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Resumen

La tacoclina solar situada en la base de la zona de convección es la capa de
cizalladura que conecta la rotación diferencial en la envoltura convectiva y la rotación
rígida en el interior radiativo. Generalmente se cree que alberga la localización de la
dinamo solar y desempeña un importante papel en la generación y almacenamiento
de los campos magnéticos que originan el ciclo solar de actividad magnética. Con la
ayuda de técnicas de modelado y de heliosismología global y local numerosos estudios
han intentado mejorar nuestro conocimiento sobre el papel desempeñado por la base
de la zona de convección y la tacoclina en los modelos de la dinamo solar.

La heliosismología constituye una técnica ideal con la que inferir propiedades
de áreas del Sol no accesibles a la observación directa. Como tal, la holografía
heliosísmica sensible a la fase ha demostrado ser una técnica satisfactoria para
producir mapas de actividad magnética en el hemisferio no visible o lado lejano del
Sol. En esta tesis, adaptamos ese método para detectar cambios en la velocidad del
sonido en la vecindad de la tacoclina y la base de la zona de convección a lo largo del
ciclo solar.

La validación de técnicas heliosísmicas para su uso en el interior solar no es trivial.
Las simulaciones numéricas pueden ser de ayuda en esta tarea. Usamos una serie de
simulaciones numéricas con perturbaciones en la velocidad del sonido a 0.70 R� para
medir la respuesta de la técnica a variaciones en la velocidad del sonido, lo que se usa
para establecer una relación de calibración entre cantidades sísmicas, es decir desfase,
y variaciones en la velocidad del sonido. Evaluamos los posibles efectos colaterales
en las profundidades de interés causados por perturbaciones menos profundas con la
ayuda de otra serie de simulaciones numéricas con perturbaciones en la velocidad del
sonido en la fotosfera y en la zona poco profunda de la subfotosfera.

La técnica �nalmente se aplica a observaciones solares reales obtenidas por GONG
con el �n de demonstrar la factibilidad del método para detectar variaciones en la
velocidad del sonido en el Sol real. Recuperamos un per�l de la velocidad del sonido
en las capas profundas de la tacoclina y la base de la zona de convección, generalmente
consistente con trabajos previos. También recuperamos variaciones en la velocidad
del sonido entre periodos del ciclo solar con alta y baja actividad. Presentamos las
limitaciones de la técnica actual y sugerimos algunos experimentos para mejorar su
calibración.

CÓDIGOS UNESCO: 2106.02, 2106.04
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Abstract

The solar tachocline at the base of the convection zone is the shear layer that
connects di�erential rotation in the convective envelope and rigid rotation in the
radiative interior. It is generally believed to be the seat of the solar dynamo and
plays important roles in the generation and storage of the magnetic �elds that give
rise to the solar cycle of magnetic activity. With the aid of modelling and global
and local helioseismology techniques numerous studies have tried to improve our
knowledge of the role played by the base of the convection zone and the tachocline
in solar-dynamo models.

Helioseismology constitutes an ideal technique with which to infer properties of
areas of the Sun that are not accessible to direct observation. As such, phase-sensitive
helioseismic holography has proved a successful technique for mapping magnetic
activity in the far-side non-visible hemisphere of the Sun. In this thesis, we adapt
that method to detect changes in the sound speed in the vicinity of the tachocline
and the base of the convection zone through the solar cycle.

The validation of helioseismic techniques for use in the solar interior is not
straightforward. Numerical simulations can prove useful in this task. We use a series
of numerical simulations with sound-speed perturbations at 0.70 R� to measure the
response of the technique to sound-speed variations, which is used to establish a
calibration ratio between seismical quantities, i.e. phase shift, and variations in the
sound speed. We assess the possible side e�ects on the depths of interest caused by
shallower perturbations with the aid of another series of numerical simulations with
sound-speed perturbations in the photosphere and in the shallow subphotosphere.

The technique is �nally applied to actual solar observations taken by GONG in
order to demonstrate the feasibility of the method to detect sound-speed variations in
the real Sun. We recover the sound-speed pro�le at the deep layers of the tachocline
and the base of the convection zone, generally consistent with previous work. We
also recover variations in the sound speed between periods of high and low activity
of the solar cycle. We present the limitations of the current technique and suggest
some experiments to improve the calibration thereof.

UNESCO CODES: 2106.02, 2106.04
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1
Introduction

Through history the Sun has played an important role in di�erent human societies.
Solar-related deities have held important positions in a number of cultures throughout
Earth, such as Shamash in Mesopotamia, Ra in ancient Egypt, Helios in the Græco-
Roman world, Inti in the pre-Columbian Inca empire, and Magec and Abora in the
indigenous culture of the Canary Islands prior to the Castilian conquest.

Although we �nd scattered references to sunspots in Chinese and Korean
astronomical records as early as 800 BC, we must wait until 1128 for the �rst drawing
of a sunspot appearing in the Chronicon ex chronicis attributed to the English monk
John of Worcester. And it was not until the beginning of the seventeenth century
with the advent of the telescope that systematic observations and recordings of solar
structural features began thanks to the contributions and observations of Thomas
Harriot, Galileo Galilei, David and Johannes Fabricius, and Christoph Scheiner.
However, their true nature as magnetic phenomena would remain unknown until
the early twentieth century.

Another major step forward in the knowledge of the Sun came with the discovery
of Fraunhofer lines and the invention of spectroscopic techniques in the second half
of the nineteenth century. Most recently, in the last �fty years, a remarkable advance
has been achieved in solar physics thanks to the contribution of helioseismology.

Besides a deeper and better understanding of stellar physics in general, the
improvement of our knowledge of the Sun can still have an important practical
impact on society nowadays. With an increasing dependence on technology, the
disruptions of long-distance electrical grids or the failure of communication satellites
due to geomagnetic storms originating in the Sun may have catastrophic consequences
and cause major economic losses (Pulkkinen, 2007). Helioseismology has started to
prove a reliable tool in space-weather forecasting (González Hernández, 2013) thanks
to the detection of active regions in the far-side non-visible hemisphere of the Sun
(Fontenla et al., 2009; González Hernández et al., 2014) or prior to their emergence
at the photosphere (Zharkov and Thompson, 2008; Ilonidis, Zhao, and Kosovichev,
2011; Kholikov, 2013; Leka et al., 2013; Birch et al., 2013; Barnes et al., 2014).
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2 Introduction 1.1

Figure 1.1: Earliest known record of the depiction of a sunspot dated in 1128, taken from the Chronicon ex chronicis,
a history of the world up to 1140 produced in the Priory of Worcester and attributed to John of Worcester as its
principal author and compiler. The picture appears on page 380 of the manuscript MS 157 of the chronicle, kept in
the Corpus Christi College in Oxford.

Another topic of public interest today is climate change. Although the current
overall rise in temperatures seems to be mainly of anthropogenic origin (e.g. Cook
et al. (2013, 2016)), there has been in the past other climatic variations that
could have been in�uenced, to some extent, by variations in solar activity (Haigh,
2007). A temporal coincidence is found between the Little Ice Age, a colder
period in the seventeenth century, with the Maunder minimum, which left the Sun
practically without sunspots at the surface for about half a century (Ribes and
Nesme-Ribes, 1993). Similar temporal correlations are found between the Dalton
minimum and another period with lower-than-average temperatures at the beginning
of the nineteenth century. Although causality is not completely established and
the corresponding physical mechanisms are not fully understood, the contribution of
helioseismology to the description of the mechanisms that drive the solar dynamo
could still improve our knowledge on the e�ects of the Sun on Earth's climate.

1.1 The Solar Structure

The Sun is a G-type main-sequence star, located at the centre of the Solar System
and formed 4.6 · 109 years ago, being approximately half-way through its life on the
main sequence. It is in a state of thermal and hydrostatic balance in which energy
produced in the core is transported up to the photosphere where it is released into
space.

Solar observations at di�erent wavelengths allow the study of di�erent layers in
the solar atmosphere, according to the height at which speci�c spectral lines are
formed. However, the lack of possible direct observations of the solar interior, except
for the neutrinos escaping it, requires the use of indirect techniques to study it. The
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1.1 The Solar Structure 3

construction of ad hoc models of the solar interior and the comparison of their upper
layers with solar observations, together with inferences of solar structure made by
helioseismic techniques, have contributed to a comprehensive consistent view of the
structure of the solar interior, formed by a set of spherical shells, according to the
classical theory of stellar structure.

The inner part of the Sun is occupied by the core, up to a radius of 0.2 R�, where
the thermonuclear fusion of hydrogen into helium takes place, releasing energy and
producing also an out�ow of neutrinos. Above the core, we �nd the radiation zone, a
quiescent region which extends up to a radius of 0.71 R�, through which the energy
�ux is radiatively transported from the core outwards. The high density of this zone
makes photons travelling through this region experience a succession of scattering
processes, that increases considerably the travel time of photons through this layer,
estimated around a few tens or hundreds of thousands of years. On the contrary,
the neutrinos formed in the core by the fusion of hydrogen hardly interact with the
matter of the solar interior and leave the Sun quickly and practically unperturbed.
Above the radiation zone lies the convection zone, a shell where high values of
opacity do not allow the transmission of electromagnetic radiation. Therefore, the
temperature gradient between the lower and upper boundaries favours the formation
of convective cells with di�erent sizes, which transport the energy �ux toward the
photosphere. Convection manifests externally as the typical pattern of granulation
and supergranulation observed at the photosphere.

Figure 1.2: Image of active region AR 10953 and neighbouring quiet Sun illustrating the granulation taken on 1 May
2007 with the Solar Optical Telescope (SOT) onboard the Hinode spacecraft. Hinode is a Japanese mission developed
and launched by ISAS/JAXA, with NAOJ as domestic partner and NASA and STFC (UK) as international partners.
It is operated by these agencies in co-operation with ESA and NSC (Norway).

Whereas in terrestrial planets the location of the lower limit of the atmosphere is
rather obvious, in stars we must resort to a more complex de�nition. Particularly,
we de�ne the atmosphere of the Sun as the region from which photons can escape
freely into space, which for the Sun is immediately located on top of the convection
zone. It comprises the photosphere, the chromosphere, and the corona. The
photosphere is the layer from which the majority of the solar radiation is emitted
into space and has a thickness of a few hundred kilometres. It produces a spectrum
dominated by absorption lines. The overlying chromosphere has a thickness of about
10 Mm and its weaker spectrum is dominated by emission lines, being one of the
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4 Introduction 1.1

strongest the Hα line of the Balmer series. A solar transition region couples the
chromosphere and the corona above. The corona has variable shape and extension,
extending millions of kilometres, and merging with the interplanetary medium of the
heliosphere. Figure 1.3 illustrates the structure of the solar interior and atmosphere.

Figure 1.3: Composite image of the Sun with a cutaway of its basic internal structure in the upper half, comprising
the core, the radiative zone, and the convection zone. The rest of the image of the Sun together with two overimposed
sections are made of actual SOHO observations at di�erent wavelengths and illustrate the components of the solar
atmosphere: the photosphere, the chromosphere, and the corona. Some of the structural features that appear at these
layers are also shown. Image by Steele Hill (NASA), courtesy of SOHO1.

As expected from a strati�cation governed by gravity, density and pressure
reduce as we move away from the solar centre, both in the solar interior and
in the atmosphere. The behaviour of temperature is similar in the solar interior
and photosphere, with a decrease up to a value of approximately 6000 K in
the photosphere. The chromosphere sees a further decrease in temperature in
its lower layers, up to a minimum of about 3800 K, and beyond that point
temperature increases again and reaches values as high as a few million kelvin in
the corona. Although the origin of this phenomenon is not completely settled yet,
two main theories have been proposed to explain the increase in temperature in the
chromosphere and in the corona. The release of the energy contained in waves that
dissipate in the area can explain the heating in the chromosphere (Biermann, 1946;
Cuntz, Ulmschneider, and Musielak, 1998). However, when the waves eventually

1http://sohowww.nascom.nasa.gov/gallery/images/sunparts.html
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1.2 The Solar Structure 5

reach the corona, their energy is practically exhausted. The other model is based on
the release of magnetic energy through processes of magnetic reconnection, which can
explain the coronal heating and could also contribute to the increase of temperature
in the chromosphere (Narain and Ulmschneider, 1990, 1996).

By tracking sunspots, Richard Carrington discovered that solar rotation at the
photosphere was not homogeneous but it varied with latitude (Carrington, 1858,
1859). The observation of sunspots and other structural features at the photosphere
at di�erent latitudinal locations shows that the rotation rate decreases as the latitude
increases. Thus, while the rotation period at the equator is approximately 25 days,
it is about 36 days at the poles. Helioseismic studies in the last decades have allowed
the study of the rotation rate in the solar interior, too (Brown et al., 1989; Schou and
Bogart, 1998; Howe et al., 2000, 2005). The radiative interior of the Sun�comprising
the core and the radiative zone�seems to rotate approximately as a solid body with
a period of about 27 days. The convection zone rotates di�erentially transitioning
to the rigid-body rotation of the radiative interior in the tachocline, a thin shear
layer located around the base of the convection zone which couples both rotation
regimes. Another shear layer is observed in the shallow subphotosphere between
the subsurface fastest-rotating layer at ≈ 0.95 R� and the slower overlying surface.
Figure 1.4 illustrates the rotation rates throughout the convection zone and the upper
layers of the radiative interior from helioseismic inferences. Howe (2009) presents a
complete review about the rotation of the solar interior and its observed variations.

Figure 1.4: Internal rotation pro�le of the Sun inferred from helioseismology. A rotation rate of 450 nHz corresponds
to a rotation period of 26 days and one of 325 nHz corresponds to a period of 36 days. The image extends from the
solar equator on the lower right to the pole on the upper left, averaged for both hemispheres. Courtesy of the High
Altitude Observatory (HAO) of the National Center for Atmospheric research (NCAR)2.

2http://www.hao.ucar.edu/research/lsv/lsvConvectionBackground.php
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6 Introduction 1.2

1.2 The Solar Cycle

Sunspots, darker and cooler regions at the photosphere, an example of which is
shown in Figure 1.2, have been systematically observed since the beginning of the
seventeenth century. The long-term observational record shows a periodicity in the
presence and distribution of sunspots with a mean period of 11 years, discovered by
Schwabe (1844). This period is referred to as a solar cycle. In 1849 Rudolf Wolf
initiated in the Zürich Observatory a systematic programme to record the numbers
of sunspots and groups of sunspots visible on the Sun on a daily basis and compute a
sunspot index (Wolf, 1861), which is now known as the international sunspot number
or the Wolf number. He later extended his work backwards to 1749 using previous
observations. Thus, conventionally, the cycle starting in 1755 is known as Solar
Cycle 1 and from this the numbering is extended into the future. The international
sunspot number is nowadays maintained and produced by the Royal Observatory
of Belgium, in Brussels, under the Sunspot Index and Long-term Solar Observations
programme (SILSO)3. The original data series has been replaced since 1 July 2015
with a revised data series, referred to as version 2.0, which has become the o�cial
standard (Clette et al., 2014). With this revision, the international sunspot number
provides a harmonized value to assess photospheric variability in terms of counting
sunspots and groups of sunspots continuously from the mid�eighteenth century.
Other similar indices are also available, such as the Boulder Sunspot Number, the
American Sunspot Number, or the Group Sunspot Number (Hoyt and Schatten, 1998;
Hathaway, Wilson, and Reichmann, 2002). Figure 1.5 shows 13-month smoothed
monthly averages of the daily international sunspot number for all the available record
since the beginning of Solar Cycle 1 in 1755.
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Figure 1.5: International sunspot number Sn for the existing record of solar cycles starting in 1755 according to
its current o�cial standard�version 2.0�. The displayed values have been monthly-averaged and smoothed in
overlapping intervals of 13 months.

3http://sidc.be/silso/
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1.2 The Solar Cycle 7

Despite the long-term utility of integral indices such as the international sunspot
number, the hemispheric area occupied by sunspots represents a more physical
magnitude recording solar activity (Fligge and Solanki, 1997; Baranyi et al., 2001;
Balmaceda et al., 2009). Among di�erent indices recording sunspot area we �nd
the RGO4 Sunspot Area and the USAF/NOAA5 Sunspot Area, which show a
correlation of about 99% with the international sunspot number. The lower panel of
Figure 1.6 shows the average daily values of the area occupied by sunspots in terms
of percentages of the visible hemisphere. The correspondence with the international
sunspot number (Figure 1.5) is easily seen. The record of the position�longitude
and latitude�of sunspots provides more detailed information. Sunspots appear in
two bands on either side of the solar equator, keeping overall symmetry with respect
to the equator. At the beginning of a solar cycle sunspots appear at latitudes of
about 20°�25°. With the progression of the cycle, sunspots appear at a broader range
of latitudes, but their mean central latitude approaches the equator, but avoiding
a narrow band near it. This behaviour, referred to as the Spörer Law of Zones, is
illustrated by the so-called butter�y diagram (Maunder, 1903, 1904). The upper panel
of Figure 1.6 shows an example of the butter�y diagram with the areal distributions
of sunspots with respect to latitude and time.
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Figure 1.6: Upper panel: Butter�y diagram, i.e. areal distribution of sunspots with respect to latitude and time.
Lower panel: Average daily sunspot coverage. Courtesy of David H. Hathaway (NASA/MSFC)6.

It was not until the early twentieth century that Hale discovered the magnetic
origin of sunspots (Hale, 1908). This allowed more complex studies of photospheric

4Royal Greenwich Observatory
5United States Air Force/National Oceanic and Atmospheric Administration
6http://solarscience.msfc.nasa.gov/images/bfly.pdf
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8 Introduction 1.2

activity in terms of magnetic polarity. A large number of sunspots appear in pairs,
with one leading and one trailing sunspot�according to rotation�. Whenever this
occurs, they are generally of opposite polarity. Besides, the corresponding group in
the other hemisphere shows reverse polarities. For each hemisphere, the polarity of
any leading sunspot, and consequently that of the trailing sunspot, is kept throughout
each solar cycle, reversing polarities at the beginning of the next solar cycle. This
is known as Hale's Polarity Laws (Hale et al., 1919). Furthermore, in binary groups
the trailing sunspot is generally at a higher latitude than the leading one, this tilt
increasing with latitude, what is known as Joy's Law (Hale et al., 1919).

Figure 1.7: Evolution of the longitudinally averaged radial magnetic �eld with respect to latitude. The data have
been obtained from instruments on Kitt Peak and onboard SOHO. Courtesy of David H. Hathaway (NASA/MSFC)7.

Sunspots are in fact the photospheric visual manifestation of active regions,
perturbed areas of the Sun where magnetic �elds are concentrated. They also inhibit
convection locally. The sunspots last much longer than if they would be only a
photospheric phenomenon. Thus, they must extend into deeper layers of the Sun,
but their underlying structure remains still subject to discussion (Parker, 1979).
Moradi et al. (2010) present a comprehensive review of the current state-of-the-art
di�erent models of sunspot subphotospheric structure. Apart from sunspots on the
photosphere, active regions may produce disturbance features throughout the whole
solar atmosphere such as �ares, coronal loops, prominences, or even coronal mass
ejections (CMEs). But active regions are not the only elements to show reversals
in polarity over time. In fact, the magnetic �eld at the poles also experiences a
change in polarity at the solar maximum (Babcock, 1959). Thus, magnetic �elds at
the poles and at latitudes with active regions are out of phase about half a cycle.
Figure 1.7 shows the evolution of the longitudinally averaged radial magnetic �eld
and its dependence with latitude for the last few solar cycles. The butter�y-diagram
pattern is shown at lower latitudes illustrating Hale's polarity and Joy's laws. We

7http://solarscience.msfc.nasa.gov/images/magbfly.jpg
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1.2 The Solar Cycle 9

can also observe the reversal of polarity of polar magnetic �elds with an o�set of half
a cycle with respect to the polarity change in the active regions at lower latitudes. A
poleward drift migration of photospheric magnetic �elds is also clearly present, what
is believed to be caused by the transport of magnetic energy released by the decay of
active regions at low latitudes.

The sunspot indices presented above can be useful to study the long-term evolution
of solar activity. We can also use other indices as well, e.g. indices derived from
magnetic measurements in the Sun such as the Mount Wilson Plage Strength Index
(MPSI) or theMount Wilson Sunspot Index (MWSI) (Parker, Ulrich, and Pap, 1998),
from helioseismic measurements (González Hernández et al., 2014), or from radio
signals from the Sun, such as the 10.7 cm radio �ux (F10.7) (Covington, 1969). All of
the latter show di�erent degrees of correlation with the former. Other magnitudes,
non-directly dependent on solar observations, such as the measurement of the 14C and
10Be isotopes on Earth, correlate with solar cycle variations to an acceptable extent
(Stuiver and Quay, 1980; Beer et al., 1990; Masarik and Beer, 1999). This can be used
to extend studies of the solar cycle into the past using geological data before records
of solar activity were available, albeit with higher uncertainty. Ermolli et al. (2014)
presents a general overview of di�erent indices able to measure solar-cycle variations.
Some of them constitute a valuable input in numerical models used to study solar
cycles and make predictions for the near future. A detailed comprehensive review
of the observational phenomena related to the solar cycle is provided by Hathaway
(2010).

The processes involved in the cyclic regeneration and evolution of the magnetic
�eld of the Sun have been englobed under the term solar dynamo. There is a
signi�cant agreement that the magnetic cycle is produced by the inductive action
of plasma motions in the solar interior. Any model for the solar dynamo should
reproduce the observable evidence, basically the cyclic evolution from a mainly
poloidal con�guration of the magnetic �eld at the beginning of a solar cycle to
a mainly toroidal con�guration at the solar maximum, and then to a poloidal
con�guration again, but of opposite polarity. It should also reproduce other evidence,
such as the o�set in the reversal of the magnetic �elds at the poles, and Joy's and
Hale's polarity laws.

It is generally accepted that di�erential rotation acts on the poloidal magnetic
�eld of the Sun, which is dragged by the solar plasma, and modi�es its con�guration
to produce strong toroidal magnetic �elds that emerge through the photosphere to
form active regions. This is called the ω-e�ect. However, the process to explain the
generation of a poloidal �eld of reversed polarity from a mainly toroidal con�guration
is more problematic.

The �rst considered models are based on magnetic �ux transport and are known
today as Babcock-Leighton models (Babcock, 1961; Leighton, 1969; Wang and
Sheeley, 1991; Dikpati and Charbonneau, 1999). Their proposed mechanism for the
conversion from a toroidal to a poloidal magnetic �eld is based on the tilt described
by Joy's law of bipolar magnetic regions, i.e. active regions with two components
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10 Introduction 1.2

of opposite polarity. On the one hand, the leading component would migrate to
the equator where it would be neutralized with the leading component of opposite
polarity from the other hemisphere. On the other hand, the trailing component would
migrate to the pole where it would contribute to the reversal of the polar magnetic
�eld. This poleward migration may pose a problem as the poloidal �elds this model
creates at the surface are weak and could be distorted when passing through the
turbulent convection zone. Besides, whereas the poleward migration is considered
a key component in the generation of the poloidal �eld here, other kind of models
explain it as an external manifestation of an underlying phenomenon. These models
also tend to operate independently in each hemisphere, which could lead to a loss of
synchrony between the northern and southern hemispheres.

The tachocline, the narrow shear layer located at the base of the convection zone
where solid rotation of the radiative interior changes to di�erential rotation in the
convective envelope (Spiegel and Zahn, 1992), is generally believed today to play an
important role in the solar dynamo. It should be noted that the tachocline is in
general located partly in the convection zone and partly in the radiative zone, whose
upper part hosts a convective overshoot region, where material from the convective
layers above can penetrate by inertia. Further details about the location of the
tachocline are reviewed in Section 1.3.3. The high radial gradient in angular velocity,
maximal here, produces a strong shear that makes this layer ideal for storing magnetic
�elds. There is a consensus that toroidal magnetic �elds are pumped downwards into
the convective overshoot layer following the gradient of turbulence intensity, what
is called the γ-e�ect (Dorch and Nordlund, 2001; Tobias et al., 2001). The toroidal
magnetic �elds are then stored into the stably strati�ed lower layers of the tachocline.
With time, the stored toroidal magnetic �eld gets stronger and eventually could
be released due to an instability and ascend to the surface by magnetic buoyancy
(Moreno-Insertis, Schüssler, and Ferriz-Mas, 1992; Schüssler et al., 1994). Whereas
the typical rise times of a �ux tube in the convection zone is short, �ux tubes can be
stored in the tachocline during time scales comparable with the duration of the solar
cycle (Moreno-Insertis, 1983). The oscillatory nature of this �eld could also produce
an oscillation in the penetration extent of the overshoot layer (Spiegel and Weiss,
1980).

For interface-dynamo models the ω-e�ect takes place in the tachocline itself.
The strong rotational gradient is believed to turn poloidal into toroidal magnetic
�elds in the upper convective part of the tachocline before being transported down.
However, for mean-�eld or distributed dynamos, this layer is too narrow (Durney,
De Young, and Passot, 1990) to generate the magnetic �ux observed at the surface,
and they consider that the toroidal magnetic �eld is generated by means of the
magnetic dragging by the di�erentially rotating material throughout the convection
zone (Nordlund et al., 1992). In these latter models the regeneration of the poloidal
�eld is explained with the aid of the so-called α-e�ect (Rüdiger and Brandenburg,
1995). Here helicity is produced by the Coriolis force acting on turbulent convection,
i.e. turbulence produces an electric current that �ows along the magnetic lines and,
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1.2 The Solar Cycle 11

if the magnetic lines follow a toroidal con�guration, the current will in turn generate
a poloidal magnetic �eld by induction. The quick buoyancy of any concentration of
magnetic �ux in the convention zone prior to being su�ciently ampli�ed is a major
problem associated with distributed dynamos or mean-�eld models. Another one lies
in the fact that the generation of the poloidal �eld can eventually retrofeed the α-
e�ect and halt the generation of the poloidal �eld. Brandenburg (2005) discussed the
possibility that the solar-dynamo e�ects could be concentrated below the photosphere
and driven by a radial shear in the outer 35 Mm of the Sun. However, it encounters
similar di�culties as distributed dynamos.

Models with interface dynamos also locate the production of the poloidal �eld
at the tachocline itself. Using a two-layer model, Parker (1993); MacGregor and
Charbonneau (1997); Charbonneau and MacGregor (1997) solved the problem of the
halt of the the α-e�ect by retrofeeding. In this model, poloidal �elds are generated in
the upper layers of the tachocline, above the layer where toroidal �elds are generated.
Turbulent di�usion facilitates the transfer of poloidal and toroidal magnetic �elds
between layers. The presence of a strong concentration of magnetic �eld in the thin
overshoot layer inhibits convection in this layer and stabilises the model. The main
drawback of interface dynamos is that the values of the parameters of the models are
usually critical and very slight variations of them can stop reproducing the observable
behaviour of the Sun.

We have presented brie�y the characteristics of the most common solar-dynamo
models. Weiss and Thompson (2009); Charbonneau (2010); Hughes, Rosner, and
Weiss (2012) discuss with greater detail these and other models for the solar dynamo.
Besides the generation of poloidal and toroidal magnetic �ux, a successful model
should also explain the Joy's and Hale's polarity laws, and another observed evidence
such as the shorter duration of the rising part of a solar cycle, the Waldmeier e�ect, in
which the amplitude and length of a solar cycle are inversely proportional (Waldmeier,
1935, 1939; Richards, Rogers, and Richards, 2009), the presence of double-peak
maxima with a separation of 1.3 years during some solar cycles, the existence of long-
term cycles, such as the Gleiÿberg cycle of 88 years (Gleiÿberg, 1939), or the eventual
presence of grand minima, such as the Maunder minimum (Ribes and Nesme-Ribes,
1993), among others.

Despite lack of full consensus, it is clear that the tachocline itself plays a key role
in the solar dynamo. It is the generally-believed location for the ω-e�ect. Although
several possible locations have been proposed for the location of the α-e�ect, when
this e�ect is distributed throughout the convention zone, it would eventually halt due
to retrofeeding. Thus, the tachocline is also the most likely location for the α-e�ect as
well. In this scenario, toroidal �elds are created locally by the drag of di�erentially-
rotating material exerted on poloidal �elds. They are then transported downwards by
turbulent pumping�the γ-e�ect�and convection overshooting, and they are stored
in the stably strati�ed region in the lower part of the tachocline for times comparable
to the duration of the solar cycle. Instabilities can produce the release of some
of these stored �elds that ascend to the photosphere thanks to magnetic buoyancy
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12 Introduction 1.2

and create surface magnetic phenomena there. The con�nement of strong magnetic
�elds in a thin strati�ed layer within the tachocline inhibits convection locally, which
in turn intensi�es this con�nement and separates the layers where magnetic �elds
are generated above and where they are stored below. The α-e�ect operates in the
upper layers of the tachocline, above the ω-e�ect, producing poloidal �elds that are
pumped down and stored. The absence of strong magnetic �elds in the generation
layer avoids the retrofeeding issues that eventually halt the α-e�ect in distributed
dynamos. Figure 1.8 illustrates the structure of the tachocline following the model
by Parker (1993); MacGregor and Charbonneau (1997); Charbonneau and MacGregor
(1997). A comprehensive review of the tachocline can be found in Hughes, Rosner,
and Weiss (2012).

Figure 1.8: Diagram illustrating the location and structure of the tachocline. The red-coloured region represents the
convection zone and the blue-coloured region, the radiation zone. The separation between both is marked as BCZ, for
the base of the convection zone. Convective overshooting produces a region in the upper part of the radiative envelope
that is still accessible for material being carried by inertia from the convection zone above. This is represented with the
aid of blue circles. The stably strati�ed layers below are represented with parallel blue horizontal lines. The tachocline
in general comprises part of the convection zone and part of the radiative zone and its extension is signalled in the
diagram with the aid of a black rectangle. The limits of the di�erent structures can move with the solar cycle and
also with latitude.
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1.3 Helioseismology 13

1.3 Helioseismology

The measurement of physical magnitudes in the solar interior can be of valuable
aid to improve models explaining the solar dynamo and the 22-year cycle of solar
magnetic activity. Although direct observation of the solar interior is not possible
due to the opacity of the convection zone to electromagnetic radiation, the discovery
of solar oscillations in the year 1960 and the resulting study of acoustic waves in the
Sun opened an indirect way to infer properties of the solar interior. In that year,
Leighton, Noyes, and Simon (1962), using spectroheliograms taken simultaneously
in the redder and bluer zones of the solar spectrum, observed a pattern of variable
intensity, discovering oscillations with a period of 5 minutes. They had observed radial
movements in the solar surface through Doppler shifts and proved the existence of
oscillatory movements in the photosphere.

Later, solar oscillations were proved to be the visible manifestation of acoustic
standing waves trapped in the solar interior (Ulrich, 1970; Leibacher and Stein, 1971)
and it was observed that they were concentrated in a discrete frequency spectrum
(Deubner, 1975; Rhodes, Ulrich, and Simon, 1977; Claverie et al., 1979), proving that
their origin laid in processes in the solar interior. In this way, a new �eld of solar
physics was born and developed, which allowed the study of the current conditions of
the solar interior through helioseismic methods, similar to those used in geophysics
to study the interior of the Earth. Helioseismology has demonstrated since then
to be a strong set of tools to study the solar interior through the observation and
characterization of acoustic and gravity waves on its surface. Chaplin (2006) provides
a narrative historical review of this process of development of helioseismology.

Local helioseismology techniques developed at a later stage. They allow to resolve
and study the whole structure of the wave�eld observed at the surface, and not only
their oscillation eigenmodes. These techniques allow to study locally perturbations
in the solar interior or at its surface, providing a three-dimensional vision of the
Sun. The presence of magnetic �elds that modify the physical properties of the solar
interior can be studied through di�erent local helioseismology methods.

1.3.1 Acoustic modes

The Sun, as other stars, is formed by plasma in hydrostatic equilibrium, where
any transient perturbation can give origin to the formation of waves due to the
apparition of a restoring force opposing the perturbation. The strong strati�cation
of temperature and density in the solar interior results in the formation of resonant
cavities in which acoustic waves are con�ned. Besides, the temperature strati�cation
originates changes with depth in the sound speed and thus the raypaths of waves
propagating downwards are progressively curved due to refraction as they penetrate
into deeper layers of the solar interior and eventually start propagating back upwards.
Near the surface those waves are re�ected back into the solar interior due to a
sharp increase in the acoustic cut-o� frequency caused by a sharp reduction of
density. The origin of oscillations in the Sun is believed to be located in the shallow
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14 Introduction 1.3

subphotosphere, where waves are driven by turbulent convection (Goldreich and
Keeley, 1977).

Small oscillations in a spherical domain can be represented by a linear
superposition of individual oscillation modes characterised by a set of three indices:
the radial order n, the angular order `, and the azimuthal order m. They represent
respectively the number of nodes along the radial direction, the number of nodal
circles in the spherical surface, and the number of nodal circles that pass through
the poles. To a good approximation, the non-radial dependency can be expressed
as spherical harmonics Y m

` (θ, ϕ). For each particular mode, characterized by the
temporal frequency and the three indices n, `, and m, the position and size of the
resonant cavity varies. Thus, di�erent modes will penetrate up to a di�erent layer in
the solar interior.

Acoustic modes are often referred to as p-modes or pressure modes. Their restoring
force is pressure and in the Sun they have typical frequencies above 1 mHz, being
specially intense in the range 2.5�4.5 mHz, corresponding to a period of approximately
5 minutes. These are the ones considered in this work. The modes that lack radial
nodes (n = 0) are speci�cally called fundamental modes, f-modes, or even surface
gravity modes. Also present in the Sun are gravitational modes or g-modes, which are
completely di�erent in origin. Their restoring force is gravity, or negative buoyancy,
they have typical frequencies of ≈ 0.4 mHz, and are con�ned below the convection
zone. Therefore they are impractical for helioseismic probing of the solar interior.

Although resonant cavities present a re�ecting boundary beneath the photosphere,
part of the con�ned standing waves is not re�ected but passes through the interface
as an evanescent wave, which allows us to observe the acoustic behaviour at the
surface as a velocity or Doppler-shift �eld. Besides, we can select speci�c modes and
tune the speci�c depth from which we want to receive information. Any perturbation
located at that speci�c layer will modify the corresponding acoustic mode and leave
an imprint on it that we can interpret upon observation at the photosphere.

In the Sun the mean acoustic travel time from the centre to the photosphere
is approximately one hour, which is very low compared to typical time scales or
decay times of solar phenomena. Therefore, the inferences obtained from acoustic
oscillations represent real-time results of what is happening in the Sun.

1.3.2 Local helioseismology

Global helioseismology tools study the eigenmodes of the Sun and variations of
frequency values to infer changes in the solar structure with the aid of inversion
techniques. However, though they are capable or resolving absolute latitude, they fail
to resolve longitude or distinguish between northern and southern hemisphere. As a
consequence, detecting phenomena such as meridional �ows or longitudinal variations
in any physical magnitude of the Sun is impossible therewith. A new set of tools,
englobed under the term local helioseismology, has been developed more recently in
order to interpret the whole structure of the wave�eld observed at the solar surface,
allowing for full spatial resolution. These techniques of local helioseismology allow the
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1.3 Helioseismology 15

study of local variations in the solar interior or at its surface, being able to provide a
three-dimensional view of the Sun, as can be seen in Duvall et al. (1996). The presence
of magnetic �elds in the solar interior modi�es the physical properties thereof, and
therefore, they may be studied making use of methods of local helioseismology. Using
di�erent approaches, several techniques have been developed in the �eld of local
helioseismology (Gizon and Birch, 2005; Schunker, 2010).

The Fourier-Hankel spectral method is one of the them. It was introduced by
Braun, Duvall, and Labonte (1987) in order to study the wave absorption by sunspots.
Here, the observed p-mode amplitudes are decomposed into ingoing and outgoing
waves�Hankel functions and their Fourier-transformed counterparts�in an annular
region around a sunspot using a cylindrical coordinate system centred on the sunspot.
This method allows the comparison of ingoing and outgoing waves, having proved that
sunspots are strong absorbers of energy and shifters of the phase of incoming p- and
f-modes (Braun, Duvall, and Labonte, 1988; Braun et al., 1992; Braun, 1995).

Ring-diagram analysis, introduced by Hill (1988), constitutes a generalization of
global helioseismology tools applied to local areas of the Sun. This method studies
three-dimensional k − ω datacubes8 of the local power spectra of solar oscillations
computed over a small patch at the solar surface, which is tracked as it moves
across the disk. The datacubes show a characteristical ring pattern, which gives
the name to the method. The power spectra are �tted using di�erent methods (e.g.
Patrón et al., 1997; Schou and Bogart, 1998; Basu, Antia, and Tripathy, 1999) and
the �t parameters can eventually be inverted in order to determine the physical
magnitudes underneath the patch over which the local spectrum has been computed
and �tted using mainly the RLS (Hansen, 1998; Larsen, 1998) and the OLA (Backus
and Gilbert, 1968) methods. Ring-diagram analysis has proved a powerful tool to
study horizontal �ows below the solar surface (e.g. Patrón et al., 1998; González
Hernández et al., 1998, 1999; Baldner et al., 2013; Komm et al., 2015).

Time-distance helioseismology, introduced by Duvall et al. (1993), measures the
travel time of waves between two points on the solar surface, using the cross-
covariance function of the Doppler magnitudes at the two locations. The cross-
covariance functions can also be computed between a central point and the average
Doppler magnitude of the surrounding annulus to study the divergence of �ows. The
division of the annular region into quadrants further allows to determine the direction
of the �ow. However, cross-covariance functions can have a large amount of realisation
noise and therefore, some averaging is usually required to compute travel times
from them, e.g. via Gabor wavelets �tting (Duvall et al., 1997), or one-parameter
�tting (Gizon and Birch, 2002, 2004). Inversion methods are required to extract
the information about the local structure and dynamics of the solar interior from
the measured travel times. Meridional circulation, which is a principal component
in some solar-dynamo models, has been one of the major discoveries achieved with
time-distance helioseismology (Giles et al., 1997).

Helioseismic holography, a technique in which this work is based, was proposed

8k is the horizontal wavevector, which can be decomposed into kx and ky
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16 Introduction 1.3

initially at a theoretical level by Roddier (1975) and developed at a practical level
by Lindsey and Braun (1990, 1997, 2000a). This technique utilizes the observed
acoustic wave�eld at the surface of the Sun to make estimates of the wave�eld
on any other location at the solar surface or interior at any instant of time. Its
development, based on holography in optics, abundantly uses optical terminology.
An analogue application is seismic migration, used in geophysics to study the interior
of the geosphere by means of the determination of the seismic wave�eld in the
interior of the Earth (e.g. Hagedoorn, 1954; Claerbout, 1985). Acoustic imaging,
developed in parallel, follows a similar technique to helioseismic holography, making
also reconstructions of the wave�eld in the solar interior (e.g. Chang et al., 1997;
Chou et al., 2003). Helioseismic holography has been used to study subphotospheric
�ows (Braun, Birch, and Lindsey, 2004) and seismic sources from �ares (Donea et al.,
2006), but its major application has been to map areas of strong magnetic �eld
(Braun et al., 1998). Specially, the mapping of active regions in the non-visible far-
side hemisphere of the Sun (Lindsey and Braun, 2000b; Braun and Lindsey, 2001) has
proved a reliable tool to infer magnetic �elds at the far-side photosphere (González
Hernández, Hill, and Lindsey, 2007; Liewer et al., 2014), which is a powerful input for
space weather forecasting (Fontenla et al., 2009; González Hernández, 2013; González
Hernández et al., 2014).

Direct modelling is a more recent local helioseismology technique introduced by
Woodard (2002). It estimates �ows in the interior of the Sun from direct inversions
of the correlations in the Fourier domain. Its aim has remained with the detection of
subsurface �ows (Woodard, 2007, 2009).

The main input for local helioseismology techniques is formed by high-resolution
dopplergrams, i.e. maps of the radial velocity at the solar surface. The deployment of
di�erent networks of telescopes distributed throughout the Earth has provided in the
last decades a continuous �ux of data for helioseismology. Among them we can �nd
the Taiwan Oscillations Network (TON; Chou et al., 1995) and the Global Oscillation
Network Group (GONG; Harvey et al., 1996; Leibacher, 1999), the latter providing
the observational data used in this thesis. Spatial instruments have also provided
helioseismic data with high continuity, such as the Michelson Doppler Imager (MDI;
Scherrer et al., 1995) onboard the Solar and Heliospheric Observatory (SOHO), or,
more recently, the Helioseismic and Magnetic Imager (HMI; Scherrer et al., 2012)
onboard the Solar Dynamics Orbiter (SDO).

1.3.3 Helioseismic inferences about the base of the convection zone and tachocline

Helioseismology has already provided interesting results concerning the base of the
convection zone and the tachocline. The base of the convection zone has been found
to be a spherical surface located at 0.712 R� with the aid of global helioseismology
(Baldner and Basu, 2008; Antia and Basu, 2011). Global helioseismology techniques
have also been used to estimate the location and thickness of the tachocline. Its
thickness is estimated to range between 0.006R� and 0.09R� (e.g. Kosovichev,
1996; Basu, 1997; Corbard et al., 1999; Elliott and Gough, 1999). Some studies
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1.4 Numerical simulations of the Sun 17

have also demonstrated that the tachocline is prolate, its position being estimated
at ≈ 0.69R� at the equator, and ≈ 0.71R� at a latitude of 60°. Therefore, in the
equatorial region, the tachocline would lie fully inside the radiative envelope, below
the base of the convection zone, but it would enter the convection zone at higher
latitudes (e.g. Charbonneau et al., 1999; Basu and Antia, 2003; Antia and Basu,
2011).

The sound-speed pro�le in the interior of the Sun and its di�erences with standard
solar models have also been studied with both global and local helioseismology
techniques. Gough et al. (1996); Kosovichev et al. (1997) inferred pro�les of the
variation of the sound speed with respect to a standard solar model, which showed a
peak value of δc2/c2 ≈ 4 · 10−3 at about ≈ 0.67R� using global helioseismology.
Consistent results were obtained by Zhao et al. (2009) using a time-distance
technique.

The variability of the acoustic behaviour in the vicinity of the base of the
convection zone with the solar cycle has also been studied. Chou and Serebryanskiy
(2002, 2005); E�-Darwich et al. (2002); Serebryanskiy and Chou (2005); Baldner
and Basu (2008), using di�erent techniques of global and local helioseismology, have
presented upper limits or evidences for that temporal variation, studying changes in
the properties of modes with lower turning points near the base of the convection
zone. Their obtained values for the relative sound-speed variation between solar
minimum and solar maximum lie in the range δc/c = (1�9)·10−5.

1.4 Numerical simulations of the Sun

Numerical simulations have been used extensively in solar physics to model and
characterise the phenomena and physical properties of the Sun at very di�erent scales.
Simulations are abundant for characterizing sunspots (e.g. Rempel, Schüssler, and
Knölker, 2009; Rempel et al., 2009; Cheung et al., 2010; Felipe, Khomenko, and
Collados, 2011; Rempel, 2015) or the granulation and other aspects of convection
(e.g. Stein and Nordlund, 2000; Beeck et al., 2013a,b, 2015a,b). Other layers and
phenomena of the Sun have also been studied with the aid of numerical simulations,
such as the chromosphere, the corona, the solar wind, or the relation between the
Sun and the heliosphere, among others (e.g. Hayashi et al., 2006; Khomenko and
Collados Vera, 2012; Khomenko et al., 2014; Yalim and Poedts, 2014).

Numerical simulations can also prove useful to validate local helioseismic
techniques and analyse their response and accuracy when applied to regions of the
Sun of which direct observation is not possible (e.g. Braun et al., 2012; DeGrave,
Jackiewicz, and Rempel, 2014a,b). More particularly, a collection of numerical
simulations based on the work by Hartlep and Mansour (2004, 2005) have proved
successful to validate and characterize di�erent applications of local helioseismology,
some of which have been used in this work. They have been used to validate
time-distance far-side imaging (Hartlep et al., 2008), to validate the detection of
typical perturbations in sound speed at the tachocline with the aid of a time-distance



28 / 116

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 963882																Código de verificación: QDmfX6JG

Firmado por: MANUEL DIAZ ALFARO Fecha: 26/06/2017 15:24:15
UNIVERSIDAD DE LA LAGUNA

FERNANDO JAVIER PEREZ HERNANDEZ 26/06/2017 15:25:57
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 28/06/2017 13:21:41
UNIVERSIDAD DE LA LAGUNA

18 Introduction 1.5

procedure (Zhao et al., 2009), to test the detection of emerging active regions through
time-distance imaging (Hartlep et al., 2011), and seismic holography (Braun, 2014),
to study the response of seismic holography of active regions with respect to their
longitudinal position (Díaz Alfaro et al., 2013), and to test the detection of deep
meridional �ows through time-distance seismology (Hartlep et al., 2013).

1.5 Objectives

The adaptation and test of the validity of phase-sensitive helioseismic holography
for imaging seismic perturbations in the solar interior at layers in the vicinity of the
base of the convection zone and tachocline constitute the major aim of this thesis.
Detecting seismic signals in these layers and characterising their evolution may help
to better understand and characterise the solar dynamo and the phenomena involved
in the cycle of solar activity and the evolution of solar magnetism.

To this end, the technique is applied �rst of all to numerically simulated data with
perturbations in the sound speed at the depths of interest to measure the response of
the technique to sound-speed variations. The e�ects of shallower seismic features on
the deeper layers of interest are then assessed with the aid of simulations with sound-
speed perturbations located at the solar surface and in the shallow subphotosphere
mimicking photospheric and emerging active regions respectively. These results are
presented in Chapter 3.

The technique is �nally applied to actual solar observations in order to infer sound-
speed variations with respect to a standard solar model at the depths of interest using
the response function determined with the numerically simulated data of Chapter 3.
Chapter 4 presents the inferred sound speed at two solar minima and the evolution
of sound speed between periods of low and high activity. The inferred sound-speed
values are compared with previous results to assess the validity of the technique. The
limitations of the technique are explored and possible improvements are suggested.
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2
Methodology

Helioseismic holography, introduced in Section 1.3.2, estimates the acoustic wave�eld
at any location in the solar interior or at the solar surface at any instant of time
making use of the observed wave�eld, i.e. the line-of-sight Doppler velocity at the
solar surface. As such, it is an ideal technique to infer properties of areas of the Sun
not accessible to direct observation.

In this chapter we present the phase-sensitive helioseismic holography technique
used in this work. It is based on the currently-used technique applied on a regular
basis to GONG data to produce maps of the inferred magnetic activity in the non-
visible far-side hemisphere of the Sun, which has been adapted here for use at deeper
layers near the base of the convection zone.

2.1 Acoustic egression and ingression

The acoustic egression and ingression are the two main computations in helioseismic
holography. The acoustic egression H+ at a focus at or below the solar surface is
calculated as the regression of the acoustic �eld observed over a limited region of the
surface (the pupil) backwards in time through a solar model. The acoustic ingression
H−, calculated as the progression of the acoustic �eld forwards in time, constitutes
its time-reversed counterpart. Therefore, the egression and ingression represent an
estimate of the acoustic wave�eld at a certain point (the focus) assuming that it
results only from waves respectively converging to, or diverging from, that focus.

Helioseismic holography can be approached in the spectral Fourier domain, which
facilitates �ltering of modes and improves computational performance. In the Fourier
domain, the egression and the ingression are given by:

Ĥ±(r, ν) =

∫
P±

Ĝ±(r, θ′, ϕ′, ν)Ψ̂obs(θ
′, ϕ′, ν)dΩ′, (2.1)

where Ψ̂obs is the Fourier-transformed wave�eld, i.e. the Fourier-transformed line-of-
sight Doppler velocity observed at the surface of the Sun, Ĝ± are Green's functions



30 / 116

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 963882																Código de verificación: QDmfX6JG

Firmado por: MANUEL DIAZ ALFARO Fecha: 26/06/2017 15:24:15
UNIVERSIDAD DE LA LAGUNA

FERNANDO JAVIER PEREZ HERNANDEZ 26/06/2017 15:25:57
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 28/06/2017 13:21:41
UNIVERSIDAD DE LA LAGUNA

20 Methodology 2.1

corresponding to gravito-acoustic waves emanating from (Ĝ−) or arriving to (Ĝ+) the
focus and propagating through the solar interior, r represents the position of the focal
point, θ′ and ϕ′ represent the position of a given point at the solar surface within the
pupil (P±), and ν is the frequency.

a)
Ĥ+ b)

Ĥ−

c) ∑ Ĥ+

2

d) ∑ Ĥ−

2

Figure 2.1: Above: map of the real part of the egression Ĥ+ (a) and of the ingression Ĥ− (b) functions for a frequency
ν = 3.312 mHz for GONG observations from 1 January 2015 computed using 1× 1 skip helioseismic holography with
Green's functions in the polar-expansion approach of Pérez Hernández and González Hernández (2010). Below: power
maps of the above egression (c) and ingression (d) functions for a frequency span between 2.5 and 4.5 mHz.

Figure 2.1 shows the real part of the egression Ĥ+ (a) and of the ingression Ĥ− (b)
computed for a frequency ν = 3.312 mHz, created using 24 h of GONG observations,
corresponding to 1 January 2015. The seismic maps have been created with
Green's functions in the polar-expansion approach of Pérez Hernández and González
Hernández (2010) in a 1×1 skip subjacent-vantage con�guration, as discussed in
Sections 2.3 and 2.4. Equation (2.1) is used to compute the values of the egression
and of the ingression for each particular pixel of the map for all the considered values
in the frequency interval between ν ≈ 2.5 mHz and ν ≈ 4.5 mHz with a step of
δν ≈ 8 µHz. In addition, panels (c) and (d) show the power of the egression and
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2.2 Phase-sensitive seismic holography 21

of the ingression respectively. They correspond to the integration over a frequency
span of the square of the egression and of the ingression amplitudes respectively and
follow the equation:

P±(r) =

∫
ν

Ĥ±(r, ν)dν. (2.2)

Egression power maps (c) are used in acoustic power holography and have been
successful con�rming previous discoveries of p-mode absorption in sunspots made
with Fourier-Hankel analysis applying this technique to observations taken with TON
(Braun, Duvall, and Labonte, 1987, 1988). They have been used later to map areas of
solar activity (e.g. Braun et al., 1998; Lindsey and Braun, 1998; Braun and Lindsey,
1999; Lindsey and Braun, 2000a).

2.2 Phase-sensitive seismic holography

More sensitive than acoustic power holography is phase-sensitive seismic holography,
which as well as being sensitive to absorptions and sources of seismic power is also
sensitive to its refraction and scattering. This technique, developed by Lindsey
and Braun (2000a) and Braun and Lindsey (2000), makes a phase-coherent wave-
mechanical reconstruction of the acoustic �eld of the solar interior comparing the
acoustic egression Ĥ+ with the acoustic ingression Ĥ−.

Waves travelling through an active region experience a travel delay or phase shift
(Braun et al., 1992; Duvall et al., 1996), which can be used to map areas of strong
magnetic �eld. The reconstruction of the acoustic �eld at some point beneath the
solar surface, expressed as Ĥ±, by phase-coherent acoustic progression or regression
of the observed wave�eld at the surface Ψ̂obs, is done assuming a nominal acoustic
model devoid of submerged acoustic anomalies. Therefore, when the focal point is
located in a perturbed area, there appears a phase shift�or time delay�between
the ingression and the egression functions, whereas in the quiet Sun, where actual
acoustic anomalies are not present, the egression and the ingression functions are
statistically correlated.

In the Fourier domain, the egression-ingression correlation can be expressed as the
integral of the product between Ĥ+ and Ĥ−,

C(r) = Ae−iφ(r) =

∫ ν2

ν1

Ĥ+(r, ν)Ĥ∗−(r, ν)dν, (2.3)

where Ĥ∗− represents the complex conjugate of the ingression function Ĥ−. The phase
of the correlation, φ(r), is related to the perturbed mean travel time ∆τ and the mean
frequency 〈ν〉 by:

φ(r) = 2π〈ν〉∆τ. (2.4)
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22 Methodology 2.3

2.3 Green's functions

The outgoing Green's function Ĝ+(r, θ, ϕ, ν) represents the theoretical subsurface
disturbance at the focus (r) producing a unit transient at the surface at a certain
point (θ, ϕ) within the pupil for a Sun devoid of anomalies. The ingoing Green's
function Ĝ− is its time-reversed counterpart, representing the theoretical disturbance
at the surface producing a unit transient originating at the focus (r). Ĝ± represent
the nominal acoustic model of the Sun as complex propagators, which evolve the
acoustic �eld backwards (Ĝ+) and forwards (Ĝ−) in time.

Green's functions can be calculated using the eikonal approximation or a full set of
wave-mechanical equations (Lindsey and Braun, 2004; Schunker et al., 2005). Green's
functions computed with the eikonal approximation, also referred to as ray theory,
have been used extensively in far-side seismic holography to map active regions in the
non-visible hemisphere of the Sun (Lindsey and Braun, 2000b; Braun and Lindsey,
2001; González Hernández, Hill, and Lindsey, 2007). This approximation is formally
only valid for high frequencies and high angular degrees `. Therefore, it is appropriate
for creating seismic maps of the solar surface. However, when attempting to probe
deeper layers in the Sun lower angular degrees ` are necessary. In this work, we make
use of Green's functions calculated through their polar expansion, as developed by
Pérez Hernández and González Hernández (2010).

We consider the scalar �eld (Ψ̃) given by:

Ψ̃ = −ρ−
1
2 δp, (2.5)

where ρ is the density of the base unperturbed state and δp is a Lagrangian pressure
�uctuation. We assume its base state to be non-dependent on time, and therefore can
be decomposed, using Fourier analysis, as a superposition of monochromatic waves:

Ψ̃(r, t) = Ψ(r, ω)e−iωt. (2.6)

The corresponding wave equation for each monochromatic component of the scalar
�eld (Ψ) under the adiabatic, plane-parallel and Cowling approximations can be
expressed as:

∇2Ψ− ω2
BV

ω2
∇2

hΨ +
1

c2
(
ω2 − ω2

c

)
Ψ = 0, (2.7)

where ∇2
h represents the terms including horizontal derivatives in the ∇2 operator;

ωBV is the Brunt-Väisäla buoyancy frequency; c is the sound speed; and ωc is the
acoustic cut-o� frequency.

We apply Equation (2.7) to Green's functions, taking into account that they
represent the resulting disturbance created by a unit transient impulse in a medium
devoid of acoustic anomalies. After some mathematical manipulation we can split
the solution into angular and radial terms for each individual angular order `, and
operate them separately. For the angular dependencies two di�erent solutions are
obtained: a prograde solution (Gθ+

` ) and a retrograde solution (Gθ−
` ). Unlike in

other formalisms, no asymptotic approximation has been considered when solving
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2.3 Green's functions 23

the angular part of the wave equation. Therefore, higher precision can be expected
when using these Green's functions with low or intermediate angular degrees `. With
respect to the radial part two solutions are also obtained: an outgoing solution (Gr+

` )
and an ingoing solution (Gr−

` ). However, the asymptotic approximation has been
used in this case. Combining, on the one hand, the outgoing solution for the radial
dependencies together with the prograde solution for the angular dependencies, and,
on the other hand, the ingoing and retrograde solutions, we get a full expression for
Green's functions. For each angular order ` the expression for the outgoing prograde
solution (G+

` ) is given by:

G+
` =

i(2`+ 1)

8πr0
√
kr(r0)

r−1k
− 1

2
r csc

1
2 θ ·B`+

[
i

2

(
Q`

dB`−

dθ
− dQ`

dθ
B`−

)]
exp

(
i

∫ r

r0

k2rdr

)
,

(2.8)
where r0 represents the focus, r and θ are the radial and angular position of evaluation
of the Green's function at the pupil, considering that the angular variable θ is
measured using a coordinate system where the polar axis goes in the direction from
the origin of coordinates to the focus,

Q` =
√

sin θP`(cos θ), (2.9)

with P`(cos θ) a Legendre polynomial, and

B`± = k
− 1

2
` exp

(
±i

∫ θ

θ0

k`dθ

)
, (2.10)

being kr and k` the corresponding radial and angular components of the wave vector.
A full expansion of the mathematical procedure with detailed steps can be found in
the Appendix.

Equation (2.8) is used to calculate Green's functions for each value of angular
order ` and each frequency within the resonant cavity, between the re�ection points
given by k2r = 0. Nevertheless, as for simplicity we are considering only a cosinusoidal
function instead of using it together with the Airy function, which is the solution of
Equation (A.7) (Appendix) near the turning points, this proposed solution diverges
from the real solution in the vicinities of the turning points. This issue is solved by
making Green's functions equal to zero at the points between the inner turning point
and the �rst zero above it.

Green's functions for each frequency are obtained by adding the `-dependent
solutions (G+

` ):

G+(r|r0, ω) =

`2∑
`=`1

G+
` . (2.11)

Then they are normalized, so that the same weight is given to any of the considered
frequencies:

G+
norm(r|r0, ω) =

G+(r|r0, ω)

< |G+(r|r0, ω)| >
. (2.12)
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24 Methodology 2.3

Finally, in this work, ingoing Green's functions are computed as the complex
conjugate of outgoing ones: G− = G∗+. They can alternatively be computed
individually for each ` and added as done with the outgoing Green's functions.

2.3.1 Phase-shift correction

Surface e�ects such as non-adiabaticity and the dynamics of convection, present in
the uppermost layers of the Sun, where the asymptotic approximation is not valid,
are large enough to be neglected. These e�ects were studied by Lindsey and Braun
(2004) using empirical local control correlations, drawing the focus to the solar surface
and comparing the acoustic egression and the acoustic ingression at the solar surface
with the acoustic wave�eld.

Alternatively, these e�ects can be taken into account by means of the introduction
of a phase shift at the upper turning point, δα, which allows to correct from
asymptotic, non-adiabatic and non-spheric e�ects. Following Pérez Hernández and
González Hernández (2010), we add the phase shift directly to Green's functions as:

G±(r, θ, ϕ, ν) = G±(r, θ, ϕ, ν) exp(2is̃πδα), (2.13)

where G± are phase-shift-corrected Green's functions, and s̃ is the number of surface
re�ections.

To a good approximation, δα does not depend on the angular order ` and is a
function of frequency alone. Following Gough (1984); Deubner and Gough (1984),
δα(ν) can be estimated with the following equation:∫ r2

r1

[
1

c2
(
ω2 − ω2

c

)
−
(

1− ω2
BV

ω2

)
`(`+ 1)

r2

] 1
2

dr = π

(
n− 1

2
− δα

)
, (2.14)

where n is the radial order of the mode and the other variables have been
previously de�ned. This equation represents the dispersion relation corresponding
to Equation (2.7) in the asymptotic approximation.

In a case where only the formal re�ection bounces at the surface introduce a
phase shift, we would consider s̃ = s−1, where s is the number of inner re�ections or
skips. Yet, the pupil is so close to the upper turning point that it can account for an
additional phase shift of about half a bounce. Therefore, in practice, we should take
s̃ = s− 1/2 when the focus is bellow the uppermost layers of the Sun. Analogously,
when we draw the focus to the surface, we should take into account an additional
half bounce, and we should consider s̃ = s. Therefore, throughout this work, we will
use s̃ = s − 1/2 for phase-shift correction of seismic maps with submerged foci, and
we will use s̃ = s in order to create seismic maps at the solar surface.

In this work, following Pérez Hernández and González Hernández (2010), we have
used observed eigenfrequencies from ν = 2.5 mHz to ν = 4.5 mHz and degrees
between ` = 20 and ` = 80 taken from MDI data to compute a phase-shift correction
independent of r. This phase shift includes all the aspects that were neglected in
the wave equations, but we must assume the focus above or below the uppermost
superadiabatic layers, which is the case here.
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2.4 Pupils 25

With observed eigenvalues, we can obtain δα(ν). We only consider modes of
intermediate and high degree, as the Cowling approximation is not satis�ed so well
by modes of lower degrees. The empirical phase shift relation is �tted to a polynomial
of degree 10, which is used to introduce the empirical phase-shift correction in the
computation of the used Green's functions. Figure 2.2 shows the empirical phase-shift
correction obtained from MDI data and the �tted polynomial to that curve.

Figure 2.2: Phase-shift correction computed from MDI data with frequencies from ν = 2.5 mHz to ν = 4.5 mHz
and considering angular degrees from ` = 20 to ` = 80 using Equation (2.14). The solid red line represents a �tted
polynomial of degree 10. Courtesy of Pérez Hernández and González Hernández (2010).

2.4 Pupils

In the ideal case, our computations would use input data from the whole solar surface.
However, in practice, this is not the case, and only a restricted area of the solar
surface, called the pupil, is used to compute both egression and ingression functions.
Pupils used in helioseismic holography are usually annular or have a shape that is a
fraction of an annulus. In this work, we consider pupils of annular shape (spherical
zones) with the focus at its centre, which are autoconjugate, i.e. the pupil for the
egression function is the same as the pupil for the corresponding ingression function.

The ratio between the horizontal extent of the pupils and the depth of the
focus determines the vantage of the helioseismic reconstruction (Lindsey and Braun,
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26 Methodology 2.4

2000a, 2004, 2005). The superjacent vantage sets the focus below the solar surface,
considering waves that travel directly upward from a submerged source to the
overlying solar surface or vice versa. In the subjacent vantage (see (a) in Figure 2.3),
the inner radius of the pupil is much larger than the depth of the focus. This way,
waves travel originally downward from the surface and are refracted back upward
to converge in the focal point or vice versa. In the lateral vantage (see (b)�(f) in
Figure 2.3) the inner radius of the pupil is much smaller than the depth of the focus.
Here, waves travel originally downward, at some point before or after reaching the
focus are refracted back upward, and continue its travel and reach the surface on
the opposite side of the pupil. As expected, here waves converge when approaching
the focus and diverge when leaving it. In the lateral vantage, the inner radius of the
pupil follows the outer radius of the pupil on the opposite side, i.e. a wave emanating
from a point in the pupil located on its inner radius would follow a raypath that after
passing through the focus and being refracted back upwards would emerge at a point
in the pupil located on its outer radius on the opposite side. Figure 2.3 illustrates the
con�guration of the pupils for the subjacent vantage for a focus at the solar surface
(a), and for the lateral vantage at several focal depths (b�f). It also shows the
most extreme ray paths for each con�guration. The extension of the pupils follows
the speci�c con�gurations used in this work, as described bellow in Table 2.1 and
Figure 2.3.

Vantage Focus depth Focus distance Inner pupil radius Pupil width
from solar surface from solar centre along solar surface along solar surface

[Mm] [R�] [Mm] [Mm]
Subjacent 0.348 0.9995 208.8 728.9
Lateral 50 0.9282 27.0 179.4
Lateral 69.6 0.9 37.9 233.2
Lateral 139.2 0.8 76.6 375.8
Lateral 208.8 0.7 115.7 601.4
Lateral 300 0.5690 176.6 681.0

Table 2.1: Extensions of pupils shown in Figure 2.3 measured along the solar surface considering a spherical Sun with
a solar radius of 696 Mm.

In this work we use the subjacent vantage to create seismic maps of the solar
surface. For the computations under the subjacent vantage, the pupil extends from
≈ 17° to 60°, and angular degrees, `, between 27 and 146 are considered. The lateral
vantage is also used in this work in order to create seismic maps of submerged focal
planes. The considered external raypaths open ±45° from the horizontal direction
(Lindsey and Braun, 2005; Braun, 2014). Under this vantage the pupil extends
horizontally as the focus submerges, resulting in lower signal-to-noise ratio in the
shallowest focal depths. In both vantages, as stated before, the pupil for both the
ingression (P+) and egression (P−) are the same for each considered focus.

The number of re�ection bounces at the surface before arriving at the focus or
after departing from it also a�ects the extension of the pupil. In this work we use
1× 1 skip seismic holography, with one skip, or zero re�ection bounces at the surface
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2.5 Pupils 27

a)
b)

c) d)

e)
f)

Figure 2.3: a) Scheme of the subjacent-vantage con�guration, showing the extension of the utilized annular pupil
and the most extreme ray paths for a focal point (red cross) at the solar surface for one-skip holography. The pupil
extends between ≈ 17° and 60°. b�f) Scheme of the lateral-vantage con�guration, showing in red the extensions of
the annular pupils for focal points at positions of 50 Mm below the photosphere (b), 0.9 R� (c), 0.8 R� (d), 0.7 R�
(e), and 300 Mm below the photosphere (f) for one-skip holography. The most extreme ray paths are also represented
in red. The foci, marked with a square, are located at the crossings of the corresponding raypaths. The green angles
located on f) illustrate the span of ±45° from the horizontal direction used for the determination of the pupils. In
all panels, the dashed line represents the position of the base of the convection zone. Each interval in the angular
scale corresponds to 10°. The blue lines represent the vertical lines passing through the foci. For comparison, the
extensions of the P1, P2, and P3 simulated active regions (Section 3.1.2) with radii of 45, 90 and 180 Mm are shown
in green.

both for the ingression and egression functions, i.e. we consider waves that propagate
from the focus to the solar surface and vice versa. 1× 1 skip holography has proved
useful to create seismic maps of the central area of the front side of the Sun (Díaz
Alfaro et al., 2013; González Hernández et al., 2014; MacDonald et al., 2015). Other
con�gurations are used to map seismically other regions of the Sun. 2 × 2 skip
holography, correlating the egression and ingression functions from waves that have
experienced one re�ection at the surface, is used to map the central area of the far side
of the Sun (Lindsey and Braun, 2000b), whereas 1 × 3 skip holography, correlating
the egression function computed from waves that have not bounced at the surface
with the ingression function computed from waves that have bounced twice at the
surface, or vice versa, is used to map the peripheral areas of the Sun, both in the
front and in the far side (Braun and Lindsey, 2001; González Hernández et al., 2014).
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28 Methodology 2.5

2.5 Procedure

In this work helioseismic holography is applied to di�erent datasets, both numerically
simulated and observational. The input data in all the considered cases are formed
by line-of-sight dopplergrams, with a cadence of 60 s. Actual observational data are
processed in spans of 24 h, whereas simulated data are processed in shorter spans due
to limited availability. The procedure can be summarised as a number of consecutive
steps detailed as follows:

a) b)

Figure 2.4: a) Example of input dopplergram, corresponding to a 839×839 pixel GONG network merged dopplergram
for 1 January 2015 at 13:21 UT. b) Example of the corresponding 200× 200 Postel-projected dopplergram.

1. Each individual dopplergram is Postel-projected onto a 200 × 200 pixel map.
Examples of an input dopplergram and of its corresponding Postel projection are
shown in Figure 2.4 (a) and (b) respectively. The Postel-projected dopplergrams
are then stacked into a datacube for each dataspan interval. For observational
data, the datacubes have lengths of 1440 frames, corresponding to 24 h of
data. For the considered simulations, they have lengths of 1024 or 824 frames,
corresponding to shorter timespans. The temporal pro�le of each pixel is
analysed to remove its average, linear temporal trend and bad-quality pixels. A
three-dimensional Fourier transform is applied to the Postel-projected datacube
in both spatial directions and time and the data within a bandpass between 2.5
and 4.5 mHz are extracted.

2. Green's functions are computed as described in Section 2.3 to create seismic
maps at the solar surface and at depths up to 300 Mm using 1× 1 skip seismic
holography with frequencies between 2.5 mHz and 4.5 mHz. For producing
the surface maps, Green's functions are created for a focal plane at a nominal
position of 0.9995R�, very close to the solar surface, to be able to consider an
outgoing wave in the equations described in Section 2.3. The pupil extends from
≈ 17° to 60° under a subjacent vantage. Angular degrees, `, between 27 and 146
are considered in the computations. For the case with submerged foci, Green's
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2.5 Procedure 29

functions are created for di�erent focal planes with depths ranging generally
from 50 Mm to 300 Mm with a span of 1 Mm. In this case, Green's functions
are computed under a lateral vantage, with an opening angle of ±45° from the
horizontal plane, with pupils of varying extensions depending on the depth of
the focal plane. Angular degrees, `, spanning from 0 to 170 are considered.
In general, we have not considered depths above 50 Mm to avoid the lower
signal-to-noise ratio in the shallower layers using a 1 × 1 skip lateral-vantage
con�guration. However, for one type of the studied simulations, with numerical
sound-speed perturbations in the shallow subphotosphere, we have extended the
depth range up to depths as low as 25 Mm. The empirical phase-shift correction
(Section 2.3.1) is applied to Green's functions only for the observational data,
but not for the numerical simulations, as they do not include the dynamics of

a) b)

c) d)

Figure 2.5: Example maps of the real part (a) and of the imaginary part (b) of a complex correlation map, of their
corresponding phase shift (c), and of the same phase shift after application of a mask to select only the pixels within
a radius of 65° from the disk centre. All the maps correspond to the processing of a 24 h GONG dataset from 1
January 2015 with the focal plane located at the solar surface under the subjacent-vantage con�guration described
in Section 2.4.
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30 Methodology 2.5

convection and non-adiabaticity in the oscillation equations.

3. The acoustic egression and ingression functions are calculated using Equa-
tion (2.1) for each pixel at the di�erent focal depths, considering the corre-
sponding pupils in the lateral vantage for the submerged focal planes and in the
subjacent vantage for the focal plane at the surface. Focal planes should be un-
derstood as manifolds of constant depth. An example for a particular frequency
has previously been shown in Figure 2.1.

4. Complex correlation maps between the egression and ingression functions are
computed using Equation (2.3), and phase-shift maps are calculated. An
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Figure 2.6: a) Phase-shift map projected onto a longitude-latitude map for a focal plane located at the solar surface
under the subjacent-vantage con�guration of a 24 h GONG dataset from 1 January 2015. b) Combination of
consecutive phase-shift maps at the surface for the interval 28 December 2014�23 January 2015, corresponding to
Bartels's rotation BR2475. Each tick shows a step of 45°
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2.5 Procedure 31

example for the real and imaginary parts of a complex correlation map is shown
in Figure 2.5 (a) and (b) respectively, with its corresponding phase shift in (c).

5. As the noise is quite higher near the borders of the image in the 1 × 1 skip
scheme due to geometrical limitations for foci closer to the limb, part of whose
pupil lies in the non-visible hemisphere, a mask is applied to the data to select
only the pixels within a radius of 65° from the disk centre. Figure 2.5 (d) shows
an example of a phase-shift map after application of that mask.

6. We convert each Postel phase-shift map to a longitude-latitude map. Then we
average as many maps centred at di�erent longitudes as necessary to produce
a reconstructed longitude-latitude map covering the whole solar perimeter for
every depth. The averages are weighted accordingly to account for the number
of maps used to create the average for each particular pixel. An example is
shown in Figure 2.6.
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3
Numerical simulations with sound-speed

perturbations

In this chapter we test the phase-sensitive helioseismic-holographic technique
described in Chapter 2 with the aid of publicly available numerical simulations
based on the work by Hartlep and Mansour (2004, 2005) containing sound-speed
perturbations. We make use of three di�erent collections of simulations, with sound-
speed perturbations of di�erent nature.

First, we consider simulations with sound-speed perturbations longitudinally
distributed and centred at a depth of 0.7R�, in the vicinity of the base of the
convection zone and the tachocline (Zhao et al., 2009). Then, we consider simulations
with localized sound-speed perturbations at the solar surface, representing active
regions and concentrations of photospheric magnetic �elds (Hartlep et al., 2008).
Finally, in the last collection the sound-speed perturbations are located in the
subphotosphere at depths between 20 Mm and 50 Mm, mimicking emerging active
regions (Hartlep et al., 2011).

The �rst collection of simulations has been previously used to successfully recover
the sound-speed perturbed pro�le using time-distance helioseismology (Zhao et al.,
2009). The second one has been used to validate time-distance far-side imaging
(Hartlep et al., 2008; Ilonidis, Zhao, and Hartlep, 2009) and to test the dependence
of seismic holography of active regions on their longitudinal position (Díaz Alfaro
et al., 2013). The third collection of simulations has been used to test the detection
of emerging active regions using time-distance helioseismology (Hartlep et al., 2011)
and seismic holography (Braun, 2014). Other simulations following the same
mathematical scheme have also proved successful, e.g. to test the detection of deep
meridional �ows using time-distance imaging (Hartlep et al., 2013).

We �rst present the main characteristics of the numerical simulations, then we
outline the speci�cs of the technique as applied to the simulations, and �nally we
present and discuss the results of the tests applied to simulations with sound-speed
perturbations at a depth of 0.7R�, at the photosphere, and in the subphotosphere.



44 / 116

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 963882																Código de verificación: QDmfX6JG

Firmado por: MANUEL DIAZ ALFARO Fecha: 26/06/2017 15:24:15
UNIVERSIDAD DE LA LAGUNA

FERNANDO JAVIER PEREZ HERNANDEZ 26/06/2017 15:25:57
UNIVERSIDAD DE LA LAGUNA

ERNESTO PEREDA DE PABLO 28/06/2017 13:21:41
UNIVERSIDAD DE LA LAGUNA

34 Numerical simulations with sound-speed perturbations 3.1

3.1 Numerical simulations

The simulated data contain acoustic waves numerically propagated through a
spherical domain representing the Sun. The solar oscillations are modelled using
linearised Euler equations in an unperturbed static background, taken from model S
(Christensen-Dalsgaard et al., 1996) matched to a model of the chromosphere
(Vernazza, Avrett, and Loeser, 1981), where certain localised variations of the sound
speed have been introduced. The localisation and shape of these variations in the
sound speed constitute the main di�erence among the considered datasets. Besides,
the simulations do not consider magnetic �elds or �ows and non-re�ecting boundary
conditions at the upper boundary are met by means of an absorbing bu�er layer, set
to zero in the interior and increasing smoothly into the bu�er layer.

Certain simpli�cations have been taken in the wave equations, such as the neglect
of perturbations of the gravitational potential (Cowling approximation), the use of the
adiabatic approximation, and the neglect of the entropy gradient of the background
model to make the equations convectively stable. Although this lowers the acoustic
cut-o� frequency, the use of acoustic modes quite below the cut-o� frequency keeps
its in�uence to a minimum.

Figure 3.1: Oscillation power spectrum (left) and time-distance diagram (right) of a simulated dataset with the
prescribed characteristics. For comparison with solar observations, white dots in the left panel show the observed
frequencies from 144 days of MDI medium-` data using the averaged-spectrum method (Rhodes et al., 1997). Courtesy
of Hartlep et al. (2008).
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3.1 Numerical simulations 35

The oscillations are driven stochastically by including density perturbations near
the solar surface and they are numerically discretised under a Galerkin schema, using
fourth-order B-splines for the radial dependencies, where the separation between
numerical points is inversely proportional to the sound speed, and spherical harmonics
with angular degrees ` ranging from 0 to 170 for the angular dependencies. Two-
thirds dealiasing is used and time integration is done using a staggered Yee scheme
(Yee, 1966). The range of considered degrees reproduces the solar oscillation power
spectrum well, as can be seen in Figure 3.1, taken from Hartlep et al. (2008), which
compares in the left panel the eigenspectrum of the Sun from observational medium-`
data taken from MDI and that of the simulations. The right panel shows the time-
distance diagram of the same simulated dataset, being comparable to time-distance
diagrams computed from actual solar observations�e.g. Figure 1.35(a) of Rozelot
and Neiner, 2011.

Further details of the simulations and the full expansion of the equations used can
be found in Hartlep and Mansour (2004, 2005); Hartlep et al. (2008).

All but one of the simulations used in these tests span about 17 h, comprising
1024 maps of wave velocity (arti�cial dopplergrams) with a cadence of one minute
stored in FITS �les in heliographic coordinates and arbitrary velocity units. The
other simulation, namely S6, di�ers from the rest in the fact that it spans about
14 h, containing only 824 maps. The individual maps in all the simulations contain
512× 256 pixels covering the whole solar surface.

3.1.1 Sound-speed perturbations at 0.7 R�

The simulations with sound-speed perturbations at 0.7 R� (Zhao et al., 2009) are
publicly available on the Internet.1 Besides a reference unperturbed simulation, we
use two di�erent simulated datasets with introduced perturbations in the sound speed
with respect to the background model. The introduced perturbation in each of the
perturbed simulations has a two-dimensional Gaussian shape in each hemisphere,
with axial symmetry; therefore, being non-dependent on longitude. The position
and width of the Gaussian perturbations are the same for both hemispheres in both
perturbed datasets, but they have di�erent amplitudes. They satisfy the following
equation:

δc

c0
= AN · e

−
(

(r−r0)2

2σ2
r

+
(ϕ−ϕN,0)2

2σ2
ϕ

)
+ AS · e

−
(

(r−r0)2

2σ2
r

+
(ϕ−ϕS,0)2

2σ2
ϕ

)
, (3.1)

where r and ϕ are the radial and latitudinal coordinates, the perturbations are centred
radially at r0 = 0.7R� with a FWHM of 0.082R� and a width σr = 0.035R�, and
latitudinally at 30° (ϕN,0 = 30°, ϕS,0 = −30°) with a FWHM of 35° and a width
σlat = 15°, as shown in Table 3.1. The perturbations have maximum amplitudes
of AN = 0.7% and AN = 0.65% in the northern hemisphere, and of AS = 0.5% and
AS = 0.55% in the southern hemisphere for the two simulations respectively, as shown

1http://sun.stanford.edu/~thartlep/Site/Artificial_Data/Entries/2011/3/17_Sound_speed_

perturbations_in_the_tachocline_region.html
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36 Numerical simulations with sound-speed perturbations 3.1

in Table 3.2. Figure 3.2 shows a map of the perturbation in the sound speed with
respect to depth and latitude for the �rst simulation (T1).

Radial Latitudinal
Centre 0.7R� 30°
FWHM 0.082R� 35°
Width 0.035R� 15°

Table 3.1: Spatial parameters of the sound-speed
perturbations in the T1-T2 simulations.

Dataset Northern Southern
No. amplitude amplitude
T1 0.70% 0.50%
T2 0.65% 0.55%

Table 3.2: Amplitudes of the sound-speed pertur-
bations centred at the northern and southern hemi-
spheres for both perturbed simulations T1 and T2.
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Figure 3.2: Sound-speed perturbation model with a 0.7% variation in the North hemisphere and a 0.5% variation in
the South hemisphere with respect to the sound speed of the background unperturbed model, which corresponds to
the simulated dataset T1. The dashed white lines serve to mark the centres of the two Gaussian perturbations.

3.1.2 Localized sound-speed perturbations in the photosphere

The simulated datasets with perturbations in the sound speed located at the solar
surface are also publicly available.2 We make use of three of the datasets available,
containing one perturbed region of three di�erent horizontal extensions.

The solar active regions are modelled here by a circular region in which the sound
speed (c) di�ers from the unperturbed value in the background standard model (c0)

2http://sun.stanford.edu/~junwei/farside_simu_data.html
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3.1 Numerical simulations 37

as:

(
c

c0

)2

= 1 +


(

1 + cos π α
αd

)
g(h) :

∣∣∣ ααd

∣∣∣ ≤ 1;

0 :
∣∣∣ ααd

∣∣∣ > 1;
(3.2)

where α is the angular distance from the centre of the perturbed region, αd is
the corresponding maximum angular extension and h is the distance from the
solar surface. The radial vertical pro�le g(h), shown in Figure 3.3, taken from
Hartlep et al. (2008), is based on an empirically-inverted pro�le derived from an
actual sunspot (NOAA active region 8243 on 18 June 1998) using time-distance
helioseismology (Kosovichev, Duvall, and Scherrer, 2000). Although a number of
other inversions con�rmed the pro�le (e.g. Jensen et al., 2001; Sun, Chou, and TON
Team, 2002; Basu, Antia, and Bogart, 2004; Couvidat, Birch, and Kosovichev, 2006;
Kosovichev and Duvall, 2006; Zharkov, Nicholas, and Thompson, 2007), some of them
suggested that the sound-speed pro�le could probably extend deeper than originally
inferred, especially for larger active regions. Therefore, the radial pro�le used in the
simulations has been extended into deeper layers, up to a depth of 30 Mm. Three
numerical datasets are considered, with di�erent horizontal sizes αd = 3.7°, 7.4°, and
14.8°, corresponding to radii at the solar surface of 45 Mm (P1), 90 Mm (P2), and
180 Mm (P3).

Figure 3.3: Radial vertical pro�le of the sound-speed perturbation (solid). In dots, the original non-extended pro�le
derived from inversions of a sunspot in NOAA active region 8243 on 18 June 1998 using time-distance helioseismology
(Kosovichev, Duvall, and Scherrer, 2000). Positive values of distance are above the photosphere whereas negative
values of distance are below it. - Taken from Hartlep et al. (2008).
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38 Numerical simulations with sound-speed perturbations 3.1

3.1.3 Localized sound-speed perturbations in the shallow subphotosphere

The datasets with localised sound-speed perturbations in the shallow subphotosphere
(Hartlep et al., 2011) are also publicly available on the Internet.3 Each of the localised
sound-speed perturbations in these datasets follow the same shape in the horizontal
direction as in the perturbations described in Section 3.1.2, which were located at
the solar surface. However, their vertical expression is di�erent. In this case, instead
of following a vertical expression derived from solar observations as in Section 3.1.2,
an ad hoc expression is used for the vertical dependence as well. The full expression
is given by the following equation�see Hartlep et al. (2011)�where the sound speed
(c) di�ers from the sound speed of the standard model (c0) as:(

c

c0

)2

= 1 + A


1
4

(
1 + cos π α

αd

)(
1 + cos π z−zs

ds

)
:
∣∣∣ ααd

∣∣∣ ≤ 1,
∣∣∣ z−zsds

∣∣∣ ≤ 1;

0 :
∣∣∣ ααd

∣∣∣ > 1,
∣∣∣ z−zsds

∣∣∣ > 1;
(3.3)

where z is the depth from the photosphere and α is the angular distance from the
centre of the considered perturbation. zs, ds, αd, and A are parameters corresponding
to the central depth of the perturbation, its vertical extent, its angular horizontal
extent, and its amplitude.

Dataset Central sound-speed Amplitude Central depth
No. perturbation A zs [Mm]
S1 -5% -0.0975 50
S2 -5% -0.0975 40
S3 -5% -0.0975 30
S4 -5% -0.0975 20
S5 -10% -0.19 30
S6 -10% -0.19 20

Table 3.3: Central sound-speed reduction, amplitude, and central depth for
the perturbations introduced in the simulations with subsurface sound-speed
perturbations (S1�S6).

We use six datasets (S1 to S6) with di�erent combinations of central depths (zs)
between 20 Mm and 50 Mm and reductions in the sound speed of 5% and 10%,
corresponding to values of the amplitude A = −0.0975 and A = −0.19 respectively,
as shown in Table 3.3. In all the cases the amplitude (A) is negative, denoting a
reduction in the value of the sound speed. All six datasets contain three perturbations,
centred, in each of them, at the same central depth, and with the same amplitude.
The vertical extent (ds) is 20 Mm in all the cases. Three di�erent angular horizontal
extents were considered for the three perturbations, with values of αd = 3.7°, 7.4°,
and 14.8°, which correspond to horizontal radii at the surface of 45 Mm, 90 Mm,
and 180 Mm. They are centred horizontally at the longitudes and latitudes shown
in Table 3.4. An example acoustic power map�

∑
v2D�of the S6 dataset is shown in

Figure 3.4 to illustrate the location of the three perturbations.
3http://sun.stanford.edu/~thartlep/Site/Artificial_Data/Entries/2012/3/21_Subsurface_sound_speed_

perturbations.html
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3.2 Technique 39

Angular horizontal Horizontal radius Central Central
Alias extent αd at the surface [Mm] latitude longitude
small 3.7° 45 20° S 180°

medium 7.4° 90 20° N 90°
big 14.8° 180 20° N 270°

Table 3.4: Horizontal extents at the surface and central latitudes and longitudes of the three
perturbations of di�erent sizes considered in each of the perturbed datasets with subsurface
sound-speed perturbations (S1�S6).
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Figure 3.4: Acoustic power map for the S6 simulation, with three perturbations of di�erent sizes at di�erent latitudinal
and longitudinal positions centred at a depth of 20 Mm and with a reduction of 10% in the sound speed with respect
to the background model. The nominal positions of the three structures can be seen in Table 3.4.

Figure 3.5 shows the structure of the perturbation in the sound speed for the
medium perturbation of the S1 dataset. Vertical and horizontal cuts are shown at
di�erent distances from the centre of the perturbation.

3.2 Technique

Except for the S6 simulation, all the simulations comprise 1024 full-Sun arti�cial
dopplergrams of 512 × 256 pixels in heliographic coordinates. The S6 simulation
spans only 824 arti�cial dopplergrams. All of them are in arbitrary velocity units,
and hence, they have been rescaled to values consistent with the mean distribution
velocity values of GONG dopplergrams. The rescaled simulations have then been
transformed into line-of-sight dopplergrams spanning only one hemisphere�180° in
longitude. For each of the simulations, this process has been repeated 24 times,
o�setting the longitude interval by 15°, in order to map the full solar surface, and
producing 24 di�erent sets of line-of-sight dopplergrams per simulation.
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40 Numerical simulations with sound-speed perturbations 3.2
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Figure 3.5: Sound-speed ratio with respect to the background sound speed c/c0 in the simulation for the medium
perturbation of the S1 dataset. The perturbation is centred at 50 Mm below the solar surface and has an angular
horizontal extent of αd = 7.4°, corresponding to an equivalent radius of 90 Mm at the solar surface. The vertical
extent is ds = 20 Mm. Above: variation of the sound-speed ratio with depth and horizontal distance. Below left:
vertical pro�le at the centre of the perturbation (solid black), at half its total horizontal extent: 7.4/2° (dashed red),
and at the border of its horizontal extent: 7.4° (dotted blue), corresponding to the vertical solid, dashed and dotted
white lines in the above image respectively. Below right: horizontal pro�le at the centre of the perturbation (solid
black), at half its total radial extent: 10 Mm (dashed red) and at the border of its radial extent: 20 Mm (dotted
blue), corresponding to the horizontal solid, dashed and dotted white lines in the above image respectively.

A general estimate of the instrument error for the GONG 1-min velocity images
used in this work is 3 m s−1 (J. W. Harvey, private communication). A similar level
of precision for the simulations is accomplished by adding a noise layer to each of
the dopplergrams from the simulations. This noise layer is created with the aid of a
random number generator following a Gaussian distribution with a variance equal to
the mean GONG instrument error�σ = 3 ms−1.

We apply the general procedure described in Section 2.5 to each of the series formed
by line-of-sight dopplergrams for each of the simulated sets and for each of the 24
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considered longitude intervals. Phase-shift maps are created at the surface and at
depths between 50 Mm and 300 Mm in the general case, which are further extended
to also include the interval 25 Mm�50 Mm in the case of the S1�S6 simulations and
the R simulation used therewith. For each depth of each of the simulations, the
longitude-latitude phase-shift maps from the 24 considered longitude intervals are
conveniently averaged as detailed in point 6. of Section 2.5, in order to create phase
shift maps covering the whole solar perimeter.

The constructed longitude-latitude-depth full-Sun phase-shift maps for the
simulations are combined into a three-dimensional datacube, which is used directly
for later analysis in the simulations with perturbations at the photosphere (P1�P3),
and in the shallow subphotosphere (S1�S6), as well as in the reference simulation (R).
However, in the simulations with perturbations at the tachocline (T1, T2), there is
no longitudinal-dependence of the sound-speed perturbations. Hence, to increase
the signal-to-noise ratio, the longitude-latitude phase-shift maps are contracted by
means of an average in the longitudinal direction and the results are joined for the
di�erent focal depths to create a phase-shift seismic map depending only on latitude
and depth for each of the two simulations. The reference simulation data (R) are also
contracted to be used together with the T1-T2 simulations. The same contraction
scheme is later applied for GONG data in Chapter 4.

3.3 Results

3.3.1 Sound-speed perturbations at 0.7 R�

We apply the technique detailed in Chapter 2 and Section 3.2 to create phase-shift
maps depending on latitude and depth for the two datasets with perturbations centred
at 0.7 R� (T1 and T2) and for the reference unperturbed dataset (R). As noted
before, in these simulations the perturbations are not restrained to localized values of
longitude; therefore, unlike in upcoming Sections 3.3.2 and 3.3.3, we have averaged
the phase-shift maps along the longitudinal axis in order to increase the signal-to-
noise ratio, as we do in Section 4 for the observational data.

Figure 3.6 shows two examples of the reconstructed seismic maps: for the
perturbed dataset T1 (a) and for the reference unperturbed dataset R (b), with
the aid of the same colour scale. The corresponding means between −45° and +45°
are shown in Figure 3.7 for T1 in black and for R in blue. In both �gures, we
can observe an overall increase in phase shift with submerging focal plane up to
≈ 0.75R�. This overall increase is modulated in the uppermost layers of the maps
by an oscillation pattern formed by bands of phase shift with little variation with
latitude. These bands show minima and maxima at similar positions for the T1
and R simulations, but have stronger values for the perturbed dataset. However, at
layers below ≈ 0.75R� they attenuate considerably. The possible origin of the bands
will be discussed thoroughly at a later section. The previous two e�ects obscure the
Gaussian-shaped perturbation in the raw seismic map [Figure 3.6(a)]. With respect
to the other perturbed dataset T2, the behaviour of its reconstructed phase shift is
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Figure 3.6: Latitude-depth map of the longitudinally-averaged reconstructed phase shift of the perturbed numerical
simulation T1 (a) and of the reference simulation R (b). The T1 simulation has nominal Gaussian-shaped
perturbations in the sound speed with respect to the background model centred at 0.7 R� and at ±30° of latitude with
central amplitudes in the sound-speed variation with respect to model S values of 0.7% in the northern hemisphere
and 0.5% in the southern hemisphere. The black horizontal line represents the equator. The same colour scale, which
indicates the phase shift in radians, is used in both plots.
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very similar to the one shown for T1, being their mutual di�erences negligible with the
scales used in these �gures. Figure 3.7 shows also a peak-like feature at ≈ 200 Mm,
appearing in all the considered simulations, and being an artefact produced by the
change in the model used to reconstruct the solar interior at this layer where its
acoustic behaviour couples the radiative interior with the convective envelope. This
transition layer, located at ≈ 200 Mm ≈ 0.71R� in the model, is shown as a dashed
vertical line in Figure 3.7.
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Figure 3.7: Variation with depth of the longitudinally-and-latitudinally-averaged reconstructed phase shift for the
perturbed numerical simulation T1 (black) and for the reference simulation R (blue). The average in latitude is
restricted to the interval between −45° and +45°. The standard deviation from the mean value for each simulation is
shown with a thinner dotted line in the same colour. The T1 simulation has nominal Gaussian-shaped perturbations
centred at 0.7 R� and at ±30° of latitude with central amplitudes in the sound-speed variation with respect to
model S values of 0.7% in the northern hemisphere and of 0.5% in the southern hemisphere. The vertical green
dashed line marks the location in which model S transitions from the radiative interior to the convective envelope.

As seen in Section 2.4, the use of the lateral vantage in the deep-focus
reconstruction of the seismic �eld of the simulations determines the size of the
considered pupils, which increase when the focal plane submerges. This fact causes
that the response of the reconstructing technique has a dependence on depth and that
is the reason for the observed overall reduction in phase shift up to ≈ 0.75R�. At
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about this depth the increasing pupil of the submerging focus reaches the limit radius
of the observed Sun and this phenomenon stops. The use of an unperturbed reference
simulation R is intended to correct for this and other unwanted e�ects originating
within the framework of the applied seismic technique.
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Figure 3.8: Latitude-depth map of the longitudinally-averaged reconstructed phase shift of the perturbed numerical
simulations T1 with respect to the reference simulation R. The T1 simulation has nominal Gaussian-shaped
perturbations centred at 0.7 R� and at ±30° of latitude with central amplitudes in the sound-speed variation
with respect to model S values of 0.7% in the northern hemisphere and of 0.5% in the southern hemisphere. The
black horizontal line represents the equator. The crosses mark the nominal centres of the perturbations. Ellipses
corresponding to the nominal FWHM of the simulated perturbations are shown in black for comparison. The colour
scale indicates the phase shift in radians.

Figure 3.8 shows a preliminary attempt of the application of this correction to one
of the perturbed datasets. It shows the relative phase-shift di�erence between the
T1 and R phase-shift maps shown in Figure 3.7 (a) and (b) respectively. Two areas
of relative lower phase shift appear at the positions of the nominal perturbations,
whose nominal centre and FWHM have been represented with the aid of black crosses
and ellipses. Although the overall slope-like reduction in phase shift is corrected,
the phase-shift bands remain. Besides, the overall value of the background of this
reference-corrected T1 seismic map in areas far away from the perturbations is still
di�erent from zero, as a constant phase-shift displacement between the reference
and perturbed simulations is systematically present at all latitudes, also visible in
Figure 3.7. We discuss the origin of this o�set later, but for the time being we just
try to remove it. In order to obtain a value for this o�set, we consider the relative
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phase-shift maps between the perturbed datasets (T1, T2) and the reference one
(R)�e.g. T1−R shown in Figure 3.8�, and for each of the four perturbations present
in T1 and T2 we apply a least squares �t to a Gaussian distribution with the same
centre and FWHM as the nominal perturbations in the simulations, considering only
the points within the corresponding area of nominal FWHM. The �tted phase-shift
amplitudes are plotted against the nominal sound-speed perturbation in Figure 3.9.
The corresponding error bars are calculated as the root mean squares of the �t
residuals within the corresponding area of nominal FWHM. The points are �tted
to a line, also shown in the plot, with the following expression:

φ = 0.14− 12.90 · δc
c
, (3.4)

whose intercept term of ≈ 0.14 rad provides the value of the systematic displacement
between the perturbed datasets and the reference one. On the other hand, the slope
term, with a value of −12.90 for δc/c expressed as per-unit values, gives a preliminary
linear relation between phase shift and sound-speed variation.
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Figure 3.9: Variation of the phase-shift �tted amplitudes for each of the considered Gaussian-shaped sound-speed
perturbations present in the two reconstructed perturbed phase-shift maps (T1, T2) relative to the reference one (R)
with respect to the nominal sound-speed perturbation. A linear �t to the data, also shown, estimates the systematic
o�set between the perturbed simulations and the reference one.

We subtract the intercept term of Equation (3.4) from the reconstructed phase shift
of the reference simulation (R). Figure 3.10 shows the phase-shift means between−45°
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and +45° for the R simulation after o�set correction in red. The T1 means previously
shown in Figure 3.8 is also shown here in black. Here, at about 0.75 R� there is a
recession of the perturbed T1 phase shift from the corrected reference, which is an
indicator of the recovery of the sound-speed perturbation.
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Figure 3.10: Variation with depth of the longitudinally-and-latitudinally-averaged reconstructed phase shift for the
perturbed numerical simulation T1 (black) and for the reference simulation R (blue), where the reference simulation
has been o�set ≈ −0.14 rad to correct the systematic o�set between the perturbed simulations and the reference
one (Roff = R − 0.14). The average in latitude is restricted to the interval between −45° and +45°. The standard
deviation from the mean value for each simulation remains the same as in Figure 3.7 and has been left unplotted for
greater plot clarity. The T1 simulation has nominal Gaussian-shaped perturbations centred at 0.7 R� and at ±30° of
latitude with central amplitudes in the sound-speed variation with respect to model S values of 0.7% in the northern
hemisphere and of 0.5% in the southern hemisphere.

The map of the relative phase shift between the T1 perturbed simulation and the
reference one after o�set correction is shown in Figure 3.11. The perturbations are
recovered in both hemispheres around their nominal positions: ±30° and 0.7 R�. As
expected from the nominal amplitudes of the simulated perturbations, the recovered
phase-shift intensity is higher in the northern hemisphere. We apply least squares
�ts to Gaussian distributions for each of the perturbations in the T1 and T2 phase-
shift maps relative to the o�set-corrected reference R dataset. As done before,
we consider �xed centre and FWHM for the �ts, with the same values as the
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3.3 Results 47

nominal perturbations, considering only the points of the maps in the area within the
nominal FWHM. We get amplitude values ranging between −0.051 rad for the 0.5%-
sound-speed perturbation and −0.078 rad for the 0.7%-sound-speed perturbation.
Shall we consider Equation (2.4) and a mean frequency of 〈ν〉 = 3.5 mHz, these
values correspond to mean time delays of ∆τ = −2.21 s for the 0.5%-sound-speed
perturbation and ∆τ =−3.54 s for the 0.7% sound-speed perturbation. In comparison
with Figure 3.8, the amplitudes of the bands are reduced in Figure 3.11. However,
they are not completely removed. We discuss later the implications and possible
origin of this phenomenon.
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Figure 3.11: Latitude-depth map of the longitudinally-averaged reconstructed phase shift of the perturbed numerical
simulations T1 with respect to the reference simulation R, where the reference simulation has been previously o�set
≈ −0.14 rad to correct the systematic o�set between the perturbed simulations and the reference one. The T1
simulation has nominal Gaussian-shaped perturbations centred at 0.7 R� and at ±30° of latitude with central
amplitudes in the sound-speed variation with respect to model S values of 0.7% in the northern hemisphere and of
0.5% in the southern hemisphere. The black horizontal line represents the equator. The crosses mark the nominal
centres of the perturbations. Ellipses corresponding to the nominal FWHM of the simulated perturbations are shown
in black for comparison. The colour scale indicates the phase shift in radians.

Figure 3.12 shows the relative phase-shift map between both perturbed simulations
T1 and T2, namely the T1 phase-shift minus the T2 phase-shift. A negative
perturbation in phase shift is neatly visible in the northern hemisphere and a positive
perturbation in the southern hemisphere. Greater sound speeds produce shorter time
delays, and therefore, are expected to originate lower phase shifts in the reconstructed
maps, which is the observed behaviour here, as the relative sound-speed di�erence is
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48 Numerical simulations with sound-speed perturbations 3.3

+0.05% in the northern and −0.05% in the southern hemispheres. The black crosses
and ellipses show the centre and FWHM of the nominal perturbations for reference.
We will discuss later the complete disappearance of the band structure, present in
previous phase-shift reconstructions, and completely removed here.
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Figure 3.12: Latitude-depth map of the longitudinally-averaged relative phase shift between the perturbed numerical
simulations T1 and T2, i.e the phase-shift map for the T1 simulation minus the corresponding phase-shift map
for the T2 simulation. Both simulations have Gaussian-shaped perturbations in the sound speed with respect to
the background model centred at 0.7 R� and at ±30° of latitude with central amplitudes of 0.7% in the northern
hemisphere and 0.5% in the southern hemisphere in T1, and of 0.65% in the northern hemisphere and 0.55% in the
southern hemisphere in T2. The black horizontal line represents the equator. The crosses mark the nominal centres of
the perturbations. Ellipses corresponding to the nominal FWHM of the simulated perturbations are shown in black
for comparison. The colour scale indicates the phase shift in radians.

Figure 3.13 shows cuts of Figure 3.12 at �xed latitudes of ±30° (a) and at a
�xed depth of 208 Mm (≈ 0.7 R�) (b), which correspond to the nominal central
positions of the perturbations. The pro�le of the northern perturbations di�erence
is shown in blue, whereas that of the southern perturbations di�erence is shown in
red. For easier comparison, the northern phase-shift di�erence has been reversed in
the plot. We apply a least squares �t to a double Gaussian distribution with the
same centre and FWHM as the nominal values for the perturbations introduced in
the simulations, considering for the �t only the points of the map within the areas
of the nominal FWHM. The �tted phase-shift amplitude is 0.0084 rad. Considering
Equation (2.4) and a mean frequency of 〈ν〉 = 3.5 mHz, this value correspond to a
mean travel time delay of ∆τ = 0.38 s for an original sound-speed decrease of 0.05%.
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3.3 Results 49

The relation between phase shift and the sound-speed di�erence producing it would
be:

φ = −16.80 · δc
c
, (3.5)

which gives the relationship between sound-speed variation and equivalent
reconstructed phase-shift, for variations in the sound speed δc/c expressed as per-
unit values.

The corresponding cuts of the �tted Gaussian distribution are also plotted in
Figure 3.13 in black dashed lines for comparison. Although for the sake of clearer
visual comparison both the reconstructed pro�le and that of the �tted nominal
perturbation are shown as positive values, it should be remarked that a decrease
in the sound speed creates a relative positive phase shift and vice versa.
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Figure 3.13: Relative longitudinally-averaged phase shift between the perturbed numerical simulations T1 and T2
with respect to depth at latitudes of ±30° (a) and with respect to latitude at a depth of 208 Mm (≈ 0.7R�) (b).
The phase shift pro�les corresponding to the northern hemisphere are shown in blue and the pro�les corresponding to
the southern hemisphere are shown in red. The northern hemisphere di�erence has been reversed to be expressed as
positive values. The corresponding cuts of a �tted bi-dimensional Gaussian with an amplitude of 0.0084 rad, centred
at the same position, and with the same FWHM, as the nominal perturbations introduced in simulations T1 and T2,
are shown in black dashes for reference. This �gure represents horizontal cuts (a) and a vertical cut (b) of Figure 3.12.

Regarding to depth [Figure 3.13(a)], a clear broadening appears at higher
depths, behaviour that was also observed by Zhao et al. (2009) using time-
distance helioseismology. Besides, a slight deepening in the central position of the
reconstructed perturbation is also present, being ≈ 0.015 R� below the nominal
position. As con�rmed in Sections 3.3.2 and 3.3.3, the larger size of pupils for
deeper focal planes under a lateral-vantage scheme tends to deepen the reconstructed
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50 Numerical simulations with sound-speed perturbations 3.3

seismic signal and widen it in the direction of depth. With respect to the latitudinal
dependence [Figure 3.13(b)], the recovered pro�les follow clearly a Gaussian-like
distribution, with a slight broadening at higher latitudes. This may be caused by
the lower sensitivity of seismic holography for pixels located near the limb for the
visible near side of the Sun using a 1 × 1 skip schema, as part of the ideal pupil
lies in the non-visible far side of the Sun. This broadening at high latitudes may be
improved by considering input dopplergrams of higher resolution, i.e. of 800×800
pixels. Besides, the peak-like artefact at ≈ 200 Mm has been completely removed
here.

The origin of the banding is not very clear. As seen later in Chapter 4, strong
bands, as they appear in the reconstructed seismic maps of the simulations, are
not present in the helioseismic reconstruction of the solar interior for GONG solar
observations even in the raw data; where the oscillations are much weaker. There
we see that the regular procedure is to apply the technique to the observations
in intervals of 24 h of data. We have applied the same technique to two shorter
sets of GONG observations, spanning 1024 min ≈ 17 h, the same timespan as the
simulations. However, the strong banding does not appear there either. Therefore,
we must conclude that the banding is not produced by the shorter timespan of the
simulations and its origin must be looked for elsewhere.

Although the background state of the simulations is based on model S, it was
slightly modi�ed with the inclusion of a model for the chromosphere, the neglect
of the entropy gradient and di�erent upper boundary conditions so as to make the
simulations more realistic. Green's functions applied in the reconstructing scheme
have been computed using an unmodi�ed model S. These di�erences between the
model used to populate the simulations and the one used to reconstruct the solar
interior thereof may have had an in�uence in the observed banding in the upper
layers of the reconstructed phase shift. Besides, at certain layers the modes reach the
limit of their resonant cavity and stop to be included in the calculation of Green's
functions used to reconstruct the acoustic �eld of the solar interior, which may also
contribute to the formation of bands.

The purpose of applying the same technique to an unperturbed reference
simulation is to remove the e�ects originating from the technique itself, such as
the banding. Although part of the unwanted e�ects are removed after subtracting,
part of the banding remains and there is a systematic overall o�set between the
reconstructed phase shift of the reference and perturbed simulations. However, as
seen in Figures 3.12 and 3.13 the bands disappear completely when considering the
relative reconstructed phase shift between the two perturbed simulations. Although
the simulations were generated using the same scheme, it is possible that some minor
improvement in the code between the computations of the di�erent sets may have
played a role here. Whereas the perturbed simulations T1 and T2 were computed
together in the same time frame, the reference simulation R had been generated the
previous year. Some minor changes in the code may explain why the relative phase
shift between T1 and T2 remove all the unwanted e�ects, whereas the relative phase
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3.3 Results 51

shift between T1 and R does not. Besides, the introduced di�erences in the code
may have resulted in a slightly di�erent acoustic behaviour of the resonant cavity
of the simulations. This could be interpreted as a change in the seismic radius of
the simulated Sun. The seismic radius, a concept introduced by Schou et al. (1997),
indicates a measurement of the solar radius achieved through helioseismology. It
should be interpreted as a measurement of changes in the resonant cavity in which
waves propagates rather than changes in the physical radius of the Sun, with which
does not necessarily agree. In the real Sun an anticorrelation between seismic radius
and solar activity has been observed (Dziembowski, Goode, and Schou, 2001; Lefebvre
and Kosovichev, 2005; Kholikov and Hill, 2008; González Hernández, Scherrer, and
Hill, 2009). Analogously, a change in the overall acoustic properties of the simulated
Sun could be the reason for the o�set between the R and T1-T2 simulations. The
speci�c dates of production of the other simulations, whose results are shown in
Sections 3.3.2 and 3.3.3, and their mean overall phase-shift values further supports
this explanation.

3.3.2 Localized sound-speed perturbations in the photosphere

In Section 3.3.1 we have shown the capability of the current technique of detecting
perturbations in the sound speed at the base of the convection zone at least for
variations as low as δc/c = 5 · 10−4 in an ideal case with no perturbations at
the upper layers, including the solar surface. Nevertheless, magnetic activity is
actually present at the solar surface with stronger values than near the base of
the convection zone. Although helioseismic holography aims at reconstructing the
acoustic �eld of the Sun at a speci�c focal depth, the technique also includes out-
of-focus contributions from other depths the waves have travelled through. In the
particular case of having typical magnetic �elds at the base of the convection zone
together with typical magnetic activity at the surface, out-of-focus contributions from
the surface stronger magnetic �elds may add considerable noise to or even obscure
completely the detection of the former. We asses here the in�uence of surface activity
at the helioseismic reconstruction of the acoustic �eld at deep layers of the Sun with
the aid of the numerical simulations with sound-speed perturbations at the surface
(P1, P2, P3) described in Section 3.1.2 (Hartlep et al., 2008).

Therefore, we apply the technique detailed in Chapter 2 and Section 3.2 to the
P1�P3 simulations to produce three-dimensional maps of phase shift depending
on latitude, longitude and depth. Figure 3.14 shows in black the reconstructed
mean phase-shift pro�le for the simulation P1 between −45° and +45° of latitude,
and between 315° and 45° of longitude, corresponding to an unperturbed region,
diametrically opposite to the area where the perturbations are located. It should
be noted that unlike in previous Section 3.3.1 where the perturbations were
longitudinally homogeneous, here the perturbations are limited to a certain extent in
longitude and this causes a slight increase in the standard deviation of the mean
value when averaging over the longitudinal axis. The mean phase shift of the
unperturbed simulation R after o�set correction is shown in red for comparison.
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Figure 3.14: Variation with depth of the longitudinally-and-latitudinally-averaged reconstructed phase shift for the
perturbed numerical simulation P1 (black) in an area devoid of sound-speed perturbations between −45° and +45°
of latitude and between 315° and 45° of longitude and for the reference simulation R (red), with the o�set inferred
in Section 3.3.1 (Roff = R − 0.14), for all longitude values. The standard deviation from the mean value for each
simulation is shown with a thinner dotted line in the same colour. The vertical green dashed line marks the location
in which model S transitions from the radiative interior to the convective envelope.

We can observe the presence of bands in the upper layers of the P1 simulation,
but of di�erent values as those from the R simulation, as happened between the
T1 and T2 simulations on the one hand, and the R simulation on the other hand.
As discussed before in Section 3.3.1, ongoing improvements to the simulating code
between the generating moment of the P1�P3 and that of the R simulations make the
R simulation an imperfect tool for banding correction. In this case, we have considered
each simulation separately and have computed the depth-dependent means in the
unperturbed area de�ned before�latitude between −45° and +45° and longitude
between 315° and 45°�; which have been subtracted from each simulation to remove
the depth-dependent banding structure.

Figure 3.15 shows maps of the phase-shift reconstruction at the surface for the
three considered simulations (P1, P2, P3), with increasing perturbation sizes. Due
to its geometry, in the lateral vantage the pupil is extremely narrow for phase-
shift computations at the surface and uppermost layers of the Sun. Therefore, the
subjacent vantage, as detailed in Section 2.4, used commonly for imaging the solar
surface, was also used here to produce these maps of the photosphere. However,
phase shift computations at focal planes below the solar surface were created using
the lateral vantage, as done in Section 3.3.1.
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Figure 3.15: Phase shift map at the surface for the P1, P2, and P3 simulations, with sound-speed perturbations
located at the photosphere, with equivalent radii at the solar surface of 45 Mm, 90 Mm, and 180 Mm respectively.
The seismic holography technique was applied here under the subjacent vantage. The colour scale, common for the
three maps, shows the phase shift in radians.

Figures 3.16 and 3.17 allow the study of the penetration of the considered
perturbations and the depth reached by each of them. Figure 3.16 show longitude-
latitude phase-shift maps at di�erent depths, 50 Mm (a), 100 Mm (b), 150 Mm (c),
and 200 Mm (d), for the P1 (top), P2 (middle), and P3 (bottom) simulations.
Figure 3.17(a) show depth-longitude phase-shift maps at a �xed latitude of 0°, at
which the perturbations are centred, for the P1 (top), P2 (middle) and P3 (bottom)
simulations. Figure 3.17(b) show depth-latitude phase-shift maps at a �xed longitude
of 180°, at which the perturbations are centred, for the P1 (top), P2 (middle) and
P3 (bottom) simulations. As the phase-shift maps show, the recovered seismic signals
of the surface perturbations extend deeper than their nominal location covering the
upper 30 Mm from the photosphere. We observe that deeper penetrations of the
perturbed seismic phase shift occur for horizontally more extensive areas of surface
sound-speed perturbations. This is a consequence of the lateral-vantage geometry of
the considered pupils: helioseismic computations for deeper focal planes are created
with pupils comprising larger areas at the surface.

From Figures 3.16 and 3.17, we observe that the P1 perturbation penetrates up to
≈ 70 Mm, the P2 perturbation reaches ≈ 150 Mm and the P3 perturbation reaches
the layers of the base of the convection zone and tachocline. These results must be
considered together with the typical sizes of actual solar active regions. In fact, the
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Figure 3.16: Longitude-latitude maps of the reconstructed phase shift for the P1, P2 and P3 simulations at depths of
50 Mm (a), 100 Mm (b), 150 Mm (c), and 200 Mm (d). For each depth the top, middle and bottom panels correspond
respectively to the P1, P2 and P3 simulations. The colour scale indicates the phase shift in radians.

size of the largest active region in the last quarter of a century (NOAA2192) surpasses
only slightly the size of the smallest perturbation (P1). Therefore, although we have
seen that phase-shift contributions of larger perturbations reach layers in the vicinity
of the base of the convection zone and tachocline, isolated active regions of typical
sizes do not seem to produce signi�cant contribution to the reconstructed acoustic
�eld at these layers.
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Figure 3.17: a) Longitude-depth maps of the reconstructed phase shift at a �xed latitude of 0° for the P1 (top), P2
(middle), and P3 (bottom) simulations. b) Latitude-depth maps of the reconstructed phase shift at a �xed longitude
of 180° for the P1 (top), P2 (middle), and P3 (bottom) simulations. The �xed values of latitude (a) and longitude
(b) correspond to the centre of the nominal perturbations. The colour scale indicates the phase shift in radians.
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56 Numerical simulations with sound-speed perturbations 3.3

3.3.3 Localized sound-speed perturbations in the shallow subphotosphere

We also apply the technique detailed in Chapter 2 and Section 3.2 to the six
numerical datasets with sound-speed perturbations located in the upper layers below
the photosphere (20�50 Mm) described in Section 3.1.3 (Hartlep et al., 2011). As done
before, in Section 3.3.2, we have created 3-dimensional phase-shift maps depending
on latitude, longitude and depth for each of the numerical datasets.
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Figure 3.18: Variation with depth of the longitudinally-and-latitudinally-averaged reconstructed phase shift for the
perturbed numerical simulation S1 (black) in an area devoid of sound-speed perturbations between −45° and +45°
of latitude and between 315° and 45° of longitude and for the reference simulation R (blue) for all longitude values.
The standard deviation from the mean value for each simulation is shown with a thinner dotted line in the same
colour. The vertical green dashed line marks the location in which model S transitions from the radiative interior to
the convective envelope.

Figure 3.18 shows in black the reconstructed mean phase-shift pro�le for the
simulation S1 between −45° and +45° of latitude and between 315° and 45° of
longitude, which corresponds to an unperturbed region. The uno�set mean phase
shift of the unperturbed simulation R is shown in blue for comparison. As in the
simulation presented in Section 3.3.2, here the perturbations are also limited to a
certain extent in longitude, which produces a slight increase in the standard deviation
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3.4 Results 57

of the mean value when averaging over the longitudinal axis. We can observe the
presence of bands in the upper layers of the S1 simulation, with a very similar pattern
to those from the R simulation, with respect to both position and intensity. This
similarity is maintained along all the simulations with subphotospheric sound-speed
perturbations (S1�S6). This seems to indicate that between the computation of the
R simulation and that of the S1�S6 simulations the changes made to the computation
code were, if any, insigni�cant. Therefore, we can use here the R simulation to remove
from the S1�S6 simulations the banding structure, as well as other unwanted artefacts
originating from the technique, by simple subtraction without further complications.

Figure 3.19 shows maps of the reconstructed phase shift with respect to longitude
and depth at a �xed latitude of +20° for the S1 (a), S2 (b), S3 (c), S4 (d), and S5 (e)
simulations, and at a �xed latitude of −20° for the S5 simulation (f). As seen in
Table 3.4 (Section 3.1.3), the nominal big and medium perturbations are centred at
+20° whereas the nominal small perturbation is centred at −20°. The perturbations
are recovered at their expected positions: the recovered perturbation at a longitude of
270° in panels (a�e) corresponds to the big perturbation, the medium perturbation is
recovered in panels (a�e) at a longitude of 90° and the small perturbation is recovered
in panel (f) at a longitude of 180°.

The e�ect of the depth of the perturbation on the reconstructed phase shift is
studied through panels (a) to (d). The nominal perturbations are centred at varying
depths of 50 Mm (a), 40 Mm (b), 30 Mm (c), and 20 Mm (d), but share all the
other parameters. Although we observe that the most intense part of the recovered
perturbation moves to shallower layers from (a) to (d), as the nominal perturbation
emerge, we can also notice that the deeper extent of the recovered perturbed area is
very similar throughout panels (a) to (d) for both the big and medium perturbations.
This behaviour is due to the geometrical con�guration of the pupils: the shallower a
perturbed region is located, the wider in the vertical direction a coherent phase-shift
perturbation it can produce.

The comparison of panels (c) and (e), corresponding both to perturbations of the
same size and location, centred at 30 Mm, but with a di�erent value for the sound-
speed decrease, being 5% (c) and 10% (d) respectively, allows a way to assess the e�ect
of the intensity of the sound-speed perturbation on the seismic maps. The recovered
perturbations in (e) show higher values of phase shift, but the physical extension and
penetration of the perturbation is signi�cantly the same for both cases.

Panels (e) and (f) show the recovered phase shift for the three di�erent-
sized perturbations in simulation S5, where the nominal horizontal extent of
the perturbation is the only variate. The recovered phase shift of sound-speed
perturbations that extend horizontally more extends not only into horizontally wider
areas (longitudinally), but also into deeper layers.

Although we observe that shallower and horizontally more extensive sound-speed
perturbations produce signi�cant coherent seismic signal to deeper layers using
helioseismic holography, all of the studied cases here kept their seismic e�ects well
above the base of the convection zone.
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Figure 3.19: Longitude-depth maps of the reconstructed phase-shift at a �xed latitude of +20°, at which the nominal
big and medium perturbations are centred, for the S1 (a), S2 (b), S3 (c), S4 (d), and S5 (e) simulations, and at a
�xed latitude of −20°, at which the nominal small perturbations are centred, for the S5 (f) simulation. The colour
scale indicates the phase shift in radians and it has been saturated for values ≤ −1.5 rad and ≥ 1.5 rad to enhance
contrast.
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3.4 Discussion

We have proved the validity of phase-sensitive helioseismic holography to probe the
base of the convection zone and tachocline and successfully recover perturbations in
the sound-speed as low as 0.05% in an ideal case devoid of other activity at the solar
surface or in the subphotosphere. Besides, the general pro�le of the perturbations is
recovered accurately, with only a slight deepening and a small broadening at higher
latitudes and deeper layers. This broadening may be caused by the relatively high
realization noise in the simulations and the lower sensitivity of high-latitude pixels.
The recovered seismic signals correlate linearly with the introduced perturbations in
the sound speed. This result provides a tool for calibrating helioseismic signals from
actual solar observation in terms of sound-speed variations.

Although the purpose of helioseismic holography is to provide a reconstruction of
the acoustic �eld of the solar interior at a particular focus, non-coherent defocused
contributions of waves travelling through the area where the considered focus lies
add an out-of-focus term to the inferred seismic signal that may increase the signal-
to-noise or even obscure the detection completely. Surface solar activity may be
of great importance in the real Sun and have an e�ect here, specially near the
maximum of solar activity. We have assessed this e�ect with the aid of simulations
with isolated sound-speed perturbations at the photosphere. We have observed that
the reconstructed signal of sound-speed perturbations restrained to a thin layer at
the solar surface extends deeper than their perturbed precursors. Actually, the
reconstructed signal extends deeper for perturbations with greater horizontal area.
This is a direct consequence of the lateral-vantage geometry of the pupils. Although
for the largest-considered perturbation the recovered perturbed signal reaches the
vicinity of the base of the convection zone, for the smaller ones, it stay well above it.
Typical sizes of active regions in the real Sun are within the range of the smallest-
considered perturbation and should produce no signi�cant seismic signal at the base
of the convection zone.

Another source from out-of-focus contributions could consist of submerged
emerging active regions, what has been assessed with di�erent simulations with sound-
speed perturbations between 20 Mm and 50 Mm of depth. As in the previous case,
the reconstructed signal of sound-speed perturbations extends into deeper layers than
those in which the nominal perturbation is present. However, for all the cases here,
the deepest extension of the recovered perturbations stays well above the base of
the convection zone and tachocline. Considering simulations with varying physical
properties, we have studied the e�ect of these on the penetration of the recovered
signal. First, the increase or decrease in the intensity of the perturbation as long as
the shape and physical extension of the perturbed area remains the same produce
no signi�cant change in the extension in depth of the recovered signal. Second,
for perturbations with the same intensity and size centred at varying depths, the
shallower they are located, the deeper they extend with respect to their central
position. And �nally, perturbations of the same intensity and located at the same
depth penetrate into deeper layers when they occupy larger areas horizontally.
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60 Numerical simulations with sound-speed perturbations 3.4

Although the contribution of subsurface activity has proved non signi�cant, the
detailed study thereof helps to con�rm the result obtained from simulations with
perturbations at the solar surface: that the unwanted penetration of parasite seismic
signal is due to a geometrical limitation of the technique itself, because of the way
the pupils are determined.

We have seen that individual active regions of typical sizes have no signi�cant
in�uence on seismic signal at deep layers. However, in the real Sun magnetic
activity is present everywhere at the surface, especially at the solar maximum.
Surface magnetic activity do not conform a large enough simply connected space
to produce a signi�cant reconstructed seismic signal visible as a simply connected
perturbation, because quiescent regions between active regions would break the
spatial coherence. However, it could be possible that, with abundant surface activity,
the individual contributions of multiple separated active regions could coalesce to
produce a signi�cant overall contribution in the seismic signal at the base of the
convection zone that could decrease the signal-to-noise ratio and blur the detection
of actual perturbations present at the deep layers. This should be taken into
consideration to proceed with the utmost care when interpreting the seismic results
from actual solar observations.

We have used a reference unperturbed simulation for correcting the unwanted
artefacts originating in the technique itself in the studied simulations. However,
although we get a clean direct correction for the S1�S6 simulations in Section 3.3.3,
di�erences introduced in the simulating code between the computation of the
reference simulation, and the T1�T2 and P1�P3 simulations do not produce
completely corrected results. A reference unperturbed simulation can be used to
correct from technique artefacts, but we must proceed carefully because analogue
discrepancies can be present there between the model used to compute the reference
simulation and the acoustic medium of the Sun.
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4
The Solar Interior through the solar cycle

In the previous chapter we have proved the feasibility of the application of
helioseismic holography to recover sound-speed perturbations at the base of the
convection zone with the aid of numerical simulations. In this chapter we apply
the technique to regular observations taken by the Global Oscillation Network Group
(GONG; Harvey et al., 1996; Leibacher, 1999) between the years 1995 and 2015,
covering more than one and a half cycles of solar activity, using the results from the
simulated data in Chapter 3 as a calibration.

First, we analyse the variations in the inferred sound-speed pro�le at the base of
the convection zone with respect to a solar model at the two solar minima present in
the GONG dataspan, recovering sound-speed values consistent with previous results.
Then, we study the relative variation of the reconstructed sound speed at the base
of the convection zone along the solar cycle. A preliminary study of part of the
observational data analysed in this thesis has already been published (Díaz Alfaro
et al., 2016).

4.1 Observational Data

The observational data used in this thesis are formed by velocity images or
dopplergrams taken by GONG. GONG is an international network of six instruments
located around the Earth at the Big Bear Solar Observatory in California, the High
Altitude Observatory at Mauna Loa in Hawaii, the Learmonth Solar Observatory
in Western Australia, the Udaipur Solar Observatory in India, the Observatorio del
Teide in Tenerife, and the Cerro Tolo Inter-American Observatory in Chile. The
network is managed by the US National Solar Observatory, which is operated by
the Association of Universities for Reasearch in Astronomy, under a cooperative
agreement with the US National Science Foundation. The instruments are Fourier
tachometers based on Michelson interferometry observing at the photospheric line Nii
λ6768Å. They provide nearly continuous line-of-sight dopplergrams with a nominal
cadence of 60 s.
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62 The Solar Interior through the solar cycle 4.1

The system became operational in 1995 with 256 × 256 pixel detectors, with a
spatial resolution of 8 × 10 arcsec per rectangular pixel. In 2001 the detectors were
replaced by others with 1024 × 1024 square pixels, each with a spatial resolution
of 2 × 2 arcsec. The two epochs corresponding to the original and upgraded
con�gurations are referred to as GONG Classic and GONG+, respectively. Beyond
the increased spatial resolution, the GONG+ update came with an optimised
observing strategy to produce additional data products such as merged dopplergrams,
formed by the combination of observed velocity maps acquired concurrently at
multiple sites into a single network velocity map. In order to do so, single-site images
are preprocessed to remove the rotational velocity of the Sun and the motion of the
Earth, and to correct for the ellipticity of the solar disk and the residual misalignment
of the solar North. This strategy was ported in 2015 to GONG-Classic data.
Then, GONG-Classic single-site dopplergrams were combined to produce merged
network dopplergrams in the 1995�2001 period (Hughes et al., 2016). The main
di�erences between GONG-Classic and GONG+ data regard spatial resolution and
precision in the angular alignment, which is higher for GONG+merged dopplergrams.
The detailed reducing process to produce merged network dopplergrams from the
observed data at single sites is thoroughly described as part of the global and local
helioseismology pipelines, available at the GONG website on the Internet.1 The
resulting merged dopplergrams are stored in 251 × 251 pixel (GONG Classic) and
839 × 839 pixel (GONG+) FITS �les with a cadence of 1 min. An example of
a merged dopplergram from each GONG epoch is shown in Figure 4.1: a merged
dopplergram from GONG Classic (a), corresponding to 1 May 2000 at 12:00 UT,
and a merged dopplergram from GONG+ (b), corresponding to 1 January 2010 at
12:00 UT. The higher resolution of GONG+ dopplergrams is clearly noticeable there.

a) GONG Classic b) GONG+

Figure 4.1: Examples of GONG merged dopplergrams from GONG Classic (a), corresponding to 1 May 2000 at
12:00 UT, and from GONG+ (b), corresponding to 1 January 2010 at 12:00 UT.

1http://gong.nso.edu/data/DMAC_documentation/
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4.1 Observational Data 63

In this work we utilise available merged dopplergrams from GONG Classic and
GONG+. The used GONG-Classic merged dopplergrams extend between 27 May
1995 and 21 May 2001. During this period there are some gaps in the available
data: e.g. the data of 17 December 1996 is unavailable due to technical reasons,
the data between 30 May 1999 and 1 August 1999 is missing crucial calibration
information necessary for the merging process, and on 21 April 2001 there were no
GONG observations. We also use GONG+ merged dopplergrams between 11 August
2001 and 31 July 2015, with no interruptions or gaps.
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Figure 4.2: a) Daily duty cycle values for GONG Classic (blue) and for GONG+ (red) merged dopplergrams.
b), c) Corresponding relative frequency of duty cycle values in intervals of 0.05 for GONG Classic (b) and GONG+ (c).
Duty cycle values represent the fraction of each UT day for which one-minute cadence network velocity maps are
available.

The fraction of time during which quality GONG data are available varies due to
weather and other kind of operational disruptions. Daily duty cycle for the merged
dopplergrams represents the fraction of each UT day for which one-minute cadence
network velocity maps are available. Figure 4.2(a) shows GONG daily duty cycle
values for available GONG data. Histograms of the relative frequency of daily duty
cycle values in intervals of 0.05 are also shown separately for GONG Classic (b) and
GONG+ (c). It can be seen that network stations provide data with high continuity.
Besides higher resolution in GONG+ data, there has also been an improvement
regarding data coverage from GONG Classic, where the mean duty cycle was 0.83,
to GONG+2, where the mean duty cycle has reached 0.87. The fraction of days with
duty cycle values of at least 0.8 has also increased from GONG Classic (≈ 65%) to
GONG+2(≈ 79%).

2GONG+ duty cycle measured up to 25 August 2015.
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64 The Solar Interior through the solar cycle 4.1
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4.1 Observational Data 65
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66 The Solar Interior through the solar cycle 4.3

4.2 Technique

The input for the general procedure described in Section 2.5 is formed by 251× 251
pixel GONG-Classic and 839 × 839 pixel GONG+ merged network dopplergrams.
Each UT day, formed by 1440 dopplergrams, is processed separately to produce
200 × 200 pixel seismic phase-shift maps at the surface and at depths in the range
of 50�300 Mm with a step of 1 Mm. As done in previous cases in Chapter 3, the
subjacent vantage is used to determine the pupils for the reconstruction of the seismic
�eld at the surface, while the lateral vantage with external raypaths opening ±45°
from the horizontal plane is used to determine the pupils for the seismic maps below
the solar surface. The empirical phase-shift correction (Section 2.3.1) is applied to
Green's functions in order to correct from the e�ects present in the uppermost layers
of the Sun, and not considered in the mathematical formalism of Green's functions,
such as asymptotic, non-adiabatic and non-spheric e�ects. Due to the high volume
of computations required to produce the seismic phase-shift maps at his stage, we
have made use of the HTCondor distributed computing software together with the
LaPalma3 and Teide-HPC4 supercomputers.

Seismic phase-shift maps are projected onto a longitude-latitude grid, and then
combined and averaged in 267 groups of 27 consecutive days, each covering the whole
solar perimeter and accounting for approximately one solar rotation. These groups of
27 days of data are processed so that they correspond to Bartels's rotations numbers.
The Bartels's rotation number, introduced by Julius Bartels, with day one of Bartels's
rotation 1 (BR1) assigned arbitrarily to 8 February 1832, constitutes a serial number
for counting the rotations of the Sun. Table 4.1 contains the full list of Bartels's
rotations used in this work with their corresponding starting and ending dates. The
267 considered Bartels's rotations start at 27 May 1995 for BR2210 and end at 31
July 2015 for BR2482. During this time interval Bartels's rotations BR2264�BR2266
and BR2291�BR2293 are missing due to the unavailability of merged velocity data
for the corresponding time interval. Besides, for each of Bartels's rotations BR2231
and BR2289 a day of merged velocity data was unavailable. As the longitude-latitude
seismic maps for the other 26 days cover reasonably well the whole perimeter of the
Sun, the combined maps for those two Bartels's rotations have been computed with
only 26 days of data.

Finally, the combined phase-shift maps have been collapsed along the longitudinal
axis to produce seismic maps depending on latitude and depth for each of the
considered Bartels's rotations, which are analysed in upcoming Section 4.3.

3The LaPalma supercomputer, located at the Centro de Astrofísica en La Palma of the Instituto de Astrofísica

de Canarias, in San Antonio de Breña Baja (La Palma), is one of the eight nodes of the Spanish Supercomputing
Network (Red Española de Supercomputación). It has a peak capacity of 9.4 TFLOPS, with 256 CPUs totalling 1024
cores with 2GB of RAM per core.

4Teide High Perfomance Computing is a supercomputer located at the Instituto Tecnológico y de Energías

Renovables (ITER, SA) in Granadilla de Abona (Tenerife). It has a theoretical peak performance of 340.8 TFLOPS,
being composed of a total of 17,800 computing cores and 36 TB of memory. It is currently the second most powerful
supercomputer in Spain. URL: http://teidehpc.iter.es
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4.3 Results

4.3.1 Inferred sound-speed at the base of the convection zone at solar minima

The international sunspot number, introduced in Section 1.2, provides a harmonized
value accounting for long-term solar activity in terms of counting sunspots and groups
of sunspots. Figure 4.3 shows in blue the monthly mean international sunspot number
for the timespan of GONG observations. The current standard for the determination
of the international sunspot number adopted on 1 July 2015�version 2.0�is used
here and throughout this thesis. A 13-month smoothed monthly sunspot number
is superimposed in red. We have used it to select two time intervals corresponding
to 13 continuous Bartels's rotations, each accounting for approximately one year, at
the two solar minima of solar activity having occurred during the lifespan of GONG.
Here and in Section 4.3.2 we have made selections spanning approximately one year to
minimize a one-year-period e�ect present in the data and likely linked to the orbital
movement of the Earth around the Sun. During the minimum between Solar Cycle 22
and Solar Cycle 23, we select Bartels's rotations BR2219�BR2231, extending from 25
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Figure 4.3: Monthly mean international sunspot number (blue) and 13-month smoothed monthly sunspot number
(red) for the timespan of GONG observations from SILSO data, Royal Observatory of Belgium, Brussels. The
vertical solid bars signal the starting and ending dates of the intervals at the solar minima analysed in Section 4.3.1,
i.e. BR2219�BR2231 and BR2387�BR2399. The dashed and dotted bars signalled the starting and ending dates of
the periods introduced in Section 4.3.2 at high activity and the alternate one at low activity respectively. The crossed
area marks the gap between the GONG-Classic and GONG+ con�gurations.
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68 The Solar Interior through the solar cycle 4.3

January 1996 to 9 January 1997, using GONG-Classic data processed following the
strategy summarised in Section 4.1 (Hughes et al., 2016). The other interval extends
from 26 June 2008 to 11 June 2009, during the minimum between Solar Cycle 23 and
Solar Cycle 24, comprising Bartels's rotations BR2387�BR2399, and using GONG+
data. Results for the latter interval have already been published in Díaz Alfaro et al.
(2016). The starting and ending dates for the two periods are signalled with vertical
solid bars in Figure 4.3.

For each of the 2×13 Bartels's rotations at the solar minima, we have averaged
the seismic phase shift between 45° N and 45° S. Then, for each of the two 13-Bartels-
rotation intervals the phase-shift averages were combined separately by further
averaging in order to increase the signal-to-noise ratio. Standard deviations of these
latter means have been computed as a measure of the uncertainty. It should be
noted though that this is an overestimation of the error measurement. The resulting
variation with depth of the combined phase shift averaged between 45° N and 45° S
is shown in Figure 4.4 for the BR2219�BR2231 minimum in a solid red curve and for
the BR2387�BR23399 minimum in a solid blue curve. The uncertainty estimations
are shown superimposed as dots in the same colour of the corresponding minimum.

We have described in Chapter 3 the presence of a systematic o�set between some of
the perturbed data and the reference one, which we have interpreted as due to changes
in the simulating code a�ecting the overall internal properties of the numerically
simulated Sun. We can observe here a similar o�set between the di�erent phase-
shift pro�les derived from solar observations. As in the numerically simulated cases
before, the origin of this overall o�set seems to be found at global changes in the
acoustic properties of the real Sun. However, in this particular case it could be due
to the di�erent sensitivity of GONG+ and GONG Classic. We discuss further this
behaviour in the upcoming sections.

The peak-like artefact described in Chapter 3 and present in the phase-shift results
at≈ 200 Mm is produced by changes in the model used for the computation of Green's
functions at layers where its acoustic behaviour transitions from the radiative interior
into the convective envelope. As expected, this artefact is also present in the phase-
shift latitudinal averages for the observational data. We make use of it in order
to measure the o�set between the averaged numerically-simulated reference phase
shift presented in Section 3 and each of the averaged phase shifts at solar minima,
and we o�set the reference calibration for each minimum accordingly in order to
remove not only the unwanted technique-produced e�ects from the seismic signal of
the observational data but also the overall e�ects related to the overall variation.
The o�set reference phase shift calibrated for the BR2219�BR2231 minimum is also
plotted in Figure 4.4 in black dashes.

On the one hand, the presence of bands is much more reduced in the actual solar
seismic maps as it was in the phase-shift maps of the simulations. On the other hand,
some small features, such as small peaks, are still present at certain depths at the
observational maps as they were in the simulated data. These unwanted artefacts
may originate at layers where modes start or stop to be included in the computation
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Figure 4.4: Variation with respect to depth of the mean phase shift for the GONG's 27-day Bartels rotations from
BR2219 to BR2231 (solid red), and from BR2387 to BR2399 (solid blue), latitudinally-averaged between 45° N and
45° S. BR2219�BR2231 extend from 25 January 1996 to 9 January 1997, at the minimum between Solar Cycle 22 and
Solar Cycle 23, and BR2387�BR2399 extend from 26 June 2008 to 11 June 2009, at the minimum between Solar Cycle
23 and Solar Cycle 24. Standard deviations are shown in a dotted curve in the same colour as the corresponding mean
value. The mean phase shift within the same latitude interval of the o�set simulated reference dataset, calibrated for
use with BR2219�BR2231, is shown in a black dashed curve.

of Green's functions due to the di�erent re�ection boundaries of di�erent individual
modes. Besides, they disappear in the maps of the relative phase shift between the
observational and the reference data, which further supports the premise that they
are technique-related artefacts, correctable with i.e. a reference simulation.

With the aid of the o�set reference phase-shift maps calibrated speci�cally for each
of the two datasets at solar minima considered in the observational data, we calibrate
the phase-shift maps of them with respect to a standard solar model, namely model
S (Christensen-Dalsgaard et al., 1996). The inferred relation between phase shift and
sound-speed variation, obtained from simulated data in Section 3.3.1 and expressed
as Equation (3.5) is applied to the two sets of data after the previous calibration to
express these seismic maps in terms of variations of the sound speed. Figure 4.5 shows
the inferred sound-speed variation latitudinally averaged between 45° N and 45° S
for BR2219�BR2231 (red) and for BR2397�BR2399 (blue). Both pro�les are very
similar and show a peak at about 0.68 R�, which would indicate an underestimation
of the sound speed at this position in model S in the range of δc2/c2 ≈ (3�4) · 10−3.
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The inferred sound-speed pro�le also shows a valley located at ≈ 0.61R� and some
residuals of the banding oscillation seem to be still present at the upper layers. The
shape of the pro�le of the sound speed recovered with seismic holography is generally
consistent with previous results obtained using di�erent techniques (Gough et al.,
1996; Kosovichev et al., 1997; Zhao et al., 2009). However, the magnitudes of the
distinctive features, even though of the same order, do not match previous results so
accurately. This behaviour seems to indicate that the technique used in this thesis
would require �ner calibration.
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Figure 4.5: Latitudinally-averaged inferred sound-speed perturbation between 45° N and 45° S with respect to standard
solar model S corresponding to the sound-speed maps in Figure 4.6. The inferred pro�le of Bartels's rotations BR2219�
BR2231 at the solar minimum between Solar Cycle 22 and Solar Cycle 23, between 25 January 1996 and 9 January
1997, is shown in red, and that of BR2387�BR2399, spanning between 26 June 2008 and 11 June 2009, at the following
solar minimum, is shown in blue.

Figure 4.6 shows maps of the inferred sound-speed for BR2219�BR2231 (a) and
BR2387�BR299 (b) with no latitudinal average. In both cases there is an increase in
the sound speed of the real Sun with respect to that of model S in the near-equatorial
region between ≈ 200-250 Mm, which is the main contributor to the peak in the
averaged pro�le shown in Figure 4.5. However, the enhancement of sound speed with
respect to the solar model does not extend to higher latitudes. In fact, in the southern
hemisphere at latitudes higher than ≈ 30° S for BR2219�BR2231, and higher than
≈ 20° S for BR2387-BR2399 there is a reduction in the sound speed with respect to
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Figure 4.6: Sound-speed perturbation maps with respect to standard solar model S for time intervals corresponding
to Bartels's rotations BR2219�BR2231 (a) and BR2387�BR2399 (b) inferred from the phase-shift map of GONG data
averaged per Bartels's rotation with respect to a calibrated o�set simulated unperturbed phase-shift map. BR2219�
BR2231 extend from 25 January 1996 to 9 January 1997, at the solar minimum between Solar Cycle 22 and Solar
Cycle 23, and BR2387�BR2399 span between 26 June 2008 and 11 June 2009, at the following solar minimum. The
black horizontal lines in both panels represent the equator.
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the solar model. This reduction begins ≈ 5°�10° closer to the equator in the depth
ranges of 150�200 Mm and 250�300 Mm. A similar case presents in the northern
hemisphere, though with less intense reductions of the sound speed, being weaker for
BR2387�BR2399. Zhao et al. (2009) also observed a latitudinal variation at the base
of the convection zone, but in their case the perturbation was found to be weaker near
the equator. They were surprised that a latitudinal variation appeared and indicated
that it would require further investigation and modelling of instrumental e�ects. In
our case, the geometrical limitations of pupils for foci at higher latitudes could play
some role in the origin of the observed latitudinal variation.

We can see in Figure 4.6 that the maps for the two selected minima are very
similar to each other even though they are separated ≈ 12 years. Some of the
asymmetries shown between the northern and the southern hemispheres are kept
between the oldest (a) and the most recent dataset (b). Moreover, in upcoming
Section 4.3.2 Figure 4.8 shows the phase-shift variation between two intervals of
Bartels's rotations, where the reference simulation has not been used, and no
hemispheric asymmetry is apparent there. We have seen in Figure 4.4 that the
reference simulation allows the recovery of a latitudinally-averaged pro�le of sound
speed, which is generally consistent in shape with previous results. However, the
close alikeness of Figure 4.6 (a) and (b) indicates that the reference simulation could
contain some internal structure shown as a hemispheric variation, which could be
introducing some contaminating artefacts into the seismic maps at the moment of
applying the reference correction.

4.3.2 Variations of the inferred sound speed along the solar cycle

Figure 4.4 showed a systematic overall phase shift at all depths between the
reconstructed seismic signal of the two time intervals at solar minima considered
in Section 4.3.1�BR2219�BR2231 and BR2387�BR2399�. This phenomenon is
generally present throughout the span of the GONG data used in this work and
di�erent overall phase-shift o�sets appear between di�erent Bartels's rotations or
groups of them. It is similar to the observed o�set between the reconstructed seismic
signal of the di�erent numerically simulated datasets in Chapter 3. We discussed there
that the overall o�set could be explained by changes introduced in the simulating
code, which led to slightly di�erent acoustic behaviours of the resonant cavity of the
simulated Sun. Analogously, here the origin could be at global changes in the acoustic
properties of the Sun. A possible cause could lie at the observed variation of the solar
seismic radius along the solar cycle (Lefebvre and Kosovichev, 2005; Kholikov and
Hill, 2008; González Hernández, Scherrer, and Hill, 2009). It could also originate in
the variation of the overall distribution of surface activity.

As discussed in Chapter 3, the aim of helioseismic holography is to reconstruct the
acoustic �eld of the Sun at a particular location. However, seismic features present
at layers the waves have travelled through on their way to the focus can add out-
of-focus contributions to the seismic computations. For the helioseismically inferred
seismic signal at deeper layers, together with the focused contributions from seismic
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perturbations located there, we can expect contributions from other two main sources:
out-of-focus contributions from photospheric activity and also from global changes
in the acoustic properties of the Sun along the solar cycle. Whereas photospheric
activity could a�ect di�erently the reconstruction at di�erent locations, according to
the speci�c distribution of active regions at any particular moment, we could expect
global variations to a�ect the reconstructed seismic signal more homogeneously at any
depth or latitude. Therefore, we could expect any global variation in the acoustic
properties to appear as an overall phase shift between periods of time, as shown in
Figure 4.4.

With the previous in mind, we now assess the global e�ect of solar activity in
the recovered phase shift at the photosphere and at the base of the convection
zone. For each individual Bartels's rotation we have calculated the mean phase
shift between 45° N and 45° S at the photosphere�using the subjacent vantage
seismic computations�and at the inferred location of the base of the convection
zone, speci�cally in a 5-Mm-wide interval centred at 0.685 R�, depth at which we
have detected the enhancement of sound speed with respect to standard model S
at low activity. We have also calculated averages of the daily international sunspot
number in intervals of 27 days corresponding to the Bartels's rotations shown in
Table 4.1 so that equal parsing facilitates comparison with the evolution of the mean
phase shift at the photosphere and at the base of the convection zone and reduces
side e�ects of numerical discretisation. Figure 4.7 (a) shows the evolution with time
of the photospheric mean phase shift (a) and of the mean phase shift at the inferred
location of the base of the convection zone (c). GONG-Classic data are shown in
blue, whereas GONG+ data are shown in red. In both cases we have applied an
overall speci�c o�set calculated so that the means of each plot is zero. We have
plotted the ad hoc Bartels's rotation sunspot number with respect to the mean o�set
phase shift of the GONG+ data at the photosphere (b) and at the detected base of
the convection zone (d) together with a linear �t in both cases. The correlation is
0.91 for the photosphere and 0.80 for the base of the convection zone. The linear �ts
have been used to rescale the Bartels's rotation sunspot number for both cases and
its rescaled variation is shown in (a) and (c) in black dots accordingly. It should be
noted that this rescaled sunspot number shown in (a) and (c) is inverted with respect
to the international sunspot number Sn, as the phase shift and the sunspot number
are anticorrelated.

We have seen in both cases that the inverted Bartels's rotation sunspot number
follows approximately the pro�le for GONG+ data, but fails for GONG-Classic data,
probably because of the limitations of the creation of merged dopplergrams from
single-site dopplergrams without all the additional calibration data introduced in the
observing procedure after the update to GONG+ (Hughes et al., 2016). Although the
correlation between photospheric activity�measured by the sunspot number�and
the seismic phase shift at the photosphere (a,b) is higher than for the phase shift at
the recovered position of the base of the convection zone (c,d), the latter is still high
enough (0.80). The international sunspot number proxies photospheric activity; thus,
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Figure 4.7: Evolution of the mean value of the relative phase shift between 45° S and 45° N at the solar surface
(a) and at the base of the convection zone (c). In both cases the phase shift is shown relative to its mean value.
GONG-Classic data is shown in blue and GONG+ data is shown in red. The daily international sunspot number
averaged in intervals of Bartel's rotation is shown against the relative phase shift for the GONG+ epoch at the solar
surface (b) and at the base of the convection zone (d), with �tted lines. The daily international sunspot number
averaged in intervals of Bartel's rotations is transformed into phase-shift values with the aid of the correlation relation
shown in (b) and (d), and shown in black dots in (a) and (c). e) Correlation between the mean relative phase shift at
the base of the convection zone and that at the solar surface for GONG Classic (blue) and GONG+ (red). The phase
shift has been averaged between 45° S and 45° N and for the base of the convection zone at a 5-Mm wide interval
centred at 0.68 R� has been used. Fitted lines are shown in the corresponding colours for the two GONG epochs
separately.
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we are observing an important overall correspondence between global photospheric
activity and the inferred seismic signal at the layers of interest. Furthermore,
Figure 4.7 (e), showing the phase shift at the location of the inferred base of the
convection zone with respect to the phase shift at the photosphere for GONG-Classic
(blue) and GONG+ (red), supports this premise. Both cases adjust linearly with
correlation values of 0.83 for GONG-Classic and 0.84 for GONG+. The origin of
these correlations may rest in the direct evolution with the solar cycle of helioseismic
magnitudes both at the photosphere and at the base of the convection zone, but it may
also indicate that the in�uence of global photospheric activity in the reconstruction
of the seismic magnitudes at the deep layers of the base of the convection zone and
tachocline, at least globally, could be important, or likely a combination of both. In
Section 4.4 we will assess with greater detail the in�uence of the photospheric layers
in the helioseismic reconstruction of deeper layers.

Using GONG+ data, we study now the variation of the reconstructed sound speed
between periods of high and low solar activity. As done previously in Section 4.3.1, the
international sunspot number, shown in Figure 4.3, has been used to select an interval
shortly after the maximum of Solar Cycle 23, covering 13 Bartels's rotations, BR2306�
BR2318, extending from 1 July 2002 to 16 June 2003, and another time interval at
the maximum of Solar Cycle 24, BR2468�BR2480, extending from 22 June 2014 to
7 June 2015, and covering also 13 consecutive Bartels's rotations. The starting and
ending dates of the two periods are signalled with dashed bars in Figure 4.3. Although
we have used GONG-Classic data for one of the intervals presented in Section 4.3.1,
the reader should note that the two datasets selected here only include GONG+
data, due to the lower quality of GONG-Classic discussed previously and shown in
Figure 4.7.

We have calculated the phase-shift di�erences between BR2387�BR2399�solar
minimum�and each of the high-activity periods separately�BR2306�BR2318 and
BR2468�BR2480�and have corrected the o�set from them by subtracting the mean
value of the corresponding di�erence. The purpose of this subtraction is to remove
the global phase-shift variability, which includes phase-shift changes that may have
arisen from variations in the solar seismic radius, i.e. in the global acoustic properties
of the Sun, and from the global in�uence of photospheric activity described above.
We have limited the mean to the range 150�300 Mm to optimise this correction for
the deeper layers where the base of the convection zone and tachocline are located.
Equation (3.5) has been applied to the o�set-corrected phase-shift di�erences to infer
the associated variations in sound speed. To avoid higher noise values, we have
also excluded latitudes higher than 45° in both hemispheres. Figure 4.8 shows a
map of the inferred sound-speed di�erence between BR2387�BR2399, at the solar
minimum between Solar Cycle 23 and Solar Cycle 24, and BR2468�BR2480, at the
solar maximum of Solar Cycle 24. Here and in the following cases, the sense of the
di�erence is high activity minus low activity. We observe a suppression of sound
speed in the vicinity of the equator, up to ≈ 20°�30°, and an enhancement of sound
speed at higher latitudes at high activity. At latitudes between ≈ 15° and ≈ 30° we
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can observe at certain depths the presence of regions of higher sound speed in the
shape of tongues that penetrate toward lower latitudes. Similar features appear in
maps of sound-speed di�erences for other time intervals. In the particular case shown
in Figure 4.8 this e�ect is more intense in the northern hemisphere.
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Figure 4.8: Latitude-depth map of the inferred sound-speed variation between BR2387�BR2399, at the solar minimum
between Solar Cycle 23 and Solar Cycle 24, and BR2468�BR2480, at the solar maximum of Solar Cycle 24, after
correcting for global o�set. The colour scale indicates the sound-speed variation in units of 10−4. The solid horizontal
line represents the equator and the dashed horizontal lines represent locations at 15° and 30° of latitude in both
hemispheres.

In the shallower layers, we can observe a higher decrease in the inferred sound-
speed variation around≈ 15° in the Southern hemisphere with respect to the Northern
hemisphere. Hemispheric sunspot numbers allow to assess the hemispheric variability
of solar activity. For both the minimum and the maximum intervals considered in
Figure 4.8 the hemispheric sunspot numbers show higher solar activity in the Southern
hemisphere. However, this excess of activity in the Southern hemisphere is higher
for the considered maximum interval, what is consistent with the observed behaviour
here.

In order to compare the data with previous results that lack latitudinal resolution,
we show in Figure 4.9 the latitudinally averaged inferred sound-speed variation
between BR2387�BR2399�low activity�and BR2306�BR2318�high activity�
in red, and between BR2387�BR2399�low activity�and BR2468�BR2480�high
activity�in black. While the latter case represents the chronological evolution of
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the sound speed, the former is anti chronological. We observe for both cases that at
≈ 0.68 R� there is a decrease in sound speed at high activity and an enhancement
below it.
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Figure 4.9: Inferred sound-speed variation latitudinally averaged between 45° N and 45° S of periods of high solar
activity with respect to periods of low solar activity. All the considered intervals span 13 Bartels's rotations of
GONG+ data. BR2306�BR2318 with respect to BR2387�BR2399 is shown in red, BR2468�BR2480 with respect to
BR2387�BR2399 in black, BR2306�BR2318 with respect to BR2400�BR2412 in green, and BR2468�BR2480 with
respect to BR2400�BR2412 in blue. An estimation of the uncertainty is shown on the left side of the plot. The
vertical dashed line represents the location of the base of the convection zone. The sound-speed variation is shown in
units of 10−4.

Baldner and Basu (2008) applied a principal component analysis to the evolution
of eigenfrequencies of the Sun measured from MDI and GONG observations along
Solar Cycle 23 and with the aid of an inversion they reconstructed the sound speed
variation between high and low activity (view Figure 5 of their article). It should
be noted that although Baldner and Basu (2008) described their results in terms of
high activity with respect to low activity as we are doing, they plotted low activity
minus high activity instead; and therefore, their plots show inverted results. They
also obtained a depression in sound speed at the base of the convection zone for high
activity and an enhancement below it for the MDI and GONG data. Their results for
the GONG data showed the peaks in sound speed slightly displaced toward deeper
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78 The Solar Interior through the solar cycle 4.3

layers with respect to their MDI counterparts, with the depression at ≈ 0.7R�. In
Chapter 3 (Figure 3.13) we observed that the technique used in this thesis recovered
the central layer of a numerically simulated perturbation nominally located at a
depth of 0.70 R� at a slightly deeper layer of ≈ 0.685 R�. Taking into account this
deepening, the positions of the inferred depression and enhancement in sound speed
at high activity seem consistent with the results for GONG from Baldner and Basu
(2008).

Regarding the intensity of the sound-speed peaks, Baldner and Basu (2008) got
a decrease of sound speed at the base of the convection zone at high activity of
δc2/c2 ' 7 · 10−5, consistent with previous results, whereas our inferred values for
the two presented cases (red and black dots) are generally between 3 and 8 times
higher. We have also obtained higher values for the enhancement in sound speed
below the convection zone at high activity, approximately 4 times their values. Both
the depression and the enhancement in sound speed at high activity are larger for the
case including the high activity period at Solar Cycle 23 (red) than for the case with
it at Solar Cycle 24 (black). This result is consistent with the fact that the maximum
of Solar Cycle 23 was much stronger that that of Solar Cycle 24, as can be seen in
Figure 4.3 with the aid of the international sunspot number.

In the previous cases we have considered the same time interval at low activity.
To ensure that the results are not conditioned by the choice of a particular low-
activity dataset, we have chosen another set of Bartels's rotations around the same
solar minimum and have inferred sound-speed di�erences of the high-activity datasets
with respect to the alternative low-activity one. We have selected BR2400�BR2412,
spanning from 12 June 2009 to 28 May 2010, and have also represented the sound-
speed variation with respect to it of BR2306�BR2318 in blue and of BR2468�BR280
in green in Figure 4.9. The starting and ending dates thereof are also signalled in
Figure 4.3 with dotted bars. The results at the deep layers of interest show relative
depressions are enhancements at the same positions as in the previous cases, being
consistent with the description and analysis above.

We have calculated standard deviations of the studied means, and using standard
error propagation, we have calculated estimations of the uncertainty of the plotted
di�erences. The values for these uncertainties are quite homogeneous throughout the
considered depth interval and for the four plotted di�erences. For the sake of clarity,
we have combined them in an averaged uncertainty value (±1.09 · 10−4), which is
shown on the left side of Figure 4.9.

We have observed that at the deepest-considered layers the variation of the inferred
sound-speed di�erence is consistent throughout the four considered cases. However,
at shallower layers, above ≈ 0.8 R�, the inferred sound-speed di�erences for the
four di�erent cases show important variability, a strong oscillatory behaviour and
do not have depressions and peaks at the same positions. Error correlation can
produce oscillatory behaviours in heliosismic inversions (Howe and Thompson, 1996).
A similar behaviour could be expected in helioseismic holography. This e�ect seems
also to be present in Figure 5 of Baldner and Basu (2008), mostly noticeable in the
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shallower layers where the signal of interest is lower. In this work, the oscillatory
behaviour in the upper layers of Figure 4.9 can also originate in error correlation,
which could be ampli�ed due to the in�uence of photospheric activity, stronger
at shallower layers, as the evolution of photospheric activity experiences higher
degrees of variability, whereas at the base of the convection zone and tachocline
the evolution is expected to be smoother and more homogeneous from one solar cycle
to the next. Here, we have subtracted two GONG datasets for each case, which
would have removed any artefacts intrinsically associated to the technique, such as
the variation of phase shift from the shallower layers to ≈ 0.75 R�, shown in i.e.
Figure 4.4, and originating in the fact that the size of the pupils also varies with
depth, or the band-like oscillation shown in previous plots, or any artefact introduced
by the reference simulation discussed in Section 4.3.1. However, in order to assess
what part of the seismically-inferred sound-speed variation at the shallower layers
comes from actual perturbations at those layers and what part constitutes an optical
parasite propagation of a perturbation above, a larger set of simulations with di�erent
combinations of photospheric and subphotospheric activity should be used.

The evolution from low to high activity for individual latitudes can be studied
with the aid of Figure 4.10. Here we have considered 5°-wide latitudinal means
centred at the equator, 15°, and 30°, where the two hemispheres have been averaged,
at the bottom, middle and top panels respectively. Alike in the mean latitudinal
values shown in Figure 4.9, we also observe in Figure 4.10 that for the separate
latitudes the four considered sound-speed di�erences follow consistent pro�les at
deeper layers, while at the shallower layers they do not. The recession of sound
speed found at ≈ 0.68 R� in Figure 4.9 is found at the three considered latitudes,
but the enhancement located below that layer does not seem to appear at the equator.

On the one hand, at the shallow layers at 0° and 15° the sound-speed di�erences
seem to follow two separate groups�the pro�les corresponding to the high activity
period of Solar Cycle 23 (red and green) and those corresponding to that of Solar
Cycle 24 (black and blue)�, appearing between the groups a larger di�erence than
between the individual di�erences in each group. Within each of the observed separate
groups, the two components di�er only in a one-year o�set at the solar minimum.
Thus, the observed disagreement between the two groups of di�erences at the shallow
layers at 0° and 15° could originate in the di�erent behaviour at the two solar maxima.
On the other hand, at 30° we do not observe such a clear correlation between the
components of the two previous groups at the shallow layers. At 30° the occurrence
of active regions on the rising phase of a solar cycle is higher and, even with an o�set
of one year within a solar minimum, the changes at the distribution of photospheric
magnetic �eld may be important. Therefore, the observed variability at the shallow
layers at 30° could originate in the variable distribution of emerging active regions or
submerged parasite seismic images of photospheric active regions, concentrating at
≈30° at the beginning of a solar cycle according to the Spörer Law.

Baldner and Basu (2008) also presented pro�les of inferred sound-speed variations
at certain latitudes applying inversion techniques to frequency splittings (Figure 9
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Figure 4.10: Inferred sound-speed variation of periods of high solar activity with respect to periods of low solar
activity at three di�erent latitude intervals centred at 0° (bottom panel), 15° (middle panel), and 30° (top panel).
The latitude intervals are 5° wide and both hemispheres have been averaged. All the considered time intervals span
13 Bartels's rotations of GONG+ data. BR2306�BR2318 with respect to BR2387�BR2399 is shown in red, BR2468�
BR2480 with respect to BR2387�BR2399 in black, BR2306�BR2318 with respect to BR2400�BR2412 in green, and
BR2468�BR2480 with respect to BR2400�BR2412 in blue. The vertical dashed line represents the location of the
base of the convection zone. The sound-speed variation is shown in units of 10−4. The scale of the sound-speed
variation is kept throughout the three panels.
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4.4 Discussion 81

thereof). No clear match is found between our results and theirs. However, it should
be noted that their technique to calculate the sound-speed variation at individual
latitudes includes inversions independent to the ones they used to calculate the global
sound-speed variation and the former is expected to be less accurate than the latter.
In our case, the sound-speed variations presented in Figure 4.9 are the means between
45° N and 45° S of the corresponding variations at individual latitudes.

4.4 Discussion

We have applied a seismic holography technique to a series of GONG data to
reconstruct the seismic �eld in the solar interior. The size of the pupils, which is
determined by the used lateral-vantage scheme, increases when the focus is set at a
deeper layer. Thus, the response function of the technique varies with depth. This
fact causes the overall reduction in phase-shift shown in the uncalibrated phase-shift
pro�les. This e�ect lasts up to a depth of approximately 0.75 R�. Below this layer
the size of the pupil reaches the limiting radius of the observed hemisphere of the
Sun and the e�ect stabilises. Besides, di�erent modes resonate in cavities of di�erent
extensions and at certain layers, where modes reach the limit of their resonating
cavities, they stopped to be include in the code generating Green's functions. These
two facts may have produced the bands which are found in the upper layers of the
seismic reconstruction of the simulations and of the actual solar interior.

We have determined the variation in the sound-speed pro�le with respect to
standard solar model S at two solar minima and have calibrated it with the aid of
the results from the numerical simulations presented in Chapter 3. We have detected
an enhancement in the sound speed in the real Sun with respect to the model of
approximately δc2/c2 ≈ 3 · 10−3 at a radius of ≈ 0.68 R�, consistent with previous
results obtained using other techniques of global and local helioseismology.

We have used an unperturbed numerical dataset as a reference to calibrate the
inferred seismic phase shift with respect to model S. However, we have encountered
several complications when applying this reference dataset. Although the reference
simulation is based on model S as its background state, it was slightly modi�ed for
higher realism with the inclusion of a model for the chromosphere, the neglect of
the entropy gradient, and di�erent upper boundary conditions. Green's functions
were computed using an unmodi�ed model S instead. This disagreement may have
been the cause for the lack of full correction of the banding artefacts in the shallower
layers of the seismic phase shift. In order to completely remove the banding Green's
functions could be computed using the background model of the simulations. A
phase-shift correction assessing the di�erences between the two models would have a
similar e�ect.

Applying the technique to di�erent time series, each of them spanning 13 Bartels
rotations, we have obtained the sound-speed variation between periods of high and
low activity in the Sun. We have detected a mean decrease at ≈ 0.68 R� at high
activity of approximately δc2/c2 ≈ −4 · 10−4 and an enhancement of approximately
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82 The Solar Interior through the solar cycle 4.4

δc2/c2 ≈ 4 · 10−4 below it. As expected, we have also observed that these peaks are
stronger for the time di�erences including data from the solar maximum with higher
activity levels.

Previous results show these features at slightly shallower locations, with the
decrease at ≈ 0.70 R�. We showed in Chapter 3 that the considered technique tends
to extend the inferred seismic signal toward deeper layers and recover perturbations
slightly deeper than expected. As a matter of fact, the centre of the perturbations
from Section 3.3.1, nominally located at 0.70 R�, was helioseismically inferred at
≈ 0.685 R�, which is consistent with the location di�erence here.

The inferred sound-speed variation at shallower layers shows di�erent peaks that
are of the same order of magnitude as the two peaks described above, while in previous
results they are considerably smaller. This oscillatory behaviour may originate partly
in error correlations that appear when applying the same technique to the same
datasets as is done here or in helioseismic inversions. Another in�uence may come,
as seen in Sections 3.3.2 and 3.3.3, from the parasite out-of-focus contributions of
surface activity on the inferred seismic signal at these layers. It is also possible that
the reconstructed sound-speed values at the shallowest layers may be overestimated.
We have also shown that the response function has a dependence on depth due to
the di�erent size of the pupils for focal planes at di�erent depths. However, we
have considered a relation between phase shift and sound-speed variation, which
is non-dependent on depth, based only on their values at 0.70 R�. A series of
simulations with sound-speed perturbations at varying depths could help to determine
the variation of the response function with depth. It could also help to establish the
relation between the inferred location of a detected feature and the actual location,
slightly above it as seen before.

Although the pro�le of the recovered variations at the base of the convection zone
and below it are consistent with previous results and the location of the inferred
peaks is also consistent with previous results, the values are not. Previous results
show values that are between 3 and 8 times lower than ours. However, the consistency
of these results throughout di�erent time series at both high and low solar activity
seems to indicate that the obtained results are real variations occurring at the deep
layers of interest and not out-of-focus contaminations from shallower phenomena.
Probably the series of simulations suggested above could also help to �ne-tune the
relation between phase shift and sound-speed variation and reduce this discrepancy.

We have interpreted variations in phase shift as originating from changes in the
ambiance sound speed alone. However, magnetic activity or material motions can
also produce variations in phase shift. Inversion techniques could help to reconstruct
the di�erent physical magnitudes from the seismic maps or improve the calibration
of the technique (see Sun, Chou, and TON Team, 2002).

We have also shown that the technique is capable of producing maps of sound-speed
variation with respect to model S with spatial resolution. While at lower latitudes,
the inferred sound-speed variation in the shallowest layers are very similar when only
the low-activity dataset di�ers, at 30°, they show also high degrees of variably in that
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4.4 Discussion 83

case too. This is explained by the fact that at low activity, during the beginning of
the rise part of a solar cycle, most solar activity occurs around 30°. Therefore, more
variability between these time series could be expected at 30°.

We have demonstrated in Chapter 3 that individual active regions of typical
sizes do not modify the results of seismic magnitudes at the deep layers of interest.
However, in periods of high activity an important fraction of the solar surface is
covered by active regions. The quiescent regions between active regions could be
expected to break the necessary spatial coherence for their seismic in�uence to
coalesce into signi�cant values. We have obtained correlation values of 0.80 between
the mean seismic signal at the base of the convection zone and the international
sunspot number and of 0.84 between the mean seismic signals at the base of the
convection zone and at the photosphere. However, we have empirically seen that
the recovered sound-speed pro�le seems to indicate that out-of-focus e�ects from
shallower layers, including photospheric activity, are not important enough in the real
Sun as to obscure the detection of the small variations near the base of the convection
zone between periods of high and low activity. Still, it could be interesting to assess
the e�ects of multiple active regions in the technique with the aid of more realistic
numerical simulations including at the same time perturbations at the tachocline level
and a variable number of perturbations at the solar surface.

GONG data could be used at a higher spatial resolution (González Hernández
et al., 2013), as well as HMI dopplergrams, which could provide results with higher
resolution and reduce the out-of-focus contributions of photospheric activity. MDI
dopplergrams could also be used to extend this study into the past and together
with GONG and HMI data to compare results from di�erent instruments. Following
the experience of far-side seismic holography, the technique could also be extended
to include 1×3 skip computations to measure the sound-speed variations at higher
latitudes.
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5
Conclusions

In this thesis we have presented a comprehensive study of the application of
helioseismic holography, a local helioseismology utility, in order to infer the sound
speed pro�le at the base of the convection zone and its variability along the solar
cycle. First, we have explored the applicability of the procedure with the aid of
di�erent numerical simulations. Then, we have applied the helioseismic holography
technique to GONG solar observations covering over one and a half solar cycles. In
this chapter we brie�y summarize the main results and conclusions resulting from
this work.

� We have detailedly presented a local helioseismology technique capable of
reconstructing the seismic wave�eld of the solar interior, porting the procedure
in use for imaging the far-side non-visible hemisphere of the Sun, and adapting
it for use in the solar interior, including the base of the convection zone and the
tachocline.

� We have recovered the pro�le of numerically simulated sound-speed perturba-
tions located at the tachocline with respect to a standard solar model, of the
same order of magnitudes as actual variations in the sound speed in the real
Sun. We have observed a slight deepening in the detection, recovering the per-
turbation about 0.015 R� below its nominal position, and a slight broadening,
mainly at deeper layers and higher latitudes. However, the general overall shape
of the perturbation is kept. We have detected variations as low as δc/c = 5 ·10−4

in the sound speed.

� In order to study the e�ect of shallower sound-speed perturbations on the
recovery of sound-speed perturbations at the layers of interest, we have applied
the same procedure to numerical simulations with sound-speed perturbations in
the photosphere and in the upper 20�50 Mm of the subphotosphere. Due to
geometrical restrains, all the perturbations extend deeper than their nominal
position. We observed that the recovered seismic response extends deeper for
broader perturbations and for shallower perturbations, detecting the largest
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86 Conclusions 5

penetration for photospheric perturbations. The intensity of the perturbation
does not seem to have an in�uence on the extension of the inferred seismic
signal. Besides all this, for the typical sizes of active regions in the real Sun the
submerged seismic in�uence of an isolated active region at the surface remains
well above the base of the convection zone.

� We have applied the technique to observational data at two solar minima and
have inferred the sound-speed pro�le with respect to standard model S. It shows
an enhancement at ≈ 0.68 R� of approximately δc2/c2 ≈ 3 · 10−3, generally
consistent with previous results from global and local helioseismology.

� Using observational data at di�erent time intervals through the solar cycle, we
have determined the sound-speed variation between periods of high and low
activity. The two main features of the variation pro�les are a decrease in sound
speed at ≈ 0.68 R� of approximately δc2/c2 ≈ −4 · 10−4 and an enhancement
below it of approximately δc2/c2 ≈ 4 · 10−4 at high activity with respect to low
activity periods. These features are stronger for di�erences including a maximum
with higher activity levels. Although previous results show the decrease and
enhancement in sound speed at slightly shallower layers and with lower values,
we have explained this discrepancy in terms of the limitations of the current
technique and have proposed how to solve it. We have also shown that the
method is capable of detecting latitudinal variations and infer sound-speed
variations with spatial resolution.

� We have demonstrated that helioseismic holography is capable of detecting solar-
cycle variations in sound speed. It is a technique �t to study the evolution of
the physical magnitudes at the base of the convection zone and at the tachocline
and could prove valuable for improving our knowledge of the solar dynamo.
Although the current technique shows certain limitations, we have suggested
some experiments that could contribute to a better calibration of it and to
assess its response function with respect to depth.
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A
Appendix: Green's functions

Green's functions constitute one of the main ingredients of helioseismic holography.
They convey the acoustic behaviour of a model of the Sun into the process of
reconstruction of the seismic �eld in the solar interior or at the solar surface. In this
appendix, we present the full mathematical development to obtain the expression
of Green's functions [Equation (2.8)], following Pérez Hernández and González
Hernández (2010).

A scalar �eld Ψ, de�ned as:
Ψ̃ = −ρ−

1
2 δp, (A.1)

where ρ is the density of the base unperturbed state and δp is a Lagrangian pressure
�uctuation, which we assume to have a base state non dependent on time, can be
expressed, using Fourier analysis, as a superposition of monochromatic waves:

Ψ̃(r, t) = Ψ(r, ω)e−iωt. (A.2)

The wave equation in the adiabatic, Cowling, and plane-parallel approximation for
the monochromatic Ψ is given by�see Gough, 1993; Pérez Hernández and González
Hernández, 2010�:

∇2Ψ− ω2
BV

ω2
∇2

hΨ +
1

c2
(
ω2 − ω2

c

)
Ψ = 0, (A.3)

where ∇2
h represents the terms including horizontal derivatives in the ∇2 operator,

ωBV is the Brunt-Väisäla buoyancy frequency, c is the sound speed, and ωc is the
acoustic cut-o� frequency.

Shall we introduce the wave operator L, which we split into two:

L = L0 + L′, (A.4)

and which we assume to account for the behaviour of the actual oscillations in the
Sun in accordance to:

LΨ = L0Ψ + L′Ψ = 0, (A.5)
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88 Appendix: Green's functions A.1

where L0 includes the terms in equilibrium for a reference model with spherical
symmetry and L′ includes all departures from the reference model, such as due to
velocity or magnetic �elds, or non-spherical phenomena. Under these considerations,
the equilibrium operator L0 is given by:

L0 = ∇2 −
ω2
BV,0

ω2
∇2

h +
1

c20

(
ω2 − ω2

c,0

)
, (A.6)

where ω2
BV,0, c0, and ωc,0 are the Brunt-Väisäla buoyancy frequency, the sound speed,

and the acoustic cut-o� frequency of a spherically symmetric reference model.
Green's functions are the solutions of the wave equation for a point source:

L0G(r|r0;ω) = −δ(r− r0), (A.7)

where r is the position where the Green's function is evaluated, and r0 is the position
of the focus.

For a spherically symmetric reference model, we can express the solution to
Equation (A.7) in terms of spherical harmonics for each frequency as:

G(r|r0) =
∞∑
`=0

g`(r|r0)
∑̀
m=−`

Y ∗`m(θ0, ϕ0)Y`m(θ, ϕ) =
1

4π

∞∑
`=0

g`(r|r0)(2`+ 1)P`(µ),

(A.8)
where P`(µ) is a Legendre polynomial and

µ = cos θ cos θ0 + sin θ sin θ0 cos(ϕ− ϕ0). (A.9)

As the reference model has spherical symmetry, we can direct the polar axis in the
direction of the focus. Thus, θ0 = 0 and ϕ0 = 0, and the argument of the Legendre
polynomial in Equation (A.8) reduces to

µ = cos θ. (A.10)

Equation (A.8) can be expressed as the product of a term including all the radial
dependencies by another containing all the angular dependencies:

G(r|r0) =
1

4π

∞∑
`=0

Gr
`G

θ
` , (A.11)

where the radial components are given by:

Gr
` = g`(r|r0), (A.12)

and the angular ones by:
Gθ
` = (2`+ 1)P`(cos θ). (A.13)

We can use this premise to split Equation (A.7) into two separate equations for the
radial and angular dependencies.
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A.2 Angular part 89

A.1 Angular part

Equation (A.13) can be decomposed into prograde and retrograde solutions by
solving the following equation for the Legendre polynomials:

d2Q`(θ)

dθ2
+ k2`Q`(θ) = 0, (A.14)

where
Q`(θ) =

√
sin θP`(cos θ), (A.15)

and k` is the angular component of the wave vector, given by

k` =

(
`+

1

2

)2

+
1

4

1

sin2 θ
. (A.16)

We split the angular solution Q`(θ) into a prograde and retrograde terms, which
in a �rst-order Liouville-Green expansion can be written as:

Q`(θ) = β`+(θ)B`+(θ) + β`−(θ)B`−(θ), (A.17)

with

B`± = k
− 1

2
` exp

(
±i

∫ θ

θ0

k`dθ

)
, (A.18)

where θ0 refers to the focal angular position. In the asymptotic approximation,
not used for the angular dependency, the β`±-parameters would be assumed to be
constant. However, here we consider them as osculating parameters that have a
smooth variation, and, hence, we can impose the following additional condition on
the derivatives of Equation (A.17):

dQ`(θ)

dθ
= β`+(θ)

dB`+(θ)

dθ
+ β`−(θ)

dB`−(θ)

dθ
. (A.19)

From the system of equations formed by Equations (A.17) and (A.19) we can
express β`± in terms of Q`, B` and their derivatives:

β`± = ± i

2

(
Q`

dB`∓

dθ
− dQ`

dθ
B`∓

)
. (A.20)

Taking Equation (A.13) and combining it with Equation (A.15):

Gθ
` = (2`+ 1)P`(cos θ) = (2`+ 1) csc

1
2 θ ·Q`, (A.21)

we can express the angular prograde (Gθ+
` ) and retrograde (Gθ−

` ) dependencies of
Green's equation as:

Gθ±
` = (2`+ 1)P`(cos θ) = (2`+ 1) csc

1
2 θ ·B`+

[
± i

2

(
Q`

dB`∓

dθ
− dQ`

dθ
B`∓

)]
, (A.22)

where, B`± and Q` are given by Equations (A.18) and (A.15) respectively. We have
not considered the asymptotic approximation here; therefore, we can expect higher
precision in the application of these Green's functions for low or intermediate angular
degrees `.
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90 Appendix: Green's functions A.2

A.2 Radial part

Inserting Equation (A.11) into Equation (A.7), after some mathematical
manipulation, we reach:

d2g̃`
dr2

+ k2r g̃` = 0 : r 6= r0, (A.23)

where the radial variable g̃`(r) is de�ned as:

g̃`(r) = rg` (A.24)

and where the radial component kr of the local wave vector veri�es the equation:

k2r =
ω2 − ω2

c

c2
− k2h

(
1− ω2

BV

ω2

)
, (A.25)

with the horizontal component kh expressed as:

k2h =
`(`+ 1)

r2
. (A.26)

Using a Liouville-Green expansion of �rst order, as in the angular case
(Section A.1), the solution for the radial dependencies can be expressed in terms
of the superposition of an ingoing and an outgoing contribution as:

g̃`(r) = α`+C`+ + α`−C`−, (A.27)

where we apply the asymptotic approximation, i.e. we consider that the parameters
α`+ and α`− are constant, and C`± are expressed as:

C`±(r) = k
− 1

2
r exp

(
±i

∫ r

r1

krdr

)
, (A.28)

where the radial component kr of the local wave vector follows the expression shown
in Equation (A.25) and r1 is the inner turning point.

From Equation (A.7) we obtain the following inhomogeneous initial conditions for
Equation (A.23):

g̃`(r
−
0 |r0) = g̃`(r

+
0 |r0) (A.29)

and
dg̃`
dr

(r+0 |r0)−
dg̃`
dr

(r−0 |r0) = − 1

r0
. (A.30)

Making some mathematical calculations and introducing Equation (A.28) into the
initial conditions [Equations (A.29) and (A.30)], we get the following expression for
the constants α`±:

α`± =
i

2r0

1√
kr(r0)

exp

(
∓i

∫ r0

r1

krdr

)
. (A.31)
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A.3 Full expression 91

For one-skip holography, the expression for the radial dependencies for the
outgoing (Gr+

` ) and ingoing (Gr−
` ) Green's functions reduces to:

Gr±
` =

g̃`
±

r
=

1

r
α`±C`± =

1

r

i

2r0

1√
kr(r0)

exp

(
∓i

∫ r0

r1

krdr

)
k
− 1

2
r exp

(
±i

∫ r

r1

krdr

)
=

i

2r0

1√
kr(r0)

1

r
k
− 1

2
r exp

(
±i

∫ r

r0

krdr

)
.

(A.32)

If additional bounces are considered, we would have to introduce a phase shift
equals to twice the integral of the radial component of the wave vector between the
inner and outer turning points for every bounce of the wave at the outer turning
points and a phase shift of −π/2 introduced by every re�ection.

A.3 Full expression

Combining the outgoing solution to the radial dependencies together with the
prograde solution to the angular dependencies, and the ingoing with the retrograde
solutions, we get:

G±` =
i(2`+ 1)

8πr0
√
kr(r0)

r−1k
− 1

2
r csc

1
2 θ·B`±

[
i

2

(
Q`

dB`∓

dθ
− dQ`

dθ
B`∓

)]
exp

(
±i

∫ r

r0

k2rdr

)
.

(A.33)
In this thesis we use the previous expression to calculate outgoing Green's functions

for each value of angular order ` and each frequency within the resonant cavity,
between the re�ection points given by k2r = 0. Nevertheless, as for simplicity we
are considering only a cosinusoidal function instead of using it together with the
Airy function, which is the solution of Equation (A.7) near the turning points, this
proposed solution diverges form the real solution in the vicinities of them as shown in
Section 2.3. This issue is solved by making Green's function equal to 0 at the points
below its �rst zero above the inner turning point.

In order to get the global Green's function for every frequency, we add �rst Green's
function for each angular order `:

G+(r|r0, ω) =

`2∑
`=`1

G+
` , (A.34)

where `1 and `2 are the lower and higher angular degrees compatible with the
geometry of the considered pupils. Green's functions are normalized for each
considered frequency, in order to obtain the same weight for each of them:

G+
norm(r|r0, ω) =

G+(r|r0, ω)

< |G+(r|r0, ω)| >
. (A.35)
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92 Appendix: Green's functions A.3

As it can be shown that the ingoing Green's function is the complex conjugate of
the outgoing one, we make use of this to compute ingoing Green's functions after the
computation of outgoing ones:

G− = G∗+. (A.36)
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