
prove that

R(I +eB) = L*(09), for every ¢ > 0.

Given € > 0, it is enough to see that L?(9Q)) C R(I + eB).
Let g € L?*(092). We will show that there exists w € L*(9f2) such
that g € w +eB(w). That is, we will see that 1g — 1w € B(w).
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We begin considering the following Robin problem

Du
| Dul

1 Du 1
“ut | —— | == 0.
€u+bDu’,V] 6g on

Au—div( )zO in Q,

Applying [54, Theorem 1.1], there exists a solution u € BV ()N L3 (), a
vector field z € L>®(Q; RY) with ||z| () < 1 and a function w € L?(99)

such that (z, Du) = |Du| as measures in  and

1 1 1 1
[z, V] :Tl(g—u) =—g— -Ww.
e’ ¢ e’ ¢

Then,

<1.

1 1 H 1 1
Le(09)

—g——we L>®092) with |-g—-w
e’ ¢ e’ ¢

In addition, as we have explained in Remark 3.3.4, u is also a solution
to the Dirichlet problem

D
A — div (!DZ|> —0 in Q,

U= w on Of).

Therefore, it also holds
[z,v] € sign(w —u).

Thus, %g — %w € B(w) and the prove is done. O

Remark 3.3.8. Proposition 3.3.7 guarantees the existence of the resol-
vent

(I +:2B)~": LX(0Q) — L2(09)
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for every € > 0. It should be pointed out that without this operator we
cannot justify the existence of solution to the e-discretization (3.3) of

the Cauchy problem

w(0) = wp,

{ we+Bw) >y,

with g € L'(0,T; L*(092)) and wy € L*(99).
On the other hand, taking into account Remark 3.3.5, we deduce

that the resolvent is an order preserving operator.

Proposition 3.3.9. Let B be the operator given in Definition 3.5.2.
Then, it holds
L*(09Q) = D(B) .

Proof. Since B : L*(02) — L?*(09), we just have to prove that L?(99) C

D(B). We begin by taking a function g € L>*(0Q2). Given n € N, by
Theorem 3.3.7, we know that g € R(I + %B) Then, there exists w,, €
L2(09) such that g € w,++B(w,). Thatis, n(g—w,) € B(w,). Therefore,
there exist u, € BV ()N L3(Q) and a vector field z, € L>(Q; RY) with
|12 || Lo (@) < 1 such that

(i) Mu, —divz, =0 in D'(Q),
(ii) (zn, Duy) = |Du,| as measuresin €,
(iii) [z, v] =n(g—w,) HY 'ae. on 99,

(iv) [Zn,v] € sign(w, —u,) HY '-ae. on 09,
_ _ N-1
(v) A/Qungodx+/g(zn,Dg0) —/mn(g wn) pdH™ T, (3.12)

for every ¢ € BV (Q) N L*(Q).
Since g € L*®(0R), we have g = v|gq for some v € WHHQ) N L>(Q)

(see [38, Teorema 1.I1]), and we use v — u,, as a test function in (3.12)
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to get
)\/n — Uy)d /naD _n:/ — Wn _ndHNil-
| Un(V =) do | (20, D(v —un)) = | n(g —wn)(g — tn)
Observe that, since n(g — w,) € sign(w, — u,), we also have
— Wy, — u, dHN*l
[ nlg=wn)g—u)
= n/ (g —wp)? dHN 1 + / |y — Uy | dHN T
) o0
Putting together the two previous equations we get
)\/ unvdx—l—/(zn,Dv) —/ | D, |
Q Q Q
:n/ (g — wp)? dHN ! —i—/ |wn, —un]d’}-lNA%—)\/ u? dw
o0 o0 Q
and so it follows that
)\/ unvdx—l—/(zn,Dv) > n/ (g—wn)Zd’}-lNA%—)\/ u? dr .
Q Q o0 Q

Then, using Young’s inequality and the fact that (z,, Dv) < |(z,, Dv)| <

| Dv|, we obtain
2 12 /N—1 2 A 2 A 2
n/ (g —wn)“dH +)\/undx§—/und:c+f/v dx+/|Dv|.
19) Q 2 Ja 2 Ja Q
Thus, simplifying,

A A
n/ (g—wn)Qd”HNfl—l—f/uidxg—/dex—i—/ |Dvl,
89 2 Ja 2 Ja Q

and it yields

/ (g—wn)QdHN_1§1<)\/v2dx+/ |DU]> .
o0 n\2Ja Q
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Finally, since the right-hand side goes to 0 as n — 0o, we deduce that
w, — ¢ in L*(09) and therefore, g € D(B).
Now, let g € L?(99Q). We already know that each truncation T (g) €
D(B) and T,(g) — ¢ in L*(9Q) when k — +oo. Thus, g € D(B). O
Using the previous results, the main theorem of this subsection can

be obtained applying Theorem 3.2.4.

Theorem 3.3.10. Let g € L'(0,T; L*(0N)) and let wy € L*(09Y). Then,

there exists a unique mild solution to the abstract Cauchy problem

wt+B(w)99,

w(0) = wo,

on [0,T].

Remark 3.3.11. Some remarks concerning the limiting case A = 0 are
in order. In this case, the definition of operator B must be modified.
Now the auxiliary function u belongs to BV (§2) (but, in general, does not
belong to L?(Q)). Furthermore, now the definition of (z, Du) depends
on the duality divz € LY(Q) and u € BV (Q) C L%(Q) We point out
that all the results proved in this section hold.

Nevertheless, this auxiliary function v is not longer determined by
w (see [53, Section 2.3] for examples of nonuniqueness of the Dirichlet
problem for the 1-Laplacian) and, moreover, the arguments of the next
section does not work. Hence, we may prove that a mild solution exists,

but we are not able to see that it is actually a strong solution.

To finish this section, we present a result which compares two mild

solutions when their data are ordered.

Theorem 3.3.12. Let g', g? € L'(0,T; L*(09)) and let w},wd € L*(09).
Denote by w* € C([0,T); L*(09)) the mild solution corresponding to data
" and wf, k=1,2.
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If g*(t,2) < g*(t, ) for almost all (t,x) € (0,T) x IQ and wi(x) <
wa(z) for almost all x € 9N, then the solutions to every e-discretization
satisfy wl(t,x) < w?(t, x) as well as the corresponding auziliary functions
ul(t,z) < u(t,x). As a consequence, w'(t,x) < w?(t,x) for almost all
(t,x) € (0,T) x 0.

Proof. Let € > 0 and consider an e-discretization of (3.2) for data g*
and wk. Observe that splitting the subintervals if necessary, we may
take the same partition for both sets of data. In other words, there exist

tg < t; <--- <t, satisfying
0<ty<e,

ti—tio1 <e, for 1=1,2,...,n,

0<T—-t,<e¢,

and gF, gk ... gk € L2(9Q) such that
n ti i i
Z/t 19" (s) — gl 2200y ds < €,
=1 i—1

for k = 1,2. Moreover, thanks to [17, Proposition 1.5] we may choose
the corresponding g¥ = ¢*(t;), being each t; a Lebesgue point of g*. As a
consequence, gl (t, z) < g*(t,x) for almost all (¢, z) € (0,T) x O implies
g} (z) < g?(z) for almost all z € 9N and for it = 1,...,n.

Consider now the systems

wf —wi k k -
;7751_—|—l’>’(cu2-)99i7 for 1=1,2,...,n, and k=1,2,
i —li1

so that

Wi+ (ti—tia)g) € (I + (ti — tifl)B) (wi),
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for i = 1,2,...,n and k = 1,2. Since wj(z) < wi(x) and g (z) <
gZ(z) for almost all z € 9 and for i = 1,...,n, and each resolvent
(] + (t; — ti_l)l’p’)_l is order preserving (see Remark 3.3.8), an appeal
to induction leads to w}(r) < w?(x) for almost all z € N as well as
ul (z) < u?(x) for almost every z € Q and for i = 1,...,n.

Denoting by w” the solution to the e-discretization corresponding
to data gF and wf, it follows that w!(¢,z) < w?2(t,z) for almost all
(t,x) € (0,T) x 0.

Finally, having in mind the following convergence:
Wk — WP in L>([0,T]; L*(09)),

for k = 1,2 (see Remark 3.2.3), we deduce that w'(t,r) < w?(t,z) for
almost all (¢t,z) € (0,7 x 09. O

3.4 Existence of strong solutions

Now, we are able to prove that the mild solution we have obtained in
the previous section is actually a strong solution to our problem. First,

we introduce the concept of strong solution in our framework.

Definition 3.4.1. Let g € L*(0,T; L*(09)) and wy € L*(0). We
say that the pairing (u,w) is a strong solution to problem (3.4) if
u € L>®(0,T; BV(Q)) N L>(0,T; L*(R2)) and w € C([0,T]; L*(052)) N
WhL(0,T; L2(09)) such that w(0) = wy and there exists a vector field
z € L((0,T) x Q;RYN) with ||z||(0,r)x) < 1 satisfying the following

conditions:
(i) Au(t) —div(z(t)) =0 in D'(Q),

(i) (z(t), Du(t)) = |Du(t)| as measures in 2,

(i) [z(t),v] = g(t) — w(t) for almost every = € 0N,
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(iv) [z(t),v] € sign(w(t) —u(t)) for almost every x € 0N,

for almost every t € (0,T).
Given g € Li,.(0,+00; L2(99)) and wy € L*(0N), we say that (u,w)

loc

is a global strong solution to problem (3.1) if it is a strong solution to
(3.4) for every T > 0.

As we have mentioned, functions u, w, z, g depend on two variables:
t and z. For the sake of simplicity, most of the time we will write u(t),
w(t), z(t) and g(t) instead of u(t,x), w(t,x), z(t,z) and g(t, ).

Theorem 3.4.2. Let A\ > 0, and let g € L},.(0, +o0; L2(09)) and wy €
L*(09)). Then, there exists a global strong solution (u,w) to problem
(3.1).

Furthermore, the following estimates hold:

lw|| oo o,ms2200)) < llwoll2oa) + 19l 210,200 (3.13)
for every T'> 0 and
Mul729) + lu®)llsve) < 2)w)]oo (3.14)

for almost all t > 0.

Proof. First fix T > 0. Applying Theorem 3.3.10, there exists a mild

solution w, with auxiliary function u, to the abstract Cauchy problem

wt+l3(w) > g,
w(0) = wp,

(3.15)

on [0, 7). We will see that (u,w) is actually a strong solution.

We will divide the proof in several steps.
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Step 1: Solutions to e-discretizations.

Since w € C([0,7T]; L*(09)) is a mild solution, we may choose a
family of e-discretizations of (3.15), in such a way that their solutions
we satisfy

w. — w strongly in L>(0,T; L*(092)) . (3.16)

Let us detail our notation. Fixed 0 < ¢ < 1, there exists a partition
O=ty<t1 <---<t,<Tsuchthat T —t, <ecandt; —t,_; <e for
every i = 1,2,...,n, and there exist functions gy, ..., g, € L*(99) such
that

Zn:/ti </m lg(t,z) — @'(:C)Fd%zN—l)é dt < ¢, (3.17)

i=1"ti-1

and so the system

W; — Wi—1

— + B(w;) 2g;, forevery i=1,2,...,n,
i —tim1

is an e-discretization of Cauchy problem (3.15).

We denote ¢; = t; — t;_1. Observe that, splitting the intervals if
necessary, there is no loss of generality in assuming ¢; > €9 > --- > ¢,,_1.
Hence, if t € |t;_1,t;], then t — &; €t; o, t; 1]

We also define ¢.(t,z) = gi(z) if t €]t;_q, 8] for i = 1,2,... n.
Therefore, the condition (3.17) becomes

4 :
(] Jotto) = gt an™1) de <=,
0o \Joo
and we have the following convergence:
g. — g strongly in L'(0,T; L*(992)) . (3.18)
Now, the solution to the e-discretization satisfies

we(t,x) = wi(z) if teltiq,t], for i=1,2,... n,
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where

w._ _w4
§i+%68(wi)v for every i1 =1,2,...,n.
1

Due to the definition of the operator B, for each i = 1,2, ... n, it holds

(a) w; € L*(09),

(b) g+ LY e p29Q) with |G + ST <1,
£; &g L (9Q)
(c) there exists u; € BV(Q) N L*(Q),
(d) there exists z; € L°(Q;RY) with |2z < 1,
satisfying the following conditions

(i) Au; —divz; =0 in D'(Q),

(i) (z;, Du;) = |Dw;| as measures in €, (3.19)
(iii) [z, v] =g + DL T Y Nl ae. on 0, (3.20)

€

(iv) [z, v] € sign(w; —u;) HY 'ae on 09, (3.21)

(v) A/ uigod:c—l—/(zl-,Dgp):/ (?H- w)g@d’HNl, (3.22)
Q Q o0 €

for every p € BV (Q) N L*(Q).

Finally, given ¢ > 0, we define the following step functions:
ue(t,x) = wi(z) if t €lt;q,t;], for 1=1,2,...,n,
Z5<t,l‘) :ZZ(ZE) if te]ti_l,ti], for i:1,2,...,n.

We remark that all the above step functions are defined in [0,¢,].
To avoid lack of definiteness, we can extend them to |¢,,T| giving their

value at the point t,.
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Step 2: Existence of w; in the sense of distributions.

Due to Definition 3.3.2 we know that

where ¢; = t; — t;_1. Denoting &(t) = ¢; for t €]t;_1,t;], the following

A

W; — Wi—1
—— — Ui

<1, forevery i=1,2,...,n,

& Lo (8Q)

equivalent bound holds:

wo(t) — we(t — £(t))

e(t)

<1, (3.23)

— Ge (t) >
L>(0%Q)

for every t € ey, T[Cle, T
Assuming n > 0, let 0 < ¢ < n and t €]n,T[ be fixed. We may

assume that this given t satisfies
g:(t) — g(t) strongly in L*(09), (3.24)

which is a straightforward consequence of (3.18).
Due to (3.23), the sequence {W - ge(t)} is bounded in
L>(0€2). Then, there exists a subsequence and there exists a function

p(t) € L>(09) such that

wo(t) — w.(t — ()

e(t)

Therefore, for every ¢ € L*(052), we apply (3.25) and (3.24) to get

— g-(t) = p(t) *-weakly in L*(09). (3.25)

/ p(t)p dHY
o)

_ Eli%ﬂ [/89 we(t) — (;(et()t - 5(75))%0(1%1\771 _ /BQ g€<t)(deN1]
(

= lim

d N-1 ¢ d N*ll
e—0+ Joq (t) M /an( JpdH
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And so, we obtain

lim /- welf) = ?(Et(; —=0) vt = /m(g(t) +p(t))pdHN 1,
that is,

we(t) —we(t —e(t) g(t) + p(t) weakly in L*(99).

We take now the function ¢ € C;(0, T; L?(99)) such that supp ¢ C
le, T — €[, obtaining

[ EEC PR

[ H“d’f—/ [ ! N
//mg £) dHN L dt — //mw 7 YE+eW) vt gy

:_/ /69 ”5 M)d”HN‘ldt.

On the other hand, having in mind (3.18) and (3.25) (and also (3.23)),
it follows that

N-1 g, _ N-1

i ot o=ty [ oyt
. we(t) — we(t — £(?)) N-1
+ g [ /m( G —96“))@”“”” "

T we(t) — we(t — (1)) N-1
— hm/ /BQ -0 W(t) dHY L dt .

e—0t Jo
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Therefore,

EATZ;QKQ‘%P@D¢@)JHN—Hﬁ

ZIM1/ AQME wJﬁ_dﬂ%ﬂﬂdHN*dt

e—0+ (t)
_ . vt +el) —v(t) o, v
T 515(% /o /asz we(t) e(t) dedt

z—/(/ ydHN "t dt,
oN

due to (3.16). Then, the distributional derivative of w is w; = g+ p €
LY(0,T; L*(09)) and it also holds [jw(t) — g(t)||r=@n) < 1 for almost
every t € (0,7).

Moreover, we have the following L?(92)-weak-convergence:

we(t) — we(t —e(t))
e(t)

We point out that, since the operator B is m-accretive, function w

— g(t) + plt) = wilt). (3.26)

is absolutely continuous and differentiable in almost every ¢t € (0,7
and besides it is a mild solution to problem w; + B(w) 3 g on (0,7, it
yields that function w is also a strong solution (see [17, Theorem 7.1]).
In other words, g(t) — w:(t) € B(w(t)) holds for almost every t € (0,7).
This concludes the proof in what the boundary concerns, which is where
the semigroup is defined. Hence, for every fixed t € (0,7T), there exist
an auxiliary BV -function and a vector field satisfying Definition 3.3.2.
Nevertheless, in the domain (0,7) there may be a problem of measura-
bility since the strong solution only provide us the functions pointwise in
time. In the sequel, we will find u € L>(0,T; BV (Q)) N L>(0,T; L*(Q2))
and z € L°°((0,T) x ; RY) satisfying all the requirements of Definition
3.4.1.
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Step 3: Existence of z € L>=((0,T) x Q;RY).

This fact is a directly consequence of ||z z(o,mx0) < 1 for all
¢ > 0. Since the sequence is bounded, there exists a vector field z €
L>=((0,T) x €;RY) such that, up to subsequences,

z.—z x-weakly in L>((0,7) x Q). (3.27)

Step 4: {uc} is bounded in L*(0,T; L*(Q)) and L*(0,T; BV (Q)).
We take u; € BV(2) N L%(Q) as test function in (3.22) so we get

)\/ u?das+/(zi,Dui) :/ <§i+wil_wi) u; dHN
Q Q a9 £
= / ( wz L Wz) (UZ — wz) dHN_l
+/ ( wl L w)widHNl

= —/ |UZ — wi| dHN_l +/ §,~wi dHN_l +/ %17 dHN 1
oN o0 o0

&

where we have used conditions (3.20) and (3.21). Then, condition (3.19)

implies
>\/ ufdx+/ \Du,-|+/ \ui—wi\dHN*w/ e WY
Q Q i) o0 €
= / @-wi dHN_l (328)
o9

and dropping nonnegative terms, we get the following inequality:
/ Wi T Wiy < / Gy dHN (3.29)
G19) € G19)

for every i = 1,2,...,n.
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Next, we show that / w?dH" " is bounded by a constant which
o9
does not depend on i. Using Holder’s inequality, condition (3.29) and

then Holder’s inequality again, we get

/ w?cmN—l—(/ deHN‘1>%</ W2 d%LN*)é
o ' a0 oo 1

S / w? dHN_l - / W; Wi—1 dHN_l = (wl- - wi_l) W; dHN_l
o0N o0 o0

< s,-/ Guon dHN T < ¢, (/ & d’HN‘1>2 (/ W dHN‘1>2 .
o0 o0 o0

Now, if / w2 dHN " # 0, we divide the previous inequality by integral
o0

1

(/ w? dHN1>2 and so we get
o9

(/ W2 dHN1>2 B (/ W2 dHN1>2 < (/ @ dHN1)2 7
o0 ) o0

for every i = 1,2,...,n. We fix now ¢ € {1,2,...,n} and sum the

previous inequality for k =1,2,...,i — 1,4:
1 1
(/ 2 d’HN‘1>2 ([ wparr)’
o9 o9
_y [(/ wpar™ ) = ([ w,i_ldHN-l)2]
Pl AVELS o9

¢ % i tr %
<3y (/ A%W“) _ / ( / A2d”HN1> dt.
kz::l k aﬂgk kz::l - ank

We can perform easy manipulations to get

(Lt < ([’ s [ ()
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3T 3
2 19 /N—1 2 19 /N—1
§</mw0d7-[ ) —i—/o (/mgad”;‘-[ ) dt . (3.30)

Therefore, we deduce that

lwillz2a0) < llwollz2@e) + 19: ] Lt 0,7:2200) (3.31)

< llwollz2(a0) + 1+ llgllro/rse2c00)) = M,
for every i = 1,2,...,n where M is a constant which does not depend
on t. That is, the sequence {w. (¢, z)} is bounded in L>(0,T; L*(99)).

In addition, since g.(t), w.(t) € L*(09), we can use Holder’s inequality
to get

T T 1 1
| [ gwean¥ta< [ ( gfdeN—1>2 ( / wfd’HN‘1>2 dt
0 o) 0 oN 9]

T 1 T 1
</ M( ggdHN—1> at =M | < ggdHN—1> di
0 oN 0 0N
< M?*. (3.32)

2
On the other hand, we know that Zi—i=t < (Wi — wi—1) w; and we

deduce from (3.28) that

)\/ ufdx+/ |Dui|+/ [y — oy AN
Q o0

1 1 2
[ = L L[ S, o | Gan
an 2 a0 2 o0

Now, we integrate the previous inequality between ¢;_; and ¢; to obtain

>\/ /udxdt+/ /|Dul\dt+// s~ w MY dt
ti—1 ti—1 ti—1

L gt /“”dx< /gzwz dHN " dt |
a0 2 a0 2 ti1
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for every i = 1,2,...,n. The addition of all these terms from ¢ =1 to n

provide us with

Y [ [utdear+ Y [T [ Du
7; ti—1 Quz o +Z:Z]_ ti—1 Q| U|
o [ dHV " d e
i — Wi at /*n - —/ -
+;/t“/zm|u i - o 2 o0 2 "

n t;
< / / Aiwi dHNil dt.
- ; ti—1 JOQ 9

Then, due to (3.32) we get

T T T
/\/ /ugdde/ /|Dua|dt+/ / e — wo| AHN dt
0 Q 0 Q 0 o0

w2 w2 T
“n N1 < / “0 g+ / / g dHN 1 dt < 202
a0 2 0o Joq

+
a0 2

Therefore, we have proved that

T T
A/ /ugdde/ /|Du5|dt§2M2.
0 Q 0 Q

That is, the sequence {u.} is bounded in L?*(0,T; L*(f2)) and, by Holder’s
inequality, it is also bounded in L'(0,T; BV (2)).

As a first consequence, there exists a measurable function u €
L*((0,T) x Q) such that

u. — u weakly in L*((0,T) x Q). (3.33)
Step 5: u belongs to L>(0,T; BV (2)) N L>=(0,T; L*(£2)).

Let t € (0,7). Observe that (3.28), written in terms of the approxi-

mate solutions, becomes

AP dn+ [ Do) + [ Juclt) - we(0)] au¥ !
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o0 Ei

_ (gg(t) L we(t) —we(t - €z)> wo () dHN < /(9Q o ()] dHN L,

because of (3.20). Dropping the nonnegative term and having in mind

(3.31) and Holder’s inequality, we get
A / w(t)? d + / Du.(t)] < MHN-YOQ)Y2 = My, (3.34)
0 0

so that the sequence {u.} is bounded in L>(0,T; L*(€2)) and also in
L>(0,T; BV (€2)) due to Holder’s inequality.

In order to see that uw € L>(0,T; BV (2)) N L>(0,T; L*(Q)), we
need to let ¢ — 07 in the above inequality. To this end, we first
fix ¢ € C3°((0,7)) such that ¢ > 0 and observe that, for each v €
L>(0,T; BV(£2)), it holds

/OT/Q|DU(t,m)|¢(t) da dt = sup {/OT/Qv(t,:p) div () () da:dt} ,

where the supremum is taken among all ¥ € CL(€;RY) such that
|t(x)] < 1. Since for every fixed ¢ and ¢ we have the continuity of

operator .
vr—>/0 /Qv(t,a:) divyp(z) o(t) dx dt

with respect to the weak convergence in L*((0,T) x ), we deduce that

the functional .
v / / \Do(t, )| (1) d di
0o Jo
is lower semicontinuous with respect to the weak convergence in the space
LY((0,T) x Q). Thus, the convergence u. — u weakly in L?((0,T) x Q)
implies

e—0t

/OT/Q|Du(t,a:)|gb(t) drdt < liminf/OT/Q|Dua(t’x)|¢(t) de dt .
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It follows that u € L°°(0,T; BV (Q)) N L>=(0,T; L*()) and also

)\/ d:r;—i—/ |Du(t)| < M,, for almost all ¢ € (0,7).

Step 6: Au(t) — divz(t) = 0 holds in D'(2) for almost every t € (0,T).
Observe that, since (3.22) holds for every i = 1,2,...,n, we have

/\/ugtm dx—}—/zetx Vo(x)dx =0,

for every ¢ € C§°(£2) and for every t € (0,7"). Considering ¢ € C5°(0,7),
from convergences (3.33) and (3.27) we deduce that

)x// (t,x) ¢ dxdt—i—// (t,x) - Vo(z)p(t)dedt =0.

Therefore, for almost every ¢ € (0,7, we obtain
A / ) pdx + / Vopdr =0,
and so Step 6 is proved and divz(t) € L?(Q) for almost all ¢ € (0,T).

Step 7: wi(t) + [z(t),v] = g(t) for almost all t € (0,T).
As a consequence of divz(t) € L*(Q), we may apply Green’s formula
to the vector field z(t). So Steps 3 and 6 imply

[z-(t,z),v(x)]—[z(t, z),v(x)] *-weakly in L>¥((0,T) x 092). (3.35)

On the other hand, it also holds the following *-weakly convergence in
L>(09):

we(t) — we(t —e(t))

e(t)

= [2(t),v] = = g:(t) = p(t) . (3.36)
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Taking ¢ € L?(09) and ¢ € L?((0,T)), we may compute the limit of

[0 ] et o), vtaletyon a
using (3.35) and (3.36). Then,
[ ] et v@lp@ot an " a
-/ ! [ ol w)elw)ot) au Lt
Thus, [2(t), V] = —p(t) H¥L-a.c. on O and
2.(t), ] = [2(£),v] *-weakly in L®(99) (3.37)

for almost all t € (0,7). Recalling (3.26), we also deduce that the
identity
wi(t) + [2(1),v] = g(1)

holds on 9 for almost all ¢t € (0, 7).

Step 8: For almost every t € (0,T), there exists a subsequence satisfying

some useful convergernces.

Let t € (0,7). From (3.34) it follows that
)\/ ue(t)* dx < M, .
Q

Then, the sequence {u.(t)} is bounded in L?(Q2) and there exist u(t) €
L?(2) and a subsequence {u.:(t)} (we remark that the subsequence we
find depends on ¢) such that

uet (t) — U(t) weakly in L*(€2). (3.38)
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Now we go back to (3.34) which is an estimate of {u.(¢)} in BV (Q)
for a fixed t € (0,7"). Thus, there exists a further subsequence (not
relabelled) such that converges to a BV-function strongly in L'(Q). Since

we have proved (3.38), we conclude that
ugt (t) — (t) strongly in L*(Q), (3.39)

and u(t) € BV ().

On the other hand, fixed ¢t € (0,7, the sequence {z.(t)} is bounded
in L>(Q) since ||zt (t)||r) < 1. Then, passing to a subsequence if
necessary, there exists a vector field z(¢) € L*°(£2) such that

z.(t) = z(t) x-weakly in L>(Q). (3.40)

Step 9: \u(t) — divz(t) = 0 for almost every t € (0,7).
Observe that, since (3.22) holds for every i = 1,2,...,n, we have

)\/ngt(t)gpdx—i-/zst(t)~Vgodx:O,
Q

for every ¢ € C§°(£2) and for almost every ¢ € (0,7). Then, it follows
from (3.38) and (3.40) that

)\/Qu(t)gpdx—i-/gz(t)-Vgodxzo,

and so divz(t) € L*(Q) for almost all ¢ € (0, 7).
We point out that, as consequence of (3.40) and Green’s formula, we

also get
[zt(t),v] — [2(t),v] =-weakly in L>(012).

Having in mind (3.37), we conclude that [z(t),v] = [Z(t), V] on 0.
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Step 10: (z(t), Du(t)) = |Du(t)| as measures in S for almost every
€ (0,7).

Fix ¢t € (0,T) such that uz(t) — @(t) strongly in L*(Q), z«(t) — z(t)
s-weakly in L>°(€2) and the distributional equation Au(t) — divz(t) =0
holds. Given ¢ € C§°(Q2) with ¢ > 0, we take the test function ¢ u.(¢)
n (3.22) and we obtain

)\/Uat gpdm—k/uat z.(t chda:—l—/go|Duat( ) =0. (3.41)

We want to take limits when ' goes to 0 in each term of (3.41).
On the one hand, the lower semicontinuity of the total variation (see
(1.7)) implies
/94,0|Du( )| < l1m g0|Du5t(t)|.

—0t

On the other hand, convergence (3.38) provide us

)\/ A1) dr < liminf A [ (%o da.
Q

gt—0t

Moreover,

lim [ we(t) zee(t) - Vo da = /Q a(t)z(t) - Ve d .

et—0t JQ
Therefore, letting € — 07 in (3.41) we get
)\/Q@ godw+/ Vgodx+/g0]Du t)] <0,
which, using the previous step, can be written as
/ o |Da(t)] < —)\/ ()2 da — /Q@(t) 2(t) - Ve dr
— / 1) o diva(t) /Q () 2(t) - Vo dr = (@(1), Da(t)), ) .
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Since this inequality holds for every ¢ > 0, we have that |Du(t)| <
(z(t), Du(t)) as measures in 2. The reverse inequality is straightforward,

so that the equality holds and Step 10 is proved.

Step 11: [z(t),v] € sign(w(t) —u(t)) on 0N for almost every t € (0,T).
As in Step 10, fix ¢ € (0,T) such that the previous steps hold true
and take u.:(t) as a test function in (3.22). Then,

M (@ do+ [ (za(t), Dua(8) = [ o ()] (8), ] dHY
Applying (3.19) and (3.21), we have
M e do+ [ 1DuaO)] + [ fueelt) — o ()
= [ w0l (), ] dH

o0

which leads to
A / ue (D)2 d + / | Dut(£)] + / e (£) — w(t)] dHV !
[ e (t) = (@) aHY 4 [ (B[ (8), V] RV

To let e — 0T, in the first term we use (3.38), while in the second and
third terms we apply the lower semicontinuity of functional (1.6). The
right-hand side is a consequence of convergences wet(t) — w(t) strongly
in L2(09Q) and [z.(t),v] — [z(t), V] *-weakly in L>(9). Hence,

/ d:c+/ | Dt |+/ )| dH N (3.42)

< [ w®)zt),v]dHN .

o0
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On the other hand, Steps 9, 10 and Green’s formula imply

A / )2 dz + / \Da(t)] = / [ a0 [a(t), v dH (3.43)

Combining (3.42) and (3.43), it yields

[ 1t = @l 4 [ @) - wo)lato, ) dt - <o,

from where Step 11 follows.

Step 12: u.(t)—a(t) in L*(Q) and u.(t) — @(t) in L'(Q) for almost
every t € (0,7).

Fix t € (0,7T) such that the previous steps hold. We have proved that
there exist a subsequence {u.} and a function @(t) € BV (2) N L3(Q)
such that (3.38) and (3.39) hold, and @(t) is a solution to the Dirichlet

problem
D
Au — div <|DZ|> =0 in €,

u=w(t) on 0.

Following [8, Theorem 4], the previous Dirichlet problem has a unique
solution which implies that the whole sequence {u.(t)} converges to u(t)
weakly in L?(Q) and strongly in L!'(€2). We remark that we may also

assume that {u.(t)} converges to u(t) a.e. in 2.

Step 13: u(t) = u(t) for almost every t € (0,T).

Since u. are measurable functions in (0,7") x €2, the pointwise limit
function @ is also measurable in (0,7") x €.

Considering now ¢ € L*(Q) and ¢ € L*((0,T)), the following in-
equality holds

-
M=

‘/ugtx Vo(t) dx

<o) ([ uelt)?de)” ([ ola)?an)
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< Klo()],

for certain constant K > 0, by (3.34). This inequality allows us to use

the dominated convergence theorem and obtain

lim/ /uE (t,z)p(x)p(t) de dt = /OT[lim /Qua(t,:v)gp(x)gb(t) dx| dt,

e—0t e—0t

so that

/ / (t,z)p t)dxdt = / / (t,z)p(x)p(t) de dt.

Therefore, we get that u(t, z) = u(t, x) for almost every (¢, z) € (0,7 x 2.

Step 14: The pairing (u,w) is a strong solution to problem (3.4).

Having in mind Steps 6, 7, 11 and 13, it only remains to check the
equality (z(t), Du(t)) = |Du(t)| for almost all ¢ € (0,7"). Now, a remark
is in order. By Steps 10 and 13, we already know that (z(t), Du(t)) =
| Du(t)| holds for almost all t € (0,7"). Nevertheless, the way we have
obtained the vector field z does not imply that it is measurable in
(0,7) x Q. Hence, we cannot use this vector field to see that (u,w) is a
strong solution.

To prove (z(t), Du(t)) = |Du(t)| for almost all ¢ € (0,7T), we first
fix t € (0,7T) satisfying the previous steps and observe that we have
divz(t) = divz(t) (by Steps 6, 9 and 13) and [z(t),v] = [Z(t),v] (see
Step 9). Applying Green’s formula, it yields

[ uthdiva()de+ [ (a(t), Du(t) = [ u(®)[z(t),v] dH!

o0N

/Q()dlvz d:v+/ ), Du(t)) = /u(t)[z(t),y]d’HN_l,

o0N
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which imply

| (). Du(t)) = [ @), Duv) = [ |Du(b)].

thanks to Steps 10 and 13. Now, it follows from this identity and from
|(z(t), Du(t))| < |Du(t)| that (z(t), Du(t)) = |Du(t)| as measures in ).
Indeed, let E C 2 be a |Du|-measurable set, then

[ 1Du®) = [ (@), Du®) = [ (2(). Du) + [ (2(t). Du(t))

Q\E
< [ 1Due)|+ [ 1Du(e)] = [ 1Du(e)],

and so the inequality becomes equality. Thus,

[ (=(0), Du®) = [ 1Dutd)].

Step 15: Estimates (3.13) and (3.14).

To check (3.13), we only have to write (3.30) conveniently. Indeed,
notice that

(/m we(t, x)? dHN_1> :

2 N1\ ? T( ) N_1>%
< (/mwo(x) dH ) —i—/o /mge(t,x) dH dt,

for all £ € (0,7") Then apply (3.18) and (3.16).
On the other hand, (3.14) is a consequence of (3.42). O

Remark 3.4.3. It is not difficult to obtain estimates (other than (3.13)

and (3.14)) connecting data and solution, which may have some interest.



144 Problem with dynamical boundary conditions

Indeed, we can easily deduce another estimate starting from (3.42):

)\/ dx+/|Du |+/ (t)] MV

< [ (o) = wn®)wy dn "+ [ fwlt) an
</ £y dHN - — ;i ()dHN1+/ (1) dHN 1.

Integrating in [0, ¢] for ¢ € (0, T, we get

A// d:cds+/ U | Dufs \+/ (s)| dHN~ 1]
2/ d?—lN1<;/8w0d7-l,N1

+// HNlds+// ()| dHN 1 ds,
89

and taking the supremum for ¢t € (0,77, it yields

1 2

Allullrzorizz@) + lullorsven + 5wl o)

< 1 2 T dHN—l d

S 2||w0||L2(aQ) + ||W||L1(O,T;L1(8Q)) + ) 899(3)00(3) s

< §||WO||%2(aQ) + |wllzr o1 89)) + @l Lo (0,200 |91 L2 0,7:22(062)) -
Finally, Young’s inequality implies

Mull20,10200)) + 1wl Lro7:8v )
2 Lo
< §||W0||L2(an) + ||W||L1(0,T;L1(8Q)) + §||g||L1(0,T;L2(8Q)) .

Remark 3.4.4. We remark that choosing data in more regular spaces,

we get better regularity of the solution. An easy instance is considered:
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If g € L>=(0, +o0; L2(09)), since the equality w;(t) = [z(t), ] +g(t) holds
on 02, then w; € L>(0, +00; L*(952)) and thus, solution w is Lipschitz

continuous with respect to the time variable.

We finish this section with a comparison principle and a result on

the long term behaviour.

Proposition 3.4.5. Let g',¢* € L'(0,T; L*(0R)) and let w,w? €
L%(0R2). Denote by (u,w) the strong solution corresponding to data g"
and w, k=1,2.

If g'(t,x) < g*(t,x) for almost all (t,z) € (0,T) x 9Q and w}(z) <
wi(z) for almost all x € 09, then w'(t,x) < w?(t,x) for almost all
(t,z) € (0,T) x 0 and ul(t,x) < u(t,x) for almost all (t,z) € (0,T) x
Q.

Proof. Tt is enough to apply Theorem 3.3.12 having in mind the L-
convergence u®(t) — u*(t) for almost every t € (0,7). O

Proposition 3.4.6. If g € L'(0,+00; L?(99)) and wy € L*(0N2), then
there erists a sequence t, — oo and there exist h € L*(0) and
v € BV(Q) N L3(Q) such that

(i) w(t,)—h weakly in L*(09),
(ii)  u(t,)—v weakly in L*(Q),
(iii) u(t,) — v strongly in L'(2),

(iv) Du(t,) — Dv * -weakly as measures in €.

Proof. Since the datum g € L(0, +00; L?(99)), we deduce from estimate
(3.13) that

Wl 2o (0,400:22(09)) < llwollL2@0) + 1191210, 400:L2(00)) < +00-
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Then, there exist a constant A > 0 such that ||w(t)||r20) < M for
almost every t > 0. Therefore, there exist a sequence t, — +o00 and a
function h € L?(0N2) such that w(t,)— h weakly in L*(09).

On the other hand, from estimate (3.14), we also deduce
Mu)ll2@) + llu®) By < M.

Thus, there exists another sequence t, — +oo and two functions v; and

v9 such that
u(t,)—wv; in L*(Q)
and
u(t,) — vy in L'(Q),
with
Du(t,) — Dvy *-weakly as measures in in 2.

Finally, due to the uniqueness of the limit, we denote v = v; = vy €
BV(Q) N L*(Q). O

3.5 Continuous dependence on data

The present section is devoted to prove a result which compares
solutions of problem (3.4) determined by different data. More precisely,
the result allows us to estimate the distance of the solutions depending
on the distance of the data.

Theorem 3.5.1. Let (uj,w;) and (ug,ws) be the strong solution to
problem (3.4) with initial data g1,go € L'(0,T; L*(09)) and wor,wos €
L2(09)), respectively. Then, it holds

|wr — wal| oo o,m2200)) < [lwor — wozl|L2a0) + 1191 — g2l 21 (0,7;2200))
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and

1
Mlur = w2l Z207:12(0) §§H¢001 — w021 720y (3.44)
1 2
+ 5”91 — g2l 12071200 -

Proof. First, we fix t € (0,7") such that conditions (i) to (iv) of solution
to problem (3.4) hold. Then, we take wu;(t) — ug(t) as a test function in
the condition (ii) corresponding to (u1,w;). Therefore, using Green’s

formula we get

0=2 [ ur(®)(un(t) = wat)) dw + | (2(2). D(ur(£) — ua(1))
— | [z1(t), V) (us(t) — ug(t)) dHN L.

o

Similarly, we obtain
0=) [ ua(t) (ua(t) — walt)) e + [ (22, Dloua(t) = ual))
— [ Jrat). ) (0) = ) ar
and joining both equalities it holds
M ] (0a(t) = ua()*de
[ 1D 01 - o). D) + Do) (aa(0), D (0)
= [ (0). V(1) = wa(1)) R

o0

[ a(t), v)(ua(t) = w (D) dHY = I+ I,
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Now, since (z1(t), Dus(t)) < |Dus(t)] and (z2(t), Duy(t)) < |Duqy(t)|, we
get the following inequality:

A /Q (ur(t) — us(t))2dz < I + I . (3.45)

We are analyzing I and I5. First, we manipulate I; using conditions
(iii) and (iv):

B = [ (0, P (0) = (8) + 1 (2) = wn(t) +n(t) — wp(1)) MY
< —/m () — wr (£)| AN + /m lwa(t) — ua(£)] dHN !

[ (910 = () wr(t) — wo(t) aH
In an analogous way we get

L < —/8Q s (1) — wa(t)] dHN 1 + /m w1 (£) — w (£)] dHV !

+ [ (92(8) = wnr(t) (nlt) — wa () aH
and adding both estimates it follows that
Lty < [ (@) = wn)enlt) = walt) 1
+ [ (g2(t) — war(t)) (wa(t) — wi(t)) dH .

o9
Therefore, (3.45) and Holder’s inequality imply
A /Q(ul(t) —us(t))? dx
< [, = g2(t)(wr(t) — wa(t)) aH"!

— /aQ(wlt(t) — wor (1)) (wy (t) — wo(t)) dHN !
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< [plon( = gatt)? dHNl); ([ () = at)? d’HN1>;
_ /89(w1t(t) — wor (1)) (Wi (t) — wa (b)) dHN L.
Moreover, since wy, wy € W1(0,T; L2(02)), we know that

/ag(wlt<t) — wor(t)) (wr(t) — wa(t)) MM

1d

=5 [ (@) —wn(®) an

Now, let t € (0,7") and integrate the previous equality with respect to
the time to get

/\//u1 — ug(s )da:ds</ (/ ()—gz(s))Zd”HN1>é><

X </89(w1(s) — wy(s))? d”;'-[N_1>é ds

1

2 No1, L 2 N-1
=5 [ ent) = () an +§/m(w1(0)—w2(0)) dHN .

So, we have got the main estimate:
t
2A/ [ur(s) = ua(s) |22 ds + llwr (t) = wa(t) 290 (3.46)

<2 [ Ng1(s) = ga(s)lzomlln(s) — wa(s) 2oy ds
1l (0) = w2 (0) 2200y

for all t € (0,7"). As a consequence we get the following the inequality:

lws (£) = wa(B) 1200y < llwr(0) = wa(0) 7200
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+2/ l91(5) = g2(8)l| 200 w1 (5) = wa(s)[| L2 (02) s,

which, due to an extension of Gronwall’s inequality (see [65, Theorem

1.2]), allows us to have
w1 (t) — wa(t)] L2 (002)

t
< Jlwr(0) = w2(0)[ 2 a0 +/0 191(5) = 92(s)l 200 s

T
< [wr(0) = wa2(0) 2200 +/O 191(s) = g2(s) || L2 o s,
for all t € (0,7). So that

l|lwr — wal Loo 0,22 (00)) < [Jwi(0) — w2(0) [l 200) + |91 — 92| 1 0,7:22(80)) -

On the other hand, inequality (3.46) and Young’s inequality imply

T
2A/ lur(s) = ua(s) |72y ds + sup [lwi(t) — wa(t)l|72(90)
0 t€(0,T]

< w1(0) = w2(0)[[72(p0

+2 [ loa(s) ~ 92(5) 2o llen(5) = () ds
< |wi(0) = w2 (0) 17290 + 191 = 92ll71(07;22(00)

+ [lwr — w2H%°°(O,T;L2(BQ)) :

Simplifying, it leads to the desired inequality (3.44). O



Conclusions

We would like to close this dissertation by summing up our main
results, which were submitted and published in specifics journals during
the PhD procedure.

In Chapter 1 we present the results from [49]. In particular, we show

existence and uniqueness results of problem

—div (gz') + g(uw)|Du| = f(x) in Q,

u=>0 on 0f),

where ) is a bounded open set in R with Lipschitz boundary, f is a
nonnegative datum in LY>°(2) and a continuous function g : [0, co[—
[0, oo is considered.

We start by showing a generalization of Anzellotti’s theory. For the
sake of completeness, we also add some results from [51].

The first existence theorem shows that if ¢ = 1, then there is a unique
solution to this problem. Moreover, this solution belongs to the Lebesgue
space L9(€2) with 1 < g < oo but it is not necessarily bounded.

Furthermore, for a function g(s) bounded from below we prove that
there is a unique solution and it also belong to L9(€2) with 1 < ¢ < 0.

Nevertheless, when we take g such that g(s) > 0 for almost every
s > 0, then we have to change the notion of solution because u does

not belong, necessarily, to the BV -space. Moreover, when g vanishes
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on an interval, we do not have uniqueness of solution, it can have jump

discontinuities and also the boundary condition may not hold.

In Chapter 2 we deal with the problem

. Du _ .
—div (\Du|> +|Du| = f(z) in Q,

u=0 on 0f),

where  is a bounded open set in RY and datum f is a nonnegative
integrable function in €2.

Since we consider non-variation data and the pairing (z, Du) is not
well-defined for a general v € BV (§2) and a vector field z € DM>(12),
we have to use truncations in the definition of solution to this problem.

The main result of this chapter is the comparison principle, which
not just improves the known results for this problem with less general
data, but also its proof is simpler than the way the uniqueness is proved.

Finally, we also show some results concerning the regularity of solu-
tions. In particular, we have proved that when we take L?-data with
1 < ¢ < N, the solution to this problem belongs to BV (2) N L™ ().

The contents of Section 1.2 of Chapter 1 and Chapter 2 are in [51].

Finally, in Chapter 3 we deal with an existence and uniqueness result
for an evolution problem. It consists in an elliptic equation involving the

1-Laplacian operator and a dynamical boundary condition, namely

D
Au — div <|DZ|> =0 in (0,400) x Q,
D
wy + LDZVV] =g(t,z) on (0,+00) x 0N,
U=w on (0,400) x 09,
w(0,x) = wo(z) on 0Q;
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where  is a bounded open set in R with smooth boundary 9Q, \ is a
nonnegative parameter, v stands for the unit outward normal vector on
99, g € L}, (0, +00; L*(09Q)) and wy € L*(0N). Here, we have denoted
by w; the distributional derivative of w with respect to t.

Using the nonlinear semigroups theory, we show the existence of a
mild solution and we prove that this solution is, in fact, a strong solution
in the sense that every statement of the problem hold for almost every
t>0.

In addition, we also have proved a comparison principle and a result
which shows that the distance between solutions depends on the distance
between the data.

These results will appear in [50].
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