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CONTINUA WITHOUT SETS

Prof. F. Gonzalez Asenjo
Pittsburgh University
Department of Mathematics
Pittsburgh, PA 15260, USA

I.- MOTIVATION AND PURPOSE.

1. FROM THE PHENOMENOLOGY OF THE CONTINUUM.

Initially, we perceive an indefinite extension imprecisely, a spread C;
this perception can be visual, aural, or tactile. Next we perceive in C an
uncertain number of aspects C7,C%, .. .; these aspects provide C with the begin-
ning of a structure. Then in'each of these aspects we perceive regions V
§r,1r,§s,..., which give the aspects their internal composition. Yet it would
be an error to assume that because we label these regions with distinct
letters, each is a fully separated entity. To think thus is to succumb to the
insidious atomism induced by written language, a prejudice we must avoid at
all costs if we are ever to understand the nature of a concrete continuum as
we really perceive it, that is, free of the characteristics injected by our
inherited preconceptions, preconceptions as prevalent as they are inadequate.
We need a binary predicate of distinguishability to represent the fact that gr
is distinguishable from xs but not necessarily vice versa: each distinction
implies a direction. Subsequently, we perceive that some regions and aspects
are united to one another; some not. Then we see that some regions and
aspects are part of other regions and aspects; some not. And finally, we per-
ceive that some regions and aspects lie between other regions and aspects,
which represents a fundamental ternary relation of betweenness that is --

together with the two binary relations of unity and being a part of --
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essential to the constitution of any concrete continuum and especially to its

topological structure.

2. THE INADEQUACY OF CONTINUA BUILT ON SET THEORY.

The current mathematical theory of the continuum is Dedekind’s, based on
sets. In tﬁis theory, the continuum is built from the bottom up, with deceiv-
ing looseness. In fact, it is so weakly put together that using nonstandard
analysis it is not difficult to totally unglue it and fill its uncountable
holes with equally uncountable infinitesimals and infinites. These so easily
created openings in the continuum then become interspersed with an unlimited
number of variably sized monads, that is, monads, and monads within monads,
and so on ad infinitum, all of which makes the original continuum impossible
to recapture with fu;ther Dedekind cuts. In themselves, these additions and
interpolations are a positive feature in that, phenomenologically speaking,
smany continua are indeed soft, penetrable, and amenable to unlimited
interspersion. The key shortcomings of Dedekind’s theory are unity'’s feeble
role among the parts as well as the way the theory overlooks the fact that
continua are genetically prior to sets, prior to any abstract gathering and
separating. A surprising failure given the historical fact that there was

geometry for centuries before there were sets.

The irony of Dedekind’s approach lies in its characterization of the con-
tinuum ;hrough the least absolute and least important of its properties,
divisibility, when actually what characterizes the continuum is its indivisi-
bility, the encroachment of parts on one another, and the unbreakable link-
ages. This is why Dedekind’s continuum is so unreal, and why it cannot
tinguishable aspects, not cuts; (ii) that some of its regions form a unity
while others do not, union being a true or false predicate and not a set-
theoretic operation that has no exceptions; (iii) that it has no holes -- no
empty regions -- and itself is never a universal depository of.aspects and

regions but is always open to endless downward analysis and upward synthesis;



(iv)

that some of its regions interpenetrate mutually while others do not;
and finally (v) that there are always regions and more regions between

regions.

3. WHAT IS A CONTINUUM?

" A continuum is an extension with distinguiéhable and often overlapping
aspects, aspects in which, in turn, overlapping and nonoverlapping regions can
be distinguished. In this extension each distinction discloses an in-between:
every division engenders its own bridge. A continuum that is absolutely
separable is not a continuum at all. The continuum mends its own tearings
like flesh that heals its own wounds. In the continuum, holes are abstract
illusions, somewhat like the black holes that current cosmology interprets as
not really holes but as a kind of in-between, a link between two worlds that
establishes the continuity of one into the other. When Qe consider an aspect
as an intermediate--provisional--universal continuum all by itself, it becomes

a "black hole" through which to travel from one "universal" level to another.

A theory for a concrete continuum -- a continuous continuum -- must
reflect several fundamental characteristics: (i) its primitiveness -- the
fact that the continuum is an ultimate aspect of reality to be described, not
a building to be formally erected on a base rooted in set theory; (ii) the

fact that the continuum does not gather regions in a set-theoretic fashion --

an axiom of comprehension would distort the unlimited openness, both upward
and downward, with which a continuum presents itself in the middle of a vast
expanse; (iii) the fact that each "universal" continuum is only an aspect
temporarily taken as a universe, an "intermediate universal continuum," to use
technically the paradoxical expression already employed (this expression well
conveys the antinomic situation in which we find ourselves, perceiving as we
must only a limited portion of realigy that fades indefinitely toward the very
big and the very small, despite our obsessive attempts to describe the world

in its entirety as though it were a closed aggregate).



4. MINGLING VERSUS GATHERING.

Dedekind’s continuum, being an upwardly directed construction, misses the
point that in the real world wholes and parts exchange roles more freely than
our habit of "collecting into a whole" allows us to perceive. This tendency
to gather, to collect and enclose, is a major source of fallacious descrip-
tions of reality. Wholes do not neceséarily gather their parts; instead, the
relations between parts and wholes are often like a mingling together. Our
technical use of the word mingling will convey that a part often extends
beyond many of its wholes. Mingling is of course compatible with gathering,
but it generally transcends gathering and erases all stratifications of the
part-whole relation. The predicate "being a part of" will be used technically
in this sense of mingling, not in that of a set-theoretic gathering of ele-

ments or of an inclusion of one set into another.

5. IN THE MIDDLE OF THINGS.

Franz Kafka noted that things never present themselves "by their roots"
-- nor in their totality, we must add -- "but by some point or other situated
toward the middle." This is an accurate description of man’s perceptive pred-
icament. We can only approach reality at its middle, a reality which in

effect may well have no roots and be utterly uncollectable in its entirety.

The intermediate universal continuum C is at the middle of all its
T 5 rXoroir

aspects, and each aspect C° is at the middle of all its regions x ,y ,z ,
Only set-theoretic preconceptions make us fail to see how entities are
observed in direct experience. Yet C itself is only an aspect of a vaster
expanse, an aspect that can itself be "horizontally" analyzed into further
aspects and regions that are at a lower level than the vaster expanse. This
level structure is reminiscent of Hao Wang’s theory of positive and negative

types -- which also excludes initial levels -- except for two considerations:

(i) types are closed to one another, while levels share the same aspects,



taken alternatively as aspects or universes, and (ii) types are arranged in

linear succession, whereas levels ramify nonlinearly upward and downward.

6. UNION AS A PREDICATE.

Some objects cannot unite even if one puts them in the same box in per-
petuity. The moment that uniting entities becomes synonymous with collecting
them into the same set, unification loses its concrete meaning and becomes an
abstract, trivialized operation. In what follows, union is to be considered a
binary predicate that holds if and only if two continua are truly unified,
that is, if there is a definite coalescence between them, be they continguous
or mediated by other continua. Thus the intermediate universal continuum c
coalesces with each of its aspects Er,gs,..., unifies with each of them --

which is why they are its aspects, not because of any membership relation.

r
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Similarly, each aspect C° coalesces with each of its regions x ,Xr,g
unifies with each of its regions -- which is why they are its regions. C and

its aspects C°,C% ... are therefore essentially amalgamated.

7. BETWEENNESS.

The intermediate universal continuum C interjects itself betwéen any two
of its aspects; in symbols, §(£r,£,gs). Similarly, each aspect interjects
itself between any two of its regions, B(x",C",y"). Betweenness is not an
external relation, for B(C™,C,CT) and B(x",C",x") are valid special cases of
the two symbolic expressions just given; here, betweenness parallels the inti-
mate coalescence of unification, as well as the intimate meaning of presence
that "being a part of" provides. Further, because between two different
regions of a given aspect a third can always be interjected, betweenness
satisfies a density property similar to the one that rational numbers satisfy
in their usual ordering. For this reason it is impossible to produce finite

models of continua. Finally, betweenness -- like distinguishabity -- is a
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one-directional relation; i.e., Xr may lie between X and z but not between

= r
z and X .

8. PLACES VERSUS POINTS.

Our ordinary conception of the space-time continuum, even the relativis-
tic one with its overlapping points of view, is a misleading model of the real
continuum: it still relies on points as ultimates and converts separation
into an absolute. Actually, there are no perceived points, only aspects and
regions, and thése can overlap just as the different perspectives provided by

each system of reference overlap, which is impossible for points. To say that

there are no points but only aspects and regions means that the continuum has
no ultimate components, neither points nor elements of any kind -- in particu-
lar, no atomic regions. The terms for all predicate formulas, then, must be
places, fegions, or aspects but never points, places that are provisional
units of discourse in the same way that any partially disengaged object of our
perception is a unit of discourse. Given that there is not the slightest evi-
dence to support the existence of a bottom or a top in our cosmos, we shall
operate on the more adequate assumption that there is no truly indivisible
atom, just as there is no complete universe, and that, further, it is in the
nature of things to be irremediably caught in the middle; i.e., there is only
the middle -- an ontological as well as a perceptual fact, in accordance with

the principle that places are concrete while points are incurably unreal.

Aspects differ from regions in that they themselves can be temporarily
taken as universes; regions cannot. Also, aspects are in the middle of each
of their regions as well as between any two of them, that is, aspects are a
kind of floating medium for their regions; yet a region is not necessarily in
the middle of any two other regions. Aspects, like phases, are snapshots of a
transcendent reality, the temporary visitation of a far-reaching entity, i.e.,
a higher-level continuum whose origin is perhaps remotely located -- just as

light visits us daily from afar. This unfolding of hspects within an aspect



takes place at all levels in the never-ending upward and downward ramifica-
tions of continua, each aspect always relating to higher and lower aspects.
This parallels the macroscopic amplification of microscopic structures and
processes that Pascual Jordan considered the essence of life. It also paral-
lels the unlimited self-similarity of fractals without regard for the up or
down scale in which they are considered, that is, the fractal’s entire
geometric p#ttern reappears without change whatever the-size and scope of
observation; Benoit Mandelbrot found this characteristic dominant in most
natural forms and processes. Regions, since they are patches of aspects, do

not have this ability to move from one level to another.

9. RELATIONS OF THE PRIMITIVE PREDICATES.

Since unity, being a part of, and betweenness are independently intro-
duced predicates, it-is desirable to differentiate between the following
cases. (i) Each aspect coalesces with every one of its regions and is at the
middle of any of them. (ii) Many regions intersect because they have another
region as a common part without the latter coalescing with any of the former.
(iii) Regions are always mediated by other regions but none of these regions
need necessarily coalesce. (iv) An aspect is part of many of its regions
without their necessarily coalescing. Whenever a region is part of an aspect
and vice versa, we say that the whole is part of the part. To see a family
trait in a face is an example of an aspect being part of a region, as is the
case when parsley gives flavor to a taste -- parsley giving something of
itself but not all of itself, staying on the outside yet inside. The obstacle
to perceiving these standard facts is that our thinking is overwhelmingly con-
trolled by atomism, a prejudice that is exceedingly difficult to escape
because the moment we put down symbols on paper we are already automatically
committing ourselves to simple location; and yet, we constantly perceive

regions that are "larger" than the aspects of which they are a region.
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We must differentiate between the following: (i) distinguishability,

i.e., given two regions, a third one is unified with the first but not with
the second, a nonsymmetric fact; (ii) npnintersection, i.e., two regions have
no third region as a common part; (iii) disunity, i.e., two regions do not
coalésce; plus (iv) combinations of all of these.‘ It is possible for a
region to be part of another without either one being distinguishable from the
other. Further, unity is a form of connection even for nonintersecting
regions, regions seemingly disconnected at first sight; indeed, it is common
for regions to be united despite a wide breadth of in-between -- painters

demonstrate this when they distribute color on a canvass. Finally, disunited

regions can have parts in common.

Perceptively we may concentrate on an aspect and exclude its source, but
this shouid not make us forget that any continuum can become a stage at a
given level, a phase. Parts II and III will present a horizontal analysis of
such stages, an analysis that can be repeated at all levels, keeping in mind
that these levels have no linear ordering and no béginning and no end.
Because of the infinite ramification of levels up and down at whatever aspect
our mind starts, no description of the continuum éan ever be complete nor be

completed without violating its true nature.

The intermediate universal continuum C, then, not only is not a universal
class bu; also is not a product graph or a complete universal-algebraic -
object. Rather, it is a universal-algebraic fragment taken at the middle of
things, as it must be; as such, it contains all the internal transformations
relative to C -- the tearings and joinings between its aspects, for example.
And, again, C can only be a fragment because it is itself an aspect of many
higher-level continua, just as each of C's aspects can in turn be taken as a
universe: this is the inevitable principle of the relativity of all continua.

When attempting to comprehend this fragmentation, this purely relative articu-



lation of any intermediate universal continuum, the built-in atomism of set
theory is a serious obstacle; in fact, it destroys our ability to conceive

continuity correctly.

11. TOPOLOGY OF CONTINUA WITHOUT SETS.

Ordinary topology is so dependent on one-directional part-whole relation-
ships, and it so weakens the role of the relations of unity and betweenness in
.the structure of extension, that it is not capable of dealing with the
phenomenology of space. Coalescence, two-way part-whole relationships, and
mediation of regions and aspects are the essential features of continua. We
need a topology based on direct perception, not on abstraction, that is, not
on our tendency to collect isolated items. We must always bear in mi.d that
wholes do not necessarily gather parts, and that they often mingle with their

parts.

In ordinary topology, closed simple boundaries enclose a region. Con-
crete boundaries, however, have direction, and_may be impenetrable in one
direction but open in another. Even Gestalt psychology commits the mistake of
holding that a "good Gestalt" is necessarily a form that implies a closed
boundary. But an "unfinished" drawing made with an open line should not be
judged as demanding that we imagine the completion of a closed contour for our
theoretical satisfaction. We can see faces in a cloud surrounded bv unfin-
ished, soft, penetrable contours, and these diffuse properties are essential
to the face we perceive, inseparable from the perception’s quality; in other

words, the contours are not only open but must be so described theoretically.

The existence of soft, one-di?ectional boundaries implies that not every
simple closed boundary divides an inside from an outside. Actually, some
boundaries.aie their own inside. Only our obsession with univocity makes this
difficult to accept, even if it is a usual characteristic of perception. We

believe that we draw a line made of points even if we know that we can neither
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draw nor perceive a point. And yet, that boundaries can be their own interior
should not be surprising when we know that Peano curves fill a plane, that
Lebesgue curves have positive area, and that there are surfaces with positive

volume.

In his "Topology without Points" Karl Menger outlines a system in which
the ultimate objects are "lumps" rather than points. He ends the paper with
the following recommendation: "By a lump, we mean something with a well
defined boundary. But well defined boundaries are themselves results of lim-
iting processes rather than objects of direct observation. Thus, instead of
lumps, we might use at the start something still more vague -- something
perhaps which has various degrees of density or at least admits a gradual

transition to its complement. Such a theory might be of use for wave mechan-

1

ics. But what is a curve in a topology of lumps? In Part III we shall
offer an answer to this question, "lumps" for us meaning either regions or

: Lir r (S -
aspects, regions x ,y ,... and aspects C*,C”, ... being local continua, and the

. intermediate universal continua C’,C’’,... being global ones -- a purely rela-

tive distinction.

If we can manage not to succumb to prevalent formal-ontologic prejudices,
it is easy to see that a boundary does not provide a razor-sharp division,
that it often overlaps both its inside and outside -- if it has them -- and is
frequently a kind of no-man's-land between, and encroaching upon, the regions

immediately beside it.
12. 1IN SYNTHESIS.

To recapitulate briefly, a multiplicity of regions and aspects -- one
constituting a boundary, say -- cannot be gathered in a set-theoretic manner.
We distinguish continua partially before we can divide them, and even then new
regions keep appearing between regions. Hence, to distinguish is to add; to
divide is to multiply the number of viewpoints, to create further possible

interpenetrations and coalescences: each act of distinction reveals an in-



between. To sever is too final to be realistically concrete, for there is
often a gradual transition from a region to its complements. Distinguishabil-
ity of entities, again, implies their giving something of themselves but not

all.

There is a never ending descent and a never ending ascent in the analysis
of the continuum. There is no empty continuum, and there is no ‘absolutely
universal continuum. Further, the distinction between local and global
transformations is blurred. Every local change has global implications, and

every global change affects local relationms.

Unity, being a part of, and betweenness are primitive and irreducible
relations, each contributing differently to the constitution of continua. It
is a mistake to think that this proliferation of predicates makes the contin-
uum a less exact structure. Although Whitehead said that "exactness is an
ideal of thought and is only realized in experience by the selection of a
route of‘approximation," it is misleading to identify exactness with clear-
cut, razor-sharp definition. There is a stage in the description of reality
beyond which sharpness becomes synonymous with inexactness. In a realm of
diffuse entities, exactness demands diffuseness. This is a routine paradox of
scientific thinking that we must simply accept. Exactness in the sense of
full adequacy often requires moving away from our most cherished, most habit-
soothing notions, notions which -- like those of set and membership -- only
function as barriers after a point, preventing us from grasping the concrete

structure of space as it really is.
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II.- A FORMAL LANGUAGE.

13. THE PRIMITIVE SYMBOLS.

A three-sorted classical predicate calculus is assumed. The three sorts

of individual variables are

(i) C,C,C'',... to range over intermediate universal continua; i.e.,
aspects taken provisionally as universes (multiverses would be
perhaps more appropriate, since C is not a closed whole of all its

aspects).

(ii) EF,QS,Qt,... to represent aspects of an intermediate universal con-
tinuum C; i.e., partial continua of a universal continuum (these
aspects are not to be taken as elements or "finished; products of
any kind, for each of them may itself be taken as a universe). It
is of course possible for the variable superindex r to be identical

to s, i.e., for Er to be Qs.

(iii) Er,xr,gr,..., regions of an aspect Qr, also occasionally denoted
x5 XXX for convenience
<aX 10X5:X70Xg, - - ! .

We take an aspect -- any aspect at the middle of things -- and consider

it provisionally as a universe C. Then we find that C, in turn, displays

aspects gr,gs,..., and that each of these aspects then displays regions

§r,xr,...,§x,zs,... . This constitutes the horizontal an&lysis of g's struc-

ture. But we can take any universe C and observe that it is merely an aspect

of a more sweeping universe C’, actually, of many universes C',Cr’ C''’,

’ re (B[
that is, C can be takenas aC ~, aC °, a(C £, etc.; this is analysis in

,
the upward direction. Or still, we can take an aspect Qr of a given universe

C, and consider it, in turn, as a universe C’ in itself, with its own aspects

16



Q'r,g's,...; this is downward analysis. The upward and downward directions of
analysis can be pursued limitlessly along all their ramified paths; i.e., we
are unavoidably "in the middle of things." There is no way to reach a bottom
or a ceiling because neither exists; there is no empty continuum, no abso-
lutely universal continuum. We cannot collect all aspects but can only
analyze their structure in a fragmentary way, that is, at a given horizontal
1e§e1 or, in a limited way, at some of their néighboring levels. There is,
then, no essential difference between C and Qr insofar as their structure is
concerned; C is merely the irreducible multiplicity of all its aspects.

Whereas Cantor sets collect elements, universal continua spread aspects. The

gf,gf.... are the internal composition of C. The intermediate universal con-
tinua C’,C'’,..., of which C is an aspect, establish the external relations of
C.

In addition we have:

(iv) Three undefined binary predicates, U, "union," w, "being a part
of," and §(§r,xr), “zr is a neighborhood of Er.“ (Union is not an

operation.)

(v) A ternary predicate, §, "betweenness."

Intermediate universal continua, aspects, and regions are all continua;
they differ in some of their formal properties as specified by the axioms that
follow. Intuitively, these various continua emerge in the order of their suc-
cessive discernibility. As we concentrate on an aspect C, arbitrarily chosen,
and take it as a world in itself, we should not have the illusion that it is
anything more than a patch in the middle of vaster spreads, just as ('s

aspects and regions are patches in C’'s midst.

14. FOUR DEFINED PREDICATES.
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(i) =, equality.

DEFINITION 14.1: x° = y° if and only if (iff) (z)(U Xz

(E].') (Erﬂ_ir = Erqr) & (_Z_r) (EI”.Z—I - Irﬂz‘_r)..

DEFINITION 14.2: x* = y° iff (u)(x®)((U x'u" = U y°u") & (U x

ry_s =5 ISXS)) &

(Er)((‘_qur = Erﬂ'ls) & (Erm_lr = XS@]’.‘)) & (!s)((xs@r s XSKXS) &

(v’ = y°m®)).

Since Er, Qr, and Q are different sorts of variables, Er - gr, g_r - C_',
and Qr - gare never the case. However, regions of one aspect can be part of
other aspects. Note further that §r = zr implies (Egr)((u §r5r & lu zrgr) Vv

(Muxzf & Uuy2)) V E2DH(E" & 1@y Vo (@) & 2fy))

V (E25) ((x"rz" & Tz V. (T &Fnz") & yonzh)).

(ii) Two complements, U-Comp and x—Comp.

DEFINITION 14.3: U-Comp (x",y") iff (z")(U z'y" = lu z'x").

DEFINITION 14.4: n—Comp(x",y") iff (z°)(z'ny" = 1 (z'nx")) &
(Er) (zrﬂ_z_r = (Erxgr)) . Both complements are relative to a given aspect Qr,

but neither gathers or fills regioms.

(iii) A, distinguishability.

DEFINITION 14.5: gt_rAxS iff (Egt) (v gtgr &Ju g_tzs). A is not symmetric. The

definition extends to aspects as follows: Q_rAQS iff (Egt) (v Etgr &-] U ECES).



15. AXIOMS FOR UNION.

AXTOM 15.2: (:_(_r) (xs)(u Erzs = U _'is)_cr). True in particular if r = s. Union is

AXIOM 15.4: (CF) uCTC. Every aspect is united with all its regions and the

intermediate universal continuum is united with all its aspects. This is the

continuum’s first basic structural principle.

AXTIOM 15.5: (Er) (Ezr) —IU Erxr' Unity of regions is not universal.

AXTOM SCHEME 15.6: For each i = 2,3,..., Axiom 15.6.i means (5’1:)(512:)...(51.1:)
r r r X r 5
(51#2{_2&51;‘53& &Ei—l"-}sia
r r r r r Tor o Ay S )
(Bxy (X %%, & ... &x; A%, &UX X L & ... &U Eiéid»'rhls axiom

implies the existence of an infinity of regions provided that two distinct

regions exist.

Note that two aspects C* and C° may not be united, and that the inter-
: < 4 7 r A
mediate universal continuum C and a region x may not be united either.
Further, unity is independent of simple location; regions which may not be

considered contiguous or even near to one another in a superficial sense may

form a union.

16. AXIOMS FOR BEING A PART OF.
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LB
§rw1r reads "§r is a part of Xr" or, alternatively, "y 1is a whole of

E]

AXTIOM 16.1: (Er)(§rw§r). Every region is a part of itself.

AXIOM 16.2: (gr)(xr)(gr)(grwxr & zrngr = §rngr). Transitivity of =; T is nei-

ther necessarily symmetric, nor necessarily asymmetric or antisymmetric, i.e.,
5 T
it is possible to have &r »* Xr and Erwxr & zr«§ . Being a part of is a form

of presence, not an inclusion.

AXTIOM 16.3: (Er)(Ezr)(ir » Xr & Xrﬂﬁr)'

AXIOM 16.4: (x")(Ey")(x" =y & x'ny"). The infinite descent and infinite
ascent implied by these two axioms means that each region is the whole of
other parts and a part of other wholes. No region is an atom or a complete
whole. This property of being unlimitedly analyzable and synthesizable is the
continuum’s second basic structural princible. The continuum has no points,

only places that have places, and it cannot be boxed into a set.

AXTOM 16.5: (Er)(zrwgf Vv Qrwzr). This is a nonexclusive disjunction.

Further, grxgs is possible, aspects can be part of other aspects; also, grwgr,

Trx®, x°xC", xTny°, Cmx", x'xC, C°xC, and CxCT are all possible (examples are

[

given in Part 1IV).

AXTOM 16.6: (Er)(xr)(Egt)(ir » Er & Ir w Er & Erﬁar & ergr). This axiom sub-

sumes two regions into a third one.

17. AXIOMS FOR BETWEENNESS.




AXTOM 17.1: (Er)(xr) 7 _B(Er.xr,gr). This is a form of irreflexivity: mno

region stands between any region §r and §r.

AXTON 17.2: G5) (3 NBGE 25y ) & 1BG .3t y5)): A third xegion 1s

necessary for linkage between regions.

tiami-n s t m

AXIOM 17.3: g(gr,zs,gt) &B(z ,u ,v) &y #u = B(XS,EC,L_I ). The only

transitivity of betweenness, which holds in particular if r = s =

let

= m = n,

b xr—us&ir-v

Sis Er - gs & §(§r,xr,gr) > E(Es’vs,ys)'. Substi-

AXIOM

|H
~

tutivity of betweenness -- invariance with respect to aspects.

AXTIOM 17.5: (Er) (xr) (§r v‘ Xr = (Egr)_B(Er,Er,Ir)). Density of betweenness in

s - : 2l e LU, S
the regions of a given aspect, even if x my , or Ux y , or both. This is the

continuum’s third basic structural principle.

AXIOM 17.6: (x")(y")B(x",C%,y"). Each aspect is at the middle of all its

regions, including B_(f,g",{) i

AXIOM 17.7: (Er) (gs)g(gr,g,gs). C is not a container but rather an intermedi-

ate between all its aspects, as well as the center of each of them, that is,

B(CE.C,Ch)x

AXIOM 17.8: (gr)(zs)§(§r,§_,zs). C is the intermediate of all its regions; in

r

particular, B(x",C,x").

That each aspect gr is at the center of all its regions and C is at the

center of all its aspects and all its regions is a form of multiple location
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which betweenness provides. Note also that §(§r,1r,gr) is compatible with
Z] E(Er’lr,zr); betweenness is not symmetric, and has to be thought of as hav-
ing direction. Further, §(Qr,QS,QF) is possible, and so are Q(Qr,gs,gt),

B(CT.x%,x%), BG",x%.C%), B(x",C%,x%), and B(x",x°.x%). IfB(x",C%x"), then

t
QS contributes to the external continuity of §r and X . Aspects, therefore,
are not necessarily fully separated: they can link and be linked by regions

and other aspects, and are always linked by the intermediate universal contin- {

uum.

18. AXIOMS FOR COMPLEMENTATION.

AXTOM 18.

=

(Er)(Exr) U—Comp(&r,zr).

AXTOM 18.2: (x7)(Ey") n—Comp(x",y").

ﬁ—Comp(Er,xr) is compatible with u ErXr' and U—Comp(ir,zr) is compatible with

r

e L Lo r
zax &zay, X

xz" & ynz', x°xC" & y'xCT, and CFrx" & CTny"; i.e., there
can be a gradual transition from a region to each of its complements, a tran-
sition that Karl Menger mentioned as desirable. Actually, more than one
region may be part of gr and its U-complement; to complement is to fill up

even if it involves spilling over.

19. AXIOMS FOR DISTINGUISHABILITY.

A is clearly irreflexive, nonsymmetric, and nontransitive.

AXTIOM 19.

|-

(Er)grAgr. An aspect is distinguishable from any of its regions
y g

even though regions are indistinguishable from their aspect. Regions may also

be distinguishable from the intermediate universal continuum.



AXIOM 19.2: (Er) (Ezr)(erzr). If EIAxr and Erwzr then we say that Er is dis-

tinguishable in Xr. Distinguishability is not a clear-cut separation, for

§rA1r is compatible with XrAg_r and | (ErAgr).

AXIOM 19.3: QrAQ. For each aspect gr there exists at least a region Es united

with C* but not with C.

AXIOM 19.4: CACT. No aspect C* is united with all the regions of all the

other aspects of C.

AXTOM 19.5: (CE)CR) (CFACY):

3 TS SEHLCAET
Regions behave as all aspects do whenever x Ay . Further, §(§r,x 2 ) is

: : LS s t Tt 4
consistent with | U LSV Tu Yy z , and _l U x z , and therefore consistent

- T AL e R L S i : 5 :
with X Ay, y Az, x Az or their negations. In other words, betweenness is

independent of unity.

20. RELATIONAL AXIOMS.

AXTOM 20.1: (x7)(Ey")(z")( U x"z" = z'ay" V y'nz"). Mingling of all regions

united to a given region.

20.2: (§r)(Exr) (Er) (Erm_cr\/ grwgr = U grzr). U-gathering of all the

AXIOM

parts and wholes of a given region.

AXTOM 20.3: §r1rxr & grwgr & gr “y & Er “zh &y s z = B(y ,x ,z ). A part

mediates between the wholes it is a part of.
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r TolTiLT
AXIOM 20.4: Erqr & _z_rvrzr &_}gf > Xr &gr !‘ Xr &57: » =5 BX5, Yo, 29) e A

IN

whole mediates between any two of its parts.

r :
Note that regions -- §r and xr, and Xr and z , say -- can be contiguous

r r T

in the sense of §(§r,xr,g_r) without Er and y on the one hand, and y and z

on the other, having.any part in common.

AXTOM 20.5: (x5) (y5) (Ez5) (v5) (w'nz" V z'my” = (u'mx" V x"mw’) & U W'Y).

Axiom of U-comprehension: Er is the mingling of all parts and all wholes of

Tl r
X united to y .

The following additional definitions are now in order to differentiate

between the various kinds of separation obtainable.

DEFINITION 20.1: Two regions gr and zr are called cohesive iff

U Erxr & (_)erzr \/ xr@r) ;

DEFINITION 20.2: x and y~ are called disjoint iff

U E].‘I'l:' & —l (Erqr V zrﬂ_(r) .

DEFINITION 20.3: x" and y~ are called detached iff

-l U E]’.'zlf & (Erxzr V Irqur) J

DEFINITION 20.4: §r and zr are called severed iff

rr
Tu Xy & A (Erxxr AV Xr@r) . Note that even severance is not complete
because it is compatible with the existence of a common part Er' iSe s

Tie L DR
zmx &z wy .



mm——_

DEFINITION 20.5: §r and xr intersect -- in symbols, n }rXr ==+1 L

(E Er) (Erﬂ'Kr s Er"Xr) :

DEFINITION 20.6: x  and y~ form a gap iff Ux'y" & ln x'y".

DEFINITION 20.7: Xr is a wound between gr and _'zr iff

I' 1' r

Bx',y'.z) & J(uxy V uyzh).

DEFINITION 20.8: zr is an incision between §r and Xt 1ff §(§r,zr,§r) &

TG V xy" V y'nz" V zfay).

DEFINITION 20.9: zr is an internal immediate constituent of Er iff §(§r,1r,gr)

& N x°y" (or alternatively of z° iff B(x ",y ,z') &n yz").

DEFINITION 20.10: y_s is an external immediate constituent of 51- iff

resé& §(3c_r,zs,_23t) &N )_:rzs (or alternatively of gt iff s »t & E(:_cr,xs,gt) &

nNyz).

DEFINITION 20.11: Er has multiple U-location in §r and xr iff

-1 n &rzr & (U Erzr & U zrlr).

DEFINITION 20.12: Er has multiple n—location in §r and xr iff
—l V] xr E (_r L & z ﬁz ) Multiple location has two meanings: (i) that

of a region being united with nonintersecting regions, and (ii) that of a

region being part of disunited regions.
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III.- TOPOLOGY WITHOUT SETS.

21. NEIGHBORHOODS.

. s r r
Associated with each region x there are other regions y called
- r .
gr—neighborhoods; the latter are not necessarily wholes or parts of x . This

relation is denoted H(zr,xr).

DEFINITION 21.1: An aspect gr is called a topological continuum iff the fol-

lowing six axioms are satisfied .

AXTOM 21.1: (§r)§(§r,§r). Every region is a neighborhood of itself.

AXIOM 21.2: (§r)(EXr)(>_:r » zr & g(EI,Xr)). Each region has at least one

" neighborhood other than itself.

AXIOM 21.3: (Er)(xr)(g(gr,zr) = U zrxr). Each region is united to all its

neighborhoods.

AXIOM 21.4: N(x",y") & N(x",z") = (Bw") (" » y° & w" = 2" & N(x",w"

) &

(grrzr\/ ergr) & (grngr\/ grxgr)). Given two neighborhoods of the same

region, there is always a third that mingles with the other two.
AXIOM 21.5: x" = y" = (Ez")(N(x",z") & | N(y",z")). The first separation

property.

AXIOM 21.6: N(x',y") = (z'ny" = (Bv")(N(z",w") & N(w',¥9))) &

(Ev") (N(w",25) & N(Y5,w5))).



DEFINITION 21.2: A region x 1is a topological continuum iff the six preceding

axioms obtain relativized to all the parts and wholes of gr.

Note that, in contrast to ordinary set-theoretic topology, there is no
empty neighborhood ( Axiom 21.4 involves a mingling, not an intersection of
neighborhoods). Note also that given that an aspect can be part of some of
its neighborhoods (as can a topological region §r to which we relativize
Definition 21.1), we cannot talk about Qr (or respectively Er) as being the
"entire" topological space or the "entire" topological continuum. Even topo-
logically speaking, topological continua are "at the middle of things."
Further, note once more that g(ﬁr,xr) is compatible with -1(§r"1r) & _](xrwgr)
-- a neighborhood is not necessarily contiguous in the part-whole sense to the

region for which it is a neighborhood.

22. SEPARATION PROPERTIES.

In addition to Axiom 21.5, some topological continua may have one or both

of the following separation properties.

r

AXTOM 22.1: TJu x"y" = (Ez")(Bw")(z" = ¥" & N(x",2") & N(y",w) & [nz'w).

AXIOM 22.2: N(x',y") & z'ny" & 25 » x* = (Ew) (NG, w") & | (z'mw" V w'nz)).

Note that in keeping with the general motivation, the separation proper-
ties given by Axioms 21.5, 22.1, and 22.2 do not imply absolute division: two
united regions may be separated by distinct neighborhoods just as two disun-
ited regions may be separated by distinct neighborhoods, and yet in both cases
one region may be part of the other. There is, then, no assurance of complete
divisibility in the sense of a Dedekind cut--which actually cuts nothing that

was not already cut to begin with.
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23. CLUSTER REGIONS: INTERIOR AND EXTERIOR.

DEFINITION 23.1: A region zr is a cluster region of §r -- in symbols gg(ﬁr,xr)

- 1£F (ZDNGEZD) = (D) (Wirz” & @V x'm) & Ty

r

AV ((Egr)(grxwr & (grxgr V x ﬂgr) & -](zrxgr))). That is, given a neighbor-

hood of a cluster region Ir of §r, either (i) this neighborhood has a part
that is either a part or a whole of §r but is not a part of the cluster region

itself, or (ii) it is the part of a region !r that is either a part or a

whole of 5r but is not itself a whole of the cluster region zr.

DEFINITION 23.2: A region §r is open iff every cluster region of §r is a part

x
of xu:

DEFINITION 23.3: A region Er is closed iff every cluster region of §r is a
whole of gr.

A region can be both open and closed because regions can be both part and

whole of another region.
DEFINITION 23.4: A region gr is interior to Xr iff (Er)(g(ir,gr) = Ernxr).

DEFINITION 23.5: A region gr is exterior to zr iff (Er)(g(gr,gt) = ergr).

A region can be both interior and'exterior to another ome.

24. BOUNDARIES.

Since we have no points, the topology that is being described here is in
line with Karl Menger's geometry of lumps. An obvious question ensues: What

is a line in a geometry of lumps? The following definition answers this ques-

tion.



r 2 5 xl' r 18
S SRR A YE SRR R

called a one-sided line iff all the following expressions hold:

DEFINITICN 24.1: A sequence of regions ...

r
X g

X TaiD
.,B(x k’ k+1' k+2)"' B(x x x2)"“'§-(§k—l'§k’§k+l)"" . Lines have

direction and can of course have two directions (two-sided lines).

DEFINITION 24.2: A sequence of regions xl, ;, il ,53:1 ;: is called a one-sided
closed line iff the following expression holds:

r r 3 TRl Ty irer:
B(xy.xp,x3) & Lt & B 1.x %)) & B(xo,x7.%,).
DEFINITION 24.3: The sequence X;,Xy,...,X.,X; is called a two-sided closed
line iff it is a one-sided closed line and xr,xr,xr ,...,xr is also a one-
SR =1'=n'=n-1 el

sided closed line.

Note that a finite numbe-r of regions suffices to determine a closed line,
although, given the density of betweenness, between any two regions in a line
an infinity of regions is always interspersed. One-sided closed lines which
are not two-sided are similar to Mobius strips in that they can never encircle
an inside; only two-sided lines can (see the following definitions). These
one-sided closed lines are "soft" in the sense that they can be travelled in
one direction but have holes in the other direction. In contrast, a two-sided

closed line can even be its own inside.

DEFINITION 24.4: The region zr constitutes by itself a one-sided boundary of

T iff (z )(B(x w N2 ) > w - Ir). If, in addition,

(gr) (§(gr,3r,§r) = gt - zr) , then xr is called a boundary of gr.

DEFINITION 24.5: Let 5;, =K ’}—(;’5; be a two-sided closed line, this line is

called a boundary of _z_r iff

(By)B(z".xp.¥)) & (Byp)B(",x;.,%5) & ... & (BYDB(z5xl,y5), The region z° is
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called the inside of the bhoundary, If there is no region E? which is the
inside of the closed line 55,..,,5E,§I, and

T T s e 3he T r
(Ey )(.§(§1,52,1) & 5(52,53,1r) &ie & E(l:;_l,u_cfl,y ) & §(§n,§f,zr)), then we
say that the closed line is its own inside, even if some or all the regions of

the closed line are the inside of other boundaries,

DEFINITION 24.6: A region §r is called a medium of a one-sided line iff

AR R 5oy e PSR e p
coaBOY X ,1_k+1),...,§(zo,§ ,11),...,§(1k,§ +Yjqp)r - - all hold. In this
case, the regions of the one-sided line are "immersed" in §r‘

DEFINITION 24.7: A boundary x.,...,x ,x

24 X, X X is a universal boundary iff it is a

boundary of every region Er of Qr.

Note that a kind of compactness, a Heine-Borel type of property, obtains
in that despite the density of betweenness a boundary is determined by a fin-

ite number of regions.

Jordan’s Theorem revisited. Every boundary of a region Er articulates the

topological continuum Er into four domains: (1) the inside Er of the boun-
dary, (ii) the boundary itself, (iii) the U-complement of Er, and (iv) the
n—complement of gr, the latter two being the two corresponding outsides of the
boundary. If the boundary is its own inside, then it has no outside. The
four domains may overlap; further, a region gr may have more than one boun-

dary, and a boundary more than one inside.

25. DEGREES OF TRANSITION.

Let U-Comp (§r,zr) or x—Comp (Er,zr). According to the density property
LIRS L SF r
of betweenness, (Ez )B(x ,z ,y ) in either case; this region z provides what
Menger calls "a gradual transition"™ of a region to its complement., Because of

the density of betweenness, such tramsition is alwayé infinitely gradual.




B by &

st

In general, we can now define degrees of transition in terms of neighbor-

hoods és follows.

DEFINITION 25.1: The degree of transition from a region Er to a region Xr is

finite and equal to k iff a finite number of Er—neighborhoods z. 5z

r r
qledssasinEye

satisfy §(§r,5{,55) & §(gi,g;,5§) (S i §(§r_1,§£,1r), and k is the least

k:
number of neighborhoods with such property. The degree of transition from Xr

to gt may be different or nonexistent.

26. TEARINGS AND JOININGS.

DEFINITION 26.1: T(x",y°

,ES) -- read "IS,ES are a tearing of Er" Sl binE

¥
v} grzs & U rés &'1 Uy z & 1 n sts.

1%

DEFINITION 26.2: J(x ',y ,z°) -- read "z° is a joining of x" and y'" -- iff
TJu Erzr &1n Erxr & U Erés & U zrgs. Tearings and joinings take place inter
and intra aspects -- the latter when r = s -- and for each region and pair of

regions there are, respectively, at least as many tearings and joinings as

aspects, as the following axioms state.

s

AXTOM 26.1: (x")(C%) (Ey®) (Ez*)T(x",¥°,2°).

AXIOM 26.2: (x")(y")(C%) (Ez®)I(x",¥",2%).

I

27. HOMEOMORPHISMS.
DEFINITION 27.1: A function between two aspects or on an aspect into itself is

a relation E(Er,zs) that satisfies E(Er,zs) & E(Er,gs) = XS - gs. Note that

E(§r,xs) is compatible with E(Er,xt) provided that s » t and Xs » Xt. A
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function can have many values but no more than one distinct one for each

aspect.

DEFINITION 27.2: A biunivocal function between Qr and ES is a function

E(Er,xs) that satisfies E(Kr,zs) & F(gr,xs) = Er - Er-

DEFINITION 27.3: Let us indicate by Es,xs,... the respective images of
ir,xr,... under a function E(Er,gs). Given a biunivocal function E(Er,zs),

this function is a homeomorphism from Er to 55 iff (Er)(g(gr,gr) = §(55,55)) &

(z5)(ca(x",z5) = c2(x®,2%)) & (D)) BE",y ,z") = Bx®,y%,2%)) &
r r b &

5 D) B 55,25 = Bx®,x%,2%) & @H D) BGT, 2", x5 = By®,2°,x%)).

N

z : 3 T
Homeomorphisms preserve the neighborhoods and cluster regions of x as well as

5 % T s : J
its relations of betweenness; X and x  are then called homeomorphic regions.

Note that homeomorphic regions are compatible with their tearing and
joining; not surprising, since tearings are not absolute separations and join-
ings are not complete fusions. Tearings and joinings may not alter the topo-
logical structure of continua, this structure being determined by the neigh-

_borhood systems, the cluster regions, and the relations of betweenness. The
topological properties of a topological continuum -- the ones preserved by
homeomorphisms -- are those of boundary and inside, for example, not the com-
plements. Rather than studying those qualitative, intrinsic properties of
space invariant under "stretchings and bendings without tearings or joinings,"
topology in the concrete sense that we are giving it deals with properties of
general location that are compatible with some tearings and joinings, proper-
ties such as being the inside of a boundary, being a boundary, being a neigh-
borhood, being a cluster region, and, most fundamental of all, being in
between. Topology in this sense does not necessarily imply the preservation

of unions or part-whole relationships.

32
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28. DIMENSION.

DEFINITION 28.1: The dimension of a boundary is the number of its regions.

_ DEFINITION 28.2: The inner dimension of an aspect gr at a region Er is the

least dimension (greater than one) of all boundaries of which §r is an inside.
Inner dimension is a local property of aspects, and varies from region to

region.

DEFINITION 28.3: The outer dimension of gr is the supremum of all its inner

dimensions at each of its regions, if such supremum (a natural number) exists.

DEFINITION 28.4: If all aspects Er,gs,... of C have an outer dimension, the

supremum of these dimensions, if it exists, is the dimension of C.

DEFINITION 28.5: The dimension of a region x" is the degree of transition of

r :
X to its U-complement.

Except for this last definition, all other dimensions are defined in
terms of the B-predicate, and are, therefore, homeomorphic invariants. Note
also that inner and outer do not bear the usual connotations of simple
location. This is in line with the fact that the U-complement of a region Er'
for example, may have as parts, parts of ir_ The difficulty in comprehending
all this originates in the visual fallacy that a boundary absolutely severs a
two-dimensional continuum, a fallacy induced, say, by simply drawing a line on
paper. This leads us to believe unconsciously that any line, closed or not,
stands out as if detached, figure against a clearly and absolutely separated

background. For this reason, the graphic structure of writing -- which is the
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way formal logic is usually presented -- immediately prejudices our thinking
and deforms our perception to make it fit the nature of our visual symbols and
the well-ordered theories derived from them. Thus, we are always surprised by
the stubborn resistance that reality has to being described in neat linear

r

. S Sl T B o8 e
order. Like it or not, a boundary Xpoie-aX Xy is compatible with §(§2,§1,§3)

and §(§Z,§i,§§) -- a fact of nature.

IV.- TOWARD A CONTINUOS GRAMMAR.

29. INTERPRETATIONS AND MODELS.

Although interpretations are syntactic when based on functions that map
the objects of one formal theory into those of another, they still have an
essentially semantic character because the values of the function -- the for-
mal objects of the second theory -- give meaning to the formal objects of the
first theory. This is the case also when a concrete object of any nature -- a
road sign, a souvenir trinket -- refers to another concrete object, the latter
providing the meaning of the former. These and other examples should be suf-
ficient reminders that logic’s current set-theoretic approach to interpreta-
tions and models is not only relatively recent but of a special kind as well.
The set-theoretic approach imposes grave restrictions on the nature and struc-
ture of models, and makes semantics too much a servant of set theory, hence
far removed from the infinite variety of concrete meanings, meanings always
imbued with overlappings, inconclusiveness, gradual fadings, multiple loca-
tions, and continuous connotations. The following interpretations and models
are continua as specified by the definitions of this section. (Note that the
standard logical definition of satisfiability does not necessarily require

that the values of the interpreted formal variables be members of a set.)

Let g be a concrete intermediate universal continuum having aspects



s - 3 : r _s % 3 A %

sr,g , .-+, which in turn have regions XY e all satisfying the axioms of

Part II, i.e., U, w, and B each refers to a specific relation between the

entities of C. Given the correct number of appropriate entities of C for
~ ~

each predicate, the concrete relations U, w, and § always either hold or do

not hold for such entities -- not both -- and this holding property is given

" as composing the structure:of E, and denoted by F:. (Again, there is no rea-

son to attach to "holding" the meaning of an n—tuple of individuals that
belongs to an n-ary relation. Holding is a primitive correspondence that

obtains for some interpreted formal entities in some structures E and not in
others.)
Further, let us agree to distinguish the formal italicized symbols of the
language in Part II from the corresponding interpretive entities of C by
s - : BB LonT b
writing the latter in bold face. Thus, (x ,x ), (C ,C"), (C, C) indicate a
TR SR St

S.ev1fic valuation of the formal symbols §r, Qr, and C, a valuation which

- - 35 r
assigns to the latter the concrete continua x , C°, and S respectively.
~ ' o~

DE” +NITION 29.1l: Given a concrete intermediate universal continuum C and a
R e e T A ~

valuation (x WXy ), ( , then we say that this valuation satisfies the for-

) e s H
mula X7, 1ff %, holds in C In symbols (5 l) (x x2)|= x1 2 Simi-

larly, (C°,C0), (gi,fi)h CFrx] 1ff CPmx] holds in C.

(5;,5;),(x z)h U x x iff v xr 1%, holds in C.

Fl s _s t
(51,51).(52.52).(5 3)[:: B(x x 3) iff B(_1,~2.53) holds in g. For com-
pound expressions, satisfiability is defined as usual in terms of a valuation
(Ki’Ei)’ (Qr,gr) where for a given §§,§§ is a fixed region of QF, and for a

given ergr is a fixed aspect of C.
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DEFINITION 29.2: We call a concrete intermediate universal continuum S a

model of a formula ¢ in the formal language of Part II iff for all valuations

of the variables that occur in ¢, ¢ is satisfied by each of these valuations.

All models of formulas with continua as variables must, of course, be

infinite. The density property of betweenness requires this.

30. CONTINUITY OF CONCRETE LANGUAGES VS. DISCRETENESS OF ABSTRACT ONES.

There are aspects of a drawing which cannot be fully conveyed by words --
the gaze in a portrait, say, or the figure’s attitude. There are also aspects
of reality that cannot be conveyed by either a drawing or by words -- the
atmosphere of a situation, a scent, and the many other nonvisual qualities
that lig close to the boundary of our senses. Even making allowances for all
this, our usual conception of language as a tool continues to give us an
exceedingly distorted and limited view of how language really functions. We
must eradicate our firmly established misconception that words are merely fin-
ite strings of separated symbols ready-made to be fed to a digital computer;
these rigid strings are only the words’ skeleton. Karl Bidhler and Jost Trier,
examining the semantic aspects of language, introduced the expression "field
of a word," a continuous field of meaning which overlaps other words’ fields
and which varies substantially according to the company that a given word
keeps. Parallel, then, to the conventionally conceived syntactic object --
the word, the sentence, the paragraph -- we have, concretely speaking, a realm
of continuous realities of various kinds. ‘Structural semanticists present the
following essential characteristics of a semantic field: totality, orderli-
ness (ramified, not linear), reciprocal determination of its parts, absence
of gaps, incomplete distinguishability. In the words of H. Schwarz: "The
relations of concepts within a field can be of different types: one must con-

sider subordinations, supraordinations, and coordinations, as well as, of

36
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course, the interferences of conceptual spheres (even up to multiple superpo-
sition). Frequently, it is much less important to determine the exact exter-
nal limits of a field...than to establish the centers of gravity and their

reciprocal disposition."A

A word as a syntactic object is interpreted by a
continuous region of meaning; a sentence by an aspect; and a paragraph by
either an aspect or an intermediate universal continuum, depending on the
paragraph’s context -- or lack of it. Semantic reality, then, consists of
continua of various kinds, continua subject to a variety of "subordinations,
supraordinations, and coordinations." It is this reality we shall now exam-

ine, keeping in mind that a discrete syntax is only an approximation of the

kind of continuous syntax that concrete continuous semantics demands.

To understand that semantically words are regions in the continuum of
meaning is the first step in building a grammar close to the actual use of
language. Discrete written language is a crystallization of continuous
regions of thought, not thought the product of discontinuous language. But
the moment we become aware that the concrete sentence is not the printed one,
all our semantic models necessarily become infinite; words can no longer be
interpreted by isolated objects because words are an inexﬁricable part of the
sentences in which they occur, sentences which constantly modify the words’
field of meaning: the fentence is routinely part of the word. This coordina-
tion of continuous semantic realities opens our mind to simpie facts that oth-
erwise would pass unrecorded; in particular, that a concept which emerges in
the middle of a text incorporates the sequence of sentences that converge on

it, as we shall now make clear.

31. RICKERT'S THEORY OF DEFINITION.

look into the concrete nature of the concept as a semantic entity. Some quo-
tations are appropriate here to do justice to this disregarded but important

work. Rickert points out that a concept depends on the thought processes that
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precede it. "Ordinarily the concept is considered as a preliﬁinary stage to
thought, and a judgment as a relation between two concepts."™ Yet "the content
of a concept... is a series of judgments. We do not realize this very
clearly because we never have occasion to complete verbally such act of con-
cept formation, expressing it in a sentence... . We can then compare the con-
tent of our knowledge with a spread of threads in which nodal fixed points are
the concepts, while the threads that go from one node to another would
represent the relations between concepts, that is, the judgments. If we con-
ceive the threads in their direction toward the nodes, we have an analogy of
the synthetic definition, for here the judgments meet in the concept."™ "The
concept divides into its judgments." "In a strict sense, thought only
moves...in the level of judgments, and this fact throws light on the theory of

the concept:."5

This approach has important 1ogiéal andlﬁhenomenological consequences.
To begin with it is concrete, for it conveys the true facts of the mind, and
as Rickert says, "the concept of gravitation is identical with the law of
gravitation; and laws are always judgments." To consider concepts as composed
of judgments -- sentences -- is a more realistic and promising phenomenologi-
cal point of departure than the usual one of seeing in the concept the incar-
nation of a single Platonic Idea forever identical to itself. We should not
"look in a word for the ‘essence’ of a thing which the concept must express."S
Words are devices to express complexes of judgments taken as aspects present
in a semaptic region. A concept is more than the limit of a convergent
sequence of sentences in the manner of a Kantian idea; in effect, the concept
has as parts the sentences that converge on it, in accordance with the princi-
ple that in a any field the whole is part of the part. Concepts are indepen-

dent only to the extent to which they are composed of different streams of

sentences.

Rickert's approach to the way concepts are constituted in the mind also
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forces us to realize that essentialism is a crippling phenomenological error,
an anti#henomenalistic error that obscures the way meaning evolves in our
consciousness. Just as regions can be part of aspects and vice versa, con-
cepts are the mingling of sentences. A concept emerges from thoughts that it
preserves as parts, and then becomes the constituent of other thoughts. Terms

absorb a continuous- stream of sentences to become part of new sentences.

This is to some extent Tarski’s approach in his paper "Methodological
investigations on the definability of concepts." Here concepts are defined in
relation to two collections of sentences, the first being an immediate part of
the explicit definition of the concept and the second a broader collection
that provides a general frame of reference within which the definition is to
function. No concept can be defined logically without sentences being given
prior to-the definition. In this, logic reflects the concrete fact that con-
cepts are sentences, sentences that routinely converge on a nodal point where
they then change semantic direction. Hence, concepts can even be inconsistent
when they embrace contradictory sentences, just as sentences can be incon-
sistent when they embrace contradictory paragraphs. The truth and falsity of
opposing sentences is simply projected into the antinomic concept that absorbs
and coordinates them, with the result that the field of meaning acquires the

richest possible polarization.

32. CONTINUOUS SYNTAX.

Not only do concepts incorporate sentences and sentences paragraphs -- or
even entire volumes -- but sentences can also be part of one another. If
these concrete relationships are to be explicitly described by grammar, we
must find a way to blend the formal symbols with the area in which they are
placed, with their specific neighborhoods. This area would become the immedi-
ate syntactic context of the symbol, part of the symbol, and a place where

alien meanings could occur and which could accommodate the overspill of neigh-
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boring as well as distant symbols.

Symbols, then, are inevitably variable; they are a function of context
and, as such, continuous 1]'.nguist:l.<'T realities .despite their detached appear-
ance. Every word is many words, for a symbol is not complete until the syn-
tactic whole in which it is inserted has been incorporated by it. Specifi-
cally, the blank that appears between the letters of a word, or between the
words of a sentence, is the channel in which currents of meaning -- Rickert'’s
"threads" -- move constantly along. There is a syntactic continuum in grammar
that must be emphasized if the semantic continuum is to be captured and sys-
tematically registered. In this syntactic continuum, to read a word means: I
discern a complex of sentences converging toward the particular area in which
the word is placed, an area in which neighboring statements dominate but where
carry-overs from previous reading and thinking are freely present. Hence,
discernment is a process, usually subconscious and normally submerged or even
superseded by further reading and thinking, for often "the resolution of con-
cepts into judgments cannot be continued indefinitely and..., therefore, not
all judgments have subjects and predicates consisting of defined concepts,
that is, of judgments.“5 Therefore, the analysis of presences in the context
area of a word should distinguish between the unde_fined concept -- a region
without any aspects -- and the defined one. In the latter case, the-analysis
of the convergence of aspects into the concept being discerned is like the
computation of the sum of an infinite series. However, the key point with
either the defined or undefined concept is that, syntactically speaking, the
blank sufrounding a word is not a blank but a failure to perceive the in-

between. To see the blank as a blank only reveals a blank in our thoughts.

A major obstacle in developing the rules of a continuous syntax lies,
once more, in our linguistic habit -- also the habit of essentialist
phenomenology -- of not being able to articulate theoretically that the whole
is part of the part, a factor we must consistently learn to recognize. We

keep looking for essences where there is only process, expecting to identify



the Idea where we should be perceiving the sum of a sequence of minglings.

33. FINAL REMARKS.

One advantage of continua without sets is that they allow us to avoid the
ﬁost-Cantor obsession with the principle of comprehension, that is, the set-
theoretic compulsioh to collect and seal, to gather, always gather (an "anal
obsession," Freud would claim). From the viewpoint of continua without sets
it is impossible to collect all regions which satisfy a given property; for
something is always left out in any act of collecting. From tﬁe same
viewpoint, it is easy to understand that no continuous sentence can be inter-

preted forever by a fixed aspect -- have a fixed meaning. Even in scientific

writing concretely understood, the most one can say is that the interpreta-
tions of a sentence converge toward a clearly discernable cluster of aspects.
Thus, the true model of all éxpression is the unfinished work that remaiﬁs
forever uncoagulated and flowing in open-ended continuity. This means that
even the position of a word is never a matter of simple location, since each
word spreads over the entire page, without regard for distance. Regrettably,
an expert linguist like A. J. Greimas gives distance a dominant role in his
topological studies of grammar, ignoring nonmetrical properties. It is not
distance that matters when one is trying to express something, but rather
unity, mingling, and betweenness. Given the ceaseless cross-references to
which thinking -- articulate and inarticulate -- is constantly subject, mean-
ing is always meaning in statu nascendi. And yet there is truth, as there is
truth in saying that a portrait expresses a person despite our changing per-
ceptions. Atomism, which hides continuity and cuts the threads that are the

flesh and blood of language, is the greatest obstacle to our understanding of

this fluid truth.



Menger, K, "Topology without points," 3K

1940, p. 107.

Rice Institute Pamphlet 27,

2 It is interesting that Frege said, in comnection with the empty set,
"There cannot be an empty class if we take a class to be a collection or
totality of individuals." Frege, G., "A critical elucidation of some

points in E. Schroeder’s Vorlesungen ueber die Algebra der Logik," Trans-
lations from the Philosophical Writings of Gottlob Frege, Blackwell,
1960, p.. 102. Zermelo, in turn, "refused to take as sets collections
that are too ’‘big,’ that of all ‘things’ or that of all ordinals, for
example." Van Heijenoort, J., From Frege to Godel, Harvard University
Press, 1967, p. 200.

37 Whitehead, A. N., The Concept of Nature, Cambridge University Press,
19207 -p. 1591

4. See Geckeler, H., Strukturelle Semantik und Wortfeldtheorie, W. Fink Ver-
lag, 1971, III-B.

S5 Rickert, H., Zur Lehre von der Definition, J. Mohr Verlag, 1929. All
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EL ESPEJO DE NUESTRA HISTORIA:
LOS GRANDES MATEMATICOS ARAGONESES

Concepcién Romo Santos
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INTRODUCCION :

'Del S de Octubre de 1991 al 6 de enero de 1992, los viajeros
que se han detenido en Zaragoza, han podido disfrutar de una excelente
exposicién. titulada "El espejo de nuestra historia".

La exposicién antes citada es fruto de la colaboracién entre
e{ Arzobispado y el Ayuntamiento de Zaragoza y ha sido posible gracias al
trabajo desarrollado por mas de cien especialistas pertenecientes a diversos
ambitos cientificos. Este esfuerzo colectivo conf'luye en un sélo objetivo:
ofrecer al visitante una ambiciosa muestra de lo que ha sido la historia de
la diécesis zaragozana desde sus origenes hasta nuestros dias.

: La historia de la didécesis cesaraugustana ha estado unida de
manera indisoluble a la historia de la ciudad. Segun la tradiccién, sus
origenes se remontan a tiempos apostélicos y nacen de un acontecimiento
excepcionzil sucedido hacia el afio 40 : la aparicidén de la Virgen al apéstol
Santiago a orillas del rio Ebro.

La cristiandad zaragozana, citada por primera vez en un
manuscrito de San Cipriano del S.III, atravesé una profunda crisis como
consecuencia de las persecuciones llevadas a cabo por los emperadores
romanos. Santa Engracia y sus dieciocho compafieros, San Lorenzo y San
Vicente sufrieron martirio y Valero (San Valero, obispo de Zaragoza y patrén

de la ciudad) murié, segin la versién mas aceptada, en su exilio de Roda de




Isabena. De forma paralela se fue organizando la sede episcopal, que tras la
paz de la Iglesia comenzé una lenta recuperacion, alcanzando su maximo
esplendor en época visigética -y concretameqte en e} siglo VII- gracias a la
contribucién de los obispos Braulio y Tajén. Esta etapa expansionista,
caracterizada por el establecimiento de los primeros contactos con la Santa
Sede y por una importante actividad politica e intelectual, quedd
interrumpida con la ocupacién musulmana. Pese a ello, la permisividad de los
invasores hizo posible el mantenimiento de una mozarabia activa, uUnicamente
anulada durante el siglo X y parte del XI.

La toma de la ciudad por las tropas de Alfonso I el Batallador en
1118 tuvo como consecuencia la restauracién de la sede episcopal. Al mismo
tiempo, la situacién estratégica de la ciudad fue convirtiendo a ésta en
cabecera diocesana y en capital del reino aragonés. Los contactos con la
Santa Sede se intensificaron, y se establecieron los limites diocesanos, con
los siguientes conflictos jurisdiccionales, a éstos se sumaron otros
derivados de la elevacién de la sede a arzobispado por Juan XXII en 1318,
hecho que significé la emancipacién de la metropolitana de Tarragona, los
causados por las vinculaciones politicas de la iglesia zaragozana y por el
enfrentamiento entre las iglesias de La Seo (Catedral de El1 Salvador) y
Santa Maria la Mayor (Basilica del Pilar), que se solventé con su unién en
1675. Todos estos acontecimientos, esenciales para explicar la historia de
un pueblo, y muchos otros ligados a tradiciones y devociones locales,
aparecen "reflejados" en "El espejo de nuestra historia“.

Como objetivo de nuestro trabajo nos proponemos el conocer un poco
mejor a los grandes cientificos aragoneses. Para ello haremos un estudio de

los libros expuestos en "El espejo de nuestra historia".

1. LOS GRANDES MATEMATICOS ARAGONESES HASTA EL SIGLO XVIII

En el siglo XI Zaragoza serd refugio de escritores vy

cientificos musulmanes y judios: hubo un ambiente de tolerancia que acoge a




sabics cordobeses emigrados; los mismos monarcas son entusiastas
cultivadores de las ciencias. Al-Mugtadir y su hijo Almutamin fueron muy
buenos astrénomos, matematicos y filésofos. Se hizo famosa una obra del
segundo, "Libro de la perfeccién", elogiada 'por un discipulo de Maiménides.
El zaragozano Avenpace (1070-1138) serd el primer comentarista entre los
musulmanes espafioles de las obras de Aristételes, lq que hace compatible con
escribir un tratado de botanica.

Destacaremos 1la buena situacién en este siglo de 1la taifa
aragonesa de los Banu Hud, pues en la ciudad de Huesca quizad nacieron y se
formaron Moisés Sefardi y Abraham bar Hiy&a, aunque su concrecién cultural se
realizara en territorio cristiano.

~ Moisés Sefardi fué médico y astrénomo. Fué médico de Alfonso I de
Aragén. Escribié un opusculo en latin para determinar los eclipses y
probablemente, una traduccién latina de las tablas de Aljuarismi, que
algunos manuscritos 1le atribuyen; esas tablas fueron utilizadas por

Adelardo de Bath.

Abraham ibn Ezra fué un cientifico de esta época, nacié en Tudela
en 1809 y murié en Calahorra en 1167. Cultivé' sobre todo el campo
matemidtico, en especial el astronémico. Su obra principal son las tablas
astronémicas conocidas como Tabulae pisanae, redactadas en 1145 para el
meridiano de Pisa y que no se han conservado; pero él mismo las adapté para
los meridianos de Angers (1154) y de Winchester (1164), aunque solo han
subsistido los cénones, de los que hay una recensién muy amplia escrita en
1154 en Dreux en latin y conocida como De rationibus tabularum. En hebreo
escribié (1146) un tratado sobre el astrolabio.

En la Baja Edad Media (1250-1492) la situacién difiere bastante de
la Alta Edad Media. Terminadas ya 1las épocas de asimilacién y de
transmisién, precisamente entonces se produce la gran labor creadora que se
manifiesta primordialmente en el campo de la astronomia. Estudiaremos 1los
avances conseguidos en este campo en la Corona de Aragén, en la corte de

Pedro IV el Ceremonioso.
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Es preciso sefialar la labor de los judios fabricantes de

jnstrumentos de calculo (astrolabios), asi como de relojes auxiliares.

Citaremos también la critica de Hasday Cresques (Barcelona
1340-Zaragoza 1411) a la fisica aristotélica, que abrié nuevos horizontes

cientificos: es conocida su influencia en Pico della Mirandola y en Spinoza.

Y llegamos ya al siglo XVI. El1 =zaragozano mosen Juan Andrés,
escribié "Aritmética practica", escrita para hacerse buen contador sin
necesidad de maestro.

Son afios abundantes en impresiones de tratados de astrologia, como
el "Tractatus astronomiae" de Guido Bonatti de Forlivio, exhibido.

"En 1521, Gaspar Lax estando en Zaragoza escribié "Tractatus
summularum magistri", exhibido. Lax fué un destacado filésofo, matematico y
literato nacido en Sarifiena (Huesca)en 1487. Doctor en Teologia vy
catedratico en la Universidad de Paris, siendo uno de sus discipulos el
famoso Luis Vives, quien asi lo reconoce en su Tratado contra los
dialécticos, y ensefiando filosofia a San Francisco de Borja.

En Zaragoza fué regente de la Racién de la Mensa de Maestro
Mayor de la catedral del Salvador (La Seo), luego tuvo dicha dignidad en
propiedad y presidié su escuela hasta 1559, falleciendo el 23 de febrero de
1560. Fué enterrado en la iglesia parroquial de San Nicolds de Bari.

También en. 1521 Pedro Sanchez Ciruelo escribié su Apotelesmata
Astrologiae Christianae. En ella, siguiendo las teorias de Ptolomeo y los
conocimientos fisicos de Aristételes, Ciruelo matiza el libre albedrio del
individuo frente a una posible influencia de los astros sobre los seres.

Pedro Sanchez Ciruelo es uno de los humanistas espafioles mas
sobresalientes. Nacido en Daroca (Zaragoza) en 1470 se formara en la
Universidad de Salamanca donde aprendard astrologia y matemidticas. Fué
catedratico de la Universidad de Alcald de Henares y candénigo magistral de
la catedral de Salamanca. Muere en 1548 Salamanca.

En este estudio de los grandes cientificos aragoneseé no nos
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podemos olvidar de Ramén Pignatelli (1734-1793). Pignatelli fué candnigo del
cabildo catedralicio, Rector de 1la Universidad de Zaragoza en varias
ocasiones, Protector del Canal Imperial de Aragén (1772-1793) que é1 llevd a
cabo, fundador y director de la Real Sociedad Econémica de Amigos del Pais
(1782), ademds de ser el autor de la construccién de la Plaza de Toros en
1764, bautizada con el nombre de Coso de la Misericordia,. pues su finalidad
fué recaﬁdar dinero para mantener la Real Casa de la Misericordia, el
Hospicio de los nifios cuyas mejoras apoydé el arzobispo Juan Saenz de Buruaga
(1768-1777) permitiendo trabajar a todos los que quisieran en dicha obra los
dias de fiesta de guardar "con tal que no lleven estipendio alguno por su
trabajo",
- Ramén de Pignatelli fué el gran aragonés del siglo XVIII.

En "El espejo de nuestra historia" se exponen dos libros impresos
en 1796. ."Elogio de Ramén de Pignatelli- por la Real Sociedad Econémica
Arogonesa de Amigos del Pais", escrito por el conde de Sastago y el "Elogio
funebre del sefior D. Ramén Pignatelli" escrito por Juan Agustin Garcia, los
ejemplares expuestos son propiedad del palacio arzobispal'de Zaragoza aunque

proceden de la iglesia parroquial de San Miguel.

Haremos un breve comentario de los principales libros de
Matematicas que se exhiben en la exposicién : "E1 espejo de nuestra
historia".

DECEM CONTIENENS TRACTATUS ASTRONOMIAE

GUIDO BONATTI DE FORLIVIO

1506
Libro impreso
Zaragoza. Catedral de La Seo, Biblioteca Capitular. Pertenecié a D.B.

Laurentis, canénigo de Santa Maria del Pilar.
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Presenta capitulares grabados. Impreso en Venecia por Jacobum

Pentiuz. Portada orlada, grabada en madera.

Bonatti fué un gran astrénomo que vivié en el siglo XIII,
establecié distinciones claras entre astronomia y astrologia, separando esta
ultima de otras formas de adivinacién. Como astrénomo se mostré paftidario
de la teoria de las excéntricas para explicar los movimientos solares y
lunares.

Astronomiae Tractatus decem de Guido Bonatti de Forlivio ha sido
considerada tradicionalmente como el texto mds importante de astrologia
escrito en el siglo XIII y presenta excepcional interés no sélo para la
historia de la astrologia sino también para la historia de ia astronomia.

Segin reflejoé en el prélogo, escribié su tratado que definié como
largo y prolijo, para uso de un-sobrino y con intencién de recopilar las
teorias formuladas por autores anteriores y exponerlas de forma que pudieran
ser comprendidas por quienes carecieran de amplios conocimientos
cientificos. Utilizé en consecuencia frecuentes alusiones y referencias a
numerosos astrénomos y astrélogos de la antiguedad, evitando en lo posible
la  inclusién de "“disputas sin pruebasd que hubieran alargado
considerablemente la extensién del texfo. |

Dante hizo apareceria Bonatti como inquilino del infierno pero
esta circunstancia no impidié el éxito alcanzado por el Tractatus
astronomiae. Abundantes copias manuscritas circularon por Europa durante la
etapa anterior a la aparicién de 1la imprenta, una de las cualés,
extraordinariamente lujosa, pertenecié a Enrique VII de Inglaterra. Los
reyes de Espafia también dispusieron de un cédice, copiado en el siglo XIV y

conservado en la Biblioteca del Escorial.

La presente edicién veneciana, impresa a expensas de Melchor Sesse

ba jo el'reinado del principe Leonardo Lauretano, destaca por su abundante y

bella iconografia.



TRACTATUS SUMMULARUM MAGISTRI

GASPARIS LAX ARAGONENSIS

Gaspar Lax

1521

31 x 20 cm

Libro impreso

Zaragoza. Seo. Biblioteca Capitular. Impreso en Zaragoza por Jorge Cocci

Portada con armas de Arzobispo Don Juan de Aragén Grabado de la Crucifixién.

La obra estd dedicada por su autor, Gaspar Lax, al arzobispo de
Zaragoza Don Juan de Aragén, y parece ser un libro usado por escolares que
escuchaban al propio autor en 1527.

Lax fué un destacado fildésofo, matematico y literato nacido en
Sarifiena (Huesca) en 1485. Sus obras escritas e impresas hacen un numero de
diecinueve, y entre ellas estadan el Tractatus Summularum y el Tractatus
Parvorum Logicalium, obra esta segunda dedicada asimismo al arzobispo Don
Juan de Aragdén e impresa por Jorge Cocci también en 1521.

DE RE AEDIFICATORIA, LIBRI DECEM LEON BAUTISTA ALBERTI

1541

20,5 x 16 cm

Tinta sobre papel

Zaragoza, Catedral de La Seo, Bibliotecaa del Cabildo

Impreso en Basilea (Suiza)

En el estilo de los Diez Libros de Arquitectura de Marco Vitrubio
Polion, el arquitecto del emperador Augusto, deﬁcubierto por aquellos afios,
y de los que circulan numerosas copias manuscritas por la Roma humanista de
Nicoldas V, a la espera de su impresién, que no tiene lugar hasta 1483 por
Giovanni Sulpicio da Verole; y con la pretensién de actulizarlos vy
ampliarlos, escribe Leén Battista Alberti su "De Re Aedificatoria Decem

Libris".
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Alberti nace en Génova en 1403, y fallece en Roma en 1472,
apareciendo la edicién principe del Re Aedificatoria en 1485, es pues, la
obra de una vida, donde Alberti vierte todas sus experiencias, no solo del
campo de la arquitectura sino de la filosofia y poesia.

La obra comprende una sistematizacién de los edificios clasicos ,
extraida de la observacién directa de las ruinas, dibujadas y medidas por el
propio autor, tal como también hacian en Roma Brunelleschi, Donatello y
Massacio.

Por su formacién humanista, Alberti es polifacetico; conoce la
pintura, sobre la que escribe también un tratado contemporaneo al de
Leonardo da Vinci, la escultura y el grabado, aunque considera a la
arquitectura "la joya en que se insertan las demds piedras preciosas, que
acrecientan su valor y belleza".

Alberti es fundamentalmente tedrico, considera que 1la obra  de
arquitectura perfecta es la que se desarrolla solamente en el proyecto, ya
que el proceso constructivo, con sus limitaciones, la empobrece. Asi, la
mayor parte de su obra arquitecténica se realiza sin su direccién, sobre los

planos que redacta. Excepciones son el Templo Malatestiano, reforma de un

antiguo convento de franciscanos para su conversién en panteén de Segismondo
Pandolfo Malatesta, Sefior de Rimini y éu amada Isotta, y las iglesias de San
Sebastidan y San Andrés de Mantua, en las que materializa el modelo de

iglesia descrito en su Re Aedificatoria, rematado en fachada por un arco

triunfal a lo romano.
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e) Abstract:

In this paper, we establish some integral representations for the

so-called Bessel-Clifford functions of the third order [6]. These
| representations involve the third order sinus fl, f2 and f3, the Appell’'s
| functions P, Q, and R, and certain functions cer x and cei x (of similar
structure to the well-known ber x and bei x, due to Kelvin), as well as some

integral formulas of the Sonine and Weber types.

1. INTRODUCCION

Las funciones Cm n(x) de Bessel-Clifford de tercer orden fueron

introducidas por N. Hay'ek en [6]. Dichas funciones representan una clase de

[ naturaleza andloga a las de Bessel de igual orden, inicialmente estudiadas
por P. Humbert [8], quién las definidé mediante la férmula:

m+n
X

3
F (m+l, n+l; ——>—) (1.1)

T (a5 02 27

: 3™ I(m+1) T(n+1)

donde on designa la funcién hipergeométrica triconfluente de tercer orden,

férmula que constituye wuna obvia generalizacién. de la conocida

representacién [16]:
m 2

F. (m+1;
01

X
2" T'(m+1)

)

Jm(x) =

Las J (x) serian posteriormente investigadas en varios trabajos por

m, n
el propio Humbert ([9], [10], [11], [12]), asi como por otros autores, entre
ellos R.S. Varma [15], N.W. MacLachlan [14], P. Agarwall [1], P. Delerue
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[3], y mas recientemente han sido objeto de atencién por parte de
otros varios, como H. Dimovski [4], V. Kiryakova [13], y algunos mas.

Entre las propiedades establecidas para las funciones C;'n(x)
(véase [6]), destaca principalmente la relativa a su conexién con las
J n(x):

3
C n(x) =x ey [3 V[; ], (=2)

m, m,n

la expresién de su funcidén generatriz:

+00 +00
X
u+v: m n
e uv = z Z u v Cm’n(x), (1.3)
’ m=-0 n=-0
el desarrollo (*):
2 r
C (x)= Z (ox) = 1 on(m+1' n+l; -x)
R [(m+r+1) C(n+r+1) r! T(m+1) T'(n+1)
r=0 (1-4]

determinadas férmulas de recurrencia y, sobre todo, el hecho de ser natural
generalizacién de un tipo de funciones Cm(x), denominadas de Bessel-Clifford
de primera especie, estudiadas en profundidad en varios trabajos por Hayek
(entre los que cabe destacar [5]), y cuyo uso en miltiples campos teéricos y
de aplicacién, sustituye con manifiesta ventaja a las Jm(x) de Bessel. En un
trabajo nuestro anterior [7] fueron obtenidas otras interesantes propiedades
de las funciones de Bessel-Clifford de tercer orden; entre ellas, relaciones
de las mismas con los senos de tercer orden fl, f2 y fa’ investigados por
Appell [2], desarrollos de éstos en términos de las Cmn(x), la ecuacién
diferencial de tercer orden que las mismas satisfacen,,asi como algunas
otras ecuaciones relevantes de la Fisica Matematica cuyas soluciones son
expresables en términos de ellas.

En el presente trabajo se 1investigan nuevas propiedades de
estas funciones, ofreciéndose especialmente diversas representaciones

integrales de las C (x).
m,n

(*) La adopcién de una nueva forma para la funcién generatriz 1723)5 permite

obtener los valores de 1as C (x) en el caso de fndices m y n enteros
m,n

negativos, para el cual no tiene evidentemente sentido el desarrollo (1.4)

que las define, (véase [6])




. Son deducidas expresiones en las que intervienen las funciones P, Q y
R de Appell [2], representaciones integrales en funcién de los senos de
tercer orden fl, f2 y f3 y otras que contienen las funciones cer x y cei x
(de estructura similar a las ber x y bei x, de conocida aplicacién en varios
contextos fisicos). Se incluyen, asimismo, representaciones para las Cm n(x]
de los tipos de integrales de Sonine y de Weber para las funcione; de

Bessel.
2. REPRESENTACIONES INTEGRALES DE LAS Cm'n[x)
2.1 Expresiones que incluyen las funciones P, Q y R de Appell
Haciendo uso de (1.2) con m = 0, n = 0, o bien siguiendo un proceso

directo similar al desarrollado por Humbert [8] para expresar las Jmn(x)

mediante una integral doble, se infiere la férmula:

3

X B3

Co ol 37 = 5 ” £ [ - P(e,qz)] 40 dp 2.1)
4 D

donde los puntos representativos de 8 y ¢ se encuentran situados en un

rectangulo de lados y 2ni (que son precisamente los periodos de la

V3
funcién P(8,¢) de Appell).
Nota. La (2.1) generaliza la llamada integral tipo Parseval para la
funcién de Bessel-Clifford ordinaria [5]:

2

X
Co( 4

1"
) = = I cos (x sen ¢) dep
()

El andlisis precedente puede extenderse asimismo a la funcién C (x)
m,n
de indices no nulos, desprendiéndose la representacién de la misma por una
de las integrales siguientes (y con igual dominio de integracién que para la
Co,o(X) ):

X
27 24\&3

c [ 3] = (~1)™® i V3 [_5_]_(""i[[e—xP(e,¢)-m(j6+J2¢)—n(j29+jw)d9 s
=2 4

(2.2)

3 3 - (m+n) - 2 2
c. n[%]z (e 193 [3] Jn_...”e—xo(e,go)—mueu p)-n(5P0430) g 4,

an (2513)




41[? =

(2.4)

3 ~ - (m+n) 5 12 i
c n(>2(_7] - (-1)™n }ﬁ [5] jm-nJJe—ﬁ(9,¢)—m(Je+J ©)-n(j 6+Jgo)de 3

siendo P, Q y R las funciones de Appell y j~3= 1.

2.2. Expresiones en que intervienen los senos de tercer orden f1’ f2 y

Al igual que para las Jn,n(x), el calculo simbélico u operacional de
Heaviside [14] puede ser aplicado a las funciones de Bessel-Clifford de
tercer orden, para derivar nuevas propiedades de éstas a través de sus
imagenes.

Asi, si se parte del desarrollo (1.4), se deduce sin dificultad:

S1
Pq

Xy C  (xy) > il f ot e
m,n m n
P g

Descomponiendo adecuadamente el producto del segundo miembro vy

aplicando el teorema de composicién, sigue:

X

: =)™ (y=v)" ™ wr-1 -1
y UiV : 1(uv) du dv

I'(m-m’ +1)T(n-n’ +1) By lines

X y Cm 1_‘(x y) = I
0 : (2.5)

0

Si se sustituye ahora m’por 525 y n’por L, y se tiene en cuenta que

3 3
[71:

9. V3 7

Cl i(x)_ e f1(3 \/—);)’
323
se infiere, tras oportunos cambios de variable:
~ 121 2 1 2
9 V3 5
c (2)= JJ (-2 Mty ) iSie £, (3€nVZ) d€ dn
27T (m+ ; )I'(n%) oo (2.6)

i 1
valldaparam>—T, n>—%,

Analogamente, partiendo de relaciones similarmente deducidas de 1la

(2.5) resulta, al poner m’= %, n’'= % y m'= %, n’ %, respectivamente,

y usar las [7]:




3
c G Ve f[3 x]
aiial T 2
3 3 2w x2
3
C_ 5 (x) = v3 f3[3 “r; ],

1
Sayla e
2 m X

las siguientes representaciones integrales:

=4 121 4 5
—_— m-— N=— 3
c (2)= 9V3z 3 IJ(1-§3) *(1-n) ? € n® £, (3€nVZ) dE dn
R 1 2
eahlas Ve orlaowo i ) 2.7)
=1 b | a 2 n—L 2
c (z) = — 9v3z 3 Jl(l-é‘) Szt ing £,(36nVZ) d€ dn
o 1 1
an(m# = )I"(n——a—) oo (m N %' Hne> %) (28)

Nota. Las (2.6), (2.7) y (2.8) constituyen sendas generalizaciones de
la representacién integral de la funcién Cn(z) de Bessel-Clifford mediante

una integral del tipo de Poisson, establecida por Hayek [5]:

1 1

el
C (z) = _____?_2____7__ J [1-&2] 2 cos(2 vz €) dE,
2 r(m-T) F(T) .

con intervencién de los senos de tercer orden fl, f2 y fa' respectivamente,
en lugar del coseno ordinario.

Las (2.6), (2.7) y (2.8), pueden considerarse, por otra parte, como
extensiones a las funciones de Bessel-Clifford de tercer orden de las
férmulas integrales para las Jm,n(x) obtenidas por Delerue [3] y de
contextura andloga a éstas.

De forma similar, cabe establecer expresiones de las CIn n(z) en funcién
de los denominados senos hiperbélicos hl, h2 y h3 de orden suLerior.

Por ultimo, y en particular, dando oportunos valores a los subindices m

y n, se deducen diversas representaciones integrales; por ejemplo:

Tl

3
‘ (z)=g_n3_Hgf1[3g,,/;]dgdn

3 0o
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19=1;
3
Jjg (1-n%) f1[3§n/;] d€ dn

0" o

gy,
LTS, =2 R 3 :
G Pl (z) = S 223 J J.g ) f2[3 £ Vf; ] d€ dn
EET )
e 3
c Giks 203 Z_BJJ“_EQ) (1-n°) 7° £ [3 € /;] dg dn,
Sy 2m 3
373 0”0

entre otras. Y de éstas, con el uso de férmulas de recurrencia, resultan

relaciones que ligan entre si a los senos de tercer orden, por ejemplo:

U

4
5zl z £(2) = - ”e (1-n) £,(€ 1 2) d€ dn
oo
s 1021
2f (2)-2f (2) = ; JJ 1-€%) (-2’ ¢ £,(3 € nz) d€ dn
oo

2.3. Expresiones que contienen las funciones cer x y cei x

Las funciones cer x y cei x fueron definidas por Hayek [5], como parte
real e imaginaria, respectivamente, de 1la funcién Co(—ix) (x real) (*):

Co(—ix) =cer x + i cei x

Sus desarrollos en serie:
© kiti2k
Eh)Eix

cer x =1 + e
k=1 [(2k)!]

(G

1 [(2k-1)1]12

cei x = -
Kk

I1~—18

son absoluta y uniformemente convergentes en todo compacto de R, pudiendo

por ello ser diferenciadas e integradas término a término.

(¥) Las cer x y cel x estdn conexionadas con las conocidas funciones ber x y
bel x, Introducidas por Kelvin a partir de la expresién: Jo (x i Vi) = ber x
i bei x, asf ber (2vX)= cer x, bei(2vX) = cei x.




Al igual que en el apartado 2.2 anterior, si se recurre a las reglas

del céléulo operacional, cabe inferir, en primer lugar, que:
cos —%— CICer: X, sen —E— c cei x (2.9)

Entonces, con el uso de la primera de (2.9) y de la conocida expresién

simbélica:
] 00 2
1 o )
f(Vp) c e ax h(s) ds ( con f(p) c h(x) )
v
o
resulta una nueva expresién, en la que al cambiar p por ——Ji———, se deduce:
4 sen 6
2
s
00 A SR
2 sen 6 1 16 x sen29
cos (a e cer (s) ds
vp 2 sen 6 Vmx

04

Ahora bien, si se tiene en cuenta la siguiente integral tipo Parseval

[5]:

la integracién respecto de 2] de la ultima expresién simbélica
conduce a: ;

2
S

P e e R,
Co 0(x) = d J[ L e iohxasenit cer(s) ds de
2 T Vmx c sen @ (2.10)

viniendo dado el campo C de integracién por 0 < 8 < m, 0 < s < o.

Partiendo de la segunda de (2.9) y siguiendo un proceso similar al
precedente, se infiere esta otra representacién integral:

2
S

B T
C . (x) = sl b e Lorx senie cei(s) ds de
=iy 2 m Ynx c

(2.11)

con igual campo C de integracién.
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2.4. Otras representaciones

La siguiente representacién para las de Bessel-Clifford de tercer

orden:
2 BRI
Cy e 1(x) = J ZJ‘ 2 ‘ﬂlsenZAlﬂexcosZ“&”ei-
+L +1,A 4+l + =
1551 25D F(u1+l) F(u2+1) RS
G 63 2 2
Ai,lz(x sen"6 sen 92) de1 6, (2:12)

en donde la integral doble contiene una funcién del mismo orden, pero de
indices Al y AZ inferiores que los de la funcién representada, generaliza la
siguiente férmula integral tipo Sonine para las funciones de Bessel-Clifford

de 12 especie [5]:
T

()= el [ 2 Cu(xsenze) sen??*'e cos®*'e de

c +V+1
" T(v +1)

(o]

La (2.12) se establece por proceso directo, sustituyendo en la

integral:
© k _k 2k 2k
Cx . o senzel sen292) o (-1)" x sen” 61 sen” 62 :
1202 k=0 F(Al+k+1) F(A2+k+1)

con lo cual, tras el calculo de algunas integrales conocidas, el segundo

miembro de (2.12) se transforma en el sumatorio:

f (-1)* ¥~
k=0 [I(k +7\1+ u1+_2) r(k +A2+ Bt 2)

que, segun (1.4), no es otra cosa que el desarrollo del primer miembro.

Analogamente, y también por comprobacién directa, resulta:

1 s

2 2
(5 [xsen29 sen29 Gt il zc0526 cosze :
o = m,n 1 2) m’,n 1 2

2m+1 2n 2m’ +1 2n’+1
*sen 6_sen 8 cos™ "0 de de -
1 1 2 1 2

==L o) (2.13)

22 m+m’+1,n+n’ +1

+1
8_cos
2

férmula que generaliza la segunda integral tipo Sonine para las de

Bessel-Clifford de primera especie [5].




~s~ﬁ’{

Por ultimo, si se aplica la propiedad simbélica:

A 1 1
x'1 Cy i (x) > N (—E;J,
102 p1 2

se infiere, en virtud de la definicién de la transformada generalizada de

Laplace-Carson:

S EE L A
I e X1 Cy " (x)Edxi=FaiCam(als o (2.14)

integral exponencial del tipo de Weber, que relaciona las funciones de

tercer y primer orden.
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BOUNDS FOR THE ZEROS OF POLYNOMIALS
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Abstract. A series of new bounds for the norm of the

solution of the polunomial equation is obtained.

A.M.S5. Classification coudes: 12B22, 46B15.

Key Words: Upper-lower bound, polynomial, Cauchy,

Introduction. Consider the polynomial
P(z) = 2" + a zn_1+---+az+a (1)
n-1 L (0}
where ao,al,---,an_1 are complex numbers. For every zero Zz

of P(z) we have

|z] % max (Iaol,1+|al|,---,l+|an_1|), (2)
|z] < max (l,laol + |al| took |an_1|), (3)
lz|] ¢ r, (4)

where r is the unique positive zero of

n-1

G(z) (5)

L[}
N

- oo = Jaylz - |a

a1z ol
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It is also known [11 that

These are classical results [21,[31.

lz] < L (6)

m

where

L, = max (Sm’1+lam*(|’1+la |,---,1+|an_1|}, m=0,1,2,...,n-1

m+

and Sm is the unique positive zero of

m+ 1 m m-1 A S
G lz) = = = |am‘° = |am_l|z s |al|‘: Iaol. (7)
Finally we have
lzl < max (l,laol L RO lam|,1+|am’l|,---,l+|an_1|) (8) b
where m € {0,1,2,-:: ,n-1}.
Note that for m = 0 and [ e WS (L) yields (2) and
(4), whereas for w = 0O and m = n-1 (0) uields (2) and (3).

In this paper we improve further the above upper bounds.
We also pravide a lower bound for the absolute wvalue af the
solution 2.

Finally we show haw to use the above bounds ta bound the

solutions of polynomial equations in a Notmed space X.

Proposition 1. Let k € {1,2,...,n-1} be fixed. Assume:

0# la | <N (9)

where

Z|
]

{ L, Nk y k = 1)2-~--,n—2

T v K= n=1

4
[}

max (laj+1|'Iaj+2|""’lan-1l}'- i= 1,2,--+,n-2,




oy is the unique positive zerao of

k k-1
P (2z) = (qk—l)laklz - Iak_llz e i glal| e = |aO|

and a9 is such that

l(qu]a—k‘-, k=1,2,---,n—l. (10)

n n-1
PUZY =it a _ 12 | AR alz + ag
satisfles
|z ]ig ﬂk : (11)
where
T max (rk,l*lak+l|,l+|ak+2|,---,l+lan_ll), k=125 e, ins2
L k = =4l
Coapi =i
Proof. We shall show that a complex number =« satisfying
lz| > ﬁk’ lz| > £ k = 1,2,::+,n-1 cannot be a zero of P.
We have
n-1 n-1
[Pez>| =i[=%% Ea‘jz“l seilifoEs 2 lal1=1]
i=0 i=0
n k k
= Izl 0 qklakl'lzl i qk!akllzl
k n-1
= el - S e a)d
j=0 j=k+1
n-1
k
2 ¢zl ™-ada, 1 1z1% + P (fz]D - N, |z
J=k+1
n-1
2tz |2 s Pzl - N |z)?
j=k+1

(by the choice of qk)
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= o]z 1= * a2 -N /2] -0+ R 2]

Since |z| > r, and r  is the unique positive zero of
P,y we have P (|z]) > O and thus |pez)| > 0.
.Remark 1. Proposition 1 can be sometimes applied even if
(9) is violated. Consider the real equation
23 + 22 =4z ® 1 =0, (12)
Here, ag = a, = 1, a = -4 and for k = 1, N1 = |32| s0 (9)
is violated. Set z = x + 1 then (12) is equivalent to
Z = X+ 1
x3 + 4x2 Lo e Lo (13)
and (9) is now satisfied in (13).
We now compare Lk and nk+l'
Proposition 2. Assume :
(a) i € {1,2,-++,n-2) is fixed;
(b)) ek imciNT (14)
and
iflaiH' < itl
241 i+l a4
(o) }. (13)
r
i o = n-1
n-1 Ian—l‘
Then
ﬂm*l < Lm y, m =0,1,2,:+:,n-2
and
Ty =T
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Proof. We have

; k+1 k k-1
G ¢2) = z =lilalizats |ak_l|z s i RS e [V
k+1 k k-1
O (qk+l—1)|ak+l|z = |ak|z = |ak_l|z Sl = ]aol.
= S =
Set =z Sk then Gk( k) 0O and
ktl
PLog Sy = Loy Dla | 138, "1 >0
by the choice of S LS < Sm
=2 nm+1 £ Lm) m=10,1,2,---,n-2,
i Alsa G(r ) =0 by (14) and (13), so r =y
n-1 n-1

Note that a comparison between the bounds given in (6) and
(8) makes sense only iE the degree of the palynomial Gm is the
same with the degree of Pk'
Remark 2.

(a) Cansider the polynaomial
' P(z) = z3 + 522 AP SRS

Let m = O then the bound given by (2), (6) and (B) is 7. The
bound given by (3) is 13 whereas the bound given by (11) for
k = 1, ql = 6 is

M, = max €1.4,6) = 6.

(b) Consider the polynomial

P(z) = 22 o A= pied B

The bound aon lZl given by (4) is
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r = 1.£480339

whereas for k = 1, q, = 1.6180239

and

The estimates obtained above can also be used to find upper

lower bounds for the norm of the solutions nof polynomial

equations in a Wowed space X.

Let
Blx) = BE x| #.B o Lighedls g il (28)
n n-1 1 (o}
where the BE‘ € =1,2,...,n is a bounded £-linear operator on
X [41 and BO € X is fixed.
Set
C(x) = UB n-uxn"™ + uB llell"—1 + o+ + IB U-UxHi + UB_U
n n-1 1 0
and
1 :
Dex)- = “Bn"C(x) if HBnH #£20%

We can now apply Propositions 1 and 5 on D(x)

to obtain bounds

on the norm of the solution x of (2%).

[21]

[3]

[a1
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Introduction. Consider the quadratic equations
X =y + Q(x) (1)
X = y + B(x,x) (2)
in a Banach space X , where y e X 1is fixed, Q is a bounded quadratic operator
on X, B is a symmetric bounded bilinear operator on X such that
Q(x) = B(x,x) for all xe X , [12], [13] . (3)
Obviously if (3) holds the solutions of equations (1) and (2) coincide.
A large number of very interesting applied problems that are particular
cases of (1) (or (2)) arise in neutron transport [4], [9], elasticity theory

[3], [8] and in some bending of beams problems [1], [5].

The iterations

Xne =Y+ Qx) (4)
or
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X =Y+ B(xn,xn) (5)

*
for some X € X have been used to approximate a solution z of (1) or (2),

(41, (91, [11].

Since the iterations (4) or (5) can rarely be executed in infinite
dimensional spaces (see e.g. the equations in [4],[11]) if we set
X =y +Q(x) (6)
where Qn is a bounded quadratic operator on X with dim(span(Rang(Qn))) = n.
In [6] we showed that (6) has a solution x e X if and only if

n

*
X =y + E vibi (7)
i=1
g * * * ktr n
where the vector v = [vl, cee, vn] e R is a solution of the quadratic

system in R"

v=y+Q(v) (8)

or

B_(v,v) , (9)
and {bi], ST AESLE TR .+ N is a unit norm basis for the span of the range of
Q, -
Here, y 1is fixed in an, 6n is a bounded quadratic operator on r” and
En is the unique symmetric bilinear operator such that
Q. (v) = B (v,v) forall ve ®" . (10)

The explicit values of Yor Gn T En can be found in [4], [5] or [6].

Since each quadratic operator’ Q, is of finite rank n, for each x € X there
exist real numbers v, = vi(x), i=1, 2, -, n such that

n

Q, (x) =iz_lvibi.

Moreover Xn = Rang(Qn) % R". Therefore for each x € X we can identify the

element Qn(x) € X with the vector v = ["Vl’ Vor tocy vn]tr. That is

n
(x) * v and NIQ (x)ll, = vl _ = |v.].
% Ll =l =)
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In this paper under certain assumptions we associate the solutions of (1)

(or (2)), (6), and (8) (or (9)). In particular we show that if z* is a
solution of (1), v© is a solution of (8) and Q2 ) = a=lq, -+, q 1 em
then

* * 1

v - (" +ofY] . (11)

From now on the norms in all spaces will be denoted by the same symbol
Il I . We will also identify'equation (1) with (2), iteration (4) with (5) and
equation (8) with (9).

MAIN RESULTS.

The following theorem for (1) is given in [4].

Theorem 1. Let B be a bounded bilinear operator on X and suppose y

and z belong to X . Define T : X — X by

T(x) = y + B(x,x) . (12)
Set
a= - lzil , (13)
21IBIl
S -
el [az_u'r(z) zll : (14)
IIBIIl
and assume b is nonnegative and a # 0 . Then

(1) T has a unique fixed point in U(z,a) = [x e X / llx - zll < al ;
\

'

(ii) this fixed point actually lies in U(z,b) .

Corollary. Let B, y be as in Theorem 1. Assume z = z e X is a

solution of (1) and a > 0 .

. :
Then z is the unique solution of (1) in U(z*,a) . Moreover, the

sequence (5) converges to 2" for any X € U(z*,a) .

*
Proof. Take z = z in Theorem 1.

*
Let z be a solution of (1) and y* - v*(n) be a solution of (8).




Assume that the sequence [Qn(z)} converges in norm to {Q(z)} as n-o® with
z = z* or x, € X. Then there exists c > 0, N1 € N such that:

g (z) - Qz) ¢ c * &
for all n 2 Nl'

Let B, B, be the unique symmetric bilinear operators associated with Q

and 6n respectively. Then it is well known (11], [12] that the following
equations hold:

Q(x) = B(x,x) for all xe X (16)

Q,(v) =B (v,v) forall ve R" (17)

Qw; +w,) = Q(w,) + ZB(wl.wz) + Q(w,)

ﬁn(yl A 6n(!1) + Zﬁn(yllyz) - 6n(yz) 2

(B) = ———=p (20
aln = - Z ’
zninn %

= * * 12
IT(Q (z ))—=Q (z )l
B(n] =a(n).~ |apn)ieen D

IIB_It
n

) == iyl (22)
A
n
It is known [12], [13] that B is a bounded bilinear operator if and only

if Q is and the following estimate holds:

QI < Bl € 20Qll .

It {Qn} eyl is a bounded sequence of finite rank, n

(n = dim(spanRang(Q ))) then the definition of the En and En in (6]

obviously implies that they are bounded operators on R". Then there exists

Dl' DZ' E> 0
such that




Dl < HBnH SaD;

23 (24)
and
il < E (< 2D, by (23)) . (25)
Define the real functions
2 2
dm 1 L 1 ;
g =mf) nl e, L -l e mfE e ay
a2 5 o7 - 2 =
f3(d)=A2d +A2d+A3 ’ f4(r)-A1r + A,r + Ag
where,
A1-4D§E‘.c2 . Ritsi=eDy
A, = 8D3c(l + 2EIQ(2")N) Ay' = -2Djc ,
(B * QU 2
A, = 4D2(1Q(z")1 + IT(Q(z")) - @@z ) - by, Ay =BT,
3 V2 2 A, =D, ,
Al = Dld - 2chd + Ec” , 1 )
— *
Ay =c+ 4ECQ(z™)Il - 20,d NQ(z I, A, = D,z Il ,
= IT(Q(z)) - Q(z ) x 1
Ay = IT(Q(z ' A, = Zd[ﬁ] SR
— * -— *
T(Q(z )) =y + Q,(alz)) .
Let us assume that either:
Case 1:
(a) A3 <0
(b) 1- ZDZIIQ(z*)lI >0
(c) D1 < E
? 3 w2 b i
(d) there exists d such that P‘Z <E 05, (Az) - 4(Al)(A3) 2 0
2¢cD 2D, C
(e) n > max 2 el = L )
1—2D2HQ(Z )] 1—2D1H! H—ZDIHQ(XO)-! ]
2(d+c)D
noon o na, LREENE L Coal R R,
1—2D2HQ(z 1|
* * *
(E)o = 2D1H! - 2D2HQ(xo) -vil >0 if v is a solution of (8)
and
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(g) 0 < lix
f4(r) =0 .
where n,, n, are the large solutions of the equations
fl(n) =0
and
f2(n) =0
respectively.
Or,
Case 2:
(a') Ay < 0,
(b') 1 - 2,iiQ(z" )l >0,
(c'f D, >E,
(d') de (dl’dz) , where dl’dZ are the solutions of the equation
f3(d) =0,
(e') n2 N, where N is as defined above,
(£'), (£)
and
(g'), (g9) .
Or finally:
(a'") Aj < 0,
(b'') 1 -2p,Q(z" )l > 0,
(c'") D1 > E
(d'') there exists d such that: d < d1 1oL aded :d
Ay <0
and
()% - a4y 20,
(e'') n> N, where N is as defined above o
(£''), (£)
and
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O—Z*” < r+, where r' is the positive solution of the equation

’




(g"'), (g) .

‘Then we can easily verify that in all the above cases:

1 * * *
0 < —— - (lIQ(z ) = Q (z )l + 1Q(z )II) £ a(n) ,
21B._II n
n
f,(n) <0,
fz(n) G
Note that since:
— * * s * * — * *
HT(Qn(z y)i= Qn(z = 1(T(Q(z )) - Q(z)) + Bn(Qn(z ) - Q(z ))

— * * * * *
- 2B (Q(z) - Q(z), Q(z')) + (Qz") - Q (2 )

2
< IT(Q(z")) = aiz™ ) + Ecz[%] + 4Ec[%]no(z*)u ol [%]

(The first norm immediately above is assumed in X by identifying Y

Gn(o(z*)) e R with an element in X C X ) .

(26)

(27)

(28)

(29)

To show that the quantity under the radical in the definition of b(n) is

nonnegative it is enough to show that

and

fl(n) G
Also, to show that
1
evidently it is enough to verify that
1
a(n) > dkﬂ
fz(n) <0

whi

and

ch are true in all the above cases.

Note that in all the above cases

(2) an) >0, (b) NQ (xg) - VIl < 3(n)

-— * * -— *
Uy , 09 (xg) - v i) € T(Q(z), R) .

Inequality (34)(a) is immediate from (f) whereas (35) holds if

(30)

(31)

(32)

(33)

(34)

(35)

* * * 1 * * *
v - Qn(z o+ HQn(xo) -vi g dkﬂ + HQn(xo) - Qn(z M+ HQn(z ) = v
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1 * * *)”
< Zd[ﬁ] + Ian(xO—z ) - ZBn(xO-z Nz

1 * 2 = * *
< zd[ﬁ] + D2le0—z = + 2D2IIx0 z llllz I ¢ R

b(n) < d[%] <R

£,(r) €0
which is true by (g) .

Finally note that (34)(b) will be true if

19, (xg) = ¥'ll < Q. (xg) = Qlx )l + 1(xg) = vl ¢ 3113—1- - y"Il ¢ 3(n)

1 * 1 *
c-E+IIQ(x0)—\_/IIg-2T1—II\_/II

2D.c
52 -

2 % * !
1—2Dlll\_r_ Il—2IID1IIlI(Q(x0)—_\£ I

provided that

* *
1 - 2Djllv Il - 2D, 1IQ(x)=v Il > 0
which is true by the choice of n and (f).

We now state the main result.

Theorem 2. Let z* be a solution of (1). Assume that (15) holds and that
the hypotheses in any one of the cases 1, 2 or 3 hold.

Then
(i) there exists a locally unique solution _y* of (18) such that
* * 1
vV = Qn(z ) + O[E] , for all n > N with N as defined in (e).
: k =k
(ii) thesequencey-x+Qn(\_/),k-0,l,2,..

converges to \_/* for v0=x Q,(xq) (0[}1;] the usual order of % ).

Proof. We prove the theorem using the following steps:




. *
Step 1. We show that there exists a solution v of (4) such that !* is

unique in U(Qn(z*), a(n)) . Moreover !* 3 ﬁ(Qn(z*), b(n)) .

We éﬁply Theorem 1 to equation (4). Then if

afn) >0
and the quantity under the radical in the definition of b(n) is nonnegative

the conclusion of Step 1 holds. But this is true by (26), (29) and (30).

Step 2. We show that:

b(n) < d O[%J PO EIN S

But this is true by (32) and (33). That proves Step 2 and part (i) of the

theorem.

Step 3. We now show that iteration (39) converges to y* . We apply the

corollary to (39). Then (39) will converge to y* if

(a) a(n) >0, (b) HQ (x)) - v'l < a(n)

- % * —_ *
Uy, 1IQ (x4) — v II) culQ (z), R) (35)

But (34) follows from (f) ((f') or (£'')) and (35) follows from (36), (37),

(38) and (g) ((g') or (g'')). That proves (ii) and completes the proof of the

theorem.
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Abstract: Some properties in Banach spaces with base are also accomplished
for separable Banach spaces. We give here two generalizations, where

the base is replaced by a complete sequence.

1. Introduction.

Bessaga and Pelczinski show in [1] (see also [6], p.20) that “every infinite

dimensional closed subspace of a Banach space with base (a,), contains a subspace

with a base, which is equivalent to a block—sequence of (a,)”.

On the other hand, I. Singer (s.[9], p.76) shows that “if B is a Banach space
with a base (a,), then every sequence (y,) verifying dim|[(y,)] = oo, admits a basic
block-sequence equivalent to another block-sequence of (a,)”.

We generalize the previous results to every separable Banach space.




2. Definitions, notations and previous results.

Let B be an infinite dimensional Banach space and let B’ be the topological dual space.

If (a;) denotes a sequence in B, we call nucleus of (a;), K (a:):= ﬂ [anamas =i,

n=1

where [...] denotes the closed linear spand. If [(a;)] = B, (a;) is said complete and
therefore B is separable. -

A sequence (a;) is said minimal if there exists (a;) C B’, called a conjugate sequence
of (a;), so that the pair (a;,a’) is a biorthogonal system (that is a}(a;) = 8;;). If (a;) is
complete, there is at most a unique conjugate sequence of (a;).

An intrinsic characterization of minimality is

Theorem I. Given (a;) in B, then (a;) is minimal if and only if for every n is
[(ai)] = [alx GEDE an] @ [an+1, An4-2y- - ]

A minimal sequence with zero nucleus is said an M-basic sequence. Moreover, if
(a;) is an M-basic complete sequence, it is called and M-base of B. It is known

Theorem II(s.[8]). Every separable Banach space has an M-base.

The sequence (a;) is said basic if for every z € [(a;)] there exists a unique sequence
e o}

of real numbers (A;) so that z = Z)\ia,—. We have the following

=1

Theorem III(s.[4]). Every M-basic sequence of a Banach space has a basic
subsequence.

The sequence (b;) is said to be a block-sequence of (a;) if there exists an increasing
sequence of natural numbers (g,) with go =0 and b, € [(ai)::g:_ 1l

From theorem III and theorem 8 of [3],p.371, it follows

Theorem IV. For every sequence (a;) in B, it is verifyed K (a;) = 0 if and only if every
block—sequence of (a;) has a basic subsequence.

About the stability of minimal sequences, we have the following

Theorem V(s.[5]). Let (a;) be a normalized (||a;:|| = 1,7 = 1,2...) minimal sequence,

(a}) a conjugate sequence of (a;) and (¢;) a sequence of positive real numbers verifying

oo
Ze._—||a§ | < 1. Then every sequence (y;) with [ly; — a:|| < &, is equivalent to (a;).

1 3
Moreover, if (a;) is complete, (y;) is complete also. Consequently (y;) is minimal, and
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oo

if (a;) is basic, then so is (y;). If ZE‘ [lafl < +o0, the above conclusions are vélid,

1
possibly after removing a finite number of elements from (a;) and (y;)-

Finally, we remember that two closed linear subspaces M,N are called
quasi-complemented if M NN =0 and M + N = B. In this relation, we have

Theorem VI(s.[7]). Every closed subspace M of a separable Banach space has a
quasi—complement. i

3. Two generalizations.
Let us see now our two results.

Theorem 1. Let B be a separable Banach space and (a;) a complete sequence. Then
every infinite dimensional closed subspace Y of B contains a closed subspace Yy with a
base equivalent to a block—sequence of (a;).

Proof:
We consider the closed subspace Y N K(a;). There are two cases.

a) CodimyY NK (a;) = oco. Then, by theorem VI, YN K (a;) has a quasicomplement in Y
denoted by ¥7. Obviously Y1NK (a;) =0 and moreover, for every n, Y1N[an, Gnt1,-..] #0
since Y; is infinite dimensional.

Let (6,;) € l; fixed, with ¢; > 0.

Because Y1N[a1, @z, . . .] #0,there exists y; € Y1,||y1]|=1 and by = t1a1+t2a0+. . .+Ep, ap,,
such that

lyr — b1l < €1

Since Y3 N K (a;) = 0 we have y; ¢ K(a;). Thus it is possible to find an index g; such
that y1 ¢ [ag,,aq,41,...] with ¢1 > p;. Because Yi N [ag,,aq,+1,-..] # 0, there exists
Y2 € Y1, [|ly2|l = 1 and by = t4,aq, + ... + tp,a,,, where py = g1 + m, such that

lly2 — b2l < &2
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We may iterate the process indefinitely and thus we find finally two sequences
(y:) C Y and (b;), block—sequence of (a;). Moreover [yn,Yn+1, - - Ve lagic o i
and therefore K (y;) C Y1 N K(a;). We conclude K (y:) =0.

Let (yn,) be a basic subsequence of (y;). It is sufficient to take (Yny ), (bny) and to
apply the theorem V. Here the desired subspace is Yo = [(yn,)]-

b) CodimyY N K(a;) = p. We denote Y1 =Y N K(a;). By theorem II, ¥; admits an
M-base (y;) which we can suppose normalized. ‘

We fix (;) € l; wheree; > 0.

Since y1 € [(a;)] there exists by = t1a; +teas + ... +ip,ap, such that

lyr — b1l < €1

From 32 € Y7 and Y3 C K(a:), it follows y2 € [ap,+1,8p,+2,- ..]. Hence there exists
by =tp,410p, 41 + . .. + 5,0y, 5O that

lly2 — b2l < &2

We can iterate this process, and we find finally a block-sequence (b;) of (a;). Now,
by theorem III, there is a basic subsequence (yn, ) of (y:). It is sufficient to take (yn,),
(bn,) and to apply the theorem V. Here the requested subspace is Yo = [(¥a,)]. ¢

Observe that the result of Dean-Singer-Sternbach (s.[2]) “every sequence (an),

dim[(a,)] = oo, of a Banach space admits a basic block—sequence” is a direct
consequence of theorem 1.

Theorem 2. Let B be a separable Banach space and (a;) a complete sequence. Then

every sequence (yn),dim[(yn)] = oo, has a basic block-sequence equivalent to a
block-sequence of (a;).

Proof:

By theorem 1, (y,) contains a basic block-sequence (b;). We fix (¢;) € [; with
g > 0. ' y




First [b1, b2] N [ag, as, . . .] # 0 since the second space is at least of codimension 1. Hence
there are z; = t1b1 + taby, ||z1] = 1 and ¢1 = s2a2 + $3a3 + ... + Sp,@n, such that

”21 = 01" <Eq

It is true also [bs, b4, .. .,bn,43] N [@nt1,@nt2,--.] # 0 since the second space is at
least of codimension n;. So it is possible to take zo = t3bg+taba+. . .+tn, 43bn, 13, [|22]|=1,
and ¢3 = Sp; +1@n;4+1 + - - - + Sp,@n, such that

22 — call < &2
We can iterate the process indefinitely and we find finally two sequences (z;), (c;)
verifying:
i) (2:) is a basic block-sequence of (y,) and ||z = 1

ii) (&) is a block—sequence of (a,).

By theorem V we obtain the desired result. ¢
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ABSTRACT. Glven a connection In a manifold M we can define a locally
Injective map from the horizontal distribution In a point of the frame bundle
into the holonomy bundle. Using this map, we can study the holonomy bundle of
the sphere, proving that it 1s the real projective 3-space, and that It can
be decomposed In real projective planes which are the Image of the above map
when we move the Initial point.

A.M.S. Math. Subj. Class. 53C05, 57N10.

§l.Introduction.

Let M be a real manifold, m:FM ——M the frame bundle. Assume that a
connection I' is given in the bundle. Then, following [3], for each ueFM we

obtain Hu and Ru which are the following sets: Hu is the horizontal

distribution defined by I, i. e., TFM is decomposed in Hquu, Qu being the
u

tangent space to the fibre at p=n(u), and Ru is the holonomy bundle at u,
i. e.,, the set of every point of FM that can be joined with u by an

horizontal path. We want to define a map « :H —)Ru.
u u




Let veHu. Then, n,(v)eTpM. Let exp the exponential map, exp:TPM —M,
exp(n,(v))=7v(1), 7, being the unique geodesic on M such that 7v(0)=p,
%v(0)=u,(v). Finally, let a': be the horizontal lift of v, with 1:(0)=u. We
define ozu(v) = 7:(1), which belongs to Ru. The map @ is smooth and locally

injective, because the exponential map is a local difeomorphism.

Remark. If (M,g) is a Riemannian manifold, we can give a Riemannian
structure on FM with the Sasaki-Mok metric G, [4]. In this case, it is easy
to see that o coincides with the restriction to the horizontal distribution
of the exponential map of the Levi-Civita connection of G, because 7: is a
G-geodesic, [1].

§2. The holonomy bundle of the sphere.

Let S° be the 2-sphere with the canonical connection, and let ueFSz,
p=n(u), m being the bundle projection. In this case, dim S2 =2, -dim FS2 = 6,

dim }(u = dim s% + dim @u = 3, (bu being the holonomy group of the connection,

<bu = S0(2) = S'. Let ;:Ru —M the holonomy bundle.
Let p be the north pole of s? and q the south pole. It is obvious that

@ :U ——)au(U) is a difeomorphism, where U=(n,|u )_l(exp_l(V)) and V=Sz—-(q).
u

Using the above notation, we are going to prove the following

THEOREM. let S° be the 2-sphere with the canonical connection, and let
ﬁeFSz, p=n(u). Then:

(i) The set au(U) is a real projective plane. Moreover, the pro jection

;:au(U) —)Sz—-(q) = V is a difeomorphism and ;—l(q) noa(U) = ;t'_l(q) = s
u

(ii) The holonomy bundle Ru can be decomposed as X = u P‘. P‘ being
u
€1

@ (U]), and ule?(umt_l(p). Moreover, Plr\F"l
1

(iii) The holonomy bundle Ru is a real projective 3-space.

Proof.

(i) In the south pole gq, all the radial geodesics begining at p

coincide, but each one of them moves the given reference u in a different
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way. Of course, two opposit geodesics move u in the same way. Topologically,
~au(U) is an open disk and QU) is a disk with antipodal boundary points
identified: a real projective plane. The fiber ;(_1(q) is the set of ali the
references at q that can be obtained by moving u from p to q along any path.
This set is the fiber of the holonomy bundle, Sh

(ii) It is easy, from (i).

(iii) Using (ii) we know that ¥ = v Pi' where Pi is the projective
u .
- iel
plane corresponding to the point u € Kunn‘l(p) = Sl, because n:}(u e LR

Sl—principal bundle. Then, we have }(u as a S'-f amily of real projective
planes with a circunference st belongning to any of these planes; this
cicunference is the w-fiber of the south pole q. Then, we can visuallize Ru

as in fig. 1:

the real projective plane P‘

fig. 1

Let r be any point of Sz—(p,q), and let y be the unique geodesic joining
p and q through r (fig. 2). Let u be a reference on p, belongning to }(u, Vo
be the reference obtained on q by parallel transport moving u along 7. Let
7, be the horizontal lift of ¥y begining at u, and v, be the reference on r
which belongs to the image of 7y Then, 7, is the radius of the disk
corresponding to u through LA

Now, we are going to study the w-fiber of p, q and r, in order to
prove that Ru is the real projective 3-space. We can see Ru in the following

way: we have a family of disks with identified antipodal boundary points
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(these are the real projective planes). This family is parametrized by the
n-fiber of p, which is s'. This fiber can be viewed as the unit interval with
identified edges. Then, Ru is a solid cylinder, with some identifications
(fig. 1 and 3).

40/
7 (q)

fiig: 3 fig. 4

All the projective planes contain the n-fiber of q. Then, all the points
in the same generatrix of the cylinder are identified, and this point
coincides with that obtained in the opposite generatrix. Let v be a
reference on q, close to Vo i. e., the generatrices corresponding to v are
near to those of v (fig. 4). Let w, (resp. ul) be the reference on q (resp.
on p) obtained by parallel transport of 7 along -7, -y being the geodesic
begininig at q and ending at p, through r. Th‘en w, (resp. ul) is the point of
the mn-fiber of r (resp. of p) belongning to the image of 7, the horizontal
lift of -y begining at vl. Then, ul is close to u (actually, the angle
between the references u and v, is the same that the angle between v and
vo). Then, W= i) Pl, and w belongs to the radius of center u aiming
to the generatrix over v which is the closest to Go' G0 being the generatrix

over v such that LA is in the radius aiming Go (see fig 3 and 4).

When v, runs ;Nl(q), then u runs ;r"l(p), and v, and u are in the top

plane of the cylinder. And the points wl draw a helix, in such a way that
wlePl and woeP0 are in opposite place. Then we have to glue the top and the
bottom planes after a rotation of 180°. Now it is easy to see that the

quotient space is the solid sphere with identified antipodal boundary points,
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i. e., the real projective 3-space.

Remark. There exists an easier proof of (iii). The holonomy bundle }{u is
the set of all the references over the sphere that can be obtained by moving
the reference u along any path. Then, Ru is the set of all the references
over the sphere given by two vectors with the same angle and norm of that
those of u, and we need only the first of those vectors in order to obtain
the other one. So, Nu is diffeomorphic to the spherical tangent bundle of Sh
And it is well known that the spherical tangent bundle of s? is the real
projective 3-space (see [2], [5]).

The main interest of our long proof is the following: we have obtained
this projective space as a family of "natural" projective planes. This idea

can be used in order to study other holonomy bundles, because the definition

of o, does not depend on the manifold M.

Caution. In this case dim H < dim }(u and ;:au(U) —V is a
u
difeomorphism. This- does not imply that any path in V can be lifted to a

horizontal path in a (U).
u
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1. Avant-propos .

-Avec ce travail, on veut répondre a la question suivante : ... A quoi bon
les suites en Economie ? On montrera  quelques exemples, et un faisceau de
résultats, choisis des plus célebres branches de I Economie Mathématique ( ou
I' Analyse Fonctionnelle des suites joue un role fondamental) : La notion
d' Equilibre et les Economies a une infinité de biens. Notre intention générale est
d' y faire patent , aux mathématiciens (analystes) , le réle de 1' Economie
Mathématique : Clarifier (et les munir de rigueur mathématique) les hypothéses
utilisées et déduire exactement leurs conséquences , étant ouverte sur les

applications.

Ce travail correspond 2 la communication << A QUOI-BON LES SUITES EN ECONOMIE >>
présentée par les auteurs A 1' occasion du "COLLOQUE SUR GEOMETRIE DES SUITES ET THEORIE
DES OPERATEURS" (Luminy-Marseille , FRANCE , juin 1991) .
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2. La notion d' équilibre en économies finies .

-D ' abord, nous allons étudier le cas d ' une économie finie . (Le modéle
Arrow-Debreu , paru en 1954 : voir Arrow et Debreu, [1954] Arrow, [1963] ,
Debreu, [1959], [1974] ou Ekeland, [1979] ). La considération des économies
infinies sera une généralisation naturelle.

Soit 1 = {1,2,..,n} un ensemble fini d'agents économiques (individus)

Chaque agent (i) est muni d' une dotation initiale de ressources wj= (0i,1

oik)e RE* ®RY = (gryn) 1yj> 0, j=12..k) ). C estadire: ojj estla

nn e

quantité du bien "j" que I' agent "i" posséde au début, et il y a "k" biens .

Un panier de biens est un vecteur de R k'+.

w=w]+..+ope R kot dénotera  le vecteur des ressources totales de
I' économie, c' est a dire : © représente tout ce dont les agents pourront disposer.

On appelle allocation tout vecteur (o] , .., op)e R kn,+ (aj e R k,+ wii=
1525:5n)3 (Equiva]entcmcm, , une allocation peut étre considérée comme une
fonction f : I ----> IR k.+ ) . L' allocation (w1 , ..., ®p) est dite allocation initiale.
On dit qu' une allocation (a1 ,..,on) est réalisable si o] + ..+ op = .
(Intuitivement, une allocation réalisable est un mode quelconque de partager les

disponibilités globales entre les agents).

Chaque agent "i a définie une relation 'Ei de préférence individuelle,

“(un préordre total)  sur ]Rk‘+. oG- R on, avec une notation équivalente, Y
2 % ) dénotera : "pour l'agent "i" , % est plus préféré ou indifférent a 5P e e
Y e ]Rk‘+); % <i Y “pour l'agent "i" , % est strictement plus préféré que Y " (on
doit remarquer que % <i Y est le contraire de Y ﬁi L) eltm=% ] "pour

l'agent "i" , les allocations % et Y sont indifférentes ". Chaque relation ﬁi sera

continue : Cela veut dire que pour tout Y 0c€ ]Rk'+, les ensembles { % e REk+ ;%

23y o} et (% e Rkt i) o ) sont fermés en RK+ g , finalement,

chaque relation ﬁi sera aussi convexe (c'estadire: quandona % 2 {Y ,ona
aussi, pour tout te [0,1], que t% +(1-) Y 2 { Y ).
Une économie & représentera 1 ' ensemble suivante :

Sl S Y o G e

Le modele antérieur est appelé "Modéle d’ Arrow - Debreu d' une économie

finie "
On appelle équilibre en & tout élément € = { (%1, .., %q .p)} ou
%5 %) e RN Gk chlTocation (%je RY%* . j=12..n). e pe RK*

vérifiant




@G) (%1, .., %pn ) est réalisable ,

(ii) <p , ¥$i> < <p, wi>, pour tout i € I  (I' expression <p, %> dénotera le
produit scalaire en le) "

(iii) Chaque %j est maximal: si %j<j % , alors <p, %> < <p, 0j>.

Le vecteur "p" est appelé systéme des prix d' equilibre , et I' allocation
(%1,...,% ) estdite allocation d’ équilibre. L' ensemble Bi(p) = (% e IRk‘+ B <IPHEdE>

"en

< <p,wj >} est appelé ensemble de budget de I’ agent "i

-Maintenant , le probléme principal a résoudre est Y a -t- il un
équilibre dans ' économie ? Le probléme de 1' existence d' un équilibre peut étre
considéré comme une question d' optimisation, mais on doit remarquer que ce
n'est pas une optimisation en sens classique , parce qu' on ne sait pas si les

préférences ( £ i=1,2...,n pourront étre "évaluées" a I' aide de représentations

d' utilité. Une préférence i est représentable s' il existe une fonction (appelée
fonction d’ utilité ) u;: REt 5> R telle que % <i Y si et seulement si ui(%) <
ui(y) . Quand toutes les préférences soient représentables, et les fonctions

d' utilité soient connues , on aura un "vrai" probléme d' optimisation.

-On dit qu' une allocation (%1,...,%p) :

. Py . . . . . . . s .
i) Représente une situation individuellement rationnelle si wj i %i(@{ =

G 5 A > b . Shat
ii) Est un optimum de Pareto pour |' économie & si elle est réalisable
et il n' existe pas une autre allocation réalisable (Y1,....Ypn) avec %j SO Gi=

1525 5n)s
iii) Appartient au noyau de I’ économie & si
(a) elle est réalisable ,
(b)) (%1,....%n) n' est pas bloquée pour aucune coalition d' agents S C I
(On dit qu' une coalition S € I blogque (%1,....%n) s' il existent Yj e
Rk+ (ie S)telsque %;<; Yi (e S) et Zie s Yi= zie s Bi)-

THEQREME : (Voir Varian, [1986] , Chap. VI , ou Segura, [1986] , Chap. 7)
Soit & une économie et € ={(%],.., % ,p )} un équilibre en & . Alors !

l' allocation (%], ..., %p) représente une situation individuellement rationnelle,

; o : Pars :
est un optimum de Pareto pour & , et appartient au noyau de I économie.
32 1 model ! _économi infinies

-Arrivés a ce point , nous allons considérer la possibilit¢ de généraliser.

(Dans ce paragraphe et les suivants, nous verrons quelques tentatives de
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Justificatition des généralisations qu’ on va faire).

D' aprés Ekeland (voir Ekeland, [1979] , p. 16) : << Que le nombre d' agents
soit fini n' étonnera personne. II faudra qu' il soit trés grand si 1' on veut avoir
quelque prétention a décrire la réalité contemporaine. On peut s' étonner
davantage que le nombre de biens soit fini -, surtout si l' on tient compte du fait
qu’ ils sont localisés et datés. >>. Cependant , il ne travaille qu' avec modéles finis.
Il rajoute (p. 17) : << De toutes fagons , prendre infini le nombre de biens
économiques conduirait a des difficultés mathématiques hors de proportion avec
le maigre avantage économique qu'on pourrait en rétirer = >>. Néanmoins ,
rajoutons nous, les modéles infinis sont , pour le moment, 2 la mode, dépuis 1970 .
(Voici quelques réferences : Hildenbrand, [1970] ; Peleg et Yaari, [1970] ; Bewley,
[1972] ; Bojan, (1974] ; Mas-Colell, [1974], [1975] ; Gale et Mas-Colell, [1975],[1979] ;
Elbarkuki, [1977] ; Brown et Lewis, [1981] ; Kreps, [1981] ; Magill, [1981] ;
Aliprantis et . Brown, [1983] ; Florenzano, [1983] ; Jones, [1983] ; Khan et Vohra,
[1984] ; Khan, [1984] ; Ostroy, [1984] ; Toussaint, [1984] ; Araujo, [1985a] , [1985b] ;
Barbolla, [1985] ; Duffie et Huang, [1985] ; Mas-Colell, [1986] ; Yannelis et Zame,
[1986] ; Zame, [1987] ; Besada, Estévez et Hervés, [1988 a] , [1988 b] , [1988c]
Araujo et Monteiro, [1989] ; Kehoe et al. , [1989] ; Monteiro, [1990] ; Laine, [1991]
Mas-Colell, [1991] ; Rustichini et Yannelis, [1991] )

’

-Aumann ( [1964] et [1966] ) est considéré le premier qui prit une
€conomie infinie pour modéle. A son avis, étant donné un systtme de prix
d' équilibre pour une économie & , comme dans le modéle d' Arrow-Debreu , les
agents agissent comme si ces prix étaient donnés a I' avance . Cette idée ne
satisfait pas a R. Aumann. Pour Ilui, la notion de compétence parfaite est
fondamentale dans 1' étude de I' équilibre en économie. L' idée essentielle sous-
Jacente est que I' économie est composée par un “trés grand" nombre de
participants, et [’ influence individuelle d'un agent sur |’ économie est
négligeable. 1l dit que les modeles finis pour étudier I' équilibre ne satisfaient pas
cette considération sur les influences individuelles. Alors, il pense que : << Un
modele mathématique d' accord avec la notion intuitive de compétence parfaite
doit avoir un nombre infini de participants . Et le modéle le plus naturel pour
cette considération contient un continuum de participants, comme les points

d' une ligne droite ou les particles d' un fluide.

La raison mathématique pour prendre un continuum est la  possibilité

d' utililiser de I' intégration. Notamment, si 1'on change I' intégrand dans un

seul point, cela n' a pas d' influence sur le total. Autrement dit : les actions

individuelles d' un agent son négligeables. >> .




[1987], [1989] considérent la possibilité de travailler avec des ensembles
"cnr.ichis" du point de vue mathématique. Ils construisent des modeles d'
économies avec n agents , dont |' espace des marchandises (E) représente un
espace vectoriel topologique avec quelque structure ‘“riche" (espace de Riesz,
espace de Fréchet, espace de Banach, ...), et , s' il est possible, avec une rélation
d' ordre. En conséquence, il semble inléréssam le travail avec des ensembles
(les préférences, les agents, les biens , etc.) munis d' une structure
mathématique. Dans le cas des espaces de Banach, les intégrales qui semblent étre
les plus convenables sont 1' intégrale de Pettis (qu' on appelle aussi "“intégrale
faible" ou "deuxi¢me intégrale de Dunford") et 1' intégrale de Bochner (qu' on
appelle aussi ‘"intégrale de Dunford et Schwartz" ou ‘"intégrale premiére de
Dunford") . (Voir Dunford et Schwartz, [1958] ; Diestel et Uhl, [1977] , Diestel,
[1984] , Ch. IV , ou bien Lusternik et Sobolev, [1989] , pp. 252 et ss. ). Ces deux

intégrales  coincident lorsqu' elles coexistent.

-Voici un modele infini, mais qui met en rélation les cas d ' économies
finies, séquentiellement infinies , et continues. Ce modele a été construit par
J. Garcia-Cutrin et C. Hervés , [1991] : Il y a “n" types différentes d' agents, mais
avec un continuum d' agents de chaque type (cela renferme 1' idée de représenter
dans le modéle les différentes conduites , en nombre fini "n", que les agents
économiques puissent avoir. Par exemple : chaque type d' agent pourrait
représenter les lignes essenticlles de conduite d' un certain parti politique ).
Ainsi, on a 1 ' économie Sn'C , avec :

i I=[01l=Hulhu . uly ,avec [=[(m , jn).

(ii) Pour chaque "agent" t e Ij,on a o= j et ﬁl = wj . (Autrement
dit : Les agents de chaque groupe ont les mémes ressources et préférences) .

(ii1) Les allocations  seront des opérateurs (ou fonctions mesurables)
f: [0,1] ---> E4

Associée a chaque ensemble de "n" biens (% 1,...,% ) on prend une fonction

en escalier f : [0,1] ----> E4 |, telle que g(t) = %j ,pourtout t e Ij

On appelle intégrale de "f* a ‘[I f = (%1+..4%p)/n e Ey , ou

I' addition % j+...+%p est faite en Ey lequel doit étre un espace vectoriel

topologique (ou, au moins , un coéne convexe ).

-Les principaux résultats obtenus, par rapport au modéle, sont :

THEQREME : Soit & une économie finie avec “n" agents , sur E, , et € =
{(%],..,%, ,p )} un équilibre en & ( "p" est un élément qui appartient a  E*
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, le dual topologique de E ) . Soit "f" la fonction en escalier associée a (%], ...,

. P . . lb [ h 2 5 ey 6
% ). Alors , (f , p) représente aussi un équilibre pour économie infinie P

- . oh , ST G
THEQREME : Soit & une économie finie avec "n" agents , sur Ey, dont les
préférences sont convexes et continues.  Soit k& ' économie finie obtenue par

2 e i b . =

répétition , "k" fois, de l' économie & . Alors, on a que :

A 5 - ' . . = n g
(i) Si f appartient au noyau de | économie infinie &

nG
I’ allocation (%], .., %p),on T n '//j f . appartient aussi au noyau

s Sriige
I' économie G

(ii) Si 1" allocation (%], ., Sp,.. ®Sol) ey %) appartient

ch wy > . " . 2 >
noyau de k& , pour tout "k" naturel , la fonction en escalier "f* associée a (%], ..

{ ; e e T S
%) , appartient aussi au noyau de l' économie infinie el

4, Dualité . équilibre ., ... et, enfin , les suites

_Pour une économie & , finic ou non , les systemes de prix "p" sont pris,
en général, comme les ¢éléments d' un espace dual topologique

Lorsque 1' économie est définie sur Rk+ , (il y aura "k" biens) , un systéme
de prix , pe R kit , peut étre considéré comme un élément de ' espace dual
(]Rk'+ )*, lequel , bien sir, coincide avec RKk*  En fait, étant donnés un systéme
de prix p = (p1,..,pk) . et un panier de biens % = (x1,...,xk) , la valeur (ou "prix
totale”) du panier est le produit scalaire <p,%> = p]x]+ p2x2 + ... +pkXk . Lorsque
I' économie est définie sur un espace différent, Ey , (au lieu d' €tre définie sur
]Rk‘+) , espace qui est muni , au moins, d' une topologie, la situation se complique,
parce que |' espace dual topologique E* ne coincide plus (en général) avec E.
Mais, il y a des autres problémes dans cette situation : Par exemple, dans le cas de
travailler sur Rk’+ , quand on considére deux suites (%i)ie N ¢t (Pi)ie N (% ,
pi € RK , pour tout "i") convergentes , respectivement, aux €léments % ,p €

R+ , la suite (sur IR ) définie par (<pi,%i>);e 1y ©SL aussi, convergente & <p,%>.

Sur d' autres espaces topologiques , la situation est trés différente : D' abord, il faut
préciser la topologie des espaces E et E* |, pour parler de convergence. Mais, en
outre, on a que : << La convergence , séparément, des suites (Bi)ieny ot Pidjen

(%ie E,pie E* , pour tout "i") n' implique pas (en général) la convergence de la
suite (<pi,‘)3i>)ie N >

-Voici une question ouverte fondamentale, qui met en rélation les
suites , la convergence et la dualité (et de laquelle on pourrait dire que I' origine
se trouve dans I' Economie) : Y a -t- il une forme- optime de choisir les topologies

en E et E* pour “"maintenir les convergences"” ? (Autrement dit @ que la
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-Le modéle de R. Aumann consiste a : “k" biens dans 1' économie
("continue") 8 c. 1=1[01], muni de la topologie usuelle . Ressources totales :
{of Rk+ ; te [0,1] }, ou équivalentement , 0:1 > Rk*+ (t 1---> o),
opérateur initial de réssources (que ' on prendra mesurable) . Pour chaque t e
[0,1] il y a une rélation de préférence il- (continue et convexe) définie sur
RX* . Une allocation pour ce modéle sera une fonction mesurable ¢ : 1 ---->
R K% Elle sera dite réalisable si JI ¢ = jl 0 e REY Un équilibre sera un
couple (f, p) (F > R k+ sipherlR: k.+ ) avec f(t) e By(p) , ensemble de
budget de I' agent "t" , pour chaque t € I. (By (p) = (% e Rk* < P, % >< <p,wr>) )
qui vérifie la condition de maximalité : " si f() € ¢ %, alors<p,>< <p, % >"

Ici, le probléme principal est de prouver 1' existence d' un équilibre. Le
probléme fut établi par R. Aumann en 1964, et résolu en 1966. Il est un fait
remarquable que dans le modele ‘“continu® de R. Aumann les allocations
d' équilibre coincident avec les allocations du noyau de I' économie SC. (Voir

aussi Bewley, [1973] ) .

-W. Hildenbrand , [1970] considére aussi un modéle avec un continuum
d' agents, si bien il trouve une concordance entre les modéles finis et les infinis.
< 3 RS . it A R t
D' abord , il prend des suites d ' économies finies , égales deux a deux , (‘bi)iE N

won

& A ct b . % o R
('-.‘i = 81 , pour tout i . & 1 est une économic finie , avec "n" agents et "k" biens ).

La suite sera ainsi, en fait, une économie infinie dénombrable ("séquentielle")

& I I t z : G 1 z .
g = e N t’i . Il démontre que une suite d * économies ¢égales deux a deux

est convergente (dans un  sens topologique et analytique, que W. Hildenbrand
exprime dans son article : Il considére les économies comme mesures sur un
certain espace mis en rélation avec les agents, et la , I' économie limite
apparaitra comme la limite d' une suite de mesures) a une économie avec un

continuum d’ agents.

-On trouve un point de vue différent dans le travail de Peleg et Yaari,
[1970] . Pour ces auteurs , on doit prendre une économie avec un nombre  fini
d' agents , mais avec une infinité dénombrable de biens (dont I' étude sera fait

parmi des suites ) , vu que les bien sont localisés et datés.

-Une autre approximation est diie 2 T. F. Bewley, [1972] . A son avis, on peut
bien prendre une économie avec un nombre fini d' agents, mais les biens doivent
étre pris en quantité infinie. 11 considére un continuum de biens (un espace de

mesure) .

-Dans une optique plus modérne , Aliprantis, Brown et Burkinshaw
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convergence , séparément, des suites (% i)ieN € (pi)isN implique la

convergence de la suite ( < pj, Lj > VN )

-Une proprieté, bien connue, de quelques espaces de Banach est la

propriété Dunford-Pettis (voir Diestel, [1984], p. 113) : << On dit qu' un espace de

Banach X  satisfait la propriété Dunford-Pettis lorsque, pour tout couple de suites
( (‘I’i)ieN 5 (‘.I}*i)iEN )en X x X* , tel que (%i)iEN et (%*i)iEN sont faiblement

convergents a zéro, on a‘aussi que la suite ( % *j(%j) ) N (dans le corps’ scalaire ,

K , associé a X) est convergente a zéro >>. Alors, on peut interpréter la propriété
Dunford-Pettis en termes d' une économie sur un espace de Banach , par exemple
<< Si I' espace de Banach X vérifie la propriété Dunford-Pettis , alors pour toute
économie sur X, toute suite de biens dont la quantité converge a zéro, et toute suite
de prix "en déflation" (le prix unitaire de chaque bien converge a zéro) ... le
panier limite ne vaudra rien >>. Donc, ici, la question la plus naturelle est
Quelles sont les conséquences économiques de la propriété Dunford-Pettis ? 1
s' agit d' une question encore ouverte.

-La possibilité de récrire une propriété de 1' Analyse Fonctionnelle en
termes €conomiques va plus loin quc le seul "change d' encadrement" . D' abord ,
la question suivante surgit : Est-ce-que la Théorie Economique sert pour mieux
comprendre les concepts de | ' Analyse ? Les applications €économiques serviront
pour “nous approcher" des concepts abstraits. Ainsi, il nous semble intéressante la
recherche de faits économiques qui réinterprétent des résultats, peut-étre bien
connus , de I' Analyse Fonctionnelle (en particulier, de la théorie de suites dans
les espaces de Banach) . Par exemple , les suites caractérisent la refléxivité d' un
espace de Banach (voir Indurdin, Plans et Reyes, [1987] , p. 18 . ) : << Un espace
de Banach X est réflexif si et seulement si toute suite Schauder-basique

normalisée est faiblement convergente a zéro >>

Maintenant , en termes économiques : Cela voudrait dire qu' un espace E
est réflexif si et seulement si pour toute suite Schauder-basique (% j); .y de
quantités "unitaires" (parce que lI%jll = 1 , pour tout "i" , ou LIl représente la
norme en X) de biens économiques en E, et pour tout systtme de prix "p" on a
que la suite de valeurs (<p,‘J$i>)iEN est convergente a zéro. (Autrement dit : Dans

\
toute suite , Schauder-basique, de biens unitaires, on donne "une plus grande

rélévance économique" aux premiers éléments de la suite).

-Dans un espace de Banach séparable et réflexif , on a la suivante
caractérisation de la convergence faible de suites (voir Schaeffer , [1974], p. 195 ,
ou Indurdin, Plans et Reyes, [1987], p. 114) : << Soit X un espace de Banach
séparable et réflexif, et (%j, %i*)ieN € X x X* un syst¢tme biorthogonal , avec

96




(%i)ieN base de Markousevitch de 1‘espace X. Soit (Zi)iel\{ une suite quelconque

dans X. Alors, la suite (Zi)iEN est faiblement convergente si et seulement si elle

est bornée, et, pour tout jeN on a que ( % j*(Zj) );.y converge a une valeur réelle

bj. (Il se suit, en outre , 1 ' existence d' un vecteur b e X avec % j*(b) = bj , pour
tout jeN ) . >>

Maintenant, en termes €conomiques : << Soit X un espace de Banach
séparable et réflexif, et (Wi Wix), o < X x X* un systeme biorthogonal , avec

'(%i)iEN base de Markousevitch de 1' espace X. Les €léments de la suite (%i)ie N
seront des biens économiques, tandis que les éléments de la suite (%i)ieN seront
des systemes de prix. Alors , étant donnée une suite de biens (Zi)jeny » POUr

' non

n' importe quel sysiéme de prix "p" on a que ( p(Zj) );.y tend vers p(b) , pour

un certain b € X si et seulement si la suite est bornée et pour tout joe N on a
que ( ‘JGj*(Zi) )iEN tend vers une valeur réelle bJ: >> (1l se suit , en plus ,
| ' existence d' un vecteur de quantités b e X dont la valeur selon les systémes

fondamentaux -de prix est determinée par % j*(b) = bj, pour tout jeN ).

-Une caractérisation différente de la réflexivité dans les espaces de Banach

séparables munis d' une base de Schauder s' appuie sur le concept de base
"bornément compléte " : Soit X un espace de Banach séparable, et (%, Bi*), .y ©

X x X* un systeme biorthogonal , avec (‘,‘Gi)iEN base de Schauder de I‘espace X. On
dit qu' une base de Schauder (%i);ey dans un espace X est bornément compléte si
pour toute suite bormné (Zi)ieN telle que pour tout f e [(%i*)iEN ]  ( adhérence
lineaire de (%i*)iem ) la suite (f (Zj) JieNy ©St convergente, il éxiste un vecteur

e X (indépendamment des "f"') tel que f( Z) est la limite de (f (Z1) )ieN

En termes économiques , I' idée sous-jacente est que pour toute suite bornée
de biens (Zi); . - Si pour tout systtme de prix , f , "dépendant” (c¢' est a dire :

"dans 1' adhérence linéaire de ... " ) de (‘I,i*)ieN s (E(Zh) JieN  ©st convergente,

alors , il existe un bien économique Z (indépendamment des "f") dont la valeur
fl Z) est la limite de la suite (f (Zi) ); .y -

-Pour conclure notre exposé , nous allons considérer dans cette derniére
section quelques modeles qui opérent aussi avec des suites, et dont les
conséquences €économiques sont remarquables . Nous montrerons que , pour
I' existence d' un équilibre, il faudra que les agents économiques soient , dans un

certain sens qu' on précisera , "myopes" ou ‘“impatients" .




-Faisons une généralisation du modele d' Arrow -Debreu . Désormais, une
marchandise (M) sera un bien économique (B) , localis¢ dans un certain endroit
(L) , qu' on délivre un jour ou date spécifiés d' avance (T), lequel, en outre, peut
dépendre des états de la Nature (N) .  ( M = VB x I5 X T X . ). Par état de
la Nature on prend une mesure de probabilité qui réprésente le risque de change
brusque , par exemple, dans la situation politique ou économique d' un pays.
Ainsi, le nombre de marchandises devient infini (on doit rappeler ici que , dans

le modele d'Arrow-Debreu, il était fini), surtout si 1' on tient compte des dates (T) .

-Les modeles que nous allons présenter dans cette section seront

dénombrables.

-Prénons k e N fixe. Le modele consiste a :

(i) k biens spécifiés dans la premier période,

(ii) k biens (les mémes) spécifiés dans la deuxieéme période ,

(iii) k biens (les mémes) spécifiés dans la troisieme période,

Une spécification dans I' économie sera une suite : (X1, X2, ..., Xk , Xk+1,
Xk s XDkt XDk F ] o X3y es) 55— OU Xnk+p sera le bien p-iéme dans la n-iéme
période. I = {1,2,..,n} (ensemble fini d'agents économiques ) . Chaque agent

ney

i est muni d une dotation initiale de ressources  ®j = (®f,] »..., Wi k)
e E , et a définie une relation ﬁi de préférence individuelle continue et
convexe sur E. E sera un sous-ensemble de , fonction} .

-Nous étudierons quelques exemples d' espaces que pourraient servir de
modele , et montrerons que le choix de la topologie sur E détermine la conduite des

“agents : Les modeles les plus fréquentes dans la littérature économique sont |‘,°

L .(EO ,331 et A(P) , espace parfaitde Kéthe . voir Kéthe, [1951] , [1969] ou
Schaeffer, [1974] , p. 198 ). Voici un exemple (construit par M. Besada , J. Garcia-
Cutrin et C. Hervés) , de ces modéles : I = {1,2,...,n} (ensemble fini d'agents

économiques ) . Chaque agent "i" est  muni d' une dotation initiale de

N 2 :
ressources wj € E (suites) . Soit W= W]+ ..+ wp le vecteur des

ressources totales de 1' économie. Pour nous, un systéme de prix sera une
suite (pi);e jy  telleque  E._ N pil . lojl < +e . L'ensemble P = {p = Pi)jey *
Eie N Ipil . lojl < +eo} est un espace vectoriel. Maintenant, soit A®) = (%
b

ijeN °
ie N 'Pil . 1%l < +o ,pourtoutp e P}. On peut munir a A (P) avec une
topologie naturelle, avec laquelle, il devient un espace de Kothe. On doit

remarquer la dualité existente entre P et A (P) . ( Par exemple, si o = (1,1,1,1,...)
aosP=1 ,et A®=1_). :

»




-Nous allons introduire ici quelques définitions de concepts topologiques
utiles pour notre ¢tude :

1) Brown et Lewis , [1981] appellent myope une rélation de  préférence
" % " définie sur |, si pour chaque couple (x,y) e [ qnl i iavec e yasains el
existe ng € N ( nQ sera fonction de (x,y) ) tel que y + (0,... " Zéms..,O,l,l,l,l,l,...) <

X, pour tout n 2nQ . ( En termes économiques la myopie d' une rélation de

- préférence répond a I' idée d' impatience des agents )
2) Etant donnée une suite % = (‘JSi)iE N On dénotera par Ttp(%) la

suite i (% E ISR E S 01 0 ey FepaTIS B (96 lalshite (@I DUESIOS Lo o W msliomar s )1

"

3) Une rélation de préférence L " définie sur lm , est fortement myope
si pour chaque trio (x,y,z) € |_x |_x | , avecy< x ,il existe npe N ( ng
sera fonction de (x,y, z) ) tel que y + Sp(z) < x, pour tout n =nQ.

4) Une rélation de préférence " & " définie sur |‘m , est une myopie
supérieure si pour chaque trio (x,y,z) = |_x |_x |_, avecy< x, il existe ng e
N ( nQ sera fonction de (x,y, z) ) tel que y+TTn(x) +Sp(z) < x , pour tout n >nQ .

5) Une topologie sur un ensemble E de RN s dite myope si toute

rélation de préférence continue sur E est myope (la définition de myopie pour les
rélations sur E est analogue a celle donnée pour |m ).

-Voici les principaux résultats sur ce point :

THEOREME : << Une topologie est fortement myope si et seulement si elle est

une myopie supérieure >> .

THEQREME : << La norme usuelle, en /w , n’est pas myope >> .

THEQREME : << Une topologie est fortement myope si et seulement si pour
tout &, la suite (Si(&?))is N tend vers zéro (dans ladite topologie) >> .

THEQREME _ (Brown et Lewis, [1981] ) : << La topologie fortement myope, la
plus fine, sur |, est la topologie de Mackey >>

THEQOREME _ (Araujo, [1985 b ] ) : << Soit une économie dont les préférences
sont continue et convexes, définie sur /m , ou la topologie qu'on prend est plus

:

forte que la topologie de Mackey. Alors, il n' y a pas d équilibre pour

' économie . >>
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ABSTRACT

The rate of weak convergence of a sequence of probability measures to
the unit measure at a fixed point is given by a sharp generalized inequality in
the presence of an extended complete Tchebycheff system. This involves a
very flexible new measure of smoothness, the generalized reduced

K-functional, which has all the basic properties of the usual K-functional.

1. INTRODUCTION

The following introductory notions come from [5], which is an essential
reference for this article.

Let the functions g, ugu,, .., u, € C**X([a,b]), n 2 0, [a,b] C R such that
uy(x) = ¢ > 0 and u,(x) is a concave function for x € t and a convex function

for x 2 t, where t is a fixed point in (a,b).
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Let the Wronskians
uo(x) ul(x)

u (x) u (x)
Wi(x) = W(uy(x),u,(x), -, u(x)) = -

ug)(x) ugi)(x)

and assume that all W(x) are positive everywhere on [a,b].
functions

W.(x)
Pp(x) = W(x) = uy(x), 9,(x) = W,

8x) = W.(x)W._z(x)

(W, (x)? °
are positive everywhere on [a,b].

Consider the linear differential operator of order i 2 0

Wlug(x),u,(x), ..., u; 1(x),8(x)]
Wi, ()

Lig(x) =

i=1,.,ntl; Lg(x) = g(x) all x € [a,b]. Here Wlug(x),u,(x),

denotes the Wronskian of Ug Uy, oy U 8.

Consider also the functions

u®  uy(d)

uj(t) u/(t)

ug-l)(t) ugi—l)(t) R

uy(x) u,(x)

u;(x)

u,(x)

u(x)

Obviously the

(1)

wes Uy 4(x),8(x)]




1,2, .., n; gy(x,t) = 1, all x,t €[a,b]. Note that g,(x,t) as a function of x, it

is a linear combination of uo(x), ul(x), - U;(x) and furthermore it holds

X
1

= I % X1 X5-2 = |
e ,(t)- - - (1) L d’l(xl)L 2= ‘L d’i-l(xi-l)L ¢(x)dxdx; , - - -dx,,

alli= 1.2, ., n.

From [5], p. 138, Theorem II we have that
n
g(x) = g(t) + L L.g(t)-g,(x,t) + R_(x),
i=1 n

X

R,() = Lo 80 | g0,
t

¢ is between x,t; all x € [a,b], t is a fixed point in (a,b), n 2 0.

z

Here we shall call

X
N (x,t) = j g, (x9)ds,
t

= i (4)
N (x,t) = IN_ (x,t)); n 2 0.
Our work is mainly motivated by the following result (see [2], p. 376).

Theorem. Let uju;, .., u, € C(a,b]), n > 0. Then {u}!_, is an extended
complete Tchebycheff (E.C.T.) system on [a,b] iff W(x) are positive everywhere

on [a,b], all i = 0,1, ..., n.

Next we would like to introduce the following new measure of

smoothness, which plays a central role in this article.

Definition 1. Let f € C([a,b]). Let n > 0 and t € (a,b) be fixed. We define the

generalized reduced K-functional as:

KO),(E,0) = K(Lh) = K@) = inf(1fglo + 1L, g0a), b >0 (5)




Here g ranges through the functions g € C™t([a,b]) satisfying
La(t) = 0,
where I -1, denotes the sup norm.

The notion of K(f,h) generalizes to a wide class of E.C.T. systems the

notion of reduced K-functional (see [1]), where there we have the special case

of u(x) = x}, i = 0,1, .., n. Eg. consider any E.C.T. system in C""'([a,b])

containing uy(x) = ¢ > 0, u,(x) = sinhx; where t = 0o € (a,b). And K(f,h) is
similar to the K-functional of Peetre (see [3] ; [4] , p. 60), where we do not
impose the restrictions Lg(t) = 0, 18=91 = "'n; there 1s

dn+1
Ln+l T dxnptl

The quantity K(f,h) measures how well f can be approximated by a
smooth function g. It is the suitable, very flexible measure for the
approximation of small functions f with large derivatives in the sup norm.

In Theorem 1 we present the i)asic properties of the introduced
generalized reduced K-functional, proving that it behaves nicely like the other

K-functionals.

In Theorem 2 we present ‘a generalized sharp inequality involving
Rgi’l(f,h), which is the main goal of this article. This inequality gives an
estimate in the very general E.C.T. setting for the rate of weak convergence of
a sequence of probability measures to the unit measure at a fixed point.

Finally, Theorem 3 contains an independent result in the uniform

approximation of continuous functions by generalized polynomials.




2. MAIN RESULTS

Theorem 1. The generalized reduced - K-functional has the following
properties: (i) Subadditive in terms of f. And in terms of h is (ii) continuous,
(iii) nonnegative, (iv) monotonely increasing, (v) concave, hence (vi)

subadditive. (vii) K(t)(f,0) = 0.

Remark 1. Thus ﬁgi)l(f,h) has all the basic properties of the usual Peetre
functional K_,,(f,h). In particular ﬁg‘) = Kg“’ = K,, by uy(x) constant and
L, = d/dx.

Also, since Lc=0,ce€ R,alli21 we get that Rx(:‘_)l(c,h) =0, all h 2 0.

Proof of Theorem 1. (i) Let 8,8, € C™*1([a,b]) such that L;g,(t) = L;g,(t) = 0,

1=1, .., n, ie. Li(g, +8,)(t) =0,i=1,.,n Hence

K(f, + fh) < Iff, + fz)— (8, + 8)lw + hIL_ (g, + g)la

Si(IE gl ot hiIL . .g8,l.) + (If, —g,l, + hiL | 8,la),
for all g,.8, of the above class. Obviously one has
K(f, + f,,h) € K(f,,h) + K(f,,h).
(ii) (a) K is an upper-semicontinuous function in h i.e.,
lihm_'sgp K(h) € K(c).

Proof. Observe that

lim sup K(h) € lim sup(If — gl + hlIL e
msupsk (h)istlim supEi e n+18 1)

= }11_.12 (If—gl, + hILanI,,) = (If—gl, + clILanI,,),

for all g € C**Y([a,b]) satisfying Lg() =0, i=1, ., n. The result is now

obvious.




(b) K is right continuous in h.

Proof. Since K is increasing in h we have K(h) € K(h + €), € > 0. From (a)

for € =~ 0 we get
lim sup K(h + €) € K(h).
h+€—h
Furthermore it holds
K(h) € lim inf K(h + €)
h+€=h

along with

lim inf K(h + €) € 1lim sup K(h + €).
h+ € ~h h+ € =h

lim inf XK(h + €) = 1lim sup K(h + ¢).
h+ € ~h h+ € =h

= lim K(h + ¢) = K(h),
h+€-h

which proves the claim.

(c) It holds K(h-) € K(h) ¢ K(h-), i.e.,, K is left continuous in h.

Proof. Obviously K(h-) € K(h), by K being increasing in h. If 0 < € < h

then h/h—e > 1. Now see that

h
K(h) ¢ (If—gly, + hlanHglla,) N [ ]-(If—gll“, + (h—e)ILn+lgI,,),

=€

for all g € C**'([a,b]) such that L,g(t) =0, i = 1,.., n. Thus

K(h) < [hh

=€

Jxa -,

K(h) € K(h-),
which proves the claim.

We have established that K is continuous in h.




(iii) obvious.

(iv) For h; < h, we get
K(h)) ¢ (Ifgle + hiIL | sle) € (If—glo + h,IL . gla),

for all g € C*!([a,b]) such that Lig(t) =0, i =1, ., n. Thus K(h;) < K(h,).

_(v) Let 0 € ) € 1. We observe that

MK (h,) + (1-M)K(h,) ¢ MIf—gle + hiIL L elle) + (I0)(If—gle + h,IL . gl

= If—gle + (Nhy + (l—x)hz)lILanllm,
for all g € C**!([a,b]) such that L,g(t) = 0, i = 1, .., n. Therefore
\K(h,) + (1=K (h,) € K(\hy + (1-)hy),

proving the claim.
(vii) From Lemmas 2,3 we get that

X

g(x) = N (x,t) = J g (x,s)ds € C**!([a,b]), n >0,
t

is a strictly monotone function.

Thus for x # y we get that g(x) # g(y), that is, g(x) separates points.

Furthermore from [5], p. 138 we have that

L 8(x) =1,

gi®) =0, i=012 ., 0

So that Lg(t) =0,i=1, .., n.

Consider now the algebra A generated by {1, g(x)) i.e., A = <{1, g(x)}>. A
typical element of A is a finite linear combination of non-negative powers of
g. Note that A is a linear subspace of C™!([a,b]) € C([a,b]), which contains

the constant functions and separates points. Therefore by the Stone-




Weierstrass Theorem we obtain that
A = C([a,b)

ie, for f € C([a,b]): Ye > O there exists e € A such that If —el, < €. Since
uy(x) is constant we get that L,(1) = 0, all je=igl . eny

And since g0(t) = 0, all i = 0,1,2, .., n we have: that ")(t) = 0, i = 0,1,2,
., 0 (2 21). That is, Li(§!)(t) =0,i=1,.,n These are leading to L.e(t) = 0,
i=1,.,n for all e € A. Hence A is contained in the class of functions g €

C™tY([a,b]) such that
Lg(t) =0, i
Consequently,
0 <KW (£,0) = inf (If ~gl) < inf (If el = 0.
We have established that
K®, (£,0) = 0.
Theorem 2. Let p be a probability measure on [a,b] C R such that

I [x — tlu(dx) = d(t) > 0,
[a,b]

where t is a fixed point of (a,b).
Let the functions u,(x), u,(x), ..., u (x) belong to C™*t({a,b]), n > 0, and let
the Wronskians Wo(x), W (x), .., W_(x) be positive throughout [a,b].

Assume that uy(x) = ¢ > 0 and u,(x) is a concave function for x < t and a

convex function for x 2 t.

Call

i N_(bt) N (a,0)
An(t)-max{ b=t " t—a }’




Fln(x,t) = |rgn(x,s)ds|, all x €[a,b]; n 2 0.
t

Consider f € C([a,b]). Then

I f du —f(t)l < 2ﬁ§31[f M] n 2 0. ®)
[o.b]

For special choices of d,(t) the above inequality is attained (i.e., it is sharp) by

the function N (x,t) and the probability measure p, described as follows:

N0 Nyt
b-—t =

d.(t d.(t
measure [, is supported at {t,b} with masses [l = bl(—)t ], [blfz ],

) If

and d,(t) € b —t, then the optimal probability

respectively.

I N, (b0 < —n—(a boiad d o <

b—t
- 3 » d,(t) d,(t)
measure [, is supported at {t,a} with masses |1 — 5

t —a, then the optimal probability

ti=:a ta=ia
respectively.

Remark 2. According to [5], p. 139 when u.l(x) =xi i=0,1,2, .., n we have

that

5 ( t) (X_'t)n+1 s ﬁ ( t) Ix_.tln-{'-l
) =t AT >, A 8 I e e
n (a+1)! n (@+1)!

g - i (b_1)n+1 & y (t_a)n+1
PHG e Sl e
[t )
A“(t)"max{(nn)z * (a+l)! }
That is,
RCOk
MO = e

where c(t) = max(b—t, t—a); n > 0. Here note that Rg:_)l = KS::-)l the reduced




K-functional introduced in [1]. In this special case inequality (8) reduces to

the known attained inequality (see [1]),

d,(t) - (c(t)"”
£ x® [ &
Lab]f e ““[f’ 2(n+1)! ]
t € (a,b); n 2 0.

Proof of Theorem 2. For f € C([a,b]) and g € C™t([a,b]) we have f(x) — f(t) =

(f(x) — g(x)) + (g(x) — g(t)) + (g(t) — f(t)). Integrating relative to g we obtain

j £ du — £(t) sj IE(x) — g(x)l(dx)
[a,b] [a,b]

+ 1g(0) = £(O)] + [ () = (Dl(dx)

¥ [a'rb]

ol elir J' lg(x) — g(O)lu(dx).
[a,b]

Now assume L.g(t) = 0 for i =1, .., n, then from (3) we get

X

80) — &) = L,y8(0)- | g,(xs)ds,
t

where £ is between x,t. Hence |g(x) — g(t)| ¢ ﬂLn+lgﬂm~ﬁn(x,t). And from

Lemma 5 we obtain

N (b,t) N (at
—n(——-lv—n%}-lx—tl for all x € [a,b].

lg(x) —g(t)l ¢ HL,,Hgﬂw'maX{ T

Consequently,
I fdp- f(t)l < 2Mf—gly + UL gle-A(1)-d (1),
[alb]
where A (t), d,(t) as in (7), (6), respectively. _ Therefore we have proved (8)
< A :
I fdp—f(1)] < 2-K§)rl[f; iy ]
(a.b] 2

Furthermore, consider F(x) = N (x,t) € C““([a,b]). This satisfies L +1F(x)

= 1 with f0(t) = 0,i = 0,1,2, .., n, so that L(t) = 0, i = 1, .., n. Hence
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- s o 3
K{£)(E,h) < hIL flg=h.

“~

- A (t)-d,(t)
2-1431[& —L—TJ—] < A(t)-d (1)
Le., inequality (8) for f = F leads to

J' £ du| < AD)-d,.
[a.b]

Here we sce that

5 '[[a,m?dnol _ J-{n,b] |

A (1) -d (1),

i.e., inequality (9) is attained.

o [, Fonl- |25 w0

N@h o
- (32 ] -4i0 - a0-a,0,

i.e., inequality (9) is again attained.

We have proved in both cases that inequality (8) is attained. 0O

From Lemmas 2, 3 and the proof of Theorem I1(vii) we get the following

independent results.

Theorem 3. Assume that uy(x) = ¢ > 0 and u,(x) is a concave function for x ¢
t and a convex function for x 2 t; x,t €[a,b], t is a fixed point. Let

X

@ (x) == N_(x,t) = I g, (x,;5)ds, n 2 0.
t

Consider the algebra A = {1, ¢ (x)}>, which is a linear subspace of

C™*([a,b]). Then Kn = C([a,b]), n 2 0, in the uniform norm. Furthermore
Le(t)=0, i=1,.,n forall e€A ;n 2L
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3. AUXILIARY RESULTS
The next results are by themselves independently interesting.

Lemma 1. Let

X

N_(x,t) = I g (x,8)ds, all x,t €[a,b].
t

dN _(x,t) % r dg_(x,s) e
t

x ax 2

a2 t * 32g (x,
N _(x,t) =J‘ g (x.8) o

ax? ax? e

Proof. See [5], p. 132(6) and apply Leibnitz’s formula once/twice. O
The previous result is used in

Lemma 2. Assume that uy(x) =c > 0 and u,(x) is a convex function for x

Let

X
N (x,t) = J g,(x,5)ds, all x,t €[a,b], n 2 0.
t

Then N (x,t) > 0 for x > t, N (t,t) = 0, and it is a strictly increasing function
in x 2 t, also N_(x,t) is a continuous function in x € [a,b].
Furthermore, N (x,t) is a strictly convex function in x 2 t, n

z

Ny(x,t) = x —t is a trivially convex function in x > t.

Proof. From W (x) = ¢,(x) = uy(x) = ¢ > 0 and W, (x) = cu(x) > 0, u,(x) is a
strictly increasing function everywhere on [a,b]. Hence ¢,(x) = Wl(x)/(Wo(x))2
= u/(x)/c > 0. By assumption u,(x) is a convex function in x > t implying that
u/(x) is an increasing function there, that is, ¢,(x) is increasing in x 2 t.

z

Note that g _(x,t) > 0 (x > t), g.(t,t) = 0; n > 1 with go(x,t) = 1. We have




X,

() __ $(x) =
ax () -(D) L ) L

n-2
tbn(xn_l)dxn_1 =5 dx

From ¢(x) > 0,i=1,.,n,n 2> 2 and ¢,(x) being an increasing function we
have that Jg (x,t)/3x is a strictly incrcasing‘function in x 2 t, note that
agn(x,t)/ax >0 (x>t), agn(t,t)/ax =10:

Thus g (x,t) is a strictly convex functionin x > t,; n 2 2 and clearly g,(x,t)
is convex in x 2 t.

Obviously N (x,t) is a continuous function in x € [a,b], n > 0.

From Lemma 1

N (x,t X 3ig (x,
o J e e
t

ox! S =z ax!
It is clear that N (x,t) is a strictly increasing function in x > t, n > 2.
By strict convexity of g (x,8) in x > s we get azgn(x,s)/ax2 >208 (xEs>Es))

which leads to

3N _(x,t) 3 3N _(t,t) i

—-n—‘—axz 0 (x>1t), ——n_aﬂ

Hence N (x,t) is a strictly convex function in x 2 t, n 2 2.

Since go(x,t) = 1, all x,t € [a,b], Ny(x,t) = x — t, (x 2 t). Obviously N (x,t)

is a trivially convex and strictly increasing function in x > t. Note that
X
g.(x0) = 0] 6,6)as.
t
From 8g,(x,t)/0x = ¢l(x)/d>l(t) and ¢, an increasing function, we have that

agl(x,t)/ax is increasing in x > t. Obviously agl(x,t)/ax > 0 for all x € [a,b].

Let s be such that t ¢ s € x; < X,, then

3g,(x28) | 3g4(x4,8)
dx 7 B

dx X

X
I"l ag](xz,s) qes I 1 agla(x],s) ds
t

t
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X28010)
I Sbits o)) (ax :5) ds > 0,
X

Xy

J. 2 Bg,(xz,s) . rl 8g](x],s) 2

: ax . X

The last inequality and Lemma 1 (10) imply that aNl(x,t)/ax is strictly
increasing in x 2 t, which in turn implies that N,(x,t) is a strictly convex

function in x 2 t. Since

N, (x,t IN._ (t,t
—]—a(:)>0(x>t), —]—;)=O
X :

we conclude that N (x,t) is a strictly increasing function in x > t. 0O
The counterpart of Lemma 2 has as follows:

Lemma 3. Assume that uy(x) = ¢ > 0 and u,(x) is a concave function for

xSt Let

>4
N_(x,t) = J- gn(x,s)ds, all x,t €[a,b]: x €£t, n 0.
t

If n is odd, then N (x,t) is a strictly decreasing and a strictly convex function
in x €t, N_(x,t) > 0for x <t

If n is even, then Nn(x,t) is a strictly increasing and a strictly concave
function in x € t. Furthermore Ny(x,t) = x — t is a strictly increasing and a
trivially concave function in x ¢ t.

Also N _(x,t) < 0 (x < t) for n zero or even; with N (t,t) =0 all n 2 0.

Proof. By assumption u,(x) is a concave function in x € t implying that ul'(x)
is a decreasing function there, that is, ¢,(x) is decreasing in x € t.

See that forn 2 1




g (x,t) $,(x) x "1. 5 i i
ax = d)l(t)- -9 (1) Jt ¢2(x1)L It ' ¢n(xn-l)dxn_1

_ (1) ¢, (x)B(x,t)

6, (1) - - -9.(t) °

t t t
B(x,t) = I ¢2(X1)J I OI(xig)dx s dx u> R0 (xi<i t),
2 X *n-2

B(t,t) = 0.

Since B(x,t) is a strictly decreasing function in x < t, we get that ¢ (x)B(x,t) is
also strictly decreasing in x € t. When n > 1 is odd then agn(x,t)/ax >0 (x <
t), 9g (t,t)/0x =0anditisa strictly decreasing function in x € t.
When n is even then 3g (x,t)/3x < 0 (x < t), agn(t,t)/ax = 0 and it is a
strictly increasing function in x € t.
We have proved that for n odd, gn(x,t) <0 (x <t), g, (t,;t) = 0 and it is
strictly concave in x < t for n > 1; clearly gl(x,t) is concave in x € t. Also for
‘ n even, g (x,t) > 0 (x < t), g (t,t) = 0 and it is strictly convex in x € t.

From Lemma 1,

XSSAt N 22t =r10D2

ox! ox!

i 53 i
&N Fx,t) 5 J‘ d'g ({c,s) 4 e
t

It is clear that when n > 2 is odd, then N (x,t) is a strictly decreasing and a
strictly convex function in x € t.

And when n is even, then N (x,t) is a strictly increasing and a strictly
concave function in x € t. Note that for n > 1 odd, N_(x,t) > 0 and for n zero
or even, Nn(x,t) (0, where x < t, with N (t,t) = 0 all n 2 0. Obviously
N,(x,t) = x — t is a trivially concave and a strictly increasing function in x <
t.

From 9dg,(x,t)/3x = ¢,(x)/9,(t) and ¢, a decreasing function, we have that

agl(x,t)/ax is decreasing in x € t. Obviously, Bgl'(x,t)/ax > 0 for all x € [a,b].
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Let s be such that X, <X, s ¢t, then

3g,(x,,5) ;agl(xz,S)
dx Oxsige

t t
J - 9g,(x,,8) s J‘ 3g,(x,,5) gk
ox Ox
e X2

3
r‘z 28118t o
& ax

1
one has

t t
J‘ 3g,(x1,5) i J 3g,(x,.8) 0
x, dx ettt ox

oeoh Dy e R
ax

rl 3g,(x,8) o JXZ 9g,(x,,s) 95
t t

9x

The last inequality and Lemma 1(10) imply that ON (x,t)/3x is strictly

increasing in x € t, which says that N, (x,t) is a strictly convex function in x €
t. Since

S

)

N](x,t)

AN (t,t
<0(x<t), —Ju =0
ax ax

we conclude that N,(x,t) is a strictly decreasing function in x < t.

Lemmas 2 and 3 enable us to conclude

Lemma 4. Assume that uy(x) = c > 0 and u,(x) is a concave function for x €t
and a convex function for x > t.

Let ﬁn(x,t) = [N_(x,t)], where

N (x,t) = rgn(x,s)ds, all x,t €[a,b], n
t
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Then for n 2 1, ﬁn(x,t) is a strictly decreasing function in x <€ t and a strictly
increasing function in x 2> t, furthermore it is a continuous and a strictly
convex function in x € [a,b].

Obviously VN‘O(x,t) = |x—t| possesses the above properties, but is a convex
function in x € [a,b]. In particular, ﬁn(x,t) > 0 for x # t, with \I’\\In(t,t) = 0, all
n 2 0.

Lemma 4 implies the next result which is used in the proof of Theorem 2.

Lemma 5. Under the assumptions of Lemma 4, for fixed t € (a,b), we have

that

FI b,t ﬁ a,t
max{_nu,Ju},lx_t,,
b=t t—a

all x € [a,b]; for all n 2 1 Equality can be true only at x = t and at x = a or

b.

The above inequality, for n = 0, becomes identity.

Proof. When t < x < b by strict convexity of ﬁn(x,t), n21; ﬁn(t,t) =0 we get

N (bt) N (a1 -
b-t ' t—a }'(x D

And when a < x < t, again by strict convexity of N_(x,t) we get

N (at) N (x1)
<
av=ut XSt

a

N (bt) N
< max{ t;‘(—‘t) 5 t“(f’;) }-(t — x). O

N (x.t) < [ Eltn(i—t) ] (t —x)
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ESTIMACION DE LA VARIANZA CON MUESTREO SISTEMATICO
por
M. Ruiz Espejo

Departamento de Organizacién de Empresas
Facultad de Ciencias Econdmicas y Empresariales

Universidad Complutense de Madrid

Summary. Based on Zinger's (1980) and Rana and Singh's (1989) papers, we
are giving a new proof of the unbiasedness of the non-negative estimator of
the variance of the estimator x* proposed by Zinger (1980) for population
mean i, using other techniques for the analysis in finite populations, when
a systematic sample s of size m is selected of the population and consecuti
vely a simple random sample without replacement r of size n of the rest of

units of U-s, being U the finite population of size N=mk.
1. Introduccidén

Sea una poblacién finita de tamafio N=mk, denotada por U = {1,2,...,N}.
Tomamos una muestra sistemdtica, s, de tamafio m, de la poblacién U. Sea
Si= {sc U: s es una muestra sistematica de tamafio m}. En estas condicicnes

el estimador cl&sico media muestral, Xs' es insesgado para estimar la media

poblacional X. Su varianza, V(fs), no es posible ser estimada insesgadamen-—

te (Ruiz, 1986, o Rana y Singh, 1989). Con el objeto de obtener un estima-
dor insesgado de la varianza de un estimador que aproveche la informacidn

suministrada por la muestra, Zinger (1980) propuso el estadistico
Sl e L
XK= @Xs + (1 P)Xr 5

siendo ﬂ una constante y Xr la media de una muestra aleatoria simple sin
reemplazamiento, r, de tamafio n (n+m< N) obtenida de U-s, una vez observada

S previamente.

En la seccién 2 veremos que la varianza V(x*) es estimable si y sblo
si p = m/N, y calcularemos su expresién explicitamente. Finalmente, en la

seccién 3, obtendremos un estimador no negativo e insesgado de V(x*), co-
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rroborando los resultados de Rana y Singh (1989), aunque con diferentes tég

nicas.

2. Varianza del estimador de Zinger

En primer lugar comprobamos que x* es insesgado para X, independiente—

mente del valor asignado af .

E(x*) =pE [E,(X_|s)] + (1-pIE, [E,(X [s)]
Ahora, Ez(isls) = is’ y por tanto El(is) =X

>

bt 11 B
ie U-s

Ra(aiiag Yeph s . - ) _' x,)p(s)

1 N-m i

m(k-1) =
N-m X

De (1), tenemos sustituyendo

E(x*) =/2,)‘< + (1-p)X = X ,
es decir, x* es insesgado para estimar X, para todo F.
A continuacidn calculamos V(;*), usando el teorema de Madow,

V(x*) = V1[E2(§*|s)] + El[V2(§*]s)] 3

E,(x*[s) = pX_ + (l‘{’)‘ﬁ o% )

ieU-s

v, [E,(x*[9)] = (32"1“—‘5) + (1_/;)2 -
(N-m)

> Vl(NX—mXS) +




c gy —m
Zﬁ(liﬁ)Covl(XS,XS) T

= 2 2 m2 m
vl(XS)[P IRl 2@(1—p)ﬁ] =
(N-m)

e =ye (3)

= m 2
Vl(Xs)[.{}_ (1-p) 5 A1 N-m

N-m

Luego veremos que El[v2(§*|s)] es estimable, pero Vl[Ez(Z*ls)] no es
estimable (pues Vl(is) no lo es) salvo que la constante que le afecta en
(3) sea nula. En efecto, Vl[Ez(i*Is)] es estimable insesgadamente si y sélo

si

fN-m,2
e

o bien si y sélo si P =m/N.

Continuando,
E [V, (x*| s)] = E{v [pX_+ (1-p)X |s]} - B [(1-p)2V, (X [s)]
oD ALAS 772 P s P 15 1 P 2480

Pero,

(N-m)-n _2

= 1
V(X l8) = Vyl ] x,18) = Gemyat Sug

i€r
donde SE_S es la cuasivarianza de la variable x en la poblacién U-s. Por tan
to,
: = 2 N-m-n _2 2 N-m-n 2
(x* = &l = —
E, [V xexls)] = E, [Q=p)° ey Sysed = Op) mmym B Bysa? 1 (4)
y sustituyendo (4) en (2) para p = m/N, tenemos

v(;*) L El[v2(z*ls)] i iﬂ:ﬂlﬁg:ﬂ:ﬂl

nN

3. Estimador insesgado no negativo

: 3 = ; 2
Para estimar insesgadamente V(x*) proponemos el estimador csr, donde c
: 2 S :
es una constante a determinar y Sr la cuasivarianza muestral para la muestra

r, es decir




Ahora bien,

2 2 2
E(sr) El[EZ(sr]s)] = El(SU_S) :

y de aqui, si obligamos a que E(csi) = V(x*), obtenemos que de (5) y (6)

S V(x*) i (N-m) (N-m-n)
E(si) nN2

Conclusién: csi es un estimador insesgado y no negativo de V(i*), donde
¢ viene dada en (7). De este modo queda explicada otra demostracién del re—

sultado de Rana y Singh (1989).
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OPTIMALIDAD DE LA MEDIA MUESTRAL
por
M. Ruiz Espejo

Departamento de Estadistica
Facultad de Ciencias Econémicas y Empresariales

Universidad Complutense de Madrid

Summary. In this paper, we prove the optimality of sample mean of size m+n,

as integrator unbiased statistic "linear combination" of the sample means of
sizes m and n-respectively, and not only for simple random sampling with re-
placement of any population, but also without replacement with disjoint sam-

ples of sizes m and n of a finite population.
1. Introduccidn

En un contexto general de inferencia en poblaciones finitas (véase
Ruiz, 1987) se sabe que no existe estimador UMV (uniformemente de minima va-
rianza) en la clase de todos los estimadores insesgados de funciones paramé-
tricas que dependen funcionalmente de todos los argumentos del parémetro,
para todos los disefios no censales. Sin embargo, en condiciones mds restrin-
gidas puede encontrarse a veces un estimador UMV en ciertas clases de esti-

madores insesgados.

En el presente trabajo presentamos uno de estos casos que completa atin
més otros resultados en la misma direccidén como puede verse en Cassel et al.

(1977, seccidén 3.5).

b S S : iy 2 ]
Sea una poblacidén finita o infinita, con varianza finita 0 . Si se to-
man dos muestras independientes de tamafios m y n respectivamente, el estima-
dor integrador de sus medias muestrales parciales, ;s y ;r' como combinacidn

lineal de ambas (de modo similar al usado en Ruiz, 1992)
(1)

alcanza su méxima precisién cuando k = m/(m+n), siendo siempre insesgado x*
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para la media poblacional ;,
E(x*) kE(ZS) + (1-k)E(x ) = kx + (1-k)x = x para todo k€ R.

En efecto,

2
L 2 (1) a
eVE R NG (e
S T m n

62[52_ g (1_k)2]

m n
Al variar k€R, V(x*) se minimiza si y sélo si k = m/(m+n) = k*. Para este
valor de k 6ptimo, x* es la media muestral de las m+n observaciones que cons

tituian las muestras independientes de tamafios m y n.

Esto, que es razonable para disefios de muestreo aleatorio simple con
reemplazamiento, ¢seguird siendo vadlido para muestreo aleatorio simple sin
reemplazamiento en poblaciones finitas? La respuesta es si, como veremos a

continuacién aunque su justificacidén es sensiblemente mé&s laboriosa.

2. Planteamiento del problema

Sea U = {1,2,...,N} una poblacidén finita de tamafio N. De U se seleccio-
na una muestra sCU de tamafio m por muestreo aleatorio simple sin reemplaza-
miento. De esta muestra se obtiene la media muestral ;s' Seguidamente se se-
lecciona otra muestra aleatoria simple sin reemplazamiento rC U-s de tamafio
n (m2, n»2, mng N), de la que obtenemos la estimacién media muestral ;r'
La muestra sUr es aleatoria simple sin reemplazamiento de tamafio m+n (Heda-

yat y Sinha, 1991, teorema 4.2).

El estimador x* dado en (1) es ahora también insesgado para la media

poblacional §, independientemente del valor asignado a k,

E(x*) El[EZ(E*'S)] = El[kis + (l~k)E2(§r|s)] =

= E [kx_ + (1-k)xy ] = kx + (1-k)x = x

4

% it = = 1 = g
El(xU_s) = ﬁ:_'El(NX - mxs) TﬁET(NX - mx)




3. Varianza

Haciendo uso del teorema de Madow,

V(x*) = vk + (1% ] = El[(l—k)2V2(§r|s)] it

+ vl[k§S + (l—k)E2(§r|s)]

(N-m)-n 2 ]

(1-%) 1[(N T

2 - 2 -
+ k Vl(xs) + (1=k) Vl(xU_S) + 2k(1—k)Cov (x ,xU S)

) M= (Em). o2
1'"U-s’ T (N=1)(N=m)

tenemos

Covl(is,i

1 —m =
) = Covl[x 3 ﬁ:_-(NX - mx )] —-ﬁ:a-vl(xs) = -

U-s

Sustituyendo (3), (4), (5) y (6) en (2) y operando tenemos

2 _(N-m-mN (eNin) 2

Vi) = k) e en e O

e
= -1) (N=m)mn
2 2
donde f(k) = (1-k)“(N-m-n)Nm + (kN-m) n.

Para minimizar V(x*), basta minimizar f(k). Derivando f(k) con respecto
a k, e igualando a cero, obtenemos k = k* = m/(m+n), que no depende de N, al

cual le corresponde un minimo pues f"(k) = 2[N(N-m-n)m + Nzn] >0

Particularizando k* en i*, tenemos que x* es la media muestral de m+n




unidades, concretamente de la muestra sUr. Sustituyendo k = k* en f(k) y a

su vez ésta en (7), deducimos simplificando que

£(k*) = (N-m-n) (N-1)mn ’

m+n
y de aqui,

N-m—-n

V)= e )

que coincide con la varianza de la media muestral de tamafio m+n, bajo mues-

treo aleatorio simple sin reemplazamiento.

4. Conclusibén

La media muestral de tamafio m+n se comporta como el estimador &ptimo en

el sentido de "minima varianza", en la clase de estimadores insesgados combi
nacién lineal de medias muestrales de tamafios m y n respectivamente, bajo
los disefios de muestreo aleatorio simple con y sin reemplazamiento. De este
modo queda explicado otro teorema de existencia de estimadores insesgados

UMV bajo condiciones restringidas.
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Abstract

In this article, using Fourier series of coefficients (g, ak,bx) and the variable M (mean
anomaly), a method for the correction of previous orbits of visual binary stars is developed.
For this purpose and by means of the initial elements (aq, €g, T0, Po, Q0, w0, Jo) and residual
differences Af in position angles, the computation of the increments (Afg, Aag, Abi) and
(Aag, Aeo, ATy, APy, AQp, Awq, Alp), is accomplished. In order to determine this incre-
ments, the method of least squares is applied, but this determination can be obtained by

means another numerical methods.

1. Introduccién

En nuestros trabajos (R. Cid, 1950, 1952, 1960 y 1989) se ha desarrollado un método de cor-
reccién de érbitas elipticas de estrellas dobles visuales, utilizando desarrollos en serie de Fourier
para las distancias y el tiempo, de los tipos p? = f(ax,bx;0) y t = F(ko, Ak, B;0), es decir,
donde la variable que interviene en dichos desarrollos es el dngulo de posicién 6.

En el presente articulo, de manera semejante, la variable que interviene en los desarrollos es
la anomalia media.

En lo sucesivo y como es habitual, si Ey designa la estrella principal, £ la estrella satélite y
E' la proyeccién cilindrica de E sobre el plano tangente a la esfera celeste en Ej, utilizaremos

las siguientes notaciones:

En la érbita relativa

a semieje mayor
excentricidad
periodo orbital

época de paso por el periastro A




angulo del nodo

Q
w argumento del periastro
Ji

inclinacién
r = dist(EE) radio vector
b anomalia verdadera
= %" movimiento medio
C =na®*/1—e2 constante de las dreas
p=a(l—e?) parametro
M=n(t-T) anomalia media
13 anomalia excéntrica

En la 6rbita aparente

p = dist(EoE") distancia angular observada
0 = ang(NEoE') éngulo de posicién

Cl=C'cos I constante de las dreas en la aparente
2. Desarrollos en series de Fourier de la anomalia media

Se comprueba facilmente que la funcién

es continua y periédica, de periodo 2, y por tanto admite un desarrollo en serie de Fourier,

uniformemente convergente, de la forma

f(M):ag+i(ak coskM — Brsen kM) (1)
k=1

donde los coeficientes ay , B , estdn acotados y ag = 0, puesto que
1 27 c/ 2
= — MYdM = |—| =
ao=g [ s =[] =0
En efecto, la continuidad y el caracter periédico de la funcién f(M) depende de que lo sean

las funciones p=3 y d_dh%' una vez excluida la posibilidad de una colisién aparente (p = 0). Ahora
bien, se tiene
dp _dpdf dE _abd o
dM  df dédM  r?df
Por otra parte, si (A4, B, F,G), son las constantes de Innes (1926 y 1932), definidas por las
igualdades
A = cosQcosw —sen{2senw cosI
B sen 2 cosw + cos 2 senw cos I
F —cosQsenw — sen 2 cosw cos I
G = —senQsenw + cosQcosw cos I

podemos establecer las bien conocidas ecuaciones

psenf = r(Bcosf+Gsen f)
pcos@ = r(Acosf + Fsenf)




Haciendo para abreviar
A® = —Asen f + Fcos f, B* = —Bsen f+ Gecos f

y derivando las igualdades (4) con respecto a f, podemos obtener facilmente la formula

dp _ pdr . .
? = ;E-i—r(A cos 8 + B™ sen 8)

ﬂ_ab [zsenf+A'cosﬂ+Btsen9 (%)
P

y finalmente

dM ~ r
En resumen, excluidos los casos de colisién orbital y aquellos en los que es I = 7 (6rbita de

plano perpendicular al plano de la érbita aparente), se demuestra la existencia del desarrollo en
serie dado por la férmula (1)

Integrando la férmula (1), con respecto a M, en el intervalo (0, M), se obtiene

@ =
— =ao+ Z(ak sen kM + by cos kM)
ne k=1

siendo constantes los coeficientes

il et

ki k

Por otra parte, si tenemos en cuenta la ley de las dreas, podemos establecer la igualdad

!
df = n(’;z dM (7

ao, ap = by

y por consiguiente, integrando esta ecuacién en los intervalos correspondientes (6o,6) , (0, M),

tendremos ol b
9—90=a0M+Z[llk—k(l—coskM)+—k£senkM (8)
k=1

Evidentemente, esta igualdad aplicada a los dngulos de posicién 8(M) y 6(M + 27) nos
demuestra la condicién ag = 1 y por tanto los desarrollos (6), (8) se pueden escribir en sus
definitivas formas. Esto es,

CI

np?

(o<}
1+ Z(uksen kM + by coskM) (9)
k=1

o0
9:00+M+kz=:1[%(1—coskM)+kasenkM (10)
Una vez demostrada la posibilidad de estos desarrollos, podemos hacer la siguiente obser-

vacién:
Por ser acotados los coeficientes ay , B , y por verificarse las igualdades

ap ok b PBr

B k2 kR
cualquier serie parcial del desarrollo
= [a b
F(M)=3Y [T‘(l — coskM) + -k‘i sen kM] (11)
k=1
es uniformemente convergente, por tratarse de series arménicas de orden (f-;) En consecuencia,
si i, p, designan, respectivamente, niimeros naturales impares y pares, los desarrollos F;(M) y

F,(M) , son también uniformemente convergentes.
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3. Maétodo de correccién de Srbitas

Los desarrollos (9) y (10) dependen de un conjunto infinito de constantes (ak, bx) cuyo calculo
directo solamente podria ser efectuado por medio de las integrales

! ~ 1
ap g/ —sen kMdM,

n J_r p?
be Q’/" L coskmam
n J_xp
No obstante, si podemos suponer que los errores de observacién Af se traducen en errores
(ABp, Aag, Aby) de las constantes (6o, ax,bx) y en errores AP, AT , de los elementos orbitales
P y T, dado que los datos de tiempo se consideran exactos y por tanto At = 0.

Diferenciando la férmula (10), tendremos

A) = AB +i[éﬂ(1_coskM)+%senkM]+
i s k=1 k k

(o<}
+ [1 + > (aksenkM + bi coskM)] AM
k=1

oo
Aag Aby C' [MAP
A0=A90+§ [T(l—coskM)+TsenkM] S [T+nAT] (12)

puesto que

M= [M o nAT]

2 (13)

Ahora bien, dado un conjunto m de observaciones 6, de un par visual y suponiendo calculada

una 6rbita previa de elementos (ac, ec, T¢. Pe, Qc, we, Ic), podemos calcular las constantes

n, Cl=rn.d%/1—e2cosl, (A¢, B, Fe,Ge),
y las efemérides p, 0., para las distintas épocas de observacién, asi como el valor (fo), corre-
spondiente a la anomalia media M, = 0.

En estas condiciones, aplicando, por ejemplo, un proceso de minimos cuadrados a la ecuacién
(12), con un cierto nimero finito de coeficientes Aak, Abg, que se extienda al conjunto m de

observaciones disponibles, obtendremos, por medio del sistema de ecuaciones normales de Gauss,

los incrementos
Aby, Aay, Abg, AP, AT.

cuyos coeficientes respectivos, son:
1 1
1, E(l — cos kM.), Esenko,

siendo, en cada caso, Af = 0, — 6.. las diferencias (O-C).

Resultaran asi directamente los nuevos elementos

b0 = (6o)c + Abo, Po=PFP.+ AP,
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juntamente con los incrementos Aag, Abg, cuyo unico interés reside en que sirven de control a
los célculos.
Para obtener la correccién Ae, de la excentricidad, podemos proceder del siguiente modo:
Si consideramos el valor particular de la anomalia verdadera f; = 7 , la anomalia excéntrica

correspondiente, es decir & , serd

& I =ie f @
t —_= t — =t —
289 P gty

de donde se deduce la igualdad &; = ¢. siendo e = cos ¢

Por tanto, tendremos
AM; = A(¢ — esen ¢) = A¢(1 — ecos @) — Aesen ¢

Ae = —sen pA¢

de donde
1—cos?¢

seng

AMl = —Ae |:

+ sen ¢]

y finalmente
AM; = —2v/1 —e?Ae (14)

que, segin (13), nos permitird calcular Ae por la igualdad

1 <(¢—esen¢)

A _—
= P

W =)

AP + nAT) (15)

Debemos observar que el valor obtenido por la igualdad (15) viene dado en radianes, por lo
cual el resultado ha de ser dividido por 27 para reducirlo a su valor real.
De esta forma se obtiene un nuevo valor de la excentricidad por la igualdad

1
= =N
€0 €C+21r €

Recordemos ahora, que la obtencién de los incrementos Aay y Ab solamente es empleado
como control de los resultados, por lo cual la resolucién del sistema de ecuaciones de Gauss
se simplifica notablemente si se introducen unos incrementos Aag y Abg que verifiquen las

igualdades

=) =l
E E(l —coskM)Aay = Aag Z E(l — cos kM)
k=1 k=1

il | 201

D psenkMAb, = Abo Y - senkM

k=1 k=1

ya que en este caso el sistema de ecuaciones normales de Gauss contiene solamente cinco incog-
nitas.

En esencia, dicha transformacién equivale a utilizar unos incrementos Aag y Aby que son los
promedios ponderados de los incrementos Aay y Ab.

Una vez calculados los nuevos elementos 6y, Py, Tp y ep, podemos proceder a calcular los

elementos Qp, wg e-Io.




En efecto, si consideramos las ecuaciones
pcos(6 — Q) = rcos(w + f), psen(f — Q) = rsen(w + f)cosI.
basta dividirlas para obtener
tag(f — Q) = tag(w + f) cos I (16)

Ahora bien, puesto que ya suponemos mejorados los elementos orbitales Fy, To y €o, entonces
para cada instante ¢; de observacién, también habran sido mejorados los valores de las anomalias
M;, E;, f;, dadas por las igualdades

e &
M; = no(ti — To), & —eosené; = M; tag ﬁ = L tagé
2 1-— €p 2
En consecuencia, si se incrementa la ecuacién (16) con f constante, tendremos
A —AQ  cosIAw
cos?(§ — Q) ~ cos?(w + f)

— tag(w + f)sen IAT

AQ + RAw — SAI = Af

siendo
cosz(G; — Q¢)cos I,
cos?(we + f3)

y la ecuacién (17), tratada por minimos cuadrados nos proporcionaré los incrementos AQ2, Aw,

; S = tag(we + fi)sen I, cos?(8; — Q)

AI, y por consiguiente
Qo = Qc + AQ, wo = we + Aw, Ip=1I.4+ AI

Evidentemente, todo el proceso es iterativo y puede ser repetido cuantas veces se considere
necesario.

Los nuevos valores Py, To, eo, Q0o, wo, o, asi obtenidos, determinan la érbita corregida en
cuanto a angulos de posicién y habra de calcularse el semieje mayor a, puesto que las distancias
no han intervenido en el célculo.

Para ello, con los elementos orbitales anteriores iremos calculando las distancias (pi)c para
un supuesto semieje mayor a = 1, y los compararemos con los valores (p;)o observados. El

promedio aritmético de los cocientes
(pido _ .
(pi)e

nos daré el nuevo semieje mayor ag en la forma

con lo cual queda terminado el proceso.

Esindudable que la débil convergencia de las series de Fourier y la imposibilidad de introducir

infinitos términos en el célculo puede originar perturbaciones en la correccién. Por esta razon,

en la actualidad estamos efectuando correcciones sobre érbitas simuladas, que publicaremos mas

adelante, para ver en que casos el método resulta adecuado.
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Abstract

In this paper we analyze the elements that an expert astronomer takes into account in
order to solve a problem of Positional Astronomy. We use this analysis to clarify the methods
of solution of problems to the students of Astronomy and to construct an expert system that

emulates the Astronomer.

1. Introduccién

De unos afios a esta parte las nuevas técnicas de Inteligencia Artificial han extendido el campo

de aplicacién de la informatica a dominios donde por falta de un algoritmo claro de resolucién
se hacia dificil su aplicacién. En particular, los sistemas expertos constituyen un conjunto de
programas que emulan la actuacién de un experto humano, quién a partir de la formulacién de
un problema, aplica una serie de reglas que permiten extraer el mayor niimero de consecuencias

posibles de la informacién que posee.

Para pensar sobre la filosofia de un sistema experto pensemos en un ejemplo simple, extraido
de [1]: Reflezione sobre el modo en que usted realiza una suma: cuando se trata de dos enteros
pequerios (< 10 o 20), obtenemos el resultado mediante la fusion de los dos nimeros; cuando los
dos nimeros son mayores, hemos de plantearnos la suma en nuestra mente, teniendo en cuenta
?cuantos llevamos”; pero cuando los dos nimeros son demasiado grandes, hemos de realizar la
suma por escrito. De modo que, ain en el caso de una operacion tan simple, segin los datos

efectuaremos la operacion de una forma u otra.

Este ejemplo, aunque de una manera muy simplificada, muestra uno de los posibles campos
de aplicacién de los sistemas expertos, aquél en que no existe un inico algoritmo de resolucién
sino que el algoritmo depende de la formulacién del problema y de los datos o informaciones que

poseemos sobre el mismo.

Cuando un alumno de Astronomia se enfrenta por primera vez a la resolucién de proble-

mas que no impliquen simples cambios de coordenadas astronémicas, sino que relacionen varias
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observaciones diferentes, comienzan para él las primeras dificultades de comprensién de la asig-
natura. Para el alumno cada problema tiene su propio algoritmo, diferente en cada caso, y
es la experiencia la que posteriormente le va indicando una serie de pautas generales para la

resolucién de dichos problemas.

El objeto del presente trabajo consiste en el andlisis de los diferentes elementos que aparecen
en un problema de Astronomia de Posicidn, o lo que es igual el anilisis que del mismo problema
realizard un experto. Esto nos permitird, desde un punto de vista docente, clarificar para el
alumno el proceso de resolucién de problemas y asimismo la construcciéon de un sistema experto
informatizado que sirva de test para las ideas discutidas y de ayuda para el usuario de la

Astronomia.

Aunque no es un programa especificamente disefiado para la construccion de sistemas ex-
pertos, hemos elegido el procesador algebrdico de cardcter general Mathematica para el disefio
de nuestro sistema que hemos llamado Hiparco.m en honor del primer gran astrénomo de la

antiguedad.

2. La observacion como elemento fundamental de un problema

Elegiremos para comenzar el enunciado de un sencillo problema extraido de [3] (TP-2, pp 316):

Calcilense las coordenadas geogrdficas de un Observatorio para el cual la estrella de coorde-
nadas a = 19P45™m355.13,6 = —22°53'42".2 se encuentra en su zenit a las 5h de TU en el dia
en que 6y = 17h37™m39% .352.

Este problema contiene todos los elementos del objeto bédsico que nos vamos a encontrar en
todo problema de Astronomia de Posicién: la observacion. Analizado el enunciado podemos
apreciar los tres elementos que aparecen en toda observacién: el observatorio, el astro obser-
vado y el instante de la observacion. Toda la informacién que encontramos en el enunciado de

este problema consiste en propiedades o pardmetros asociadas a uno o varios elementos de la
observacién.

En efecto, las coordenadas geograficas que se nos piden caracterizan el observatorio. Las
coordenadas ecuatoriales a,§ son dos pardmetros asociados al astro observado. La hora de TU
es un parametro que caracteriza exclusivamente al instante de la observacién. El hecho de que
la estrella esté en ese instante en el zenit nos estd informando sobre la distancia cenital de la

estrella, que es un parametro dependiente de los tres elementos de la observacién, observatorio,
astro e instante.

En todo problema nos encontraremos datos que afectan a alguno de los tres elementos de
una observacién. Asimismo, combinando ternas de elementos formadas por un observatorio, un

astro y un instante tendremos las diferentes observaciones que aparecen en el problema, una en
el caso del enunciado.

La forma habitual de resolver el problema seria disefiar el algoritmo que en funcién de los

datos conocidos nos permita responder la pregunta planteada. Sin embargo nuestro propésito
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es algo mds general y consisite en analizar toda la informacién poseida y mediante una serie
de reglas obtener todas las posibles consecuencias que de ella se deriven, entre las que puede

encontrarse la incégnita del problema.

Para conseguir este objetivo hemos de analizar en primer lugar toda la posible informacién
asociada a uno, dos o tres de los elementos de la informacién. Toda la informacién sobre los
diferentes conceptos que se tratan en los siguientes parrafos y sus relaciones puede verse en [2]
v [4].

Un observatorio viene caracterizado esencialmente por su longitud oeste A, y su latitud, que
puede ser geografica ¢, geocéntrica 1 o reducida u. Las relaciones entre estas tres ltimas vienen
dadas como funciones lineales de sus tangentes con coeficientes dependientes de una constante
conocida como es la excentricidad del elipsoide de revolucién terrestre. La funcién Solve de
Mathematica nos permite la obtencién de las tres latitudes, conocida una, sin saber a priori cual
es el tipo de latitud conocida y sin acudir al uso de la funcién if de los lenguajes cldsicos. Se
ha tenido en cuenta también, como parametro que define un observatorio, la longitud media de

la zona que sirve para determinar la hora oficial o legal de una zona o pais.

En cuanto al astro, toda su informacién serd relativa a las coordenadas, que pueden ser: hori-
zontales (Acimut A y distancia cenital z), horarias (Angulo horario H y declinacién §), absolutas
(ascensién recta a y de nuevo declinacién) y eclipticas (longitud ecliptica A y latitud ecliptica
). Si prescindimos de la precesién, que no ha sido tenida en cuenta en esta primera versién de
Hiparco.m, las coordenadas a,d, A, dependen tnicamente del astro observado, mientras que

A,z y H dependen no solo del astro sino del observatorio y del instante de la observacion.

La conexién entre (4,z) y (H,§) puede realizarse a través de ¢ por resolucién del tridngulo
esférico PZE, Polo-Zenit-Astro que permite no solo transformar unas coordenadas en otras sino

obtener dos de estos elementos conocidos los otros tres, cualesquiera que sean.

El tridngulo esférico PK E, Polo-Polo ecliptica-Astro, nos permite relacionar (a, ) con (A, )

a través de la oblicuidad de la ecliptica € que ahora es una constante por despreciar la precesion.
El valor de esta constante € se puede introducir como dato en el sistema o bien se puede considerar
su valor en la época J2000.0 o dejarlo como una incégnita. Al igual que en el caso anterior la
resolucién de un tridngulo esférico nos permite obtener dos de estos parametros conocidos los

otros tres.

H y a se relacionan por medio del tiempo sidéreo 6 que es un parametro que caracteriza el
instante y el observatorio. La relacién entre los tres es lineal y la misma funcién construida para
relacionar las latitudes nos permite conocer uno de estos tres pardmetros a partir de los otros

dos.

El iltimo elemento a considerar es el instante de la observacién. El instante de la observacién
puede descomponerse en otros dos elementos, el dia y la hora que pueden aparecer de manera
simultdnea o separada. La forma de expresar el instante puede ser a través del dia juliano JD,

el afio besseliano B, el afio juliano J o simplemente dando la fecha del calendario y la hora: En




la mayoria de los problemas aparecerd dnicamente la hora de la observacién pues el dia solo se
utilizar4 al considerar la precesién o bien para el cdlculo del tiempo sidéreo medio de Greenwich
a las cero horas de T'U del correspondiente dia GM ST0, dato que es necesario para relacionar
el tiempo sidéreo con el solar. GM STO0 puede ser introducido directamente en nuestro sistema

o bien puede ser calculado si se conoce el dia.

La hora de una observacién es un elemento que puede ser definido, bien como pardmetro local,
dependiente del instante y el observatorio, o bien como universal, dependiente solo del instante.
La relacién entre tiempos localesy universales se efectia a través de la longitud del lugar A, por
medio de ecuaciones lineales. Se han considerado los siguientes tiempos locales: tiempo sidéreo
medio @, tiempo solar verdadero H,, tiempo solar medio Hy,, hora civil H. y tiempo oficial o
legal. Los tiempos no locales considerados son: tiempo sidéreo medio en Greenwich GM ST,

tiempo sidéreo medio en Greenwich a las cero horas del dia GM ST0 y tiempo universal TU.

Obviamente éstos no son todos los posibles pardmetros o propiedades que caracterizan una
observacién pero son los mds representativos y los que mds frecuentemente aparecen en los
problemas planteados a los alumnos de Astronomia de Posicién. En posteriores versiones del

paquete Hiparco.m seran afiadidos nuevos elementos.

3. Herramientas auxiliares de Mathematica para la elaboracién del paquete Hiparco.m

El objeto matemdtico mds simple que el astrénomo encuentra en sus problemas es el dngulo.
Sin embargo, dependiendo del pardmetro que describe o del contexto en que se use, aparece
expresado en diferentes formatos: grados (”g”), grados y minutos ("gm”), grados, minutos y
segundos ("gms”), horas (”h”), horas y minutos ("hm”), horas, minutos y segundos ("hms”),

radianes ("rad”) y por dltimo segundos ("seg”) para angulos pequefios.

Aunque Mathematica utiliza radianes como argumento en sus funciones trigonométricas, sus
especiales caracteristicas hacen posible la definicion de un objeto que de manera global trate
todo tipo de formato de dngulos. Para ello se define un dngulo como una expresién cuya cabecera
puede ser gms, hms, rad o seg, con un argumento para rad y seg y uno, dos o tres para gms

y hms lo que representard respectivamente los formatos ”g”, "gm”, "gms”, ”h”, ”hm” y "hms”.

Estas expresiones pueden ser introducidas como argumento en las funciones trigonométricas.
Las inversas de las trigonométricas devuelven un niimero que representa radianes, por lo que

se ha construido la funcién angulo que devuelve el valor del angulo en uno de los 8 formatos

posibles, por defecto en formato "gms”.

In[l]::

alfa = gms[90];
In[2]::

angulo[alfa]




Out[2]=
gns[90,0,0.]
In[3]:=
angulo[alfa, formato->"hm"]
Out[3]=
hms [6,0.]
In[4]:=
Sin[alfa]
Out[d]=
ik

Las relaciones que aparecen entre los distintos pardmetros que determinan una observacién
suelen ser ecuaciones lineales de la forma ) I, a;z; = ¢ donde z; representa n angulos de los

que n» — 1 son conocidos y uno desconocido.

Para su resolucién hemos definido la funcién sumaAngular[] con tres argumentos. El primero
representa una lista con los n coeficientes, el segundo otra lista con los n angulos, donde la
incégnita vendrd representada por gms[], el dltimo serd un nimero que contenga el término
independiente c. La respuesta es una lista con el valor de los n dngulos. Si hay mds de una

incégnita esta funcién no toma ninguna accion.

In[5]:=

Ejemplo : gms(70] + 2 gms[20] - gms[] = 0
Inf6):=

sumaAngular[{1,2,-1},{gms[70],gms [20],gms[1},0] // angulo
Ons

{gns[70,0,0],gns[20,0,0],gms[110,0,01}

J

El 1ltimo elemento que nos encontramos en estos problemas es el tridngulo esférico, que serd
representado por una lista de tres listas de dos 4ngulos que representa respectivamente un lado y
el dngulo opuestos: {{a,A},{b,B},{c,C}}. La funcién resuelveTriangulo[] intenta resolver
este tridngulo esférico y devuelve una lista vacia si no tiene solucién o una lista con uno o dos

tridngulos esféricos segin el nimero de soluciones

II][7].':




tri = {{gms[20,40,22],gms[1},
{gns[40,10,20],gms[1},
{gms[60,45,13] ,gns[1}};
In[8]:=
resuelveTriangulo[tri] // angulo
Out[8]=

{{gms[20,40,22.],gns[2,33,37.42]},
{gms[40,10,20.],gms[4,40,56.011},
{gms[60,45,13.],gms[173,39,39.88]1}}

4. Caracteristicas de Hiparco.m

La mayor parte de los programas de ordenador que tratan problemas astrondmicos estan for-
mados por diferentes conjuntos de rutinas o funciones con todos los algoritmos necesarios en los
diferentes problemas. El usuario de estos programas elige la rutina que resolverd su problema

en funcién de los datos que posee.

Nuestro objetivo es construir un programa al que se puedan introducir los datos de que
disponemos. Con estas informaciones el ordenador construye una base de datos que intentara
completar relacionando los distintos elementos conocidos por medio de una serie de reglas pre-
‘deﬁnidas. La mdquina, por tanto, no pretenderd con esos datos responder a una pregunta
concreta, lo que equivaldria a elegir el algoritmo que la contestara, sino que unicamente buscara

anadir el mdximo nimero de datos a los que le proporcione el usuario.

Lo primero que debe hacer el usuario del programa Hiparco.m es informar al ordenador
sobre las diferentes observaciones que aparecen en su problema a través de los tres elemen-
tos basicos que las componen observatorio, astro e instante. Las funciones observatoriol[],
astro[] e instante[], con un argumento que constituye un nombre con el que el usuario

identifica el correspondiente elemento, crean tres listas que contienen los nombres de todos los

observatorios, astros e instantes que aparecen en el problema. El programa Hiparco.m, usard

la funcién listaObservaciones para crear la lista de observaciones a partir de todas las ternas

de elementos formadas tomando un elemento de cada una de las tres listas anteriores.

En el problema planteado aparecen tres elementos: un observatorio que llamaremos Obs, una
estrella que llamaremos Est y un instante en el que se efectua la observacién que llamaremos

Ins. Estos tres elementos constituirdn una tdnica observacién.

In[l]:=
<<Hiparco .m

In[2]:=




observatorio[0bs];
instante[Ins];
astro[Est];

In[3]:=
listaObservaciones
Out[3]=
{{Ast,Ins,0bs}}

El siguiente paso es comunicar a Hiparco las diferentes informaciones que poseemos sobre

/¢
esos elementos. Estas informaciones pueden estar asociadas a uno, dos o tres elementos de la

observacién. Para cada observacién se construye una base de datos con los pardmetros que
caracterizan cada uno de sus tres elementos. Dichos pardmetros son inicialmete definidos como
desconocidos por medio de la expresién gms[]. La base de datos de cada observacién estard

formada por los elementos que aparecen en la tabla

latitudGeocentrica[0bs]
latitudGeografical[0bs]
latitudReducida[0bs]

<

longitudObservatorio [0bs]

€

> > 8 O

9

longitudZona[Obs]

ascensionRecta[Est]
declinacion[Est]

longitudEcliptical[Est]

™ > > R

longitudEclipticalEst]

epoca[Ins]
dia[Ins]
tiempoUniversal[Ins] TU
tiempoSidereoGreenwich [Ins] GMST
tiempoSidereoGOTU [Ins] GMST alas 0"TU
tiempoSidereo[Ins,0bs] 0
horaCivil[Ins,0Obs] H.
tiempoOficial[Ins,0bs] TZ

acimut[Ast,Ins,0bs] A
distanciaCenital[Ast,Ins,0bs] | z

anguloHorario[Ast,Ins,0bs] H

oblicuidadEciptical] €

donde las funciones con mds de un argumento no precisan que estos sean introducidos en un

orden prefijado.

En el problema que nos ocupa tendremos que poner:
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r

ascensionRecta[Est] hms[19,45,35.13] i
declinacion[Est] gns[-22,53,42.2];
tiempoUniversal[Ins] hms[5];
tiempoSidereoGOTU [Ins] hms[17,37,39.352];
distanciaCenital[Ast,Ins,Obs] hms[0] ;
acimut[Ast,Ins,Obs] gms[0];

donde los dos tltimos datos corresponden a la observacién en el zenit de la estrella.

Por iltimo, cuando todos los datos han sido introducidos, la funcién resuelveProblema[]
intenta completar, para cada observacién , la base de datos de ésta , esto es, dar valor a todos
los elementos de la tabla usando para ello los datos conocidos y las relaciones mencionadas en
la seccién 2. En este caso hay una tinica observacién. En otros casos se realizard este proceso

para cada observacion.

In[5]:=
resuelveProblemal];

S |

Ya solo queda al usuario preguntar al ordenador por los diferentes elementos que desea

conocer y este contestard con su valor o bien con gms[] si no ha podido deducirlo.

In[6]:=
longitudObservatorio[Obs]
Out[6]=
hms[2,52,53.5]
In[7]:=
latitudGeografica[0bs]
Out[7]=

gms [-22,53,42.2]

5. Limitaciones y futuras versiones del sistema Hiparco.m

Aunque se ha dicho que el sistema Hiparco recorre todas las observaciones del problema com-

pletando hasta donde se pueda la base de datos de cada una, la realidad es que la versién actual

(versién 1.0) tiene algunas limitaciones cuando tenemos mas de una observacién.




Con una tnica observacion el sistema completa toda la informacién posible a partir de los
datos poseidos. Sin embargo, cuando aparecen varias observaciones distintas, un experto humano
podria extraer mas informacién de los datos que la obtenida por Hiparco.m. Esto es asi porque
en esta version se analizan por separado las diferentes observaciones, y no se tienen en cuenta
las posibles relaciones entre dos observaciones distintas, lo que permitiria extraer informacién

adicional imposible de obtener de otro modo.

Para ilustrar la anterior idea, pensemos por ejemplo en dos observaciones que tengan en
comin el astro y el instante, esto es, dos observaciones simulténeas de un astro desde dos
observatorios. Si se intenta completar por separado cada observacién, deben intentar resolverse
con los datos disponibles los tridngulos PZ; E 'y PZ,E. Si sélo disponemos de dos elementos en
cada caso sera imposible resolver éstos. Sin embargo, relacionando ambas observaciones aparecen
no dos sino cuatro tridngulos esféricos combinando de tres en tres los puntos P, Z;, Z,, E, por
lo que es posible que uno de estos cuatro tridngulos nos de la clave para la obtencién del tercer

elemento necesario para completar los otros tridngulos.

De la misma forma podemos combinar observaciones con dos astros o dos instantes comunes,

lo que nos dard informacién adicional en cada caso que completard la ahora disponible.

Es nuestraintencién ampliar el conjunto de reglas del sistema Hiparco.m en futuras versiones,
para contemplar las extensiones ya mencionadas. Asimismo pretendemos incorporar otras que

vayan apareciendo al realizar un andlisis mds detallado de los distintos casos que se pueden

presentar en la resolucién de estos problemas.
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Abstract

When perturbation methods are applied to the coupled translational-rotational motion
of two rigid bodies, there are several possibilities in defining the different terms which con-
stitute the Hamiltonian form; even the zero order may be different depending on the various
hypotheses. Usually in the literature, authors choose the model and in most of the cases with
no justification of the choice. In this paper, by means of the scaling technique, we present
the Hamiltonian depending on several parameters that will determine the different orders

for the models considered without hesitation.

1. Introduction

In the problem of the coupled orbital-rotational motion of two rigid bodies, there are several
factors, such as the relation among the size of the orbit and the sizes of the rigid bodies, the
spining of the bodies (fast or slow rotations) with respect the mean orbital motion, the masses
of the bodies, etc., that offer several possibilities for determining the different orders which
compose the Hamiltonian, which is essential when perturbation methods are applied.

Usually, in the literature, authors assign the different orders by hypothesis, according with
their abilities for solving the problem and in general not in a clear manner (1 to 4). Indeed,
denoting by

‘H. the Hamiltonian of the Kepler motion of the centers of mass,

‘HE: the rotational kinetic energy of the rigid body B;, and

H. the remaining coupled terms of the potential,

several possiblities are found, without much explanation, such as:

Ho = Hk + Hg1 + Hea, and H; =H.
Ho = Hy, and Hi =Hp1 + Hp2 + He
Ho = Hk, H1 = HE, and H; = Hgs + H..

Within this cumbersome treatment, some exceptions are found in the literature. For instance,
Cochran (5) provides a good determination of the perturbation orders of the terms which form
the Hamiltonian by him considered: the attitude motion of a satellite moving in a precessing

Keplerian orbit.2round a point mass.




However, after the excellent work of Meyer (6) for scaling Hamiltonian systems, the different
orders may be obtained in a systematic way. Following his guidelines, when the problem of the
coupled orbital-attitude dynamics is considered, we derive several small parameters, which will
allow us to determine the order of magnitude of each term without any doubt.

Following Meyer’s notation, (6)[p. 879], when we make a change of variables or a scaling of
the ¢; = ag;, since the bars over variables are not esthetic, it is convenient to drop them. The
operation of first changing the variables ¢; = ag;, and then dropping the bars, will be denoted
by ¢i — ag;

It may appear as a paradox the fact of building the scale with Lagrangian instead of Hamilto-
nian formalism. The reason is simple: it is easier handling operations such as multiply by factors
or change the scale of the independent variable with Lagrangians that with Hamiltonians, since
in this case, some additional operations must be done with the canonical moments (for details,
see Stiefel and Scheifele 1971 (7)).

2. Basics

Let us consider the problem of the motion of two rigid bodies S and s attracted by their mutual
gravitation forces. Let M, m their respective masses, and P, p their center of mass. In order to

describe the rotational and orbital motion, we consider three frames of reference:
Space frame: 031, 83,383, a fixed or inertial coordinate system, and

Two body frames: P By, B,, B3 and p by, b,, b3, the principal frames of inertia of the bodies S
and s.

Thereafter, symbols in capital letters stand for the rigid body S, whereas lowercases designate

the same concept for the body s.

Let us designate by X and X the position and velocity of S with respect to the Space frame.
These vectors describe the orbital motion of S in the space frame. The attitude of S is given by
means of the Eulerian angles ®, O, ¥, and the angular velocity vector 2 = Q; By + Q3 By +
3 B3, or the angular momentum of rotation vector G = I; 1 B1 + Q2B + Q3 B3, where
I, I, I3 are the principal moments of inertia of the rigid body S.

Taking in consideration the three first terms in the development of the potential function,
the Lagrangian £ of the problem is:
oae) BMm
L = IMX -X)+im(z-2)+ ———
Pl e T ) e

+% (ilw% + igw% + 130}%)
k*m
+——(h+ L+ I3 -3I
2||$1—='52||3(1 sabiadl)
+ St (1 +i2+1 31)
T L 1 13 — ot
e &
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where I is the moment of inertia of the body S in the direction X — =. This direction may be

expressed as
X —z= ”X = :c|| (A1B1 + A;B, + A3B3)

with A1, A;, A3 the direction cosines of this direction with respect to the body frame P By, By, Bg.

The moment of inertia I is:
I=0LA+05 AL+ I Al

and it depends on the Eulerian angles, and on the orbital vectors X, =, but only through the
difference X — =,
I=I[(X —2z,9,0,79).

Therefore, the Lagrangian function is

L = £(X,z,9,0,¥,6,7,9,
'X..7i’¢7®7\.p7¢2’197’¢;) b
and consequently, the problem is of order 24, or equivalently, the system has 12 degrees of

freedom.

2.1 Reduction to the barycenter

In order to reduce the order of the problem, we perform a reduction to the barycenter. Denoting
by the vector b the position of the barycenter of the system, we introduce the vectors b and r
such that

M+mb=MX +m=, r=z—X.

Inversely, there follows that

m M
X—b—mr, z—b+M+m1‘.
With this, the first row of (1) becomes

1 Mm (7 ,)+k2Mm

el OIS o (Y

2M+m gl

and because £ does not depend on b, it is ignorable, and the reduced Lagrangian, after dropping
the constant quantity (M + m)(b - b)/2 is

3(M + m)(b-b) +

Al L s EPMm

e R

Wi R
5 2 an_na 41 2 i
: 2|||]?

1 EAMr o = :
+§w'g+m§(11 + i + 13 — 31)

and at this point, we recognize that the problem has 9 degrees of freedom.
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One of the advantages of the Lagrangian formalism, is that the equations of the motion are
not modified when the whole Lagrangian function is multiplied by a constant. This fact allows

us to make the change

M+m :
L — T /65 3)

With this transformation,

A ﬂhﬂ+fﬁ

1M+m

— G
T +2M|| E
1M+m

+2 Mm

(I1+Ig+.[3—31)

+ (%1 + 2 + i3 — 37)

HW
where = k2(M + m) and its dimension is [u] = L3/T?.

Because both masses m and M appear in the denominators, and also in the definition of the
moments of inertia, we define the principal pseudo-moments of inertia given by the relation

i,=mj,and I, = MJ, (1<v<3)

and a two pseudo-moments of inertia ] = M J and ¢ = mj. The dimension of the pseudo-
moments of inertia is [J,] = L?. The vectors analogous to the rotation angular momentum
vectors G and g are now I' and v, with G=M I and g = M~

The Lagrangian is now

L=

2“ o (J1+J2+ J3—3J)

|3(Jl + j2 + 3 — 3j)

ST

Note that up this point, we have done only one scale: the one given by Eq. (3).

3. Asymptotic scale

Since the independent variable (the time ¢) does not appear explicitly, in the Lagrangian, the

energy H is an integral of the motion. Using the parameter p and the integral H , we introduce
two constants » and a such that

With this, we are going to define two scales: one of length «, and the other of time 1/n, given
by:

r — ar, (6)

1
i —t.
— = (™)

In words of Meyer (68)[p. 879], scaling and changing units are essentially the same thing. This

becomes clear in the preceding scales, since the first one (6), means that we chose as unit of
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length the mean semi-major axis or the orbit which describe the centers of mass of the rigid
bodies, whereas the second one (7) denotes that the unit of time is the inverse of the mean
motion of this orbit, that is to say, almost the orbital period (in fact, the period / 2 ).

With these scales, there results:

l,‘..,‘. L_,Oﬂn?lf..,: il ot
3 I F 3¢ ”uru]

On the other hand, we know that the components of the angular velocity are related with the

Euler angles and their time derivatives. Therefore, after the scaling, we have
2 —nNR, w—nw and G — 1o’ G, g — na’g.

After the scaling, the Lagrangian becomes:

Ladi
2|71

1
—(w-g +—j1+j2+]'3—3.7'7]
(20)+ g !

e o (@R s 8 )

and consequently, we may divide by the constant coefficient n?a? without any modification of

the equations of the motion, obtaining

4. Small parameters

In order to establish the different orders of the terms which compose the Lagrangian, we intro-
duce several dimensionless parameters. Whether or not these parameters should be considered
as small parameters is determined by the conditions of the problem considered.

Since the unit of length after the scaling (6) is mean orbital semi-major axis, we introduce

two parameters Ay, 61, given by
J— A, §— &g,

in order to have the size of the rigid bodies of the same magnitude than the unit of length.

Roughly speaking, these parameters are a measure of the smallness of the rigid bodies.

Analogously, since the orbital period (1/n) (7) has been chosen as unit of time, we designate

two parameters A,, 62, as

N — A0, w— 6 w.

The parameters A, §; reflect the speedness of the spining of the bodies (note that for fast
rotations of the bodies, we have A,,d; < 1).




Finally, we designate by Aj, §3 the ratio mass

M+m M+ m
Az = T 83 = M
After these definitions, the Lagrangian may be written as

1 1
£
Il

lA
2A2A3n G+A12” ||3(J1+J2+J3 3J)

162
16 52 37
262 3w - g+ 5] “3(]1+]2+.73 )-

5. Application to classical cases

In order to illustrate the theory above exposed, let us mention several classical cases.

5.1 One of the masses is much bigger than the other

Let us suppose that the mass of one of the bodies (.5) is much bigger than the other (M >
m = 63 = 1), in such a way that the rotation of the more massive is independent of the
other body. This corresponds to the so named satellite case (8). Under these conditions, the
Hamiltonian corresponding to the Lagrangian (9) is

1 i 1

—2'1" 9 Pl m
18 (10)

Hi=

1
s S
+262 -g 51—-2”1,”3(.71 + j2 +j3 — 37).

N.B. The same result is obtained under the hypothesis that one of the bodies has spherical
symmetry of inertia (J; = Jo = J3).

Two cases may be taken into consideration:
2= eo
e 6{ =065 =c¢

This case corresponds to very fast rotations of the rigid body s (satellite), in such a way
that the rotational kinetic energy is of the same order than the Keplerian energy. The

Hamiltonian now has the form:

H=H0+5H11

g
lI-ll
Hi=———01+J2+73—-3]
T .
With this Hamiltonian, we recover the problem considered by several authors (3, 4 and
9).




61=5§=€

This case corresponds to fast rotations of the satellite, and orbital dimensions much bigger
that the size of the satellite, such that the rotational kinetic energy is of the same order

than the Keplerian energy. The Hamiltonian now has the form:

H = Ho + eHy + € Ha,

Jand v
AL gl e

2 lIll
1

Hl_EW'g

1
Hay = ———=(51 + 72+ 33— 37)-
e )

An usual additional hypothesis is that the rotation of the satellite does not affect the
orbital motion, which is considered as a known function of the time (5, 8 and 10). In this

case, the zero order may be dropped and the Hamiltonian becomes:

H=Ho + €H1

1
Ho §w-g

1 s : . ;
= _W(h + j2 + j3 — 3j).

5.2 The two masses are similar

When the masses of both bodies are similar, the parameters Aj, 63 are of the same magnitude
than the factors to which they are multiplying, and therefore, their role is not relevant in
the equations of the motion. Alike the previous subsection, several cases may be considered,
depending on the magnitude of the parameters A,, §,, ¥ = 1,2, which offers more possibilities
than in the previous section. Nevertheless, in general, under the enormous complexity of the
problem (9 degrees of freedom), most of the authors consider one of the rigid body spherical
(1, 11). Furthermore, additional hypotheses of axial symmetry or near-axial symmetry for the
other body are stablished. Under the consideration of sphericity for one of the rigid bodies,
the treatment of this problem does not differ substatially from the considered in the previous

subsection.

6. Conclusions

Scaling technique reveals very useful in the coupled rotational-traslational motion problem of
rigid bodies. When perturbations theories are applied, the determination of the different orders
of the Hamiltonian is essential. By means of the scaling, the orders are determined without

ambiguity, and several classical formulations are recovered.
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INTEGRACION ANALITICA DE UN CASO PARTICULAR DEL PROBLEMA
DEL MOVIMIENTO ROTACIONAL DE UN GIROSTATO CON UN PUNTO
FIJO EN UN CAMPO CENTRAL NEWTONIANO

J.A. Cavas y A. Vigueras
Departamento de Matem&tica Aplicada y Estadistica
Escuela Politécnica Superior de Cartagena. Universidad de Murcia

ABSTRACT. The scope of the present paper is to provide analytic
solutions to the problem of the attitude evolution of a symmetric

gyrostat about a fixed point in a central Newtonian force field of

potential V(Z), in an analogous case of that of Lagrange and

Poisson when the third component of the total angular momentum is
cancelled out (B1 = 0). We consider the possible cases of this
problem, which depend upon the nature of the roots of the function
g(u) and we obtain the analytic solutions for Euler angles in terms
of elliptic functions of the time t. Finally, we give a geometric

interpretation of the obtained results.

1. INTRODUCCION.

El problema del movimiento rotatorio de un sélido rigido con
un'punto fijo, sometido a momentos externos, ha sido estudiado en
numerosos articulos por autores como Euler, Jacobi, Poinsot,
Lagrange, Poisson, Kowalesky, por citar tan sélo los mds cléasicos;
habiendo obtenido integraciones analiticas en distintos casos
particulares.

Con objeto de poner de manifiesto 1la influencia de los
movimientos internos de los <cuerpos, que no modifican su
distribucién de masas, sobre la rotacién de los mismos, se ha
estudiado también el movimiento rotatorio de giréstatos con un
punto fijo. En particular, de giréstatos estacionarios, que son
aquellos para los que el momento angular relativo de su parte mévil

con respecto a su parte rigida (también denominado momento
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girostatico) es constante en el sistema mévil, solidario con su
parte rigida. El problema del giréstato con un punto fijo es algo
mas general que el del sélido rigido (al que se reduce si el
momento girostatico se anula), y ha sido considerado entre otros

autores, V.A. Steklov,

por G. Peano,

V. Volterra, U. Cassina, M.T.

Vacca

en trabajos dedicados, preferentemente, al estudio del

movimiento de los polos terrestres, variacién de la latitud sobre

la superficie de la tierra, etc.; estos y otros son referenciados

en el libro de E. Leimanis (1965).
Refiriéndonos al problema del sélido rigido con un punto fijo
en un campo central newtoniano de potencial V(Z) (obtenido tomando
solamente hasta el término principal del potencial no Kepleriano,
es decir, hasta los términos de tercer orden en 1/r), Arkhangelskii
(1962, 63) ha probado que, en general, existe una cuarta integral
primera algebraica de las ecuaciones del movimiento solamente en
los casos de esfericidad, el analogo al de Lagrange - Posson y el
analogo al de Euler - Poinsot.

El problema del girdstato pesado con un punto fijo ha sido
considerado por Keis (1964), que confirma la validez del teorema de
Poincaré para este caso; y por Vigueras (1983) que integra
analiticamente un caso andlogo al de Lagrane - Poisson para
giréstatos. En cuanto al problema del movimiento de un giréstato
con un punto fijo en un campo central newtoniano de potencial V(Zk
en variables de Andoyer, es considerado en Tsopa (1979, 81) e
integrado en casos proximos a regulares por métodos de
perturbaciones. Problemas mas generales, tales como el preblema del
movimiento rototraslatorio de n giréstatos, el del movimiento
rototraslatorio de un giréstato en un campo central newtoniano, la
rotacién terrestre usando como modelo de tierra un giréstato
simétrico han sido considerados en R. Cid y A. Vigueras (1985, 90)
y M.E. Sansaturio y A. Vigueras (1988), donde se dan resultados
cualitativos e integraciones aproximadas.

Volviendo al problema del movimiento de un girdstato con un
punto fijo en un campo central newtoniano de potencial V(ZL en
Vigueras (1987) se prueba la integrabilidad en el sentido de
Liouville en tres casos, que se feducen a los dados por

Arkhangelskii si el momento girostatico se anula.
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En este trabajo, se integra analiticamente uno de los casos
integrables encontrados, el caso analogo al de Lagrange - Poisson,

con las condiciones iniciales:

w(to)

w1(to)

Il
s

e(to)

|
(2]
S
—~
-
o
—

I
o

I
o
£
=
2

I

¢o
wz(to) wg
y suponiendo que la tercera componente del momento angular total se
anula (lo cual podria lograrse eligiendo convenientemente 1la
tercera componente del momento girostatico, pensamos, por ejemplo,
en satélites artificiales dotados de rotores simétricos). Se
consideran todos los subcasos posibles, que se caracterizan en
funcién de la distancia r del centro de atraccién P al punto fijo
O, asi como de la geometria del cuerpo y de las condiciones
iniciales, dando la expresién analitica explicita de la solucién en
cada uno de ellos. Con independencia de las soluciones de
equilibrio, aparecen ahora mds posibilidades de movimiento que en
el caso analogo para un giréstato pesado, lo cual es debido a los
efectos derivados de los momentos gravitatorios correspondientes al

. s 3 s 5 2)
nuevo término incluido en el potencial V( &

2. PLANTEAMIENTO DEL PROBLEMA.

El problema que nos planteamos consiste en obtener las
ecuaciones del movimiento de un giréstato fijo por uno de sus
puntos O, perteneciente a su parte rigida, sometido a la atraccién
newtoniana de otro punto fijo P, cuando el movimiento relativo de
82 con respecto a S1 se supone conocido y el potencial V es

= 2 > il
aproximado por V(). Mas concretamente, suponemos que el giréstato
_)
es simétrico y tanto el momento girostatico 1 como el vector de
r

el 2 s >
posicién del c.d.m. en el sistema mévil, ro, son vectores

constantes que estan sobre el eje de simetria, es decir:
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como sabemos, las ecuaciones del movimiento en el sistema mévil

son:

(Ia—Il)wa3 + wa

mxk +m (I-I)kk
23 032» 1SS 1283

(11_13)w1w3 - wa

-m xk_ + m (I -I)kk
123 03T 12915663 1583

siendo m,=mg, m = 3g/r, m = masa del giréstato, g = GM/r°

G = atraccién de la gravedad, M = masa del punto fijo P,

r = distancia del centro de atraccién P (situado en 1la parte
negativa del tercer eje fijo ) al punto fijo O. Segin se sigue del
teorema del momento angular y de la ecuacién cinematica de Poisson,
admitiendo las integrales primeras:

2
1

2-—

3 1

+ K2+ k
2

5> 5 >
kai(1e+ lr) = c (cte)

1 2 2 2 (o} (o) 0.
2(11“’1 + 12w2 + I3w3) + mg(x1k1 + xzk2 + x3k3) +

E(1x® + 1.x° + 1.X°) = h (cte)
FEo1eeT 2912 373

o_

= 0 (cte)

En particular, la tercera ecuacién (integral de Jacobi) y la
segunda (integral que expresa el caracter constante de la
proyeccién del momento angular total sobre el tercer eje fijo) se
pueden expresar en la forma:

W+ w = A+ Ak +AK
1 2 0 1753 23

wk +wk =B - Bk
11 22 0 13

siendo Ao’A1’A2’Bo y B1 constantes dadas por las férmulas:




2 i 0,2 ]
A= [Zho I3(w3) ] / Taty=n DAS=

A=3e1 -1) / Ir

9
Utilizando las expresiones de las componentes de 3 y k en

variables de Euler, las integrales (1) se reducen a las ecuaciones:

5 .2
2 2
Y'sen'6 + 6 = Ao + Alcose + A200529

WSenZB = Bo = Blcose

El cambio de variable u = cosB , permite separar variables,

resultando:

= (A +Au+Au) -
0 1 2

2 -—
R (B0 - B1U) = g(u)
= (B - Bu)/(1 - u?)
0 1

o 5 )
=t (B0 B1U) u /(1 - u)

2.1 Hipdétesis adicionales:

Antes de proseguir, supongamos que para = to se tengan las
siguientes condiciones iniciales:

w(to) v O(to) =8 ¢(to)

(o] 0

wl(to) wz(to) w3(to)

(siendo ules coseo distinto de 1 y -1, puesto que dichos valores
coinciden con sendas soluciones de equilibrio del problema).

Es decir, vamos a proceder a la integracién analitica del problema
considerado cuando el giréstato (su parte rigida) gira, en el
instante inicial, alrededor de su eje de simetria con velocidad

0 X 3 e L : :
angular constante w_; siendo la orientacién del mismo arbitraria.
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’

e 2 =
Entonces de (2.1) resultan Ao = (Alu0 + Azuo) 5 Bo BluO

con lo cual ¥ y ¢ quedan factorizadas por'Bf

Si ademas suponemos que el centro de masas estd por encima del
punto fijo, xg > 0, y que I1 > 13 asi como que B1 =-0,t'esi decir;
se anula la 3° componente del momento angular total del giréstato
(lo cual podria lograrse por una adecuada eleccién de los
movimientos internos) y el centro de atraccién P no es coincidente
con el punto fijo 0. Las ecuaciones del movimiento vendrian

expresadas por:
2 &
(=g C1E=Aue ) (A Afu A= g(u)

0 > yY(t) = ¢0

s $(t) = ¢0 + wg(t - to)

Con estas ultimas condiciones que le hemos impuesto, vemos que

A
1

A2 202 A1< 0, e introduciendo u1 SHSSuE= tenemos que :

0
2mx_r
3

donde B (Ra7)

es un parametro que depende de la distribucién de masas del
cuerpo, pudiendo entonces factorizar

g(u) = A2(1 ~ wi)iu uo)(u - ul) (2.8)

3. RESOLUCION ANALITICA: CASOS POSIBLES.

Nos queda, pues, expresar la nutacién 6 en funcién del tiempo
a partir de la primera de las expresiones . (2.5), para tener el

problema completamente resuelto.
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Los distintos casos que se nos pueden presentar vendran dados

por la posicién relativa de la raiz u, de g(u) = 0, estos son:

E=< (18 us)a
0 ‘o

Estamos suponiendo que - uo < u1 <1, con lo cual
ﬁz = g(u) = A2(1 - uz)(u - uo)(u - ul) caben, entonces, tres

posibilidades: a) Que u1 < u0 , b) Que u1 >u , c¢) Que u1 ERua

0
que se corresponden en terminos de r con: an) A0 ECHE =< 2aocoseo

b’) 2acos® <r < (1 + cos@ )a_ , c’) r = 2a cos@
0 ) 0o 0 0

En efecto, si se nos presenta el subcaso a), nos encontramos

en el supuesto siguiente:

=1 < u1 <ty =<l

que equivale a QRS S Zaocoseo donde a, es mayor que cero
y depende sbdlo de la geometria de masas del cuerpo.

En tal caso, cuando el punto P esté situado a una distancia
inferior a 2aocose0 de nuestro punto fijo O, el movimiento tiene
lugar para valores de u comprendidos entre el valor inicial u, v el
valor u = 1, es decir, para 6 variando entre el valor inicial 60 y
6 = 0. De la primera de las ecuaciones del movimiento se deduce

que (ver Byrd & Friedman (1971)):

u dx

vV A (o=t e= [
2 0

u v/(l =2%)1(xi=mu )i )i 1)‘
0 o 1

= a F(&,k)




2

siendo

V)
1 0

Gl )i(uE=suse) (A= as)i(u i +e1)
1 0 O

2
sen € =
Gli= uo)(u - ul) G1e = ul)(uO +-:10)

y F(&€,k) la integral eliptica incompleta de primera clase con

médulo k. Invirtiendo dicha integral se obtiene

(1 - ul)(u - uo)

senZE = = snzwo(t - to) (3.3)
@a= uo)(u = ul)

donde sn(-) es la funcién seno amplitud de la teoria de funciones
elipticas de Jacobi con el mismo médulo k. Despejando u, obtenemos

la nutacién en la forma

2
(1 - ui)u0 - (1 - uo)ulsn wo(t - to)

2
(1 - ul) = (1= uo)sn wo(t - to)

1
T e (o) (6 S ) (3.5)
o 1

2 I
1

las propiedades de periodicidad de las funciones

elipticas, se sigue que el angulo de nutacién es una funcién
2K
periodica del tiempo con periodo L= ,que depende de las

W
0
condiciones iniciales y de la geometria del cuerpo, donde K es la

integral eliptica completa de primera clase con médulo k.

En el subcaso b) tenemos
SIS SN S ST ]
[0} 1

o bien




entonces

2a.cos@ < 1 < (1 + cos@ )a
0 0 (o 3]

Concluiriamos afirmando que si el punto P estd situado a una
distancia comprendida entre 2a0cose0 W (L coseo)a0 de 0, el
recorrido de u esta comprendido entre u = -1 y el valor inicial u
que equivale a un recorrido en 6 comprendido entre 6 = m y el valor
inicial 6 = Bd

La primera ecuacién del movimiento podemos expresarla en los

términos

F by dx
A2 (tu= to) = -

u v/(l o3l =) i(ul =) (et g).
0 1 0

= o F(&,k)
2

V/(l = uo](u1 +1)

(u1 + 1)(uO - u) (1 - ul)(u0 + 1)

2
sen § =
(u0 + 1)(u1 - u) (= uo)(u1 +210)

invirtiendo dicha integral tenemos

(u1 + 1)(uo - u)

2 2
sen £ = = snw

L= to)
(uO + 1)(u1 - u)

(
0
entonces

2
(u1 + 1)uO o (uo + 1)u1 sn wo(t to)

(u1 E]S) A= (uo + 1)sn2wo(t - to)

(1 - uo)(l + ul) (3.10)




En el subcaso c) u, es una raiz doble de g(u), pudiendo expresar

g(u) = A2(1 - dd)(u - uo)z.

el movimiento tendra lugar para valores de u comprendidos entre
u= -1 y u = +1, es decir, para 6 variando entre el valor 6 = =w
y 6 = 0. El punto P estard situado a una distancia igual a
2aocoseo de nuestro origen O.

De la primera de las ecuaciones del movimiento deducimos que

u u

dx 0 dx
Foniier| |
=Asloci= xo|V 1= x°

llbe o s x°
o

u

dx
= J cte,
= 1ili)se = xo|V e

de facil resolucién mediante cambios trigonométricos.

Le>a(d ok uo)a0

iyt = SRR 5 2
u” = g(u) A2(1 u’) (u uo)(u ul)
entonces el movimiento sélo puede tener lugar para valores de u =

con lo cual

=l eSiug s Al e £/
0 0 0
lo que equivale a

r > (1 + cosb )a
0’ "o

Luego, si el punto P estd situado a una distancia de O
superior a (1 + coseo)ao, los valores de u estan comprendidos entre
u = -1 y el valor inicial uo, en términos de 6 la variacién tiene
lugar entre 6 = m y el valor inicial ed

De la primera de las ecuaciones del movimiento se deduce




u

{ dx
u \/(u1 - x)(1 - x)(u0 =) (e lij

= a F(&,k)

Z(uo— u)

senzg =
(18 uo)(l - u)

(ul— 1)(u0+ 1)

2(u1— uo)
E invirtiendo dicha integral, obtenemos:

2(u0— u)

senZE = = sn (t - t)
(T (s ) e g

despejando u, obtenemos la nutacién en funcién del tiempo

2
ZuO (1 + uo)sn wo(t to)

2 - (1 +u)sn (t -t)
o 0 0

3.3 Caso: r = (1 + cos@ )a
0 o

El valor u = 1 se nos presenta como raiz doble de la ecuacién
g(u), pudiendo factorizarse como g(u) = Az(u - 1)2(11O - u)(1 + u).
El movimiento tendra lugar para valores de u u, que en términos

de 6 variara entre el 8 = m y el valor inicial 6 = ed




El punto P estd situado a una distancia igual a (1 + coseo)ao del

origen O de nuestro sistema de referencia.

La primera ecuacién del movimiento se expresa por

V[——ﬁ 4 dx
A2 Gt = to) S J >
u (1 - x)\/(l + x)(u0 —=x)

de facil resolucién mediante cambios trigonométricos.

4. CONCLUSIONES.

A modo de resumen, las conclusiones obtenidas en nuestro

estudio, podemos representarlas graficamente de la siguiente forma:

Consideremos una esfera de radio suficientemente grande con

centro en el punto O, origen de nuestro sistema de referencia,

seccionando dicha esfera por el plano Y = wo tenemos el grafico

siguiente

Plano ¥ =y,




Con dicha representacién grafica queremos sefialar que:

En el sector (1) el angulo 6 puede variar entre su posicién
inicial 6 = 90 y 6 =0, lo cual se verifica cuando el centro de
atraccién P estd a una distancia del punto fijo O inferior a

2aocoseo; que segun vimos se corresponde con u, < U

En la zona rayada (2) el angulo 6 puede variar entre el valor
6 = m y el valor inicial 6 = 60, lo que se verifica cuando el
centro de atraccién P esté situado a una distancia del punto fijo
0, comprendida entre Zaocoseo y (1S coseo)a0 ;  que segun

vimos se corresponde con u0 < u1 <l

En-la circunferencia de centro el punto O y radio Zaocose0 el
angulo 6 puede variar entre 6 =m y el valor 6 = 0, lo cual se
verifica cuando el centro de atraccién P estd a una distancia del
punto fijo O exactamente igual a 2aocose0 ; correspondiendose
segin vimos con el caso u =u.

En la zona rayada (3) el angulo 6 puede variar entre 6 = m y
el valor inicial 6 = 90, lo cual se verifica cuando el centro de
atracciéon P esta a una distancia del punto fijo O superior a

(1 =+ coseo)a0 ; que se corresponde con el caso u1 S5

Por ultimo, en la circunferencia de centro O y radio

(s> Coseo)a0 el angulo 6 puede variar entre 6 = m y el valor

inicial 6 = 90, lo cual se verifica cuando el centro de atraccioén

P estad a una distancia del punto fijo O exactamente igual al valor

(= coseo)a0 ; que segin vimos se corresponde con Wi 1.

En tanto que, las expresiones explicitas de 6 en funcién del
tiempo estan dadas por las férmulas (3.4), (3.9), (3.11), (3.15) y

(3.17) respectivamente.




BIBLIOGRAFIA.

Arkhangelskii, Iu.A. : 1962, J. Appl. Math. Mech. 26, 1693.

Arkhangelskii, Iu.A. : 1963, J. Appl. Math. Mech. 27, 1059.

Byrd, F.P. & Friedman, M.D. : 1971, "Handbook of Elliptic Integrals
for Engineers and Scientists". Springer-Velag, New
York-Heidelberg-Berlin.

Cid, R. & Vigueras, A. :1985, Celest. Mech. 36, 155.

Cid, R. & Vigueras, A. :1990, Rev. Acad. Ciencias. Zaragoza, 45
83, 93.

Keis, I.A.: 1964, J. Appl. Math. Mech. 28, 633.

Leimanis, E. :"The General Problem of the Motion of Coupled Rigid
Bodies about a Fixed Point". Springer-Verlag, Berlin.

San Saturio, M.E. & Vigueras, A. :1988, Celest. Mech. 41, 297.

Tsopa, M.P.: 1979, J. Appl. Math. Mech. 43, 189.

Tsopa, M.P.: 1981, J. Appl. Math. Mech. 44, 28S5.

Vigueras, A. : 1983, "Movimiento Rotatorio de Girdstatos y

Aplicaciones". Tesis Doctoral, Universidad de Zaragoza.

Vigueras, A. : 1987, Actas XII Jorn. Luso - Espafiolas de Mat.,
Vol III, 557-563.




Rev. Academia de Ciencias. Zaragoza 47 (1992)

QUATERNIONS AND NUMERICAL ORBIT COMPUTATION
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ABSTRACT

The equations of the motion of a perturbed keplerian orbit are formulated in a non standard
way, suggested by Deprit [3], which represents plainly the dynamical behavior of the solution,
and avoids singularities in inclination. Quaternions are used for describing rotations between
the different frames with a consequent increase of speed and precision. Several test have been

performed, and about two significant digits are gained with this formulation.

1. INTRODUCTION

In the last years, requirements in precision in orbit computations have changed drastically.
Indeed, at present, centimeter accuracy over one hundred of revolutions of a satellite is required
in some missions, mainly in low altitude orbits, where the influence of the atmospheric drag
is very strong [2]. Efficiency and speed are requested in numerical methods applied to orbit
computation. For obtaining high accuracy in the ephemeris or even for checking analytical
theories, we need a good numerical integration.

Recently, from a theoretical point of view, we studied methods for the numerical integration
of the equations of the motion in artificial satellite theory. These methods consist of generaliza-
tions of the classical Stérmer-Cowell methods [4,5]. These generalizations are improvements of
the classical ones in several aspects, mainly in the same behavior of the numerical solution that
the analytical one, regarding the periodicity properties. Several tests [5] show that with our
methods we obtain at least two more digits than with Cowell’s method when applied to periodic
or quasi—periodic problems. Besides the difficulty in obtaining very high accuracy, there are
several constraints that increase the complexity, such as the prohibitive computer time, and the
restriction of using arithmetic operations with words of limited length. As it was pointed out
in [2], these goals cannot be reached by means of numerical methods as Burlish-Stoer, Adams-
Moulton—Cowell or Cowell, whereas the Encke formulation of the equations and a well chosen
secularly precessing orbit previous to the numerical integration (e.g. Adams-Moulton-Cowell)
bearing into account a reformulation of the gravity vector computation is more efficient.

In this point, the idea of Deprit [3] reveals to be very useful. Indeed, as the inclination of
the orbit of an artificial satellite varies little, our purpose is to formulate the equations of the
motion in such a way that the inclination remains close to zero in order to avoid the loose of

significant digits in the numerical calculations and eliminate the singularities related with small
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or near 180 degrees inclinations that can arise when the integration is performed in the classical
orbital elements. In order to perform this, we proceed in the following way: first, determining
the instantaneous plane of motion, and second, to describe the motion in its plane. Remark that
the motion of the satellite in its plane (we will define it as the ideal plane) has only two degrees
of freedom. We will define the instantaneous orbital plane in terms of quaternions, since this
formulation presents no singularities, even for inclination equal to 7, and manipulate quantities
very close to the unity.

An important aspect to be taken in to account is the numerical check of this new model
for the formulation of the problem. We have done several test in a CONVEX machine that
shown an improvement in the efficiency of the numerical integration of this formulation versus
the classical one in rectangular coordinates. The efficiency obtained, about two more digits, has
been mesure in terms of number of digits gained in the determination of radial distance, radial
velocity and angular momentum. The cassical along-track, across-track and across-plane errors
have been obtained and they show that the more important, along-track error, is of the order
of the error in the determination of radial velocity, the across-track error is of lest importance
and the across-plane error insignificant.

In section 2., we define the different reference frames to be employed, together with a de-
scription of the properties of quaternions which will be very helpful in the integration of the
equations of the motion obtained in the ideal frame (subsection 3..1). Several test of the distinct
formulations for non-perturbed and perturbed problem are performed in the section 4., which

show the efficiency of the integration when formulated in the departure and ideal frames.

2. REFERENCE FRAMES AND QUATERNIONS

Firstable, let us consider the space frame S, defined by three orthonormal vectors (s1, 82, 83).
The position = and velocity X (rectangular coordinates) of a particle in a Newtonian potential

of constant p to which is superimposed a perturbing force F' is given by the differential equations

2o M
X:—(ﬁ>z+F.

Following Deprit [3], we shall choose another reference frame and a set of variables (not nec-

essarily minimum) in such a way that the equations show as clear as possible the dynamical
properties of the solutions and give us the best efficiency when integrated numerically.
Let us consider now the orbital frame O (u,v,n), where the orthonormal basis is given by

T
u = e

xr

(||| r

zx X G )
|z x X|| G

v = nXu

In particular, in the instant tg, the orbital frame defines a fixed orthonormal reference system

named departure frame D (ug, vo, o).




Since the departure frame D may be regarded as the image of the space frame § by a
rotation, the relation between both systems may be given in matricial form orusing the associated
quaternion; we shall express this relation by means of quaternions. Quaternions present the
advantage of no having inherent geometrical singularities, and from a numerical point of view,
we have to make only arithmetic operations among them.

First at all, a quaternion § = (qo, q1,92,¢3) may be considered as a pair (go;q), composed
by an scalar g and a vector g = (g1, 42, ¢3). The set of all quaternions of norm unity and non

negative real part,

o= {i= (90, 91,92, 93) |

la? =gt +ai+a3+a =1, >0}

may be considered as a group if we introduce the product of two quaternions be defined as
77 = (209 — a9’ 90d' + 909 +4a x g').

Let us mention that there exists an isomorphism between the group OF (R ) of rotations of order

3 (positive orthogonal matrices) and the group S* of quaternions
OoFf (R)~ S*

The isomorphism is completely defined when the rotation matrix @ is identified with the fol-
lowing matrix

B+ -G-8 260 —94) 2(g193 + 9og2)

2(q192 +9093) @ -di+gz3—9a3  2(g29s — goq1)

2(q195 — g092) 2(g29s + q0q1) g6 — i — g3+
corresponding to the quaternion g.

A quaternion given, the obtaining of its associate matrix does not offer any formal difficulty.
However, in the inverse process we may have a lost of significant digits, because some small
divisisor may appear. In order to avoid this obstacle in our subroutines, we take among the four
possible options the greater component g; of the quaternion as denominator.

Besides, taking in to account that we can define a one-to-one mapping from R?> to S* given
by

R3 — St

v +— 1= (05v),
it is easy to check that if y is the image of the vector = by a rotation, the well known relation
y = Q= is equivalent to

§=4qz7, (3)

where z, y are the quaternion images of the vectors =, y by the previous mapping, ¢ is the
quaternion corresponding to the rotation, and ¢~ is the conjugate quaternion of the previous
one. (For more details on quaternions cfr. [6,1]).
With the aforementioned properties, a vector wy in the departure frame may be expressed in

the space frame (w,) by means of

ws =qwyq = (qu — Dwg + 2(q - wq)g + 290(g X wq).
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In analogous way, the inverse transformation is:
we =3 w,§ = (2g8 — 1)w, +2(g - w,)g — 290(g X w,).

Other property used below is related with derivative of quaternions. Differentiating equation
(3), one obtains
dy=dqzq +qzd3g =d3q g+3y3dq”
and after some arithmetics one obtains
dy

i R

If one name @ the instantaneous quaternion angular velocity, identifying the previous result with

@ x §, one may obtains @ = 2§, or equ.ivajehtly
20=04. (4)
3. EQUATIONS OF THE MOTION

By definition, the orbital frame O (u(t),v(t), n(t)) coincides with the departure frame D in the
initial instant %q.
Having into account the equations (1), and the definition of the angular momentum G = z x X,

the derivatives with respect the independent variable ¢, are:
G=zxF, G=rF-v. (5)
After differenciating the relation G = Gn, one obtains that
n=—(F n)ux
—ji—— ‘n)u .
G
Likewise, by differenciating z = ru, we have
= 2n X u.

Finally, from v = n X u, and substituting the previous derivatives, we obtain

= (%n+ é(F'n)u) X v.

Accordingly, the motion of the orbital frame with respect to the fixed frame may be viewed as
the rotation

UL =wXu, V=wx0v, n=wxn,

where the angular velocity is

G r
w= r—2n+a(F-n)u.




3..1 IDEAL FRAME

In order to define the ideal frame, we consider the second term of the angular velocity (7),
wy = é (F:-n)u

The ideal frame (u,vr,ny) was defined by Hansen as the departure frame rotated by wj.
Remark that when the perturbation is small, the vector w; is small, that means slow rotation,
and, besides, the velocity is the same in both frames (departure and ideal). In this way the
motion may be decomposed in a slow rotation of the orbital (or ideal) plane and the motion in
this plane.

The ideal frame along the time referred to the departure frame may be viewed as the rotation
111=w1xu1,i71—wfxvl,r'u:wan], (8)
with the following initial conditions

ur(to) = (1,0,0),
vi(to) = (0,1,0),
ny(to) = (0,0,1).

Considering the aceleration relative to the ideal frame and taking into account the equality of

the velocities in both frames, we obtain the following equation

g?i,=_:‘_3z+(F.u)u+(F~v)v (9)

where vectors are referred to the ideal frame.

Equations (8) and (9) define the ideal frame and the motion in the ideal plane. These equations
(8) may be substituted by the equations for the corresponding quaternion defining the rotation
from the departure frame to the ideal frame. That is done by taking into account equation (4)

for w; and expanding the product, one obtains the following equation for the quaternion:

3, 1 =
= —-w
q B Il

or equivalently in components, once the value of w; has been substituted:

‘ 1 :

jo = —§é(F-n)(410059+‘12“"0)
r
G

= —% (F - n)(gocosf — gasinf)

i lr(
Qiii= 3G
1=

3 —55(F -1 )(—gqsinf + gy sinf)

where 6 is the angle between the u; and the radial direction defined by u

F -n)(qosind + gscosf)

The vectorial equation (9) may be substituted by four equivalent scalar equations: the

equation for the angular momentum is the second of equations (5); the equation for the radial
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distance and radial velocity is obtained by differentiating the expression r 7 = - X; the equation
for the angle @ is obtained by taking into account that vector u = (cos#, sinf,0) with respect

to the ideal frame and its instantaneous variation is

5 G 5 Ouy 00
—_ = w ur = — = —
U2 ih i pan 00 B
So, one may write these equations in the following form:

G = rF-v

2
f:G—_%+F.u
T

=3
»_¢
ot~ r2
Consequently, we have an initial value problem composed by a system of 8 equations ((10)

and (11)) with 8 unknowns and the initial conditions

QO(tO) =g 1501 (to) 0, gqto) = 0, gq3(to) 0,
r(to) = ro, 7(to) = to, G(to) = Go, 08(td) = 6bo.

However, the system is redundant since the unknowns must satisfy the constraint of normaliza-
tion for the quaternion, ||g|| = 1, which will be employed to monitor the propagation of round

off and truncation errors all over the numerical integration.

4. NUMERICAL TESTS

In order to check these new formulation we have developed several FORTRAN programs for the
numerical integration of the initial value problems above mentioned, taking initial conditions
and perturbation force corresponding to an artificial satellite with low altitude.

Three different cases of orbits have been tested:
e keplerian circular orbit,

e keplerian elliptical orbit,

e zonal and tesseral harmonics.

We have run our programs in the vectorial computer CONVEX 220 of the University of
Zaragoza, but in the begining we have considered the Standard Apple Numeric Environment
(SANE) for binary floating point arithmetic. SANE uses the extended data type to perform
most computation, which provides the maximum degree of accuracy, which is 19 to 20 decimal
digits (with non elemental arithmetic operations the least significant bit of extended may be in
error). For this reason all subroutines are prepared in order to vectorize as much as possible

and so save time computing

Since we are interested only in checking the different formulations above described and not

in the numerical method themselves, we choose a Runge-Kutta of order eight for all cases, with
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stepsize equal 60, 90, 180, 270 and 360 seconds (they are in the range of stepsize recommended
in other programs). Furthermore, a good reference ephemeris is needed to serve as an absolute
mean of comparison. In the first case (circular orbit) we used the exact values, whereas in the
other two, we used as orbit of reference one computed in rectangular coordinates in the space
frame with the same conditions and stepsize equal to 10 seconds and quadruple precision. We
have check that the order of approximation of the orbit of reference is about 10=%°.

In a more practical sense and in order to avoid loose in significant digits, we have done a

change in the scale of the unities in order to have all quantities of similar magnitude and close

to one and, therefore, the significance of the calculations has increased. In particular, we took
the following unities: equatorial radius of the Earth (Rg) for distance, time spent in a circular
revolution of radius Rg for time.

To illustrate our numerical test, we present here only some of the graphics corresponding to
the test performed; more precisely, the related to a orbit with initial orbital elements a = 7000
Kms., e = 0.1, 7 = 135° perturbed with zonal and tesseral harmonics until order two; so each
revolution of the satellite spend about 1.3 unities of time. All the figures have been calculated
for a final time about twenty revolutions or about 26 unities of time.

In figures 1 to 4 we represent for the mentioned problem the deviation from the reference
orbit of the radial distance, radial velocity and angular momentum calculated in rectangular
coordinates in the space frame (cf. equations (1)). In the vertical axis we represent minus the
decimal logarithm of the differences between the corresponding quantities of the orbit of reference
and the calculated ones; this represent approximately the number of exact digits obtained in
the numerical integration. We observe that the three quantities are in same range, nevertheless
the radial velocity has been calculates with less approximation. This approximation reach from
five digits if stepsize equal 360 seconds to 13 digits if stepsize equal 60 seconds (this is the
recommended stepsize in most of the usual programmes).

In figures 6 to 9 we represent for the mentioned problem the deviation from the reference
orbit of the radial distance, radial velocity and angular momentum calculated in the ideal frame
by means of quaternions and making use of the equations (8) and (9). Actually, the angular
momentum .is better approximated than the radial distance and radial velocity. This is due
indoubtly to fact that equations (8) and (9) represent more acdequately the dynamics of the
motion, because the angular momentum is near an integral of the motion. One more time the
radial velocity has been calculated with less appoximation than radial distance. This time the
approximation reach from 9 digits after 20 revolutions if stepsize equals 360 seconds to 15 digits

" if stepsize equals 60 seconds.

A comparison of both sets of figures mentioned shows that our model gives two more digits
of approximation in the worth case, i.e. in the small stepsize. If the stepsize is greater than 60
seconds, more than two digits have been gained. As a consequence, the same approximation as
in the rectangular coordinates model may reached using a greater stepsize and so we may saved
time computing.

In figures 10 to 15 we represent the along-track, across-track and across-plane errors after




about 20 revolutions of the satellite. We may observe that the maximum of the across- track and
across-plane errors grows very slowly and linearly, just as the truncation error of the numerical
method used, although the across-plane error is much smaller than the across-track error that
is no greater than 102 if stepsize equal 360 seconds or 10716 if stepsize 60 seconds. The along-
track error, much more significant in others model of integration than the other two, is in the
same range than the across-track error in our model of integration; its growing is not yet linear
but slightly non linear if stepsize 60 seconds is taken. When compared with figures 5. and 5.
we may deduce that along-track, across-track and across-plane errors do not reach the radial

distance error that always is the greatest of them.

5. CONCLUSIONS

A new formulation for the equations of the motion of an artificial satellite using an ideal frame
and quaternions to achieve rotations has been developed. The use of ideal frame enable us the
elimination of all type of singularities in inclination as well as the consideration of every orbit as
have null inclination. This fact together with the use of quaternions and the mentioned system
of unities, that eliminates innecessary loose of significant digits, has enabled us to obtain an
improvement of no less than two more digits with respect to the integration in rectangular coor-
dinates with the same numerical method. We must mention that no more time of computations
has been required and that the use of quaternions require less and simpler arithmetic operations
and consequently an improvement in time computing. All calculations have been performed in
the array processor Convex 220 of the University of Zaragoza.
Support came in part from the C.I.C.Y.T. (Proyects # PB90-0921 and # ESP91-0919).
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UTILIZACION DE UN EBULLOMETRO FISCHER - LABODEST PARA EL ESTUDIO DEL EQUILIBRIO
LIQUIDO - VAPOR DEL SISTEMA BENCENO - CICLOHEXANO A DIVERSAS PRESIONES
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ABSTRACT

The isobaric vapor-liquid equilibrium data of benzene-cyclohexane were determinated at 1.013 bar,
0.666 bar and 0.400 bar. Activity coefficients were evaluated and correlated with Redlich-Kister
equation and Margules equation.

1. INTRODUCCION

Prosiguiendo una linea de investigacién iniciada hace algunos afios en el Departamento de
Quimica-Fisica de la Universidad de Zaragoza, consistente en la determinaciéon experimental de
propiedades termodinamicas de exceso, al objeto de contribuir a un mejor conocimiento del estado
liquido, hemos puesto en marcha técnicas experimentales que nos permitan mejorar, en tiempo y
precisién, la obtencion de resultados para el estudio del equilibrio liquido-vapor de mezclas liquidas
binarias no electroliticas.

Con objeto de comprobar el correcto funcionamiento y rendimiento del ebullémetro Fischer-
Labodest se estudié con el mismo el equilibrio liquido-vapor para el sistema benceno-ciclohexano a la
presién de 1.013 bar, equilibrio del que existen un amplio nimero de referencias en la literatura.
Asimismo para probar el comportamiento del dispositivo experimental a distintas presiones se estudié
el mismo sistema a las presiones de 0.666 bar y 0.400 bar.

2. EXPERIMENTAL

2.1 Productos utilizados. Los liquidos utilizados fueron: benceno Merck, pureza mayor 99.7%, y
ciclohexano Fluka, riqueza mayor 99.7%; la pureza de los productos ha sido contrastada mediante
medidas de densidad y GC. Los valores obtenidos para la densidad a 298.15 K fueron: 0.87327
g-cm 3 para el benceno y 0.77344 g-cm™ 3 para el ciclohexano, siendo los valores de la iiteratura




(Timmermans,1950): 0.87366 g-cm" 3 y 0.773832 g-cm" 3 respectivamente.

2.2 Aparato y procedimiento. El aparato utilizado para el estu_dio del equilibrio liquido-vapor fue un
ebullémetro de recirculacion Fischer-Labodest, en el que introdujimos algunas mejoras para
conseguir un funcionamiento éptimo. En la figural se muestra un esquema del aparato.

El calentamiento hasta ebullicién de la mezcla se oonéigue mediante un bafio de aceite de silicona
(1) que permite una calefaccién suave y eficaz al mismo tiempo que permite alcanzar, cuando es
necesario, elevadas temperaturas. La vasija de equilibrio tiene una capacidad de 200 cm3. Por medio
de un agitador electromagnético (1) y un par de nucleos magnéticos situados uno en el bafio y otro en
la vasija, se garantiza por un lado una calefaccién uniforme y por otro una buena mezcla de las
corrientes de recirculacién de vapor condensado y de liquido con el contenido de la vasija. El aparato
dispone de la correspondiente bomba de Cottrel (2) para una medicién correcta de la temperatura de
ebullicién. La parte superior del ebullémetro, en la que se encuentra confinada la bomba, esté rodeada
de una camisa de vidrio plateada interiormente que limita un espacio evacuado que proporciona
aislamiento y lleva ademdas exteriormente una manta con calefaccién eléctrica (3) que previene
posibles condensaciones de la fase vapor. Para la medicién de la temperatura de ebullicién se dispone
de una sonda de platino PT100 (5) calibrada previamente con otra patrén y un multimetro Hewlett-
Packard 34401A de 6172 cifras (9). La precisiéon en la medida de las temperaturas asi determinadas
es mejor de +0.1° C. El condensador (4) proporciona la corriente de vapor condensado. El uso de las

valvulas electromagnéticas (6,7) facilita la extraccién de muestras al mismo tiempo que permiten

mantener aisladas las muestras de las corrientes de recirculacion. Para el ajuste de la presién se utilizé
un manostato (8) attamente sensible, del tipo regulador eléctrico de presién, acoplado a una bomba de
vacio y un trasductor de presiones Druck PDCR 110/W con indicador DPI 220 (10) que permite
medidas de presién de hasta 1.500 bar con una precisién de £0.1 mbar.

Figura 1. Ebullémetro Fischer-Labodest




La determinacién de la composicién de las fases liquida y vapor se realizé mediante medidas de
densidad a la temperatura de 298.15 K, usando a tal efecto un densitimetro de tubo vibrante Anton
Paar DMA-58. La composicién de las muestras obtenidas en el ebullémetro se determina por
comparacion de sus densidades con las densidades de mezclas de composicién conocida, medidas y
ajustadas previamente.

3. RESULTADOS Y DISCUSION

El estudio del equilibrio liquido-vapor para el sistema benceno-ciclohexano se llevé a cabo a las
presiones de 1.013, 0.666 y 0.400 bar. Los resultados experimentales se recogen en las tablas 2-4 y
en las figuras 2-7.

El sistema presenta un azedtropo de temperatura de ebullicién minima para cada una de las

presiones consideradas. Las temperaturas de ebullicién y las correspondientes fracciones molares de
los azeétropos son: a la presion de 1.013 bar: xy=y1=0.540 y t=77.5° C; a la presién de 0.666 bar:

x4=y1=0.532 y t=64.0° C; a la presién de 0.400 bar: x=y{=0.516 y t=49.2° C:

Los coeficientes de actividad se calcularon a partir de la ecuacién (Van Ness,1964):

nYi=n(pyi/p %) +(B;i-V)) (p-B)/RT+p (1-y)28/RT

donde

8=28-5;-B; @

Las presiones de vapor de los componentes puros fueron calculadas usando la ecuacién de

Antoine
log p’=A-B/(t+C) @)

Las constantes utilizadas en estos célculos se muestran en la tabla 1.

TABLA 1. Constantes de la ecuacién de Antoine.

Compuesto

benceno 6.90565 1211.03 220.790
ciclohexano 6.83917 1200.31 222.504

Tanto las constantes de la ecuacion de Antoine como los volumenes molares de los liquidos y los
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segundos coeficientes del virial se obtuvieron o estimaron a partir de datos tomados de tablas de
propiedades fisico-quimicas de compuestos organicos (TRC Tables,1974).

Los datos experimentales (temperatura y composicién de las fases liquida y vapor) son
termodinamicamente consistentes de acuerdo con el criterio de Herignton (Herignton,1951).

La correlacién de los datos experimentales se llevé a cabo utilizando las ecuaciones de Redlich-
Kister y Margules, los coeficientes de las cuales se obtuvieron por ajuste de la funcién Q = GE../RT. En

la tabla 5 aparecen los coeficientes de las ecuaciones para el sistema estudiado a las distintas
presiones de trabajo.

Los coeficientes de actividad a dilucién infinita se calcularon a partir de los coeficientes de la
ecuacién de Margules y los resultados obtenidos que se consignan junto con algunos de la literatura
aparecen en la tabla 6, observandose para las medidas correspondientes a la serie de 1.013 bar, Unica
de las tres para la que se disponen de suficientes referencias en este sistema, que existe una
concordancia satisfactoria entre nuestros resultados y los encontrados en la literatura.

Tabla 2. Datos del equilibrio liquido-vapor para el sistema benceno(1)-ciclohexano(2) a 1.013 bar.

Temp.(° C) X4 Y1 Y2

79.7
79.2
78.7
78.4

77.8
77.6
77.4
77.4
77.5
77.6
77.7
78.0
78.2
78.6
79.2
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Tabla 3. Datos del equilibrio liquido vapor para el sistema benceno(1)-ciclohexano(2) a 0.666 bar.

Temp.(° C) X4 Y4 Y1 Yo

66.0
65.6
65.3
64.9
64.5
64.3
64.1
64.0
64.0
64.1
64.2
64.5
64.9
65.4
65.7

Tabla 4. Datos del equilibrio liquido-vapor para el sistema benceno(1)-ciclohexano(2) a 0.400 bar.

Temp.(° C) X4 Y1 Y1 Y2

51.2 402
50.8
50.4
50.1
49.8
49.7
- 49.6
49.5
49.3
49.2
49.2
49.3
49.4




Tabla 4. Continuacion
Temp.(° C) Y1

49.6
49.9
50.3
50.7

Tabla 5. Coeficientes y desviaciones standard para las ecuaciones de Redlich-Kister y Margules.

Redlich-Kister Margules
Presion (bar) A Aq Ay A2 Azq

1.013 0.3457 0.0237 0.3719  0.3250
0.666 0.4138 0.0824 0.5087  0.3437
0.400 0.4948 0.0697 0.5722  0.4353

Tabla 6. Coeficientes de actividad a dilucién infinita.

Presién (bar) y‘:’ Autores

Este trabajo

Chao, 1956

Darmois, Darmois, 1964
Donald, Ridgway,1958
Nagata, 1962

Nataraj, Rao,1967
Ridgway, Butler, 1967
Sieg,1950

Este trabajo

Este trabajo




1.0

0.9

0.8

0.7

0.6

0.5

Y—-benceno

0.4

Temperatura (° C)

0.3

0.2

0.1

oloaVA SRR a5 s 8 L i S )
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1.0

X-benceno X.Y-benceno

Figura 2. Diagrama X-Y para el uinema Figura 3. Diagrama T-X-Y para el sistema
mexnno a 1.013 bar benceno-ciclohexano a 1.01{3 bar

benceno—clc

1.0

0.9

0.8

0.7

0.6

0.5

0.4

Temperatura (° C)

0.3
0.2
0.1
ool e s Sl | o A E RGN I O PSR

'00.0 0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1.0
X-benceno X,Y-benceno

Figura 4. Diagrama X-Y para el liatem- Figura 5. Diegrama T-X-Y para el sistema
benceno-ciclohexano a 0.666 b benceno-ciclohexano a 0.666 bar.




1.0

0.8

0.8

0.7

0.8

0.5

Y~benceno

0.4

Temperatura (° C)

0.3

0.2

0.1

o I e A A A TR R e
*°0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

X-benceno X.Y-benceno

gura 6. Diagrama X-Y para el sistema Figura 7. Diagrama T—-X-Y o%nra el sistema
benceno—clcl exano a 0.400 bar. : benceno-ciclohexano a 0.400 bear.

Los autores agradecen a la Diputacion General de Aragon la ayuda facilitada para la realizacién de

este trabajo (Proyecto PCB 5/90). J. Pardo agradece especialmente su apoyo (Beca BCB 15/90).

4. BIBLIOGRAFIA

Chao K. C., Thesis Wisconsin 1956.

Darmois R., Darmois J., J. Chim. Phys. 61, 830 (1964).

Donald M. B., Ridgway K., J. Appl. Chem. 8, 403 (1958).

Herington E. F. G., J. Inst. Petrol. 37, 457 (1951).

Nagata |., J. Chem. Eng. Data 7, 461 (1962).

Nataraj V., Rao M.R,, Indian J. Technol. 5, 212 (1967).

Ridgway K., Butler P. A, J. Eng. Data 12, 509 (1967).

Sieg L., Chem. Ing. Tech. 22, 322 (1950).

Timmermans J., Physico-Chemical Constants Of Pure Organic Compounds, Elsevier: Amsterdam,
1950.

TRC Tables; Selected Values of Properties of Chemical Compounds; Thermodynamic Research
Center Data Project: College Station, TX, 1974.

Van Ness H.C., Classical Thermodynamics of Non-Electrolite Solutions, Pergamon Press: London,
1964.




Rev. Academia de Ciencias. Zaragoza 47 (1992)

DETERMINACION DE MERCURIO POR CROMATOGRAFIA
DE GASES PREVIA DERIVATIZACION A DIFENILMERCURIO.

R. C. Diaz Ara

Departamento de Quimica Analitica
Facultad de Ciencias
Ciudad Universitaria
50009 - ZARAGOZA.

Abstract: Optimal parameteres for the determination of mercury by gas
chromatography have been studied. Hg(II) was derivated to diphenyl mercury by
addition of sodium tetraphenyl borate and was determined using a graph
calibration. The effects of some interferences presents in vegetables have been

determined. Chloride interferes only.
1.- Introduccién.

Diversas técnicas instrumentales se han aplicado a la micro
determinacién de mercurio. Entre ellas, la espectrofotometria de
absorcién molecular [Ackermann, G. y col. (1); Cheng, G. y col. (2)],
espectrofotometria de absorcién atémica [Rottschafer, JM. y col. (3); Lee,
S.H. y col. (4); Neske, P. (5)], fluorescencia atémica [Winefordner, J.D. y
col. (6); Cavalli, P. y col. (7); Xu, J. y col. (8)], fotometria de emisién
[Matusiak, W. y col. (9); April, R-W. (10)], valoraciones amperométricas
[Lotareva, V.I. (11)], valoraciones potenciométricas [Overman, R.F. (12)],
electrodos selectivos [Ryabushko, H.K.O. (13)], polarografia [Kambara, T.
y col. (14)], cronopotenciometria de disolucién anddica [Rannev, G.G. y
col. (15)], voltametria de disolucién anddica [Sipos, L. y col. (16);
Lugowska, M. y col. (17)], rayos X [Leroux, L. y col. (18)], métodos
radiométricos [Briscoe, G.B. y col. (19); Poluektov, N.S. y col. (20);
Delpergange, G.R. (21)], espectrometria de masas [Haraldsson, C. y col.
(22); Tong, S.S.C. y col. (23)], cromatografia de intercambio iénico [Kato,




K. y col. (24); Livingston, H.D. y col. (25)] y cromatografia de gases
[Ohkoshi, S. y col. (26); Nishi, S. y col. (27); Lansens, P. y col. (28)].

La cromatografia de gases es una técnica muy itil no sélo para la
identificacién de compuestos organomercuriales, sino para la
diferenciacién de especies de mercurio inorgdnico y orgéanico, lo cual es
de una considerable importancia, ya que la toxicidad de los compuestos
de mercurio depende mucho del estado de la combinacién quimica. Por
ejemplo, los compuestos de metilmercurio (II) son mds téxicos que sus
andlogos de fenilmercurio (II).

En el presente trabajo se han optimizado las condiciones
cromatograficas para la determinacién de mercurio por cromatografia de
gases, previa derivatizacién a difenilmercurio. Asi mismo, se ha
estudiado la influencia de algunas interferencias en la determinacién de
mercurio en vegetales.

2.- Parte experimental.

2.1 Aparatos.

Se ha utilizado la siguiente instrumentacidn:

Cromatégrafo de gases Hewlett-Packard, 5720 A, con detector de
ionizacién de llama. Microjeringa SGE, ARN, de 5 pl. Bafio termostético
Salvis. Burbujémetro para la medida de flujo de gas portador. Agitador

mecdnico Kotterman. pH metro Microprocessor Ionalyzer Orion 901.

Las condiciones de trabajo optimizadas para la determinacién de
Hg(II) por cromatografia de gases se ofrecen en la tabla 1.

TABLA 1

Columna de acero de 50 cm. de longitud y 3,175 m. de didmetro
Su designacién completa es:
10% UC W98 80-100 W A.W. DMCS B-20 L-5

- Temperatura de la columna = 180° C




Temperatura del detector = 350° C

Gas portador = Nitrégeno

Flujo de gas portador = 85 ml/min.

Gases para el detector = Hidrégeno y aire.
Presién de alimentacién de hidrégeno = 35 psi.
Presiéon de alimentacién de aire = 30 psi
Sensibilidad = 10 x 4

Velocidad del papel registrador = 0,38 m/h
Cantidad inyectada = 5 pl

Tabla 1: Condiciones dptimas de trabajo con el cromatégrafo Hewlett-
Packard, Modelo 5720 A.

2.2. Reactivos.

- Solucién patrén de cloruro de mercurio (II) de 1000 ppm., a la
que se afiadieron 5 ml. de é4cido nitrico para su conservacion.

- Solucién de tetrafenil borato sédico al 0,05% (m/v), recién
preparada para evitar la descomposicién del reactivo en medio dcido.

- Tolueno.

- Sulfato sédico anhidro.

- Soluciones de diversos cationes, para el estudio de interferen-
cias. Se preparan de 1000 pg/ml.,, a partir de los correspondientes
nitratos. Asi mismo se prepara una solucion de 1000 pg/ml en cloruros a
partir de cloruro de litio

Todos los reactivos son de calidad RA.

2.3. Procedimientos.

2.3.1 Derivatizacién de Hg (II) a difenilmercurio (II).

Debido a la relativamente alta volatilidad de los compuestos de
mercurio y de que los fenilmercuriales (II) no evidencian
descomposicién alguna durante el proceso de volatilizacién, segin se ha
demostrado por técnicas termogravimétricas [Belcher, R. y col. (29)], se
procede a la derivatizacién de cloruro de mercurio (II) a difenilmercurio,
en base a la siguiente reaccién [Uthe, J.F. y col. (30)]:




NaB(CgHs)s +2HgCly +3H,0 —» 2Hg(CgHs)z + 3HCl + B(OH)3

La reacci6én se produce a la temperatura de 202 C. EI
difenilmercurio se determina por cromatografia de gases en las
condiciones citadas en la Tabla 1. Se han obtenido resultados similares
con nitrato de mercurio (II) como sustrato.

2.3.2. Extraccién del difenilmercurio (II) a fase orgdnica.

El procedimiento utilizado es el siguiente: En un embudo de
separacion se coloca 1 ml. de una disolucién de mercurio de
concentracién conocida, 1 ml. de solucién tampon HCI - KCl de pH = 2, 1
ml. de tetrafenilborato sédico al 0,05% (m/v) y 1 ml. de tolueno. Se agita
durante 5 minutos, dejando separar las dos fases. Se inyecta en el
cromatdgrafo de gases una alicuota de 5 pl. de la fase orgdnica
previamente desecada sobre sulfato sédico anhidro.

3.- Resultados y discusién.

3.1. Influencia de la temperatura en la reaccién de derivatiza-
cion _a difenilmercurio.

Se ha verificado la reaccién entre el Hg(I) y el tetrafenilborato
sédico a diferentes temperaturas: 20, 45, 75 y 100° C, utilizando un bafio
termostdtico. Solamente en el caso de que la reaccién se produzca a 20°
C se logra la completa resolucién del pico correspondiente al difenilmer-
curio. A temperaturas superiores se produce la aparicion de diversos
picos, que se solapan con el del difenilmercurio, indicando la posible
descomposicién del tetrafenilborato sdédico.

3.2. Estudio de la estabilidad del extracto del difenilmercurio.

Tomando una disolucién de 10 ppm de Hg(II), se estudia la
estabilidad del extracto del difenilmercurio en tolueno. Se inyecta una
alicouta de 5 pl cada 15 minutos. Al cabe de 2 horas aparecen
variaciones en las alturas correspondientes al difenilmercurio. La
explicacién fundamental de este hecho radica en la descomposicién
gradual del difenilmercurio, inestable en medio 4cido, lo que lleva
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consigo la aparicién en el cromatograma de algin pico (B) extrafio, tal y
como se observa en la figura 1, influyendo ademds en la mala resolucién
de la sefal correspondiente al difenilmercurio (A), que aparece solapada
con la correspondiente al tolueno. Por ello, las determinaciones se

realizardn en el acto o, a lo sumo, a las 2 horas de preparado el extracto
en tolueno.

—

Figura 1: Cromatograma del extracto de difenilmercurio (A) en tolueno,
en presencia de algiin producto de descomposicién (B) del tetrafenilbo-
rato sodico.

3.3. Curva de calibrado. Sensibilidad y limite de deteccidn.

Se ha realizado una curva de calibrado entre 5 - 20 pg totales de
mercurio. Los valores obtenidos para la altura del pico del
difenilmercurio (HgO2) aparecen en la tabla 2.
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TABLA 2

pg totales de Hg Altura del pico de HgO2 (mm)

5 7

755 16
10 2
12,5 28
15 33
17,5 39
20 44

Tabla 2: Valores para la curva de calibrado del difenilmercurio.

La ecuacién de la recta resulta ser: H = 1,34 + 0,4134 [Hg] , con un
coeficiente de correlacién R = 0,9996 . H es la altura en mm. del pico
correspondiente al difenilmercurio. La sensibilidad del método es de 1,4
ng/mm, y el limite de deteccién de 20 ng. totales de mercurio, calculados
a partir de los datos de la curva de calibrado.

3.4. Estudios de reproducibilidad.

Tomando un extracto en tolueno con un contenido de 15 pg
totales de mercurio, los estudios de reproducibilidad, para 6

determinaciones, conducen a obtener un coeficiente de variacién del 3,2
%.

3.5. Estudio de interferencias.

Se han estudiado los efectos de las posibles interferencias debidas
a algunas especies catiénicas y anidnicas presentes en material vegetal,
para una relacién [Hg]/[X] de 1/1, 1/10 y 1/100, siendo X el ion
interferente. Los resultados obtenidos se muestran en la tabla 3, que
figura a continuacidn.




TABLA 3

Relacién [Hg]/[X] Interferencia [X]

Cl- Mg2+ Ca?t Mob+ Fe3+ Nat K+

1/1 X
1/10 X
1/100 X

Tabla 3: Efectos de diversas interferencias en la determinacién de Hg por
cramatografia de gases.

De los datos de la tabla 3 se deduce que solamente interfieren los
cloruros en la determinacién de mercurio en vegetales por cromatografia
de gases. Los diversos cromatogramas correspondientes a patrones de
mercurio, a los que se han afiadido cloruros, asi lo indican; un ejemplo de
ello aparece reflejado en la figura 2.

= W

Figura 2: Cromatogramas de difenilmercurio en tolueno, en ausencia de
cloruros (A) y en presencia de cloruros (B).
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4.- Conclusiones.

Se han optimizado las condiciones para la determinacién de
mercurio por cromatografia de gases, a partir de la derivatizacién de
Hg(II) a difenilmercurio, por reaccién con tetrafenilborato sédico. El
limite de deteccién resulta ser de 20 ng. totales de mercurio. Se ha
estudiado la influencia de la presencia de algunas especies catidnicas y
anidénicas que pudieran interferir en la determinacién de mercurio en
material vegetal con el método utilizado. Solamente el cloruro muestra
una interferencia apreciable, para cualquier relacién de concentraciones
con respecto al mercurio total.
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