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CHAPTER 1

INTRODUCTION

The interactions between light hadrons and photon fields are an important
probe of the structure of matter and the underlying strong interaction. Their
fundamental properties are described by quantum chromodynamics (QCD).
At high energies, this theory is well understood and tested in a perturbative
approach with quark and gluon fields as degrees of freedom. At low energies,
however, QCD is non-perturbative, and many details remain unclear. These
are the energies necessary to describe interactions between the hadrons at
distances larger than their size.

Processes that involve electromagnetic interactions with hadrons have been
thoroughly studied throughout the decades, both in experimental facilities, as
well as from the theoretical point of view. Here I will focus on the low-energy
limit of a few of them, namely the photoproduction of neutral pions, as well
as Compton and elastic electron scattering off baryon targets. In particular,
this thesis contains the following main studies at energies where QCD is non-
perturbative: the extraction of the cross sections of pion photoproduction,
the study of baryon polarizabilities and electromagnetic form factors, and a
calculation of CP -violating decays in nature. They shed light onto the baryons’
inner structure, giving information about their densities and, as a consequence,
indirectly also their parton distributions. Furthermore, they lead to a better
understanding of the interaction between and within hadrons. By studying
cross sections one also gets information about resonant states that arise due to
the excitation of the light hadrons. They appear as poles in the amplitudes of
the electromagnetic interactions studied, considerably affecting the behaviour
of the observables.

In order to motivate the choice of the global theoretical framework for this
thesis, Chiral Perturbation Theory (ChPT), it is important to first understand
QCD, its underlying theory. As mentioned, this gauge theory successfully
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describes strong interactions at high energies, taking quarks and gluons as
degrees of freedom for matter and exchange-particle fields, respectively. At
energies of a few GeV and higher, the quarks confined in hadrons can be treated
as asymptotically free, and methods of perturbative QCD can be used in an
expansion in orders of the strong coupling constant αs � 1. The corresponding
symmetry group, (colour) SU(3), is non-Abelian. This leads to gluon-field self-
interactions, affecting the running of the strong coupling: at low energies, or
equivalently at large distances, the value of αs grows. At a scale of Λ ≈ 1 GeV,
the strong coupling constant αs becomes too high, and perturbative QCD
breaks down. This scale corresponds to lengths greater than the size of the
nucleon, and therefore may also be understood as a confinement scale for the
quarks within it.

The processes in this thesis take place at center-of-mass energies well be-
low Λ. Due to the breakdown of the perturbative series of QCD in this en-
ergy region, an alternative approach is needed. Many models fulfilling some
low-energy theorems (LETs) deduced from QCD, gauge invariance and other
symmetries were abundantly employed to study this kind of processes. How-
ever, no systematic method existed that would allow to calculate higher orders
in momenta or masses of the particles, in order to go beyond the low-energy
limits. Thus, it is of advantage to find an effective field theory (EFT) that
maintains the symmetries of QCD, and on top of that is applicable to the study
of all these low-energy processes, in a systematic and comprehensive fashion.

Throughout the following chapters, I focus on the light hadrons, i.e., those
composed only by the u, d and s quarks, which obey an approximate (flavour)
SU(3) symmetry. In the relativistic limit of vanishing light-quark masses, the
left- and right-handed quark fields qL and qR are decoupled from each other,
which leads to a theory invariant under chiral transformations, discussed in
Chapter 2. Two observations suggest that a spontaneous breaking of this
symmetry of the chiral limit of QCD happens. On the one hand, in nature
the pseudoscalar meson-octet members have a mass which is small in relation
to the scale Λ. These mesons are therefore good candidates for the Goldstone
bosons of a spontaneous symmetry breaking. On the other hand, the baryon-
octet members appear only with positive parity, while an exact symmetry
would call for the existence of the corresponding negative-parity states with
the same masses. Indeed, in the fermion sector it is the spontaneous breaking
of chiral symmetry that generates the masses of the SU(3) baryon flavour
octet, which in the chiral limit are degenerate. Additionally, the masses of
the pseudo-Goldstone bosons are interpreted as a consequence of an explicit
symmetry breaking due to the non-vanishing quark masses.

In fact, in the frame of ChPT, these spontaneously and explicitly broken
symmetries are used as a basis to construct the interaction Lagrangians, lead-
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1 Introduction

ing to an EFT of QCD at low energies. Instead of taking αs as the perturbation
parameter, now a combined chiral expansion in powers of external momenta
and of the Goldstone-meson masses is made, both of which are small when com-
pared to the confinement scale. The degrees of freedom of QCD, the quarks
and the gluons, are integrated out, and the interactions described are directly
between the compound states, the baryons and the mesons. This EFT is valid
for energy regions significantly lower than Λ ≈ 1 GeV, which correspond to
distances larger than the baryon size.

The current-quark masses of the u and the d are much smaller than any
hadronic scale, therefore guaranteeing a fast convergence of the chiral series
when treating pion interactions only, i.e., when considering an SU(2) flavour
symmetry. The extension of ChPT to SU(3) to accommodate the s quark, and
thus the full pseudoscalar meson octet, requires great care, since this quark’s
current mass is closer to the order of magnitude of the scale Λ. The inclusion
of baryons in ChPT introduces an additional scale, the baryon mass in the
chiral limit.

How fast the ChPT calculations converge strongly depends on the degrees of
freedom included. In this work, I did not only take into account the interactions
with the spin-1/2 baryon octet — the nucleons and hyperons —, but also with
the spin-3/2 resonances. These form an isospin quadruplet in SU(2) and a
decuplet in SU(3). They couple strongly to the baryon octet, and therefore
appear very easily as excited states, or resonances, of the spin-1/2 states.
Knowing this, it is clear that they are expected to give important contributions
to processes that range in energies close to their masses. This is indeed the
case of the reactions studied in the following chapters. Needless to say, they
have masses larger than Λ. In fact, when introducing these states into the
framework of ChPT, one obtains an additional small parameter apart from
the small meson masses and external momenta: the difference between the
decuplet and the octet-baryon masses.

Divergences in ChPT are renormalized order by order, by absorbing them
into the coefficients of the most general Lagrangian. This procedure leads to
the appearance of low-energy constants (LECs), which have to be determined
by data fits. This reduces the predictive quality of the theory. Neverthe-
less, many of these constants have already been determined over the past few
decades, and one can use their literature values in order to make new predic-
tions.

When including baryons in ChPT, the chiral power counting in terms of
momenta and masses is spoiled. This is due to their mass being of the order
of Λ. As a result, a priori there is no clear way to associate a specific chiral
order with a definite number of loops. This was first resolved by treating the
baryons in the non-relativistic limit of heavy-baryon ChPT (HBChPT) [1].
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This framework was applied, e.g., for the extraction of baryon electromagnetic
form factors in Ref. [2]. A relativistic alternative approach to evaluate the loop
corrections has been proposed in the late 1990’s [3–5]. This so-called infrared
regularization (IR) separates the loop integration into an infrared-singular and
an infrared-regular part. The singular part satisfies power counting, whereas
the regular one can be absorbed into local counter terms of the Lagrangian.
This technique solves the power-counting problem of relativistic baryon ChPT.

In the scope of this thesis, calculations have been made with another rel-
ativistic renormalization procedure, the Extended On Mass Shell (EOMS)
scheme [6, 7]. It fully satisfies analyticity, and usually converges faster than
non-relativistic approaches and the IR scheme. Divergences and power-counting
breaking terms (PCBT) that spoil the chiral series have fully analytical ex-
pressions. Therefore, they can be identified with terms of the Lagrangian, and
absorbed into the corresponding LECs. This scheme has shown to be suc-
cessful in many works [8–20], and can be implemented in a straightforward
way.

The present thesis contains four main studies. Each is described in a ded-
icated chapter with separate introductions and conclusions. Nevertheless, a
global description of the ChPT formalism, which applies to all of them, is
given in Chapter 2. In Chapter 3, I show my work on studying the neutral
pion photoproduction off proton targets, which relies on an SU(2) framework.
This framework is extended to SU(3) in Chapter 4, in order to embed the s
quark. There, the forward spin polarizabilities of nucleons and hyperons are
studied with the help of Compton scattering. Also within SU(3), Chapter 5
focuses on elastic electron scattering for the extraction of baryon electromag-
netic form factors. These are then related to charge and magnetic densities
via a dispersive analysis. Chapter 6 shows a study of the connection between
flavour-conserving processes that show strong CP violation and the nucleon
electric dipole moment (EDM). Finally, I present the conclusions of the work
in Chapter 7, as well as an outlook to possible extensions of the processes
studied.
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CHAPTER 2

THEORETICAL TOOLS

2.1 Chiral Lagrangians

In this chapter, I introduce the main language used throughout this thesis, Chi-
ral Perturbation Theory. Chiral effective-Lagrangian techniques were intro-
duced by Weinberg and Dashen [21, 22] in the late 1960’s to simplify current-
algebra calculations. Originally developed for the lightest pseudo-Goldstone
bosons by Gasser and Leutwyler, ChPT emerged as an effective field theory
for pion dynamics [23, 24]. It is constructed by taking into consideration the
most general interactions allowed by the symmetries of QCD. The lowest chiral
order is a tree-level description, while higher orders also include loop correc-
tions. In this expansion, the interaction among the pions is weak, and can
be treated perturbatively. In the chiral limit of vanishing light-quark masses
and at leading order, all scattering processes among the pions are determined
by only one parameter, the weak decay constant of the pion Fπ. It sets the
relevant scale of chiral symmetry to Λ ' 4πFπ ' 1 GeV [25]. This is also
the scale of spontaneous chiral-symmetry breaking and of the breakdown of
perturbative QCD.

In Sec. 2.1.1, I give a brief introduction on the transformations under which
the chiral Lagrangians remain invariant. The construction of the Lagrangian
and a general good overview on ChPT and its applications to nucleons and
nuclei is given in Refs. [26, 27], and a more pedagogical review in the work
of Scherer [28]. The inclusion of the spin-3/2 states is very well discussed in
Ref. [29].

Throughout the thesis, I use two formulations of ChPT. In Sec. 2.1.2, I begin
with the formalism based on an SU(2) chiral symmetry. It describes processes
with photons, pions, nucleons and the ∆(1232), and is used in Chapter 3. In
Sec. 2.1.3, this framework is extended to an SU(3) symmetry, adding kaons,
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2.1 Chiral Lagrangians

the η, hyperons and the remaining baryon-decuplet members to the particle
spectrum. This formalism is used in Chapters 4 to 6. Furthermore, I stress the
connection between the two formalisms, in particular concerning the relations
between the low-energy constants.

2.1.1 Transformations under chiral symmetry

ChPT relies on the global SUL(nF )×SUR(nF ) symmetry of the massless QCD
Lagrangian. Here, the left-handed (L) and right-handed (R) fields are trans-
formed separately, and nF is the number of light quarks taken into account.
In the present work, this means either SU(2), if only the u and d quarks are
considered, or SU(3), for the inclusion of the s quark.

In SU(2), the matter fields and external fields considered are mesons U ,
photons vµ, nucleons Ψ and the spin-3/2 resonance ∆µ. Under the SU(2)
chiral symmetry, they transform as [28, 29]:

U → RUL†,

vµ → KvµK
† + i(∂µK)K†,

Ψ→ KΨ,

∆µ → K4∆µ, (2.1)

where R and L are elements of SU(2)R and SU(2)L, respectively. This means
that they can be written as

exp

[
−i

3∑
a=1

ca
σa
2

]
, (2.2)

where the ca are real numbers and the σa are the generating matrices of the
considered groups, namely the SU(2) Pauli matrices (for SU(3), the gener-
ating matrices are the eight Gell-Mann matrices). The covariant derivatives
of the fields are defined such that they transform like the fields themselves.
Furthermore,

K =
√
RUL†

−1
R
√
U,

K4 = T a†KT bKab, Kab =
Tr(σaKσbK†)

2
, (2.3)

and the transition matrices T between isospin-1/2 and isospin-3/2 states are
defined below.
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2 Theoretical Tools

Note that in SU(3) the transformations are analogous, with the difference
that the octet baryons B transform as

B → KBK†, (2.4)

and the decuplet baryons Tµ defined in Eq. (2.39) as

T abcµ → Kad
T K

be
T K

cf
T T

def
µ , (2.5)

where Kab
T is the matrix element in row a and column b of the matrix K.

2.1.2 Formalism for SU(2)

In order to construct the Lagrangians, one has to decide on how to express them
in terms of a power-counting scheme. ChPT has originally been developed to
describe meson interactions and their couplings to the electromagnetic field [23,
24, 30]. There, a simultaneous expansion with respect to the small pion mass
and small external momenta, each of chiral order O(p), is made. The leading-
order Lagrangian that fulfills the symmetries introduced in Sec. 2.1.1 is then
of chiral O(p2), and given by

L(2)
π =

F 2
0

4
Tr
[
DµU(DµU)† + χU † + Uχ†

]
. (2.6)

The covariant derivative on the meson fields

U = exp

(
iΠ

F0

)
, Π =

(
π0

√
2π+

√
2π− −π0

)
(2.7)

acts as

DµU = ∂µU − irµU + iUlµ, (2.8)

with the external right and left-handed fields rµ and lµ, and where F0 is related
to the pion-decay constant Fπ via F0 = Fπ +O(p2). The explicit breaking of
the chiral symmetry is given by the term χ [31]. In the isospin limit of equal
pion masses mπ, it is given by χ = m2

π. The photon field Aµ couples through

rµ = lµ = vµ =
e

2
Aµ(I2 + σ3), (2.9)

where σ3 is the diagonal Pauli matrix, vµ the photon vector field and e the
(negative) electron charge.

The processes described in this thesis also include interactions with nucleons,
so one additionally needs the Lagrangians describing these degrees of freedom.

7



2.1 Chiral Lagrangians

The naming conventions for the LECs used here follow those introduced in
Ref. [32]. The first-order Lagrangian is given by

L(1)
N = Ψ̄

(
i/D−m+

g0

2
/uγ5

)
Ψ, (2.10)

where Ψ is the nucleon doublet (p, n)T with mass m, and the covariant deriva-
tive is given by

Dµ = (∂µ + Γµ) , Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
. (2.11)

The meson fields appear through u2 = U and

uµ = i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
. (2.12)

The LEC g0 is the leading contribution to the physical axial-vector coupling
constant gA = g0 +O(p2).

At second order, the only relevant terms for this thesis are

L(2)
N =

1

8m
Ψ̄
(
c6f

+
µν + c7Tr

[
f+
µν

])
σµνΨ + . . . , (2.13)

where

f+
µν = ufLµνu

† + u†fRµνu, fRµν = fLµν = ∂µvν − ∂νvµ − i [vµ, vν ] (2.14)

for the processes considered here, and where

σµν = iγµν =
i

2
[γµ, γν ] . (2.15)

For the proton-photon coupling, the LECs c6 and c7 appear as the combination
c̃67 = c6 + c7. More terms appear in the second-order Lagrangian, but they
describe only vertices that do not appear in the processes considered in the
present thesis.

Finally, at third order, the relevant terms of the Lagrangian are

L(3)
N =d8

i

2m

{
Ψ̄εµναβTr

[
f̃+
µνuα

]
DβΨ

}
+ h.c.

+d9
i

2m

{
Ψ̄εµναβTr

[
f+
µν

]
uαDβΨ

}
+ h.c.

+d16
1

2

{
Ψ̄γµγ5Tr[χ+]uµΨ

}

8



2 Theoretical Tools

+d18
i

2

{
Ψ̄γµγ5[Dµ, χ−]Ψ

}
+ . . . , (2.16)

where

f̃+
µν = f+

µν −
1

2
Tr[f+

µν ], χ± = u†χu† ± uχ†u. (2.17)

Here, I use the convention ε0123 = −ε0123 = −1. For the process studied in
Chapter 3, the LECs appear in the combinations d̃89 = d8 + d9 and d̃168 =
2d16 − d18.

One possible description of the couplings with the ∆(1232) uses consistent
Lagrangians which ensure the decoupling of the spurious spin-1/2 components

of the Rarita–Schwinger (RS) field ∆ν = (∆++
ν ,∆+

ν ,∆
0
ν ,∆

−
ν )

T
of mass M∆ [29,

33–35]. The relevant pieces are

L(1)
∆πN =

ihA
2F0M∆

Ψ̄T aγµνλ(∂µ∆ν)(D
ab
λ π

b) + h.c.,

L(2)
∆πN =

h1

2F0M2
∆

Ψ̄T aγµνλ(∂λ/∂π
a)(∂µ∆ν) + h.c.,

L(2)
∆γN =

3iegM
2m(m+M∆)

Ψ̄T 3(∂µ∆ν)F̃
µν + h.c.,

L(3)
∆γN =− 3egE

2m(m+M∆)
Ψ̄T 3γ5(∂µ∆ν)F

µν + h.c., (2.18)

where

γµνλ =
1

2

{
γµν , γλ

}
, Dab

λ π
b = δab∂λπ

b − ieQab
π Aλπb, Qab

π = −iεab3, (2.19)

and πa are the isospin-triplet pion-field components

π1 =
π+ + π−√

2

π2 = i
π+ − π−√

2
,

π3 = π0. (2.20)

The electromagnetic field and its dual are given by

F µν = ∂µAν − ∂νAµ,
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2.1 Chiral Lagrangians

F̃ µν =
1

2
εµναβFαβ, (2.21)

respectively. There are two couplings (hA, h1) for the pion transition and two
(gM , gE) for the electromagnetic transition between the spin-3/2 states and
the nucleons. The latter starts only at second chiral order. Therefore, dia-
grams in the present thesis which involve photons and include the ∆(1232)
are necessarily higher-order corrections. At third order, the Lagrangian con-
tains an additional γN∆ Coulomb coupling which vanishes for real photons.
The values for hA and h1 are related to the ∆ width [36]. The couplings gM
and gE can be obtained in fits to pion electromagnetic production at energies
around the resonance peak [37]. The conventions and definitions for the isospin
operators T i follow Ref. [29]:

T 1 =
1√
6

(
−
√

3 0 1 0

0 −1 0
√

3

)
,

T 2 =
−i√

6

( √
3 0 1 0

0 1 0
√

3

)
,

T 3 =

√
2

3

(
0 1 0 0
0 0 1 0

)
. (2.22)

2.1.3 Formalism for SU(3)

In SU(3), the Lagrangians involve the pseudoscalar octet mesons φ, the octet
baryons B, the decuplet baryons Tµ and the photons vµ = eAµQ. The corre-
sponding matrices are defined in Eqs. (2.30) to (2.32) and (2.39). The lowest-
order chiral Lagrangian involving only photons and the two hadron octets
reads

L = L(2)
φφ + L(1)

φB, (2.23)

where

L(2)
φφ =

F 2
0

4
Tr (uµu

µ + χ+) (2.24)

is the O(p2) meson Lagrangian, and

L(1)
φB = Tr

(
B̄(i/D−m)B

)
+
D

2
Tr
(
B̄γµγ5 {uµ, B}

)
+
F

2
Tr
(
B̄γµγ5 [uµ, B]

)
(2.25)

is the O(p1) Lagrangian that includes octet baryons. The commutator and
anticommutator refer to flavour space. Here, m and F0 denote the baryon octet
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2 Theoretical Tools

mass and the meson-decay constant, respectively, both in the chiral limit. The
vielbein uµ and the covariant derivative Dµ read

uµ = i
{
u†,∇µu

}
, (2.26)

DµB = ∂µB + [Γµ, B], (2.27)

where

∇µu = ∂µu− i(vµ + aµ)u+ iu(vµ − aµ), (2.28)

Γµ =
1

2
[u†, ∂µu]− i

2
u†(vµ + aµ)u− i

2
u(vµ − aµ)u†. (2.29)

When working exclusively with external photon fields, the axial field aµ can
be set to 0. The LECs D and F are determined from nucleon and hyperon β
decays, where the combination F +D corresponds to the LEC g0 in the SU(2)
limit. The explicit forms of the 3×3 charge matrix Q, and of the 3×3 matrices
for mesons φ and baryons B are given in terms of the Gell-Mann matrices λi:

Q =
1

2

(
λ3 +

λ8√
3

)
=

 2
3

0 0
0 −1

3
0

0 0 −1
3

 , (2.30)

φ =
1√
2

8∑
a=1

λaφ
a =


1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K̄0 − 2√
6
η

 (2.31)

and

B =
1√
2

8∑
a=1

λaB
a =


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 . (2.32)

Note that the usual convention for the meson field φ in Eq. (2.31) differs from
the SU(2) case of Π in Eq. (2.7), when reduced to it, by an overall factor

√
2.

Therefore,

u2 = U = exp

(
i
√

2φ

F0

)
. (2.33)

Otherwise, definitions and conventions are as introduced in Sec. 2.1.2.
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2.1 Chiral Lagrangians

In the present work, the baryon decuplet is also included. The relevant
terms of the Lagrangian that couples these decuplet fields Tµ to the octets
of baryons and mesons are given in Refs. [19, 38, 39], where the lowest-order
terms read

L(1)
Tφ =T̄ abcµ (iγµναDα −M∆γ

µν)T abcν

+
iH

M∆F0

T̄ abcµ γµνρσγ5(∂ρT
abd
ν )∂σφ

cd, (2.34)

L(1)
TBφ =

iC
M∆

εilm
[
(∂µT̄

ijk
ν )γµνρujlρB

km + h.c.
]
. (2.35)

Here,

γµνρσ =
1

2
[γµνρ, γσ] . (2.36)

The covariant derivative acts on the decuplet as

DαT
abc
ν = ∂αT

abc
ν + (Γα, Tν)

abc, (2.37)

(X, Y )abc = XadY dbc +XbdY adc +XcdY abd. (2.38)

The vielbein uρ is defined in Eq. (2.26). The decuplet states T ijkµ of mass M∆

are given by

T 111
µ =∆++

µ , T 112
µ =

1√
3

∆+
µ , T

122
µ =

1√
3

∆0
µ , T

222
µ = ∆−µ ,

T 113
µ =

1√
3

Σ∗+µ , T 123
µ =

1√
6

Σ∗0µ , T 223
µ =

1√
3

Σ∗−µ ,

T 133
µ =

1√
3

Ξ∗0µ , T 233
µ =

1√
3

Ξ∗−µ , T 333
µ = Ω−µ . (2.39)

When performing the calculations with the SU(3) Lagrangian, and then setting
the kaon and η loops to zero, one reproduces the SU(2) result with the LEC

correspondence C = − hA
2
√

2
and H = −

√
2HA
2

. Nevertheless, when including the

additional SU(3) loops, a new fit to decay-width data has to be performed [19],
and those new values should be used for C and H in the calculations.

One next-to-leading order term is also needed in the present thesis, in par-
ticular for Chapter 4. It describes the electromagnetic transition between the
decuplet and the octet baryons. It is added by extending Eq. (2.18) to SU(3):

L(2)
TB =

3iegM√
2m(m+M∆)

B̄abεcdaQce(∂µTν)
dbeF̃ µν + h.c. . (2.40)

12



2 Theoretical Tools

2.2 Power counting

While the baryon ChPT power-counting problem [40] is solved in the EOMS
scheme as explained in Appendix C, special care is needed when taking the
spin-3/2 states into account. Besides the pion mass and the external momenta,
another small parameter appears, δ = M∆ −m ≈ 300 MeV, which is heavier
than mπ ≈ 140 MeV, but small when compared to the spontaneous symmetry-
breaking scale Λ ∼ m.

The propagator for a spin-3/2 state with four-momentum pµ takes the RS
form

Sαβ∆ (p) =
/p+M∆

p2 −M2
∆ + iε

[
−gαβ +

1

d− 1
γαγβ

+
1

(d− 1)M∆

(γαpβ − γβpα) +
d− 2

(d− 1)M2
∆

pαpβ
]
. (2.41)

Here, d is the number of dimensions of the Minkowski space, which after
dimensional regularization is set to d = 4. For details see Appendix C. As the
∆ propagator appears in the context of a virtual state excited from a nucleon
with momentum pnucl by a small external momentum pext, one can write the
real part of the denominator as

p2 −M2
∆ = (pnucl + pext)

2 −M2
∆ = (m−M∆)(m+M∆) +O(pext)

=− (m+M∆)δ +O(pext). (2.42)

As a result, one sees that the propagator in Eq. (2.41) is of the order of
δ−1 = (M∆ −m)−1.

There are two ways of treating this additional scale, both of which are con-
sidered in the present thesis. The appropriate choice depends on the energy
region of the process in question.

Following Ref. [41], in the low-energy range, where the beam energies are
close to the pion mass, I count δ2 as being of O(p), since (δ/Λ)2 ≈ (mπ/Λ).
In that work, it is explained that this avoids the ∆ contributions to be over-
estimated relatively to those of the nucleons, in the low-energy region. This
is especially true when taking the chiral limit of vanishing pion masses, but
non-zero δ. Taking this into account, the δ power counting then defines the
order D of a diagram with L loops, V k vertices from a Lagrangian L(k) of order
k, Nπ pionic propagators, NN nucleonic propagators and N∆ propagators for
the ∆(1232) as

D = 4L+
∞∑
k=1

kV k − 2Nπ −NN −
1

2
N∆. (2.43)
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2.2 Power counting

This rule is used in Chapters 3 and 4.
For Chapter 5, the range of energies studied reaches values of similar size

to δ. In this case, it is more reasonable to treat δ as being of the same order
as those external energies, O(p), as otherwise one would underestimate the ∆
effects. The power of a diagram is therefore counted as

D = 4L+
∞∑
k=1

kV k − 2Nπ −NN −N∆. (2.44)

This approach is called small-scale expansion (SSE) [42, 43].
For studies over broad energy ranges, one needs to use a globally valid

counting. In Ref. [41], it was suggested that the price is of having higher-order
corrections than needed in the low-energy region. In the present thesis, there
is no case where the transition region is studied, and therefore I either choose
Eq. (2.43) or Eq. (2.44), depending on the considered energies.

Naturally, the above considerations are also valid for the SU(3) case, and
can be directly adopted for it.

14



CHAPTER 3

NEUTRAL PION
PHOTOPRODUCTION

3.1 Introduction

Pion photoproduction on nucleons takes place via the four channels

γ + p→ π0 + p

γ + p→ π+ + n

γ + n→ π0 + n

γ + n→ π− + p, (3.1)

of which the latter two can only be measured via deuteron targets or the study
of the inverse process π− + p→ γ + n.

Near threshold, the amplitude of these reactions is dominated by dipole
transitions of electric s-wave and d-wave nature, and by magnetic p-waves.
A small contribution arises from the electric quadrupole as well. In fact, the
electric dipole moment of the γ + p → π0 + p reaction vanishes in the chiral
limit (mπ = 0), and it is very small at the physical point where the pion mass
is much smaller than the nucleon mass. Therefore, at low and intermediate
energies, the neutral pion production cross section seems to be driven by the
magnetic dipole transition to the ∆(1232), and the quadrupole transition could
gain more relative importance as well. In contrast, for the charged channels,
the electric dipole clearly dominates close to threshold, while the magnetic
contribution starts to be dominant at energies close to the ∆ resonance peak.
The cross sections of these channels close to threshold are large, which can be
seen in theoretical models and in the experiment.

The process of pion photoproduction has been intensely studied for more
than 60 years, both from the empirical and from the theoretical point of view.
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3.1 Introduction

With the ever-growing experimental possibilities of high-precision measure-
ments, the theoretical models have constantly been put to a test, leading to a
continuous development of the theory in this field.

Kroll and Rudermann [44] performed the pioneering work for pion photo-
production at threshold, where the lowest order in the pion-nucleon mass-ratio
expansion was computed. This was done in a model-independent way, impos-
ing only gauge and Lorentz invariance, and treating the nucleon as being static
and pointlike, to which the photon couples minimally. In this Kroll-Ruderman
theorem, the amplitude of π0 photoproduction vanishes. The work was im-
proved in Refs. [45, 46] with current algebra and the partial conservation of
the axial current.

As mentioned before, charged pion photoproduction has a relatively large
cross section close to threshold. It can be well described by just tree-level
diagrams, which lead to a substantial EDM. However, the neutral pion channels
present a much smaller cross section, which in the chiral limit of massless pions
has a vanishing s-wave contribution. With the possibility of measuring the pion
photoproduction processes [47–50], it became clear that, while the low-energy
theorems describe the data well for charged pions, this is not the case for the
γ+ p→ p+π0 process. Modern approaches using effective field theorys based
on QCD, such as ChPT, lead, at the lowest order, to the same LETs. Thus,
they also fail to reproduce the neutral pion-photoproduction data.

These suppressed lower-order contributions present an opportunity to study
the relevance of the higher-order effects. Such advances were first made by
Bernard et al. [51, 52]. Using ChPT, they showed the need to reach higher
orders in the chiral expansion, which amounts to including loop contributions,
in order to successfully describe the near-threshold strong energy dependence
of the cross sections. However, introducing baryons as degrees of freedom in
ChPT leads to a breaking of the power-counting scheme in the evaluation of the
loops [40]. This problem was solved in later works, where the calculations were
repeated in HBChPT, which systematically restores the power counting [1,
53]. This considerably reduced the discrepancies, resulting in a very good
agreement between the data existing at the time and an analysis in fourth
chiral order [54].

Recently, new high-precision near-threshold data have been made available
by the Mainz Microtron (MAMI), including differential cross sections and pho-
ton asymmetries with a narrow binning in both photon energies and scattering
angles [55]. Fernández-Ramı́rez et al. showed that, in the light of these high-
quality results, the O(p4) HBChPT approaches failed to describe the neutral
pion photoproduction process at energies higher than 20 MeV above thresh-
old [56]. In their work, they also analysed the effect of imposing unitarity,
which did not improve the situation. In fact, in particular the p-wave energy
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3 Neutral pion photoproduction

slope is not reproduceable. This is reflected in their results for the multipole
M+

1 . Furthermore, the differential cross sections at higher energies are un-
derestimated. Their conclusion was that relativistic effects and the explicit
inclusion of the ∆(1232) resonance might be needed. Due to the magnetic-
dipole excitation nature of the latter, it has an important effect on M+

1 , already
at tree level.

The mentioned slow convergence was not solved either by the introduc-
tion of alternative renormalization schemes for the power-counting problem of
baryons, as is the case of EOMS [6, 7]. This is a fully covariant approach that,
unlike the nonrelativistic HBChPT, satisfies analyticity, and usually converges
faster. While this model successfully describes (among others) pion scatter-
ing, baryon masses, magnetic moments, and axial form factors [8–20], the
description of the neutral pion photoproduction on protons in a fully covariant
calculation up to fourth chiral order does not show improvements with respect
to the HBChPT approach. This was discussed in Ref. [57], where the au-
thors also obtained an underestimation of the M+

1 multipole. On top of that,
they fail to pin down one of the LECs related to d-waves. In the analysis of
the experiment, the important influence of d-waves was shown, but the corre-
sponding multipoles could not be separated. As a consequence, the multipole
E−2 can not be well estimated, and this directly affects the extraction of E+

0 .
For a good convergence at even higher energies, one would need to take into
account higher-order corrections, at the price of many unknown LECs. The
importance of the ∆(1232) inclusion was stressed in the follow-up work [58].

In the present chapter, I explore the explicit inclusion of the ∆(1232) res-
onance as an additional degree of freedom, as already suggested in Refs. [42,
55, 56, 58]. The goal is to improve the chiral convergence of the neutral pion
photoproduction with the data still close to threshold, but at energies higher
than 20 MeV above it. As mentioned before, when compared to the charged
channels, low-energy neutral pion photoproduction is particularly sensitive to
chiral dynamics, due to the very small contribution of the electric dipole. This
is reflected in the smallness of the lower-order terms. As can be seen in Fig. 3.1,
the total cross section in this energy region is globally dominated by the mag-
netic dipole excitation of the ∆(1232). Its contribution is mainly a p-wave,
which makes it the more relevant the further one is from threshold. While at
threshold it vanishes, its contribution grows rapidly with the energy. There-
fore, it is a good candidate for the origin of the strong energy dependence of
the cross section.

Naturally, one could alternatively take the effect of the ∆(1232) into ac-
count by absorbing it into the LECs, and by including higher-order correc-
tions. Nevertheless, there are several reasons justifying the preference for an
explicit inclusion. On the one hand, the energy region considered is close to
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Figure 3.1.: Total cross sections for the two channels of pion photoproduction off
proton targets. Data from Refs. [59, 60].
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3 Neutral pion photoproduction

the resonance’s mass, which leads to a strong energy dependence. This cannot
be described by a static LEC. On the other hand, with the ∆ one expects a
much better convergence even at lower chiral orders, thus removing the de-
pendence on too many unknown parameters. Lastly, by avoiding the implicit
inclusion of the ∆ as a modification of the LECs’ values, and instead consid-
ering it explicitly, one preserves the natural size of these constants. For the
energy region described in this chapter, well below the ∆(1232) peak, higher
nucleon-excitation contributions do not need to be taken into account.

The effect of the ∆(1232) resonance in low-energy processes has already been
studied for Compton scattering [41, 61], πN scattering [62], and pion electro-
and photoproduction [37, 63, 64]. The influence on neutral pion photoproduc-
tion close to threshold has first been studied in HBChPT [42, 54], finding only
moderate effects. This could be due to the fact that the baryon propagators
in these HBChPT works are calculated in the static limit. A consideration
of the ∆ propagator’s full energy dependence could allow for a more accurate
description of the rapid cross-section growth with the energy.

In Refs. [65, 66], we applied the full consideration of the ∆(1232) propagator
in the process of neutral pion photoproduction for the first time, in an ap-
proach with the EOMS relativistic renormalization scheme. Later, conference
proceedings with a similar approach in HBChPT at O(p4) were published [67].
Both our and their work show a clear improvement when the ∆ resonance
is included, and this is the focus of the chapter at hand. When explicitly
adding the contributions of the ∆(1232) resonance, an additional small quan-
tity automatically appears in the ChPT calculations, the difference between
the ∆(1232) and the nucleon masses. As was explained in Chapter 2, it is
appropriate to use the δ chiral power counting [41], since energies sufficiently
far away from the ∆(1232) resonance peak are being treated.

Although it is beyond the scope of this thesis, I would like to briefly comment
on the approaches needed to reach higher energies. At the ∆(1232) resonance
peak, the amplitude needs to be regularized. This can be done by taking into
account the ∆ width. Alternatively, a unitarized coupled-channel approach
of ChPT can be taken as a tool which dynamically generates resonances and
creates the correct behaviour of the amplitudes in the resonance region. The
nucleon-resonance region of pion photoproduction has been well described in
this way in Refs. [68–72]. A study for the non-resonant high-energy regime in
a Regge model has been performed by Mathieu et al. [73], with the ultimate
goal of connecting it to the resonance region, e.g., via finite-energy sum rules.

Here, at energies closer to threshold, I will at first focus on introducing the
∆(1232) resonance at tree level in the δ counting scheme. This corresponds
to an O(p3) calculation, and introduces only two LECs, gM and hA, with well
established literature values. The results show an immediate improvement of
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3.2 Formalism for pion photoproduction

the agreement with the data for both differential cross sections and photon
asymmetries, even at photon energies above 200 MeV in the laboratory frame.

In order to test the convergence of the theory, and aiming for an even further
improvement of the model, I also discuss the extension to the next order,
O(p7/2), which implies the inclusion of the set of one-loop diagrams with one
single ∆(1232) propagator. These do not require any additional couplings,
but a new tree diagram appears which generates the poorly known LEC gE. It
turns out that the model describes the process very well, even when the tight
constraints on the LECs from other observables are taken into account.

After this introductory section, the remaining chapter is organized as fol-
lows: in Sec. 3.2, the general model-independent formalism for the description
of the γp → pπ0 reaction amplitudes is presented. In Sec. 3.3, the necessary
considerations for the calculations in ChPT are introduced, which include the
treatment of PCBT, the wave-function renormalization (WFR), and the cor-
rections of LECs due to higher-order contributions. Some comments on how
the LECs are constrained are also given. In Sec. 3.4, I show and discuss the
results for cross sections, photon asymmetries and multipoles. A summary and
outlook for the chapter are given in Sec. 3.5.

3.2 Formalism for pion photoproduction

In Fig. 3.2 the γp → pπ0 process is shown. The four-momenta k = (k0, ~k ),
q = (q0, ~q ), p = (Ei, ~p ) and p′ = (Ef , ~p

′) belong to the incoming photon,
the produced π0, the incoming and the outgoing protons, respectively. The
scattering amplitude M can be parameterized as

εµMµ =ū(p′) (VNq · εγ5 + VKq · ε/kγ5 + VE/εγ5 + VEK/ε/kγ5)u(p), (3.2)

where VN , VK , VE and VEK are complex structure functions of the photon
energy kγ in the laboratory frame and the angle θ between incoming photon
and outgoing pion. When studying electroproduction, that is photoproduction
with virtual photons, two additional linearly independent amplitudes appear,
which do not have to be considered here, in the case of real photons. The
Dirac spinors u(p) and ū(p′) = u†(p′)γ0 are those of the nucleon in the initial
and final states, respectively, and ε is the photon polarization.

Although the representation above cannot be further reduced, there is an
equivalent one that is commonly used, because it has the advantage of being
explicitly current conserving by definition. It has the form [74]

εµMµ =εµū(p′)

(
4∑
i=1

AiM
µ
i

)
u(p), (3.3)
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3 Neutral pion photoproduction

k q

p p ’

Figure 3.2.: Generic representation of the pion photoproduction process. The in-
coming photon and proton momenta are given by k and p, while those
of the outgoing neutral pion and proton are denoted by q and p′,
respectively.

where

ε ·M1 =i/k/εγ5,

ε ·M2 =i(p′ · ε k · q − q · ε k · (p+ p′))γ5,

ε ·M3 =i(/εk · q − /kq · ε)γ5,

ε ·M4 =i(/εk · (p+ p′)− /kp′ · ε− 2m/k/ε)γ5. (3.4)

Here, m is the nucleon mass. The conversion between parameterizations is
straightforward (p · ε = 0 in the center-of-mass system):

A1 =i

(
VEK −

m

k · p (VE + k · qVK)

)
,

A2 =i
VN

2k · p,

A3 =i

(
VK

(
1− k · q

2k · p

)
− VE

2k · p

)
,

A4 =− i

2k · p (VE + k · qVK) . (3.5)

For the calculation of the multipoles, a third representation in terms of the
Chew–Goldberger–Low–Nambu (CGLM) amplitudes [75] is convenient,

εµMµ =
4πW

m
χ†fFχi, (3.6)
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3.2 Formalism for pion photoproduction

where χi and χf are the initial and final-state Pauli spinors, respectively, and
W =

√
s is the center-of-mass energy. For real photons and in the Coulomb

gauge, the amplitude F may be written as

F = i~σ · ~ε F1 + ~σ · q̂ ~σ · k̂ × ~ε F2 + i~σ · k̂ q̂ · εF3 + i~σ · q̂ q̂ · ε F4, (3.7)

with ~σ the vector of Pauli matrices. For the conversion between parameteri-
zations, in agreement with literature [52, 58, 75], I obtain

εµū(p′)

(
4∑
i=1

AiM
µ
i

)
u(p) =

4πW

m
χ†fFχi, (3.8)

with

F1 =

√
(Ei +m)(Ef +m)

8πW

[
−
(
k0 +

k2
0

Ei +m

)
A1 − k · qA3

+

(
−k2

0 + 2k0m+
2k2

0m

Ei +m
− k0(Ei + Ef )− k0|~q| cos θ

)
A4

]
,

F2 =

√
(Ei +m)(Ef +m)

8πW
|~q|
[(

k0

Ef +m
+

k2
0

(Ei +m)(Ef +m)

)
A1

− k0k · q
(Ei +m)(Ef +m)

A3

−
(
k0
k2

0 + 2k0m+ k0(Ei + Ef ) + k0|~q| cos θ

(Ei +m)(Ef +m)
+

2k0m

Ef +m

)
A4

]
,

F3 =

√
(Ei +m)(Ef +m)

8πW
|~q|
[
− k2

0

Ei + Ef + k0 + q0

Ei +m
A2

+

(
k0 +

k2
0

Ei +m

)
(A4 − A3)

]
,

F4 =

√
(Ei +m)(Ef +m)

8πW
|~q|2
[(

k0
k0 + Ei + Ef + q0

Ef +m

)
A2

+

(
k0

Ef +m
+

k2
0

(Ei +m)(Ef +m)

)
(A4 − A3)

]
. (3.9)
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3 Neutral pion photoproduction

The data of Refs. [55, 57] that this chapter’s model is compared with is for
unpolarized angular cross sections

dσ

dΩ
=

|~q|m2

2πW (s−m2)

∑
ε

Tr
[
M∗ · (/p′ +m) · M · (/p+m)

]
2

(3.10)

and linearly polarized photon asymmetries

Σ =
dσ⊥ − dσ‖
dσ⊥ + dσ‖

, (3.11)

with dσ⊥ and dσ‖ the angular cross sections for photon polarizations perpen-
dicular and parallel to the reaction plane, respectively. In the CGLM rep-
resentation, the differential cross section and photon asymmetry are usually
written with the help of the response functions

RT =|F1|2 + |F2|2 +
1

2
sin2 θ

(
|F3|2 + |F4|2

)
− Re

[
2 cos θF∗1F2− sin2 θ (F∗1F4 + F∗2F3 + cos θF∗3F4)

]
(3.12)

and

RTT =
1

2
sin2 θ

(
|F3|2 + |F4|2

)
+ Re

[
sin2 θ (F∗1F4 + F∗2F3 + cos θF∗3F4)

]
, (3.13)

with which one obtains

dσ

dΩπ

=
|~q|
kγ
RT and Σ = −RTT

RT

. (3.14)

As for the lowest multipoles E0+, M1+, M1− and E1+, they read [52]:

E =

∫ 1

−1

dx P F , (3.15)

where

E =


E0+

M1+

M1−

E1+

 , F =


F1(x)

F2(x)

F3(x)

F4(x)

 ,
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3.3 Calculation in chiral perturbation theory

P =


1
2
P0(x) −1

2
P1(x) 0 1

6
[P0(x)− P2(x)]

1
4
P1(x) −1

4
P2(x) 1

12
[P2(x)− P0(x)] 0

−1
2
P1(x) 1

2
P0(x) 1

6
[P0(x)− P2(x)] 0

1
4
P1(x) −1

4
P2(x) 1

12
[P0(x)− P2(x)] 1

10
[P1(x)− P3(x)]

 .

(3.16)

Here, x = cos(θ), and Pl are the Legendre polynomials for an angular momen-
tum l. Furthermore, it is convenient to use the reduced multipoles

M̄1± =
M1±

|~q| and Ē1+ =
E1+

|~q| , (3.17)

because for energies close to threshold the multipoles for l = 1 are linearly
related to the absolute value of the pion momentum. More general expressions
(for l > 1) can be found in Appendix A, as well as other relations of interest
between observables and multipoles.

3.3 Calculation in chiral perturbation theory

In this chapter, the MAMI pion-photoproduction data [55, 57] is analysed us-
ing a fully covariant ChPT framework, and including the ∆(1232) resonance
as an explicit degree of freedom. In the counting scheme of Eq. (2.43), dia-
grams involving the ∆ start at O(p5/2). All the tree-level and loop diagrams
contributing to the channel considered up to O(p7/2) can be found depicted
in Figs. 3.3 to 3.6. The analytical expressions of the amplitudes can be found
in Appendix B. Throughout this chapter, the isospin limit of equal nucleon
masses and also of equal pion masses was taken.

(a) (b)

Figure 3.3.: Tree diagrams for the π0 photoproduction off protons. The crossed
terms are also included in the calculation. The black dots represent
vertices of chiral order p1 to p3. Diagram b) starts at O(p3).
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3 Neutral pion photoproduction

Figure 3.4.: ∆ tree diagram for the π0 photoproduction off protons. The crossed
term is also included in the calculation.
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Figure 3.5.: Loop diagrams for the π0 photoproduction off protons including only
the nucleonic intermediate states. The crossed terms are also calcu-
lated.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n)

Figure 3.6.: Loop diagrams for the π0 photoproduction off protons for the ∆ in-
termediate states. The crossed terms are also calculated.
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3.3.1 Renormalization

The diagrams have been evaluated applying the EOMS renormalization scheme,
with the help of FORM [76, 77] and FeynCalc [78, 79]. First, the infinities

were removed using M̃S, the modified minimal subtraction (MS) scheme [80],
see Appendix C. Then, also the PCBT were absorbed into LECs. In order
to do so, the amplitudes were expanded around the small chiral parameters,
and only those terms were kept that were at least of the diagrams’ nominal
order, see also Appendix D. As in Ref. [62], the three small parameters chosen
for the expansion were the mass mπ, the Mandelstam variable t of O(p2), and
ν = (s − u)/(4m), with s and u the Mandelstam variables of O(p). When
introducing the ∆(1232) resonance, an additional small parameter δ appears,
which is the difference between the ∆ mass and the nucleon mass, δ = M∆−m.

The tree-level diagrams and those diagrams from Fig. 3.5 which exclusively
contain mesons in the loops do not break the power counting. The analytical
expression I obtain for the PCBT in the nucleonic sector, i.e., for the remaining
loops in Fig. 3.5, reads

ieg3
Am

32F 3
ππ

2

[(
4ν − 3

m2
π

ν

)
/εγ5 +

(
3− 3

m2
π

ν2

)
/ε/kγ5 +

1

ν
q · ε/kγ5 −

2m

ν
q · εγ5

]
.

(3.18)

The additional PCBT coming from the introduction of the ∆ loops are
obtained analogously, but have large expressions which are therefore not shown
here. Instead, the methods to reproduce them are explained in Appendix D,
along with the computational tools needed.

3.3.2 Wave-function renormalization

In order to systematically take into account all the higher-order contributions
up to the order studied, O(p7/2), the WFR was taken into account for the
external proton and pion legs of the tree diagrams of O(p1). This correction
amounts to multiplying this tree-level amplitude by Zp

√
Zπ, which adds cor-

rections of O(p2). The O(p1) amplitude therefore contains correction terms
of O(p3). All the corrections to higher-order amplitudes or to the external
photon leg would be at least of O(p4).

The EOMS-renormalized analytical expression for the correction factor of
the proton legs, depicted in Fig. 3.7, reads [62]

Zp =
1

1− Σ′p

∣∣∣
/p=m
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=1− 3g2
Am

2
π

32π2F 2
πm

2(4m2 −m2
π)

[
2mπ(m2

π − 3m2)
√

4m2 −m2
π arccos
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)

+ (m2
π − 4m2)

(
(2m2

π − 3m2) log
(mπ

m

)
− 2m2

)]
+ Z∆

p +O(p4),

(3.19)

where Σp is the self-energy of the proton. When considering the ∆(1232)
as an intermediate state, one has to take into account the self-energy loop
of Fig. 3.7(b) that enters the WFR. Up to O(p2), I obtain the analytical
expression

Z∆
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h2
A

768π2F 2
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4M2
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(3.20)
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(a) (b)

Figure 3.7.: Diagrams contributing to the proton self-energy with nucleon (a) and
∆ (b) loop contributions.

As for the pion-leg WFR and renormalization of the pion-decay constant, I
use the well-known expressions from Ref. [23]:

Fπ = F +
m2
π

F

[
L4 −

1

16π2
log

(
m2
π

m2

)]
+O(p3),

Zπ = 1− m2
π

F 2
π

[
2L4 +

1

16π2
log

(
m2
π

m2

)]
+O(p3), (3.21)

where L4 is a LEC appearing in the next-to-leading order pion Lagrangian.
For the O(p) diagrams, the factor

√
Zπ/F can be expanded around the pion

mass,

√
Zπ
F

=
1

Fπ
−

3m2
π log

(
m2
π

m2

)
32π2F 3

π

+O(p3), (3.22)

therefore leading to an expression which up to the order considered does not
depend on L4.

3.3.3 Higher-order corrections to low-energy constants

The LECs appearing in the leading-order Lagrangian have to be corrected up
to the order considered, O(p7/2). For the nucleon mass m appearing in the
nucleon propagator of the leading-order tree-level diagrams this means that
it has to be calculated with corrections coming from higher-order self-energy
loops. The EOMS-renormalized contributions to the physical nucleon mass
coming from the loops in Fig. 3.7 are given by [62]

mN =m− 4c1m
2
π −

3g2
Am

3
π

64π2F 2
π

[
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m
log

(
m2
π

m2

)
− 4

√
1− m2

π

4m2
arccos

(mπ

2m

)]
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+m∆
N +O(p4), (3.23)

where c1 is a LEC appearing in the nucleon Lagrangian of O(p2). For the
correction m∆

N arising from the loop with a ∆ propagator, I obtain

m∆
N =

h2
A

768m3π2F 2
πM

2
∆

{
m2
π

(
2m4

π −
(
7m2 + 4M∆m+ 6M2

∆

)
m2
π

+ 2
(
m−M∆

)
(m+M∆) 3

)
m2

+ 2
[
m3 + 2M∆m

2 − 2
(
2m2

π +M2
∆

)
m− 6M∆

(
m2
π +M2

∆

)]
m5 log

(
m2
π

m2

)
+ 2

(
(m−M∆) 2 −m2

π

)
(m−mπ +M∆) 2

×
√

(m−mπ −M∆) (m+mπ −M∆) (m−mπ +M∆) (m+mπ +M∆) 5/2

× log

(
M∆

m

)

+ 2
((m−M∆) 2 −m2

π) 2 (m−mπ +M∆) 3 (m+mπ +M∆) 5/2√
(m−mπ −M∆) (m+mπ −M∆) (m−mπ +M∆)

× log
(mπ

m

)
− ((m−M∆) 2 −m2

π) 2 (m−mπ +M∆) 3 (m+mπ +M∆) 5/2√
(m−mπ −M∆) (m+mπ −M∆) (m−mπ +M∆)

× log


(
−m2 +m2

π +M2
∆ +

√
m4 − 2 (m2

π +M2
∆)m2 + (M2

∆ −m2
π) 2
)

2

4m4


− (m−M∆) (m+M∆) 3

[
2
(
−2m2 +M∆m− 2M2

∆

)
m2
π +

(
m2 −M2

∆

)
2
]

× log

(
(m2 −M2

∆) 2

m4

)

− 2

[
m8 + 2M∆m

7 − 2
(
2m2

π +M2
∆

)
m6 − 6M∆

(
m2
π +M2

∆

)
m5

30



3 Neutral pion photoproduction
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The O(p2) correction to mN is consequently approximately given by
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where, for m∆
N , the mass m in Eq. (3.24) can also be set to the physical mass

mN .
The EOMS-renormalized expression for gA, when including nucleonic inter-

mediate states only, is given by [10, 62]
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πd16 −
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(3.26)

The inclusion of the ∆(1232)-loop diagrams leads to further corrections to gA.
They have been analyzed in an EOMS SU(3) calculation [19], leading to small
contributions (of the order of 5 to 10 %). In the scope of the present thesis,
these corrections have not been considered, as they would merely mean a shift
of the parameter d18 without otherwise affecting the quality of the fit: in the
present calculations, Eq. (3.26) is used to determine d16 from gA and the fit
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parameter g0, because the constant d16 only enters in the evaluation of two
tree diagrams of O(p3), always in combination with d18.

In this work, I opted to consistently introduce the corrections to the con-
stants in the Lagrangians, by applying them only to the first-order tree-level
diagrams: there, g0 is taken for the axial-vector coupling, m2 for the prop-
agator mass, F for the pion-decay constant, and the WFR is multiplied to
this amplitude. For all the higher-order tree and loop diagrams, the physical
constants gA, mN and Fπ are taken, as otherwise corrections of order higher
than O(p7/2) would be introduced. Furthermore, this scheme allows for a bet-
ter comparison with the results obtained in the EOMS O(p3) calculation of
pion-nucleon scattering by Alarcon et al. [62].

3.4 Results

The aim of the study in this chapter is to test the convergence of the model
by comparing observables to the experimental data from Ref. [55]. The lin-
early polarized photon asymmetry and the differential cross section have been
measured in a photon-energy range from pion-production threshold up to over
200 MeV in the laboratory frame, with an unprecedented precision and for a
wide range of scattering angles.

In Sec. 3.4.1, at first the O(p3) calculation is shown, establishing the rel-
evance of including the ∆(1232) as an explicit degree of freedom. The im-
portance of obtaining LECs consistent with calculations done by other groups
for other processes is stressed, especially for those works that also use the
EOMS scheme up to the same chiral order. Next, in Sec. 3.4.2, the results
for the O(p7/2) calculation are introduced, in order to test the convergence of
the chiral series and to estimate the importance of including the ∆(1232) loop
diagrams at higher energies. Finally, the resulting observables are shown in
Secs. 3.4.3 and 3.4.4.

3.4.1 Contributions up to O(p3)

AtO(p3), the contributions stem from the tree diagrams in Figs. 3.3 and 3.4, as
well as from the loop diagrams of Fig. 3.5. The loop diagrams which include
∆ propagators, shown in Fig. 3.6, start at O(p7/2), and are therefore not
considered in this initial study. They are introduced in Sec. 3.4.2.

In order to discuss the results, at first I want to comment on how the con-
stants are treated. As previously mentioned, gA, mN and Fπ are fixed to their
physical values, and they are used instead of the LECs g0, m and F , respec-
tively, everywhere but in the lowest-order diagrams. The difference in the
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results between taking the physical values and choosing the chiral limit of the
LECs is, of course, of higher order.

At the order considered here, the mass corrections and WFR in Eqs. (3.19)
and (3.25) can be truncated at order p3. This is equivalent to saying that
it is not necessary to consider the corrections to these constants arising from
loops which include ∆ propagators, as depicted in Fig. 3.7(b). Similarly, the
constant g0 is fixed to the value obtained at the same chiral order in Ref. [19],
g0 = 1.16. In the leading-order amplitude, the LEC F and the WFR for the
pion leg are simultaneously corrected, as is shown in Eq. (3.22).

The πN∆ coupling hA, related to the ∆(1232) width, is fixed to 2.85 [37].
The best-fit value for h1 has been found to be 0.6 in Ref. [29]. There, the
authors ascertain that the quality of the fits does almost not change when
setting h1 to zero. As was done in that work, this piece is neglected in the
following. The γN∆ coupling gE is set to zero for this O(p3) calculation, as
the diagram where it appears is of O(p7/2).

The remaining LEC combinations c̃67, d̃89, d̃168 and gM are left as fitting
parameters. I would like to stress here that d168 = 2d16 − d18 is related to gA
and g0 via Eq. (3.26). Therefore, one can in principle disentangle d16 and d18,
fixing one of them and fitting only the other. The results are equivalent to
fitting their combination.

In Table 3.1, the results of the fit at this order are shown. Just as we found
in Ref. [65], the agreement with the data is excellent, which can be read from
the low reduced χ2 value, χ2

red.

g0 c̃67 d̃89 ·m2
N d̃168 ·m2

N gM χ2
red

1.16 2.32 1.28 -10.1 3.08 0.79

Table 3.1.: LEC values for the O(p3) calculation. The fixed value is in boldface.

A fit without the inclusion of the ∆(1232) diagrams confirmed what has
already been shown in Ref. [57]: it is impossible to reproduce the drastic
variation of the differential cross-section data with the photon energy at this
chiral order. Only when including the ∆ degrees of freedom there is a strong
improvement in the agreement with the data, more importantly even at photon
energies higher than 200 MeV in the laboratory frame.

In the following, I discuss the results for the LECs. The constant c̃67 can be
fixed from the proton magnetic moment. Using the model of Ref. [16], where
only the isovector combination was presented, leads to the value c̃67 = 2.3 at
O(p3) and c̃67 = 2.5 when ∆ loops are included. Although the parameter c̃67

is let free, it should converge towards this value. As one can see in Table 3.1,
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this is indeed the case, although no restrictions to this LEC were made when
fitting.

The LEC d̃89 has not yet been restricted by any alternative estimates in
the particular renormalization scheme used throughout this thesis. Therefore
it was let free in the fits and does obtain a natural size, i.e., a value that is
between −10 and 10, as is to be expected in order to maintain a reasonable
chiral counting for the Lagrangians.

The LECs d16 and d18 require more focused attention. They appear in the
combination d̃168 = 2d16 − d18 in the amplitude at tree level. Actually, they
are also strongly correlated with g0, which can be clearly seen when studying
the error correlation matrix in fits that include the g0 as a free variable. To
illustrate this, when fixing g0 = 1.05, which is also a value given in Ref. [19],
m2
N d̃168 is modified from -10.1 to -6.9, while maintaining the other LECs and

producing the same χ2.

At O(p2) the constant gA appears in the tree diagram, and also at O(p3) in
the loop diagrams. Since gA is given by a combination of g0 and d16, but not
d18, see Eq. (3.26), this leads to a disentaglement of d16 and d18. In fact, by
setting gA to its physical value, one can estimate d16 from the fit of g0, and
consequently calculate d18 from the fit of d̃168.

However, this leads to positive values for d18 in disagreement with other cal-
culations [62]. But this result is very sensitive to higher-order choices, amongst
which the use of gA vs. g0 for loops or the application of the WFR for the
higher-order diagrams. In order to give an estimate on how the higher orders
are related to the LEC d̃168, contributions of O(p4) were included explicitly via
the contact terms of that order in the amplitude. The expressions can be ob-
tained from Appendix C of Ref. [58]. The present study led to the conclusion
that d̃168 is very sensitive to the LECs ẽ48, ẽ50 and ẽ112. Just as an example,
when taking ẽ48 = −4.5 GeV−3, then m2

N · d̃168 is modified from −10.1 to −0.4.
This leads to negative values for d18, consistent with other works [62], while
letting the other constants and the χ2 nearly untouched.

The couplings arising from the inclusion of the ∆ at O(p3) are gM and hA
— the LEC gE only appears at next order. While hA is fixed to the value 2.85
as mentioned above, for gM the fit yields a value consistent with 2.9, given in
Ref. [37] in a study of pion electroproduction in the ∆ region, as well as with
the value of gM = 3.16 ± 0.16 obtained from the ∆ electromagnetic decay in
Ref. [61]. This leads to the nontrivial conclusion that the neutral pion photo-
production data are indeed strongly sensitive to the size of the ∆ contribution,
even close to threshold. Although it is a higher-order contribution, I would like
to stress that the additional inclusion of the tree diagram that contains the gE
coupling leads to a change of the fit result for gM to 2.9 and gE = −1. This is
in full agreement with Ref. [37], where this additional coupling is present.

34



3 Neutral pion photoproduction

3.4.2 Contributions up to O(p7/2)

To build upon the work of Sec. 3.4.1, the next step in the calculation is the
inclusion of the diagrams of O(p7/2) in the δ-counting. These include the ∆
tree diagram with the gE coupling and the loop diagrams with ∆ propagators
shown in Fig. 3.6. The only additional coupling constant, and therefore the
only additional fitting parameter, is gE. The loop diagrams depend only on
the well known LECs gA and hA.

As in the previous section, I use the results of Ref. [19] for the value of
the constant g0. In their model, when including the ∆(1232) loops, g0 varies
between 1.05 and 1.08. Indeed, the parameter can be very well determined
from the β-decay data. Therefore, for the fit I constrain the parameter within
these limits. The remaining LECs c̃67, d̃89, d̃168, gM and gE are left as fitting
parameters. Now the full expressions for the mass and WFR corrections in
Eqs. (3.19) and (3.25) have to be used.

g0 c̃67 d̃89 ·m2
N d̃168 ·m2

N gM gE χ2
red

1.05 2.45 1.67 -9.7 2.28 3.30 0.80

1.05 2.29 1.17 -10.4 2.90 3.53 0.96

Table 3.2.: LEC values in the different versions of the O(p7/2) model. Fixed values
appear in boldface. Note that in the fit g0 is constrained to values
between 1.05 and 1.08.

The results of the fit are shown in Table 3.2. Furthermore, the behaviour of
the χ2 as a function of the photon energy is shown in Fig. 3.8(a), comparing
three different scenarios. First, a very basic model with tree-level diagrams
only and no ∆ is used. One sees that, immediately starting from threshold,
the model is not able to reproduce the data, showing very high χ2

red values.
When the nucleonic loop diagrams are included as well, the convergence gets
slightly better, but only up to around 20 MeV above threshold, confirming
the findings of previous works [56, 57], as shown in Fig. 3.8(b). There, for
consistency reasons, I only show the results in Ref. [57], as they compare
the relativistic and HBChPT calculations in the same framework, while the
implementation in Ref. [56] was slightly different. The qualitative behaviour
is the same, though. Finally, when including the full model, the convergence
is very good, even at photon energies higher than 200 MeV in the laboratory
frame.

One can see that the χ2
red is of similar quality to the one obtained in theO(p3)

calculation. This points to a convergence of the chiral series. This happens
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Figure 3.8.: Convergence of the chiral models at different photon energies in the
laboratory frame. In the left panel, I show my calculation for three
models: including only nucleon tree-level diagrams (red squares),
adding the nucleonic loop contributions (blue circles), and finally the
full model with the ∆(1232) resonance (green triangles). In the right
panel, I compare the full model of this thesis (green triangles) with
the relativistic IR (open circles) and HBChPT (filled circles) models
from Ref. [57].

36



3 Neutral pion photoproduction

even though there is an additional LEC, which would a priori mean more
freedom for the fit. The ∆ loop terms do not appear to further improve the
agreement with the data with respect to the ∆ tree diagrams. This tendency
is noticeable in the gM and hA parameters of the ∆ Lagrangian, which in the
fits prefer going towards lower values. In fact, the χ2 would sensibly decrease
if one allowed for a 10% reduction of the πN∆ coupling constant hA. It is
more sensible, though, to keep the well established result obtained from the ∆
width.

In the literature, there are several works that study the value of gM , using
the same Lagrangian as in the present work. It varies from 2.6 ± 0.2 [81]
in a HBChPT calculation of Compton scattering to gM = 2.8 ± 0.2 [63]
(pion photoproduction), gM = 2.9 [37, 82] (pion electroproduction) and gM =
3.16± 0.16 [61] (∆ electromagnetic decay). The latter two, which correspond
to covariant chiral calculations just as this work, prefer the larger values. Al-
though the fitting result obtained for gM is quite low, we do however find that
fixing it to gM = 2.9 does not considerably worsen the fit. Even in that case
the χ2

red is still lower than 1. Moreover, this behaviour is not surprising and
consistent with power counting: the work in which we obtained gM from the
∆(1232) electromagnetic decay rate [61], shown in Chapter 4, amounts to a
leading-order approximation. This is sufficient for the O(p3) calculation of the
previous section. But here next-to-leading order effects in the determination
of gM should also enter the O(p7/2) calculation of the pion photoproduction,
and a reasonable deviation from gM = 3.16± 0.16 is to be expected.

In the lower-order calculation performed in Sec. 3.4.1, the term containing
the parameter gE is negligible, and the fit results are only slightly modified
by changing its value. Here, in a higher-order calculation, this is not the case.
The fit is worsened in its absence and shows to be quite sensitive to its value.
The literature values for gE vary from -7 to 2 [37, 63, 81], although the later
works prefer gE = −1. However, in the fits shown here, gE prefers positive
values. Moreover, this term is indispensably relevant for the E+

1 multipole
close to threshold, as are the loop diagrams appearing together with gE.

Less drastic changes are found for the parameters d̃89 and c̃67, which only
mildly vary due to the inclusion of this higher order. In particular, it is in-
teresting that c̃67 is slightly larger, again consistent with the tendency seen
in Ref. [16] when the ∆ loops were included. These particular LECs do not
correlate strongly with the other fit parameters.

Contrariwise, the d̃168 parameter is again strongly correlated to g0. Changes
of the order of 10% in g0 lead to changes of 30% in d̃168, while maintaining
the same values for the other fitting parameters and for the χ2. As discussed
before, d̃168 is very sensitive to higher-order contributions. Again estimating
their effects by introducing some O(p4) contact terms in the fit, one sees that
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choosing ẽ48 = −6.0 GeV−3 leads to m2
N · d̃168 = 3.1, which corresponds to a

negative d18, m2
N · d̃89 = 1.1, gM = 2.9, gE = 2.1 and χ2

red = 0.67. Interestingly,
most LECs are quite stable except for the strongly modified d̃168 and also gE,
which changes by 40 %. Similar results are obtained when including the other
contact terms. Therefore, large changes are expected for these two parameters
in a higher-order calculation.

3.4.3 Photon asymmetries and differential cross sections

The O(p7/2) fit results are compared with the data in Figs. 3.9 and 3.10. In
spite of the small error bars of the differential cross sections, and despite the
fact that they vary more than one order of magnitude in size over the range
of energies studied, the agreement is excellent.

As seen experimentally, the distributions are backward peaked. At higher
energies, there is a slight but systematic underestimation (overestimation) at
forward (backward) angles, respectively. The experimental uncertainties for
the linear photon asymmetries are larger, but nonetheless provide a very strin-
gent test on the model, especially as the signal grows as a function of the
photon energy. Although there exist much less data and the error bars are
larger than for the differential cross sections, the contribution of the photon-
asymmetry fit to the full χ2 is of similar magnitude. This is interesting, and
leads to the conclusion that more attention has to be paid to the convergence
between model and experiment for this observable.

I show the results at two extreme energies in Fig. 3.11, close to threshold
and at the highest energy measured in the data set considered. I plot the
results of the full model without ∆, and I also show the size of the ∆ diagrams
alone, when using the parameter set of the best fit. Just as expected, the fit of
O(p3) including only nucleonic mechanisms, which is also shown, is not very
good. The asymmetry and the shape of the angular distribution are acceptably
reproduced, but the energy dependence is much too weak. This leads to an
overestimation of the low-energy data and underestimation at high energies.
Without the ∆ contributions it seems to be necessary to include even higher
orders than those calculated so far in previous works. When incorporating the
∆, the agreement is radically improved. As is shown in the figure, this is even
more so at high energies, where the relative size of the ∆ contributions is larger,
helping to reproduce the energy dependence of the cross section. Therefore,
it is the interplay between nucleonic and ∆ mechanisms that simultaneously
accomplishes the description of both the angular shape and the energy slope
of this observable.

It is important to stress that there are only five fitting parameters, two of
which are actually constrained by literature values, for around 800 data points.
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Figure 3.9.: Differential cross section as a function of the pion angle at different
energies. The solid line corresponds to the best-fit theoretical model
at O(p7/2). The experimental points are from Refs. [55, 83].
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It is an impressive outcome that the χ2
red is lower than 1 over this wide range

of energies and scattering angles.

3.4.4 Multipoles
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Figure 3.12.: Real part of s-wave and p-wave multipoles from Ref. [55] — see also
Ref. [56] — vs. our full-model calculation, as a function of the photon
energy. The error bars are only statistical errors. The gray band
above the energy axis shows the systematic error of the data [55].

Additionally to the photon asymmetries and differential cross sections, in
Ref. [55] also the multipoles of l = 0, 1 were extracted. They are shown,
compared to the present chapter’s model, in Fig. 3.12. Unlike the other ob-
servables, I do not use these data for the fit, but only compare them with the
fit to the other observables. The reason for this is that the multipoles are
themselves experimentally obtained from the differential cross-section data.
The imaginary part of the multipole E+

0 has also been extracted for the first
time in Ref. [84], and is shown in Fig. 3.13. From the experimental point of
view, it is related to the cross section of transverse polarized targets.
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Figure 3.13.: Imaginary part of the multipole E+
0 from Ref. [84] vs. our full-model

calculation, as a function of the photon energy. The error bars are
only statistical errors. The gray band above the energy axis shows
the systematic error of the data.
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The agreement between the data and the model for multipoles with l = 1
is very good. In fact, the quality for M−

1 and E+
1 is similar to that of the

O(p4) covariant ChPT calculation from Ref. [57]. Moreover, also the large
M+

1 multipole is well reproduced, and it gets a substantially lower slope than
in Ref. [57], despite the fact that that work was a higher-order calculation.
This leads to the conclusion that the ∆ plays a major role in this particular
multipole.

The case of the E+
0 is slightly different. The model reproduces it well close

to threshold, but estimates too high absolute values at larger energies. This
kind of behaviour was also seen in Ref. [57]. Furthermore, the imaginary
part is globally overestimated. An explanation for this are the assumptions
that had to be made on the partial-wave decomposition when extracting the
experimental values. The angular momentum was taken to be l ≤ 2, and only
the real parts of the p and d-waves were taken into account. Of course, as
can be seen in Appendix A, the amplitude decomposition in principle is an
infinite sum over partial waves. One can naturally neglect partial waves of
higher angular momentum, but it is important to carefully choose where to
cut the series.

An important source of uncertainty is the influence of d-waves that can be
sizable and grow fast with energy. In Ref. [84], e.g., the d-waves were included
as fixed Born terms. In Refs. [85, 86] it was found that these d-waves drastically
contribute to the result extracted for E+

0 . In the calculation in the chapter at
hand, the d-wave contribution comes mainly from the crossed tree diagrams,
and is therefore small. There could be large d-wave contributions coming from
the O(p4) Lagrangian terms, which could strongly modify the l = 2 multipole
E−2 that mixes with E+

0 . Therefore, the discrepancies could be explained by
these changes.

3.5 Summary and outlook

In the present chapter, the study of the neutral pion photoproduction off the
proton at low energies has been introduced, using covariant ChPT with the
explicit inclusion of the ∆(1232) resonance. The renormalization scheme used
was EOMS and a full calculation up to order p7/2 in the δ counting was made.
Comparing the O(p7/2) and O(p3) calculations, a good chiral convergence has
been found, the changes being quite small when going from the lower to the
higher order. However, as pointed out in previous works, even at the low
energies discussed here, some O(p4) contributions could be relevant. For in-
stance, in the present model there is a quite small d-wave. The consideration
of higher-order terms could modify that and, indirectly, affect the extraction
of the E+

0 multipole.
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The model agrees well with the experimental differential cross sections and
photon asymmetries of Ref. [55], from threshold up to photon energies above
200 MeV in the laboratory frame. This extends the range of convergence from
previous works of a higher chiral order, O(p4), in both HBChPT and covariant
ChPT. In the present work, I confirm the results from Ref. [57], where models
without the ∆ only reproduce the data very close to threshold, and I show
that there is a huge improvement when taking into consideration the ∆(1232)
mechanisms.

This is a nontrivial outcome of the work, because the LECs are mostly
constrained by other observables. In particular, g0, c̃67, hA and gM are bound
by the nucleon axial-vector coupling, the proton magnetic moment, the strong
and the elecromagnetic decays of the ∆(1232), respectively. The fits shown
here are compatible with these constraints. The LECs d̃168 and gE appearing in
higher-order Lagrangians are partially constrained as well, by the Goldberger-
Treiman relation and the ratio between the nucleon-to-∆ electric quadrupole
and magnetic dipole transitions, REM = E2/M1 [37], respectively. However,
the outcome is that they are sensitive to higher-order corrections, which are
not within the scope of the present work.

This study is not only an important contribution to the understanding of
the behaviour of the observables in the photoproduction of neutral pions, but
also a very satisfactory test of the convergence and validity of covariant ChPT.

A natural extension is to consider isospin-breaking effects. Although they
are higher-order corrections, it remains true that the study of the cusp ef-
fect is not possible in the isospin limit, as it appears at the opening of the
charged pion channels. Therefore, in order to fully reproduce the data even
directly at threshold, this mass splitting due to the breaking of isospin has to
be considered.
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CHAPTER 4

HYPERON FORWARD SPIN
POLARIZABILITIES

4.1 Introduction

Compton-scattering processes on compound targets are of great interest in or-
der to extract information about their inner structure, such as their charges,
magnetic momenta and polarizabilities. In particular, polarizabilities are re-
lated to the deformation of the charge distribution when subjected to an ex-
ternal electromagnetic field.

In this chapter, I focus on a particular case, the forward spin polarizability
γ0. In order to see its significance, it is important to first understand the mean-
ing of baryon polarizabilities in terms of the orders of a low-energy expansion:
when the Compton-scattering amplitude is expanded in the photon energy ω,
the constant and linear terms contain information about global properties as
the charge and the anomalous magnetic moment of the probed system. At or-
der ω2, the spin-independent (SI) polarizabilities αE and βM appear, which are
related to the electric and magnetic dipole moments, respectively. For protons
and neutrons, they have been extensively studied both theoretically [87] and
in experimental facilities such as MAMI, described, e.g., in Ref. [88]. Nucle-
ons are the only baryons for which this experimental information exists at the
moment, since other baryons, such as nucleon excitations or hyperons, suffer
from very short lifetimes.

Here I concentrate on the coefficients that appear at O(ω3). These are
the four spin-dependent (SD) polarizabilities γi [89, 90]. They reflect the re-
sponse of the system’s spin to deformations relative to the spin axis, induced
by external electromagnetic fields. They are related to the excitation of the
spin-1/2 targets via an electric (E1) or magnetic (M1) dipole transition, fol-
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lowed by a deexcitation to a spin-1/2 final state through a dipole (E1, M1)
or quadrupole (E2, M2) transition: γE1 as E1 → E1, γE2 as M1 → E2,
γM1 as M1 → M1, and γM2 as E1 → M2 [91]. The particular combination
γπ = −γM2 − γE1 + γE2 + γM1 is known as backward spin polarizability, while
the forward spin polarizability is given by γ0 = −γM2 − γE1 − γE2 − γM1.
These are the only SD quantities measured so far, representing scattering in
the extreme backward and forward direction, respectively. A good theoretical
overview can be found in Ref. [92], and different approaches to the calculation
of these quantities are reviewed in Refs. [93–95].

While the theoretical calculation is pretty straightforward, the spin polar-
izabilities are difficult to access experimentally. At low energies, they are
strongly suppressed since they appear only at O(ω3). At high energies, the
slow convergence of the model-independent low-energy expansions leads to a
less accurate extraction from data. Regardless of these difficulties, experi-
ments to reliably assess the nucleon spin polarizabilities have been proposed
and conducted at MAMI.

Conveniently, the polarizabilities can be related to the experimental pho-
toabsorption cross sections via sum rules. An example is the Baldin sum
rule [96], which relates αE and βM to the total photoabsorption cross section
of the nucleon. The SD piece of the amplitude is connected to scattering
cross sections via the Gerasimov–Drell–Hearn (GDH) sum rule [97, 98] and
the Gell-Mann, Goldberger and Thirring (GGT) sum rule [99]. The first one
establishes a relation for the nucleon anomalous magnetic moment: it is con-
nected to the difference between the two SD doubly-polarized total absorption
cross sections for real photon scattering. They are the cross sections for photon
helicities parallel and antiparallel to the nucleon helicity. The second sum rule
represents a different moment of the same physical observable, giving a rela-
tion for the polarizability γ0. Thus, it allows the use of the same experimental
analysis data sets in both cases. This provides sensitive tests of convergence
that ultimately allow the experimental access to γ0 [100].

These relations prompted the extension to the study of structure functions
in virtual Compton scattering (VCS) [101]. In forward VCS on the nucleon,
the quantities related to the nucleon structure are related to the electropro-
duction cross sections. At large virtuality, they yield the Bjorken [102, 103]
and the Burkhardt–Cottingham (BC) [104] sum rules of deep inelastic scat-
tering. The Bjorken sum rule describes the difference between the proton’s
and the neutron’s first moments of one of the helicity structure functions. A
relation for the first moment of the other SD structure function is given by the
BC sum rule. These sum rules allow to interpolate between large virtuality
(short-distance probe) and low-energy photons (long-distance probe) and shed
light on the transition from the parton regime of perturbative QCD to the
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non-perturbative resonance regime. They have been experimentally tested in
Refs. [105–107].

Experimental results for the proton γ0 were obtained in Refs. [108, 109] and,
more recently, in Ref. [110]. Furthermore, dispersion-relation studies have been
performed in Ref. [111] for both nucleon spin polarizabilities. For more recent
results, a good overview is given in Ref. [112], which includes also the results
of Refs. [113, 114].

Concerning the theoretical approach, the nucleon structure has been thor-
oughly studied with the help of EFTs on Compton-scattering data [41, 115,
116]. A study comparing different EFT models has been performed in Ref. [117].
Early calculations in models of ChPT that include only nucleonic intermediate
states have been made both in a HBChPT approach as well as in fully covari-
ant calculations [118]. In Refs. [101, 119, 120], the theory was extended such
as to include spin-3/2 intermediate states, namely the ∆(1232) resonance. It
was found that the inclusion of the latter greatly improved the convergence be-
tween theory and empirical evidence, which can be explained by the proximity
of the photon energies to the ∆(1232) excitation energy.

It is interesting to consider the theoretical studies not only for nucleons, but
also for hyperons, which cannot yet be empirically assessed. This allows one to
give predictions important for the further understanding of these nucleon-like
states with strangeness content. Furthermore, this means considering ChPT
in SU(3) models so as to include the s quark additionally to the u and d
quarks, therefore being a further probe of these models. First results in this
direction were obtained with the help of HBChPT [121], and later improved
in our work [122].

In the present chapter, I follow the assumption that, just as in the case of the
nucleons in SU(2), also the SU(3) flavour predictions are expected to be more
reliable when using a fully covariant model that introduces the decuplet of
spin-3/2 baryon resonances. Along these lines, I present the calculation of the
SD amplitude of Compton scattering including corrections induced by using a
fully covariant version of ChPT. This was shown in our work in Ref. [61].

As I explain in Sec. 4.3, the third chiral order is the leading order for the
calculation of the quantity γ0. At this order, γ0 only depends on known LECs,
and does not contain divergences or PCBT. Therefore, the results are a pure
prediction of SU(3) baryon ChPT, and the values obtained provide a good test
for this theory. This is one of the reasons why the study of the polarizabilities
is so valuable.

The outline of this chapter is as follows. In Sec. 4.2, I give a model-
independent introduction to the tools needed to extract and understand the
quantity γ0 from Compton scattering, including also kinematical considera-
tions. In Sec. 4.3, I show the theoretical tools used, in the light of the ChPT
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framework. The results are discussed in Sec. 4.4. Finally, I briefly summarize
the status of the results in Sec. 4.5.

4.2 Formalism for Compton scattering

The parameterization of the scattering amplitude off baryons for photons with
energy ω, and with incoming and outgoing 4-polarizations εµ and ε′µ, respec-
tively, is fairly simplified when restricting it to the forward scattering of real
photons, and taking the center-of-mass frame as the reference system. It can
then be decomposed into a spin-dependent and into a spin-independent part,
MSD

µν and MSI
µν , with structure functions fSD and fSI, respectively: [27]

εµMµνε
′∗ν = εµMSI

µνε
′∗ν + εµMSD

µν ε
′∗ν

= 4π [fSI(ω)~ε ∗ · ~ε+ fSD(ω)i~σ · (~ε ∗ × ~ε)] . (4.1)

Here, ~σ is the vector of Pauli matrices. Using gauge invariance, Lorentz in-
variance and crossing symmetry, the low-energy expansion in ω leads to

fSI(ω) = −αZ
m

+ (αE + βM)ω2 +O(ω4) (4.2)

and

fSD(ω) = − α

2m2
κ2
Nω + γ0ω

3 +O(ω5), (4.3)

with α the fine structure constant, Z the baryon charge, m its mass, and
κN the anomalous magnetic moment. The leading term of the SI amplitude
is the Thomson term and the term proportional to ω2 is the Rayleigh scat-
tering term, which contains information about the electric and the magnetic
polarizabilities, αE and βM . Concerning the SD piece of the amplitude, the
term proportional to ω3 assumes particular interest, as it is proportional to
the forward spin polarizability γ0. Combining Eqs. (4.1) and (4.3), the latter
is therefore extracted via the master formula

γ0 [~σ · (~ε ∗ × ~ε)] = − i

4π

∂

∂ω2

εµMSD
µν ε

′∗ν

ω

∣∣∣∣
ω=0

. (4.4)

Thus, to obtain γ0 it is necessary to calculate εµMSD
µν ε

′∗ν from the effective chi-
ral Lagrangians described in Sec. 2.1.3, and to perform a low-energy expansion
up to ω3.

If one does not restrict oneself to forward scattering, then the SD piece of
the amplitude for real Compton scattering is more generally given by [123]

εµMSD
µν ε

′∗ν = −4πW

m
ω3i~σ · (~ε ∗ × ~ε)
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× (γE1(ω) + cos(θ)γM1(ω) + γM2(ω) + cos(θ)γE2(ω)), (4.5)

where θ is the scattering angle, W the total center-of-mass energy and γi the
four SD polarizabilities. It is important to note that the Weyl gauge ε0 = ε′0 =
0 is used. From Eq. (4.5), one can see that the spin polarizabilities γ0 and γπ
are the amplitude’s leading coefficients for θ = 0 and θ = π, respectively, at
the limit of vanishing ω:

γπ = −γE1 + γM1 − γM2 + γE2

and

γ0 = −γE1 − γM1 − γM2 − γE2. (4.6)

It is also important to mention the GGT sum rule which, from the empirical
side, connects γ0 to the nucleon photo-absorption cross sections σ3/2 and σ1/2,
with total helicities 3/2 (for parallel photon and target helicities) and 1/2 (for
antiparallel photon and target helicities) [100]

γ0 = − 1

4π2

∫ ∞
ω0

dω
σ3/2(ω)− σ1/2(ω)

ω3
, (4.7)

originally found in Ref. [99]. The energy ω0 denotes the threshold for an
associated neutral pion in the intermediate state.

4.3 Theoretical model

In this chapter, a covariant ChPT calculation is performed, up to the chiral
order O(p7/2). I use the δ-counting scheme [81] explained in Sec. 2.2, while
a similar study in Ref. [119] used the SSE power counting [42, 43]. As in
Chapter 3, the spin-3/2 couplings are introduced in a consistent dynamics,
and their full propagator is used [29, 33–35]. Most of the theoretical tools
needed for the calculations were already introduced in Chapter 2. Here, I
therefore focus on some additional points particular for the present chapter.

As a low-energy expansion of the calculated expressions is to be made, and
only the terms proportional to ω3 are to be kept, one can easily see that the
chiral amplitudes up to O(p2) do not enter the quantity γ0. Only at O(p3)
does one get the first contributions, which furthermore arise exclusively from
loop diagrams. As a consequence, there are no unknown LECs. The only
tree diagram that has to be taken into account in this work appears at order
O(p7/2) in the δ-counting scheme.

The extension to O(p7/2) by including the spin-3/2 sector, i.e., by consider-
ing the decuplet of spin-3/2 resonances, has several advantages when compared
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to performing a O(p4) calculation. On the one hand, one is obviously taking
into account terms of a lower order in the chiral expansion, which means that
their contributions should be more significant if the series is to converge. On
the other hand, at a full O(p4) calculation, more LECs would enter the re-
sult, leading to higher uncertainties depending on how well-established these
constants are. Also, at O(p7/2) the results are independent of any renormaliza-
tion schemes, because the divergent pieces of the amplitude are irrelevant for
γ0. For the above reasons, the calculations are of a predictive nature for the
studied quantity. Finally, another important reason to mention is independent
of the methods of ChPT, being based on more general considerations: at the
considered energies of real Compton scattering (RCS), one is close to the de-
cuplet resonance mass, and therefore its effect is already felt. Thus, it is to be
expected that the contributions from the spin-3/2 baryons are of more impact
than the higher-order corrections to the effects from the spin-1/2 baryons.

As mentioned in Sec. 2.1.3, at the considered order the coupling gM has to
be taken into account. It describes the electromagnetic decays of the decuplet
into the octet baryons. The numerical value for the coupling constant gM , well
studied for SU(2), has not yet been determined when extending the model to
SU(3). Therefore, the quality of the predictions very much depends on the
assumptions made for the value of this constant. Following the method of
Ref. [119], one can estimate it by calculating the width of the electromagnetic
decay of the ∆(1232) with mass M∆ into the nucleon with mass m:

ΓEM
∆ = −2Im(ΣEM

∆ ) =
e2g2

M(M∆ −m)3(M∆ +m)3

4M3
∆m

2π
, (4.8)

where ΣEM
∆ is the electromagnetic ∆ self-energy amplitude. Therefore, using

the relation
ΓEM

∆ /(ΓEM
∆ + ΓStrong

∆ ) = 0.55%...0.65% (4.9)

and the strong decay width ΓStrong
∆ = (118 ± 2)MeV [124], one gets the value

gM = 3.16±0.16. Since data on the electromagnetic decays of the full decuplet
are sparse and contain large errors, a determination of gM in the SU(3) version
is not viable. Therefore, in this chapter, gM in SU(3) is also fixed to the
∆ −→ γN decay, that is the value of gM = 3.16± 0.16 is used. Naturally, the
central value of gM is expected to suffer some change when going from SU(2)
to SU(3).

The diagrams contributing to the forward spin polarizability γ0 are shown
in Figs. 4.1 and 4.2. The calculation of the amplitudes corresponding to each
of these diagrams is performed in the rest frame of the baryon, and the ex-
pressions are shown in Appendix B. In the present section, I mainly focus
on the methodology to extract the polarizability. Due to the forward scat-
tering, the initial and final photon 4-momenta and 4-polarizations are the
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same: qµ = q′µ = (ω, ~q ) and εµ = ε′µ = (0,~ε ). Here, the Weyl gauge is
used. Furthermore, in the following the baryon rest frame is taken, where for
forward Compton scattering the initial and the final proton 4-momenta read
pµ = p′µ = (m, 0, 0, 0). This leads to the condition p · ε = 0.

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n)

(o) (p)

Figure 4.1.: Diagrams contributing to γ0 with spin-1/2 intermediate states. The
crossed diagrams are obtained by the substitutions ω ↔ −ω and /ε ↔
/ε∗. All the vertices that appear are couplings of the lowest-order
Lagrangians.

All the terms containing the expression /ε∗/ε contribute to γ0, as can be seen
when comparing Eq. (4.4) with

/ε∗/ε = i~σ(~ε× ~ε ∗)− (~ε ~ε ∗ ). (4.10)
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4.3 Theoretical model

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.2.: Diagrams contributing to γ0 with spin-3/2 intermediate states. The
crossed diagrams are obtained by the substitutions ω ↔ −ω and /ε ↔
/ε∗. Except for the tree diagram, which has vertices of a second-order
Lagrangian, all the vertices that appear are couplings of the lowest-
order Lagrangians.

The terms proportional to ~ε ~ε ∗ are the contributions to the SI piece of the
amplitude, as introduced in Eq. (4.1). Terms like /ε∗/q/ε yield a contribution of
−iω~σ(~ε×~ε ∗) when projected onto the baryon states. All the other expressions
that arise can be reduced by applying the Dirac equation to the on-shell baryon
states.

While the full set of diagrams in the spin-1/2 sector is gauge invariant,
special care has to be taken when including the spin-3/2 states. In order to
fully conserve gauge invariance, diagrams which include a minimal coupling
of the photon to the ∆(1232) should be included. Nevertheless, they have
two ∆ propagators, and therefore they are of higher chiral order. This prob-
lem has already been addressed in the context of the proton γ0 in Ref. [41],
and here I follow the same solution. The one-particle-irreducible diagrams
of Figs. 4.2(b), 4.2(h) and 4.2(i) are gauge invariant. Therefore, they are
calculated normally, summing over all isospin channels. The missing set of
one-particle-reducible loop diagrams of Figs. 4.2(c) to 4.2(g) is calculated sep-
arately: for the charged-meson channels it is again true that gauge invariance is
conserved. It is the neutral channels that are problematic, and therefore their
isospin factor is chosen by hand, such that the ratio between the couplings
of the one-particle-reducible and the one-particle-irreducible diagrams is the
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same as for the charged-meson channels. By doing so, gauge invariance is in-
sured, and the discrepancy with isospin considerations due to this restoration
procedure involves higher-order terms only. Indeed, numerically the effects of
this correction are negligible.

4.4 Results and discussion

All the values chosen for the constants in this work are given in Tables 4.1
and 4.2. As a first test of the calculations, the goal was to reproduce other
works’ SU(2) results. This is simply achieved by setting to zero all the channels
with strangeness and keeping only those channels involving pions, nucleons and
the isospin-3/2 quadruplet of ∆(1232) states.

m M∆ Mπ MK Mη F0

SU(2) chiral limit choice 880 1152 140 −− −− 87

physical choice 938.9 1232 138.04 −− −− 92.21

SU(3) chiral limit choice 880 1152 140 496 547 87

physical choice 1149 1381 140 496 547 108

Table 4.1.: Numerical values for the hadron masses and decay constants used in the
γ0 calculations. The values are given in units of MeV. The physical-
choice values for SU(2) were taken as in Ref. [119], whereas for the
chiral limit and for SU(3) I followed Ref. [19].

4.4.1 SU(2) results revisited

The numerical results when including nucleons, pions and ∆ resonances only
(hadrons with no strangeness) are given in Table 4.3, where a comparison with
the numerical values found by other groups is also given. For the spin-1/2
sector, the agreement with the results of Ref. [119] is complete. I also show
how the γ0 values vary when taking the chiral limit, where the masses are
set to the best-fit chiral masses. The results are compared with the HBChPT
results from Refs. [101, 118]. The discrepancy between them does not lie in the
parameter choice but in the heavy-mass expansion one assumes for HBChPT,
which points to the shortcomings of the latter approach.

As for the spin-3/2 sector, the reason for the difference between this thesis’
results and those of Ref. [119] is the different counting scheme, and therefore
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gA D F C hA gM

SU(2) chiral limit choice 1.27 −− −− −− 2.85 3.16

physical choice 1.27 −− −− −− 2.85 3.16

SU(3) chiral limit choice −− 0.623 0.441 −D −− 3.16

physical choice −− 0.8 0.47 −0.85 −− 3.16

Table 4.2.: Numerical values for the unitless LECs used in the γ0 calculations. The
physical-choice values for SU(2) were taken as in Ref. [119] — notice
the difference by a factor 2 in the definition of hA —, whereas for the
chiral limit and for SU(3) Ref. [19] was followed. The value for the
coupling gM is calculated through Eq. (4.8).

the different set of diagrams used. Furthermore, the couplings to the spin-3/2
isobar are introduced with a different Lagrangian, which directly sorts out the
spurious spin-1/2 contributions of the RS spin-3/2 spinor. In Ref. [116], the
∆(1232) was introduced in the same way as in the present work. Nevertheless,
there a tree-level diagram of order p9/2 was included, which here is left out,
in order to keep consistent with the chiral counting. Without this diagram,
the numerical results in Ref. [116] are in perfect agreement with the ones pre-
sented here. The decomposition of the results for the nucleon polarizabilities
of Table 4.3 into their individual parts is listed in Table 4.4. The main cor-
rection to the polarizability results comes from the tree-level diagrams with
virtual spin-3/2 baryons, while the loop diagrams with ∆ intermediate states
give only a small contribution.

4.4.2 Extension to the SU(3) sector

The main objective of the work in this chapter is the extension of the cal-
culations to the SU(3) sector, so as to give predictions to the hyperons’ γ0.
Again, a distinction is made between the case where the spin-3/2 resonances
were included and where only octet baryons were taken into account as in-
termediate states. Also, the comparison between taking the physical-average
values or choosing the chiral limit is made, see Tables 4.1 and 4.2. A full
list of the results for the octet baryons is given in Table 4.5 and the decom-
position of the results for the nucleons into the single contributing sectors in
Table 4.4. A comparison with calculations in HBChPT is given, for which
preliminary results were published in Ref. [121]. A complete, improved and
corrected analysis is given in our work in Ref. [122].
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Model this work [119] [118] [101] [116]

proton

without ∆

HBChPT 4.4

covariant chiral limit 2.15

covariant physical values 2.07 2.07

with ∆

HBChPT 1.7

covariant chiral limit -1.59(38)

covariant physical values -0.76(28) -1.74 -1.0

experiment [110] −0.90± 0.08(stat)± 0.11(syst)

dispersion relations [112] −1.1

neutron

without ∆

HBChPT 4.4

covariant chiral limit 3.24

covariant physical values 3.06 3.06

with ∆

HBChPT 1.7

covariant chiral limit -0.59(38)

covariant physical values 0.15(28) -0.77

experiment [110]

dispersion relations [112] −0.5

Table 4.3.: Numerical values for γ0 obtained in the SU(2) sector in this and in
other works, in units of 10−4 fm4. The choice of the numerical values
for the constants in the present work can be found in Tables 4.1 and 4.2.
The error in the results when including the ∆(1232) resonance arises
from the uncertainty in the value of the low-energy constant gM .

57



4.4 Results and discussion

spin 1/2
spin 3/2 spin 3/2

total
tree level loops

γp0
SU(2) 2.15 -3.62(38) - 0.13 -1.59

SU(3) 1.53 -3.62(38) - 0.05 -2.14

γn0
SU(2) 3.24 -3.62(38) - 0.21 -0.59

SU(3) 2.28 -3.62(38) - 0.08 -1.43

Table 4.4.: Decomposition of the proton and neutron polarizability results, in units
of 10−4 fm4, into the contributions coming from the different sets of
diagrams, when using the chiral limit for the masses and low-energy
constants. The difference in results when using physical values or the
chiral limit can be seen as a systematical uncertainty.

In the HBChPT case, the nucleon values for γ0 change only slightly when
moving from SU(2) to SU(3), which corresponds to including kaon and η
loop contributions. The results remain large and positive, in complete dis-
agreement with the experiment or with dispersion-relation analyses. When
using the covariant approach, on the other hand, the SU(3) case shows a
much better tendency, as it leads to a reduction of the γ0 results when com-
pared to SU(2), although they remain positive. When additionally includ-
ing the decuplet contributions, both the SU(2) and the SU(3) cases lead
to negative γ0 values, closer to the empirical value found for the proton,
γp0 = (−0.90± 0.08(stat)± 0.11(syst)) · 10−4fm4 [110]. It is also interesting
to compare the γ0 results for the nucleons with those from dispersion-relation
studies found in Ref. [112] to be γp0 = −1.1 · 10−4fm4 and γn0 = −0.5 · 10−4fm4.
While already having an important effect in HBChPT, the inclusion of spin-
3/2 states leads to an even better agreement with the empirical values in the
case of fully covariant calculations, both when taking the chiral limit, as well
as when taking the average of the physical values for the constants. In fact,
the difference between these two parameter sets is of higher chiral order: the
chiral and physical masses are the same, up to higher-order corrections.

The main source of uncertainty in the results is the constant gM , which is
not very well known for SU(3), and whose variation is responsible for the error
estimates shown. Here, I would like to stress that the results obtained in this
chapter are not subject to uncertainties related to renormalization schemes:
at the considered order there are no divergences or PCBT entering into the
value of γ0, making it a pure ChPT prediction.
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Model parameters p n Σ+ Σ−

no decuplet
HBChPT

[121, 122] 4.69 4.53 2.77 2.54

no decuplet
covariant

chiral 1.53 2.28 0.90 0.89

physical 1.68 2.33 0.93 0.91

with decuplet
covariant

chiral -2.14(38) -1.43(33) -2.72(33) 0.89

physical -1.64(33) -1.03(33) -2.30(33) 0.90

Model parameters Σ0 Λ Ξ− Ξ0

no decuplet
HBChPT

[121, 122] 2.44 2.62 0.52 0.68

no decuplet
covariant

chiral 1.60 1.09 0.08 0.15

physical 1.32 1.28 0.15 0.25

with decuplet
covariant

chiral 0.67(9) -1.69(28) 0.07 -3.51(38)

physical 0.47(8) -1.25(25) 0.13 -3.02(33)

Table 4.5.: Numerical values for γ0 obtained in the present calculations, in units
of 10−4 fm4 in the SU(3) sector. The choice of the numerical values for
the constants in the covariant case can be found in Tables 4.1 and 4.2,
both for the chiral limit and for the physical-average case. As for
the HBChPT limit, I cite the results in Ref. [121], which were later
corrected in our work in Ref. [122]. The errors in the results with
the decuplet arise from the uncertainty in the value of the low-energy
constant gM .
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4.5 Summary and outlook

As already discussed above, the inclusion of virtual decuplet states is cru-
cial to reproduce the experimental values for the nucleon polarizabilities with
ChPT. The dominant contribution arises from the tree-level diagrams, as can
be seen in Table 4.4. However, this is not the case for the Σ− and Ξ− baryons
since the photon transitions to the corresponding decuplet states Σ∗− and Ξ∗−

are forbidden in SU(3)-flavour symmetry. Therefore, the tree-level diagrams
do not appear. Thus, the polarizabilities are only modified by the decuplet-
loop contributions, which are very small. This leads to the conclusion that, for
the study of the polarizabilites in baryon ChPT, these two baryons might be
better suited than the proton and the neutron, since the uncertainties coming
from the inclusion of the decuplet drop out. Naturally, it is not experimen-
tally feasible to measure these polarizabilities, but lattice QCD is a realistic
alternative. In fact, first calculations of the nucleon spin polarizabilities on the
lattice have been performed, see Refs. [125, 126].

Another point to address is that the main differences between numerical val-
ues in SU(2) and SU(3) come from the choice of the parameters in Tables 4.1
and 4.2. All contributions coming from K or η meson loops are negligible.
This can be seen when choosing the same masses and constants in SU(3) and
in SU(2): the results are then nearly the same, because the only difference is
due to these small K and η loop contributions.

4.5 Summary and outlook

In the present chapter, the calculation of the spin polarizability γ0 for the
baryon octet members has been revisited and extended, by using a manifestly
Lorentz covariant framework of baryon ChPT. The SU(2) and SU(3) versions
were confronted and compared, and the intermediate spin-3/2 states were ex-
plicitly included. As expected, and already studied in previous works by other
groups in SU(2), it is important to include these states when aiming to repro-
duce empirical observations which are made at energies close to the resonance’s
mass.

The main novelties of this work are therefore the SU(3) extension of fully
covariant ChPT at order p3, and also the inclusion of the spin-3/2 decuplet up
to the chiral order p7/2. Empirical results for the nucleon case confirm that the
inclusion of the explicit decuplet states is crucial to find an agreement between
the experiment and ChPT, the dominant contribution arising from the tree-
level diagram. This observation is also true in the SU(3) case. Interestingly,
the contributions from K and η loops resulting from this extension turn out
to be negligible, and the main numerical differences arise when taking the
different physical-average values of SU(2) and SU(3).

A very interesting outcome of this study concerns the negatively charged
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hyperons Σ− and Ξ−. Their photon transitions to the corresponding decuplet
states Σ∗− and Ξ∗− are forbidden in SU(3)-flavour symmetry, and therefore
so are the decuplet tree-level contributions. As a result, their polarizabilities
remain nearly unchanged since most of the uncertainties are connected to the
decuplet tree-level inclusion, which drops out. Since experimental polarizabil-
ity measurements for these particular baryons are not feasible, at least a com-
parison to results from lattice QCD would be very interesting. This would be
a test of ChPT, because the forward spin polarizabilities are pure predictions
up to the considered chiral order, independent of renormalization schemes,
and in this case also of the uncertainty of unknown LECs. The addition of p4

contributions would be the next step to further refine the calculation.
Following the success of this study, it would be very valuable to extend these

calculations to the cases of the electric and magnetic polarizabilities αE and
βM of the baryon octet, in particular of the Σ− and the Ξ−. There, one would
expect a similar outcome to be observed as above, and these hyperons would
nearly be unsensitive to the decuplet parameters and uncertainties.
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CHAPTER 5

OCTET-BARYON
ELECTROMAGNETIC FORM

FACTORS

5.1 Introduction

In Chapter 4, the reader was introduced to the value of studying Compton
scattering in order to extract information about the inner structure of the
hadrons. In the present chapter, I study a different approach of complementary
interest, which is elastic electron scattering off baryons for the extraction of
electromagnetic form factors. It is straightforward to obtain the latter from the
reaction amplitude, which is described by a virtual photon being exchanged
between the electron and the baryon. At small momentum transfer, where
a Taylor expansion is reliable, the coefficients yield insight about quantities
such as the charge radii and the electromagnetic moments. For non-vanishing
photon virtualities, one can relate them to the charge and magnetic densities.
A good general review on nucleon electromagnetic form factors is given in
Refs. [127, 128], both from the theoretical and from the experimental point of
view.

The electromagnetic current of spin-1/2 baryons is determined by two form
factors: the Dirac and the Pauli form factors or combinations thereof. As is
outlined in Chapter 6, where the mechanism of electron scattering is also of
importance, if one allows for CP violation, a third form factor appears. At
zero momentum transfer, it is related to the EDM. In the present chapter
though, I do not consider processes that violate CP .

The first measurements of the nucleon form factors are described in [129–
131]. In Ref. [131], it was shown how to extract the form factors from the ratio
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between the experimental cross section and the expected Mott cross section
of pointlike particles. The separate electric and magnetic form factors were
obtained for the first time by the intersecting ellipse method, described by Hof-
stadter in 1955 [132]. Since then, countless efforts have been made to extract
form factors experimentally, at facilities such as the Stanford Linear Accel-
erator Center (SLAC), the Deutsches Elektronen-Synchrotron (DESY) and
the Nationaal Instituut voor Kernfysica en Hoge Energie Fysica (NIKHEF),
among many others. More recently, high-precision experiments with electron
beams have been performed, e.g., at MAMI.

Of late, the nucleon form factors have received much attention due to ap-
parently conflicting results. Measurements of the proton charge radius rpE with
electron scattering [133] have shown a disagreement with the results from pre-
cise atomic measurements of the muonic hydrogen Lamb shift [134]. This is
commonly known as the proton size puzzle. The first method bases on writing
the electric form factor GE as a function of the squared momentum transfer
q2. The charge radius is then obtained from the slope of GE at vanishing q2.
The second method uses lasers to induce atomic transitions. Here, the charge
radius is related to the size of the gap between the levels.

In fact, the mean value reported from electron-scattering experiments is
of rpE = 0.8751(61) fm [133], while the atomic measurement yielded rpE =
0.84184(67) fm [134]. Interestingly, similar measurements on normal instead
of muonic hydrogen were compatible with the electron-scattering result. The
main difference between the two types of hydrogen is that, since the muon mass
is approximately 200 times larger than the electron’s, the Bohr radius is two
orders of magnitude smaller for the muonic hydrogen. Thus, the muon is much
more sensitive to the proton radius, yielding a higher empirical precision. The
discrepancy between results leads one to wonder if there might be new physics
hiding behind the explanation for the difference between using electrons or
muons, such as, e.g., the coupling of the muon to dark matter [135]. The
atomic method has been reanalysed in Refs. [135–138], while there has also
been an effort to better understand the results from electron scattering [139].

For the latter, an experimental determination of the slope of GE at the
exact point of real photons q2 = 0 is of course not possible. However, one
can gather probes of very small virtualities, and extrapolate the value at the
physical point. For this extrapolation, one needs to take into account the
singularities that appear in the complex plane. The first such point is the two-
pion production threshold, where the virtual photon couples to the baryon
via two pions. Therefore a polynomial fit for the extrapolation would only be
reliable for momentum transfers significantly lower than this cut, where data
are scarce. Nevertheless, in Ref. [139] such an analysis has been done, leading
to a result compatible with those from the muonic hydrogen Lamb shift, thus
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displaying a possible solution for the issue described above.

In order to be able to reproduce the behaviour observed at higher pho-
ton virtualities, one needs to find a theoretical approach which describes the
complex-plane singularities as well. This question has been studied within dis-
persion analyses [140, 141], with lattice QCD [142–146] and other approaches.
In the present work, the methods of ChPT are focused on. With them, pion
loops are effectively described, therefore taking into account the two-pion cut
in a consistent manner [8, 16, 147–150]. When moving to yet higher virtuali-
ties, kaon loops [12, 38] or even vector-meson exchanges should be considered
as well. ChPT does not give a prediction for the leading order of the baryon
electric form-factor expansion, since it depends on LECs whose values are not
very well known. However, it is possible to predict the analytic structure
of higher orders of this expansion at small virtualities. They depend only on
known parameters, since there the amplitudes are given by loop diagrams with
no unknown LECs.

Other interesting predictive observables to study are the baryon charge and
magnetic densities. They are related to the imaginary parts of the form factors,
as is explained further below. Therefore, they too appear only at loop level,
and they show no dependence on unknown LECs. These densities are the focus
of the second part of the present chapter.

Baryonic systems are relativistic, and therefore they are subject to vacuum
fluctuations. In order to describe them in a manner in which one can treat the
number of particles of the system as being a constant in time, it is convenient to
use the light-front formalism [151]. There, at a fixed light-front time [152–154],
the densities are real spatial densities with constant parton number. Due to the
decoupling from vacuum fluctuations, the matrix elements of current operators
can be expressed in the usual non-relativistic picture as overlap integrals of
the wave functions in the initial and the final states. Furthermore, in that
formulation, the densities are described in the transverse direction, i.e., they
represent the cumulative vector current at a specific transverse distance from
the center of momentum. This distance corresponds to the impact parameter
b of the electrons being scattered.

With dispersion theory, one can relate the transverse densities to the Fourier
transform of the imaginary parts of the form factors, i.e., the spectral functions.
The imaginary parts of scattering-process amplitudes correspond to particle
production. In the particular case of electron scattering, this would mean
that the virtual photon that is exchanged between the electron and the target
produces intermediate virtual particles, which then couple to the baryon [155,
156]. As mentioned above, the lowest energy required for the creation of virtual
hadronic states is that for a pion-pair production. Therefore, the dispersion
integral, which corresponds to a Fourier integral over the Mandelstam variable
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t = q2, starts at the two-pion cut. Higher-mass states are pseudoscalar-meson
pairs such as the kaons, or single neutral vector mesons that couple to the
photon directly, the lightest being the ρ, the ω and the φ. When moving to
yet higher energies, it becomes possible to produce baryon-antibaryon pairs.

Calculations based on dispersion fits of the spectral functions to the exper-
imental data have been done in Ref. [157]. They rely on the fact that the
dispersion integral contains the modified Bessel function K0(−b

√
t), which for

large t decreases exponentially as exp
[
−b
√
t
]
. Therefore, it acts as a filter for

the masses of the produced intermediate virtual states: at large b, correspond-
ing to the periphery of the studied baryon, the low-mass hadrons give the
dominant contribution; for more central regions, the contributions of higher-
mass hadrons start being sizeable too. Thus, the densities’ large–distance
behaviour is governed by the spectral functions near the two-pion threshold.

In this chapter, the densities I concentrate on are those at the periphery.
Hence, the main focus is on the production of intermediate pseudoscalar-meson
pairs. Consequently, although the process being studied is high-energy electron
scattering, it is nevertheless possible to describe the observables of interest
by means of spectral functions at low momentum transfer in ChPT, as has
already been done for the SU(2) case in Refs. [16, 158, 159]. One can assume
the validity of the chiral prediction up to t ≈ 10m2

π [147], and therefore the
pseudoscalar dynamics is expected to ensure a model-independent study of the
densities for transverse distances beyond 3 fm.

A further advantage of the dispersion representation is that it allows one
to combine chiral and non–chiral contributions to the transverse densities in a
consistent manner [158, 159]. In this thesis, the latter are modeled phenomeno-
logically by the inclusion of the lightest vector-meson resonance contributions
ρ, ω and φ, in order to explore the region below 3 fm. It is important to stress
that these contributions are model dependent, thus serving only as a guide for
the qualitative behaviour and the order of magnitude of the densities up to
the peripheral distances of actual interest in this work.

The current chapter is structured as follows: in Sec. 5.2, I introduce the
formalism for the calculation of the baryon form factors and the related ob-
servables. More precisely, in Sec. 5.2.1, I show the model-independent de-
composition of the electron-scattering amplitude into the form factors, and
its connection to the charge radii. In Sec. 5.2.2, I discuss the considerations
on ChPT needed. The model for the vector-meson contributions is discussed
in Sec. 5.2.3. Next, I establish the connection between the form factors and
the charge and magnetic densities in Sec. 5.2.4, in the light-front formalism
and with dispersion relations. In Sec. 5.3, I review the results. Namely, in
Sec. 5.3.1 the results for the predictive piece of the electric form-factor expan-
sion are shown. The spectral functions at low momentum transfer are given
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in Sec. 5.3.2, and the resulting peripheral transverse densities are examined in
Sec. 5.3.3. Finally, in Sec. 5.4, I present a summary and outlook of this work.

5.2 Formalism

5.2.1 Baryon form factors

The electromagnetic form factors of the octet baryons are given by the Lorentz-
invariant decomposition of the matrix element of the vector current Jµ between
baryon states:

〈B(p′)| Jµ |B(p)〉 = ū(p′)

(
γµF1(Q2) +

iσµνqν
2mB0

F2(Q2)

)
u(p), (5.1)

where u(p) is the spinor of the octet baryon with mass mB0, and F1 and F2 its
electromagnetic form factors. The photon momentum is given by q = p′ − p,
where p′ and p are the outgoing and incoming baryon momenta, respectively.
The connection to the photon virtuality is given by q2 = −Q2 = t, with t the
Mandelstam variable. As usual, σµν = i

2
[γµ, γν ].

The baryon electric form factor is given by

GE(q2) = F1(q2) +
q2

4m2
B0

F2(q2) = 1 + q2 〈r2
E〉
6

+
q4

2

d2

(dq2)2
GE(q2)|q2=0 +O(q6),

(5.2)

where rE is the baryon charge radius, and the pseudoscalar meson-loop con-
tribution to d2

(dq2)2GE(q2) can be given as a prediction of ChPT. Therefore, the
inclusion of this analytical function in the extrapolation of electron-scattering
data can be of relevance for obtaining the proton charge radius. Experimental
estimates for the value of the proton d2

(dq2)2GE(q2)|q2=0 were given, for instance,

in Refs. [160, 161].

5.2.2 Calculation within chiral perturbation theory

In the following, the ChPT methods for the calculation of the electromag-
netic form factors are introduced. As the goal is to determine the predictive
contributions to d2

(dq2)2GE(q2) and to the spectral functions, exclusively loop

diagrams are needed. The tree-level diagrams determine the behaviour of 〈r2
E〉

and of the real parts of the form factors, where not so well known LECs from
the second and the third-order chiral Lagrangians appear.

The full set of diagrams at leading chiral-loop order, O(p3), is shown in
Fig. 5.1. The explicit contribution of the decuplet intermediate states is in-
cluded within the SSE counting scheme [42, 43]. It is important to use this
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(a) (b) (c)

(d) (e) (f)

(g) (h)

(i) (j)

Figure 5.1.: Loop diagrams contributing to the calculation of the electromagnetic
form factors at O(p3).
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counting as one moves towards energies closer to the decuplet mass, as I ex-
plain in Sec. 2.2. Otherwise, the effect of the intermediate decuplet states
could be underestimated. All the diagrams are calculated in order to ensure
gauge invariance, even if only some of them give contributions to the results
shown here. The only diagrams that show a q2 dependence are Figs. 5.1(a)
to 5.1(c), 5.1(e) and 5.1(f). The set of diagrams that have imaginary parts at
the two-pion cut is further reduced to Figs. 5.1(a) to 5.1(c), where the photon
couples directly to the virtual meson. This type of coupling corresponds to a
two-meson production in the t-channel. The renormalization of the divergent
pieces is performed within the EOMS scheme [7], where the divergent parts of
the amplitude are absorbed into the low-energy constants following the MS
prescription, see also Appendix C. The PCBT have no imaginary parts or q2

dependence, and therefore they do not modify the considered quantities.

The amplitudes of the diagrams are given in the following, the necessary
Lagrangians having been introduced in Chapter 2. I follow the definitions
introduced in Appendix B, and furthermore denote the isospin constant of the
coupling of two mesons to a baryon at one point as Ismm. Its values for the
different baryons are summarized in Tables 5.1 and 5.2. I call the charge

p n Σ+ Σ0 Σ− Λ Ξ0 Ξ−

−1
4

1
4
−1

2
0 1

2
0 −1

4
1
4

Table 5.1.: Values of the isospin constant Ismm for the coupling of two pions to an
octet baryon.

p n Σ+ Σ0 Σ− Λ Ξ0 Ξ−

−1
2
−1

4
−1

4
0 1

4
0 1

4
1
2

Table 5.2.: Values of the isospin constant Ismm for the coupling of two kaons to an
octet baryon.

of the decuplet baryons cT . The other constants, cDF , cm, cbi and Ism, are
as defined in Appendix B.2, and the RS propagator Sαβ∆ (p) is introduced in
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Eq. (2.41).

Jµ5.1(a) =− i Ismm

F 2
0

∫
ddk

(2π)d

{
(2kµ + qµ)(2/k + /q)

[k2 −m2
π][(k + q)2 −m2

π]

}
, (5.3)

Jµ5.1(b) =
i c2

DF cm

4F 2
0

∫
ddk

(2π)d

{
(/k + /q)γ5(2kµ + qµ)(/p− /k +mB0)/kγ5

[k2 −m2
π][(k + q)2 −m2

π][(p− k)2 −m2
B0]

}
,

(5.4)

Jµ5.1(c) =− 2i C2Is2
m cm

F 2
0M

2
∆

∫
ddk

(2π)d

{
(pα − kα)(kβ + qβ)γαδβ(2kµ + qµ)

[k2 −m2
π][(k + q)2 −m2

π]

× Sδδ′∆ (p− k)(pα′ − kα′)kβ′γα
′δ′β′

}
, (5.5)

Jµ5.1(d) =
2i Ismm
F 2

0

∫
ddk

(2π)d
/ε

[k2 −m2
π]
,

Jµ5.1(e) =
i cbic

2
DF

4F 2
0

∫
ddk

(2π)d

{
/kγ5(/p+ /q − /k +mB0)/ε(/p− /k +mB0)/kγ5

[k2 −m2
π][(p− k)2 −m2

B0][(p+ q − k)2 −m2
B0]

}
,

(5.6)

Jµ5.1(f) =
2i C2Is2

m cT

F 2
0M

2
∆

∫
ddk

(2π)d

{
(pα + qα − kα)kβγ

αδβSδδ
′

∆ (p+ q − k)γδ
′α′β′εβ′

[k2 −m2
π]

× Sα′ν∆ (p− k)(pµ − kµ)kσγ
µνσ

}
, (5.7)

Jµ5.1(g) =− i c2
DFcm

4F 2
0

∫
ddk

(2π)d

{
/kγ5(/p+ /q − /k +mB0)/εγ5

[k2 −m2
π][(p+ q − k)2 −m2

B0]

}
, (5.8)

Jµ5.1(h) =− i c2
DFcm

4F 2
0

∫
ddk

(2π)d

{
/εγ5(/p− /k +m)/kγ5

[k2 −m2
π][(p− k)2 −m2

B0]

}
, (5.9)

Jµ5.1(i) =
2i C2Is2

mcm

F 2
0M

2
∆

∫
ddk

(2π)d

{
(pα + qα − kα)kβγ

αδβ

[k2 −m2
π]
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× Sδδ′∆ (p+ q − k)(pα′ + qα′ − kα′)εβ′γα
′δ′β′

}
, (5.10)

Jµ5.1(j) =
2i C2Is2

mcm

F 2
0M

2
∆

∫
ddk

(2π)d

{
(pα − kα)εβγ

αδβ

[k2 −m2
π]

× Sδδ′∆ (p− k)(pα′ − kα′)kβ′γα
′δ′β′

}
. (5.11)

The following tests were made to ensure the correctness of the calculation.
By writing down the form factors in the form introduced in Eq. (5.1), one
automatically controls gauge invariance. Furthermore, I verified that the re-
sults reproduce the ones of Ref. [16], a work which uses the same approach
but within an SU(2) framework. In order to compare the results, I reduced
the SU(3) calculations to the SU(2) case. This is straightforwardly obtained
by setting to 0 all the contributions coming from K and η loops, and keeping
only the π-loop results. Additionally, one has to take into account that in
the SU(2) limit the constants gA and hA correspond to the SU(3) low-energy
constants D + F and −2

√
2C, respectively. Finally, I performed the calcula-

tions with different sets of programmes, FORM [76, 77] and FeynCalc [78, 79].
The two methods were in numerical accord. The computational methods are
summarized in Appendix D.

5.2.3 Vector-meson contributions

In order to model the behaviour of the form factors at higher transfer energies,
the contributions of the vector mesons are also included. The relevant pieces
of the Lagrangians describing the couplings of the vector-meson fields Vµ with
momentum q to the octet baryons are [162]

LV NN =B̄

(
gvγ

µ + gt
iσµνqν
2mB0

)
VµB, (5.12)

where gi ∈ {gv, gt} are the coupling constants given by

gi = gFi Tr(B̄[V8, B]) + gDi Tr(B̄{V8, B}) + gSi V1Tr(B̄B). (5.13)
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Here, V8 is the vector-meson field in the octet representation

V8 =



1√
2
ρ0 + 1√

6
ω8 ρ+ K∗+

ρ− − 1√
2
ρ0 + 1√

6
ω8 K∗0

K∗− K̄∗0 − 2√
6
ω8


, (5.14)

and the singlet is given by V1 = ω1. I assume the case of ideal mixing

ω =
1√
3
ω8 +

√
2

3
ω1, φ =

√
2

3
ω8 −

1√
3
ω1. (5.15)

The determination of the numerical values for gFi , gDi and gSi is described
below. The Lagrangian coupling a photon with 4-polarization εµ to a neutral
vector meson is given by

LV γ = εµ
m2
V

FV
Vµ, (5.16)

where the mass and the decay constant of the vector mesons are given by mV

and FV , respectively. The values are taken from Ref. [124] and tabulated in
Table 5.3, bearing in mind that the leptonic decay width of the vector mesons
is given by

ΓV→e+e− =
4πα2

3

mV

F 2
V

. (5.17)

Finally, the propagator of the vector meson with width Γ(t) is taken as

1

q2 −m2
V + i

√
t Γ(t)

(
−gαβ +

qαqβ

m2
V

)
. (5.18)

From Eq. (5.13), one can extract the gi, e.g., for the proton coupling to the
ω and the ρ0,

gi,ρ0pp =
1√
2

(gFi + gDi ), gi,ωpp =
3gFi − gDi

3
√

2
+

√
2

3
gSi , (5.19)

and relate them to the empirical couplings from nucleon-nucleon scattering
data. In the present chapter, those from the Bonn potential are used [163,
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V mV [MeV] ΓV→e+e− [keV]

ρ 775 7.0

ω 783 0.6

φ 1019 1.3

Table 5.3.: Masses of the vector mesons and their electromagnetic decay widths
into e+e− pairs.

164]. Note, however, that the values are model dependent and have large
uncertainties. They read

gv,ρ0pp = 3.3, gv,ωpp = 16, gt,ρ0pp = 20, gt,ωpp = 0. (5.20)

Furthermore, from the baryon electric charges and magnetic moments, one
gets

gFv
gFv + gDv

= 1,
gFv + gFt

gFv + gDv + gFt + gDt
=

2

5
, (5.21)

respectively [165]. Therefore, one can extract the following information, with
the help of which one can obtain all the other couplings between the vector
mesons and the octet baryons:

gFv = 4.6, gDv = 0, gSv = 15.5,

gFt = 8.4, gDt = 19.6, gSt = −1.6. (5.22)

For the purpose of this work, one can follow the narrow-width approxima-
tion [156] for the ω and the φ, where

√
t Γ(t) is set to an infinitesimally small

ε > 0. The spectral functions then yield

Im F1,2(t) = π a1,2
V BB δ(m

2
V − t), (5.23)

with

a1
V BB =

gvm
2
V

FV
, a2

V BB =
gtm

2
V

FV
. (5.24)

Furthermore, the real parts of the form factors read

Re F1,2(t) =
a1,2
V BB

m2
V − t

. (5.25)
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As for the contribution of the broader ρ0 to the form factors, one needs to
take into account its hadronic width [147]

Γ(t) =
g2
ρπ(t− 4m2

π)3/2

48πt
H(t− 4m2

π), (5.26)

with H the Heaviside step function and with gρπ = 6.03 determined from the
empirical decay width of the ρ into two pions. One obtains

Im F1,2(t) =

√
t Γ(t)a1,2

V BB

(m2
V − t)2 + t Γ2(t)

H(t− 4m2
π),

Re F1,2(t) =
(m2

V − t)a1,2
V BB

(m2
V − t)2 + t Γ2(t)

H(t− 4m2
π) +

a1,2
V BB

m2
V − t

H(4m2
π − t). (5.27)

Note that this formulation of the broad ρ coupling is equivalent to that in
Ref. [147]. In that work, the imaginary parts of the form factors or, to be
more precise, the combinations

GE = F1 +
q2

4m2
B0

F2, GM = F1 − F2 (5.28)

are studied. In the present thesis, those results are reproduced up to the size
of the vector-meson couplings. As mentioned above, these are not very well
known. While in Ref. [147] they are fitted to the size of the ρ peak, here I use
the results from the Bonn potential [163, 164].

5.2.4 Transverse electromagnetic densities

Having determined the analytical expressions of the form factors allows one
to extract the electromagnetic baryon densities. Here, I give a brief intro-
duction on how to relate these quantities in the light-front picture. A more
comprehensive overview can be found in Refs. [151, 159].

One considers the evolution of the relativistic system at fixed light-front
time

x+ = x0 + x3 = x0 + z = 0. (5.29)

The states are then parameterised by their light-front momentum, transverse
momentum and light-front energy, given by

p+ = p0 + pz, ~pT = (px, py), p− = p0 − pz =
p2
T +m2

B0

p+
, (5.30)
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respectively. Independently of the value of p+, for a transverse momentum
transfer to the nucleon ~qT , where q± = 0, the light-front current J+(~b ) can
be decomposed into a spin-independent and into a spin-dependent part, as
follows: for a baryon positioned at the origin and polarized in the y-direction,
the SI and SD parts depend on the transverse charge density ρ1(b) and on
2Sy cosφ ρ̃2(b) [159], repectively, where

ρ̃2(b) =
∂

∂b

[
ρ2(b)

2mB0

]
(5.31)

and ρ2(b) is the anomalous magnetization density. The spin projection onto
the y-axis is Sy = ±1/2, and φ is the angle of the x-axis with the transverse

vector ~b with modulus b.
The distribution of the charge and magnetization is therefore determined

by ρ1(b) and ρ̃2(b), and the form factors acquire the simple form of a two-
dimensional (transverse) integral over these densities [166–168]

F1,2(t = −~q 2) =

∫
d2b exp

(
i~q~b
)
ρ1,2(b). (5.32)

On the other hand, the inverse relation is given by [159]

ρ1,2(b) =

∫ ∞
0

d|~q|
2π
|~q|J0(|~q|b)F1,2(t = −|~q|2), (5.33)

where J0 is the Bessel function.
The dispersive representation of the form factors is obtained directly by

connecting them to their imaginary parts,

F1,2(t) =

∫ ∞
4m2

π

dt′

t′ − t− iε

ImF1,2(t′)

π
, (5.34)

and therefore with the spectral functions one can also describe the electromag-
netic densities as [158]

ρ1(b) =

∫ ∞
4m2

π

dt
K0(
√
tb)

2π

ImF1(t)

π
,

ρ̃2(b) = −
∫ ∞

4m2
π

dt

√
tK1(
√
tb)

4πmB0

ImF2(t)

π
, (5.35)

where Kn(z) refers to the modified Bessel function of the second kind. Note
that the lower integration limit is t = 4m2

π, as two pions are the lowest-mass
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states that can be created. Therefore, the contributions to the imaginary part
of the form factors up to this cut vanish.

It is very instructive to study the analytic behaviour of Eq. (5.35), as some
characteristic features of the densities can be inferred from its properties. Due
to the weighting of the dispersive integral by Kn(z), the functions are expo-
nentially suppressed for large arguments:

Kn(z)→ (2z)−1/2
√
πe−z, z � 1. (5.36)

The densities are therefore expected to show an exponential fall-off.
As mentioned before, the peripheral densities are determined by diagrams

with two-meson cuts. There, the photon couples to the meson directly, and
thus only charged mesons give relevant contributions to the densities in the
peripheral region. Here, the charged pions and kaons are therefore considered,
leading to thresholds at two different positions: one at t = 4m2

π and the other
at t = 4m2

K . The spectral function assumes the form

ImFi(t) = H(t− 4m2
π)ImF 2π

i +H(t− 4m2
K)ImF 2K

i , (5.37)

where the upper index 2π or 2K denotes which cut contributes to the spectral
functions. Inserting Eqs. (5.36) and (5.37) into Eq. (5.35), one gets

ρ1(b) ≈
∫ ∞

4m2
π

dt
e−
√
tb√

8π
√
tb

ImF 2π
1 (t)

π
+

∫ ∞
4m2

K

dt
e−
√
tb√

8π
√
tb

ImF 2K
1 (t)

π

=e−2mπb

∫ ∞
4m2

π

dt
e−(
√
t−2mπ)b√

8π
√
tb

ImF 2π
1 (t)

π

+ e−2mKb

∫ ∞
4m2

K

dt
e−(
√
t−2mK)b√

8π
√
tb

ImF 2K
1 (t)

π
, (5.38)

which means that the contribution from the 2K cut is suppressed with respect
to the 2π case by a factor e−2(mK−mπ)b. Thus, the kaon cloud is expected to be
more central than the pion cloud. In general, for a given value of the impact
parameter b, the high-energy modes are exponentially suppressed with respect
to the low energy ones. Therefore, even though all the modes should be taken
into account in the dispersive integral, for the peripheral regions it does indeed
suffice to consider only the low-energy modes from ChPT. These conclusions
can be made for ρ̃2 as well. There, due to the

√
t factor that results from the

derivative of the modified Bessel function of the second kind, the suppression
effect will be slightly smaller, but still visible.
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5.3 Results and discussion

In the following, I will be showing results for observables that can be extracted
from the form factors without any dependence on unknown LECs. That way,
the theory is able to give predictions and does not have to be fitted to data.
This amounts to observables that can be extracted from the calculation of the
loop diagrams alone, not depending on ChPT tree-level contributions. These
chiralO(p3) loops that depend only on known parameters are shown in Fig. 5.1.

The extraction of baryon charge radii involves tree-level contributions, which
depend on little known LECs. Nevertheless, the loop contributions to the
quantity d2

(dq2)2GE introduced in Eq. (5.2) involve only known couplings. We

assume that the contributions arising from the O(p4) chiral Lagrangians are
saturated by the vector-meson mechanisms. For the experimental determina-
tion, the information on these q4 coefficients of the GE(q2) series is crucial in
order to extract the behaviour of the charge radii, which are the q2 coefficients
of the GE(q2) series. Therefore, the determination within ChPT, of predictive
nature, is of great relevance.

The next point is the main goal of the present chapter: to determine the
peripheral transverse electromagnetic densities. They, too, depend only on
loop diagrams since, with the dispersive representation introduced in Sec. 5.2.4,
only imaginary parts of the form factors give contributions.

For both studies of the present chapter, I want to focus on the extension of
SU(2) to SU(3), in order to study the effect of η-loop and kaon-loop contribu-
tions on the nucleon observables, and also to be able to study the properties
of the hyperons.

5.3.1 Predictive contributions to the electric form fac-
tor

As a first result, I want to show the numerical values I obtain for the function
d2

(dq2)2GE|q2=0 introduced in Eq. (5.2). In Table 5.4, I present the results for

the SU(2) limit. The values for the constants are given in Tables 4.1 and 4.2.
These results agree with Ref. [16], which uses exactly the same model1.

The effect of the vector mesons is also studied, for whose constants the
values given in Sec. 5.2.3 are taken. As one can see, the vector mesons give
large contributions, and in the proton case they are much larger than those
from the ChPT loops. In fact, it is with their inclusion that one achieves a

1A minor error has been detected in the evaluation of diagram Fig. 5.1(f), in Ref. [16]. Fur-
thermore, in that work, the inclusion of additional higher-order terms was also explored.
They are called non-minimal couplings, for the ∆γ∆ vertex.
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Nucleon ∆(1232) Vector mesons Total

Proton

chiral limit 5.2 0.9 12.5 18.6

experiment [160] — — — 11.7 – 16.6

physical average 4.9 0.6 12.0 17.5

Neutron
chiral limit -5.2 0.1 -3.5 -8.6

physical average -4.9 0.1 -3.0 -7.8

Table 5.4.: Numerical values for the nucleon d2

(dq2)2GE(q2)|q2=0 in units of GeV−4,

in an SU(2) framework. The contributions coming from the dia-
grams with nucleon intermediate states, Figs. 5.1(a), 5.1(b), 5.1(d),
5.1(e), 5.1(g) and 5.1(h), and those with spin-3/2 intermediate states,
Figs. 5.1(c), 5.1(f), 5.1(i) and 5.1(j), are shown separately. Further-
more, the contributions of the vector mesons ω, ρ and φ are listed. The
values are shown both when taking the chiral limit of masses and LECs,
and when taking the physical-average values of SU(2).
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better agreement with the experimental estimates [160]. There, polynomial
fits to the proton electric form factor at very low Q2 were made. The values
range between 11.7 GeV−4 and 16.6 GeV−4, depending on the grade of the
polynomial that was taken. Substantially higher values of d2

(dq2)2GE(q2)|q2=0 =

29.1 GeV−4 had been previously obtained in Ref. [161], also in a polynomial
fit, but including larger Q2 values.

With the framework introduced in the present thesis, I now analyse two new
aspects: on the one hand, I study the influence of kaon and η loops on the
results for the nucleons, by the extension of the symmetry to SU(3). On the
other hand, I give predictions for the hyperon values. The results are shown in
Table 5.5. Concerning the nucleons, one can see that the values calculated in
SU(3) are slightly different from SU(2). When separating the contributions
of the pion loops from those of the η and the kaons, though, one sees that this
is not due to the contributions of the latter heavier mesons, which turn out
to give corrections of less than 10%. The numerical differences in the results
when extending the symmetry to SU(3) are mainly due to the different values
taken for the masses and the LECs in the two approaches.

While the chiral-loop contributions to the neutron and to the proton are
almost identical, but with opposite sign, this symmetry vanishes when intro-
ducing the vector-meson contributions. A similar effect can be seen for the
charged Σ doublet. It is interesting to see that the other four members of the
baryon octet show much smaller values of d2

(dq2)2GE|q2=0.
The fact that the loops of mesons with strange content give only small con-

tributions is to be expected. Due to the higher masses, their effect becomes
sizable at higher momentum transfers. Therefore, the extraction of the elec-
tric form factors at small virtualities should only be slightly affected by their
contributions. The inclusion of the decuplet states, on the other hand, is
again important when considering the chiral regime only. There, they give
corrections to the slope’s behaviour up to around 20% for the nucleons and
the charged Σ hyperons. For the other hyperons, where the octet contribu-
tions are small, it might be of even more importance to include the decuplet
contributions, as they become comparable in size. Of course, these effects are
subdominant when compared to the vector-meson contributions, which are
predominantly of larger size than those obtained from chiral loops.

It is interesting to draw the behaviour of the function GE(Q2) compared to
the experimental data separated with the Rosenbluth technique [161], which
is shown in Fig. 5.2. When plotting a line of the type

1 + q2 〈r2
E〉
6
, (5.39)

one sees that the description is good only up to around Q2 = 0.03 GeV2, being
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Octet Decuplet Vector mesons Total

Proton

chiral limit 4.0 0.4 12.5 16.9

experiment [160] — — — 11.7 – 16.6

physical average 3.9 -0.1 10.7 14.5

Neutron
chiral limit -3.8 -0.0 -3.5 -7.3

physical average -3.7 0.3 -1.7 -5.1

Σ+
chiral limit 3.4 0.7 13.8 17.9

physical average 2.8 0.4 12.3 15.5

Σ−
chiral limit -3.3 -0.4 -5.9 -9.6

physical average -2.7 -0.3 -5.3 -8.3

Σ0
chiral limit -1.0 0.1 4.0 3.1

physical average -0.8 0.1 3.5 2.8

Λ
chiral limit -0.8 -0.1 1.6 0.7

physical average -0.9 -0.1 2.1 1.1

Ξ−
chiral limit -1.0 -0.5 -2.3 -3.8

physical average -0.8 -0.4 -2.5 -3.7

Ξ0
chiral limit 0.7 -0.2 1.6 2.1

physical average 0.5 0.1 2.9 3.5

Table 5.5.: Numerical values for the octet-baryon d2

(dq2)2GE |q2=0 in units of GeV−4,

in an SU(3) framework. The values are shown both when taking the
chiral limit of masses and LECs, and when taking the physical-average
values of SU(3). The further explanations are as in Table 5.4.
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5 Octet-baryon electromagnetic form factors

slighlty better when taking the radius obtained from muonic hydrogen atomic
experiments [134] instead of the average radius reported for electron-scattering
experiments [133]. The former leads to a slope that describes the data up to
higher Q2. One can see, though, that at least a quadratical description is
needed in order to reproduce the data at even larger Q2, of the type

1 + q2 〈r2
E〉
6

+
q4

2

d2

(dq2)2
GE(q2)|q2=0. (5.40)

Two cases are compared: when including only chiral-loop contributions in the
function d2

(dq2)2GE(q2), and when additionally including the vector mesons. For

both these cases the proton charge radius rpE obtained from electron scattering
was used. One can see that the inclusion of the chiral-loop contributions
slightly improves the description of the data, leading to a similar effect as the
linear description with the radius from muonic hydrogen experiments. The
effects of the vector mesons are, as discussed above, even larger, and one can
see that they lead to a good agreement up to around Q2 = 0.07 GeV2, where
the quadratic description starts diverging from the data. Of course, since in
the present work no fit was performed, this is to be seen as a qualitative study
of the mentioned effects. Nevertheless, the behaviour seen is very promising for
a better understanding of the discrepancies between the proton-radius results
from different experiments.

5.3.2 Spectral functions

In the following, the results for the spectral functions of the baryon octet are
shown, as functions of the squared momentum transfer. A range of values for
baryon masses, meson-decay constants and couplings is considered, from the
chiral limit up to the average physical values. This is depicted as bands in the
plots. These sets of values have also been used in Chapter 4, and can be found
in Tables 4.1 and 4.2. Note that the η loops do not contribute to diagrams
relevant to the spectral function, due to this meson’s vanishing charge.

In Figs. 5.3 and 5.4, the contributions to the spectral functions Im(F1) and
Im(F2) from the meson loops are shown for the proton and the neutron, as a
base of comparison with previous works on nucleon form factors. First of all,
it is important to see that for most of the energy region depicted here, only
the pion loops are relevant. The kaon cut starts at t > 1 GeV2, giving some
small corrections to the form factors at higher momentum transfers. Only at
much higher energies, not shown here, the kaon and the pion loops become
comparable in size. This confirms the reliability of the results calculated in
previous works, in the framework of SU(2).
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Figure 5.2.: Proton GE(Q2) data [161] (red points) compared with the theoretical
models: descriptions linear in q2, with rpE from the muonic hydrogen
lamb shift (short black dashes) or from the electron-scattering data
(long blue dashes), as well as additional q4 contributions from chiral
loops (red thin line) and from the combination of the chiral-loop and
vector-meson contributions (broad black line).
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Figure 5.3.: Meson-loop contributions to the spectral function Im(F1) for the nu-
cleons. The left column is dedicated to the proton, while the neutron
results are shown on the right side. The first two rows show the con-
tributions of the octet and decuplet intermediate states, respectively.
The blue band corresponds to the π-loop contributions, the green band
to the K-loop contributions, and the red one shows their combination.
The bands are obtained by varying the values of the constants used
between the physical SU(3) average and the chiral limit. The last row
shows the combination (red) of octet (blue) and decuplet contributions
(green).
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Figure 5.4.: Meson-loop contributions to the spectral function Im(F2) for the nu-
cleons. The explanation of the figures and colors is as in Fig. 5.3.
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Furthermore, it is important to note that the decuplet contributions give
sizeable cancellations to those of the octet. This comes as no surprise, after
having studied the behaviour of GE(q2) in the previous subsection. There, it
could be seen that the decuplet contributions give important corrections in the
chiral region, for which reason it is to be expected that their effect is clearly
visible in the spectral functions, as well.

In total, for both the nucleons, one obtains a spectral function which is
slightly decreased in magnitude when compared to the case without the decu-
plet inclusion. Furthermore, it shows a clear cusp at the opening of the kaon
channels. The total behaviour of the two nucleons is almost identical, with a
difference in the overall sign. Other small numerical differences arise from the
interference behaviour between the kaon and the pion loops. For Im(F1), it is
in total constructive for the proton, but destructive for the neutron. Concern-
ing Im(F2), the effect of the kaon contributions is smoother and almost not
visible in the momentum-transfer region considered here.

In Figs. 5.5 and 5.6, the contributions to the spectral functions Im(F1) and
Im(F2) from the meson loops are shown for all the octet members. One can
see that they can be clearly grouped in pairs with similar behaviour. Both the
Ξ and the charged Σ hyperons exhibit a constructive intereference between the
decuplet and the octet contributions, where the importance of the former is
very strong for the Ξ. In fact, contrary to the other baryon-octet members,
there the decuplet and octet contributions are of a similar size, even for small
energies. This is a very important result, which shows that it is crucial to
include the spin-3/2 states in the theory.

Concerning the Σ0 and the Λ, their behaviour is of major interest as well.
In the isospin limit, where the charged and the neutral pions have the same
masses, the pion loops cancel exactly. As one can see, one only obtains non-zero
contributions to the spectral functions at the two-kaon cusp. Since the isospin-
breaking corrections are small, they are normally neglected. However, these
effects become dominant when calculating quantities suppressed by isospin
symmetry, i.e., when the isospin-symmetric result cancels out exactly, as is
the case of the Λ and the Σ0. The effect in the spectral functions is small,
though.

For the following section, where the charge and magnetic densities are to
be extracted from the spectral functions, it is important to include also the
vector-meson contributions, as introduced in Sec. 5.2.3. These model the be-
haviour of the densities at small transverse distances, closer to the baryons’
core. Therefore, one can estimate the size and the qualitative behaviour of the
transition region between the chiral periphery and the more central regions.

The vector-meson contributions to the spectral functions are shown in Fig. 5.7
for the case of the nucleon. The broad ρ starts to be significant at relatively
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Figure 5.5.: Meson-loop contributions to the spectral function Im(F1) for all the
octet members. The combination (red) of octet (blue) and decuplet
(green) contributions is shown. The bands are obtained by varying
the values of the constants used between the physical SU(3) average
and the chiral limit.
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Figure 5.6.: Meson-loop contributions to the spectral function Im(F2) for all the
octet members. The explanation is as in Fig. 5.5.
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Figure 5.7.: Spectral functions of the nucleons, with vector-meson contributions.
The left column shows the proton and the neutron is on the right. The
upper panels show Im(F1) and the lower ones Im(F2). The red band
shows the total SU(3) chiral-loop contributions, while the orange lines
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low momentum transfers, t ≈ 0.3 GeV2. This means that it is sizeable even for
energies that are still in the chiral domain. For Im(F1), the higher-mass poles
ω and φ play an important role at higher transfer energies. In fact, there is an
interesting interplay between the ρ and the ω, which in the case of the neutron
partially cancel each other, while for the proton they add up. This promises
interesting results for the charge densities, shown in Sec. 5.3.3. The case of
Im(F2) is different, where the ω and φ contributions are zero or negligible,
respectively.

5.3.3 Charge and magnetic transverse densities

Finally, I discuss the results for the charge and magnetic densities, extracted
via the Fourier integral over the spectral functions, as explained in Sec. 5.2.4.
They are shown for all the octet baryons, in Figs. 5.8 and 5.9. The vector-
meson contributions are already included. The uncertainty-bands in the plots
are again given by the variation of the parameters used between the chiral limit
and the physical average. Furthermore, they are now additionally associated
with the low-energy representation of the spectral functions in the dispersive
integral: by varying its upper limit from t = 10m2

π to infinity, one can estimate
the error that arises from the assumption that higher-mass states need not be
included.

An SU(2) calculation for the nucleon isovector combination has already
been presented in Ref. [159], but using a different formulation for the spin-3/2
resonances. In the present work, the study is extended to the hyperons. As
expected from the spectral functions, the chiral contributions to the periph-
eral density of the nucleons are mainly given by the loops of pions and octet
baryons, while only at very short distances, not shown here, the kaon cloud
and the decuplet become sizeable. Therefore, in the peripheral region, the
differences between the proton and the neutron behaviour are negligible, as
they are solely given by these kaon and decuplet contributions.

Concerning the vector-meson effects, it is interesting to see that, due to the
identical sign of the ρ and the ω in the spectral function Im(F1) of the proton,
the charge density’s final result is increased for peripheral distances b > 1 fm.
In fact, the calculations yield that the ρ gains the same importance as the
two-pion cut at distances b ≈ 3 fm, and that it increases with smaller b. This
effect of the vector mesons on the charge-density profile is still present when
adding the negative φ contribution. Due to its higher mass, it has less weight
in the dispersive integral.

For the neutron, the situation is different. Since the ρ contribution is re-
versed in sign, there is an interesting interplay between the contributions of
this negative resonance and the positive ω. At large transverse distances, the
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Figure 5.8.: Charge densities ρ1 for all the octet members as functions of the trans-
verse distance b. The combination (red) of chiral-loop (blue) and
vector-meson (green) contributions is shown. The bands are obtained
by varying the values of the constants used between the physical SU(3)
average and the chiral limit, in combination with varying the cut of
the upper limit in the dispersive integral.
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Figure 5.9.: Magnetic densities ρ̃2 for all the octet members as functions of the
transverse distance b. The explanation is as in Fig. 5.8.
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ρ dominates the vector-meson contributions but, at distances between 1 fm
and 2 fm, the dominant role is played by the ω, therefore compensating the
negative contribution of the two-pion cut. Thus, the behaviour of the two
nucleons’ charge densities is quite different, especially when considering the
more central regions.

As for the nucleon magnetic densities, in Sec. 5.3.2 it was discussed that the
relevant vector-meson contribution to Im(F2) stems from the ρ, the others be-
ing of vanishing or negligible size. Therefore, while the qualitative behaviour
of the proton magnetic density is similar to that of its charge density — with
the difference being that the vector-meson contributions obtain the same im-
portance as the pseudoscalar mesons’ closer to the periphery —, the case of
the neutron is different. There are no cancellations of the negative ρ contri-
butions with the ω, thus leading to a total negative magnetic density in the
whole range considered.

As discussed in Sec. 5.3.2, for the Σ0 and the Λ the pion-loop contributions
cancel out exactly in the isospin-symmetric case. This means that only the
2K cut contributes to the peripheral densities. Since the suppression factor for
this cut is e−2mKb (see Sec. 5.2.4), its contribution only starts to be relevant at
smaller transverse distances, and therefore these baryons are rather compact
objects with respect to the charge distribution. Moreover, even for the two-
kaon cut there is a significant cancellation between the loop contributions of the
octet and the decuplet intermediate states. In fact, the isospin-breaking effects
of the pion cloud generate much larger contributions in the peripheral region
than the kaon loops. Again, the reason for this is the weighting function in the
dispersive representation of the densities, which turns the pion contributions
dominant when compared to the kaon contributions. Combining the results,
one sees that the charge densities of the Λ and Σ0 baryons are up to five orders
of magnitude smaller than for the other baryon-octet members for distances
b > 3 fm. Thus, the effect of the vector mesons, especially the ω, is dominant
along the full b range considered here.

The conclusions are also valid for the magnetic densities of these two hy-
perons. In fact, the kaon-loop effects are slightly more sizeable than for the
charge densities due to the analytical structure of the dispersive integral dis-
cussed in Sec. 5.2.4. Nevertheless, it remains true that they are negligible when
compared to the vector-meson contributions.

The charged Σ hyperons show a behaviour very similar to the that of the
nucleons, although in the peripheral region the charge density is given almost
entirely by the octet intermediate states. The decuplet contribution is an
order of magnitude smaller. The pion-cloud contributions to Σ− are the same
as to Σ+, but of opposite sign, as was the case of the nucleon doublet. When
including the vector mesons, one sees that the ρ, the ω and the two-pion
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continuum give positive contributions to the charge density of the Σ+. The
vector-meson contribution becomes comparable to the two-pion cut at b ≈
3 fm. On the other hand, the effect of the negative contribution from the φ
is visible only at shorter distances than the ones considered here, similar to
what was seen for the proton. The contribution of the ω and of the φ is the
same for the Σ+ and for the Σ−. However, the two-pion continuum and the ρ
contributions to the Σ− are reversed in sign, producing a scenario that reminds
one of the neutron. The effects produced in the magnetic densities are of the
same qualitative behaviour as for the nucleons, too.

The last hyperons to be considered are the Ξ. Their peripheral densities
turn out to be larger than for many of the other members of the octet, due to
the relative size of the decuplet contributions, which gain a similar importance
to those of the octet. Concerning the vector mesons, the φ contribution to
the Ξ charge densities dominates over the others. Its large negative value
decreases the other positive effects very quickly, although it only leads to
a total negative contribution at transverse distances b < 1 fm. As for the
magnetic densities, both the two-meson continuum and the vector mesons give
negative contributions to the Ξ0. For the Ξ−, there is an interplay between the
negative ρ contribution and the other positive contributions, which produce a
total positive effect at larger distances, b > 2.5 fm.

In general, it is important to comment that the decuplet and vector-meson
contributions start being important at more peripheral regions for the magnetic
than for the charge densities. This is due to the larger weight of the high-t
region in the dispersive representation of the magnetic densities, as commented
in Sec. 5.2.4.

5.4 Summary and outlook

In this chapter, I presented the study of the electromagnetic form factors of the
baryon octet. In particular, I focused on the contributions of the chiral loops
of O(p3). I included the spin-3/2 degrees of freedom explicitly, in the SSE
counting scheme. The renormalization was performed with EOMS. The con-
tributions considered here are not dependent on any unknown LECs, therefore
giving real predictions of ChPT. These were applied to two main studies.

On the one hand, I studied the contributions to d2

(dq2)2GE(q2). When extract-
ing the baryon charge radii from the experiment, it does not suffice to make
a polynomial fit to the form factors, because of the poles that appear, e.g., at
the two-pion cut. By taking them into account in the quantity d2

(dq2)2GE(q2),

the expansion of the electric form factor around small q2 might lead to a better
extraction of the charge radii.

The present chapter showed that for the nucleon there are some differences
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arising when extending the SU(2) framework to SU(3). Although the kaon
and the η contributions are very small when compared to those of the pion,
the parameters for masses and LECs are different, and they therefore lead
to corrections. For all the octet members, it was shown that, concerning the
chiral-loop contributions, those arising from the decuplet are sizeable and need
to be included. Furthermore, the model dependent vector-meson effects on the
results are in general larger than those from the meson cloud. In fact, when
including them, the experimental expectations for the proton are better met.

On the other hand, the spectral functions and their role in determining the
charge and magnetic density profiles was studied. This was done for all the
baryon-octet members, for transverse distances b > 1 fm. The results are
based on the combination of the chiral EFT predictions for the octet spectral
functions with decuplet intermediate states and the presented model for the
vector-meson contributions. In general, the latter is only relevant for short
transverse distances, while the peripheral behaviour is predicted in a model-
independent fashion with ChPT. To be more precise, it is the loop diagrams
with imaginary parts at the two-meson cut that give contributions.

When studying the spectral functions, the imaginary parts of the form fac-
tors, as functions of the squared momentum transfer, one can obtain infor-
mation about the charge and magnetic densities. It could be seen that for
most cases the pion-octet loops dictated the analytical behaviour of the pe-
ripheral transverse densities. However, for the Λ and the Σ0, the rest of the
contributions becomes relevant, because there are strong cancellations in the
pion cloud. Isospin-breaking effects and the contribution of vector mesons be-
come dominant, even at the periphery. Another relevant case is that of the Ξ
baryons, where the pion-decuplet intermediate state gains a similar importance
to the pion-octet contribution, already at the periphery.

The results obtained here define a hierarchy of contributions to the form
factors of all the members of the octet, and they also establish the region of
dominance of the vector mesons for these baryons. Although one would always
expect the lower-mass intermediate states to give the relevant contributions at
low energies, i.e., at high transverse distances, it was found that the higher-
mass states are not negligible. They turn out to be even more dominant for
some of the baryon-octet members for which there are strong cancellations
between lower-mass states.

Following this extensive study, in the future one could investigate more
deeply the effects of isospin breaking. Furthermore, it would be interesting
to analyse the form factors of the spin-3/2 decuplet members, about which
the experimental data are scarce, within the same framework, and focusing
on the question if there are anomalous thresholds appearing below the two-
pion cut. Last but not least, it is important to apply the present theory to
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the extraction of the proton electromagnetic form factors in the experiment,
for a better understanding of its properties and of the discrepancies between
different empirical approaches.
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CHAPTER 6

CP -VIOLATING η AND η′ DECAYS:
RELATION WITH THE NEUTRON

ELECTRIC DIPOLE MOMENT

6.1 Introduction

The investigation of the CP -symmetry violation is strongly connected to the
question as to why matter and antimatter in our vicinity of the universe show
such a large asymmetry. In 1967, Sakharov postulated three principles that
should be fulfilled to explain this observation [169]: the violation of the baryon
number conservation, a thermal disequilibrium and the violation of the C and
CP symmetries. The first would allow for a different number of baryons and
antibaryons, which is a necessity if the asymmetry is to be explained. The
second would explain why there are more reactions in one direction than in
the other, so that the net amount of matter is larger than that of antimatter.
Finally, the symmetry violations would lead particles and antiparticles to have
different reaction rates.

All these postulates can be described qualitatively in the Standard Model
(SM). For instance, a source of CP violation comes from the complex phases in
the quark-mixing matrix. In fact, these are the only experimentally confirmed
CP -violating processes up to date. But the theoretical description of the CP
violation in the SM turns out to be many orders of magnitude smaller than
necessary to produce the observed baryon asymmetry [170, 171].

The SM predicts some CP violation, already confirmed in the experiment,
in the electroweak sector. There, C and P are maximally violated, and, though
smaller, there is also a CP violation due to the complex phases in the quark
and lepton mixing matrices. On the other hand, the standard version of QCD
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does not contain any term violating CP , and at the moment there is no exper-
imentally known CP violation in purely strong processes. However, the gauge
symmetry allows for additional pieces of the QCD Lagrangian that break CP ,
and there is no good reason why they should not be there. This is known as
the strong CP problem.

Moreover, the addition to the Lagrangian of and odd term with respect to
the CP transformation [172–174] would lead to a sizeable permanent neutron
electric dipole moment. Thus, it would have an asymmetric distribution of
positive and negative charges. Furthermore, if it is to be sizeable, it is a clear
sign of physics beyond the SM, since otherwise the CP violation would only
account for a neutron EDM of the order of magnitude 10−32e cm [175]. This
is much too low to be brought in connection with the baryon asymmetry that
can be observed in the universe. While such a result is far from the precision
experimentally reachable today, of all the baryons the neutron remains the
most convenient object for precision measurements of the EDM, owing to its
vanishing charge and its stability. The current experimental upper limit for its
value is dexp

n = 2.9× 10−26e cm [124] at a confidence level (CL) of 90%, which
still allows for some CP violation from the QCD sector.

Previous studies of the relation between the CP violation and the neutron
EDM have been made in Refs. [175–178], among others. There is also an
extensive experimental programme looking for rare decays which violate CP .
For instance, as is the purpose of the present chapter to show, if the explicitly
CP -violating decay η(′) → ππ exists, then the coupling of the η(′) to two pions
automatically generates a non-vanishing EDM of the neutron.

The branching ratios of the η(′) decays into two pions have the current
experimental upper limits [124]:

Γ(η → ππ)

Γfull
η

<

{
1.3× 10−5 for π+π−

3.5× 10−4 for π0π0

,

Γ(η′ → ππ)

Γfull
η′

<

{
6× 10−5 for π+π−

4× 10−4 for π0π0

, (6.1)

with a CL of 90%, and where Γfull
η = (1.31 ± 0.05)keV and Γfull

η′ = (0.198 ±
0.009)MeV. Recently, the LHCb collaboration reported a smaller upper limit
for the η′ → π+π− branching ratio of 1.8 × 10−5 [179]. If the values of the
branching ratios were known exactly, one could estimate the contributions of
these CP -violating decays to the neutron EDM. Together with the decay of the
η into four pions, which currently has an upper limit for the branching ratio
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two orders of magnitude smaller in size, these are the only flavour-conserving
CP -violating decays measured so far. In return, one can treat this problem
from the opposite perspective: by knowing the size of the neutron EDM, one
can set an upper limit for the branching ratios. This is the goal of the present
work, because the neutron EDM is better experimentally constrained than the
CP -violating decays.

In Ref. [176], the size of the neutron EDM was estimated from the construc-
tion of a CP -violating chiral Lagrangian that couples the light pseudoscalars
to the neutron, modulo the size of the phase of CP violation θ. At leading
chiral order, only the contributions of the charged mesons survive, for which
there is no experimental input on the size of the CP -violating couplings. In
order to relate the neutron EDM to the couplings with the η(′), next-to-leading
order chiral Lagrangians must be taken into account.

As mentioned, this is precisely the aim of the present chapter. Here, I
give a theoretical upper limit for the CP -violating η(′) branching ratios, to
a higher precision than possible in experiments up to date, by calculating
the size of the empirically well-constrained neutron EDM that arises from
these contributions. The approach is as follows: in Sec. 6.2, I construct the
Lagrangian for the CP -violating coupling of the η(′) to the pions, in order to
connect it to the branching ratio. In Sec. 6.3, I use this input to construct the
CP -violating coupling of the η(′) to the nucleon. The CP -conserving coupling
is discussed in Sec. 6.4, with the usual SU(3) considerations. In Sec. 6.5, I give
a brief overview on the couplings with vector mesons. The calculation of an
estimate for the neutron EDM is shown in Sec. 6.6. By constraining this result
by the experimental upper limit for the neutron EDM, I extract an estimate
for the upper limit of the η(′) → ππ branching ratios. In Sec. 6.7, I summarize
the chapter and give my conclusions.

6.2 The CP violating η(′) → ππ decay

I closely follow the arguments presented in Ref. [177]. The effective Lagrangian
describing the CP -violating ηππ coupling is given by

LCP
ηππ = fηππmηη~π

2, (6.2)

with mη the mass of the η field and fηππ its coupling to the ~π with mass Mπ.
The Lagrangian is analogous for the η′.

In order to obtain information about the coupling constant, I calculate the
decay width of the η(′) into two pions from the squared reaction amplitude∣∣Mη(′)ππ

∣∣2 = 4|fη(′)ππ|2m2
η(′) directly obtained from Eq. (6.2). Since the decay
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products have the same mass, the following relation for the width holds [124]:

Γ =
S|~pπ|

8πm2
η(′)

∣∣Mη(′)ππ

∣∣2 =

√
m2
η(′) − 4M2

π

4π
|fη(′)ππ|2S, (6.3)

where S = 1
2

if the two final particles are identical (π0π0 channel) and S = 1
otherwise (π+π−). The momentum |~pπ| for the final particles in the center-of-
mass frame is easily obtained from energy-conservation considerations:

M2
π = E2

π − |~pπ|2

mη(′) = 2Eπ

⇒ |~pπ|2 =
m2
η(′) − 4M2

π

4
. (6.4)

With the numerical values for the masses [124]

Mπ± = 139.57MeV,Mπ0 = 134.98MeV,

mη = 547.86MeV,mη′ = 957.78MeV, (6.5)

and Eq. (6.1), one obtains the upper limits for the coupling constants. Here I
choose to calculate the charged and neutral channels separately, and to keep
only the lower result as the global upper limit:

|fηππ| < 2.13× 10−5,

|fη′ππ| < 4.04× 10−4. (6.6)

6.3 The CP -violating coupling of the η and the

η′ to the nucleon

With the previous considerations, one can obtain an estimate for the CP -
violating coupling of the η(′) to the nucleon

LCP
η(′)NN

= gCP
η(′)NN

N̄Nη(′), (6.7)

the ansatz being via pion loops as shown in Fig. 6.1. Isospin considerations
make it clear that there is no contribution from Fig. 6.1(c), due to the cancel-
lation between the π+ and the π− loops. The method for the calculation of
Figs. 6.1(a) and 6.1(b) is fully covariant ChPT with the SU(2) Lagrangians
introduced in Eqs. (2.10) and (2.18), together with the vertex from Eq. (6.2).
Fig. 6.1(a) then reads

gCP
η(′)NN

= −iI2
Nπ

g2
Afη(′)ππmη(′)

F 2
π

∫
ddz

(2π)d
(/z + /k)γ5(/p− /z +m)/zγ5

[(k + z)2 −M2
π ][z2 −M2

π ][(p− z)2 −m2]
,

(6.8)
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(a) (b) (c)

Figure 6.1.: Loops that can contribute to the CP -violating coupling of η(′) to the
nucleon. The single solid lines stand for nucleons, the double lines for
the ∆, the dashes for pions and the dotted lines for the η(′). The black
box at the η(′)ππ vertex indicates the CP violation.

where k is the momentum of the η(′) and INπ is the isospin factor. It reads
INπ = 1/2 for the π0n loop and INπ =

√
2/2 for π−p. The incoming nucleon

momentum is given by p, Mπ is the pion mass, and m the nucleon mass within
the loop. To estimate the coupling, I use the approximation where the external
nucleon legs are on shell. When simplifying this integral with the help of the
Feynman parameterisation and the dimensional regularization, I obtain the
result:

gCP
η(′)NN

=
g2
AI

2
Nπ

F 2
π

fη(′)ππmη(′)

∫ 1

0

dfa

∫ 1−fa

0

dfb

[
− (3fbmn +mn + 2m)λ2(∆ηNN)

+
mn +m+ fbmn

2
ρ2(∆ηNN)

+

(
f 2
ak

2(fbmn +m+mn) + fa(fb − 1)k2(fbmn +m+mn)

+ f 2
bm

2
n((fb − 1)mn +m)

)
λ3(∆ηNN)

]
, (6.9)

where fa and fb are the Feynman parameters and mn is the external nucleon
mass. Furthermore (see also Appendix C),

λ2(∆) =
1

16π2

[
2

ε
− log

(
∆

µ2

)
+ log(4π)− γE

]
,

101



6.3 The CP -violating coupling of the η and the η′ to the nucleon

ρ2(∆) =
2

16π2
,

λ3(∆) =
1

16π2∆
, (6.10)

with ε = 4− d, and where µ is the renormalization scale for which I take the
nucleon mass. For the considered diagram,

∆ηNN = M2
π(1− fb)− fak2(1− fa − fb)−m2

nfb

(
1− fb −

m2

m2
n

)
. (6.11)

For the purpose of comparison, I extract the heavy-baryon limit from Eq. (6.9)
by taking the leading order of the Taylor expansion around the small param-
eters m−1 and m−1

n . In the isospin limit of equal pion masses and of equal
nucleon masses, and when choosing a vanishing k2 = 0 for the η(′), the result
has the compact form

gCP,HB
η(′)NN

=
3fη(′)ππg

2
Am mη(′)(γE − 2− log(4π)− 2

ε
)

32π2F 2
π

. (6.12)

This is in agreement with the previous calculations in Ref. [177] after some
typos are corrected.

For the relativistic calculation, I use the EOMS renormalization scheme,
where the divergences are absorbed with the MS prescription: terms propor-
tional to 2

ε
+ log(4π)− γE are subtracted, see also Appendix C. Again taking

the mass isospin limit and setting k2 = 0, I obtain the compact result for
Eq. (6.9):

gCP
η(′)NN

= −
3fη(′)ππg

2
Amη(′)

16π2F 2
πm

{
M2

π log

(
m

Mπ

)
+m2 +

Mπ (M2
π − 3m2)√

4m2 −M2
π

×
[

arctan

(
Mπ√

4m2 −M2
π

)
+ arctan

(
2m2 −M2

π√
4m2M2

π −M4
π

)]}
. (6.13)

As for Fig. 6.1(b), with a ∆ intermediate state, it reads

gCP
η(′)NN,∆

=iI2
N∆π

h2
Afη(′)ππmη(′)

F 2
πM

2
∆

∫
ddz

(2π)d

× (pα − zα)zδγαβδS
ββ′

∆ (p− z)(pα
′ − zα′)(zδ′ + kδ

′
)γα′β′δ′

[(k + z)2 −M2
π ][z2 −M2

π ][(p− z)2 −M2
∆]

, (6.14)
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where IN∆π is the isospin factor for the hadronic transition, via a pion, between
the nucleon and the ∆ with mass M∆. It reads IN∆π = 1/6 for the π0∆0 loop
and IN∆π = 1/3 for the combination of π−∆+ and π+∆−. The definition of
the RS propagator Sαβ∆ (p) is given in Eq. (2.41). When setting the external
nucleon legs on shell, choosing k2 = 0 and taking the isospin limit, one obtains:

gCP
η(′)NN,∆

=
fη(′)ππh

2
Am

2mη(′)

1152π2F 2
πM

2
∆

{
− 6 (m2 +M2

π −M2
∆)

m
+ 6(2m+ 3M∆) log

(
M2

∆

m2

)

−
6
(

2m4 + 3m3M∆ +m2 (2M2
∆ − 6M2

π) +m (3M3
∆ − 3M2

πM∆) + 2 (M2
π −M2

∆)
2
)

m3

+ 4m+
1

m5

√
−m4 + 2m2 (M2

π +M2
∆)− (M2

π −M2
∆)

2

×
[

6
(

2m4 − 5m3M∆ +m2
(
6M2

∆ − 4M2
π

)
+ 5mM∆

(
M2

π −M2
∆

)
+ 2

(
M2

π −M2
∆

)2
)

×
(
m2 + 2mM∆ −M2

π +M2
∆

)2

]

×
[

arctan

 −m2 −M2
π +M2

∆√
−m4 + 2m2 (M2

π +M2
∆)− (M2

π −M2
∆)

2



− arctan

 m2 −M2
π +M2

∆√
−m4 + 2m2 (M2

π +M2
∆)− (M2

π −M2
∆)

2

]

+
3 log

(
M2
π

M2
∆

)
m5

[
2m6 + 3m5M∆ + 6m4M2

π + 6m3M2
πM∆ + 6m2M2

π

(
M2

∆ −M2
π

)

− 3mM∆

(
M2

π −M2
∆

)2
+ 2

(
M2

π −M2
∆

)3

]}
. (6.15)

In the following, I use the physical-average SU(2) values given in Tables 4.1
and 4.2. Furthermore, the η and η′ masses are given Eq. (6.5). Taking the
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upper limits for the η(′)ππ couplings as introduced in Sec. 6.2, one obtains the
following upper limits for the CP -violating η(′)NN couplings:

|gCPηNN | = 2.8 · 10−5, |gCPη′NN | = 9.4 · 10−4,

|gCP,HBηNN | = 3.9 · 10−5, |gCP,HBη′NN | = 1.3 · 10−3,

|gCPηNN,∆| = 7.9 · 10−6, |gCPη′NN,∆| = 2.6 · 10−4. (6.16)

One can see from the numerical result that it is important to take the ∆ loop
into account, as its contribution is larger than 20% of that from the nucleon
intermediate state. Furthermore, although the magnitude of the heavy-baryon
calculation is similar in size to the fully covariant one, one can see that there
is a sizeable change of around 30% in the numerical value due to this non-
relativistic approximation.

These couplings had been calculated previously in the HBChPT approach,
in Ref. [177], whithout the ∆ contribution. A direct comparison between the
numerical results has little meaning because of some errors in the formulas and
the now experimentally better constrained values for the branching ratios in
Eq. (6.1) [124].

6.4 The CP -conserving coupling of the η and

the η′ to the nucleon

The CP -conserving coupling of the η(′) to the nucleon is most commonly given
by

Lη(′)NN = −i
gη(′)NN

2Fη(′)
N̄/kγ5Nη

(′), (6.17)

with k the η(′) momentum, and where N̄ and N are the outgoing and incom-
ing nucleon states with mass m, respectively. This is nothing else than the
reduction of the SU(3) Lagrangian in Eq. (2.25) to this particular case, with
the difference that the mixing with the pseudoscalar singlet η′ is considered
as well. Therefore one is now working with the extension of the pseudoscalar
meson octet to the nonet. In the present calculation, I set the decay constant
Fη(′) to the SU(3) physical average 108 MeV, as in Chapter 4.

When considering only the octet of mesons, the π0nn coupling is given by
−gA = −(F + D), while the ηnn vertex has the coupling gηnn = 3F−D√

3
. The
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representation of the nonet, on the other side, is given by

λa√
2
φa =


φu√

2
π+ K+

π− φd√
2

K0

K− K̄0 φs√
2

 , (6.18)

where the physical states π0, η and η′ are related to the fields φu, φd and φs
via

φu = π0 + ηns,

φd = −π0 + ηns,

φs =
√

2ηs. (6.19)

In the isospin limit, the π0 does not mix with the η or the η′. The strange and
non-strange fields are given by ηs = η′ cosψ−η sinψ and ηns = η cosψ+η′ sinψ,
respectively. The mixing angle ψ between the η and the η′ has been estimated
in many works [180–186] to be in a range between 38o [185] from the η → e+e−γ
decay data and 45o [181] in a ChPT analysis. The more recent results tend to
values close to 40o, which I use in the following. For F and D, I also take the
physical-average values shown in Table 4.2.

6.5 Couplings with vector mesons

As in the previous chapter, here I also study the effects of the couplings with
vector mesons. The Lagrangian coupling vector mesons to octet baryons was
already introduced in Chapter 5. Here, I reduce the Lagrangian to the relevant
couplings with the nucleon. Furthermore, the electromagnetic transition be-
tween the vector mesons and the η(′) is needed. Therefore, the relevant pieces
of the Lagrangian are [162, 187, 188]

Lγη(′)V =
eλV

4mη(′)
εµναβF

µνV αβη(′), (6.20)

LV NN =N̄

(
gvγ

µ + igt
σµν

2m
qν

)
VµτVN, (6.21)

where the numerical values for the masses [124] and the results for the coupling
constants [177, 188] are summarized in Table 6.1 for the cases relevant here.
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Note that the coupling of the ρ to the nucleon is poorly known, and here, for
comparison purposes, I use the values from Ref. [177]. The electromagnetic

V mV (MeV ) gVv
gVt
gVv

λV λ′V τV

ρ 775.8 2.4 6.1 0.9 1.18 σ3

ω 782.6 16 0 0.25 0.43 1

Table 6.1.: Parameters for the Lagrangians that involve vector mesons.

field couples with the usual definition for F µν introduced in Chapter 2, and
the tensor field for the vector meson V µ is given by V µν = ∂µV ν − ∂νV µ.

Due to the fact that the values for the couplings are poorly known, they
are an important source of uncertainty in the results. Furthermore, in higher
orders they have a dependency on the virtuality of the vector meson, which I
ignore in the calculations that follow.

6.6 Calculation of the nucleon EDM

The EDM is extracted from the amplitude that describes the photon coupling
to the nucleon. This amplitude can generically be written in terms of form
factors, as I already introduced in Chapter 5. There, the structures could be
reduced to two form factors, F1 and F2, see Eq. (5.1). In the study of the
present chapter, as CP -violating vertices are taken into account, an additional
form factor is needed. This is exactly the form factor corresponding to the
EDM, which I call FEDM. Therefore the vector current Jµ between baryon
states now reads:

〈B(p′)| Jµ |B(p)〉

=ū(p′)

(
γµF1(Q2) +

iσµνqν
2m

F2(Q2) +
iσµνγ5qν

2m
FEDM(Q2)

)
u(p), (6.22)

where qν is the photon momentum, εµ its polarization, and σµν = i
2
[γµ, γν ].

At the physical point, where q2 = −Q2 = 0, the structure functions reduce to

F1(0) = eN , F2(0) = κN , FEDM(0) = d̃N . (6.23)

The charge eN is given in units of the elementary charge e, while the anomalous
magnetic moment κN and the EDM d̃N are given in units of e

2m
. For the kind
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of structure that multiplies FEDM to appear, the photon has to couple to the
nucleon via a CP -violating loop, as otherwise the amplitude would not be
proportional to γ5. The loops I consider in the present chapter are shown in
Fig. 6.2.

(a)

(b)

Figure 6.2.: Considered loops that can contribute to the neutron EDM. The solid
line represents the neutron, the dotted line the η(′), the dashed lines
are vector-meson contributions and the wavy line corresponds to the
photon. The black box stands for a CP -violating vertex.

In Fig. 6.2(a), the photon couples to the nucleon that propagates inside
the loop. For this kind of loop, all the tools necessary for the calculation are
introduced in the Secs. 6.3 and 6.4, and in the Lagrangians of Chapter 2. In
the particular case of the neutron, the leading-order coupling to the photon
vanishes, for which reason only the next-to-leading order term contributes.
The second-order nucleon Lagrangian of Eq. (2.13) is needed to describe such
a vertex at lowest non-vanishing order for the neutron, which reduces to:

L(2)
γnn = eκniσµν

εµqν
2m

, (6.24)

where κn = −1.913 is the neutron magnetic moment in units of e
2m

. Note that,
at the considered order, κn = c7 in the notation used in the present work, and
for the proton magnetic moment the relation κp = c6 + c7 holds.

A direct coupling of the photon to an η(′) is not possible, due to this meson’s
vanishing charge. Nevertheless, as is depicted in Fig. 6.2(b), it is possible to
achieve a coupling via a vector-meson exchange, which here I also perform for
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the sake of comparison with Ref. [177], and for an estimate of the importance
of its effect.

The analytical calculations are done with the help of the program Form, see
Appendix D, with which it is easy to obtain the coefficient FEDM by isolating
the pieces that have the needed structure iσµνγ5qν/(2m). In fact, precisely
due to the CP -violating coupling that was inserted into these diagrams, these
loops only have structures of this kind, while F1(0) = F2(0) = 0.

For the η, the amplitude of Fig. 6.2(a) reads

eκNgηNN ḡηNN
8mFη

∫
ddz

(2π)d
1

[z2 −m2
η][(p− z)2 −m2][(p+ q − z)2 −m2]

×
[
(/p+ /q − /z +m)(/q/ε − /ε/q)(/p− /z +m)/zγ5

−/zγ5(/p+ /q − /z +m)(/q/ε − /ε/q)(/p− /z +m)
]
, (6.25)

which for the EDM d̃n in units of e
2m

at q2 = 0 leads to

d̃n,a =
ḡηNNgηNNmκn

Fη

∫ 1

0

dfb

∫ 1−fb

0

dfa

{
(6fa − 5)λ2(∆EDM,a) + (2− fa)ρ2(∆EDM,a)

− 2m2
[
fa(f

2
a − 2) + 2(1 + (fa − 1)fa)fb + (fa − 2)f 2

b

]
λ3(∆EDM,a)

}
,

(6.26)

where, with the definitions in Eq. (6.10),

∆EDM,a = m2
η(1− fa − fb) +m2(fa + f 2

b ). (6.27)

After integration, the analytical expression is also quite compact:

d̃n,a =
ḡηNNgηNNκN

32π2Fηm3

{
m4 − 3m2m2

η +
(
3m4

η − 6m2m2
η

)
log
(mη

m

)

− 3m3
η√

4m2 −m2
η

(
m2
η − 4m2

)

×
[

arctan

(
mη√

4m2 −m2
η

)
+ arctan

(
2m2 −m2

η

mη

√
4m2 −m2

η

)]}
. (6.28)
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As for the amplitude in Fig. 6.2(b), it is given by

−eλV τV ḡηNN
mη

∫
ddz

(2π)d

{
(/z +m)

[(p− z)2 −m2
V ][z2 −m2][(p′ − z)2 −m2

η]

× qµεν(p− z)αiεµναβ
(
−gββ′ +

(p− z)β(p− z)β′

m2
V

)(
gVv γ

β′ +
gVt
4m

(p− z)α
′
[γβ

′
, γα

′
]

)

−

(
gVv γ

β′ − gVt
4m

(p′ − z)α
′
[γβ

′
, γα

′
]
)(
−gβ′β +

(p′−z)β′ (p′−z)β
m2
V

)
[(p− z)2 −m2

η][z
2 −m2][(p′ − z)2 −m2

V ]

× qµεν(p′ − z)αiεµναβ(/z +m)

}
. (6.29)

For this loop, the analytical result has the very simple form

d̃n,b =− 2
ḡηNNλV τVm

mη

∫ 1

0

dfb

∫ 1−fb

0

dfa

{
(gVv + gVt )(2λ2(∆EDM,b) + 3ρ2(∆EDM,b))

}
,

where

∆EDM,b = m2(1− fa − fb)2 +m2
ηfb +m2

V fa.

Note that for each of the two diagrams in Fig. 6.2(b) there are also pieces of the
type λ3(∆EDM,b), but they cancel. Integrating over the Feynman parameters
yields

d̃n,b =
ḡηNN(gVt + gVv )λV τV

24π2m3mη(m2
η −m2

V )

{
m2(m4

η −m4
V )

+m3
η(4m

2 −m2
η)

3/2

[
arctan

(
mη√

4m2 −m2
η

)
− arctan

(
m2
η − 2m2

mη

√
4m2 −m2

η

)]

−m3
V (4m2 −m2

V )3/2

[
arctan

(
mV√

4m2 −m2
V

)
− arctan

(
m2
V − 2m2

mV

√
4m2 −m2

V

)]

+m4
η(6m

2 −m2
η) log

(mη

m

)
−m4

V (6m2 −m2
V ) log

(mV

m

)}
. (6.30)
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The expressions are analogous for the η′.
At this point, I want to discuss the numerical results, which are summarized

in Table 6.2. The vector-meson contributions of Fig. 6.2(b) turn out to be
of the same order of magnitude as the loops in Fig. 6.2(a), or slightly larger.
This is to be expected, even though the vector mesons are higher-mass states.
For Fig. 6.2(a), the Lagrangian of first chiral order does not allow a coupling
of the photon to the neutron. Therefore, that contribution is suppressed, and
the vector-meson contributions become equally important. The sum of all the
contributions yields a total dtot

n < 7.7 · 10−18e cm.
Considering the experimental upper limit of dexp

n = 2.9 ·10−26e cm, the ratio
between the theoretical expectation and the measurement is of the order of
magnitude 108. This means that the upper limit for the decay ratio of the η(′)

into two pions gives a large overestimation of the CP -violating coupling con-
stant. In fact, in order for the results to be compatible with the experimental
constraint on the neutron EDM, the branching ratio would have to be at least
eight orders of magnitude smaller. This is a very important result, as it leads
to a magnitude of CP violation which, due to its small size, has not been
possible to extract experimentally so far. Note that the recent experimental
report on the η′ → π+π− decay ratio [179] is approximately three times smaller
than the values used here [124]. Therefore, when taking this new value the η′

contributions to the neutron EDM would be reduced by a factor ≈
√

3. As
they are the dominant contributions, so would also the the value for dtot

n .

η η′

Fig. 6.2(a) 3.1 · 10−20 2.7 · 10−18

Fig. 6.2(b) 2.1 · 10−19 4.8 · 10−18

Table 6.2.: Contributions to the upper limit of the neutron EDM from the current
experimental upper limits of the η and η′ branching ratios into two
pions. The units are e cm.

It is interesting to confront these results with those in Ref. [176]. There,
as mentioned, the size of the neutron EDM was estimated within a similar
framework as presented here, but taking into account the charged-meson con-
tributions of leading chiral order. There, up to the unknown CP -violating
phase θ, the EDM was estimated to be of the order of magnitude 10−16e cm.
The fact that in the present chapter the estimate is smaller is in good agree-
ment with that calculation, knowing that for the neutral mesons considered
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here the diagrams that contribute are of the next chiral order.
It is important to keep in mind that the values shown in Table 6.2 are not to

be seen as predictions for the neutron EDM, but as estimates for the order of
magnitude of the η(′) branching ratios into two pions. Other processes beyond
the scope of this thesis give additional contributions to the neutron EDM.
E.g., these are pieces obtained from the CP -violating decay of the η(′) into
four pions, or processes that do not conserve flavour, via the quark-mixing
matrix. Furthermore, as mentioned in Sec. 6.5, some of the coupling constants
used here are poorly known, and the results depend on the renormalization
scheme used. Nevertheless, due to the very large discrepancy between the
experimental constraint of the EDM and the one calculated from the current
upper limits for the CP -violating branching ratios, the results are still rigorous
enough to be instructive. The conclusions made here remain, even if other
processes are to be additionally considered, or if the coupling constants are to
have different sizes.

6.7 Summary and outlook

In the present chapter, I calculated the nucleon EDM originated by a CP
violating coupling to the η(′) meson. In particular, I focused on the result
for the neutron, as its experimental upper limit is very small, dexp

n = 2.9 ·
10−26e cm. This gives a very strong constraint on observables related to it.
More specifically, if a neutron EDM is to exist, then CP violation has to occur.
Therefore, here the goal was to give an estimate for the size of this violation.

This was achieved by constructing a CP -violating coupling of the η to the
nucleon, via loops that include an η(′)ππ vertex. While there are experimental
results for the upper limit of the η(′) → ππ decay ratio, here I wanted to test
if indeed this constraint is compatible with the size of the neutron EDM. As
in the previous chapters of this thesis, the ∆ contributions were taken into
account as well, leading to a correction to the CP -violating η(′)NN vertex
larger than 20%.

I considered two possible sources for the neutron EDM. In one case, the
photon coupled to the neutron in a loop with a CP -violating ηNN vertex. In
the other, vector-meson contributions within the loop were considered as well.
The two contributions turned out to be of a similar size.

In total, I obtained a constraint on the CP -violating η(′) → ππ decay ratio
roughly eight orders of magnitude smaller than measured in the experiment so
far. This is a very instructive result, since it gives an estimate on symmetry
violations in nature, where experimental results are not yet achievable.

111





CHAPTER 7

SUMMARY AND CONCLUSIONS

In this work, I have studied the low-energy behaviour of baryons subjected to
external electromagnetic fields. I used the framework of fully covariant Chiral
Perturbation Theory for light hadrons, with the explicit inclusion of spin-3/2
degrees of freedom. The renormalization used was the Extended On Mass Shell
scheme, with which the fully analytical expressions of divergences and power-
counting breaking terms are absorbed into the chiral Lagrangian’s low-energy
constants.

The work is divided into four main chapters, each of them treating a differ-
ent low-energy process or observable. In Chapter 3, the photoproduction of
neutral pions off proton targets was studied, with a focus on the comparison
with experimental data on differential cross sections, photon asymmetries, s-
wave and p-wave multipoles. The observed photon energies ranged from the
production threshold up to slightly above 200 MeV in the laboratory frame.
While I started with the description of the interactions between nucleons and
pions, the framework used sets an excellent basis for the calculation of low-
energy processes involving baryons, mesons and photons, in general. Thus,
in Chapter 4, I studied the forward spin polarizabilities of the nucleons and
the hyperons, which can be extracted from Compton scattering. There are no
data for hyperons yet — although it would be possible to obtain information
from lattice QCD —, and therefore the goal was to give predictions for their
values. This is especially interesting for this specific polarizability, as it turns
out to be renormalization-scheme independent, and only well-known LECs are
involved. Similarly, in Chapter 5, the electromagnetic form factors of the nu-
cleons and the hyperons were calculated. In particular, the connection to the
low momentum-transfer expansion of the electric form factor and to the pe-
ripheral transverse charge and magnetic densities of these baryons was made.
The results are also predictive, although dependent on the renormalization
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scheme used. For the hyperons, it should be possible to confirm them with
lattice QCD calculations in the near future. For the nucleons, the form factors
are extracted from the elastic electron scattering. With the help of the same
process, one can gather information about the neutron electric dipole moment
at vanishing photon virtuality. In Chapter 6, I concentrated on this point, with
the aim of relating this quantity to the size of some possible CP -violating me-
son decays in nature. From the experimental constraint on the neutron EDM,
I gave an estimate for the upper limit of the branching ratios of some of these
decays. I discuss these four projects in more detail in the following.

In Chapter 3, the process of neutral pion photoproduction off proton targets
has been extensively studied. This was motivated by the new high-precision
differential cross-section and photon-asymmetry data recently obtained by the
Mainz Microtron. These were the first to provide access to a wide range of
scattering angles and a narrow binning in photon energies, from pion pro-
duction threshold up to over 200 MeV in the laboratory frame. With this
new information, previous work by other theoretical groups has been shown
to reproduce data up to not more than 20 MeV above threshold. The most
successful approaches had been ChPT calculations to fourth chiral order, both
in covariant and nonrelativistic approaches. These O(p4) calculations imply
the appearance of many unknown LECs, which in principle mean the existence
of additional degrees of freedom for the fitting procedures. Unfortunately, de-
spite this, the agreement between the data and the theory turned out not to be
significantly better than in previous lower-order calculations. Even including
the vector-meson resonances explicitly did not improve the situation.

Here, we tested an alternative approach: the explicit inclusion of spin-3/2 de-
grees of freedom. These are related to the experimental observation of nucleon-
excitations to the ∆(1232) resonance. In fact, the coupling of these states to
the nucleons is quite strong, so their contributions should be significant at
energies close to their mass. Nevertheless, previous works done in the nonrel-
ativistic heavy-baryon ChPT did not succeed in describing the data, either.
The reason for this could be that, due to the static nature of the framework
used in those calculations, the energy dependence of the ∆ propagator could
not be fully taken into account. However, it is exactly this dependence that is
crucial to describe the steep rise of the cross sections with the photon energy.
Therefore, we revisited the calculations, now in fully relativistic ChPT.

The first step was to include the ∆(1232) at tree level, in addition to tree and
loop-level diagrams with nucleon propagators. Unlike previous calculations, we
stayed at O(p3), avoiding a too large number of unknown LECs. In addition
to the high number of data points the fits were made to, this too leads to more
predictive results. The outcome was highly satisfactory, as the theory was in
agreement with the data in the whole range of energies considered. We then
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additionally included the lowest-order loop diagrams with ∆ propagators, in
order to test the convergence of the theory at higher orders. In the counting
scheme chosen in Chapter 3, this inclusion amounts to a calculation at chiral
O(p7/2). These extensive calculations had the advantage of being a nontrivial
test of the convergence of the chiral series, as the agreement between data and
theory was nearly the same as at O(p3). Furthermore, they allowed to better
study the dependence of the LECs on the ∆-loop inclusion, and might lead to
a good agreement between data and theory at energies even higher than those
considered here. Finally, a study of the lowest (s-wave and p-wave) multipoles
confirmed the indispensability of taking into account the ∆ degrees of freedom.

In Chapter 4, I calculated the ChPT prediction for the forward spin polariz-
abilities of the baryon octet from Compton-scattering amplitudes. Here, too,
the values were extracted in the framework of a fully covariant calculation with
the explicit inclusion of spin-3/2 degrees of freedom, at O(p7/2). Calculations
with the same approach had already been done for the nucleons, by studying
the effects of pion loops in SU(2), i.e., by taking into account baryons com-
posed of u and d quarks. The results agreed very well with the experiment,
which is particularly striking as no fits to data had to be made: the LECs ap-
pearing at the order considered had already been well determined in the course
of the past few decades through the study of other processes. The calculation
therefore presented a non-trivial and successful test of baryon ChPT.

For this reason it is promising to extend the calculations to include the
s quarks, which amounts to studying not only nucleons with pion-loop con-
tributions, but also hyperons, with kaon and η loops. In the present work,
I described my calculations related to this topic. The study of the hyper-
ons’ forward spin polarizabilities had previously been performed in HBChPT,
without the inclusion of the spin-3/2 degrees of freedom. However, since this
approach was shown to be insufficient even in the nucleon sector, the relia-
bility of the hyperon results is questionable. Instead, to extract the baryon
polarizabilities that have not been measured yet, here we chose to apply the
framework that reproduced the empirical observations for the nucleons. In
fact, due to the short lifetimes of the hyperons, an experimental confirmation
of these results is not to be expected in the near future. Calculations on the
lattice are a possibility though, and they would provide a welcome test for
ChPT predictions.

In Chapter 5, I presented the calculations on the electromagnetic form fac-
tors of the octet baryons. The process considered is electron scattering off the
baryon with the exchange of a virtual photon. With these form factors, one
has access to information about many observables related to the electromag-
netic structure and behaviour of these hadrons. In this particular work, the
goal was to obtain information about the electric form factor and about the
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distributions of charge and magnetic densities. For both these quantities, only
those analyses were considered that have predictive power in ChPT, i.e., no
dependence on unknown LECs. We started with the calculation of the second
derivative of the electric form factor. While it is not directly related to the
charge radius, which is fixed by the slope of that form factor, it does allow one
to better extract it from data. The behaviour of the second derivative within
ChPT calculations gives insight about the analytic structure of the electric
form factor in an energy region close to the two-pion production cut. There,
due to the poles in the complex plane, a polynomial fit for the extraction of
the charge radii is not viable, for which reason an understanding of these poles
in ChPT is very instructive.

Dispersive analyses link the charge and magnetic densities to the imaginary
parts of the form factors, the spectral functions, via a Fourier transformation.
If in electron scattering the exchanged virtual photon couples to the baryon
target via the creation of an intermediate hadronic state, an imaginary part is
generated in the amplitude. Using the light-front formalism, one can associate
two quantities as they decouple from vacuum fluctuations: the density at
a specific transverse distance from the baryon center-of-momentum, and the
particular energy region of the form-factor calculation. At high transverse
distances, i.e., in the baryon’s periphery, low-energy contributions suffice to
describe the density behaviour, as higher-energy cuts have vanishing imaginary
parts. For smaller transverse distances, the higher-mass contributions start
being sizeable too.

Nucleon form factors have been extensively studied in the literature. Among
others, the low-energy peripheral region has been calculated with covariant
ChPT approaches that include the ∆(1232) as an explicit intermediate state.
Here, we extended the form-factor calculations to SU(3), therefore taking into
account kaon-loop and η-loop contributions to the nucleons, as well as en-
abling the study of hyperon properties. While for the charge radii an expan-
sion around small momentum transfers is needed, the spectral functions start
contributing at the two-pion cut, i.e., where the virtual photon couples to
the baryon target via a pion loop. Kaon-loop contributions appear at slightly
higher energies. The effect of taking into account the contributions of vector
mesons has also been studied, in a model-dependent manner.

The results gave insight into several new aspects of the baryon densities,
and about the extraction of charge radii. The behaviour of the second deriva-
tive of the electric form factor seems to be dominated by the vector-meson
exchange. It was found that the chiral-loop contributions, including the spin-
3/2 states, are important, but that they alone do not suffice to reproduce the
experimental estimates. When adding the vector mesons, the results lie in the
expected range, and the empirically determined nucleon electric form factor is
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reproduced up to higher momentum transfers.

On the other hand, for the electromagnetic densities the vector mesons
are mainly important to determine the qualitative behaviour of the transi-
tion between the chiral (peripheral) region and higher energies (more central
distances). While indeed the periphery region is usually dominated by ChPT-
loop contributions, the particular cases of the Λ and the Σ0 are special. Here,
the pion loops cancel exactly, and the kaon loops give very small contributions
due to partial cancellations. Therefore, the periphery region of these hyper-
ons has nearly vanishing densities, and the vector-meson contributions start
to be relevant at higher transverse densities than for the other octet members.
These objects can thus be interpreted as very compact in terms of charge and
magnetic distributions. In Chapter 5, it was shown that this is true even when
breaking the isospin symmetry, i.e., when giving different masses to the baryons
instead of setting them all to the limit of equal masses. The pion contributions
are then nonzero, but negligible. The particularity of the Ξ hyperons is that
there the spin-3/2 decuplet contributions have a similar size to the spin-1/2
contributions even at the periphery, in spite of their higher mass. This again
showed the importance of taking the explicit decuplet degrees of freedom into
account, confirming the discussion in Chapters 3 and 4. Finally, returning to
the nucleons, I would like to stress that although the pion loops give the main
periphery contributions, an extension to SU(3) with the kaon-loop inclusion
did indeed give new insight regarding these baryons. This is especially the
case for the transition between the periphery and the vector-meson dominated
region.

The final study within the present thesis is described in Chapter 6. There,
I give an estimate for the upper limits of the branching ratios for the CP -
violating decays of the η and η′ pseudoscalars into two pions. This was done by
connecting the size of the upper limit of the neutron EDM to the magnitude of
the CP violation. More precisely, taking the decay of the η and η′ mesons into
two pions as a starting point, we postulated the Lagrangian that describes the
CP -violating coupling of these mesons to the nucleon. Having constructed such
a vertex, it is then straightforward to calculate the CP -violating contributions
to the electron-scattering amplitudes off nucleons. At the q2 = 0 limit, where
the exchanged photon is real, this amplitude can be connected to the EDM
of the target. In fact, from a theoretical perspective, the only possibility to
obtain a non-vanishing EDM is the presence of such CP -violating structures
in the amplitude.

In this chapter too, the calculations were performed in fully covariant ChPT
with the inclusion of the ∆ contributions. The renormalization scheme used
was EOMS. Due to the fact that the coupling of the photon to the neutron
vanishes at leading chiral order, we also included vector-meson contributions,
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which can in this case be sizeable.

This framework was not meant to estimate the size of the neutron EDM:
there are uncertainties in some coupling constants, as well as a dependence on
the renormalization scheme. Furthermore, only a few of the many processes
that can contribute to the existence of an EDM are considered. Nevertheless,
the results are of striking interest. In order to be consistent with the very
small upper limit of the empirically extracted neutron EDM, we obtained a
tight constraint for the CP -violating decay branching ratios of the η and the
η′ as well. In fact, they would have to be at least eight orders of magnitude
smaller than what has been experimentally possible to determine so far. Even
with the large uncertainties mentioned above, and even when considering the
possible partial cancellations with other contributing processes, this qualita-
tive behaviour and conclusion remains true, and a further step towards the
understanding of the size of CP violation could be made.

In the following, I will discuss the questions that may be treated in follow-up
studies to this thesis. In the case of the pion photoproduction, discussed in
Chapter 3, the natural extension is to study isospin-breaking effects due to the
mass splittings between the charged and neutral pions, and between protons
and neutrons. Only when taking these into account one can reproduce the
observation of the cusp effect close to the threshold. Furthermore, it would
be interesting to test up to which energies the model introduced here applies.
A breakdown is expected when approaching energies too close to the ∆(1232)
mass. Finally, also the other channels of pion production should be studied
with this approach, as well as the dependence on the photon virtuality in
electroproduction processes, in order to obtain further constraints on the LECs.

The framework used to extract the results in Chapter 4 can be applied to the
extraction of other hyperon properties related to Compton-scattering observ-
ables, such as the spin-independent electric and magnetic polarizabilities, and
the four separate spin polarizabilities. Also in this case, the dependence on the
photon virtuality could be studied. Furthermore, it would be interesting to
test the convergence of the chiral series. This could be done by employing the
counting scheme used in Chapter 5 for the inclusion of the decuplet baryons.
This amounts to an additional set of loop diagrams without the appearance
of unknown LECs. The predictive power would therefore be maintained, and
the results would be valid up to higher virtualities.

As for the calculations of Chapter 5, a next step is to extend them to the
extraction of the decuplet-baryon form factors, as well as the transition form
factors between the octet and decuplet members. For the decuplet, it is in-
teresting to study the impact of anomalous thresholds on the observables con-
sidered. In some cases, the intermediate baryon-pion loop might be put on
shell below the two-pion cut, promising an interesting interplay between this
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anomalous threshold and that of the two-pion production.
Lastly, Chapter 6 can be expanded by taking into consideration additional

CP -violating decays that might contribute to the neutron EDM. For exam-
ple, tensor-meson contributions have not been taken into account within the
present work, nor the decay of the η and of the η′ into four pions. Furthermore,
it would be important to study the dependence on the renormalization scheme
used, in order to extract information about the counterterms applied.

In summary, in this work I presented detailed studies of low-energy electro-
magnetic interactions with baryons, focusing on the importance of the explicit
inclusion of the spin-3/2 contributions and of a proper covariant treatment in
all the projects presented here. We started with a framework of SU(2) ChPT
for the description of interactions between pions, nucleons, and the ∆ reso-
nance. We compared and fitted the results to new data on threshold neutral
pion photoproduction. Because of their sensitivity to higher-order terms, the
results were a good test of ChPT.

Building on this basis, we extended the framework to SU(3), including
hadrons with strange content. With this setup, we studied Compton scat-
tering and electron scattering off baryon targets. The main observables were
the forward spin polarizability, the electromagnetic form factors, the charge
and magnetic densities and the EDM.

The theoretical description has successfully reproduced the experimental
findings for the nucleon forward spin polarizabilities. Therefore, in the present
work, the hyperon polarizabilities were predicted within the same framework.
The study of the electric form factors allowed a better understanding on the
extraction of the charge radii from data and on the transverse baryon densities.
Finally, the calculation of the neutron EDM was not meant as a prediction,
but as an estimate of the size of the strong CP violation in some meson decays.

While the calculations are stringent tests of ChPT, giving nontrivial fits and
predictive results, there is room for many interesting follow-up studies, which
are discussed above. The analysis of the isospin-breaking effects, the test of
the convergence at higher energies, as well as the study of other observables
and channels of the processes considered are only a few examples. There is a
constant interplay between the theoretical predictions and the empirical find-
ings. The appearance of new experimental and lattice QCD results will always
call for the improvement and extension of the calculations to phenomenological
regions that had not been accessible so far. On the other hand, theories want
to be confirmed, and the promise of tests on the predictions made is excit-
ing. The deeper experimentalists and theoreticians dig into specific subjects,
the more we will learn about the broader picture within which these objects
of study are inserted, and connections might be made that had never been
planned to be established.
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CHAPTER 8

RESUMEN EN ESPAÑOL

8.1 Objetivos

Las interacciones entre hadrones ligeros y campos de fotones son importantes
para el estudio de la estructura de la materia y de la interacción fuerte.
Sus propiedades fundamentales son descritas por la cromodinámica quántica
(QCD). A enerǵıas elevadas, esta teoŕıa ya ha sido bien comprobada con
métodos perturbativos que tienen los quarks y gluones como grados de lib-
ertad. Sin embargo, a bajas enerǵıas, QCD es no-perturbativa y quedan mu-
chos detalles por entender. Estas son precisamente las enerǵıas necesarias para
describir interacciones entre hadrones a distancias superiores a su tamaño.

Procesos que involucran interacciones con hadrones han sido extensamente
estudiados a lo largo de las décadas, tanto en instalaciones experimentales, aśı
como desde el punto de vista teórico. Aqúı me concentraré en el ĺımite de
bajas enerǵıas de algunos de estos procesos: la fotoproducción de piones neu-
tros, la dispersión Compton y dispersiones elásticas de electrones en blancos
bariónicos. En particular, esta tesis contiene los siguientes estudios princi-
pales en QCD no-perturbativa: la determinación de secciones eficaces de la
fotoproducción de piones, el estudio de polarizabilidades y factores de forma
electromagnéticos de bariones y un cálculo del momento dipolar eléctrico del
neutrón. Estos estudios dan información sobre la estructura interna de los
bariones, sobre sus densidades y, por lo tanto, indirectamente también so-
bre sus distribuciones partónicas. Además, llevan a un mejor conocimiento
de las interacciones, tanto entre hadrones como dentro de ellos. Al estudiar
secciones eficaces, uno obtiene también información sobre estados resonantes
que surgen debido a la excitación de hadrones ligeros. Aparecen como polos
en las amplitudes de las interacciones electromagnéticas estudiadas, afectando
considerablemente el comportamiento de los observables.
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Con el fin de motivar el cuadro teórico en que se enmarca esta tesis, la teoŕıa
quiral de perturbaciones (ChPT), es importante entender primero QCD, la
teoŕıa sobre la cual está construido. Como se ha mencionado, esta teoŕıa de
gauge describe con éxito interacciones fuertes a altas enerǵıas, con los gra-
dos de libertad quarks y gluones para campos de materia y de part́ıculas que
median la interacción, respectivamente. A enerǵıas de algunos GeV y supe-
riores, los quarks confinados dentro de hadrones pueden ser tratados como
asintóticamente libres, siendo aśı posible usar los métodos de QCD perturba-
tiva como una expansión en términos de la constante de acoplamiento fuerte
αs � 1. El grupo de simetŕıa correspondiente, SU(3) (color), es no-Abeliano.
Esto lleva a auto-interacciones de campos de gluones, afectando el compor-
tamiento del acoplamiento fuerte en función de la enerǵıa: a bajas enerǵıas
o, de modo equivalente, a distancias elevadas, αs se hace más grande. A una
escala de Λ ≈ 1 GeV, la constante de acoplamiento fuerte αs se vuelve demasi-
ado grande para cálculos perturbativos de QCD. Esta escala corresponde a
distancias superiores al tamaño del nucleón, pudiendo aśı ser entendida como
una escala de confinamiento de los quarks que lo componen.

Los procesos en esta tesis son descritos para enerǵıas de centro de masa
bastante inferiores a Λ. Por causa de la divergencia de la serie perturbativa
de QCD en esta zona energética, uno necesita de un método alternativo. Se
han usado muchos modelos que cumplen teoremas de bajas enerǵıas a lo largo
de las décadas pasadas, la mayor parte de ellos puramente fenomenológicos.
Seŕıa ventajoso encontrar una teoŕıa que mantenga las simetŕıas de QCD y que
además sea aplicable al estudio combinado de estos procesos de baja enerǵıa.
A lo largo de los caṕıtulos de esta tesis, me concentro en hadrones ligeros,
i.e., aquellos que están compuestos solamente por los quarks u, d y s, por lo
cual pueden ser descritos por una simetŕıa SU(3) (sabor). En el ĺımite rela-
tivista de quarks ligeros sin masa, los campos dextrógiros qR y levógiros qL se
desacoplan unos de los otros, llevando a una teoŕıa invariante bajo transfor-
maciones quirales. Hay dos observaciones que sugieren la rotura espontánea
de esta simetŕıa del ĺımite quiral de QCD. Por un lado, en la naturaleza los
miembros del octete seudoescalar de mesones tienen una masa pequeña en
relación a la escala Λ. Estos mesones son, por lo tanto, buenos candidatos
para bosones Goldstone provenientes de la rotura espontánea de una simetŕıa.
Por otro lado, el octete ligero de bariones tiene paridad positiva y no existen
compañeros de masas similares y con paridad negativa, como requeriŕıa una
simetŕıa exacta. De hecho, en el sector fermiónico, la rotura espontánea de
la simetŕıa quiral genera las masas del octete de bariones SU(3) (sabor), las
cuales en el ĺımite quiral son degeneradas. Adicionalmente, las masas de los
bosones seudo-Goldstone son interpretadas como consecuencia de una rotura
expĺıcita de la simetŕıa por causa del hecho de que los quarks tienen masa. Los
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términos resultantes del lagrangiano mezclan qL y qR por medio de términos
de la masa de los quarks.

De hecho, en el marco de ChPT, estas simetŕıas espontánea y expĺıcitamente
rotas son usadas como base para contruir los lagrangianos de interacción,
llevando a una teoŕıa efectiva (EFT) de QCD. En lugar de usar αs como
parámetro perturbativo, ahora se hace una expansión quiral simultánea en
potencias de momentos externos y de las masas de los mesones Goldstone.
Ambos parámetros son pequeños comparados con la escala de confinamiento.
Se integra sobre los grados de libertad de QCD, los quarks y los gluones, aśı
que las interacciones son descritas directamente entre los estados compuestos,
los bariones y los mesones. Esta EFT es válida para rangos de enerǵıa sig-
nificativamente más bajos que Λ ≈ 1 GeV, lo que corresponde a distancias
superiores al tamaño del barión.

La masa corriente de los quarks u y d es mucho menor que la escala hadrónica,
garantizando aśı una convergencia rápida de la serie quiral cuando uno tra-
baja únicamente con interacciones entre piones, i.e., cuando uno considera una
simetŕıa SU(2) de sabor. La extensión de ChPT a SU(3) con el fin de aco-
modar el quark s, y como tal el octete completo de mesones seudoescalares,
requiere mucho cuidado, ya que la masa corriente de este quark está cerca del
orden de magnitud de la escala Λ. Asimismo, la inclusión de los bariones en
ChPT también introduce una escala adicional, la masa del barión en el ĺımite
quiral.

El rigor de ChPT depende mucho de los grados de libertad incluidos. En el
presente trabajo, no solo consideré las interacciones con el octete de bariones
de esṕın-1/2 — los nucleones y los hiperones—, sino también las resonancias
de esṕın-3/2. Estas consisten en un quadruplete de isosṕın en SU(2) y en
un decuplete en SU(3), respectivamente. El acoplamiento con el octete de
bariones es fuerte y por consiguiente los bariones de esṕın-3/2 aparecen muy
fácilmente como estados excitados, o resonancias, de los estados de esṕın-1/2.
Teniendo esto en cuenta, es evidente que se esperan contribuciones importantes
por parte de estos estados a procesos que tengan lugar en un rango de enerǵıas
cercano a sus masas. Este es efectivamente el caso de las reacciones estudiadas
a lo largo de los siguientes caṕıtulos. Desde luego, las masas de las resonancias
también son superiores a Λ. En efecto, al introducir estos estados en el marco
de ChPT, aparte las masas mesónicas y los momentos externos, uno obtiene
un parámetro pequeño adicional: la diferencia entre las masas del decuplete y
del octete de bariones.

La renormalización de divergencias en ChPT se hace orden por orden, ab-
sorbiéndolas en coeficientes del lagrangiano más general. Este procedimiento
lleva al aparecimiento de constantes de baja enerǵıa (LECs), las cuales tienen
que ser determinadas por medio de ajustes a datos experimentales. Esto reduce
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la calidad predictiva de la teoŕıa. No obstante, muchas de estas constantes ya
han sido determinadas a lo largo de las últimas décadas y uno puede usar los
valores de la literatura para hacer nuevas predicciones.

Al incluir bariones en ChPT, el contaje quiral de potencias en términos
de masas y momentos se rompe, ya que sus masas son del orden de Λ. Por
consiguiente, a priori no hay una manera clara de como asociar un orden quiral
espećıfico a un número definido de loops. Esto inicialmente se ha resuelto
tratando los bariones en el ĺımite no-relativista de ChPT de bariones pesados
(HBChPT) [1, 2]. Una alternativa relativista para evaluar las correcciones de
loop fue propuesta a finales de los años 1990 [3–5]. Esta llamada regularización
infrarroja (IR) aisla la parte regular de las singularidades en cálculos de un
loop. Las partes singulares satisfacen el contaje de potencias, mientras que
las regulares pueden ser absorbidas en términos locales del lagrangiano que las
cancelan. Esta técnica soluciona el problema de contaje de potencias de ChPT
de bariones relativista, a un loop. Adicionalmente, aisla las singularidades
infrarrojas.

En el marco de esta tesis, los cálculos se hicieron en otro esquema rela-
tivista de renormalización, el esquema Extended On Mass Shell (EOMS) [6,
7]. Este satisface por completo la analiticidad y normalmente converge más
rápidamente que métodos no-relativistas. Las divergencias y los términos que
rompen el esquema de contaje (PCBT) tienen expresiones que son por entero
anaĺıticas. Por lo tanto estas pueden ser identificadas con términos del la-
grangiano y absorbidas dentro de las LECs correspondientes. Este esquema se
ha manifestado exitoso en muchos trabajos [8–20] y puede ser implementado
de forma sencilla.

Esta tesis contiene cuatro estudios principales. Un caṕıtulo está dedicado a
cada uno de ellos, por lo que escojo dar introducciones y sumarios separados en
las respectivas secciones. Sin embargo, una descripción global del formalismo
de ChPT que se aplica a todas ellas es dada en el caṕıtulo 2. En el caṕıtulo 3,
enseño mi trabajo sobre el estudio de la fotoproducción de piones neutros
a partir de blancos protónicos, que se radica en un marco SU(2). Este es
extendido a SU(3) en el caṕıtulo 4, con el objetivo de incluir el quark s.
Ah́ı se estudia la polarizabilidad de esṕın de dirección hacia delante de los
nucleones y hiperones, con la ayuda de la dispersión Compton. También en
el enfoque de SU(3), el caṕıtulo 5 estudia la dispersión elástica de electrones
para la extracción de los factores de forma electromagnéticos de los bariones.
Luego estos se relacionan con densidades magnéticas y de carga por medio de
un análisis dispersivo. El caṕıtulo 6 muestra un estudio del momento dipolar
eléctrico del nucleón y su conexión con la violación fuerte de CP . Finalmente,
en el caṕıtulo 7, presento las conclusiones del trabajo y las perspectivas de
posibles ampliaciones de los procesos estudiados.
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8.2 Metodoloǵıa

En el caṕıtulo 3, se introduce el estudio de la fotoproducción del pión neu-
tro desde el protón, a bajas enerǵıas. Se usa ChPT covariante, con la in-
clusión expĺıcita de la resonancia ∆(1232). En SU(2), esta teoŕıa describe
además las interacciones entre piones, nucleones y fotones. Hice un cálculo
completo hasta el orden quiral p7/2 en el contaje llamado δ counting. Esto
consiste en tener en cuenta todas las contribuciones de diagramas árbol que
provienen de lagrangianos hasta el orden p3 y los diagramas loop del orden
más bajo. En efecto, los diagramas loop con estados intermedios nucleónicos
empiezan al orden p3, mientras que los que incluyen la ∆ empiezan al orden
p7/2. Para renormalizar las divergencias y los PCBT, he usado el esquema
de renormalización EOMS, con el cual se sustraen estos términos anaĺıticos
a través de una redefinición de las LECs en el lagrangiano. He comparado y
ajustado el modelo a datos experimentales de secciones eficaces diferenciales y
asimetŕıas de fotones de la Ref. [55], desde el umbral hasta enerǵıas superiores
a 200 MeV, en el sistema de referencia de laboratorio. Las LECs son may-
oritáriamente restringidas por otros observables. En particular, g0, c̃67, hA y
gM son fijadas por el acoplamiento de vector axial al nucleón, por el momento
magnético del protón y por las desintegraciones fuerte y electromagnética de
la ∆(1232), respectivamente. Los ajustes que se enseñan en el presente trabajo
son compatibles con estas restricciones. Las LECs d̃168 y gE, que aparecen en
lagrangianos de orden superior, están también parcialmente restringidas por
la relación Goldberger-Treiman y la razón de multipolos REM = E2/M1 del
nucleón a la ∆, respectivamente. Sin embargo, resulta que estas constantes
son sensibles a correcciones de orden superior, fuera del marco de esta tesis.

En el caṕıtulo 4, se ha calculado la polarizabilidad de esṕın γ0 del octete
de bariones, usando también ChPT de bariones con covariancia Lorentz man-
ifiesta. Como el octete de bariones incluye miembros compuestos por quarks
s, se extiende la teoŕıa a la simetŕıa SU(3), confrontándola con la versión
SU(2) de quarks u y d. Se incluyen expĺıcitamente los estados intermedios de
esṕın-3/2, en este caso el decuplete de bariones, ya que la inclusión de estos
estados es importante para reproducir las observaciones emṕıricas que se ha-
cen a enerǵıas cercanas a sus masas. Las contribuciones del octete de bariones
provienen exclusivamente de los diagramas de loop de orden p3 y superiores.
En cuanto a las contribuciones del decuplete, estas consisten en un diagrama
del tipo árbol, dominante, y en diagramas de loop que empiezan a orden p7/2.
En el presente trabajo, hice un estudio completo hasta ese orden. Al usar un
marco SU(3), se tienen también en cuenta las contribuciones de loops de K
y η, aunque se espera que sus efectos sean menos relevantes que los de los
piones. Las polarizabilidades son independientes de esquemas de renormal-
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ización hasta el orden quiral considerado, llevando a una capacidad altamente
predictiva de la teoŕıa. La incertidumbre proviene únicamente de la constante
gM de acoplamiento del fotón al decuplete, que en SU(3) todav́ıa no se conoce
muy bien. Aqúı se da una estimación de su valor a partir de la desintegración
electromagnética de bariones de esṕın-3/2 a bariones de esṕın-1/2.

Como continuación de este estudio, en el caṕıtulo 5 he presentado el cálculo
de los factores de forma del octete de bariones. Esto se hizo en ChPT, con
el esquema de renormalización EOMS, para describir la zona de bajas en-
erǵıas, con virtualidades fotónicas desde cero hasta por encima del corte de
dos kaones. Estas predicciones en EFT quiral se hicieron con estados inter-
medios del octete y del decuplete, este último habiendo sido introducido en
el esquema de contaje expansión de escala pequeña (SSE). Con estos factores
de forma se puede extraer información sobre el radio de carga de los bariones.
Con las partes imaginarias, las funciones espectrales, se extraen además las
densidades electromagnéticas. Introduje también la contribución de mesones
vectoriales. Los últimos son relevantes para la descripción correcta del com-
portamiento anaĺıtico de los factores de forma. Son importantes en el caso de
las densidades elctromagnéticas a distancias transversales cortas, mientras que
el comportamiento periférico se predice de manera independiente de modelos,
con ChPT.

En el caṕıtulo 6, he calculado la contribución al momento dipolar eléctrico
(EDM) del nucleón originada por un acoplamiento al mesón η(′) que viola CP .
En particular, focalicé el estudio en el resultado para el neutrón, ya que su
ĺımite superior experimental es muy pequeño, 2.9 ·10−26e cm. Esto lleva a una
restricción muy fuerte de los observables a él relacionados. Espećıficamente, si
existe un EDM del neutrón, entonces necesariamente tiene que haber violación
CP . Por lo tanto, el objetivo fue dar una estimación al valor del tamaño de
esta violación. Esto se ha logrado al construir un acoplamiento de la η(′) al
nucleón que viola CP , a través de loops que incluyen un vértice η(′)ππ. Existen
resultados experimentales para el ĺımite superior del ratio de desintegración
η(′)→ ππ y aqúı yo queŕıa examinar si realmente esta condición es compatible
con el tamaño del EDM del neutrón. Como fue el caso de los otros proyectos
descritos en esta tesis, se han considerado también las contribuciones de la ∆,
las cuales llevaron a una corrección superior a 20% del vértice η(′)NN que viola
CP . El esquema de renormalización usado fue de nuevo EOMS. He tenido en
cuenta dos posibles fuentes para el EDM del neutrón. En un caso, el fotón se
acopla al neutrón dentro de un loop con vértice ηNN que rompe CP . En el
otro, se consideran también contribuciones de mesones vectoriales dentro del
loop. Las dos contribuciones resultaron tener tamaños similares.
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8.3 Resultados

En este trabajo, he estudiado el comportamiento a bajas enerǵıas de bariones
bajo la influencia de campos electromagnéticos externos. He usado el marco
de ChPT covariante para hadrones ligeros, con la inclusión expĺıcita de grados
de libertad de esṕın-3/2. El esquema de renormalización utilizado fue EOMS,
en el cual las expresiones anaĺıticas de divergencias y PCBT son absorbidas en
LECs del lagrangiano quiral.

El trabajo está dividido en cuatro caṕıtulos principales, cada uno tratando
un proceso u observable distinto, a bajas enerǵıas. En el caṕıtulo 3, fue estu-
diada la fotoproducción de piones neutros a partir de blancos protónicos, cen-
trando el interés en la comparación con los datos experimentales de secciones
eficaces, asimetŕıas fotónicas y multipolos de onda-s y de onda-p. El rango de
enerǵıas observado fue desde el umbral de producción hasta más de 200 MeV.
He empezado con una descripción de interacciones electromagnéticas entre nu-
cleones y piones, pero este marco es una base excelente para la descripción de
procesos a bajas enerǵıas con bariones, mesones y fotones en general.

Aśı, en el caṕıtulo 4, he estudiado la polarizabilidad de esṕın en dirección
hacia delante, la cual puede ser extráıda a partir de la dispersión Compton.
Todav́ıa no existen datos — aunque seŕıa posible obtener información de lattice
QCD —, y por lo tanto el objetivo era dar predicciones para sus valores. Esto
es especialmente interesante para esta polarizabilidad en particular, ya que no
depende de esquemas de renormalización. Asimismo, en el caṕıtulo 5, se han
calculado los factores de forma electromagnéticos de nucleones e hiperones.
En particular, se hizo la conexión con las densidades de carga y magnéticas
en la periferia y con el radio de carga. Estos resultados también son predic-
tivos, aunque dependan del esquema de renormalización usado. Seŕıa posible
confirmarlos en cálculos de lattice QCD en el futuro próximo. La extracción
experimental, por otro lado, se hace a partir de la dispersión de electrones en
bariones. Con la ayuda del mismo proceso, uno puede también obtener infor-
mación sobre el EDM del neutrón, en el punto en que la virtualidad del fotón
es nula. En el caṕıtulo 6, me he concentrado en este punto, con el objetivo de
relacionarlo al tamaño de desintegraciones que violan CP en la naturaleza. A
partir de la restricción experimental del EDM del neutrón, he podido dar una
estimación del ĺımite superior de los ratios de algunas de estas desintegraciones.
A continuación, discuto estos cuatro proyectos en más detalle.

En el caṕıtulo 3, fue extensamente estudiado el proceso de la fotoproducción
del pión neutro a partir de blancos protónicos. Esto fue motivado por los
nuevos datos de alta precisión de secciones eficaces diferenciales y asimetŕıas
fotónicas obtenidos recientemente por el Mainz Microtron (MAMI). Estos re-
sultados han sido los primeros en dar acceso a un amplio rango de ángulos de
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dispersión, con pasos de enerǵıa fotónica muy estrechos, desde el umbral hasta
enerǵıas superiores a 200 MeV en el sistema de referencia de laboratorio. Con
esta nueva información, fue demostrado que trabajos previos por otros grupos
teóricos solamente han podido reproducir los datos experimentales hasta no
más de 20 MeV por encima del umbral. Los métodos con más éxito hab́ıan
sido cálculos en ChPT hasta el cuarto orden quiral, tanto de modo covariante,
como no-relativista. Estos cálculos de O(p4) implican la aparición de muchas
LECs, lo que en principio significa la existencia de muchos grados de libertad
adicionales para los procedimientos de ajuste. Desafortunadamente, no ob-
stante, el acuerdo entre los datos y la teoŕıa no se mostró significativamente
mejor que en cálculos previos, a órdenes más bajos. Hasta la inclusión expĺıcita
de resonancias de mesones vectoriales no ha mejorado la situación.

Aqúı, probamos una idea alternativa: la inclusión expĺıcita de grados de
libertad de esṕın-3/2, la resonancia ∆(1232). De hecho, el acoplamiento de
este estado a los nucleones es bastante fuerte, llevando a que las contribuciones
sean significativas a enerǵıas que están cerca de su masa. Sin embargo, trabajos
previos hechos en HBChPT no-relativista tampoco han logrado describir los
datos pese a incluir esta resonancia. La razón podŕıa ser que, debido a la
naturaleza estática del marco usado en esos cálculos, la dependencia energética
del propagador de la ∆ no ha podido ser tenida en cuenta por completo. No
obstante, justamente esta dependencia es crucial para describir el aumento
drástico de las secciones eficaces con la enerǵıa del fotón. Por lo tanto, hemos
reanudado los cálculos, ahora en ChPT ı́ntegramente relativista.

El primer paso ha sido incluir la ∆(1232) a ńıvel árbol, en adición a los
diagramas con nucleones del tipo árbol y loop. En contraposición a cálculos
previos, me mantuve a O(p3), evitando aśı un número demasiado grande de
LECs desconocidas. Adicionalmente al número elevado de datos a los cuales
fueron hechos los ajustes, esto también lleva a resultados más fiables. Los
resultados han sido muy satisfactorios, ya que los cálculos acordaron con los
datos en el rango completo de enerǵıas consideradas. Además, he añadido el
siguiente orden de diagramas del tipo loop con propagadores de ∆, para hacer
una prueba de la convergencia de la teoŕıa a órdenes más altos. En el esquema
de contaje escogido en el caṕıtulo 3, esta inclusión significa un cálculo aO(p7/2)
quiral. Estos extensos cálculos han tenido la ventaja de ser una buena prueba
no-trivial de la convergencia de la serie quiral, ya que el acuerdo entre los datos
y la teoŕıa resultó casi igual al cálculo a O(p3). Permitió además estudiar mejor
como dependen las LECs de la inclusión de los loops de ∆, pudiendo llevar a
un buen acuerdo entre datos y teoŕıa a enerǵıas aún superiores que las aqúı
consideradas. Finalmente, un estudio de los multipolos más bajos (ondas s y
p) confirmó la indispensabilidad de tener en cuenta los grados de libertad de
la ∆.
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En el caṕıtulo 4, he calculado la predicción de ChPT para la polarizabilidad
de esṕın en dirección hacia delante de los hiperones a partir de amplitudes
de la dispersión Compton. Aqúı también, los valores fueron extráıdos en un
marco covariante con la inclusión expĺıcita de grados de libertad de esṕın-3/2,
a O(p7/2). Cálculos con el mismo método han sido hechos para el nucleón,
estudiando los efectos de loops piónicos en SU(2), i.e., teniendo en cuenta
bariones compuestos de quarks u y d. Los resultados estaban en muy buen
acuerdo con el experimento, lo que es particularmente notable por el hecho
de que no hayan sido necesarios ajustes a datos: las LECs que aparecen al
orden considerado ya hab́ıan sido bien determinadas a lo largo de las pasadas
décadas, a través del estudio de otros procesos. Este cálculo ha por lo tanto
presentado una prueba no-trivial y exitosa de los métodos de ChPT.

Por este motivo, es prometedor extender los cálculos para incluir los quarks
s, lo que consiste en estudiar no solo nucleones con contribuciones de loops
de piones, sino también los hiperones, con loops de kaones y de la η. En la
presente tesis, he descrito mis cálculos relacionados con este tema. El estudio
de la polarizabilidad de esṕın en dirección hacia delante de los hiperones ha
sido hecho previamente en HBChPT, sin la inclusión de los grados de libertad
de esṕın-3/2. Sin embargo, como ese método se mostró insuficiente para nu-
cleones, la fiabilidad para los resultados de hiperones también es dudosa. Por
eso, aqúı escojo aplicar el mismo marco que ha logrado reproducir las observa-
ciones emṕıricas para los nucleones para extraer la polarizabilidad de bariones
que no hayan todav́ıa sido medidas. De hecho, debido a los cortos tiempos
de vida de los hiperones, no se espera una confirmación experimental de estos
resultados en el futuro próximo. Pero es posible hacer cálculos en el lattice,
los cuales facilitaŕıan una prueba bienvenida de las predicciones en ChPT.

En el caṕıtulo 5, he presentado los cálculos de los factores de forma elec-
tromagnéticos del octete de bariones. El proceso considerado es dispersión de
electrones en el nucleón, con el intercambio de un fotón virtual. Con estos
factores de forma, uno puede acceder a información sobre muchos observables
relacionados con la estructura y el comportamiento electromagnético de estos
hadrones. En este trabajo en particular, el objetivo era obtener información
sobre las distribuciones de las densidades de carga y magnéticas. Para estos
observables, únicamente se consideraron aquellos análisis que son predictivos
en ChPT, no dependiendo de LECs desconocidas. En respecto a los radios
de carga, esto significa el cálculo de la segunda derivada del factor de forma
eléctrico. Esta no está directamente relacionada con el radio de carga, el cual
se fija a través de la pendiente de ese factor de forma, pero posibilita una
mejor extracción a partir de los datos experimentales. El comportamiento de
la segunda derivada en cálculos de ChPT ofrece información sobre la estruc-
tura anaĺıtica del factor de forma eléctrico en una zona de enerǵıas cercanas
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al corte de producción de dos piones. Ah́ı, debido a los polos en el plano
complejo, un ajuste polinómico para la extracción de los radios de carga no
es viable, por lo cual un mejor entendimiento de estos polos en ChPT es muy
instructivo. En cuanto a las distribuciones de carga y magnéticas, análisis
dispersivos las conectan a las partes imaginarias de los factores de forma, las
funciones espectrales, via transformaciones de Fourier. Si el fotón se acopla al
nucleón a través de la creación de un estado hadrónico intermedio, se genera
una parte imaginaria de la amplitud. Usando el formalismo light-front, uno
puede asociar dos variables: la densidad a una distancia transversal espećıfica
del centro de momento del nucleón y la región particular de enerǵıa del cálculo
de los factores de forma. A distancias transversales elevadas, i.e., en la perife-
ria del nucleón, las contribuciones de baja enerǵıa son suficientes para describir
el comportamiento de la densidad, ya que los cortes a enerǵıas más elevadas
tienen partes imaginarias nulas. Por otro lado, para distancias transversales
menores, los cortes de enerǵıa bajos son exponencialmente suprimidos en la
integración dispersiva, siendo las contribuciones de cortes de enerǵıas más el-
evadas las que se vuelven dominantes.

Los factores de forma de nucleones han sido extensamente estudiados en la
literatura. Entre otros, la región periférica de bajas enerǵıas fue calculada en
cálculos covariantes de ChPT que incluyen la ∆(1232) como estado intermedio
expĺıcito. Aqúı, extend́ı los cálculos de factores de forma a SU(3), teniendo en
cuenta aśı las contribuciones de loops de kaones a las densidades nucleares y
posibilitando también el estudio de las densidades transversales de los hiper-
ones. Para los radios de carga, hace falta un desarrollo en torno a pequeños
momentos transferidos, mientras que las funciones espectrales empiezan a con-
tribuir en el corte de dos piones, i.e., donde el fotón virtual se acopla al blanco
bariónico a través de un loop piónico. Contribuciones de loops de kaones
aparecen a enerǵıas ligeramente superiores. También se estudiaron los efectos
de la inclusión de mesones vectoriales.

Los resultados han aportado información sobre varios aspectos de las den-
sidades de los bariones y sobre la extracción de los radios de carga. El com-
portamiento de la segunda derivada del factor de forma eléctrico parece ser
dominado por el intercambio de mesones vectoriales. Se encontró que las
contribuciones de loops quirales, incluyendo los estados de esṕın-3/2, son im-
portantes, pero que solo ellas no bastan para reproducir las estimaciones ex-
perimentales. Al incluir los mesones vectoriales, los resultados se encuentran
en el intervalo esperado y el factor de forma eléctrico del protón determinado
experimentalmente se reproduce hasta momentos transferidos más altos.

Por otro lado, para las densidades electromagnéticas, los mesones vectoriales
son importantes principalmente para determinar cualitativamente el compor-
tamiento de transición entre la zona quiral (periférica) y enerǵıas más elevadas
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(densidades más centrales). Mientras que la región periférica es de hecho nor-
malmente dominada por contribuciones de loops de ChPT, el caso particular
de la Λ y de la Σ0 es especial. Aqúı los loops de piones se cancelan exactamente
y los loops de kaones dan contribuciones muy pequeñas debido a cancelaciones
parciales. Por lo tanto, la zona periférica tiene densidades casi nulas y las
contribuciones de mesones vectoriales empiezan a ser relevantes a distancias
transversales más elevadas que para los otros miembros del octete. Estos obje-
tos pueden por eso ser interpretados como siendo muy compactos en respecto
a las distribuciones de carga y magnéticas. En el caṕıtulo 5, muestro que esto
sigue siendo correcto hasta cuando se rompe la simetŕıa isosṕın, i.e., cuando se
toman masas distintas para los bariones en lugar de ponerlas todas en el ĺımite
quiral de masas iguales, o a una sola masa f́ısica media. Las contribuciones de
piones no son nulas, pero negligibles. Por razones similares, la particularidad
de los hiperones Ξ es que ah́ı el decuplete de esṕın-3/2 da contribuciones sim-
ilares en tamaño a los de esṕın-1/2, hasta en la periferia, a pesar de su masa
más elevada. Esto ha demostrado de nuevo la importancia de tener en cuenta
los grados de libertad expĺıcitos del decuplete, confirmando la discusión de los
caṕıtulos 3 and 4. Por último, volviendo a los nucleones, me gustaŕıa poner el
énfasis en que, aunque sean los loops de piones los que dan las contribuciones
principales a la periferia, una extensión a SU(3) con la inclusión de loops de
kaones ha de hecho dado conocimiento nuevo sobre estos bariones. Esto es
particularmente cierto para la zona de transición entre la periferia y la región
de mesones vectoriales.

El estudio final de la presente tesis está descrito en el caṕıtulo 6. Ah́ı doy
un valor estimado de los ĺımites superiores de los ratios de desintegración que
violan CP de los seudoescalares η y η′ a dos piones. Lo he hecho conectando el
tamaño del EDM del neutrón a la magnitud de la violación CP . Para ser más
precisa, al tomar como punto de partida la desintegración de los mesones η y
η′ a dos piones, he calculado el lagrangiano que describe los acoplamientos que
violan CP de estos mesones al nucleón. La construcción de tal vértice lleva
a que sea directamente posible calcular las contribuciones que violan CP en
la amplitud de dispersión de electrones en nucleones. Para el caso de fotones
reales, piezas de la amplitud pueden ser conectadas al EDM del blanco. De
hecho, desde la perspectiva teórica, la única posibilidad de obtener un EDM
es justamente la presencia en la amplitud de una estructura de este tipo que
viola CP .

Aqúı también, los cálculos se hicieron en ChPT covariante, incluyendo las
contribuciones de la ∆. El marco necesario es mayoritariamente SU(2), ya
que el enfoque es sobre el neutrón. Donde necesario, términos de SU(3) que
describen el acoplamiento de la η fueron introducidos, en analoǵıa a los de
los caṕıtulos 4 y 5. El esquema de renormalización usado fue EOMS. Debido
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al hecho de que el acoplamiento del fotón al neutrón es nulo en el primer
orden quiral, he también incluido las contribuciones de mesones vectoriales,
que pueden en este caso ser relevantes.

Este marco solamente puede dar una estimación del tamaño del EDM del
neutrón: hay incertidumbres en algunas constantes de acoplamiento y también
una dependencia del esquema de renormalización. Además, se han considerado
solamente algunos de los procesos que pueden contribúır a la existencia de un
EDM. No obstante, los resultados son de interés notable. Para ser consistente
con el ĺımite superior tan pequeño que ha sido extráıdo experimentalmente para
el EDM del neutrón, obtuve también unos ĺımites muy fuertes para los ratios
de desintegración que violan CP . De hecho, tendŕıan que ser por lo menos
ocho órdenes de magnitud menores que lo que fue experimentalmente posible
de determinar hasta hoy. Este comportamiento cualitativo se mantiene, hasta
teniendo en cuenta las grandes incertidumbres mencionadas. Ello permite dar
un paso adicional en dirección a entender el tamaño de las violaciones de la
simetŕıa CP .

En lo siguiente, discutiré las cuestiones que podŕıan ser abordadas como
continuación de este trabajo. En el caso de la fotoproducción de piones, dis-
cutida en el caṕıtulo 3, la extensión natural seŕıa estudiar efectos de la rotura
de la simetŕıa de isosṕın debido a la diferencia entre las masas de los piones
cargados y neutros en la naturaleza. Solamente al tener esto en cuenta, uno
puede reproducir la observación del efecto de cúspide cerca del umbral. Seŕıa
además interesante comprobar hasta qué enerǵıas el modelo aqúı introducido
puede ser aplicado. Se espera una quiebra del modelo al llegar a enerǵıas
demasiado cercanas a la masa de la ∆(1232). Por último, con este enfoque
debeŕıan de ser estudiados otros canales de producción de piones y también la
dependencia de la virtualidad del fotón en procesos de electroproducción, con
el fin de obtener más información sobre las LECs.

El marco usado para extraer los resultados en el caṕıtulo 4 se puede aplicar
a la extracción de otras propiedades de hiperones relacionadas a observables
de la dispersión Compton, tal como las polarizabilidades eléctrica y magnética
que no dependen del esṕın y también las cuatro polarizabilidades de esṕın por
separado. Se podŕıa estudiar la dependencia de la virtualidad del fotón. Por
fin, seŕıa interesante hacer la prueba de la convergencia de la serie quiral. Esto
se puede hacer usando el esquema de contaje que fue usado en el caṕıtulo 5
para la inclusión del decuplete de bariones. Esto consiste en la inclusión adi-
cional de diagramas sin que aparezcan LECs desconocidas. Se mantendŕıa por
lo tanto el poder predictivo y los resultados seŕıan consistentes hasta virtual-
idades más elevadas. Además, los problemas de invariancia gauge discutidos
en el caṕıtulo 4 seŕıan automáticamente resueltos.

En cuanto a los cálculos del caṕıtulo 5, el paso siguiente seŕıa usarlos para
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extraer también los factores de forma del decuplete de bariones y de la tran-
sición entre el octete y el decuplete. Asimismo, seŕıa interesante estudiar la
influencia de umbrales anómalos sobre el comportamiento del umbral de dos
piones. Por ejemplo, para factores de forma del decuplete, en algunos casos el
loop barión-pión puede ser puesto on shell por debajo del corte de dos piones.
Es importante estudiar el impacto que esto pueda tener sobre los observables.

Finalmente, el caṕıtulo 6 puede ser ampliado al considerar contribuciones
adicionales al EDM del neutrón, aparte de las de ChPT. Por ejemplo no fueron
tenidas en cuenta en el presente trabajo las contribuciones de mesones tensori-
ales o de las desintegraciones de la η y de la η′ a cuatro piones. Además, seŕıa
importante estudiar la dependencia de esquemas de renormalización usados,
para obtener información sobre los términos de sustracción aplicados.

En sumario, en este trabajo he realizado varios estudios detallados de inter-
acciones electromagnéticas de los bariones a bajas enerǵıas, dedicando especial
atención a la inclusión expĺıcita de las contribuciones de los bariones de esṕın-
3/2.

Comencé utilizando SU(2) ChPT para describir sistemas donde los grados
de libertad relevantes eran piones, nucleones y la resonancia ∆. El esquema de
renormalización usado ha sido EOMS que presenta varias ventajas sobre las
aproximaciones no relativistas de HBChPT y sobre otros esquemas covariantes
como la IR.

En este marco, he comparado y ajustado los resultados a datos recientes y
muy precisos de la fotoproducción de piones neutros cerca del umbral. Los
resultados han sido un buen test de ChPT, ya que las secciones eficaces difer-
enciales de este proceso en particular son muy pequeñas, debido a las cancela-
ciones en el orden quiral más bajo. Ello permite ser más sensible a los términos
de orden superior.

Puesta esta base, he extendido el marco a SU(3), con el objetivo de incluir
hadrones con contenido extraño. Asimismo, he estudiado dos procesos: la dis-
persión Compton y la de electrones en blancos bariónicos. En particular, los
observables que he estudiado fueron la polarizabilidad de esṕın hacia delante,
las densidades de carga y magnética y el momento dipolar eléctrico. El primero
de estos observables pudo ser extráıdo de manera totalmente predictiva, mien-
tras que los otros dependen del esquema de renormalización. Los cálculos de
la polarizabilidad han sido muy exitosos en la descripción de los observables
nucleónicos, que pueden ser comparados con resultados experimentales. Por
tanto, esperamos que las predicciones de las polarizabilidades de los hiperones
sean igualmente fiables.

El estudio de los factores de forma eléctricos permite entender mejor como
extraer los radios de carga de los bariones a partir del experimento. En cuanto
a las densidades transversales de los bariones del octete, esperamos que existan
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resultados de lattice en el futuro próximo. La confirmación de los resultados
aqúı presentados seŕıa de gran interés.

En contraste, el cálculo del EDM del neutrón no teńıa como objetivo obtener
una predicción, sino una estimación del tamaño y relación entre varios observ-
ables que dependen de la violación de la simetŕıa CP en la interacción fuerte.
Incluso con estos caveats, las incertidumbres presentes en los cálculos son mu-
cho mayores que en los otros procesos estudiados, debido a algunas constantes
de acoplamiento cuyos valores numéricos no se conocen muy bien y a la necesi-
dad de incluir procesos adicionales a los del marco de esta tesis. No obstante,
hay resultados interesantes como las cotas a los branching ratios de desinte-
gración de η(′) a dos piones obtenidas a partir del EDM del neutrón. Estas
cotas son muchos órdenes de magnitud inferiores a las determinadas experi-
mentalmente hasta la fecha.

Los cálculos de esta tesis, obteniendo ajustes y predicciones nada triviales,
constituyen un exigente test para ChPT en el sector de los bariones. Además,
hay espacio para varias ĺıneas de investigación que son continuación natural
y han sido discutidas previamente. El análisis de la convergencia de la serie
quiral a enerǵıas más elevadas y el estudio de otros observables y canales de los
procesos considerados son algunos de los muchos ejemplos. Hay un constante
juego entre predicciones teóricas y logros experimentales. La aparición de
nuevos resultados emṕıricos y de lattice QCD inducirá siempre que se mejoren
y extiendan los cálculos hacia regiones fenomenológicas que hasta ahora no
hab́ıan sido accesibles. Por otro lado, las teoŕıas requieren confirmación y
la expectativa de posibles tests a las predicciones que se hacen es siempre
excitante. Cuanto más al fondo de los temas van experimento y teoŕıa, más
aprenderemos sobre el cuadro general en el cual se insertan nuestros objetos
de estudio y se pueden establecer v́ınculos que nunca hab́ıan sido planeados.
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APPENDIX A

MULTIPOLE DECOMPOSITION OF
AMPLITUDES

The pion photoproduction amplitudes Fi defined in Eq. (3.9) can be written
in terms of multipoles as [189]

F1 =
∞∑
l=0

[lM+
l + E+

l ]P ′l+1(x) +
∞∑
l=2

[(l + 1)M−
l + E−l ]P ′l−1(x),

F2 =
∞∑
l=1

[(l + 1)M+
l + lM−

l ]P ′l (x),

F3 =
∞∑
l=1

[E+
l −M+

l ]P ′′l+1(x) +
∞∑
l=3

[E−l +M−
l ]P ′′l−1(x),

F4 =
∞∑
l=2

[M+
l − E+

l −M−
l − E−l ]P ′′l (x), (A.1)

where x = cos(θ) is the center-of-mass production angle, and Pl are the Legen-
dre polynomials for an angular momentum l. One can extract the expressions
for the multipoles in terms of these amplitudes:

E+
l =

∫ 1

−1

dx

2(l + 1)

[
PlF1 − Pl+1F2 +

l

2l + 1
(Pl−1 − Pl+1)F3 +

l + 1

2l + 3
(Pl − Pl+2)F4

]
,

E−l =

∫ 1

−1

dx

2l

[
PlF1 − Pl−1F2 −

l + 1

2l + 1
(Pl−1 − Pl+1)F3 +

l

2l − 1
(Pl − Pl−2)F4

]
,

M+
l =

∫ 1

−1

dx

2(l + 1)

[
PlF1 − Pl+1F2 +

1

2l + 1
(Pl−1 − Pl+1)F3

]
,
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M−
l =

∫ 1

−1

dx

2l

[
−PlF1 + Pl−1F2 +

1

2l + 1
(Pl−1 − Pl+1)F3

]
, (A.2)

where Pl should be set to 0 for negative values of l.
When using only the s and p-waves, the observables of interest (the dif-

ferential cross section dσ
dΩπ

and the photon asymmetry Σ) can be written as
follows:

dσ

dΩπ

=
|~q|
|~k|

[A+B cos(θ) + C cos2(θ)],

Σ =
|~q| sin2(θ)

2|~k| dσ
dΩπ

[|P3|2 − |P2|2], (A.3)

with the definitions

A = |E+
0 |2 +

1

2
[|P2|2 + |P3|2],

B = 2Re(E+
0 P∗1 ),

C = |P1|2 −
1

2
[|P2|2 + |P3|2],

P1 = 3E+
1 +M+

1 −M−
1 ,

P2 = 3E+
1 −M+

1 +M−
1 ,

P3 = 2M+
1 +M−

1 . (A.4)

Furthermore, q and k are the pion and the photon momenta, respectively.
As discussed in Chapter 3, although customary in both theoretical and ex-

perimental analyses, it is not sufficient to include the s and p-waves only, espe-
cially the higher one gets in energies. Therefore here I also give the expressions
up to l = 2, in order to take the d-waves into account:

F1 = E−2 + E+
0 +

3

2
[−E+

2 + 2M−
2 + 2x(E+

1 +M+
1 )− 2M+

2 + 5x2(E+
2 + 2M+

2 )],

F2 = M−
1 + 6xM−

2 + 2M+
1 + 9xM+

2 ,

F3 = 3[E+
1 −M+

1 + 5x(E+
2 −M+

2 )],

F4 = −3[E−2 + E+
2 +M−

2 −M+
2 ]. (A.5)
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A Multipole decomposition of amplitudes

With the help of Eqs. (3.12) to (3.14) one can connect these to the measured
observables.

137





APPENDIX B

LIST OF DIAGRAMS AND
AMPLITUDES

B.1 Amplitudes of pion photoproduction

The tree-level diagrams of Fig. 3.3 have the following amplitude expressions:

M3.3(a),p1 =− i
eg0

2F

[(
m+m2

m2 + 2p · k −m2
2

+
m+m2

m2 − 2p′ · k −m2
2

)
/ε/kγ5

+

(
2p · k

m2 + 2p · k −m2
2

+
2p′ · k

m2 − 2p′ · k −m2
2

)
/εγ5

+
2(m+m2)

m2 − 2p′ · k −m2
2

ε · qγ5

]
, (B.1)

M3.3(a),p2 =− i
egA

8mFπ
(c6 + c7)

[(
4 + 4m2

(
1

p · k −
1

p′ · k

))
/ε/kγ5

− 4m

p′ · kε · q/kγ5

]
, (B.2)

M3.3(a),p3 =
ie(2d16 − d18)m m2

π

Fπ

[(
1

p′ · k −
1

p · k

)
/ε/kγ5

+
2

p′ · kε · qγ5

]
, (B.3)
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M3.3(b) =
4ie(d8 + d9)

Fπ

[
1

m

(
m2 + p · p′

)
/ε/kγ5 +

1

m
p · kε · qγ5

+ (p+ p′) · k/εγ5 + ε · q/kγ5

]
. (B.4)

Note that the nucleon mass m is set to the physical nucleon mass mN every-
where except in the propagator of the O(p1) amplitude, where I perform the
correction shown in Eq. (3.25).

The amplitudes of the diagrams of Figs. 3.5(a) to 3.5(c) combined have the
following simple expression (the sum over the isospin channels has already
been performed):

M3.5(a),3.5(b),3.5(c) =
iemm2

πgA
96π2F 3

π

(
λ− log

[
m2
π

m2

])

×
[(

1

p′ · k −
1

p · k

)
/ε/kγ5 +

2

p′ · kε · qγ5

]
, (B.5)

where λ = 2
ε

+ log(4π)−γE + 1 +O(ε) is the piece that is EOMS-renormalized

according to the M̃S prescription, see also Appendix C. Note that I am using
the nucleon mass m as the chiral-symmetry breaking scale. As for the other
diagrams in Fig. 3.5, their expressions are listed here before being integrated,
as after evaluation they are rather large:

M3.5(d) =
egA
4F 3

π

∫
ddz

(2π)d

[
(/z + /q)(/p+ /k − /z +m)/εγ5

[z2 −m2
π][(z − p− k)2 −m2]

− /εγ5(/p− /q − /z +m)(/z − /q)
[z2 −m2

π][(z − p+ q)2 −m2]

]
. (B.6)

The contributions of the direct and crossed diagrams in Fig. 3.5(e) exactly
cancel each other.

M3.5(f) =
egA
4F 3

π

∫
ddz

(2π)d

×
[
− (/z + /q)(/p+ /k − /z +m)/zγ5(/p+ /k +m)/ε

[z2 −m2
π][(z − p− k)2 −m2]2p · k

+
/zγ5(/p′ − /z +m)(/z − /q)(/p+ /k +m)/ε

[z2 −m2
π][(z − p′)2 −m2]2p · k
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− /ε(/p′ − /k +m)/zγ5(/p′ − /k − /z +m)(/z − /q)
[z2 −m2

π][(z − p′ + k)2 −m2]2p′ · k

+
/ε(/p′ − /k +m)(/z + /q)(/p− /z +m)/zγ5

[z2 −m2
π][(z − p)2 −m2]2p′ · k

]
, (B.7)

M3.5(g) =
eg3
A

4F 3
π

∫
ddz

(2π)d

×
[
− /qγ5(/p+ /k +m)/zγ5(/p+ /k − /z +m)/εγ5

[z2 −m2
π][(z − p− k)2 −m2]2p · k

+
/zγ5(/p′ − /z +m)/εγ5(/p′ − /k +m)/qγ5

[z2 −m2
π][(z − p′)2 −m2]2p′ · k

+
/εγ5(/p′ − /k − /z +m)/zγ5(/p′ − /k +m)/qγ5

[z2 −m2
π][(z − p′ + k)2 −m2]2p′ · k

− /qγ5(/p+ /k +m)/εγ5(/p− /z +m)/zγ5

[z2 −m2
π][(z − p)2 −m2]2p · k

]
, (B.8)

M3.5(h) =
3eg3

A

8F 3
π

∫
ddz

(2π)d

×
[
/qγ5(/p+ /k +m)/zγ5(/p+ /k − /z +m)/zγ5(/p+ /k +m)/ε

[z2 −m2
π][(z − p− k)2 −m2]4(p · k)2

+
/ε(/p′ − /k +m)/zγ5(/p′ − /k − /z +m)/zγ5(/p′ − /k +m)/qγ5

[z2 −m2
π][(z − p′ + k)2 −m2]4(p′ · k)2

]
, (B.9)

M3.5(i) =
egA
2F 3

π

∫
ddz

(2π)d

×
[
− (/z + /q + /k)ε · z(/p− /z +m)/zγ5

[z2 −m2
π][(z − p)2 −m2][(z + k)2 −m2

π]
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B.1 Amplitudes of pion photoproduction

+
(/z + /k)γ5ε · z(/p′ − /k − /z +m)(/z − /q)

[z2 −m2
π][(z − p′ + k)2 −m2][(z + k)2 −m2

π]

]
, (B.10)

M3.5(j) =
eg3
A

2F 3
π

∫
ddz

(2π)d

×
[
/qγ5(/p+ /k +m)(/z + /k)γ5ε · z(/p− /z +m)/zγ5

[z2 −m2
π][(z − p)2 −m2][(z + k)2 −m2

π]2p · k

− (/z + /k)γ5ε · z(/p′ − /k − /z +m)/zγ5(/p′ − /k +m)/qγ5

[z2 −m2
π][(z − p′ + k)2 −m2][(z + k)2 −m2

π]2p′ · k

]
, (B.11)

M3.5(k) =
eg3
A

8F 3
π

∫
ddz

(2π)d

×
[
− /zγ5(/p′ − /z +m)/qγ5(/p+ /k − /z +m)/zγ5(/p+ /k +m)/ε

[z2 −m2
π][(z − p′)2 −m2][(z − p− k)2 −m2]2p · k

+
/ε(/p′ − /k +m)/zγ5(/p′ − /k − /z +m)/qγ5(/p− /z +m)/zγ5

[z2 −m2
π][(z − p′ + k)2 −m2][(z − p)2 −m2]2p′ · k

]
, (B.12)

M3.5(l) =
eg3
A

4F 3
π

∫
ddz

(2π)d

×
[

/zγ5(/p′ − /z +m)/qγ5(/p+ /k − /z +m)/εγ5

[z2 −m2
π][(z − p′)2 −m2][(z − p− k)2 −m2]

+
/εγ5(/p′ − /k − /z +m)/qγ5(/p− /z +m)/zγ5

[z2 −m2
π][(z − p′ + k)2 −m2][(z − p)2 −m2]

]
, (B.13)

M3.5(m) =
eg3
A

8F 3
π

∫
ddz

(2π)d

×
[
/qγ5(/p+ /k +m)/zγ5(/p+ /k − /z +m)/ε(/p− /z +m)/zγ5

[z2 −m2
π][(z − p)2 −m2][(z − p− k)2 −m2]2p · k
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− /zγ5(/p′ − /z +m)/ε(/p′ − /k − /z +m)/zγ5(/p′ − /k +m)/qγ5

[z2 −m2
π][(z − p′ + k)2 −m2][(z − p′)2 −m2]2p′ · k

]
, (B.14)

M3.5(n) =
eg3
A

8F 3
π

∫
ddz

(2π)d

×
[

/zγ5(/p′ − /z +m)/qγ5(/p+ /k − /z +m)/ε(/p− /z +m)/zγ5

[z2 −m2
π][(z − p′)2 −m2][(z − p− k)2 −m2][(z − p)2 −m2]

+
/zγ5(/p′ − /z +m)/ε(/p′ − /k − /z +m)/qγ5(/p− /z +m)/zγ5

[z2 −m2
π][(z − p′)2 −m2][(z − p′ + k)2 −m2][(z − p)2 −m2]

]
,

(B.15)

M3.5(o) =− eg3
A

2F 3
π

∫
ddz

(2π)d

×
[

(/z + /k)γ5ε · z(/p′ − /k − /z +m)/qγ5(/p− /z +m)/zγ5

[z2 −m2
π][(z + k)2 −m2

π][(z − p)2 −m2][(z − p′ + k)2 −m2]

]
.

(B.16)

As for the diagrams including the RS ∆ propagators, I use the definition
Sαβ∆ (p) introduced in Eq. (2.41). The tree-level amplitudes of Fig. 3.4 then
read:

M3.4,p2 =− ehAgM
2mM∆(m+M∆)Fπ

×
[
(pµ + kµ)qλγ

µνλSνβ∆ (p+ k)(pα + kα)kδερε
αβδρ

− (p′α − kα)kδερε
αβδρSβν∆ (p′ − k)(p′µ − kµ)qλγ

µνλ
]
, (B.17)

M3.4,p3 =− i
ehAgE

2mM∆(m+M∆)Fπ

×
[
(pµ + kµ)qλγ

µνλSνβ∆ (p+ k)(pα + kα)(kαεβ − kβεα)γ5

− (p′α − kα)(kαεβ − kβεα)γ5S
βν
∆ (p′ − k)(p′µ − kµ)qλγ

µνλ
]
. (B.18)

143



B.1 Amplitudes of pion photoproduction

The loop diagrams of Fig. 3.6 also have very large expressions after evaluation,
and therefore I opt to show the expressions before the momentum integration
or the action of the Dirac equation. The sum over the isospin channels was
already performed:

M3.6(a) =− egAh
2
A

16F 3
πM

2
∆

∫
ddz

(2π)d
1

z2 −m2
π

×
{
/qγ5(/p+ /k +m)(p+ k − z)αzδγ

αβδ

× Sβν∆ (p+ k − z)(p+ k − z)µzλγ
µνλ(/p+ /k +m)/ε

(p · k)2

+
/ε(/p′ − /k +m)(p′ − k − z)αzδγ

αβδSβν∆ (p′ − k − z)

(p′ · k)2

× (p′ − k − z)µzλγ
µνλ(/p

′ − /k +m)/qγ5

}
, (B.19)

M3.6(b) =− egAh
2
A

24F 3
πM

2
∆

∫
ddz

(2π)d

×
{
/qγ5(/p+ /k +m)(p+ k − z)αzδγ

αβδSβν∆ (p+ k − z)(p+ k − z)µελγ
µνλ

[z2 −m2
π]p · k

+
(p′ − k − z)αεδγ

αβδSβν∆ (p′ − k − z)(p′ − k − z)µzλγ
µνλ(/p′ − /k +m)/qγ5

[z2 −m2
π]p′ · k

− /qγ5(/p+ /k +m)(p− z)αεδγ
αβδSβν∆ (p− z)(p− z)µzλγ

µνλ

[z2 −m2
π]p · k

+
(p′ − z)αzδγ

αβδSβν∆ (p′ − z)(p′ − z)µελγ
µνλ(/p′ − /k +m)/qγ5

[z2 −m2
π]p′ · k

}
.

(B.20)

The contribution of the diagrams corresponding to Fig. 3.6(c) vanishes after
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dimensional regularization.

M3.6(d) =− egAh
2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{

(p+ k)αqδγ
αβδSβν∆ (p+ k)(p+ k)µελγ

µνλ(/p− /z +m)/zγ5

[z2 −m2
π][(p− z)2 −m2]

+
/zγ5(/p′ − /z +m)(p′ − k)αεδγ

αβδSβν∆ (p′ − k)(p′ − k)µqλγ
µνλ

[z2 −m2
π][(p′ − z)2 −m2]

}
,

(B.21)

M3.6(e) =
egAh

2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{
ε · z/qγ5(/p+ /k +m)(p− z)α(z + k)δγ

αβδ

× Sβν∆ (p− z)(p− z)µzλγ
µνλ

[z2 −m2
π][(z + k)2 −m2

π]p · k

− ε · z(p′ − k − z)α(z + k)δγ
αβδSβν∆ (p′ − k − z)

× (p′ − k − z)µzλγ
µνλ(/p′ − /k +m)/qγ5

[z2 −m2
π][(z + k)2 −m2

π]p′ · k

}
, (B.22)

M3.6(f) =
egAh

2
A

6F 3
πM

2
∆

∫
ddz

(2π)d

×
{
ε · z(p+ k)αqδγ

αβδSβν∆ (p+ k)(p+ k)µ(z + k)λγ
µνλ(/p− /z +m)/zγ5

[z2 −m2
π][(z + k)2 −m2

π][(p− z)2 −m2]

+
ε · z(/z + /k)γ5(/p′ − /k − /z +m)(p′ − k)αzδγ

αβδ

[z2 −m2
π][(z + k)2 −m2

π][(p′ − k − z)2 −m2]

× Sβν∆ (p′ − k)(p′ − k)µqλγ
µνλ

}
, (B.23)

145



B.1 Amplitudes of pion photoproduction

M3.6(g) =− egAh
2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{

(p+ k)αqδγ
αβδSβν∆ (p+ k)(p+ k)µzλγ

µνλ(/p+ /k − /z +m)/ε(/p− /z +m)/zγ5

[z2 −m2
π][(p+ k − z)2 −m2][(p− z)2 −m2]

+
/zγ5(/p′ − /z +m)/ε(/p′ − /k − /z +m)(p′ − k)αzδγ

αβδ

[z2 −m2
π][(p′ − z)2 −m2][(p′ − k − z)2 −m2]

× Sβν∆ (p′ − k)(p′ − k)µqλγ
µνλ

}
, (B.24)

M3.6(h) =− egAh
2
A

24F 3
πM

2
∆

∫
ddz

(2π)d

×
{

(p′ − z)αzδγ
αβδ

[z2 −m2
π][(p+ k − z)2 −m2]p · k

× Sβν∆ (p′ − z)(p′ − z)µqλγ
µνλ(/p+ /k − /z +m)/zγ5(/p+ /k +m)/ε

+
/zγ5(/p′ − /z +m)(p+ k − z)αqδγ

αβδ

[z2 −m2
π][(p′ − z)2 −m2]p · k

× Sβν∆ (p+ k − z)(p+ k − z)µzλγ
µνλ(/p+ /k +m)/ε

− /ε(/p′ − /k +m)(p′ − k − z)αzδγ
αβδ

[z2 −m2
π][(p− z)2 −m2]p′ · k

× Sβν∆ (p′ − k − z)(p′ − k − z)µqλγ
µνλ(/p− /z +m)/zγ5

− /ε(/p′ − /k +m)/zγ5(/p′ − /k − /z +m)(p− z)αqδγ
αβδ

[z2 −m2
π][(p′ − k − z)2 −m2]p′ · k

× Sβν∆ (p− z)(p− z)µzλγ
µνλ

}
, (B.25)
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M3.6(i) =
egAh

2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{

(p′ − z)αzδγ
αβδSβν∆ (p′ − z)(p′ − z)µqλγ

µνλ(/p+ /k − /z +m)/εγ5

[z2 −m2
π][(p+ k − z)2 −m2]

+
/εγ5(/p′ − /k − /z +m)(p− z)αqδγ

αβδSβν∆ (p− z)(p− z)µzλγ
µνλ

[z2 −m2
π][(p′ − k − z)2 −m2]

}
,

(B.26)

M3.6(j) =
egAh

2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{
/zγ5(/p′ − /z +m)(p+ k − z)αqδγ

αβδSβν∆ (p+ k − z)(p+ k − z)µελγ
µνλ

[z2 −m2
π][(p′ − z)2 −m2]

+
(p′ − k − z)αεδγ

αβδ

[z2 −m2
π][(p− z)2 −m2]

× Sβν∆ (p′ − k − z)(p′ − k − z)µqλγ
µνλ(/p− /z +m)/zγ5

}
. (B.27)

The diagrams of Fig. 3.6(k) do not contribute to the amplitude at the consid-
ered order, due to isospin cancellation.

M3.6(l) =− egAh
2
A

6F 3
πM

2
∆

∫
ddz

(2π)d

×
{

ε · z(p′ − k − z)α(z + k)δγ
αβδ

[z2 −m2
π][(z + k)2 −m2

π][(p− z)2 −m2]

× Sβν∆ (p′ − k − z)(p′ − k − z)µqλγ
µνλ(/p− /z +m)/zγ5

+
ε · z(/z + /k)γ5(/p′ − /k − /z +m)(p− z)αqδγ

αβδ

[z2 −m2
π][(z + k)2 −m2

π][(p′ − k − z)2 −m2]

× Sβν∆ (p− z)(p− z)µzλγ
µνλ

}
, (B.28)
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M3.6(m) =− egAh
2
A

12F 3
πM

2
∆

∫
ddz

(2π)d

×
{

(p′ − z)αzδγ
αβδ

[z2 −m2
π][(p+ k − z)2 −m2][(p− z)2 −m2]

× Sβν∆ (p′ − z)(p′ − z)µqλγ
µνλ(/p+ /k − /z +m)/ε(/p− /z +m)/zγ5

+
/zγ5(/p′ − /z +m)/ε(/p− /k − /z +m)(p− z)µqλγ

µνλ

[z2 −m2
π][(p′ − z)2 −m2][(p′ − k − z)2 −m2]

× Sβν∆ (p− z)(p− z)αzδγ
αβδ

}
. (B.29)

B.2 Compton-scattering amplitudes

In the following, I use the definitions cm, cbo and cbi for the charges of the meson
and of the baryons outside and inside the loop, respectively. Furthermore, each
channel has a particular isospin combination of the LECs D and F . Therefore
I call the combination thereof cDF . The values of this combination for the
different channels are summarized in Tables B.1 and B.2. I denote the external
baryon’s mass as m1, while that inside the loop has mass m. The amplitudes
of the diagrams in Fig. 4.1 then read

M4.1(a) =i
e2c2

mc
2
DF

4F 2
0

∫
ddk

(2π)d
/ε∗γ5(/p+ /q − /k +m)/εγ5

[k2 −m2
π][(p+ q − k)2 −m2]

, (B.30)

M4.1(b) =− i
e2cmcboc

2
DF

8F 2
0 p · q

∫
ddk

(2π)d
/ε∗γ5(/p+ /q − /k +m)/kγ5(/p+ /q +m1)/ε

[k2 −m2
π][(p+ q − k)2 −m2]

,

(B.31)

M4.1(c) =− i
e2cmcboc

2
DF

8F 2
0 p · q

∫
ddk

(2π)d
/ε∗(/p+ /q +m1)/kγ5(/p+ /q − /k +m)/εγ5

[k2 −m2
π][(p+ q − k)2 −m2]

.

(B.32)

The diagrams in Figs. 4.1(d) and 4.1(e) give no contribution to γ0, as they
have no depency on the photon energy ω.

M4.1(f) =i
e2c2

boc
2
DF

16F 2
0 (p · q)2

∫
ddk

(2π)d
/ε∗(/p+ /q +m1)/kγ5(/p+ /q − /k +m)/kγ5(/p+ /q +m1)/ε

[k2 −m2
π][(p+ q − k)2 −m2]

,

(B.33)
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p n Σ+ Σ0

p D + F
√

2(D + F )
√

2(D − F ) D − F

n
√

2(D + F ) −(D + F ) 0 F −D

Σ+
√

2(D − F ) 0 2F −2F

Σ0 D − F F −D −2F 0

Σ− 0
√

2(D − F ) 0 2F

Λ −D+3F√
3

−D+3F√
3

2D√
3

2D√
3

Ξ0 0 0
√

2(D + F ) −(D + F )

Ξ− 0 0 0 D + F

Σ− Λ Ξ0 Ξ−

p 0 −
(
D+3F√

3

)
0 0

n
√

2(D − F ) −
(
D+3F√

3

)
0 0

Σ+ 0 2D√
3

√
2(D + F ) 0

Σ0 2F 2D√
3

−(D + F ) D + F

Σ− −2F 2D√
3

0
√

2(D + F )

Λ 2D√
3

0 3F−D√
3

3F−D√
3

Ξ0 0 3F−D√
3

F −D
√

2(D − F )

Ξ−
√

2(D + F ) 3F−D√
3

√
2(D − F ) D − F

Table B.1.: Values of the isospin constant cDF for the different channels of the
octet-baryon-to-octet-baryon transition via a pion or a kaon.
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B.2 Compton-scattering amplitudes

p n Σ+ Σ0 Σ− Λ Ξ0 Ξ−

√
3F − D√

3

√
3F − D√

3
2D√

3
2D√

3
2D√

3
−2D√

3
−
√

3F − D√
3
−
√

3F − D√
3

Table B.2.: Values of the isospin constant cDF for the coupling of an η meson to
an octet baryon.

M4.1(g) =i
e2cmcboc

2
DF

4F 2
0 p · q

∫
ddk

(2π)d
k · ε∗/kγ5(/p− /k +m)(/k + /q)γ5(/p+ /q +m1)/ε

[k2 −m2
π][(k + q)2 −m2

π][(p− k)2 −m2]
,

(B.34)

M4.1(h) =i
e2cmcboc

2
DF

4F 2
0 p · q

∫
ddk

(2π)d
/ε∗(/p+ /q +m1)(/k + /q)γ5(/p− /k +m)/kγ5k · ε

[k2 −m2
π][(k + q)2 −m2

π][(p− k)2 −m2]
,

(B.35)

M4.1(i) =− i
e2c2

mc
2
DF

2F 2
0

∫
ddk

(2π)d
k · ε∗/kγ5(/p− /k +m)/εγ5

[k2 −m2
π][(k + q)2 −m2

π][(p− k)2 −m2]
,

(B.36)

M4.1(j) =− i
e2c2

mc
2
DF

2F 2
0

∫
ddk

(2π)d
/ε∗γ5(/p− /k +m)/kγ5k · ε

[k2 −m2
π][(k + q)2 −m2

π][(p− k)2 −m2]
,

(B.37)

M4.1(k) =− i
e2cmcbic

2
DF

4F 2
0

∫
ddk

(2π)d
/kγ5(/p− /k +m)/ε∗(/p+ /q − /k +m)/εγ5

[k2 −m2
π][(p+ q − k)2 −m2][(p− k)2 −m2]

,

(B.38)

M4.1(l) =− i
e2cmcbic

2
DF

4F 2
0

∫
ddk

(2π)d
/ε∗γ5(/p+ /q − /k +m)/ε(/p− /k +m)/kγ5

[k2 −m2
π][(p+ q − k)2 −m2][(p− k)2 −m2]

,

(B.39)

M4.1(m) =i
e2cbocbic

2
DF

8F 2
0 p · q

∫
ddk

(2π)d
/kγ5(/p− /k +m)/ε∗(/p+ /q − /k +m)/kγ5(/p+ /q +m1)/ε

[k2 −m2
π][(p+ q − k)2 −m2][(p− k)2 −m2]

,

(B.40)
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M4.1(n) =i
e2cbocbic

2
DF

8F 2
0 p · q

∫
ddk

(2π)d
/ε∗(/p+ /q +m1)/kγ5(/p+ /q − /k +m)/ε(/p− /k +m)/kγ5

[k2 −m2
π][(p+ q − k)2 −m2][(p− k)2 −m2]

,

(B.41)

M4.1(o) =i
e2c2

bic
2
DF

4F 2
0

∫
ddk

(2π)d
/kγ5(/p− /k +m)/ε∗

[k2 −m2
π][(p− k)2 −m2]

× (/p+ /q − /k +m)/ε(/p− /k +m)/kγ5

[(p+ q − k)2 −m2][(p− k)2 −m2]
, (B.42)

M4.1(p) =− i
e2cmcbic

2
DF

2F 2
0

∫
ddk

(2π)d
k · ε∗(/k − /q)γ5

[k2 −m2
π][(k − q)2 −m2

π]

× (/p+ /q − /k +m)/ε(/p− /k +m)/kγ5

[(p− k)2 −m2][(p+ q − k)2 −m2]
. (B.43)

For the diagrams of Fig. 4.2, I use the definition introduced in Eq. (2.41).
Furthermore, apart from the masses m1 and m and the constants cm, cbo and
cbi introduced before, I define Ism and Isp as the coupling constants of the
vertices of the decuplet-to-octet baryon transition via a coupling to a meson
or to a photon, respectively. Their values are summarized in Tables B.3 to B.5.

M4.2(a) =
9e2g2

M Is2
p

4m2
1(m1 +M∆)2(m2

1 + 2p · q −M∆)2

× (pµ + qµ)qαε
∗
βε

µναβSνν
′

∆ (p+ q)(pµ′ + qµ′)qα′εβ′ε
µ′ν′α′β′ , (B.44)

M4.2(b) =− i
e2h2

Ac
2
mIs2

m

4F 2
0M

2
∆

∫
ddk

(2π)d

{
γµνλε∗λ(p+ q − k)µ

× Sνν
′
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Table B.3.: Values of the isospin constant Ism for the different channels of the
decuplet-to-octet baryon transition via a pion or a kaon.
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Table B.4.: Values of the isospin constant Ism for the decuplet-to-octet baryon
transition via an η meson.
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Table B.5.: Values of the isospin constant Isp for the decuplet-to-octet baryon elec-
tromagnetic transition. The Σ∗0 can decay into either a Σ0 or a Λ.
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As a test for the correctness of the calculations, I performed the substitutions

ω ↔ −ω and ε∗ ↔ ε, (B.53)

and verified that the amplitude of the crossed diagrams is reproduced. To ob-
tain the final numerical results for the forward spin polarizability, the structure
constants of the /ε∗/ε-terms are expanded up to the order ω3 with the help of
Mathematica. The coefficients of O(ω3) are then used to evaluate the integrals.
It is interesting to note that in the work of Chapter 4 no diagram has to be
renormalized, as at order p7/2 no divergences or PCBT enter into the result of
γ0.
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APPENDIX C

ALGEBRA FOR LOOP
CALCULATIONS

In this thesis, I mainly use the Feynman parameterization to simplify the
expressions in loop integrals. The idea is that denominators in the integral
can be rewritten such that∫

ddk

(2π)d
1

A1 . . . An
=

∫
ddk

(2π)d

∫ 1

0

df1· · ·
∫ 1

0

dfn
δ(1− f1 − · · · − fn)(n− 1)!

(A1f1 + · · ·+ Anfn)n

=

∫
ddk

(2π)d

∫ 1

0

df1· · ·
∫ 1−f1···−fn−1

0

dfn
δ(1− f1 − · · · − fn)(n− 1)!

(A1f1 + · · ·+ Anfn)n
, (C.1)

where d is the dimension in Minkowski space, fi are the Feynman parameters,
and Ai are functions of kµ and the momenta of the external particles. The
last step is valid because of the δ-function. The first integration is then easily
performed by just substituting one of the Feynman parameters — whichever
most convenient — with the help of the δ-function, leading to an expression
such as∫

ddk

(2π)d

∫ 1

0

df1· · ·
∫ 1−f1···−fn−2

0

dfn−1
(n− 1)!

[A1f1 + · · ·+ An(1− f1 − · · · − fn−1)]n
.

(C.2)

Next, one wishes to further reduce this expression, so that the integral takes
the simple form ∫

ddl

(2π)d
1

(l2 −∆)n
, (C.3)
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which is then easily solved by the known dimensional regularization. This is
done by completing the square in the denominator: the integration variable
kµ is shifted to lµ such that the terms linear in kµ vanish, leaving only a term
proportional to l2, and a number of terms independent of lµ.

Once reduced to this type of expressions, dimensional regularization gives
(refer to, e.g., Ref. [190]):∫

ddz

(2π)d
1

(z2 −∆)n
=

(−1)ni

(4π)d/2
Γ
(
n− d

2

)
Γ(n)∆n− d

2

,

∫
ddz
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2
− 1
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2
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2
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2
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4
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]
. (C.4)

To simplify the expressions that appear throughout this thesis, I use the defi-
nitions:

λ0(∆) =
Γ
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−d

2

)
(4π)d/2∆−

d
2
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∆2

32π2
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,
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C Algebra for loop calculations

λ4(∆) =
Γ
(
4− d

2

)
(4π)d/2∆4− d

2

=
1

16π2∆2
, (C.5)

where ε = 4 − d and MSc is the scale parameter, which in this work is set
to the light-baryon mass. Furthermore, γE = −Γ′(1) is the Euler-Mascheroni
constant. I use two different minimal subtraction (MS) schemes, where terms
proportional to

2

ε
+ log(4π)− γE + 1 (C.6)

are subtracted in the case of the M̃S prescription (Chapter 3), and for the case
of MS (Chapters 5 and 6) terms proportional to

2

ε
+ log(4π)− γE. (C.7)

As mentioned before, in Chapter 4 no renormalization is needed for the ex-
traction of the polarizability γ0.

Special care has to be taken for amplitude terms which are proportional to
the dimension d = 4 − ε, which arise, e.g., from expressions as gµνγµγν = d.
The ε piece of these expressions cancels the divergence hidden in 2

ε
, therefore

leading to the appearance of additional finite terms which are not absorbed
into the renormalization. Were one to set d = 4 from the very beginning, they
would have erroneously disappeared.

Another thing that needs to be considered is the arisal of PCBT when
computing loops that include internal baryon lines. A diagram of nominal
order D might after integration contain terms of order n < D. These terms
spoil the convergence of the chiral series, and therefore must be identified and
renormalized. This is done in the EOMS scheme where, together with the
divergences, these analytical expressions are also absorbed into the LECs of
the lower-order Lagrangians. The identification of these terms is best done by
expanding the result as a series in small external momenta and masses, and
then isolating the terms of order n < D. As rather large expressions have
to be dealt with, we opted to use Mathematica to perform this expansion, as
explained in Appendix D.

157





APPENDIX D

COMPUTATIONAL TOOLS

Here I give a brief overview over the algebraic and numerical computational
tools I used throughout this thesis. Note that many of them can deal with the
same kinds of problems, the main difference lying in the speed of computation.
By using several packages in parallel, I could on the one hand combine their
individual strengths, and also cross check many results.

D.1 FORM

This programme is a very powerful algebraic tool for the amplitude calcula-
tions [76, 77]. A good tutorial and manual are given in Refs. [191, 192].

While the tree diagrams and some loop diagrams are simple to calculate
with pen and paper, there is an explosion of terms when moving to diagrams
with more than two propagators, or with propagators of more complicated
structure, as is the case of the RS type spin-3/2 baryons. Therefore the results
become prone to small mistakes, and it is useful and necessary to confront
them with those obtained by means of computational tools.

Before moving to numerics, one is interested in the analytical structure of
the results. The programme FORM avoids any ”blackbox” problems, as every
single definition is given by the user: one defines which quantities are scalars,
vectors, tensors (commutable or non-commutable), or indices. Furthermore,
the programme does not a priori know which rules apply to each of them, but
the user also defines the commutation rules for the γµ, γ5 matrices by hand,
and explicitly states for which vectors the Dirac equations apply, and how.

When writing the loop diagrams with the help of the Feynman parameters,
see Appendix C, one performs a shift in the integration variable in order to
simplify the loop denominator, and to enable solving it by means of a simple
dimensional regularization. This of course leads to a shift in the numerator
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D.2 Mathematica

as well, which one can also implement in FORM. Finally, after applying the
Dirac equation where possible, and performing the substitution of the integra-
tion variable by the structures of the dimensional regularization, the amplitude
appears in terms of the structures needed, e.g., form factors. These one can
then easily write in a format readable by other programmes, such as Mathe-
matica [193], to then do the explicit numerical calculation.

D.2 Mathematica

Mathematica [193] is very useful if one wants to test first results fast, and also
to quickly change parameters to be plotted. It is very visual and its capabilities
have become ever more expansive over the years. The numerical integration
usually converges well, also due to the existence of different routine options,
and it is ideal to test the results for single parameter points. Unfortunately,
when one deals with many data points or when one wants to plot over a range
of energies or angles, then the computation turns out to be rather slow and
other numerical tools should be used. But in any case it is very useful for a base
of comparison, and also to easily visualize and handle analytic expressions.

Furthermore, this programme has the subprogrammes FeynCalc [78, 79] and
LoopTools [194] implemented and very well tested.

D.2.1 FeynCalc and LoopTools

With FeynCalc [78, 79], one can perform the analytical calculation and reduc-
tion of amplitudes (especially useful for loop diagrams), as also done by FORM.
Naturally the difference is that it is a blackbox, and therefore sometimes trou-
bleshooting is complicated. Instead of the Feynman parameters, FeynCalc
relies on the Pasarino-Veltman reduction. This yields analytical results even
where the Feynman parameterization only allows for numerical integrations.

One has to take special care when using FeynCalc on structures with RS
propagators, because the OneLoop routine that works perfectly for spin-1/2
particles as of version 9.0 shows some problems in that sector. But many of
these issues have been resolved by the somewhat newer routine TID, therefore
now allowing to work even with these more complicated structures. Note that
FeynCalc is much slower than FORM.

FeynCalc gives out Passarino-Veltman structures which then have to be
evaluated with another tool. I use the Mathematica package LoopTools [194].
The user chooses the scale of the dimensional regularization and the preferred
prescription for the MS renormalization: in this thesis they are the baryon
mass and the MS or M̃S schemes, respectively. The tool then calculates the
corresponding value obtained from the analytical expressions given as input.
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D Computational tools

D.2.2 Determining the PCBT

As explained in Appendix C, when calculating loop diagrams with internal
baryon loops, power-counting breaking terms might arise and have to be renor-
malized. In order to compute the series around small parameters pi, the sim-
plest approach is to set them proportional to a small scale ν:

pi = αi ν. (D.1)

Then, one can expand the result in a series around ν up to νn−1, where n is
the nominal order of the diagram. These are the terms that break the power
counting, and that therefore have to be renormalized. After subtracting them,
i.e., absorbing them into a redefinition of the LECs, one can set the small
parameteres back to their original form:

αi =
pi
ν
. (D.2)

D.3 Numerics

Minuit [195] is a programme distributed by CERN that searches for minima
(with different minimization-routine options) in a function. In this work, the
functions I minimize are those giving the χ2 value between data points and
the theoretical functions to describe them. Usually the minimization is non-
trivial, as it depends on multiple parameters which can easily have several
local minima. For the numerical evaluation of the models I used fortran, C++
and Python.
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Marco Serusi, Toshitaka Uchino, Aaron Vincent, En Wang, and Chuwen Xiao.

Warm thanks to Helen Westwater for the many productive hours she wel-
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