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FOLIATIONS, GROUPOIDS AND

GROTHENDIECK ETENDUES

Ieke Moerdijk
Mathematical Institute Utrecht University
Budapestlaan 6 , P.O. box 80.010, 3508 TA Utrecht,

The Netherlands

Prologue

This is the text of five lectures given at the University of Zaragoza in January 1993.
The purpose of the lectures was to give an introduction to the relation between foliations
and Grothendieck topoi.

In the study of foliations, a central role is played by the so-called space of leaves of the
foliation. It is immediately clear from elementary examples that the naively constructed
quotient space M/ ~ of leaves of a foliation on a manifold M does in general contain very
little information. One is thus led to developing a more general notion of “space” which
can capture the topological and differential-geometric properties of the space of leaves,
and many proposals have been made in this direction. (A brief list occurs in Section §
below.) One of the first such proposals was made by Grothendieck (SGA4, vol. 1, p.
485), who associated to each foliation F of a manifold M first a so-called local equivalence
relation 77 on M and then a topos Sh(M,rx) of rr-invariant sheaves. This topos is of
a special kind, a so-called differentiable (smooth) étendue. A closely related topos is the
topos of holonomy-invariant sheaves on the manifold M, which I will denote by M/F; this
is also a smooth étendue. The more specific goal of these lectures is to illustrate that this
topos M/F serves as an excellent model for the “space of leaves” of the foliated manifold
(M, F). Many invariants (such as the cohomology groups and the (etale) homotopy groups)
are immediately naturally defined for M/F, as part of the general theory of topoi. It will
(very briefly) be discussed how these invariants relate to some transversal invariants studied
in the literature, e.g. the cohomology of basic forms. As part of general topos theory, one
also obtains a natural notion of (smooth) map M/F — M'/F' between two such spaces of
leaves. It will be shown that the localization theorem from Moerdijk (1988) implies that
such maps between topoi M/F — M'/F' correspond exactly to the maps between “leaf
spaces” utilized in the work of Connes, Skandalis, and others.

The level of these lectures is rather introductory. In particular, the first lecture discusses
the definition and some well-known examples of foliated manifolds. This material can be




Depending on a, each leaf winds around the torus a fixed finite number of times, or infinitely
often. In the latter case the leaves are (as always immersed but) not embedded. Each leaf
is dense. The quotient topology on the space of leaves is the trivial (indiscrete) topology
in this case.

1.3.3 The Mobius band. Foliate the square I? = [0,1]® by horizontal lines. Next
construct the Mabius band by identifying the two opposite sides while reversing the orien-

tation:

This gives a foliation on the Mdbius band whose leaves are all circles. There is a central
leaf going around once, while the other leaves are “double coverings” of this central one.
(In fact this is a foliation of a manifold with boundary. Of course there is a similar con-
struction of an “infinite” foliated Mobius band obtained from I x R by identifying (0, z)
and (1,—z).) :

1.3.4 Suspension. The previous example is the suspension of the diffeomorphism ¢ —
1—1t:[0,1]5[0,1] (or z ~ —z : R — R for the infinite band). More generally, if
f: M — M is any diffeomorphism of a manifold M, the trivial foliation on M X R whose
leaves are the vertical lines {z} x R gives a foliation on the quotient space

My = (M xR)/ ~

obtained by identifying (z,¢ + 1) with (f(z),t). Write ¢ : M X R — Mj for the quotient
map (a covering projection). Inside M; there is an embedded copy M = g(M x {0}) of
M, which is transverse to each leaf. The leaf through ¢(z,0) “returns” to M in ¢(f(z),0).
So f is recovered by following the leaves until one first gets back to M (Poincaré map of
“first return”).

1.3.5 The Reeb foliation. This is a foliation of the solid torus M = B? x S (where
B? is the 2-ball and S? the 1-sphere). To describe this foliation, think of M as constructed
from an infinite solid cylinder B2 x R by identifying (z,¢) and (z,t+ 1). Now foliate this
infinite solid cylinder by a foliation whose leaves are the boundary S x R and a collection
of infinitely deep salad bowls piled onto (into) each other, and filling up the interior of the
solid cylinder. (The picture on the left is a segment [—1,1] x R.)

one leaf initial part

..’ i
u inB2xR ’,‘,:" of a leaf in M
= == A
rotate £ 5
identify

Note that each of the leaves in the interior of M is a copy of R? which accumalates on the
boundary of M. :

The Ei—sphere S® can be constructed by glueing two solid tori together along their
boundaries. Thus one obtains a codimension 1 C®-foliation of S3 from two copies of the




Reeb foliation on the solid torus. By Haefliger’s theorem [Haefliger(1958)] there exists no
analytic foliation on S* of codimension 1. Any compact oriented connected 3-manifold
can be obtained from S® by cutting out solid tori and sewing them back in with a twist
[Lickorish(1962), (1965)]. This can be used, together with the Reeb foliation, to construct
a foliation of codimension 1 for any such 3-manifold.

1.3.6 Flat fiber bundles. Letp: E — B be asmooth fiber bundle, with fiber . Then
in particular p is a submersion, so E carries a foliation whose leaves are (the components
of) the fibers of p, as in 1.3.1. A more interesting foliation, whose leaves are “horizontal”
(rather than vertical) parts of E, can be constructed if the bundle is flat. This means
that its structure group G is discrete. Indeed, suppose ¢; : U; x F=p~1(U;) C E are the
local charts for the bundle, for an open cover B = |JU;. Write {¢;; : U; N U; — G} for
the associated cocycle into the discrete structure group G. By choosing the U; suitably,
we may assume that the intersections U; N U; are connected, so that each ¢;; is constant.
Now define a trivial foliation on each p='(U;) C E with as leaves the horizontal slices
i(Ui x {z}) for z € F. These fit together to give a foliation on E. Its holonomy (§2)
reflects the cohomology class in H!(X, G) of the cocycle {¢;;}.

1.4 Alternative definition of foliations. We mention three different, but equivalent,
ways of defining foliations.

1.4.1 Submersion form. A C*-foliation on a C*°-manifold M, of codimension ¢, can
be given by an open covering M = |JU; and submersions ; : U; — R? with the property
that for each intersection U; NU; there exists a C*°-diffeomorphism k;; making the diagram

U;n Uj
wi-/ \\\fj
%(U;) - =2l ¥;(U:)

commute. This definition is related to the earlier one (1.1) by defining #; = m 0 ¢! :
U;: =+ R*? x R? — R%.

1.4.2 Integrable subbundle form. A C%-foliation on M of codimension ¢ defines
an (n — ¢)-dimensional subbundle Tic,¢(M) of the tangent bundle T'M, consisting of those
tangent vectors which are tangent to the leaves. This subbundle is integrable, in the sense
that if X, Y are sections of Tjear(M) on an open set U C M then their Lie-bracket [X,Y]
lies again in the subbundle Tje.s(M). Conversely, by the theorem of Frobenius (1877), an
integrable subbundle E C T'M (of codimension ¢) defines a unique foliation on M for
which E = Tjear(M).

1.4.3 Local equivalence relations. (Grothendieck-Verdier, SGA4, vol.1, p. 485.)
For any space M there is a presheaf £ on M, defined for each open set U C M by

E(U)={R| R CU xU is an equivalence relation on U},

with the evident restriction maps £(U) — (V) for open sets U, V with V. C U. This
presheaf is not a sheaf, and we write & for its associated sheaf. A local equivalence relation




r on M is by definition a global section of £. Such an le.r. is given by an atlas, i.e.
an open cover M = |JU;, together with equivalence relations R; C U; x U;, which are
locally compatible; this means that for each z € U; N U; there is a small neighborhood
W. C U; N U; so that R; and R; restrict to the same equivalence relation on W;. Each
foliation gives rise to a local equivalence relation (with the plaques as equivalence classes).
Conversely, by Godement’s theorem [Serre(1992), p. 92], an l.er. r defines a foliation of
codimension @ when there exists an atlas {(U;, R;)} for r for which each R; C U; x U; is
a closed submanifold of codimension g for which the two projections R; — U; are both
submersions.

1.5 Transversal structure. An important aspect of the theory of foliations is the
study of the “tranversal structure”. The cohomology of basic differential forms (see §5)
is a typical example. The most naive approach would be to consider the quotient space
M/ ~ obtained from M by identifying any two points which are in the same leaf. The
elementary examples given above already illustrate that this naively constructed space of
leaves in general does not retain much of the structure of the foliation. An underlying theme
for these lectures is the problem of constructing a more sophisticated quotient “space” of
leaves.

1.6 References for this lecture. Apart from the approach by Grothendieck using lo-
cal equivalence relations (1.4.3), the material in this section is completely standard and can
be found in almost any exposition of the theory of foliations; e.g. Camacho-Neto (1985),
Fuks (1982), Godbillon (1991), Hector-Hirsch (1981), Lawson (1977), Molino (1988), Ton-
deur (1988), and many others.

2 Groupoids and holonomy

The rest of these lectures presupposes some knowledge of category theory, as contained
e.g. in the first chapters of [MacLane (1971)]. We begin by reviewing the basic definitions
and fixing the notation.

2.1 Categories. A category C is given by a collection Cj of objects, a collection C; of
arrows, and four structure maps:

do
CiixeaCa o G i G
1 X¢, U1 1 £ 0

The maps dy and d, give for each arrow a € C; its domain do(f) and its codomain d;(f).
The map m is defined for any pair of arrows a, # with dya = d; 8, and assigns to this pair
the composition m(a, ), also denoted @ o . Finally, the map ¢ assigns to each object
z € Co the identity arrow at z, denoted #(z) (or id;, or 1,). These maps must satisfy the
well-known identities

doi(@) = = ii(z) (a0 f)oy=ao(fon)
do(ao ) =dofs aoi(doa) = a
di(aof) =dix i(di@)oa=a.

One writes a : £ — y to denote that o € C; is an arrow from z = dy(a) to y = di(a).

For example, the category Sets has as objects all sets, and as arrows all functions
between sets. It is a very large category. As another example, the “simplicial model
category” Ahas as objects the finite ordered sets




[n] = {0,...,n} (all n > 0);

the arrows [n] — [m] of the category Aare the monotone functions a : [n] — [m]. .As
a final example, recall that a monoid is a set M equipped with an associative operation
i : M x M — M which has a 2-sided unit e € M. Such a monoid can be viC\a{ed as a
category with just one object *: the arrows * — * are the elements of M, with e as identity
arrow and with composition given by p.

For each category C there is a “dual” category C*, called the opposite category of C.

It has the same objects and arrows as C, but the domain and codomain are interchanged:

an arrow @ : £ — y in C is an arrow a : y — = in C°. The identities and composition of
C°P are the same as those of C.

2.2 Groupoids. An arrow a : z — y in a category C is said to be an isomorphism if
there exists an arrow f : y — z so that ¢ o 8 = i(y) and f o @ = i(z). The objects =
and y are then said to be isomorphic. Given a, the arrow f is unique (if it exists) and is
denoted a~; it is called the inverse of a. A groupoidis a category C in which each arrow
is an isomorphism. For example, the category of finite sets and bijections is a groupoid.
Another example is the fundamental groupoid of a topological space. More generally, if
X is a space and S C X is a set of points, one can construct the fundamental groupoid
relative to the set S of “base-points”

II(S, X);

its objects are the points of S, and for z,y € S an arrow z — y is a homotopy class [a]
of paths a : [0,1] — X from z = «(0) to y = a(1). Composition is defined just as for the
fundamental group of X. Each group G also gives an example of a groupoid, with just one
object and the elements of the group as arrows (as in the case of monoids above).

2.3 Functors, A functor between two categories F' : C — D is given by two operations
on objects and arrows, both denoted F:

F:Co— Do, F:C;— D,
which respect the structure maps of the category; i.e.,

F(i(z)) = i(F(z)) (each z € Cy),

F(dra) = di F () (k=0,1, each @ € ¢}),

F(aof) = F(a)o F(B) (all a,p € C; with dyax = d; ).
For example, when groups G and H are viewed as one-object categories, a functor G — H
is the same thing as a homomorphism. As another example, a simplicial set is by definition
the same thing as a functor A¢? — Sets.

For two functors F,G : C — D, a natural transformation 7 : F' — G is a family of
arrows in D,

7. : F(z) = G(z), forz € Cy,
such that for each arrow a : £ — y in C the square
F(z) == G(z)
F(a)| |et@
Fiy) —> G()
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commutes. Such natural transformations between functors can be composed, and one
obtains a category Hom(C, D) with functors as objects and natural transformations as
arrows. A natural tsomorphism is a natural transformation 7 : ' — G with the property
that each 7. : F(z) — G(z) is an isomorphism in the category D. This is equivalent to
saying that 7 is an isomorphism in the functor category Hom(C, D). =

A functor between groupoids will also be called a homomorphism. The category
Hom(C, D) is again a groupoid when D is a groupoid.

2.4 Equivalence of categories. A functor F': C — D is said to be a (weak) equiva-
lence if X -
(i) F is essentially surjective: for each object y of D there exists an object = of C
and an isomorphism a : i(z)>y ;
(i) F is full and faithful: for any two objects z,z’ of C, the functor F' induces a
bijection

F :C(z,z") — D(F(z),F(z")) .

Here C(z,2') denotes the set of all arrows from z to z’. If such an equivalence exists, C
and D are said to be equivalent categories. (This is a symmetric notion, see [MacLane

(1971)].)

2.5 Topological categories and groupoids. A topological category is a category C
where Cy and C; are sets equipped with a topology, such that the four structure maps are
continuous w.r.t. these two topologies. Such a topological category C is called a topological

groupoid if there is a continuous operation :

C;—C, aw=al (2.5.1)

assigning to each arrow « its inverse. For example, the fundamental groupoid II(S, X)
mentioned above is a topological groupoid in a natural way. Also, each topological group
provides an example of a topological groupoid. If the spaces Cy and C; are C**-manifolds
(we will generally assume that Cp is Hausdorff, but C; need not be) and do,d; : C; = Co
are differentiable submersions then the fibered product C; x¢,C} is again a C*°-manifold. If
moreover the composition m : C; X¢, C; — C; and the map i : Cy — C; are differentiable,
then C is called a differentiable category. If moreover C is a groupoid for which the
operation « + o' of 2.5.1 is differentiable then C' is called a differentiable (or smooth)
groupoid. For example, each Lie group is a smooth groupoid. By a homomorphism of
topological (or differentiable) groupoids F : C' — D we will mean a functor which is
continuous (differentiable) w.r.t. the given topologies (manifold structures) on C and D.

2.6 Haefliger’s groupoid I'? (for ¢ > 0 an integer). This is the groupoid with R¢
as space of objects. For two points z and y in RY, the arrows £ — y of I'Y are germs
of diffeomorphisms. More explicitly, consider diffeomorphisms a : UV between open
neighbourhoods U of z and V of y, such that a(z) = y. Call two such o : U — V and
B : U’ — V' equivalent if they agree on a neighbourhood W C UNU’ of z. The equivalence
classof a: U — V is called the germ of a at z, and denoted germ_(«), or simply .. These
germs, for all z,y € RY, are the arrows of I'¥. The set of germs can be equipped with a
natural (sheaf) topology, making I'? into a differentiable groupoid, with the additional
property that the domain and codomain maps are etale (local diffeomorphisms).

N.B. For the spaces of objects and of arrows of I'? one generally does not write (I'?)o
and (T9); but R? and TY.




2.7 Etale groupoids. A topological groupoid G is said to be etale if the domain and
codomain maps dp,d;: G; =3 Gy are both etale maps, i.e. local homeomorphisms. If G is
differentiable, G is called etale if dy and d; are local diffeomorphisms. For example, the
groupoid I'? is etale, as are the following two types of examples.

2.8 S-atlases. [Van Est (1984)] Let G be an etale topological groupoid, and consider
an arrow ¢ : £ — y of G. Since dy,d; : G — Gy are assumed etale, there is a small
neighbourhood Uj of g such that dy and d; restrict to homeomorphisms U;—~V; and U, W,
for suitable neighbourhoods V; resp. W, of z and y. The map dy o dy* : V, — U, — W,
sends z to y, and its germ only depends on g. We write § := germ_(d; o d3*). This
representation of arrows g of G by germs of diffeomorphisms need not be faithful (e.g. take
G a Lie group). By definition, an S-atlas is a differentiable groupoid with the property
that the germ-representation is faithful: for any two arrows g,k : = — y, if the germs §
and % are identical, then g = h. For example, I'? is an S-atlas. Another example is the
etale holonomy groupoid Holz(M, F) of a foliation, discussed in 2.11 below.

2.9 QF-varieties. [Pradines, Wouafa-Kamga (1979)]. A QF-variety is represented by
a surjective map p : M — S, where M is a C*-manifold and S is just a set, such that
several conditions are satisfied. One of these is that for any two points z,y € M with
p(z) = p(y), there is a diffeomorphism f : V.5V, between neighbourhoods of z and y,
such that po f = p. (The other conditions need not concern us here.) Such a @ F-variety
gives rise to a differentiable groupoid with M as space of objects, and with arrows z — y all
germs of diffeomorphisms f as above. This space of germs can be given the sheaf topology,
so that the resulting groupoid is etale; in fact it is an S-atlas. [A @QF-variety is actually
given as an equivalence class of such maps f : M — §; equivalent such maps give weakly
equivalent differentiable groupoids (2.12 below), hence the same étendue (3.2).]

2.10 Monodromy of a foliation. Let (M,F) be a foliated manifold. We construct a
topological groupoid, the monodromy groupoid of the foliation,

Mon(M, F),

with the manifold M as space of objects. For points z,y € M, there are arrows z — y
in Mon(M, F) only if z and y belong to the same leaf. Writing L. for this leaf, an arrow
z — y is a homotopy class of paths from z to y in L.. (The paths as well as the homotopies
should be in L.; and as usual the homotopies should leave the endpoints fixed.) This set of
arrows carries a natural topology, derived from the compact-open topology on the function
space M!, and making Mon(M, F) into a topological groupoid (in fact even a differentiable
groupoid). For details of the construction, see [Philips (1987)], [Kock-Moerdijk (1991), (in
preparation)].

2.11 Holonomy of a foliation. Let (M,F) be a foliated manifold, as before. The
holonomy groupoid of (M, F), denoted

Hol(M, F),

is a suitable quotient of Mon(M, F). It was introduced by [Winkelnkemper (1983)], who
calls it the graph of the foliation, and discussed further e.g. in [Connes (1982)] and [Hae-
fliger (1984)]. The definition can be outlined as follows. The space of objects of Hol(M, F)
is again the underlying manifold M. For two points z and y in M, there are arrows z — y in
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the holonomy groupoid only if z and y are in the same leaf, and they are again equivalence
classes of paths inside a leaf, just as for monodromy. However, the equivalence relation is
different. Consider a path « : [0,1] — L C M into the leaf L of z = a(0) and y = o(1). As

in section 1.2 , we can find a chain Uy, ..., Un of coordinate neighbourhoods for the folia-
tion, so that a[%ﬂ,fﬁ_—l{] C U, maps within one plaque. Let ¢, : R®? x R? — Ui be the

associated chart. Write zx = a(;ﬂ%) fork=0,...,m+1 (soz = z and y = z,41). Choose
transversal sections T} through z; such that To C Uy, Tk C Uk—1 N U (for k = 1,...,m)
and Tm+1 g Um+l-

These sections T} are small g-dimensional disks, transverse to the leaf L (and hence trans-
verse to leaves close to L). For instance, if z = ¢o(s, t) then one can take for Ty the image
of {s} x R? under ¢,. We will now associate to the path « a map germ (To,z) — (Tnt1,9),
as follows. A point wy € T lies on a plaque P, C Up, and this plaque hits 7} in a unique
point w;, provided wy is close enough to z.” Next, w; lies on a plaque P,, C U; and this
plaque hits 75 in a unique point w, (provided wy is close enough to z;, which will be the
case if wp is close enough to z). Proceeding in this way, we find for wg close enough to z
a sequence wg € Ty (k = 1,...,m + 1), and we define hol(a)(wo) = Wn41 € Tny1 as the
last point in this sequence. This defined a map germ

hol(e) : (To, z) = (Tm+1,9)-

It is not difficult to prove that hol() does not depend on the choice of the chain (U, . - - , Un+1)
or on the choice of the intermediate sections Ty (k = 1,...,m). Now define two paths
a and B from z to y to be equivalent if hol(a) = hol(B). The equivalence classes are the
arrows from z to y in the holonomy groupoid Hol(M, F).

If a and B are homotopic (inside the leaf of z and y), then their holonomies are the
same. Thus Hol(M, F) is a quotient of Mon(M, F), by a homomorphism of groupoids

Mon(M, F) — Hol(M, F).

This holonomy groupoid is a differentiable groupoid; in particular, the domain and codomain
maps Hol(M,F) = M are submersions. [See Section 5 for a different construction of the
holonomy group, which makes the differentiable structure immediate.]

Exercise. Describe the holonomy and monodromy groupoids in some of the examples
given in §1.3 . In particular, observe that in the case of the Mobius band these two
groupoids are different (look at the arrows z — z for a point z on the central leaf).

2.12 Equivalence of topological groupoids. One can adapt the notion of equiva-
lence of categories (in particular, of groupoids) of 2.4 to the topological (or differentiable) ,
context. We will say that a homomorphism F : C — D between topological groupoids is
a weak equivalence if

(i) F is essentially surjective, in the sense that




d107('2:Dl XDOCQ_’DO

is an open surjection (where D; xp, Co = {(a,z) | @ € D,z € Cp and dpa = F(z)} );
(ii) F is full and faithful, in the sense that the square
Cl L) Dl
(doudr) | | ot

C()XCO E) D(]XDO

is a pullback (fibered product).
The definition for differentiable groupoids is similar, except that one replaces open surjec-
tion in (i) by surjective submersion.

2.13 Inverting weak equivalences. One can construct a category of topological
groupoids and “generalized” homomorphisms, by formally inverting the weak equivalences.
Such a generalized homomorphism G — H is represented by two (ordinary) homomor-
phisms

G&K - H

where the first is a weak equivalence. Two such diagrams G&K — H and G&L — H are
said to be equivalent (i.e. represent the same generalized homomorphism G — H) when
there exists a diagram of topological groupoids

K
Gr/\\,\

M — H
Nl

where the homomorphisms from M into K and L are weak equivalences as indicated, and
the diagram commutes up to continuous natural isomorphisms. Such generalized homo-
morphisms can be composed by a construction just like that for a “category of fractions”
[Gabriel-Zisman (1967)]. Of course a similar construction applies to the category of differ-
entiable groupoids. We will come back to this construction in 3.14 and 5.4.

2.14 An etale version of holonomy. An important example of a weak equivalence
between topological (differentiable) groupoids is the following. Let (M, F) be a foliation
of codimension ¢, and let 7' < M be a complete transversal. This means that T is an
immersed ¢-dimensional submanifold of M which is transversal to the leaves of the foliation
F, and intersects each leaf at least once. (For example, T could be the disjoint union of
a sufficiently large collection of small transversal sections as considered in 2.11.) Define a
new groupoid Holr(M, F) which has T as space of objects, and exactly the same arrows
as Hol(M, F). In other words, the space Holr(M,F); of arrows of Holr(M,F) fits by
definition into a pullback

Holr(M,F); <> Hol(M,F),

(do.dx)l 1(do,dl)
T X1 =y Mo M-
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The immersion 7' < M gives a homomorphism of topological groupoids
Holp(M, F) — Hol(M, F),

and this homomorphism is a weak equivalence. The groupoid Holr(M, F) has the special
property that the domain and codomain maps are etale: it is an etale groupoid (cf52.7):

2.15 Mapping the holonomy into I'?. For another example of a weak equivalence,
recall from 1.4.1 that the foliation F on M can be represented by submersions %; : U; — R?
for an open cover M = |JU;. Let Go = 3 U; be the disjoint union of all the U;, and let
7 : Gy = M be the local diffeomorphism given by the inclusions U; — M. Define G; as

the pullback :
G1 et HOl(M, .7‘-)1

| =0
Gox Gy —> MxM.

Then G is the space of the arrows of a differentiable groupoid G, where an arrow z — y
“in G is by definition given by a unique arrow 7z — 7y in Hol(M, F). The map = gives
rise to a weak equivalence

x: G5 Hol(M,f). ' (2.15.1)

Note also that the maps m; : U; — R? and the maps h;; occurring in 1:4.1 give rise to a

homomorphism of groupoids - :
q:G—T7. (2.15.2)

These two homomorphisms 7 and ¢ together give a “generalized” homomorphism
Hol(M,F) — T, as in 2.13.

2.16 The classifying space of a topological groupoid. (This also can be done for
any topological category.) For a topological groupoid G one can construct a topological
space BG, called the classifying space of G. This construction is discussed in detail e.g. in
[Segal (1968), Bott (1972)]. Briefly, one first constructs a simplicial space, i.e. a functor

Nerve(G) : /8% — (spaces).

One writes Nerve(G), for Nerve(G)([r]). For n = 0,1, define Nerve(G)o = Gop, and
Nerve(G); = G;. In general, Nerve(G), is defined as the space of composable strings of
arrows

ay an
To & T3 & ... Ty

in G (topologized as the fibered product G Xg, -..g, X G1). If ¢ : [n] — [m] is an order
preserving map (an arrow in A), then the functor Nerve(G) takes ¢ to a map denoted

¢" : Nerve(G)m — Nerve(G),

and defined from the composition and identities of G as follows: the value of ¢* for a string
(zo & ... & z,) is the string (Ty() — Tp(r) & --- — Ty(n)), Where the arrow z,(iy1) —
Z(;) is either the identity arrow (if (i +1) = (7)) or the composition a(i41) - - - 0 Ay(i)+1
(i ¢(3) < (i +1)).
The space BG is defined as the geometric realization of this simplicial space Nerve(G).
This construction is functorial: a homomorphism G — H if topological groupoids gives
~ontinuous map BG — BH between their classifying spaces. Moreover, we quote from

Haefliger (1984):




2.16.1 Proposition. IfG — H is a weak equivalence of topological groupoids then the
induced map BG — BH is a weak homotopy equivalence.

3 Grotendieck étendues.

3.1 Examples of topoi. (i) For a group G, the category of all (right) G-sets, and
equivariant (i.e., action-preserving) functions between them, is a topos, denoted G-Sets.

(i1) For a small category C (one for which Cp and C; are sets), a presheaf on C is a func-
tor P : C°° — Sets. These presheaves form a category C, with the natural transformations
as arrows. This category Cisa topos. (Note that when we view a group as a category
with one object, then example (i) is a special case of example (ii), since (G-Sets) = G.)

(iii) Let X be a topological space. A sheafon X is a local homeomorphism (etale map)
p: E — X. An arrow between such sheaves is a continuous function f over X:

y Ohl e S

N Pof=p.

X

This gives a category Sh(X) of all sheaves on X, which is a topos.

(iv) Generalizing examples (i) and (iii), let G be a group and let X be a space equipped
with a continuous right G-action X x G — X, denoted (z,g) — z -g. A G-sheaf (or
equivariant sheaf) on X is a sheaf p : E — X, equipped with a continuous G-action
E x G — E making p into an equivariant map. With equivariant continuous functions
over X, these G-sheaves form a category Sh(X,G). This category is a topos.

(v) More generally, let G be a topological groupoid, G = (Gy =% Go, etc.). A G-sheaf
is a sheaf p : E — G, equipped with a continuous right action by G, denoted

Exg,Gi—=E (e,g)—e-g.

Thus e- g is defined whenever p(e) = d;(g) and satisfies the identity p(e- g) = do(g) as well
as the usual identities for an action

(e-g)-h=e-(g-h) and e-i(z)=e,

for any e € E, g,h € Gy and z € Gy for which these expressions are defined. A G-
map between two such G-sheaves E and F is a continuous map which respects the etale
projections into X as well as the action, thus making the diagrams

E — F E x¢, Gy L F x¢, Gy

A l L
bXE

E sy F

commute. In this way one obtains a category BG of all G-sheaves. This category is a
topos, called the classifying topos of G.

Example (iv) is a special case: if G is a group acting on a space X, one can form the
“translation groupoid” Xg with X as space of objects and X x G as space of arrows: an
arrow = — y is a pair (y, g) where y - ¢ = z. Then B(X¢) = Sh(X, G).

The construction of BG from G is functorial in G, as will be discussed in 3.13 and 3.14
below. Here we note the following:
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3.2 Proposition. A weak equivalence G — H between topological groupoids induces an
equivalence of categories BG = BH.

3.3 Definition of topos. There are various equivalent definitions of a (Gothendieck)
topos. One is as the category of all sheaves on a site ([SGA4], Mac Lane-Moerdijk, p.
127]). Another one is as a category satisfying the Giraud axioms [Mac Lane-Moerdijk, p.
575]. A third one is as a category which has a set of generators as well as all sums, and
satisfies the Lawvere-Tierney axioms [Mac Lane-Moerdijk, p.. 591]. The precise form of
the definition does not matter much here. What is important is, first, the list of examples
in 3.1. Secondly,that one should not think of a topos as a very. large category, but as a
generalized kind of space. For example, the topos Sh(X) of 3.1(iii)“is” really the space X

in disguise. This becomes clear when we define maps between topoi (in 3.12 below), in
such a way that topos maps Sh(X) — Sh(Y’) correspond to continuous functions X — Y.
This intuition is further supported by the homotopy and cohomology groups of a topos (§4)
which generalize those of a space. Thirdly, for the definition of a map between topoi it is
important that a topos is a category with (among other things) arbitrary (small) colimits
and finite limits. Finally, we may remark that Joyal and Tierney (1984) prove a theorem
which almost expresses that every topos is of the form BG as in 3.1(v) [ the only difference
being that one must consider not just topological groupoids but also localic groupoids; see
also Moerdijk (1988a),(1988b), Joyal-Moerdijk(1990).]

3.4 Slice topoi. IfC is any category and E is an object of C then the category C/E
is defined as having all arrows p : C — E in C as objects, and having as arrows all
commutative triangles

c — C

A4

E

If C is a topos, then so is C/E. For example, if E — X is a sheaf on a space X, then (up
to equivalence of categories) Sh(X)/E is the category Sh(E) of all sheaveson E. And if
S is a G-set, then the category (G-Sets)/S is the topos B(Sg) (see 3.1(v)), where Sg is
the discrete groupoid with S as set of objects, and as arrows s — s’ all those g € G with
the property that s’- g = s. Since Sg is discrete, we may also write B(Sg) as the presheaf
topos Sg (cf. 3:1(i1)).

3.5 Definition of étendue. (SGA4) An étendue is a topos 7 with the property that
there exists an object E € T such that the unique arrow E — 17 into the terminal object
17 of 7 is an epimorphism, and such that 7/ E is equivalent to the topos Sh(X) of sheaves
on some space X. Thus an étendue is a topos which is “locally” like a space. For more
concrete descriptions of étendues, see Theorems 3.7 and 3.10 below.

3.6 Examples. The easiest examples of étendues are the following two. Other exam-
ples are provided by Theorems 3.7 and 3.10.

(i) For any space X, the topos Sh(X) is an étendue (take E to be the terminal sheaf
id: X — X itself).

(ii) For any group G, the topos (G-Sets) is an étendue: Let G be the group G viewed

as a right G-set. Then the translation groupoid (G)¢ is a groupoid with exactly one arrow

between any two objects. Consequently the slice topos (G-Sets)/G, which is B(Gg) by
3.4, is equivalent to the category Sets. But Sets is sheaves on the one-point space, so
(G-Sets) is an étendue.
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3.7 Theorem. (Grothendieck-Verdier) A toposT is an étendue iff T is (equivalent to)
the classifying topos BG of an etale topological groupoid.

(Recall from §2 that a groupoid is said to be etale if its domain and codomain maps
are etale.)

3.8 Examples. (i) The Haefliger groupoid I'? (see 2.6) is etale, so its classifying topos
BIY is an étendue.

(i1) The holonomy groupoid Hol(M, F) of a foliated manifold is weakly equivalent to an
etale groupoid (namely Holr (M, F), cf. 2.14). By 3.2 and 3.7 it follows that its classifying
topos BHol(M, F) is an étendue.

(iii) For a space X equipped with a right G-action, the topos Sh(X, G) of equivariant
sheaves, considered in 3.1(iv), is an étendue. Indeed, Sh(X,G) = B(Xg) as remarked at
the end of 3.1, and the translation groupoid X¢ is etale.

3.9 Local equivalence relations. Recall from §1.4 that a local equivalence relation r
on a space M is given by an “atlas” {(U;, R;)} where M = |JU; is an open cover of M and
each R; is-an equivalence relation on U;. We call r locally simply connected if there exists
such an atlas {(U;, R:)} for r with the following properties, for each index i:
(i) the two projections R; =3 U; are open maps;
(if) for each z € U its equivalence class zR; is a simply connected subset of U;.
For example, the local equivalence relation on M defined by a foliation of codimension g is
evidently locally simply connected, since inside a chart U; the equivalence classes are the
plaques, all diffeomorphic to R*~9.
For such a local equivalence relation r, a sheaf p : E — M on M is said to be r-invariant
if for each chart (U;, R;) with simply connected equivalence classes as above, the sheaf E
restricts to a constant sheaf (= a trivial covering projection) on each equivalence class
zR; C U;. For example, if r is defined by a foliation on M then a sheaf E is r-invariant iff
for every leaf L C M the restriction p=!(L) — L is a covering projection.
These invariant sheaves on M form a full subcategory of Sh(M),denoted

Sh(M,r) .

This category of r-invariant sheaves is a topos. In fact it is an étendue, and every étendue
is of this form:

3.10 Theorem. (Kock-Moerdijk) A topos T is an étendue iff T is (equivalent to) a
category of the form Sh(M, ), for some locally simply connected local equivalence relation
r on a space M.

3.11 Monodromy of locally equivalence relations. Recall from 2.10 the mon-
odromy groupoid Mon(M,7) of a foliation. More generally, one can define in exactly
the same way a topological groupoid

Mon(M, 1)
for any (locally simply connected) local equivalence relation r on a space M. Its space of

objects is again M. An arrow z — y in Mon(M, ) is a homotopy class of paths « : [0, 1] —
M from z to y, which locally maps within one equivalence class [i.e. there is a chain
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(Uo,Ho) -+ (Um, Ry of charts for r so that a[m“,mﬂl C Uk and < oft),a(t’) >€ Rx
for m— <Ete < —‘:— ] Furthermore, the homotopies between such paths, used in the
definition of the arrows in Mon(M, 1), must similarly lie locally within one equivalence
class. In Kock-Moerdijk (1991) the following result is proved:

Proposition. There is an equivalence of topoi
Sh(M,1) = BMon(M,r) .

In other words, for a suitable groupoid the topos Sh(M, ) is one of our typical examples
3.1(v).

3.12 Mappings between topoi. For two topoi 7 and 7", a map f:T — T' can be
defined in (at least) two equivalent ways: :

(a) as a pair of functors f. : 7 — 7' and f*: 7' — T such that f* preserves finite

limits and f, is right adjoint to f*,

(b) as afunctor f*: 7' — T which preserves colimits and finite limits.
The functor f* is called the invers image of the map f, and f. is called the direct image.
Two such maps f and g : 7 — 7 are said to be isomorphic if there exists a natural
isomorphism (cf. 2.3) 7 : f*5¢* between their inverse image functors. Isomorphic maps
are often identified in practice. We write Hom(7,7") for the collection of isomorphism
classes of maps from 7 to 7.

3.13 Examples. (i) Let X, Y be topological spaces. A continuous map f:X->Y
induces a mapping of topoi, (agaln denoted) f : Sh(X) — Sh(Y’), with the usual inverse
and direct image functors

* :Sh(Y) 2 Sh(X) : f.

(see any book on sheaf theory). If Y is Hausdorff then any map of topoi Sh(X) — Sh(Y’)
is induced in this way by a unique continuous map X — Y.

(ii) Let G and H be groups. A homomorphism of groups ¢ : G — H induces a map
of topoi ¢ : (G-Sets) — (H-Sets). The inverse image functor ¢* sends an H-set S to the
same set S viewed as a G-set (with action by G defined in terms of the given action by H
as s-g:=s-¢(g)). The direct image functor ¢, sends a G-set R to the set

Homg(H, R)

of G-equivariant maps (where the G-action on H is defined as k- g := h-¢(g)). The group
H acts on elements « of this set Homg(H, R) as

(a- h)(k) = a(hk) .

It is not difficult to prove that any mapping of topoi (G-Sets) — (H-Sets) is induced
in this way (up to isomorphism) from a homomorphism of groups G — H (unique up to
conjugation).

(iil) Let G and H be topological groupoids and let ¢ : G —+ H be a homomorphism
(i.e., a continuous functor). Such a homomorphism induces a map of classifying topoi,
denoted

¢:BG — BH.

We describe the inverse image functor ¢* : BH — BG explicitly (in other words, we
use version (b) of the definition 3.12). The direct image functor ¢* is harder to describe
explicitly. Let F be an H-sheaf, given by an etale projection p : ' — Hy and an action
F xg, Hy — F, as in 3.1(v). Construct the fibered product
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Go X Ho F — F

’.1 lp

Go 2 H,

Thus Go X g, F' consits of all pairs (z,y) where = € Gy and y € F are such that ¢(z) = p(y).
The projection 73 : Go X g, F' — Gy is again etale, since p is. Moreover, there is an action
of the groupoid G on this pullback Gy x g, F, defined for any arrow g : '’ — z in G and
any point (z,y) € Go X g, F by using the action of H on F' as

(z,9)-9=(z",y-¥(9)) -

In this way, the space Gy X g, F' with its projection m; and G-action defines a G-sheaf,
denoted ¢*(F'). This yields a functor ¢* : BH — BG.

Note that this construction generalizes the case of groups. However, unlike the case of
groups, it is not generally true for topological groupoids that a map of classifying topoi
BG — BH is induced by a homomorphism of groupoids G — H. Nonetheless, this is
almost true if G and H are etale topological groupoids, as we will now discuss.

3.14 The localization theorem for étendues. Let G and H be etale topological
groupoids (or groupoids which are weakly equivalent to such, 2.12). Then there is a bi-
jective correspondence between mappings of classifying topoi BG — BH and equivalence
classes of generalized homomorphisms of groupoids as described in 2.13.

Using the Grothendieck-Verdier theorem 3.7 it follows that the category of étendues is
precisely the one obtained from the category of etale topological groupoids by inverting
the weak equivalences:

(étendues) = (etale groupoids)[w.e.™"].

The category on the right can be constructed as a category of fractions in the sense of
[Gabriel-Zisman]. This result 3.14 is a special case of the localization theorem for general
topoi proved in [Moerdijk (1988a)]; see also [Moerdijk (1988b), Pronk (in preparation)].

We will come back to this localization theorem in §5.4.

4 Homotopy and cohomology of étendues.

4.1 Cohomology of topoi. [SGA4] For any topos 7 and any abelian group object A
of 7, there are cohomology groups

HT,A) (n>0).

The construction is functorial in 7 and A: a homomorphism A — B induces homomor-
phisms H*(T, A) — H"(7T, B), while a mapping of topoi f : 7' — 7 induces homomor-
phisms f* : H*(T, A) — H*(T", f*(A)). In particular, if f is an equivalence of topoi then
f* is an isomorphism H™(T, A) =& H™(T', f*(A)). [One way to define these groups is via
the global sections functor I : 7 — Sets, which is defined as I'(E) = Homs (17, E), the set
of all arrows in 7 from the terminal object 17 to E. Let Ab(7") be the category of abelian
group objects in 7. This is an abelian category with enough injectives. The functor I’
gives a functor I : Ab(7") — Ab(Sets), and the cohomology groups of 7 are defined as
the right derived functors of the latter functor I, viz. H*(7, A) = R"T'(A).]
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4.2 Examples. (i) For a space X, an abelian group object of the topos Sh(X) is a
sheaf of abelian groups on X. (This is a sheaf p : A — X such that each fiber p~'(z) = A:
has the structure of an abelian group, and such that these structures are compatible in
the sense that the induced maps A xx A » A and X % A are continuous.) For such a
sheaf A, the topos cohomology groups H"(Sh(X), A) are the ordinary sheaf cohomology
groups H™(X, A), studied e.g. in [Godement (1958)]. If B is an abelian group (in Sets),
there is an associated constant abelian sheaf A(B) = (X x B ™ X)) on X, and the sheaf
cohomology groups H"(X, AB) are isomorphic to the usual singular cohomology groups
HZ. (X, B), provided X is a “good” space (e.g. a manifold). S

(ii) For a group G, an abelian group object in the topos (G-Sets) (see 3.1(i)) is an
abelian group A with an action by G (or: a Z[G]-module). For such an abelian group
A, the topos-cohomology groups H"(G-Sets, A) are the Eilenberg-MacLane cohomology
groups H™(G, A) of the group G, studied e.g. in [Brown (1982)].

4.3 Cohomology of étendues. Let 7 be an étendue. By the Grothendieck-Verdier
theorem 3.7, there exists an etale topological groupoid G so that 7 is (equivalent to) the
topos BG of G-sheaves. (And, by the localization theorem 3.14, this groupoid G is unique
up to weak equivalence.) An abelian group object A in BG is a sheaf of abelian groups
p: A — Gy over Gy on which G acts by group homomorphisms; in other words, the action
map A Xg, G1 — A has the property that, for any arrow ¢ : z — y in G, the action by
g gives a group homomorphism (in fact, an isomorphism) A, — A. For such an A, the
cohomology. grotips H"(BG, A) are related to the sheaf cohomology groups of*the spaces
Nerve,(G) (for p > 0) described in 4.2(i), via a spectral sequence

HP?H(Nerve,(G), AP) = HP*I(BG, A) . (4.3.1)
Here A(®) denotes the sheaf on Nerve,(G) induced by pullback along the canonical map

gp

of topoi Sh(Nerve,(G)) — BG; explicitly, for a point g = (zo & z; « ... & z,) of
Nerve,(G), the fiber of A® over g is A.,.

4.4 Locally connected topoi. Let 7 be a topos. An object E of 7 is connected if
E # 0 (= the initial object of 7) and if E cannot be decomposed as a sum E 2 E; + E,,
except in the trivial ways E = E 40 and E = 0+ E. The topos 7 is said to be connected
if the terminal object 17 is a connected object. The topos 7 is called locally connected if
every object E can be decomposed as a sum of connected objects, say E & Yier E:. This
decomposition is essentially unique, and its index-set I is the set of connected components
of E, denoted mo(E). In this way, one obtains a functor

mo: T — Sets .

4.5 Examples. (i) For a locally connected space X, the topos of sheaves Sh(X) is a
locally connected topos. Indeed, if p : E — X is a sheaf then E is again a locally connected
space, and mo(E) is its set of connected components, in the usual topological sense.

(ii) Let G be a group. The topos (G-Sets) is locally connected. For a G-set S, its
connected components are the orbits {s-g | g € G}, for any s € S; thus, o(S) = S/G.

(iii) Let G be an etale topological groupoid, with associated étendue BG of G-sheaves.
If the space Gy of objects is locally connected, then so is the space G; of arrows, since
do : G1 — Gy is assumed to be a local homeomorphism. In this case the topos BG is locally
connected. For a sheaf p : E — G, with G-action E x¢g, G; — E, the set of connected
components mo( E) is obtained from the ordinary topological set of connected components
7o P (E) of the space E, by identifying the component of e and that of e - g, for any point

e € E and any arrow g : z — y in G (with y = p(e) so that e - g is defined). One may
write, suggestively, mo(E) = m5*(E)/G.



4.6 The fundamental group. (sketch) Let 7 be a topos. An object E of T is called
locally constant if there exists an object U € T with the property that the unique map
U — 11 into the terminal object 17 of 7 is an epimorphism, and such that E x U is
isomorphic to a sum of copies of U,

B U =S (for some index set 1),
i€l
by an isomorphism over.U (i.e., one which makes the diagram

ExU = E'U

N

U

commute, where ¢ is the identity on each summand). The object E is called constant when
one can take U = 17.

Write II;(7) for the full subcategory of 7 consisting of sums of such locally constant
objects. If T is a connected and locally connected topos, it can be shown that there is a
unique (up to isomorphism) pro-group G such that II;(7') is equivalent to the category (G-
Sets) of sets with a continuous G-action. This unique G is by definition the fundamental
group of the topos 7, -and denoted m1(7). In our examples below, 7 wil generally be
locally simply connected and m;(7) will be an ordinary group (not a pro-group). [Note:
exactly as for topological spaces, one should really define 71(7, p) where p is a “base-point”
of T, ie. a map of topoi p : Sets — 7. If T is connected, then m1(7,p) and (7:(7,p’)
are isomorphic for any two such base-ponts p and p’; however, this isomorphism is not
canonical.]

For more on fundamental groups of topoi, see e.g. Grothendieck (SGA1), Barr and
Diaconescu (1981), Kennison (1990), Moerdijk(1989).

4.7 Examples. (i) Let X be a locally connected space. A sheaf p: E — X is a locally
constant object of the topos Sh(X) iff p is a covering projection. If X is connected and
locally simply connected, then for any base-point o € X there is a canonical isomorphism
m1(Sh(X), zo) = 71(X, o) (where on the left 24 is viewed as a point of the topos Sh(X)).
In other words, the toposophic definition of the fundamental group agrees with the usual
one.

(ii) Let G be a group. Any G-set S is a locally constant object of the topos G-Sets
(take U = G in the definition 4.6, where G is G as a right G-set, cf. 3.6(ii)). Thus G is
the fundamental group of the topos G-Sets.

(ii) Let G be an etale topological groupoid, and assume Gy locally connected, as in
4.3(iii). A G-sheaf E is locally constant as an object of BG iff p : E — Gj is a covering
projection (cf. [Moerdijk (1991), Lemma 4.2]). This observation allows us to give an
explicit description of the fundamental group of BG in case Gy is locally simply connected
(e.g. if Gg is a manifold). The details are given in [Moerdijk(1991), §4]. In the case where
G is an S-atlas (see 2.8) this description agrees with the one given by Van Est (1984). See
also §5.2.

4.8 Hurewicz formula. The fundamental group of a connected and locally connected
topos 7 shares many of the properties of fundamental groups of spaces. For instance, for
any abelian group A there is an isomorphism

H(T, A) = Hom(m(T), A)




(where on the left, A is identified with the associated abelian group object A(A) = Y .e4 17
of 7).

4.9 Etale homotopy. For a locally connected topos 7 and a base-point p of 7 one
can also introduce higher homotopy groups (7 ,p) (all n € N), called etale homotopy

groups. The construction is described in detail in [Artin-Mazur (1969)]. These groups
depend functorially on 7, in the sense that a map f : T — 7' induces group homomor-
phisms 7,(7,p) — 7.(7", f(p)) for all n > 0. If T = Sh(X) is a topos of sheaves on a
locally contractible space (e.g. a manifold), then these groups are isomorphic to the usual
homotopy groups of the space X, by the comparison theorem of [Artin-Mazur, §12].

4.10 Weak homotopy type. For locally connected topoi with “enough points” (at
least one point in each connected componment), a map f : T — 7' is said to be a
weak homotopy equivalence if for any point p of 7, the map f induces an isomorphism
(T, p)=27a(T", f(p)), for any n > 0. By the Artin-Mazur comparison theorem, this
agrees with the usual notion of weak homotopy equivalence between spaces, for a map be-
tween locally contractible spaces X — X' and the induced map of topoi Sh(X) — Sh(X").
Two topoi 7 and 7" are said to be of the same weak homotopy type if there exists a zig-zag
of weak homotopy equivalences 7 — - «— - — - — ... « T".

4.11 Toposophic Whitehead theorem. (Artin-Mazur) A map f: 7T — T’ between
connected and locally connected topot is a weak homotopy equivalence iff f induces an
tsomorphism of fundamental groups as well as isomorphisms H*(T',A) — H™(T, f*A)
(alln > 0) for any locally constant abelian group A in T'.

4.12 Comparison theorem for étendues. [Moerdijk (1991)] Let G be an etale topo-
logical groupoid, with associated classifying space BG and classifying topos BG. There is a
canonical weak homotopy equivalence Sh(BG) = BG.

(Recall that if BG is a locally contractible space then the (etale) homotopy groups and
the cohomology groups with locally constant coefficients of the topos Sh(BG) are identical
to those of the space BG. Thus the theorem expresses that the space BG has the same
weak homotopy type as the topos BG.)

4.13 Homotopy of maps. Let X be a space and 7 a topos. Two topos-maps f,g :
Sh(X) =} T are said to be homotopic if there exists a topos map h : Sh(X x [0,1]) —= T
such that for the inclusions 7; : X — X x [0,1] (k=0,1) and their associated topos
maps i : Sh(X) < Sh(X x [0,1]) there are isomorphisms h 01y = f and ko io = g. The
set of homotopy classes of maps Sh(X) — T is denoted by [Sh(X), T]. (One can similarly
define [T", T] for any topos 7".)

The following is an immediate consequence of the comparison theorem for étendues
(4.12):

4.14 Corollary. For any etale topological groupoid G and any CW-complez X there is
a canonical bijection

(X, BG] = [Sh(X), BG] .



4.15 Principal Byundles. Let G be a topological groupoid. A G-bundle over a space
X is a space E equipped with an open surjection s : £ — X and an action by G on the
fibers of s. Such an action is given by maps

p:E— Gy and p:Gy xg, E— E u(g,e)=g-e,
where y is defined for points g € G; and e € E such that dq(g) = p(e); this map u satisfies
the identity
oo aale)

expressing that the action is fiberwise, as well as the usual identities for a left action:
plg-e)=di(g), g-(h-e)=(goh)-e, i(z)-e=e.
The G-bundle is called principal if the map
Gy Xg, E =+ Exx E (g,€)— (g9-e,€)

is a homeomorphism. For two points e, e’ € s7!(z) in the same fiber of a principal bundle,
there is a unique arrow g : p(e) — p(e’) such that g-e=¢.

These principal G-bundles over X form a category, with as arrows the continuous maps
over X which respect the action. Each arrow in this category is an isomorphism. As in
[Haefliger (1984)] the set of isomorphism classes of principal G-bundles over X is denoted

HY(X.G) .

If f:Y — X is a continuous map, there is an induced functor from principal G-bundles
over X to such over Y, sending E to the pullback f*(E) = E xx Y (and structure maps
ExxY =Y, ExxY — Go and G; Xg, (ExxY) — E xx Y induced from the structure
maps of E). This gives an operation

fT: H(X,G) — H(Y,G)

on isomorphism classes.

4.16 Cocycles. Forany map between spaces ¢ : U — X one can construct a topological
groupoid U@ with U as space of objects and U xx U as space of arrows; in other words,
there is exactly one arrow y — y’ in U@ iff y,y’ € U are points such that ¢(y) = q(¥').
In particular, there is such a groupoid X (9 associated to the identity map on X, and all
arrows in this groupoid X(9) are identity arrows. For any map ¢q : U — X there is a
homomorphism of topological groupoids

U@ - x6d)

and thisis a weak equivalenceiff ¢ is an open surjection. Furthermore, any weak equivalence
into XU is of this form.

A cocycle on X with values in a topological groupoid G is given by an open surjection
¢:U — X and a homomorphism U@ — G. This is precisely a generalized homomorphism
X =g = G,

as discussed in 2.13. Two cocycles are said to be equivalent if they represent the same
generalized homomorphism from X (4 to G. (By the description of the equivalence relation
in 2.13, this means that the cocycles have a common refinement, up to conjugation.)
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Now suppose that G is (weakly equivalent to) an etale groupoid. Noticing that B(X () =
Sh(X), we then find that by the localization theorem 3.14, there is a bijective correspon-
dence between equivalence classes of cocycles on X and mappings of topoi

SH(X) == BG .

We now sketch that cocycles correspond to principal bundles. First, if E is a principal
bundle over X (with structure maps s, p and  as before) then E gives rise to a cocycle,
with s : E — X as open surjection and with homomorphism E(*) — G given on objects by
the map p : E — Go and on arrows by the map Exx E5G; xx E ™ G;. Conversely, from a
cocycle (g: U — X, : U9 — G) one can construct a principal bundle E = (Gyxg,U)/ ~;
this is the space of pairs (g, u) where g : y — z is an arrow in G and u € U is a point with
¢(u) = y, factored out by the equivalence relation ~ which identifies (g o ¢(u,u’),u) and
(g,%). The action by G on this space E is defined using the composition of G.

In this way, one obtains a bijective correspondence between equivalence classes of co-
cycles and isomorphism classes of principal bundles. Thus the following theorem is a
consequence of the localization theorem 3.14.

4.17 Theorem. Let X be a topological space, and let G be (weakly equivalent to) an
etale topological groupoid. There is natural bijective correspondence

Hom(Sh(X),BG) = H'(X,G).

4.18 Concordance. Two principal G-bundles Ey and E; over a space X are said to
be concordant if there exists a principal bundle D over X x [0,1] such that pulling back
along the inclusions #g,7; : X < X X [0, 1] gives isomorphisms z5(D) = Eg and (D) & E;.
This notion of being concordant defines an equivalence relation on all principal G-bundles
over X, and the set of equivalence classes is denoted

Ke(X) .
The following result is a consequence of 4.17 and 4.14.

4.19 Corollary. Let X be a CW-complez, and let G be a topological groupoid which is
(weakly equivalent to) an etale one, as in 4.17. There is a natural bijective correspondance

(X, BG]: 2. Ko(X)

In this sense, the classifying space BG “classifies” concordance classes of principal bundles.

5 Smooth étendues and leaf spaces of foliations.

5.1 The leaf space of a foliation. One of the methods to study and classify foliations
is to consider invariants of the “transverse structure”, or of the “space of leaves”. For a
manifold M equipped with a foliation F, the most naive approach would be to define
these invariants as invariants of the quotient space M/ ~, obtained by identifying any two
points which lie on the same leaf. However, it is already quite clear from the elementary
examples in §1 that this quotient space M/ ~ contains very little information. For the
Kronecker foliation (1.3.2) it is an indiscrete space; for the infinite Mobius band (1.3.3) it is
the half-line [0, o), which is contractible and doesn’t reflect the intuition that the foliated
Mébius band has a non-trivial foliated double cover which should somehow be classified by
the fundamental group of the space of leaves. Thus one is naturally led to consider more
general notions of “space” and define the space of leaves as some kind of quotient of M in




such a category of generalized spaces. There are many proposals in this direction that have
been studied in the literature. To mention just a few, Grothendieck (SGA IV) proposes the
topos Sh(M, 1) of 3.9 as space of leaves; Barre (1973) introduces the notion of Q-variety to
study certain types of foliation; Pradines (1979) proposes the more general Q F-varieties,
and Tapia (1987) studies Q F-varieties and their relation to topos theory; Van Est (1984)
introduces S-atlases as generalized manifolds in order to define and study the fundamental
group of the “space of leaves”; Haefliger (1984) concentrates on invariants of the classifying
space B Hol(M, F). Other related sources include Haefliger (1980), Molino (1975), Connes
(1982). We will define a quotient “space” of leaves in the following way:

5.2 Definition of M/F. Let (M,F) be a foliated manifold. The space of leaves M/F
is defined as

M/F = BHol(M,F).

In other words, M/F is the classifying topos of the holonomy groupoid of M, described in
2.11. As observed above (3.8(ii)), this topos M/F is in fact an étendue. If T is a complete
transversal section for (M, F) then there is an etale topological groupoid Holr(M, F) (see
3.8(ii)) which is weakly equivalent to Hol(M, F). Therefore Hol(M, F) and Holr(M, F)
define the same classifying topos. (More precisely, there is an equivalence of categories
B Holr(M, F) = BHol(M, ¥).) In particular, we could equivalently define

M/F = BHolp(M, F)

for any complete transversal section whatsoever.

This definition is compatible with many of the approaches listed above. For example,
the comparison theorem 4.12 states that M/F has the same weak homotopy type as the
classifying space B Hol(M,F) (or BHolr(M, F)) studied by Haefliger. (But M/F has a
natural differentiable structure, as we shall see, whereas B Hol(M, F) does not.) And as
remarked in Moerdijk (1991) §4 and in 4.7(iii) above, the fundamental group of the topos
M|/F is isomorphic to the fundamental group defined by Van Est (1984) for the S-atlas
associated to the foliation (M, F).

5.3 Smooth étendues. There are various equivalent definitions of smooth étendues
(or étendues of class C®). The one which is close to the original definition 3.5 states that
a ringed topos 7 is a smooth étendue if there exists an object £ € T such that £ — 1
is epi in 7 and 7 /E is equivalent (as a ringed topos) to the category Sh(M) of sheaves
on some paracompact Hausdorff C*°-manifold, equipped with its usual structure sheaf of
smooth functions. In line with the Grothendieck-Verdier theorem 3.7 one can also define a
smooth étendue as a topos of the form BG where G is an etale differentiable groupoid (we
assume that the space of objects Gy is paracompact and Hausdorff, but we do not make
the same requirement for Gy).

5.4 Smooth maps between étendues and leaf spaces. Let 7 =BG and 7' = BH
be two étendues, associated to topological groupoids G' and H which are etale (or weakly
equivalent to etale ones). Recall that mappings of topoi

BH — BG
correspond bijectively to equivalence classes of generalized homomorphisms

HEK—G
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(see 3.14), and also to isomorphism classes of principal bundles
P € H(BH,G)

(see 4.17). If T and T’ are smooth étendues, there is a natural notion of smooth map
f:T — T', namely as a map of ringed topoi, or equivalently, as a map which is “covered”
by a C*®°-map of manifolds M — M":

Tl sa ok 225 Sh (M) M
l 1 l — l (5.4.1)
T' « T'[E' = Sh(M) M.

Note that if V is any smooth manifold then Sh(V) is a smooth étendue. Further-
more, with this definition of smooth map between smooth étendues, there is a bijective
correspondence between C*°-maps of manifolds V — W and smooth map of étendues
Sh(V) — Sh(W). In other words, the category of C®-manifolds is a full subcategory of
that of C'*-étendues. ;

By our earlier results, smooth maps between étendues can equivalently be described as
follows. If G and H are differentiable (etale) groupoids representing 7 and 7" as above, a
smooth map 7 — 7' is represented by a generalized homomorphism

G<—K-—H

where K is also differentiable and both homomorphisms K — G and K — H are dif-
ferentiable. Or equivalently, a smooth map is represented by a smooth principal bundle
P € H'(BH,QG) (i.e., P is a manifold, all structure maps are C*®, the map P — Hp is a
submersion, etc.).

In particular, we derive an explicit description of smooth maps between leaf spaces of
foliated manifolds

M/F — M'[|F'.

This is ezactly the notion of map between leaf spaces used by Connes (1982), Hilsum-
Skandalis (1987). In other words, their maps are precisely smooth mappings between
classifying topoi.

5.5 The tangent bundle of a smooth étendue. Let 7 be a smooth étendue, and
write 7 = BG for a suitable etale differentiable groupoid G. By applying the tangent
bundle functor ' to G, we obtain another etale differentiable groupoid T(G), with T\(Go) as
space of objects and T'(G1) as space of arrows. Furthermore, there is an evident projection
homomorphism of differentiable groupoids

e G

Thus one obtains an étendue B(T'G) and a map of étendues = : B(TG) — BG = T. By
definition the tangent bundle T'(T) of the étendue 7 is B(T'G). It can be shown that this
construction does not depend on the groupoid G chosen to represent 7, so the notation
T(T) is justified. '

The construction extends the usual construction of the tangent bundle of a manifold,

in the sense that if the étendue 7 = Sh(M) is the topos of sheaves on a manifold M then
T(Sh(M)) = Sh(T M).
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Using the tangent bundle, one can introduce the usual notions of differentiable ge-
ometry such as submersions (cf. 5.7 below), immersions, vectorfields, differential forms,
Riemannian metrics, etc. in a straight forward way. This is closely related to the transver-
sal structures defined for foliated manifolds. For example, with the evident notion of
Riemannian étendue, we find that a foliation (M, F) is Riemannian (see e.g. Reinhart
(1983), Molino (1988)) iff M/F (as defined in 5.2) is a Riemannian étendue. A similar
correspondence holds for differential forms, cf. 5.6.1 below.

£.6 The De Rham complex of a smooth étendue. Let 7 = BG be an étendue,
represented by an etale differentiable groupoid G, as before. Let Q" be the sheaf of germs
of differentiable n-forms on Go. There is an action of G on Q", defined using the germ of
a diffeomorphism g : V. — W, for each arrow g : z — y of G, as in 2.8. Thus for a germ
wy at y of an n-form w defined on a neighborhood of y, the arrow g acts as

wy g = §'(w)e-

This makes Q" into a G-sheaf, i.e. an object of T = BG. In this way, one obtains a
resolution in BG

0 - AR) —» Q° = Q' — ... (5.6.1)

of the constant G-sheaf A(R). This resolution does not depend on the groupoid G' chosen
to represent 7. Applying the global sections functor I' : 7 — Sets to (5.6.1), one obtains
a complex of abelian groups (vector spaces)

PO = TN s (5.6.2)

The elements of T'Q" are the G-invariant differential n-forms on Gy, i.e. forms w on Gy
with the property that for any arrow g : ¢ — y in G,

Wy g =ws.
By definition, the de Rham cohomology of T is the cohomology of the complex (5.6.2):
HEa(T5) S=HR(DRE) £

This definition agrees with the usual one in case 7 = Sh(M) is the étendue of sheaves on
a manifold M, in the sense that

H7n(Sh(M)) = Hip(M).
For a foliated manifold (M, F), one thus obtains the de Rham cohomology groups
Hip(M/F)

of the associated space (i.e., étendue) of leaves.

A basic differential n-form on (M, F) is a form w on M which depends only on the
transversal structure of the foliation. This is expressed by saying that (i) w vanishes for
any n-tuple of tangent vectors with the property that (at least) one of them lies in a leaf,
and (ii) w “does not change” when one compares w, and w, for two points z and y which
are infinitesimally close and are on the same leaf. [This can be expressed formally in terms
of the interior product ¢ and the Lie derivative 6, by the equations
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ix(w) =0 and Ox(w)=0

for any (local) vector field X in a leaf L; see e.g. Tondeur(1988), p. 120.] These basic
forms constitute a subcomplex Q. of the de Rham complex of M. The basic de Rham
cohomology groups HY..;.(M, F) of the foliation are defined as the cohomology groups of
this complex.

5.6.3 Proposition. For any foliated manifold, there is a canonical isomorphism
Hioie(M, F) = Hip(M/F)

between the basic de Rham cohomology of M and the ordinary de Rham cohomology of the
leaf space M/ F.

The de Rham theorem for differentiable manifolds states that H3z(M) is isomorphic to
H*(M, AR), the sheaf cohomology with coefficients in the constant sheaf R. This theorem
does not extend to foliations. For example, consider the Kronecker foliation (M, F) of the
torus, with slope a so that all leaves are dense. Then M/F is (equivalent to) the étendue

Sh(S',2)

defined by the action of Z on the circle S? given by rotation along an angle . (This is an
étendue of the form 3.1(iv), 3.8(iii)). It is not difficult to show that

™ Sh(SY,Z) = Ie1Z
so that, by the Hurewicz formula (4.8)
H'(Sh(S',Z),AR) < R®R.

On the other hand
H}R(Sh(sl,l),AR) =~ R.

[Indeed, any invariant 1-form is of the form f(t)dt where f : S* — R is constant, and no
such form (except f = 0) is a boundary dg for a Z-invariant function S* — R.]

5.7 Submersions. A map f : 7 — 7' between C®-étendues is a submersion if it is
covered (as in diagram 5.4.1) by a submersion of manifolds M — M".

5.8 Classifying foliations. Recall from 2.6 and 3.8(i) the Haefliger groupoid I'? and
its associated étendue BI.

5.8.1 Theorem. (Kock-Moerdijk (unpublished)) Let M be an C®-manifold. There is
a bijective correspondence between foliations on M of codimension q and (isomorphism
classes of) submersions belween étendues Sh(M) — BI9.

5.8.2 Remarks. (a) The proof of 5.8.1 is not difficult, and can be outlined as follows.
In one direction, suppose a foliation on M is given in the form 1.4.1. Using the notation
of 4.16, the cover M = |JU; gives an etale surjection s : U = Y. U; — M and hence a
weak equivalence U(*) — M(9) of differentiable groupoids. Furthermore, the ¢; : U; — R?
and the h;; of 1.4.1 give a homomorphism U(®) — T'%. Then one obtains a generalized
homomorphism from M(4) to T'9, hence a map Sh(M) — BT9. This map is a submersion.




sl

In the other direction, a given submersion Sh(M) % BT induces a map of tangent bundles
T(M) —» s*T(BI'?), the kernel of which is an integrable subbundle of T'(M) of codimension
q. This gives the required foliation on M by 1.4.2.

(b) Although the classifying space BI'Y is weakly equivalent to the classifying topos
BT (see 4.12), the space BI'Y does not have any C*-structure, and it is hatd to capture
“submersions” M — BTI'? and give a purely topological classification theorem analogous
to 5.8.1 —see Haefliger (1972).

5.9 Construction of the holonomy groupoid. (outline) We will end these lectures
with a brief indication of how topos-theory can be used to give an elegant construction of
the holonomy groupoid Hol(M, F) (see 2.11) of a foliation (M, F). From this construction
it will be immediately obvious that Hol(M, F) is a differentiable groupoid.

Recall first from 4.16 that any map ¢ : U — X gives rise to a groupoid U® and a
homomorphism U(® — X (9 inducing a map of étendues BU®) — Sh(X). Note that U
is a differentiable groupoid if U and X are manifolds and q is a submersion. Exactly the
same construction applies when ¢ is a map into a smooth étendue. More precisely, if U is
a manifold and

; q:Sh(U) —T
is a submersion, then Sh(U) x Sh(U) = Sh(H) for some manifold H, and the projections
Sh(U) x7 Sh(U) = Sh(U) correspond to C®-maps do,d; : H = U, which are the domain
and codomain maps of a differentiable groupoid U(9).

The second ingredient of a general nature, used in the construction of Hol(M,F), is
the following. If f : M — N is a submersion between manifolds, then one can construct
the “fiberwise set of connected components”, to factor f as

M 2 wo(f)

s
N

where e is a local diffeomorphism (a sheaf on N) and p is a submersion with connected
fibers. Exactly the same construction applies to a submersion f : 7 — 7' of smooth
étendues: There is a uniquely determined factorization f = eop

T 5 m(f)
Al
TI

where p is a submersion with connected fibers (i.e., f* is full and faithful) and e is a local
diffeomorphism. In fact mo(f) is a smooth étendue of the form 7'/ E for a suitable object
E of T and mo(f) —+ 7" is the canonical map T7'/E — T".
Now consider a foliated manifold (M, F) of codimension ¢, and its “classifying submer-
sion” (Theorem 5.8.1)
cr : Sh(M) — BI'.

Factor cr as a submersion with connected fibers followed by a local diffeomorphism
Sh(M) +% mo(cF) =2 BI? ,

Now construct the differentiable groupoid M®7), with M as space of objects, and space of
arrows H uniquely defined by
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Sh(M)

Sh(H) = M) .

Xxo(ex) Sh(

5.9.1 Theorem. The differentiable groupoid H = M thus consiructed is precisely the
holonomy groupoid of (M, F).
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Abstract.— In this paper, we characterize those Complex
Filiform Lie Algedbras of dimension 8 which are derived jfrom other
Solvadble Lie Algedbras of higher dimension. This result and the
previous one gilven in C{810 allow wus to find a complete Llist of

Characteristically Nilpotent Filiform Lie Algedbras of dimension 8.

1.- Introduction and Notations.

There does not exist, at present, any classification of
complex Nilpotent Lie Algebras (NLA) of dimension éreater than 7. Goze
and Ancochea, by the introduction of a new invariant which they call
the “"characteristic sequence", which corresponds to the maximal
dimensions of Jordan blocks of a certain nilpotent matrix,
obtained the classification of complex Filiform Lie Algebras (FLA) of

dimension 8 ([1]). These FLA, as it is known, are a subset of NLA.

The authors are supported by the project PAICYT of the Junta de
Andalucia. Espaha (1990).
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However, the importance of these authors’ work is not only
to have obtained this classification, but, above all, to have devised
techniques which can be applied in any dimension, which, apart from
the fact of having permitted Gémez Martin to classify FLA of dimension
9 ([5]), totally solved the problem of this classification of FLA of
greater dimension, although, of course, this requires hard and
complicated calculations which are impossible without the wuse of a

computer.

Therefore, although the classification of Lie Algebras (LA)
of dimension greater than 7 has not been obtained yet, except for FLA,
the main problem which is now considered is the search for new
results, rather than the classification itself, such as the attainment
of new invariants or the description of the irreducible components of
varieties of LA. For this purpose, Valeiras proved recently that the
variety of NLA of dimension 8 has 8 irreducible components and that
only the two first of them meet the open set of FLA ([9]).

The main purpose of this paper is, therefore, starting from
the classification of FLA of dimension 8 by Goze and Ancochea, to
characterize two groups of these LA, according to whether or not they
are derived from other Solvable Lie Algebras (SLA) of higher
dimension. This characterization we propose could be interesting in
the sense of knowing which of these FLA are also Characteristically
Nilpotent Lie Algebras (CNLA) since, as we previously proved in an
earlier paper ([8]), if a PFLA is not derived from any LA then it is a
CNLA. This theorem will allow us to write the s of
Characteristically Nilpotent Filiform Lie Algebras (CNFLA) of
dimension 8.

A complex FLA may be derived from an SLA of higher
dimension. In ([8]) we proved the following:
(1.1) Theorem: A complex FLA of dimension n is either derived from a
SLA of dimension n+l1 or not derived from any LA.

From now on, we write (A,B,C) = 0 to represent the Jacobi

identity
[(a,B],C] + [[B,C],A] + [[C,A],B] =0

and we denote by M a FLA of dimension n ([8]), that is, a complex NLA
admitting a basis
(1) (XX, ....X )
such that X = =M=l
(2)




s

and
= < j <
(3) (X, %] X, 3m< IS In
Moreover, since (xs,xj] =0 1 < j<n and [xs,x Ji=haa xz
n

ma € C), if we consider the change of basis given by

X' = X-(1:< §5< a=1) ; X t=i Xt da X

J J n n 4
then it results that [XB’,X;] =0 (1 <j=<n). So, a basis (1) can be

always chosen in a suitable way verifying
(4) [xa,xj] =0 1u<e)s<an

Moreover, & will denote a complex SLA of dimension n+l
such that
(5) {X.,-..x, U}
is a basis, where {x‘,xh,...,xh} is the basis (1) mentioned above, and
U a derivation of M such that

n
(6) [X,0] = hz A K
¥ =4
with (X, X, U) =0, 12 jh<n.

The FLA M is said to be derived from the SLA & if [@,8] =M,
where [R,82] represents any linear combination of all brackets among
fields of the basis (1).

Characteristically Nilpotent Lie Algebras are those LA in
which all their derivations are nilpotent. The first examples of CNLA
given in the literature were of LA that are not derived from any LA,
until Luks gave an example of a CNLA which is derived from a LA of
dimension 18 ([7]). However, it is very easy to give examples of
Nilpotent Lie Algebras (NLA) which are derived and not CNLA.

As we mentioned above, in ([8]) the following two theorems
are proved:
(1.2) Theorem A necessary and sufficient condition for a FLA M to be
derived from the SLA & is that ol 0.
(1.3) Theorem A complex FLA M is a CNLA if and only if M is not
derived from any LA.

So, to separate FLA of dimension 8 into two groups according
to whether or not they are derived from another SLA (Theorem (1.1)) we
will use a method previously indicated by us for the case of NLA of
dimension 7 ([4]). This proceedure, which we called the "method of
determination of the vanishing of the coefficient a“", can be applied
to FLA. It consists of a set of iterative calculations based on all
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1A

possible Jacobi identities of the kind (X, Xy U) = 0 with 1 < i,j
8, from which we can determine whether the coefficient a“ vanishes or
not. This in turn determines, by theorem (1.2), whether the FLA M is
derived from the SLA & with {Xt,..,Xa,U) as a basis.

These iterative steps are the following:

1.— Using the Jacobi identity (X‘, Xh , U) =0 with h; Z il
4

deriving from such identity the set of equations obtained by setting
to zero the coefficient of each field Xf

2.- Using each equation obtained in this way to express in

terms of the others the coefficient a,Lj whose pair of subindices is

the greater (in lexicographic order). (For instance, from the
equation a__ - a -a - a_ = 0 we will have a =a -a -a_).

22 14 44 1?7 3 44 22 14 47?

3.— Replacing in (6) the coefficients au with their

corresponding values obtained previously in step 2.

4.- Repeating the former three steps with U, Xz and Xh with
2
hz > 2 in the first place. Secondly, with U, Xh and Xh with hﬂ >33
8

and so on, until terminating this proceeding with U, }(“__1 and Xn.

5S.— Finally, observing if in the new expressions (6)
obtained in this way the coefficient a, appears explicity or not;
this will indicate, according to theorem (1.2) whether the FLA T which
we are studying is derived from another SLA & of dimension one more

than the dimension of M.

In the case that the FLA M is derived from another SLA of
dimension one greater than the dimension of M, we can obtain the
simplest SLA & by taking aji= 1 and the rest of the coefficients
aq = 0 (i,j = 1). Moreover, we can check that in FLA of
dimension £ 9, either directly or by suitable changes of base, it is
always possible to get
(7) [Xh , U]l = a, Xh with:-he=.1,.2,...;+0
(although this is not proved in the general case of dimension M = n).

2.— Division of complex FLA of dimension 8 into two groups depending




e

We separate FLA of dimension 8 into two groups depending on
whether they are derived from another SLA, starting from the
classification of these FLA by Goze and Ancochea ([11). This
classification (which is indicated in an Appendix at the end of this
paper) contains a list of 13 isolated FLA and 7 one-parameter families
of FLA.

By the method mentioned above, we find that 6 of the 13 FLA
and 2 of the 7 families are derived from SLA of dimension 8 whereas

the other 7 FLA and the 5 families are not.

So we obtain the following

Theorem 1.- The complex PLA of dimension 8 with laws u:, u:, p:,
<4 S,0 a 2,0l 10,00 14 18,0 15,0 41?7 .
Hgr Hy' + Hgr Hg' s Hq S R and Hg are not derived

from any other LA.
Proof:

By appliying the method mentioned above to each of them we
obtain the following results:

(2.1) The FLA of dimension 8 with law y: is not derived from any
LA, since:

XU} = @g=z Xe +7a X + a Xoutt%a X + a XS S hva X
4 Py T 18 '8 14 4 15 & 16 o 17 i
[X ,U] = 0
2
[Xa’U] = anz X2
[X‘,U] = (aus x a17) Xz+ (aaz 47 a17) Xa
[X,U] = a_ X+ 3/5a_ 5X +:(a._+ a ) X
5 52 2 1?7 “a 82 17 <
[XG,U] = (3/5 a, + a . +5375 a . + 6/25 %j) Xz +
Fhfa-Srea SN - 1/5+a X = (Fa. cETar c)EX
52 i85 8 47 < 82 i7 -
[X7,U] Sgha= X2 £ =(3/5 a_ ta + 6/25 aid) X8 +
+=i{a + a AR S W G i LYY X + (a + a )X
52 i5 ic < i d 5 82 17 [
[xa’U] = 2az Xz +(avz_ a14) Xn+(3/5 852~ a14+ i a15+ o2 a!.d) X‘ &
ARa + d./Sma s ) X-==a PG o X
52 ic - i0 -3 82 7
(252) The FLA of dimension 8 with law y: is not derived from any

LA, since:
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[x, .0
(X, .0]
[X, . U]
(X,.U]
(X, U]
(X,.U]
[X,.U]
(X, .0]

(2.3)

(X, .U]
[X,.U]
(X, .U]
(X,,U]
[X,.U]
[X,.U]
(X, .U]
[X,.U]

(2.4)

(X, ,U]
(X, .U]
(X, U]
[X,.U]
[X,.U]
[X,.U]
(X, .U]
(X, . U]

(2.5)

(X,.U]
(X, U]
(X, .U]
(X,.U]
(X, U]
(X,,U]

aREX RS B A Xest-tea X + a X + a X

12 2 18 8 i4 < i5 5 ic6 < i7 7

0

a X

82 2

a X (e ain o) LD S

ic 2 a2 17?7 8

a X shavs (A% sr S Qv R

52 2 82 1?7 <
+ + + + +

(ai‘? a!.c 314) Xz (a52 ai? ats) x8+ (382+ a17) X5
Kot + + +

a?z 2 a17 XB (aGZ a15 ai'?) X‘ 25 (382+ a!.'?) Xd

a + = = = + -

a2 Xz (a72 atd) XB (a!.d a14) X‘ asz X5 aﬂ.d s 3 82 X7

The FLA of dimension 8 with law u: is not derived from any
LA, since:

X +:a X + a X +a XEs chlal X +a X
2 148 '8

a2 14 < 15 & 16 © 17 7
0
a X
82 2
a Riiti(a +.a )i X
16 "2 82 17 a
a X + (a brra- = o)E X
52 2 82 17 <
+ + + X+ {(@asE3ia X
(aﬂ a“) Xz (asz aw) ] (az 17) 5
a X + a Xyss=ted(al EauS X Sit E%(a + a ) S
72 - a 7 8 52 15 < 82 17 S
a Ko s(ia) =ra; )" Xe——=a X + a X —a Xosa X
82 2 72 ic 8 14 ¢ 52 & 16 o 82 7

The FLA of dimension 8 with law H: is not derived from any

LA, since:
a X + a KXot oa X + a Xiisena X + a X
12 2 418 a8 i4 < i85 5 i6 S 7 7
0
a X
82 2
a Xsr+(a diasas) X
io 2 82 417 8
a X + (a HEara)E X
52 2 82 17 <4
(a +a ) X + (a +@a rt+@as) Xsy e (xa Ha )X
ic i¢ 2 52 15 17 8| 82 17 5
a - ~Xood (a4 ra stasy) X - Haslacad a ) X
72 2 52 i5 47 < 82 10" TS
a X +=al Xeii— (al +rast )i X #4ra Xe—pa X3 a X
82 2 72 a8 14 ic < 52 5 i S az v

The FLA of dimension 8 with law p:'a is not derived from any
LA, since:

a X2+aix+a Kt X ra Xk X

i2 a8 b: ] i4 4 i5 5 ic6 -] 17 7
0
a X
82 2
a a > ey X
17 2 82 8
{a=ta o roXe -t (1 =F a) a > Sl X
ic 17 2 17 a8 82 <

+ +
%z xz (as.c a17) Xu teldeta) ae e i a



= B - s X
[Xv’U] W a?z Xz s (acz a15) Xs 3 aw X¢ et ax? X5 % %27
[XBIU] o agz Xz A (a7z_ 2 a14 = a15) xs i (adz_ (2+O() a:u_ ald) X4 =
- (2+a) a“s )(5 + aaz X_’
(2.6) The FLA of dimension 8 with law y: is-not derived from any
LA, since:
[X ,U] = a X8 tEda Xi-Erea X e X +a X + a X
ES 12 2 18 k:} i4 < i5 5 1o S i7 4
[X ,U] = 0O
2
[X ,U] = a X
8 azira
[X4'U] st a” Xz % g2 Xa
[X ,U] = a X a X
5 ic 2 82 <
[X ,U] = a_X + (a +a_) X +a Xt shas X
S S2 2 16 17 a8 i7 < 82 ©
[X ,U] a Rt (@ I=a e gty iarla e X 4y 2. Ll it V) ¢
7 72 2 G2 i5 S 7 5 82 o
[X ,U] = a it (@patatan )X =abrifariizal =2 N a J2) e Xa—=a X + a X
[:} B2 2 72 14 a G2 i5 16 < 16 5 a2 7
(2%7) - The FLA of dimension 8 with law y:’a is not derived from any
LA, since:
[X ,U] = a X. +a X st a X+ t:a X oshaa X + a X
i i2 2 18 a i4 4 i85 5 ic S 17 7
[X.,U] = 0
2
[X ,U] = a X
8 82 2
[X ,U] = a Xom=ka X
< 17 2 82 a
[X ,U] = a X gt a X + a
5 52 2 4147 a a2 <
[X ,U] = a X s+i(a stias) Xoi+ia X a
(-3 S2 2 5. 17 8| 4 < 82 ©
[X ,U] = a XooSh (ain=-a. )= Xt e(at - toa )X og Xeotras X
7 72 2 G2 ic 8 52 1?7 < 17 5 82 <
PETUl=="a X =Hsfasr=ra oifa-)EXEEr S (AR A et D ra e — S A ) =X o
8 82 2 72 i4 ic 8 2 ib ic 17 <
(@ == ) e gy X
52 16 7
(2.8) The FLA of dimension 8 with law p:°'°‘ is not derived from
any LA, since:
[X ,U] = a Ki=dtlva Xt X + a Xesid-a Xoas-=a X
ES i2 2 418 a 14 4 i85 5 i6 S 17 7
[X,,U0] = 0
2
[X ,U] = a X
a8 82 2
[X ,U] = a Xoatiza X
< 42 2 82 a
[X ,U] = a Xo o+ a X + a X
5 52 2 42 a8 82 4
[X ,U] = a_ X + a X =+ a X a
S G2 2 52 a 42 4 82 &5
[X ,U] = a X=Sm fa X- Strak EX -8 g > TS - T ¢
? 72 2 o2 8 52 4 4 5 82 o©
[X ,U] = a Xkt (@Bh= APER= T oasen) Aegitg(at Sogal et as ) ey o
a8 82 2 72 17 iG 14 a8 (-3 17 i5 4
Holfas——ra )X CEias T gl ) Xereke gy
52 ic 13 47 -] 8 7
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(2.9) The FLA of dimension 8 with law H:‘ is not derived from any
LA, since:
+ X gt X
[X‘,U] axz Xz + au xa & 314 X¢ 28 ass Xs a16 S a17 4
[xz,U] 0
[X ,U0] aks X
a8 82 2
[X ,U0] Ans X oetea SieX!
4 42 2 82 8
[Xs'U] a:sz xz 5 a2 Xs it aaz X‘
Ty
[xo’U] acsz Xz % asz Xs % a¢z X4 aazxs
i
[X_’,U] a?z Xz * 62 xs * a:sz X4 + a4z Xs aazx«s
- - - + - +
[xn'U] aaz Xz X (avz a:? a’.‘) Xa 3 (a.sz aa.s) X4 (asz azo) Xu
+ (a - a ) X + a X
42 S S 82 ?
(2.10) The FLA of dimension 8 with law “:s,q is not derived from
any LA, since:
+ + +
[Xi,U] asz xz 2% ass xs & a14 X4 % 315 Xs aac Xd 317 X’a aua Xa
[X_,U0] 0
2
[X ,U] auy ik
8 82 2
[X ,U] ¢ e e e X
4 42 2 82 a|
[X ,U] a Xa & (a- +Hiol#4a X)X E& £ a X
S 52 2 42 i8 8 82 <
|- RRL g | ase o Slasis e ac e ans e T s (A b e (M RS2 o) IS asin) SR a X
S o2 2 52 47 i8 8 42 i8 < 82 5
[X_,U] ac- XA =" )l A=2al BN aLE
? 72 2 c2 ic a8 52 4147 i8 <
+ (a + (2+3a) a ) X + a X
42 i8 5 82 ©
[X ,U] a. - Fimefa—ro @ == a ) Xt (a e s ta) dasE—a s ) T
[-] a2 2 72 i5 ic a| G2 ic 47 <
+ (a 2 ak—dava ) X e (al +E& (2t Ba)Fa ) X+ a X
52 i8 17?7 S 42 i8 S 82 7
NOTE: In this algebra it is verified that
a‘z=3/2 ot =1 e lia. —2/3 )
{2--1.T) The PLA of dimension 8 with law H:s,a is not derived from
any LA, since:
[X ,U] a i okt Xo=ti-a X-osta Xi- Era X2+ @ X
4 i2 2 i8 a| i4 <4 i85 5 ic S 17 ?
[x ,U] 0
2
[X ,U0] a X
8 82 2
[X ,U] a X + a X
< 42 2 82 a
[x ,0) as - Xiidea X + a X
-] 52 2 4“2 a8 az <
[X ,U] a X + a X + a X + a
[-3 o2 2 52 a 42 - 82 &
[xv'U] 222 xz 3 %52 xa 2 %2 X¢ e 2 xs aazxc
!xﬂ'U] aei xz 23 (avz_ a a&?_ a16_ ails) xs o (ac - ag'.v— agc) X4 3
& X + a X + a X
52 S 42 S |2 ?
(2.12)

The FLA of dimension 8 with law y’: is not derived from any
LA, since:



lxx’U] =85 Xz + 3.a XB i 237 X4 7 axs Xu M s xd i a7 Xv it agu X‘
[x ,U] = 0
2
[Xa,U] = a Xz
[RglE=ra. X +tia X
“ 42 2 82 a8
XeSUle=-a—=1X "+ .a XA X
5 52 2 42 8 82 <
= +
[Xa'U] sz xz (asz u am) Xa : 32 X‘ * %32 er
X = + +
[ _’,U] a?z Xz (acz axa) xs +(asz+2 asa) X‘ = a«z xs g asz xa
[Xa'U] STy Xz e (au Tho s aus) Xs & (acsz+ Been axv) X4 u
(a S ARG MR e QU R+ a X n
52 i8 -] 42 S 82 ?
Corollary 1.— There exist exactly 12 CNFLA of dimension 8. These are
o At 2 8 < S,0 8 2,0 10,0
the following: m_, Mo, Hgr Moo Ho' o Hge K. M
44 18,0 15,00 and 17
A Hy -
Proof:
It is an immediate consequence of Theorems 1 and (1.3).
(]
A . . -] 7,00 12
Theorem 2.- The complex FLA of dimension 8 with laws Hge Hg' s Hy
y:““, :‘, “:a’ “:p and y:° are derived from SLA of dimension 9.

Proof:

By applying the method mentioned above to each of them we
find that each of them is respectively derived from a SLA of dimension
9, with basis {Xi, ""Xh' U}, verifying [Xi, u] = a Xt (1SS 8)
where the coefficients a for each of them are the following:

FLA a a a a a a a a obs.
— ES 2 8 < - -3 ? a
-
He 1 7 6 5 4 3 2 1
p:'°‘ 1 8 7 6 5 4 3 2
u:f 1 8 7 6 5 4 3 2
y:"“ 1 9 8 7 6 5 4 3
16
et 3 DA% D h e IR A5 SE1D, 10 (*)
u:° 1 10 9 8 7 6 5 4
p:" 1 11 10 9 8 7 6 5
s 1 8 7 6 5 4 3 2




(%)

not

11

2]

(31

[4]

(51

(6]

In fact,

obtain these coefficients directly, but instead obtain the

if we apply the method mentioned above to this FPLA we do

following expressions:

[(XSUE= 1 3:X + 2% [X.,U] = 27 X
i 41 8 2 2
[X ,Ul'= 24 X [X ,U] =21 X
a8 8 < <4
(X 0F= 2 xSy fax (XS] =% % #1580 %
[X,,U] = 2% + 6X +12% XUl = Sox. B Brx o+ o %

Starting from these and by a suitable procedure we can obtain new

fields %, deduced from fields &, such that [Yi,U] = K Y.
L 1
(with g € C ); in fact, if we call respectively

we obtain:

¥ R X2 X ; Y= X =X
1 ES 8 -] -1 ] 5
Y= 2% =3 % ; i R ENs
S 4 (-] ? - ?
Y o= ¥ i= 6 XEiH 6 X
] < [-} a
[Y,,0] =3¢ [Y,,U] =18 Y [Y U1 =T152%"
[v,.0] = 12 Y, [Y 70150 Sy
| |
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APPENDIX

Algebras de Lie Filiformes Complejas de dimensidn 8

- = i <
et e e (e e et
[x,.x1 =X
(XX =% +iax
4 -] 2 : |
e A =
(X, 21 = - (2/5) %
[X,.X] =X + (3/5) X
(X,,X] = - (2/5) X
[(X_.X] = X + (1/5) X,
[X,X]1 =X + (1/5) X
2 = 2
ut L IR X X 32 S8
[X,.X,1 =X
[X,.X] = X
XX ] =i X,
[x.x1 = X
[x,.x1 = X,
X X =% + X + X
S e 2 8 -]
(X, X=X % X
7 a : ] 3 S
8 =
M (XAl <l S
[X X=X
x,.x1= X
[x,. X1 = - X
(XS] = X
X, X1 =X + X
S 8 2 5
B XX
? 8 8 [
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i

S IR X R =X 3<iz<s8
-] 4 * | B §
[X X=X
L3 e 2
[Xs’xa] = X8 oanes - C
X =g
S 8 <
[XoXd] =a XF X+ X
i 4 a 2 8 S
11 =5
xX.,x]=Xx_ Ji<a =
= <
[x,xa] xL_Z 4=< g
(X Xaf =Xt X
L/ 8 2 5
12 =
i add i E el Sules
[X,X] =X 4 <i<
a [ B §
A XX P 3<ic<8
8 41 1 { oy’ §
X ,X])] =a X
5 [:]
[XG,X7] - Xz a e C
[XG.XB] = (1+a) X
[X,X ) = (1+a) X+ X
14,00 = =
Tt ExLx Ko oAl =iy
[X ,X] =a X
-] 2
[Xd,){7] = Xz oiier G
(XX ] = (1+a) X
[X7,Xa] = (1#a) X
1.4 XX =X 3<iz<8
8 4 L L e §
[X ,X] = X
5 -] 2
XX o] =Xk X oire = C
(-3 -] 2 8
[X,X] =a X + X + X
k4 -] 2 a| <
e e i 9. 3<iz<a8
i 19 { e 3
[x,.%1 = X
(x,,x1 = X
[X,.X1 =X + X
Lo e = < i <
: [X,X]=X_, 3=i<38
(X, X ] = X
[X7,Xa] = Xz 28 Xs
19 [XeXi)E=aX Jimrin<ug
4 19 | B §
(XX 1= X
[x,.,x1= X
19 = < <
[x’.,xi] X _, =542 =8
X X)) =aX
et = < < 8
ek T 3
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ON THE HoLonoMY BUNDLE OF THE SPHERE, |l

by
Fernando Etayo and Ujué R. Trias
Departamento de Matemé&ticas, Estadfstica y Computacién
Facultad de Ciencias. Universidad de Cantabria

Avda. de los Castros, s/n. 39071 SANTANDER

n
ABSTRACT. We shall prove that the holonomy bundle of the sphere S is
n
SO(n+1) —> S with fibre SO(n).

A.M.S. Math. Subj. Class. 53CO0S.

§l.Introduction.

The holonomy bundle of the sphere Sz, with the canonical metric, is the
real projective 3-space, with fibre s' (see [11, [2], [4] for different
proofs). By using the quotient manifold structure of the sphere s" we shall

obtain its holonomy bundle.

We sall use the following notations (see [1]): S" is the unit sphere
immersed in lle, with the canonical metric. As homogeneous space, s" is the
quotient manifold SO(n+1)/SO(n). Moreover, RS S AT R S O(S ) Ay g
are the frame bundle and the bundle of positively oriented orthonormal frames.
If ueF(S"), then Hu——) S" is the holonomy bundle at u, which is a principal

bundle with fibre the holonomy group SO(n) ([3], [S]).
§2. The result.

LEMMA. SO(S™) —— S" is a principal bundle isomorphic to the principal
bundle SO(n+l) —— S".

Proof. An (n+l)x(n+l) square matrix A€SO(n+l) can be considered as an
orthonormal positively oriented basis (p.vl,...,vn) of lle, when it is given
by columnes. Then, pes” and (vl,...,vn) is an orthonormal positive oriented
basis of the tangent space TpSn. The bundle isomorphism is given by a:
SO(n+1) — SO(S™), (A=Y ...,V }-

QED
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THEOREM. The holonomy bundle ¥ —— s” is isomorphic to the principal
bundle SO(n+l) — S".

Proof. Let ueSO(S") c F(s"). We shall prove that X = so(s"). Let us
assume that u is an orthonormal and positively oriented basis of TpSn, and let
W an orthonormal and positively oriented basis of Tp,Sn. Let ¥ be a path
joining p and p’. By parallel transport along 7y, u is moved to a new
orthonormal and positively oriented basis w of Tp,S". Then, there exists a
closed path m on p’ such that w is moved to u’ by parallel transport along 7.
Then, SO(S™) ¢ Ru. The other inclussion is well known.

If u is not in SO(S"), the result follows from the following property

(see [3], [5]): All of the holonomy bundles are isomorphic.

QED

Examples.

n=2: SZ=SO(3)/SO(2); Ru = S0(3) = Pa([R)’ as it is known ([1], [2], [4]).

n=3: $°=50(4)/S0(3); *_ = SO(4) = $’x50(3) = SxP(R) is a trivial
bundle.

n=7: S7=SO(8)/SO(7); }fu = S0(8) = S'xs0(7) is a trivial bundle.
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ON WARING'S PROBLEM *
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Universidad del Pais Vasco. Facultad de Ciencias. Departamento de Matematicas.
E-48080 Bilbao - Espana .
Fecha de entrega : 19-12-92
Abstract . The object of present paper is to study the Waring's problem concerning
solvability of the equation X{+...4X2 = N in nonnegative integers X1, ..., X, for every
sufficiently large natural number N if » > r(s) and X;,..., X, are on a determinated

arithmetic progression .

.1. INTRODUCTION AND NOTATION .

'~ Among the most famous problems over representing a number as a sum of other
numbers is Waring's Conjecture: Every integer N > 0 is the sum of a fized least num-
ber g(s) of powers of integers that are greater than or equal to zero . Loo Keng Hua
constructed in [4] a generalization for polynomials of the Hardy-Littlewood asymptotic
formula in Waring's Conjecture. Thus, he studied the number of solutions of the Dio-
phantine equation N = P;(h;) + ...+ P.(h,), (h, > 0) where P's are integral-valued
polynomials of the k-th degr‘ee7 with positive highest coefficient. In [8] Mit'kin obtained
a sharp upper bound for the smallest r for which the equation N = f(z1) +... + f(z,)
is solvable in nonnegative integers zi,...,z, where f(z) = an(Z) + ... + a1(}) and
(an,-- .,dl) = 1. The circle method due to Hardy , Littlewood and Ramanujan with
Vinogradov trigonometric sums , is a powerful tool in the study of Diophantine prob-
lems of the type f(zi,...,z,) = 0 when the number of variables is large compared with
the degree of the polynomial f. In this paper we wish to find an asymptotic formula

for the number of solutions of the Diophantine equation
(1.1) Xi4+...+X]=N,with 0<X;<P, 1<i<r, X;=z(modQ)

where each z;,1 < j < r runs through a complete set of residues mod Q , and (N, Q) =1

* Supported by the University of the Basque Country
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Let us denote by R(IV) the number of solutions of (1.1) . For convenience we introduce

the notation e2™* = e(t). Consider the function

P
(12) = . cpXlsser
X,' =1
X;=z;(mod Q)
where p is a real number . By elementary calculus it is easy to find an expression for

R(N) , thus
(L3) R = [ TIA0) | e(-o)dp

The idea of the method is to show that if r , depending only of s , is chosen sufficiently
large , then the integral (1.3) will be is positive for all N > Ny(s) . This means that
the equation (1.1) has at least one solution for all N > No(s) . We notice that the
integrand is a function with period 1 and so the value of the integral is the -ame if we
integrate over any interval of length 1. If pe[-1/7,1 — 1/7), from Dirichlet's Lemma
([6]), we can write, for T = Ps—3Qr:

(1.4) p=2+z (a9=1 ;1<¢<m IZISL~

q qT

Let M(a,q) = {p; lp— 5] < #} The set M = UM(a, ¢g) such that 1 < ¢ < P53 is called
major arc . The minor arc is its complement m = [0,1] \ 9 and holds Pi <qg<r.

Then ,
(1.5) R(N) = Rop(N) + Rm(N).

To show that R(N) is positive if r is enough large , we shall obtain an asymptotic
formula for R(V)
T+ iy e PrST

(1.6) R(N)=—"———G(N) +0( o

T/s) @ )

provided r > c3s?lns , s > 2 and Q < P with ¢ < miu{%, E—l_r;} Here , if we take
Pi— [NT}] , and if N is sufficiently large then the first term is always larger than the
error term , so R(N) > 0.



2. AN ASYMPTOTIC FORMULA FOR R(N)
In each interval M(a,q) we find a function which approximates to H;=1 fi(p) -

This is given by the following lemma .

Lemma 1. If pedN(a,q) , then

n—=l1

74Q), 18] <1

- R
I 5itp) = HS (a, q121)+91((?“)
= .Q

=1

where

Si(ang;25) = %"—) Z e(=2}). G=1,..r
zj=z; (m—oii(Q,q))
and I, = [ e(2€°)dt .
Proof . The equality

r-

Q N e
Ze(p\' M)

|'| M'U

21) i) é

=1 j=1X Q
is deduced easily from the ortogonality relations
(2.2) lie td :{1, =0 (mod Q)
% Q o= Q 0 otherwise

Each d;,1 < j < r runs through a complete set of residues mod Q . We denote
6 = g.cd.(d;,Q) = (d;,Q) and Q; = lem. (Q/d;,q) = [Q/b;,9] . We can make the
following change of the variables of summation in (2.1) : X, =3z;+4 Qja; ,

1< T; = QJ' 5 —.’L'ij_l < aj < (P—E]')Qj_l, 1 S] < r . Then

T

QR Q g
(2.3) Hfj(p) H X Nie (—1 + TJ)> > e(2(Qja; + z5)*)dz

d;=1z;=1 aj

Moreover
=
la (Z((Qlal ‘Tl)s = (Qr‘a T, = I |¢Q]P .
)
—1 Ss <0'5 j——l,...,r.
IF y

J

Hence from the generalization of the van der Corput Lemma by Arhipov-Karatzuba-

Chubarikov ( Lemma -3 [2] ), we have
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> e(2(Qja; +2;)°) =

j=1—-1z;Q; ~'<a; <(P— 3 Qe

P—=x P—z, =
e =a R
= / e(z((z14+@Q1a1)°+. . +(z,+Qrar)%))day ...da +20,rs————qQ
- il
P s el el MO S
2.4 = _I" 4 20,rs———qQ, z=/ez’ y -|62] < 1.
(2.4) 0. leQrAq . (2€°)dg, .|02]

In 1985, Minggao-Ding Ping proved in [7] that :

where f(z) is an integer- valued polynomial of degree s. Then we can apply this estimate

for the trigonometric rational sum :

(2..5) % 2 (E%) < esz;—l/;

z;=1

where
Fi(xz;) - a8 id;z; a'zd+biz; 5
o) BE) i H LRE @@ =k =L

In consequence replacing (2.4) , (2.6) in (2.3) we deduce

) P

s

/s 9Q),.

Hf,(m Q,HZQJZ e(Zc; +

j=1d;=1 z;=1

where |0,| < 1. If §; = g.c.d.(d;,Q) = (d;,Q) then Q = Q'5;, dj = = d}6; with
@Q.d}))=1,5=1,...,7 and by the properties of the arithmetical functions we deduce

Q 9,551 5
> g e+ SRt 5 Ll Sty 3 ()
=1 Y z;=1 6|Q[Q’J:—1 q di=1
(d,8;)=1
l9,5]
Z a5 2 s = el 25 = Sileaiz)
i 1Q 2 z;=1

where cs(z —z) denotes the Ramanujan sum . We make the following change of variable

zj=ug+v; 1<v<gq, 1§u§[q—‘:il . Therefore we obtain




S;(a,q;2;) (q Q) Z if (¢,Q)|v—z;

v=1

and Sj(a, g; z;) = 0 otherwise. Thus, the sum S;(a, ¢; z,) holds

g
Si(a,q;2;) = (—? Z c(gzj)

z;=1

z;=z;(mod (Q,q))

The lemma is proved . m

Lemma 2. Forr > 2s, and S;(a,q;z;) given in the above Lemma the series

(2.7) Glan, vz ) = DT Z (—%N) (H Si(a,q; z;))
¢g=1 a<g =1
: (a,g)=1

1s absolutely convergent .

Proof. From Lemma 1 we have that G(z,..., z,; N) satisfies the following equality

o g
a a
G(z1,...,zr; N) = Z Z e(——N Z e(=xz;)
¢g=1 a<gq 4 j=1 z;=1 q
(a,9)=1 1')E:j(n10d(Q,q))
Moreover , from (2.2), we can write
g 4 a (9,Q) (z —2)
—z°) el|h )
; ( > ; <@ ,; < (4,Q)

z=z(mod (¢,Q)) .

From (2.5) we have

q
a<g i Jj=1
(a,g)=1

EX 5<_EN>(1:[5]'(G,(1;:J-))I<< :

T (q,Q)

< Z H Z ql 1/s «qu—r/s-{-l

a<lg Jj=1 h=1
(a,q)=1

And the lemma is proved. =

The next lemma is related to the major arcs .

Lemma 3. Letr > ¢s?lns , s > 2 and Q < P° with ¢ < min{;};,z.—lg} s

= [N%] . Then we have the following asymptotic formula uniform on Q.
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(BT ) P& .
(2.8) Rgm(N)—W o G(z1,- -+, 2r5

Pr—s—l/A(l—l/r)
SRy,

N)+0( =

Proof . From (1.3) , (1.4) and Lemmas 1-2 we have: |

(2.9) Ron(—’V)=/ (H f;(p)> (—pN)dp =

= N e(—— (Hs a q,~1)) / e(—zN)ITdz+

(a.q)=1 |
Pr 1
HOspiEye o
q<P1/3 a<qg
(a,9)=1
The O-term holds
. prsl Pl pr—s—1/41-1/7)
(2.10) ¥ Y @< =
g<PY® a<lg g<PV/8
(a,g)=1

.M. Vinogradov (Lemma - 4, Chapter 2, [9] ) proved that :

/0 ' e(f(2)) do

where f(z) = upz™ +... +t w1 and u = maz{u;/ 1 <i < n}. Using this estimate, we

< min{l, 62nu™ }

obtain:
{o o] oo

I;d: <</ :—Edz <<(q7_)§—1 & qr/s—lpr—s—l/4(r/s—l)
l/q'r

1

qr

Moreover :

+o0 T 1\\"
/_oo P(—:N)I:: (E_‘l(+/;)))PT'—5+O(Pr—3—1)

(see Th-6.3, Ch - 2, Ayoub [3]). Hence:

L EaEnt))’

T—s T =31 r/s— r—s— r/s—
e, e R e

Now we go to study the sum

r

Qj
s —5N> ehiagnal (F,»(z,»))
qga;/s( (,Zs)q_ ( q JI;II Qj I,Z=:1 Qi :
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From (2.5)

-

# Q; (s 1/2—r/8s
i 51 L,Zdﬂéf)) ElE

-
g>Pi/8 a<q j=1| %I =1 2 Q

and sustituying (2.10) (2.11) and (2.12) in (2.9) and using Lemma 2 we deduce that
i i
L(r/s) QT
Pr—3—1/4(r/s—5/2) Pr—s—l/4(l—1/r) Pr—s—]/B(r/s—4)
+0 + O( )+ 0 < - )
e @ @

And under the hypothesis of the lemma from (2.13) we deduce (2.8) . u

(2.13) Ron = G(z1,...,2r; N)

The contribution of the minor arcs m is

: r P
(2.14) Rm(N):/ e(—pN)H Z e(pXj)dp
: m =1 X;=1
X;=z(mod Q)

which holds the following result :

Lemma4. Ifr > cys?lns, s> 2, then

(2.15) Rm(N)< ————
Q
Proof . From (2.14) we have
T B
Rai [ TI| X eloxp|dos
L X;=1
X;=z;(mod Q)
r—2k; P 12k P
sTlmel X [T X coXido
=1 Xi=1 j=1 X;=1
X:=z(mod Q) X;=:;(mod Q)

with j =7+ 2k; —» . From Holder inequality we obtain :

2k, 1/2k,
r—2k, 122 2k, 1 P
< . 5 X3 e(pX? d
< I max Z e(pX?) H /0 Z (pX35)|  dp
i=1 Xi=1 =1 Xj=1
X:=::(mod Q) X;=z;(mod Q)
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Moreover P/® < g < P*—1/% and from Weyl inequality ( [4]) we deduce that

B Q=F P dX;
5 e(pX?)| < = Z Z e(pX? + ) < Pl wE
Xi=1 d=1 X;=1
Xi=z:(mod Q)
For the integral we obtain the following inequality
1 P:
(2.16) [1 X dexprhaps
L X;j=1
X;=z;(mod Q)
Ao
Z/ Z e(p( Z X8 =T Q(Z(X,- —Y3)))dp
1=1
,\Ll
Let T the number of solutions of the system
O, i . e i U
_X1+...+Xk1 —Y’l —"'_Ykl :hQ
whose variables take the values
1L Xygosns Xy Y, X 'S P =k B/ Q1< ik P/Q
and we denote Ji, s(A1,...,As) the number of splutions of the system
X +...+X - —..=-Y =X, 1Sv<s

where A,..., s hold |\, | < ;1P¥;v=1,...,5. We can write

ps(s—1)/2

T=Y 3 JnalhQde,2er,0) S (2h) T —5— Tk o(P)
oAz o
|/\j|<k1Pi

where Ji, s(P) = Ji, 5(0,...,0) < ecs’Ins p2ki—s(s+1)/2 being k; > cos?logs , with ¢
and co are positive constants, ( Arhipov-Karatzuba-Chubarikov [1]). Then
p2ki—s

Q

(2.17) T <

Therefore, from (2.16),(2.15) we deduce

2ky—s r—s—T{F{
(2.18) |Rm(N)| < pa-s) =2k P < P Qr:

and Lemma 4 is proved . =




In order to study G(z1,...,2r; N) it is necessary to prove the following lemmas

concerning congruences and singular series .

Lemma 5. If the equation z° = a(modpﬂ) with (p,s)=1, (z,p)=1 is soluble , then
z° = a(modp™) Vm > B is solvable also .

The proof can be found in A.A.Karatzuba [6] (Chapter XI, pag 231 )
Lemma 6. Let Tg(p™) be the number of solutions of the congruence
zi+ ...+ 2z, = N(modp™)
with ¢; = zj(modpﬂ); Je=loememr 1 < Br<m - S(ptN) =185 -Then
Ty(p™) = pl7 =),
Proof . We can write each z; in the form
Ti=2 F2igp? £tk Timop1p™ g 1S TS p
Since 2§ + ...+ 22 = N(modpf) , we have
(z1 +0P210)° + - - - + (2r + PPzr0)* = N(mod pP*).
Thus , we can suppose that p fz; and we obtain
z10= (27T (VT — (25 a0+ -+ 2271z, 9))(mod p)

For each r-1 different values of the variables 5, ...,z there is only one value of
z1,0 , that’s p"~! -tuples (21,0,...,Zr0)- Repeating this argument in an iterative form,

the number of solutions holds
(2.19) B(p™) < p'™ ANTRLL,

Now, we prove that Tg(p™) > pm=Ar=1 In fact , as =} + ...+ 22 = N(modp?) and
(p, N) = 1 we have

3 + (22 +P%y2)" +... + (2- + PPy;)" = N(mod p”)
is solvable for all ys,...,y, . Then the congruence
z3 = N — {(22 +P°12)’ + .- + (2 + p”y;)* }(mod pP)

is solvable in z; for each y2,...,¥r ; 1 < ya2,....yr < p™~# . By Lemma 5, the

congruence
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=N = {(224+0%%)° + ...+ (5 +p°y) }(modp™)

is solvable and z; = z1(mod pf) | therefore it follows that
(220) Tﬁ(Pm) > ])(111—/3)(r-—1)
thus , from (2.19) , (2.20) the Lemma 6 is proved . m

Lemma 7. The ezpression G(z1,.-.,2r; N) given in (2.7) 1s a-positive real number

non depending of z1,...,2r .
Proof . We will simplify the complicated expresion (2.7) by defining

oo

G(z1s: sz N) = ZA(q)

T q
Aq) = Z e (—%N) | (Qq’q) Z e(%x;)‘
a<lg J=1 z;=1

(a,g)=1 . z; =z (mod (Q,q))

It’s trivial that A(q) = m since the inner sum is the Ramanujan sum ¢,(z; - z;) and
therefore it is an arithmetical function integer-valued. Moreover A(q) is a multiplicative
function and ; =

> |A(g)] < +oo.

¢=1
It follows that

Y A@ =TI 4e*) = T a+> A ) [[a+ )" A@>)
g=1 p a=0 p [Q o=l rlQ a=1

i) Ifp fQ , then (p*,Q)=1forall > 1, and

(L:\"' Pa ,‘3
Ap) = Y o-20) (%Zeﬁ]‘; ))

r

a<p z=1
(a,9)=1
1 : CL:Z,‘" T TS —
Gl Fo D« Sellb et pe
a<lp® z=1
(a,q)=1

Therefore

(o] [e]
|Z A(pa)l < e?rsp—3 zp—a(r/s——l) < I\re'lrsp—il = C(T, s)p—3
a=1 a=1

where K = Y00 27(r/s=1+3 [fp > ¢(r,s) thenl+) oo, A(p*)>1-1/p?,and
for p < ¢(r,s) wehavel+ Y o0 A(p®)>p ("= ([6] A.A.Karatzuba ) . Thus we

obtain




H(1+ ZA(p")) > = i ﬁC = C7Ti >0
= P [Q P /@ X

p>c(r,s) pSC(r.S)
i) If p|@ then exist B such that p? || Q. If @ < B then (r*,Q) = p*, and
A(p*) =p* —p*~'. If a > B then (p*,Q) = p? , we have

a

N < az’
Ap®) = Y e(——) ][] Y =)=
a<pe P j=1 z;=1 2
(a,p)=1 :)-Ez,-(m()dpﬂ)

o

_ plo=a)r Z ie<(ri’+---+zi~N)>_

(o3
zl, ZTr=1 a=1 p

z;=z; (mOdpﬂ)

pn—l po—l
p az;
. L e (22).
a=1 7=1 z;=1 p
zj=z;(mod p#)

Hence
A(pa) = pﬂr[p—a(r—l)Tﬁ(pa) _p—(u—l)(r—l)Tﬂ(pa—l)]

where Tg(p™) , is the number of solutions of the congruence
z{+...+z} = N(modp™); =z; =zj(modpf); j=1,....,r; m>8;

Ts(p™) is given in Lemma 6. If m = f3 | Tﬂ(pﬁ,) =1, therefore , we obtain

m Br
T — | s = == p
Y. AP =P (U T(p™) — p P ”)=p,,,(,_1,Tﬂ(p"’)—p”
a=p+1

And then Vm > 3 :

ZA(pa)_pﬂrp—m(r I)Tﬂ(pm)_ Br —m(r— l)p(r 1)(m—p8) _ pﬂ.

a=0
Then e
[Ta+> 4p*y=@>o.
releQ a=1
Thus we obtain
G(a,h 2 NI =G — ) Allg) CQ > 0.
g=1

Note that G(z3,...,2;N) = G(N) is independient of zy,...z, and a positive real

numbers series and absolutely convergent . The Lemma 7 is proved and consecuently .
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the following theorem is proved . ®

Theorem . We suprose that r > czs’lns . s >2 P = [N%] ,and Q < P° with
¢ < min{Z, 52 }. Then we have the following asymptotic formula uniform on Q.

P(1+ 1)) pr-s ==
R(N):%%G(N)-FO(E%) as =160

where G(N) > ¢ >0 is a certain aritmethical fuﬁction of N .
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ON MIXED TRILATERAL GENERATING FUNCTIONS

OF EXTENDED JACOBI POLYNOMIALS

Manik Chandra Mukherjee

Netajinagar Vidyamandir, Calcuta-700092. INDIA.

Abstract

In this paper the author establishes a teorem on mixed trilateral generating
functions of extended Jacobi polynomials. Some special cases of the theorem have

also discussed.

1. Introduction.

d
Putting 6 =bLa and D = ST the extended Jacobi polinomial as

defined in [1], is

1)

n!

Fn(o,B;x) = . O1 (x-a)"%(b-x)-B Dn[(x-a)n+a (b-x)n+B] (1.1)

The object of this paper is to prove the following theorem in
connection with the mixed trilateral generating relation which inturn
yields the corresponding results involving Hermite, Laguerre, Bessel and
Jacobi polynomials.

Theorem
If there exists a generating relation of the type

G(x,u,w) = Y ap Fp(a,p:;x) ga(u) wn (1.2)
n=0

and we put p = 0(x-a) , then
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1-A09(1 - pt]-1-e-B G(ZLL y, 2LV 3 10 5y (2,u,
(1-A0)el - pt] [l—pt w72 T oatzun)
(1.3)
where
n
OnZux)=: Y1)k ak(rll) Fn(a-n+k,B;x) gk(u) z¥)

k=0

The importance of our theorem lies the fact that one can get a large
number of mixed trailateral generating relation from (1.3) by
attributing different values to ap in (1.2).

Proof of the Theorem:

Let

G(x,uw) = Y, ag Fn(a,B;x) gn(u) wo (1.4)
n=0

Multiplying both sides of (1.4) by z® and writing wy for w , we

have

oo}

2% G(x,u,wy) = 3, ap wd [Fp(a,B;x) y? z%] gp(u) (1.5)
n=0 -

Now we consider the operator

R =9[(x-a)(x-b)y2‘laa—x - (x-a)y2z-1 % + (b-x)y % - (1+B)(x-a)yz-!]
such that

R[Fn(a,B;x) y")z¢] = -(n+1) Fne1(o-1,B;x) ynt+l zo-1 (1.6)

The extended form of the group generated by R is given by

VR f(xy,z) = [1 +lvy_p]_B_l f(xz + bwyp ? zy > z(z + lwy)) (1.7)
A z+ wyp z+ wyp z+ wyp

Operating both sides of (1.5) by e¥R | we get
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evR 20 G(x,u,wy) = "R { ¥ ap wn [Fp(a.Bix) yn zo] ga(u)}  (1.8)
n=0

Now from the last member of (1.8) we get

2 2
ENE 70 Glxuwy) = (2R e B0 () 2o g (22 H0WpT T
zZA Z z + wyp
et (1.9)
z + wyp

From the right rﬁember of (1.8) we get

e"R { ¥ ap wn [Fp(a,B;x) y2z9] ga(u)} = 38

n=0 n=0
where v

n
S= Y (anwh*k/k!) (-1)k (n+1)k Fpik(o-k,B;x) yntk zo-k g, (u)
k=0

Therefore, we obtain finally

(o]

ewR { ap wi [Fp(a,B;x) ynz] gn(u)} =
=0
L (1.10)

i n
= Syl l;)(-zw-wan-k/k!)(n-kﬂ)k Fo(c-k,BX) ga-i () 2%
n= =

Equating the results (1.9) and (1.10) and putting (-wy/z) =t we
have

(1A% [1 - ptJ-1-0-B G(ﬂf.ﬂp):—_g) i I—Zp‘t) = Zotn Orr (x4042)
n=
where

On(x,0,2) = i (-1)k ak(rli) Fn(o-n+k,B;x) gk(u) zK)
k=0

Some special cases:

We now proceed to discuss some special cases.
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Special case 1:

Putting a=f , b=-a=\/; , A > 2/\/; , 00— o , we get the
following result involving Hermite polinomial.

Result 1:

If there exists a generating relation of the type

G(x,u,w) = Yap [Hp(x)/n!] gn(u) wn
n=0
then

exp(2xt-t2) G(x-t , zt) = Zan [Hn(x)/n!] op(z,u) t0
n=0
where

n
Cazw) = Y ar(}) gk zo)
k=0

Special case 2 .
Putting a=0 , B=b , A=1, b—ooo and L{un}(x) = L(:)(x) , we

get the following result involving Laguerre polinorﬁial.

Result 2: If

n
G(zuw)= Y apL{a.n}(x) gn(u) wn
k=0
then

oo
exp(-xt)(1+t)®* G(x+xt, u, tz) = z th 6q(z,u,x)
n=0
where

on(z,u,x) = Eak(i) L{a-n+k,n}(x) gk(u) zK)
k=0

Special case 3 :
Putting b=-a=%1 =1, a=v-e-1 , B=¢ -1, replacing t by sw/e ,

X by 1+ (2xg/s),and € —> o, we get the following result involving
Bessel polinomial.




Result 3 : If

o0
G(x,u,w) = Zan Y n(x,0,8) gn(u) wn
n=0
then

7 1= X zt sels b 1
exp()(1 - xt/s)l-V G(l-xt/s’ T ’l-xt/s) ngo(l“/n.)on(z,u,x)

where

n
On(z,u,x) = Zak(rli) Y {x,0-n+k,s} gk(u) zK)
k=0

Special case 4 :
Putting -a=b=1, A=1, q=7 (x+1), P{B.o)n) = PIEB’(X) * we
get the following result involving Jacobi polynomial.

Result 4 : If

G(x,u,w) = Y an P{(B,a),n}(x) gn(u) wn
n=0

then

(1-)(1 - g)l-a-B G(ﬁl T TZIH): Y 0 6n(z,u,x)
n=0

where

nzux) = Y (-Dkak(}) P(B.on+k)n)(0) ge(w) 2
k=0

References
1. K.R.Patil and N.K. Thakare: Operational formulas and generating
functions in the unified form for the classical orthogonal

polinomials. The Math. Student, 45(1), 1977, pag. 41-51.

2. L. Weisner: Group-theoretic Origin of certain Generating Functions.
Pacific J. Math. 5, 1955, pag. 1033-1039.

67




Rev. Academia de Ciencias. Zaragoza. 48 (1993)

ON S-ORDER OF CONVERGENCE

Don Chen
Department of Mathematical Sciences
University of Arkansas, Fayetteville, USA.
Ioannis Argyros
Department of Mathematics, Cameron University
Lawton, Oklahoma 73505, USA.

Abstract.

We discuss the S-order convergence which was introduced by the first author in [2,3]. e
classify the previous R-order as well the Q-order as a N-order (necessary order. We obtain
some new properties of a fourth-(S) order Halley-Wemner method which is third-(N) order [2].
We list the efficiency index (E.L) table under senses of S-order and R-order (or Q-order) for
well-known methods. Also we will give a numerical example to show that the definition of S-
order is consistent with the numerical testing.

1.Introduction.

The definition of order of convergence in nonlinear approximation theory is less
considered than of convergence theory [1,2,3,4,5,6,7,8]. The most people way for defining
the order of convergence is by a natural estimate of the form:

*
- x| = cx_ - xIP, n z o.

" xr1+1

Throughout this paper we will assume that the sequences {Xp},{Yn} introduced here
belong in a metric space forall n > 0.

Ortega and Rheinboldt classified this idea and defined two strict definitions of order
which are called R-order and Q-order [5]. It is well known that there are two different versions
for the convergence of Newton's method. One is a necessary conditions and the other is the
famous Ostrowski-Kantorovich theorem (sufficient conditions for convergence) [4,7]. But the
R-order or Q-order constitute a necessary condition for finding the order which we classify it as
N-order. It seems to us that the condition of order of convergence is not consistent with the

condition of convergence. In this paper, our theorem essentially answers (partially) to the
following question: Is it possible to find sufficient order (S-order) from the characteristics of
iterations




2. The definition of S-order.

First let us recall the definition of S-order from [2,3].
Definition 2.1. (S-order) Let g(t) be a testing function of order 2. Assume that g(t) = K/2)12 -
: (1/b)t + (h/b) , K, b, h, and h = Kbh < (1/2) are positive real numbers. A sequence of
iterations (one step or multistep iterations without memory) defined in a metric space is said to

convergence with the order p>1 to a point X* ifin
One step case:

E(g(t. ), S ,t ) = g(Eamh StoEl, £ it~ )R o

n+1l n n+l n+1 n n+l n+1l n
Multipoint step case:

- - S
E(9(t,,q)r tnoBnrt ) = 9(E ) - Clt ), s)(s, -t )P =0

for some ¢>0 and forall n>0, where

E(P(X )

n+l

). Xn' Yn'xn+1) bz P(Xn+1) % R(xn' Yn' xn

+1

with being R the Ostrowski-Kantotovich representation of P(Xp+1)-

Definition 2.2. The asymptotic error constant C(t*) is defined as follows:

g(t )
One step case: cit’y = 1im —Ll—p ;
nEsms (tn+1 A tn) L
3 g(t_..)
Multistep case: c(t’) = 1lim = entlo 2 z
n- o (s ~t)P
n n
where, % - \FE=h
g === g,

h

Now we are ready to apply the definition of S-order to some well-known methods.

a. Newton's method.

It is well known that Newton's method is given by

; = ’ =1 >
Xays 1=l XaOBIPLXEBIX) )y mnvsl 0F (2.3)

First we have to find the Ostrowski-Kantorovich representation of P(Xp+1). From the

approximation for all n >0,

P(Xm_l) = P(Xn+1) - P(Xn) - p'(xn) (xl_H_1 - xn) + p(xn) + P’(Xn) o= xn) ’




since
= X)) =10
n

P(xn) YiRe (Xn) (xn+1

and therefore we have
) 5 P(Xn+1) i P(Xn) gl (Xn) (Xn+1 % xn)
1 (2.4)
2
= IP"(Xn w0 S X))@ - t)ae(x . - X))

P(Xn+1

0
Replacing P(X) by g(t) and have
1
2

g(tn-i-l) = Ig"(tn i t(tn+1 = tn)) (1 T t)dt(tn+l % tn)
0 (2.5)
1
K 2
=J K(1 - t)ae(e . - 1:n)2 S 2ltng k)
So, we get 0
- K 2
Rl )= Sl k)
= K 2
.E(g(tn+1), t tn+1) = g(tn+l) 5y (tn+1 -t)
Thus, we finally have ps =2 =py, and
gt . .)
CN(t*) = 1lim #2 = 22_< A (26)
n —> o (t SeCw)
n+1 n
b. Chebyshev method.
The Chebyshev method is described by
P(X )
n S
2.7)
Pll (x )
1 n 2
il e 57?§;7— (R T VSR D

It is easy to see that we have the following Ostrowski- Kantotovich representation for

all n>0: 5
P(X ..) = Jp”(yn b P S T e PG e tyac(x . - Yn)2
0
(2.8)
P/’ (X ) 1
- s, - x )3 (x
P’ (X ) ) 8 B Kt
0
1
1 2
¢ ok o) f[zp:r(xn+t(yn SX )1 -t) - P’7 (X )]at.
0
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Replacing P(X) by g(t), we obtain

Al
s rs - —_— 2
q(tn+1) = Ig (sn + t(tn+1 sn)) (1 t)dt(tn+l - Sn)
0
g'f(t,) 5
E 2g° () (55 &) I g aat R e k19t
% 0
e (s -t )2 I [2g77(t_ +t(s_ - t)) (1 - t) - g’’(t)]at
2 n n n n n g n
0
3 2
K K
= |————= (s_ - t)) -—7—](5 -t)
Lg'(tn) : n n 2g (tn) n n
3
= Cc(tn, sn) (sn = tn) , for all n Z 0.
Thus, we get pS =3 =pN , where
g(t_ .) 2
c (th) = 1im T el (2.10)
n—>m(sn-tn) 2\]1-211
c. Halley method.
The halley method is defined by
- P(X )
Yn ST P'(Xn)
P/ (X) (2.11)
,_._n. (Y =3 )2
P’ (X ) n n
=Y = 1 I , for n z 0.
n+l n 2 5 P”(Xn)
LoAE 5 P’(Xn) (Yn = Xn)

We find the Ostrowski-Kantorovich representation of P(Xp+1) forall n20 as
follows:

1
EAX s Jp"(Yn+t(xn+1 Sal R (L st at (XL oS Yn)2
0
r s 1
ST T
2 76 (v Syt ee i st oy yieat
- o 2.12)
P/’ (X )
Lo —hn. £
s B 00) (== xq
1

i 2 r s %
Sa (¥ o) J [2p (X, FEE X)) -t - P”(Xn)]dt




So, putting H = ﬁ ,and G =H(sp-ty), we obtain

GK(sn - tn)?
ot =7 - Taa) s = cHltnsn)isn - W) - 213)

K2p
Hence, we deduce that ps=3 =pn and cy (t*) = PSSy
From Traub's theory point of view [9,10], the maximum order of convergence of
Chebyshev as well as Halley methods by using triplet information (f, f, f") at the same point is
3. Now we will show that it is no true under the sense of S-order.

d. A Halley-Wemer Type Fourth-order method.

We define the iteration
P(X.)
n
T e P/ (X )
: (2.14)
Pll(x )
Lot B ) sty s
2 P’ (X)) n n
X =SV D , for n £ 0.
n+l n P’/ (X )
2=t P'(Xn) (Yn 3 Xn)

Then, the Ostrowski-Kantorovich representation forall n>0, is

1
1z £ o 4 2
B = JP (Y + &(X - Y))(1-t)de(x - - Y)
(o
1
Pll(xn) 3
ZPI(X_n) (Yn - Xn) I P ()(n + 1:(\(rl = xn)) (2t - 1)dt
0 .
= Pll(x )
— 2 (2.15)
1. % P’ (X ) (Fagsikd)
n
1
l 2 rr Ly 24 g 75
5 (= =X Hzp @S = (e X (L =) (xn)]dt
+ 0
o)t i)
= n
Notice that
o 1
J gr:(tn + t(sn = tn))(zt - 1)dt = I K(2t - 1)dt = 0
2 0
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1
I 2077 ¢e + (s, ~ €)@ -1t) - g7 (e ]at
0

Therefore, we deduce

1
G(tm_l) = J g”(sn + t(tn+1 - s )@ - t)at (tn+1 - sn)2
s !
3 2
K /89’ (t )
- K 2 n 4
=3 (b n8y) eu= S8 = t) (2.16)
e L e Il

g (Ed )i n
G (BN Sl (s —t)4
H-W' ™n n n n 2
K3B2
Hence, we get ps=4 >3 =pN,and cy-w(t¥) = 8(1-2h)

3. Some Properties of the Asymptotic Error Constants and E.I.

Table

In this section, we introduce a new definition to classify general iterative methods
which is called the equivalent class.

Definition 3.1.

Two iterative functions W1 and 7 are said to be in the equivalent class if the ratio of
their asymptotic error constants is a non-zero number 7. That is,

¥ 2
v =y iff —1—*=1- o2

Definition 3.3.

Two iterative functions q and 7 are said to be not in the equivalent class with

order n if the ratio of their asymptotic error constants is KNBNY/(1-2h)n/2 , where 7y is a
independent non-zero




Theorem 3.4: According to the above definitions we have the following conclusions: (i)
Chebyshev and Halley methods are in the equivalent class; (ii) Newton and Chebyshev (or
Halley) methods are not in the equivalent class with order one; (iii) Newton and Halley-Werner
type methods are not in the equivalent class with order two; (iv) Chebyshev (or Halley) and
Halley-Werner methods are not in the equivalent class with order one.

Proof: Let us recall that

2 32
K KZB K 8 K B
C—EC_

= e 5 =
H-W 8i(:1 " =¥2h
S N1 - 2n 5 4NE1 —2h ( )

Therefore, we obtain

c

e 3 Cc K8 S K8

—_— = = T — ’

Ca & o v o FnEEn
Ca-w ks> Su-w KB

L e
that completes the proof of the theorem. We now list two different E.I tables.

Table 1

Newton(2.3) Chebyshev(2.7) Halley(2.1l1l) Halley-Werner(2.14)

EI(R) 1.414 1.442 1.442 1.442

EI(S) 1.414 1.442 1.442 1.587

4. The Numerical Example: In this section, we present two numerical examples to illustrate the
previous theoretical conclusions. We consider the function f(X)=X3-2X-5. Denote E; =
[X1 - X*|. Then, we have the following results:

Table 2

Newton(2.3) Chebyshev(2.7) Halley(2.11) Halley-Werner(2.1l4)

X1 : 2.1 2.094 2.0943396 2.0946429

3

E, 0.5449%10 2  0.551%10 0.211%10 > 0.91%10 %
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ON THE A POSTERIORI ERROR BOUNDS FOR A CERTAIN ITERATION
UNDER ZABREJKO-NGUEN ASSUMPTIONS

by
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Abstract.- Recently Yamamoto [8] gave a posteriori error bounds for the
Zinceko iteration for solving nonlinear equations. Using Zabrejko and Nguen
assumptions [9], he showed that his estimates are sharper than Miel-type
bounds [3]. Under similar assumptions we show that our a posteriori error

bounds are sharper than Yamamoto’s.

Key words and phrases. Banach space, Newton’s method, nonlinear operator

equation.

(1980) A.M.S. classification codes: 49D15, 47H17, 65.

I. INTRODUCTION. Let X and Y be Banach spaces and U(xO, R) be the

closed ball with center Xq and radius R in X. SUppose'that the operators

F and G are defined on U(xo, R), with values in Y such that F is
Fréchet differentiable at every interior point of U(xo, R TORES (xo)'_l exists
and

HF'(XO)_l(F'(X+h)—F'(x))H§A(r,HhH), x€U(x0,r), 0 < r <R, 0KIlhIl < R-r

(1)
‘while G satisfies the condition

HF'(XO) (G(x+h)-G(x) )<B(r,lthil), x€U(x0,r), 0K TS R0 lhllE G RIS

(2)
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Here A, B are positive, continuous functions of two variables such that if

one of the va iables is fixed then A, B are non-decreasing functions of the

other on the interval [0, R]. Moreover, the following are true:
(a) the function gé%%LELN is postiive, continuous and non-decreasing

on [0, R-r] with A(0, 0) = 0;

dB(R,t)

(b) B 1is linear in the second variable and the function 3t

is
positive, continuous and non-decreasing on [0, R - r].

We are concerned with approximating a solution x* of the equation
F(x) + G(x) = 0 in U(xo, R)ss (3)

using Newton’s approximations given by

X = X E"(xn)_l(F(xn) +G(x ), n=0,1,2 - . (4)

Zabrejko and Nguen in [9] gave sufficient conditions for the existence and
*
uniqueness of solution x in U(xo, R), as well as error estimates on the

*
distances llx - x Il and IlIx - x Il when
n n+1l n

A(r, t) = k(r)t (5)

and

B(r, t) = e(r)t (6)

where k(r) and e(r) are non-decreasing functions on the interval [0, R].
- Yamamoto in [8] gave a posteriori error bounds for the iteration (4) following
a suggestion given in [9].

Using the forms (1) and (2) instead of (5) and (6) we showed in [1] that

3 = *
our error estimates on the distances Hxn - x Il and Hxn - x_ .l are sharper

n+1
than the ones given by zabrejko and Nguen in [9].

In this paper we provide some a posteriori error bounds for iteration (4)
which are sharper than the ones given by Yamamoto in [8].

A simple example is also provided where our results compare favorably

with the ones obtained by Yamamoto in [8].
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II. PRELIMINARIES. To justify the claim made in the introduction we mast

reproduce some of the results and notation given in (1], [8] and (9]
respectively.
Set

a=IlIF(x _1(F(x0) + G(xo)Nl,

0

r
w(r) = J k(t)dt ,
0

r
o(r) =a-r +Jw(t)dt 5
0

r
‘pw(r) = (a-r)(1l -A(0, r)) +[A(r, t)dt ,
0

r
y(r) = J e(t)dt ,
0

wq(t) = B(R, t) ,
x(r) = o(r) + ¥(r) ,
Xw(r) = ‘pﬁ(r) +\p_1(r), forsallizin-€ [0, RI:.
Moreover, set
rn = IIxn - xOII, kr.‘(r) = k(rn +r), en(r) = &(rn +r) ,

-1
aL-= I|xn+l - xnll, bn = (1 - M(rn)) '

U(r)=u(r)—r+an, (7)

n n
Vn(r) =vn(r) EE Ay (8)
and
W (r) = ValE)i=ri Ao (9)
where

r pt
un(r) = bJO[JOk(rn + s)ds + e(rn + t)ldt ,

r pt
vn(r) = CTJO[J‘OkA(pn + s)ds + e(pn +t)ldt;

0
]
n
el

-1
5 (s w(pn)) ' Apn
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=50, aen. =50l = 2 e a2 (10)

vamamoto showed in (8, p. 989] that the equation

Un(r) =50l n =805 F] 7 2% ersie (11)

* * * *
has a unique solution Py in ™ [035pT i pn] where (e lim Py provided
o

that ay S0 zenama0, 25 eisel
We can state Proposition 4 in [9] and Theorem 2 in [8] in a combined form

as follows:

THEOREM 1. suppose that the furnction x(r) has a unique zero p* in the
interval [0, R] and x(R) ¢ 0. Then equation (3) has a solution x* in the
ball U(xo, p*), which is unique in U(xo, R). The iterates (4) are defined

for all n, belong to U(XO, p*) and satisfy the estimates

Xl = Sl S Prpiely
and
* *
x - xnu < P ni=:0730502 0
*
<o —plaAe nE==07el 2 e

*
Gilpr—=ipii)a

n n—l/Ann—l' n=1,2, 200

I~

°
|

©

where the sequence [pn] is given by (10).

Furthermore, we must define

An(l', t) = A(r, rn + t)l Bn(Rr t) = B(R, t + rn) P

= = =
B = (1-A(0, r N, & =@-a0 N,

X n
ﬁn(r) =.Gn(r) 3 o (12)
Vn(r) 2 Gn(r) =, (13)
and
Wi(r) =v (r) —r +4p ., (14)
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where

r
un(r) . En[JOA(r, £ F rn)dl + B(R, B,

r
Gn(r) = En[JOA(r, t+ En)dt + B(R, En +e))l,

AP S Pnet — P
and
x_(p )
- - I - e el
er_l-pn .( ) lpo"o ’ n“ol 11 2: . (15)
'P,T Pn
We will show that the equation
ﬁn(r) = 070N =iy, B2 Nele s (16)
3 - —% — —% —: -
has a unique solution P ine =0, pa= pn] where Pg =P = lim P, was
o
proven in Theorem 2 and Proposition 1 of [1]. 1In particular, we showed:

THEOREM 2. Suppose that the equation X, (r) has a unique zero 5* in the
interval [0, R], 1 - A(0, R) > 0 and xW(R) 0%
Then

(a) the sequence [En}, n=20, 1,2, s given by (15) is

—%
monotonically increasing and converges to p .

(b)  The iterates generated by (4) are well-defined in U(xo, E*) for

all n, and satisfy the estimates

LS S R S T e S PRI e )
and
" * P - *
X i alIKEPRIE P = p mibe v O 0y BLG2 el (18)
provided that
ALESE )G lE); 50,6 DGRy 04 Cat G R (19)
v (r) <y9(r) , 0K r<R, (20)
and
Beace (p, = a)(1 - A0, R)) . (21)
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We can now justify the claim made at the introduction.

THEOREM 3. Under the assumptions of Theorems 2 and 3 we have

(a) the following estimates are true

* =
Ix - an < (s
— -— o
<SP = pn)an/ﬂpn,

e T =
(o= pn)an_l/Apn_l,

(b)

PROOF . The proof of the theorem will be based on the principles
developed by Zabrejko-Nguen in [9], Yamamoto in [7], (8] and Argyros in [1].

Using the identity

* ‘ 1t : 5 : i :
X =Kl rE (X [JOF (x  +8(x -x)) = F(x )x" - x_ )do

*
+ (G(x) - G(xn))],

and the estimates (1), (2) we obtain with e, = Hx* - an
L3 1 1 *
en+1 < HF'(xn) F'(xO)H[IOHF'(xo) (F'(xn + 06(x - xn)) - F'(xn))H

“ix” : Lot
x = x IId8 + IIF (xo) (G(x ) - G(x )]

1
< bn[JOAn(O, Ben)ende + Bn(O, en)]

e
n
< Bn[JO A(en, t + rn)dt + B(R, e ¥ rn)] = un(en)




e
n
< E"[JO Ale , t +p )dt + B(R, e +p )] =V (e)

By the definition of Gn' Vn and Wn we have

U (r) <V (r) < W (r)

for all re€ [0, R - rn].

To avoid repetitions we show as in . 991] that the equation
U, (c) =0 has a solution ,7; in ] which is unique in
[0, R - rn].

Moreover, let

= s )
q, = (p - pla Ao .

9n
T = =
sch [JO A(qn, t + pn)dt + B(R, q, + pn)] =g

P P (—*_-
£S5 =% 2] /)n)
[J A(qn' t + pn)dt +B(R, p )] -
0

Apn

— - — —
(wlp = pn) - Adp ) +a,

That is
Since,

we obtain




Similarly we show that
a & Wpl/Mp a8 niomil, 2, e, (23)
The estimates in part (a) of the theorem now follow from (22) and (23).
(b) Using hypotheses (19), (20) and (21) we obtain
U (r) ¢ U (r) for all r€ [0, R]

In particular,

That is

forallon:= 0,0, 255 s

The rest of the estimates in part (b) follow similarly using (17), (18)

and (24).

That completes the proof of the theorem.

As in [8, p. 993] using the Gragg and Tapia technique [3] and the proof
*
of Theorem 3 we can easily provide lower bounds on the distances Hxn - x|l

which are sharper than the ones given by Yamamoto in [8]. We leave the

details to the motivated reader.

IIT. APPLICATIONS. We now provide an example where our estimates compare

favorably with the ones in [8]. Let us assume for simplicity that G = 0 and

consider the real equation
F(x) =e*-e on [xO, R]
with Xg = .9 and R = .11. We set

k(r) = el ;

A(r, t) = et .

Then using the definitions it can easily be seen that

ps = .10761178 and ES = .10752104.

It is now simple calculus to show that the hypotheses of Theorem 3 are

satisfied. Therefore, the conclusions apply.
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RESULTS ON FIXED POINT THEOREMS

SATISFYING A RATIONAL INEQUALITY.

F.U. Rehman*, M.S. Khan** and B. Ahmad***

Abstract.

In this paper, we give fixed point theorems satisfying a rational
inequality.

Preliminaries.

Let X denote a complete metric space unless otherwise

Define for any non-empty subsets A , B , of X,

D(A,B) = Inf{d(a,b):a € A, b € B},

: 6(A,B)'> ‘sup(d(a,b):a € A, b € B},

H(A,B) = max{sup{D(a,B):a € A}, sup{D(A,b):b € B}},

We denote CB(X) (respt. BN(X)), a set of all non-empty closed and
bounded (respt. bounded) subsets of X. It is well-known that H is a
Hausdorff metric on CB(X). Let A, B € CB(X) and k > 1. Then for each
a € A, there is b € B s.t. d(a,b) < k1(A,B). If d(A,B) = 0 , then A
=B = {a} (lemma 1 [4]). In [1], B. Fishe proved theorem 1 with a certain
rational inequality. V. Popa [3] gave a similar common fixed point theorem
for two multifunctions satisfying a rational inequality and for sequence of
multifunctions which generalizes theorem 1 of B. Fisher [1].

In this paper, we prove results of B. Fisher (1] and V. Popa [3]
with different rational inequalities and for sequences of self and
multivalued mappings. M.S. Khan [2] proved theorem 2, which classifies
metric spaces in which each x € X 1is a fixed point. We also prove two
results which classify metric spaces satisfying a retional inequality (see

theorem 7 and 8).




Let {Sp)} and {Tp)} be sequences of self maps such that

I’ (y,5 (x))+d” (x,T (¥)]
a¥(s_(x),T_(v)) < - .

a® Y(y,s_(x))+d” V(T (¥))

m R n
for all x,y in X, for which dP 9(y,Sm(x)) + dP79(x,Tn(y)) # 0 , 0 < c
Sl 2 reicans 7 P> 4, . P =-2=.; -Then Sy} and {Tni

fixed point.

have a unique common

Proof.

Define a sequence {xp) in X as: Xpn € Tn(Xon-1), Xon+l € Sn+1 (X2n)

Qi
=t (sn*i(XZn)’ Tn(x2n-i))

QP [
cisld (XZn-i'Snfi(?(Zn)) vd (xzn'Tn(xzn-t))]

P-q p-q 2 :
d (x2n-1lsn+1(x2n)) Fed (x2n’rn(x2n—1)

qiD P
cuie (x2n-i’x2n+1) id (xzn’xzn)”

e gieg)
p-q p-q -Cd(XZn e
= = - n
d (6.9 X + d x X

( 2n-1' ZnH)) (Zn’ 2n)

a%( )is=c d(x“ s

x X x
2n+4 2n =4 2n+4i

< ad(x X
d(xan’XZn) ( 2n’ Zn-i)'

0< a=fc/li= c'< 1.

Similarly, d(x
2

n genera d(x 1 X 25 ad(x ,x S avesS ard(x yx=)
ntd n n n- o 1

n
YoSs e d (iR i)
: O,
For m > n , we have

m-n-41

d(xm’xn) igo d(xnfl’xn+i+1

n n+4i
d(xo,xi) [a + a

n m-n-4
a d(xo,xi) [1+a+....+2a




. n
d(x ,x ) <. —
m n

1-a d(xo,xi)

When m,n — © , d(xm,Xn) — 0.

This shows that
sequence and hence converges to

{xn} is Cauchy
i nia X Thens

P (x,8  (x. ) + aPy T
a%(x T (%)) = ad(s (x. ).T (x)) < ntd 2n Xon? m(x))]
2n+1 m n+4i 2n m -

dp-q(x,Sv
n+

AW S LT (x))

-

q. .p L P
cild (x,x, ¢ ) +.d (x, ,T (x))]

¥ p=qil A pEa
d (x,x?nki) +d (xzn,Tm(x))

When n — ©° , we have

d¥(x T (x)) £ %% (x,T (x)) or (1-c¥)da¥(x,T (x)) < 0
m m m

d9(x, T(x)) = 0 or A (xaTn ()= 0% lor Bhxs=AT(x)45e Forralllm:

Similarly, x = Sp(x) , for all m. For the uniqueness,

such that y = Tp(y) = Sp(y) , for all n. Then

let y # x,

cltd®(y,s (x)) + dP(x,T
dq(xlyv) = dq(s (x)5E'T (v)) < 15 m % (x n(Y))]
2 m n ldp_q

(v,8 (x)) + a" Y(x,T _(v))
m n
P (y,x) + a®(x,¥)]1

B = c%a¥(x,y)
d

(vyx) + a" " Y(x,y)

(1-c¥)a9(x,y) <0 or d9(x,y) = d(x,y) =

This completes the proof.

If {Sp} and {Tp}

are sequences of multivalued mappings from X
to CB(X) such that

= PP (y,s (x)) + D°(x,T (¥))]
HU(S (x),T (v)) < = £

#P7(y,s (x)) + P I (x,T (3))
m n

for all x,y in X for which HP 9(y,Sp(x)) + HP 9 (x,Th(y)) #0 , 0 < c <
i e () s o e P25, g2 b aepia>2 wa.- then w{ Sn)

and ({Tp), have a
unique common fixed point.




Proof.

Define a sequence {xn} in X as: XxXypn € Tp(xzpn-1) » Xon+l €
Son+1 (x2n)  such that d(xon+1,X2n) < aH(Sp+1 (%x2n)+Tn(x2n-1)) , where a =
cl >1 . Then

q.q
a5 (Snfi(XZn)'Tn(XZn—i))

o ¢
alcP [Dp(x »S
2Zn-4

z 2
(xZn)) + D (x“.Tn(xz.n_i))

n+di

p-q : P-q S
S + H
B ) (x2n’Tn(x2n71))
q_Pti P P SEE
d )y +.d
She L (XZn—i'Xani (x2n,x2n)

= piqeiasa P
a* > + d
2 t (xzn—i x2n+1)) (xzn’xzn))

_ _p pti .q o
=hajc d (XZn—i' L s

d( ) 'cd(xZn_ s it

X X X
2n+4 2n i 2n+4

Simple calculations give that {xn} is a Cauchy sequence and
hence converges to some x in X. To show that x € Tp(x) for all m, let
u € Tp(x) for all m , then

q p+i _p p
q a'c [D" (x,S (x )) + D" (x T (x))]
di(x s tEnam)es aqu(sn*i(xzn).Tm(x)) < ntd 2n 2n’m

P-q P-q :
H (x,an(xZH)) + H (xzn.Tm(X))

P P
cld (x,xzmt) +d ("zn"“)]

pP-q P-q
d (x,x2n+x) + d (xZn,u)

When n — © , we have d9(x,u) € cd9(x,u) or (1-c)d9(x,u) £ 0

or d9(x,u) =0 or d(x,u) = 0 or X = u = Tp(x) . Similarly x € Sp(x)

for all m. The uniqueness can be obtained easily. This completes the proof.

Theorem 3.

If (Sp} and {Tn} are sequence of multivalued mappings on X

to BN(X) such that

PP (v,s (x)) + B (x,T ()]
m n

65 (x),Ta(y)) <e—— -
8P U(y,s, (x)) + 677 (x,T (3))

for jall. ix,y —in: #X,%. for. which? dP7o(y, Sqi(x))it dP=9(x, Taly)) 7= 057 10 <c
<1/2 -, q 271" ,Fip, 22 AMpiit>-qgi 5% then I (Spli® and } {Tnlscshave a unique

common fixed point.




Proof.

Define' {fn} , dgn) = X — X such that for each x,y in X ,

fa(x) € Sp(x) ., gn(y) € Tn(y) , in such a way that d(y,fn(x)) 2
CH(y,Sn(x)) and d(x,gn(x)) 2 cH(x,Tpn(y)) . Then

PTHP (v,8 (x)) + HY (x,T (¥))]

at(g (x),g (v)) < 8%(s_(x), T (v)) <
677 % (3,5 (x)) + 6" T (x,T (3))

P TPLa (v, (x)) + @ (x,g (3))]

d®7 Y (y,f (x)) + a® Y(x,2 (¥))
m n

< 1% (3,2 (x)) + ¥ (x,8 ()]

af(el(x)e (v S =
% (7af (x)) + "V (x,8 ()

Then by theorem 1, (fn} and (gnl have a unique common fixed
say u . Then u = fp(u) = gp(u) . Clearly, u € Sp(u) and u €

for all n. The uniqueness is easy to established. This completes the

Let X be a metric space with respect to two metrics e and d

If X satisfies the conditions:

(1) e(x,y) £d(x,v),

(2) X is complete with respect to e,

(3) S,{T }:X » X and S is continuous,
n

cMd® (7,8x) + d°(x,T (¥)))

a¥(sx,T (y)) £ — -
2 d® % (y,8x) + d V(x,T (v))

for all i for which dP ™ 9(y,Sx) + dP~9(x,Tph(y)) # 0 , 0 < c <
L2 ) , p>q, then S and ({Tn} have a unique common

fixed point.

Proof.

Define a sequence {xp} in X as: xn = Tp(xypn-1) and XHon+l =

SX2n . Then as in theorem 1, {Xn} is a Cauchy sequence with respect to d




Then by theorem 4, £ , gn , have a unique common fixed point say
x in X. Then clearly x € Sx , X € Tp(x) , for all n. The uniqueness

can be easily established. This completes the proof.

Theorem 6.

Let S: X » X be a self mapping satisfying for all x,y in X

Pp>q, g=21, the inequality

a®(x,sx) + d®(y,sy)

aQ
d’'(sx,Sy) 2 = =
af q(x,Sx) + af q(y,Sx)

where dP~9(x,Sx) + dP~9(y,Sx) # 0 . Then each x in X is a fixed

pointiof ' §.
Proof.
Let x € X be arbitrary. Then

5 aP(x,sx) + d®(x,sx)
0 = al(sx,sx) 2 ——— —— = d%(x,sx)
a® Y(x,sx) + d? % (x,sx) s

or d9(x,Sx) = d(x,Sx) = 0 , or XA=mSxr—= This completes

the proof.

Similarly, we can prove
Theorem 7.

Let 'S be 'a self map.on . X. s.t.; for all X,y .an_—X

ge2le

a®(y,sx) + a®(x,sy)
4P 9

dq(Sx;Sy) > —
(v,sx) + a” Y(x,sy)

where dP~9(y,Sx) + dP™9(x,Sx) # 0. Then each x € X is a fixed point of
S.
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ON COMMON FIXED POINTS OF
WEAKLY COMMUTING MAPPINGS.

Y.J. Cho, K,S, Park *, T. Mumtaz **, M.S. Khan ***

Abstract.

In this paper, we give common fixed point theorems in metric spaces and 2-metric
spaces in terms of an asymptotically regular sequence. Our main theorems generaliza the results
of B.M.L. Tiwari - S.L. Singh and M.S. Khan - M. Swa - leh.

I. Introduction and preliminaries.

In [27] S.L. Singh proved the following:

Theorem: Let (x,d) be a complete metric space. Let S and T be mappings from X into itself
such that
(1.1) T is continuous,
(12) S(X) < T(X)
(13) {S,T} is a commuting pair (i.e., STx = TSx for every x €X),
(14) d(Sx,Sy) < a[d(Sx,Tx) + d(Sy,Ty)] + b[d(Sx,Ty) + d(Sy,Tx)] +
cd(Tx,Ty) for every x,y € X, where a, b, c, are non-negative real
numbers suchthat 0 <2a+2b+c< 1
then S and T have a unique common fixed point in X.

We remark that if T is the identity mapping on X, then'the condition (1.4) reduces
to the well-known contraction condition introduced by G.E. Hardy and T.D. Rogers ([10]).

Recently, B.M.L. Tiwari and S.L. Singh ([33]) obtained some common fixed point
theorems for a family of mappings satisfying the condition (1.4), which extend and unify
several well-known fixed and common fixed point theorems. In [3], H.W. Engl introduced
initially the concept of an asymptotically regular sequence in metric spaces, which is very
helpful in the study of problems related to the fixed point theory and, using this concept, M.S.
Khan - M. Swa - leh ([7]) and B. Ram ([21]) established some fixed point theorems in 2-metric
spaces.




On the other hand, the concept of 2-metric spaces has been investigated by S.
Gihler in a series of papers [6] - [9] and has been developed extensively by C. Diminnie, R.
Freese, K. Ideki, M. Newton, A. White and many othersd ([1]-[2], [4]-[9], [1 1]-[131, [20]).

A 2-metric space is a set X with a real-valued function d on XxXxX
satisfying the following conditions:

(1) For two distinct points x,y in X, there is a point z in X such that d(x,y,z) #0,

(2) d(x,y,z) =0 if at least two of x,y,z, are equal,

(3) d(xy.z) = d(x,z,y) = d(y,z,%),

@) d(x,y,z) < d(x,y,u) + d(x,u,z) + d(u,y,z).

d is called a 2-metric for the space X and (X,d) is called a 2-metric space. It has
been shown by S. Gihler ([6]) that although d is a continuous function of any one of its three
arguments, it need not be continuous in two arguments. If it is continuous in two arguments,
then it is continuous in all three arguments. A d which is continuous in all of its arguments
will be called continuous.

K. Ideki ([10]-[13]), B.E. Rhoades ([22]), M.S. Khan ([16]-[17]), S.L. Singh
([28]-[32]) and a number of other mathematicians ([18], [19], [21], [23], [26]) have studied the
aspects of fixed point theory in the setting of the 2-metric spaces. They have been motivatied by
various concepts known for the metric spaces and have thus introduced analogues of various
concepts in the frame work of 2-metric spaces.

In this paper, we give some common fixed point theorems in metric spaces and 2-
metric spaces by using an asymptotically regular sequence, which extend and generalize some
results of M.S. Khan - M. Swa leh ([17]) and B.M.L. Tiwari - S.L. Singh ([33]).

II. Common fixed point theorems in metric spaces.
Throughout this section, let (X,d) be a metric space.

Definition 2.1. Let S and T be mappings from X into itself. A sequence {xp} in X said to be
asymptotically S-regular with respect to T if
lim d(Sxp,Txp) =0

n — oo

If T is the identity mapping on X, then Def. 2.1 reduces to that of H.W. Engl ([3]).

Theorem 2.1. Let (X,d) be a complete metric space. Let {Sp} be a family of mappings from X
into itself and T be a continuous self-mapping on X such that for each ne N,

(2.1) {Sp,T} is a commuting pair,

(2.2) There exists an asymptotically Sy-regular sequence in X with respect to T,




(2.3) d(Six,Siy) < a1d(Six,Tx) + a2d(Siy,Ty) + a3d(Six,Ty) + asd(Sjy,Tx) +
+ asd(Tx,Ty) ,
forevery x,ye X and i,je N, i#j, whére a; (i=1,2,3,4,5) are non-

negative real number such that max {a; +a,az+ag+as) <1

Then, for each ne N, Sy and T have a unique common fixed point in X.

Proof. Suppose that {xp} is an asymptotically Sj-regular sequence with respecto to T for each
ie N. Then limd(Ax,Sixp) =0 for n — oo and foreach i € N. Now foreach i,je N,
i# ], consider the inequality:

d(Txp,Txm) < d(Txp,Sixn) + d(Sixn,Sjxm) + d(SjXm,Txm)
< d(Txp,Sixn) + {a1d(Sixn,Txp) + a2d(Sjxm,Txm) + a3d(Sixp,Txm) +
+ a4 d(Sjxm,Txn) + a5 d(Txp, Txm)} + d(SjXm,Txm)

Therefore we get

1+a;+as
1-az-ag-as

1+ay+ay
1-a3-a4-as

d(Txp,Txm) <

d(Txp,Sixn) + d(Txm,ijm)

As m,n — oo | it follows that {Txp} is a Cauchy sequence in X. Then since (X,d)
is complete, Txp — z € X. Also the asymptotic regularity of (xp} would mean that Sijxp —
z. Further the continuity of mapping T yields that T2xp — Tz and TSijxn — Tz foreach i€
N. On the other hand, since S; and T are commuting for each i€ N, SiTxp; — Tz. Now
foreach i,je N, i#j, we get

d(Tz,Siz) < d(TZ,Sijn) +d(§iTxp Siz)
< d(Tz,SjTxy) + a1d(S{Txp T2xp) + a2d(Siz,Tx) + a3d(SjTxp,Tz) +
+ a4d(Siz, T?xp) + asd(T2xp, Tz)

Letting n tending to infinity, we obtain
d(Tz,Siz) < (ap+a4)d(Tz,Siz) foreach ie N.
Thus Tz = Siz foreach i e N. Again for each i,je N, i#j, we have

d(SiTxn,Sjxn) £ a1d(S{Txn, T2xp) + a1d(Sjxn,Txn) + a1d(S{Txp,Txp) +
+ a1d(Sjxn,T?xp) + a1d(T2xp, Txp)

As n — oo we are left with d(Tz,z) < (az-a4-a5)d(Tz,z) , which implies that

Therefore we have z =Tz =Sz foreach ie N. So z is a common fixed point of
Sp-and T for each ne N. The uniquence of the common fixed point z can be easily

established. This complete the prdof.




Remark (1): Theorem 2.1 can be regarded as an improvement of Theorem 1 proved
by B.M.L. Tiwari and S.L. Singh ([33]). It should be noted that we have not required the
condition Sp(X) € A(X) in the proof of Theorem 2.1.

Remark (2): We can obtain a multitude of results by choosing Sp and T suitably
as shown by BM.L. Tiwari and S.L. Singh ([33]). Thus our result generalizes several
significant fixed and common fixed point theorems.

We also prove the following result on common fixed points under a different set of

conditions.

Theorem 2.2. Let (X,d) be a complete metric space. Let {Sp} be a family of mappings of X
into itself and T be a continuous self-mapping on X such that foreach ne N,
2.5 SiX) © T(X)
(2.6) {Sp,T} is a commuting pair,
(2.7) d(Snx,Sn+1y) < a1{d(Snx,Tx) + d(Spw1y,Ty)} + a2{d(Spx,Ty) +
+d(Sna1y,Tx)} + 23d(Tx,Ty) ,
forall x,y € X, where a; (i=1,2,3) are non-negative real numbers such

that max {a; +a,az3+ag+as} <1.

Then there exists a mapping S from X into itself such that T and S have a
unique common fixed point in X.

Proof. Let xge X be arbitrary. Then Txg is also a point of X. Since Sp(X) TX) ,
we can put Txp= Sn(xn_l) for each ne N. Then as in the proof of Theorem 1 of B.M.L.
Tiwari and S.L. Singh ([33]), we obtain

a;+ap + as

d(Txp,Txp+1) < Lisag=iay

d(Txp-1,Txn)
which means that {Txp} is a Cauchy sequence in X. Hence, bay the completeness of X,
{Txn} converges to some point of X and so {Spxp.1} also converges. Put Sx =lim Spx
n — oo
Then we have
d(Sx,Sy) =d(lim Spx,lim Sp41y) =lim (Spx, Sp+1y) =
n—>00 n—oo n— oo
< lim [ a;{d(Spx,Tx) + d(Sn+1y,Ty)} + a2{d(Spx,Ty) +
n— oo +d(Snny, T} +a3d(Tx,Ty)

which implies that

d(Sx,Sy) < a1{d(Sx,Tx) + d(Sy,Ty)} + ap(d(Sy.Ty) + d(Sx,Ty)} + a3d(Tx,Ty)




Hence by the common fixed point theorem of S.L. Singh ([27]) mentioned in the
introduction it follows that T and S have a unique fixed point in X. This completes the
proof.

III. Common fixed point theorems in 2-metric spaces.

In this section, we gives a common fixed point theorems in 2-metric space by using
the concept of an asymptotically regular sequence. For the following definitions, we refer to
[12] - [18], [21] - [26] and [28] - [32].

Definition 3.1: A sequence {xp} in a 2-metric space (X,d) is said to be convergent to a point
x in X if lim d(xp,x,a) =0 forall a in X. Then x is the limit of the sequence {x,)} in
X. n— oo

Definition 3.2: A sequence {xp} in a2-metric space (X,d) is said to be a Cauchy sequence if

lim d(Xm,Xp,a) =0 forall a in X.
m, n — oo

Definition 3.3: A 2-metric space (X,d) in which every Cauchy sequence is convergent is
called complete.

Definition 3.4: Let (X,d) be a 2-metric space and T be mapping from X into itself. Then a
sequence {xp} in X is said to be asymptotically T-regularif lim d(Txp,xp,a) =0 forall a
in X n — oo

Definition 3.5: Let (X,d) be a 2-metric space, and S and T be mapping from X into itself.
Then a sequence {xp} in X is said to be asymptotically T-regular with respect to S if for
n—oo lim d(Txp,Sxp,a) =0 forall a in X.

If mapping S from X to itself is an identity mapping in Definition 3.5, we obtain
Definition 3.4.

Definition 3.6: A mapping T from a 2-metric space (X,d) into itself is said to be sequentially
continuous at x if for every sequence {xp} in X suchthat lim d(xp,x,a)=0 forall a in
X, lim d(Txp,Tx,a) =0. n—oo

n—o0

Definition 3.7: Let (X,d) be a 2-metric space, and S and T be mappings from X into
itself. Then {S,T} is said to be a weakly commuting pair if d(STx,TSx,a) <d(Tx,Sx,a) for

all a,x in X.




Note that a commuting pair {S,T} in a 2-metric apce (X,d) is weakly
commuting, but the converse is not true ([15]).

Now, we give a main theorem.

Theorem 3.1: Let (X,d) be a complete 2-metric space, d continuous an A, S and T be
mappings from X into itself such that
(3.1) S and T are sequentially continuous,
(3.2) {A,S} and {A,T} are weakly commuting pairs,
(3.3) There exists an asymptotically A-regular sequence with respect to both S
and T,
(3.4) d(Ax,Ay,a) < a1d(Sx,Ax,a) + apd(Tx,Ax,a) + a3d(Sy,Ay,a) + a4d(Ty,Ay,a)
+ a5d(Sx,Ay,a) + agd(Tx,Ay,a) + a7d(Sy,Ax,a) + agd(Ty,Ax,a)
+ agd(Sx,Ty,a) + a1od(Sy,Tx,a)
for all x,y,a in X, where aj(i=1,2,....,10) isa non-negative real num-
bers such that max{as+ag+...+a10, ag+az+as+ag+ag+aj(, a3+ag+as+ag,
aj+ag+aj+ag} <1

Then A, S and T have a common unique fixed point in X.

Proof.: Let {xn} be an asymptotically A-regular sequence with respect to both S and T.
Then, by (3.4), we have

d(Axp,Axm,a) < a1d(Sxn,Axp,a) + apd(Txp,AxXp,a) + a3d(Sxm,AXm,a) +
+ a4d(Txm,AXm,a) + a5d(Sxp,Axm,a) + agd(Txn,AXm,a) +
+ a7d(Sxm,Axp,a) + ag(Txm,AxXp,a) + a9d(Sxp, Txm,a) +
+210d(Sxm, Txn,a) '
forall a in X and hence, by condition (4) of 2-metric,

(1-as-ag-a7-ag-ag-a10)d(Axn,Axm,a) < (a+as+ag)d(Sxn,Axp,a) + (ag+ag+a10)d(Txp,Axp,a) +
+ (a3+a7+a10)d(Sxm,Axm,a) + (ag+ag+a9)d(Txm,AXm,a) +
+ (ag+a9)d(Txm,AXp,AXm) + (ag+a10)d(Axm,Axp, Txm) +
+ a5d(Sxn,AXm,AXn) + a7d(SXm,AXn,AXm) +
+ a9d(Sxn:Txm.Axn) + 210d(SXm, Txn,AXm)
forall a in X.

Since {xn} is an asymptotically A-regular sequence with respect to both S and
T, as m,n — oo | we have (1-as-ag-a7-ag-ag-aj0)d(Axn,Axm,a) =0 forall a in X.

Therefore, {Axp) is a Cauchy sequence in X. Since (X.,d) is a complete 2-metric space,
{Axn} has the limit in X. Callit z, thatis, lim d(Axp,z,a) =0 for n — oo andforall a
in X. Since .




d(Sxn,z,a) < d(Sxn,z,Axp) + d(Sxn,Axp,a) + d(Axn,z,a) = 0 as n— oo A

Sxp—>z as . -~ . Similarly, we have Txp —z as n— oo . Since S and

T are sequentially continuous, it follows that

SAxn — Sz, SZxp — Sz, STxp — Sz, TAxy— Tz, T2, — Tz, TSxp — Tz
as n—oo. Since {A,T} isa weakly commuting pair,

d(ATxp,Tz,a) < d(ATxp,Tz,TAxp) + d(Txp,Axp,a) + d(TAxp,Tz,a)

for all a in X. Therefore, we have ASx, — Tz as n — 0. Similarly, we have ASxp —
Sz as n — oo . Hence, by (3.4), we have

d(ASxn,ATxp,a) < a1d(S2xp,ASxp,a) + a2d(TSxn,ASxp,a) + a3d(STxp,ATxp,a) +
+ a4d(T2xp, ATxp,2) + a5d(S2xn,ATxp,a) + agd(TSxpn,ATxp,a) +
+ a7d(STxp,ASxp,a) + agd(szn,ASx_n,a) +a9d(S2xp, T2xp,a) +
+ a10d(STxp, TSxp,a) .

Since d is continuous, as n — oo,

d(Sz,Tz,a) < (a2 + a3 + as + ag + a9 + a10)d(Sz,Tz,a) ,
so that, Sz=Tz.

Again, by (3.4), forall a in X,

d(ATxp,Az,a) < a1d(STxp,ATxp,a) + azd(szn,ATxn,a) + a3d(Sz,Az,a) +
+a4d(Tz,Az,a) + a5d(STxn,Az,a) + agd(T2xy,Az,a) +
+ a7d(Sz,ATxp,a) + agd(Tz,ATxp,a) +agd(STxp,Tz,a) +
+a10d(Sz,T2xp,a)
< a1d(STxp,ATxp,a) + apd(T2xp,ATxp,a) + a3d(Sz,Az,Tz) +
+ a3d(Sz,Tz,a) + a3d(Tz,Az,a) + a4d(Tz,Az,a) +
+ asd(STxp,Az,a) + agd(T2xp,Az,a) + a7d(Sz,ATxp,a) +
+ agd(Tz,STxp,a) + agd(STxp,Tz,a) + a10d(Sz,T2x,a)

forall a in X.

Since d is continuous for all a in X,
d(Tz,Az,a) < (a3+as)d(Tz,Az,a) + (ag+ag)d(Tz,Az,a) = (az+ag+as+ag)d(Tz,Az,a)

Thatis, since a3+ag+as+ag<1, d(Tz,Aza)=0, sothat Tz=Az.

Again, by (3.4), forall a in X,




d(Az,A2z,3) < a1d(Sz,Az,a) + a2d(Tz,Az,a) + a3d(SAz,A2z,a) + a4d(TAz,A2z,2) +
+2a5d(Sz,A2z,) + agd(Tz,A%z,a) + a7d(SAz,Az,a) + agd(TAz,Az,2) +
+a9d(Sz,TAz,a) + a10d(SAz,Tz,a) = (a5+a6+a7+a3+a9+a1o)d(Az,Azz,a)

Since as+ag+aj+ag+ag+ajo<l, d(Az,A2za)=0, thatis, Az= A2z .

Putting p=Az, wehave p=Ap and

d(Sp,p,a) = d(SAz,Az,a) < d(SAz,Az,ASz) + d(SAz,ASz,a) + d(ASz,Az,a) ,

thatis d(Sp,p,a) =0, sothat Sp=p. Similarly, Tp=p. Thus, p is a common fixed
pointof A, S and Y.

Next, to prove uniqueness of the common fixed point p , suppose that p and q
are common fixed points of A,S and T.Then we have

d(p,q.2) = d(Ap,Aq,a) < a1d(Sp,Ap,a) + a2d(Tp,Ap,a) + 23d(5q,Aq.a) +
+ a4d(Tq,Aq,a) + asd(Sp,Aq,a) + agd(Tp,Aq,a) +
+a7d(Sq,Ap,a) + agd(Tq,Ap,a) + agd(Sp,Tq,a) +
+a10d(Sp,Tp,a) = (as+ag+a7+ag+ag+a10)d(p,q,a).

Since as+ag+a7+ag+ag+ajo<1, d(p,ga)=0, thatis, p=gq.

Therefore, A, S and T have a unique common fixed point in X.

Remark. In Theorem 3.1, A is sequentially continuous at p if aita+az+ag<i,
where p is common fixed pointof A,S and T. In fact, let {Yn} be any sequence in X
with lim d(y,p,a) =0, for n—> oo, forall a in X,and for 21 +ap +ajt+ag<l

By (3.4), we have, forall a in X,

d(Ayn,Ap,a) < a1d(Syn,Ayn,a) + a2d(Tyn,Ayn,a) + a3d(Sp,Ap.a) +
+ a4d(Tp,Ap,a) + asd(Syn,Ap,a) + ad(Tyn,Ap,a) +
+ a7d(Sp,Ayn,2) + agd(Tp,Ayn,a) +agd(Syn,Tp,a) +
+a10d(Sp,Tyn.)
< a1d(Syn,Ayn,a) + a1d(Syn,Ap,a) + a1d(Ap,Ayn,a) +
+ a2d(Tyn,Ayn,Ap) + a2d(Tyn,Ap,a) + a2d(Ap,Ayn,2) +
+ a5d(Syn,Sp,a) + agd(Tyn,Tp,a) + a7d(Ap,Ayn.a) +
+ agd(Ap,Ayn,a) + agd(Syn,Sp,a) + a10d(Tp,Tyn,a).

Since S and T are sequentially continuous at'p,




d(Ayn,Ap,a) < (a1 + a2 + a7 + ag)d(Ap,Ayn,a)

Therefore, we have lim d(Ayp,Ap,a) =0, for n— oo, and for a in X, thatis,
A 1is sequentially continuous at p.

As an immediate consequence of Theorem 3.1, we have the following

Corollary 3.2. Let (X,d) be a complete 2-metric space, d continuous and A be a mapping
from X into itself satisfying the following condition ([16]):

d(Ax,Ay,a) < bid(x,Ax,a) + bad(y,Ay,a) + bad(x,Ay,a) + bgd(y,Ax,a) +
+ bsd(x,y,a)

forall x,y and a in X, where b; (i = 1,2,3,4,5) is a non-negative
real number such that max{bp + b3, b3 +bg+bs} <1.

If there exists an asymptotically A-regular sequence in X ,then A has a unique
fixed point in X.
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Abstract

In this note, we present a new method for establishing the orthogonal

property of the Laguerre polynomials.

Introduction

The Laguerre polinomials constitute an important, and a rather
wide class of hypergeometric polynomials with many applications,
particularly in mathematical physics. Their orthogonal property is
usually derived by the use of the associated differential equation and
Rodrigue's formula. In this note, we introduce a direct method of proof,
which is much simpler and elegant to establish the orthogonal property
of Laguerre polynomials.

2. Orthogonal property

For Re(a) > -1 , the orthogonal property of Laguerre polynomials
with the weight function e;* x-2 is given by:

a a
e-*x xa L (x) L (x)dx = (2.1)
0
Proof : In view of the relation [1, pag. 311,(9,49)]

+1
Lfn(x) = (—am ‘)m 1F1(-m;a+1;x) ,

the left hand side of (2.1) can be written as




oo

(a+1)m

= Je'x xa) F1(-m;a+1;x) L2(x) dx @2)

0
Now expressing the hypergeometric function in the integrand as
its series rcpresentation [2,pag. 182,(1)], we have

(oo}

(a+1)m2 (( m)r J‘e_x xa+r Li(x) dx

a+1)r!

On applymg [3,pag. 292,(1)]
fe L o, (x) dx
0

and simplifying, (2.2) reduces to the form

I‘(a b+n+1) (b)
n!(a-b+1) 2

Re(b) > 0

(a+D)m z (-m)(- r)nr(a+1)

m!n! (2.3)

=0 : !
If 1< n, tne numerator of (2.3) vanishes, and since 1 Tuns from
0 to m, it follows that (2.3) also vanishes when n<m. Now, it is clear that
for m # n all terms of (2.3) vanish.

When m = n , using the standard resul [1,pag.274]:

-1)nr!
%, 02 a <

(-t)n =

(0)== if n>r

3

and simplifying (2.3), we get

(a+1)af(a+1)
n! ;
which yields the orthogonal property (2.1).
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1. Introduction and motivation.

"Homothetic function" is a term which refers to some extension of
the concept of a homogeneous function. Different definitions of the
concept of "homotheticity", not all of them being equivalent , can be
found in the literature. (See , for instance, Eichhorn [1968,1969] ; Kats
[1970] ; Whitaker and Mc. Callum [1971] ; Shephard [1972] ; Aczél and
Dhombres [1989] , or Candeal and Indurdin [1992 a,b] ).

Among the definitions of homotheticity, there exists a functional
equation representation (Fare [1973]) :

() << f(Ax)=I( 4, f(x)), forevery x e Xand A R,, ,"T"
being a two-variables function >>.




The existence of that representation is equivalent to the scaling-
invariance of the function "f" :

() << f(x) = fly) ifand only if f(Ax)= f(Ay) , forevery
x,yeX, andieR, , >>.

Condition (ll) appears in the definition of homothetic functions
introduced in Whitaker and Mc. Callum [1971] .

Last definition is, perhaps, the key for applications of the concept
of homotheticity in Economics. As an intuitive example , consider an
individual declaring that the commodity bundle "x" is , for her, preferred
to the commodity bundle "y" . It seems acceptable that she should declare
preferred a k-fold multiple of "x" when compared to a k-fold multiple of
"y", for any positive scale "k" . (These kind of questions are analyzed ,
for instance, in Chipman [1974] ; Nadiri [1982] , or Shafer and
Sonnenschein [1982] ) .

2. Notation and previous concepts.

We shall denote R4+ = {x e R; x>0} and R" _ -Ryyx.. (n-
ﬁmeS) s R

In what follows , X C ]R”++ will be a connected open real cone
andzetisXine S5 we or - R a real function:

The function f is said to be :

(i)  Homogeneous of degree m (rﬁ e R) if f(Ax) = AM f(x) , for
everyAe Ryy and xe X,

(ii)  homothetic (in the sense of Fare [1973] ) if it verifies the
functional equation (l) (or its equivalent (Il) ).

3% Partial differential equations of homotheticity.

Functional equations (I) and (ll) are , in a way, non-classical. (For
-classical  "functional equations" one usually means differential or
integral equations ).




This in mind, it sounds interesting to look for differential
equations that characterize the homotheticity , at least for the
ditrerentiable case.

In this section, we characterize differentiable homothetic
functions as the solution of a system of partial differential equations

Consider the following equation :
(2 Vif- ()= Hpths S VE ) <)

where "S" denotes the shift operator on R" defined by S(xq,X0,...,Xp) =
(x2,...,xn,x'1); fi XSS G tR 2 lis an realfsfunction: sof; -class
'(31(X) . Vf(x) denotes its gradient (column matrix) at point x € X ; and

"H" is a homogeneous of zero degree diagonal matrix of real functions,
ie. :

the functions  h; (i = 1,..;,n) being homogeneous of zero degree, hi(x) #
0(=1,.n;xeX), and h (x) =1/[hq(x).ho(x). ... .ha(x)] .

Equation (lll) is equivalent to the following system of partial
differential equations :

( af/axy (AX) hy(x). 3f/dxp (hX)
3t/ax 5 (Ax) ho(x). affaxg (AX)

of/ax,_1 (AX) -4 (x)- offaxy (Ax)

n

Laf/axn (%) hy(x). x4 (Ax)




forevery A € R e X.

EaRX

Henceforward , we shall deal with a function f: X — —» R
of class T (X) , and such that f;= t/ox; > 0 (i=1,..,n).

We are ready to present now our main result.

THEOREM :
The following statements are equivalent

(i) "f" is a solution of system (llI*) |,
(i) "f" is homothetic

Proof _:
(i) » (i)
Consider a level-surface relative to "f', given by {x = (s, z) € X; s
n-1 - : = :
e R"',, ,zeR_,_ , f(x) =C }. Fixapointx* = (a,b) in that level
surface (ie.: s e R™ |
Since df/ax, (x*) > 0, there exists an implicit function " € "

defined in a neighbourhood of "a" , U , such that {(a) = b, and f(s, £(s) )
=C,foreveryse U .

Z e R

Observe that , for every s e U andie {1, ..., n-1} it holds :

of/ax; (s, £(s) ) + df/ox (s, {(s)) . dL/axj(s) =0 .

Thus d¢/axi(s) = - [ (of/dx; (s, &(s) ) )
=-[hjpq(s, &(s)) . hjols, L(s))

Therefore, by hypotheses of (i) , it follows that dC/dx;(s)

homogeneous of degree zero.

Now, letAe R, , . At least in the neighbourhood AU of (Aa, Ab) ,
the function " @ " given by ®(t) = f(t , . {(t/A) ) is well defined.




To conclude that (i) implies (ii) , it is enough to see that this
function " @ " is constant , or, equivalently, it has zero gradient .

Actually, fixed i e {1, ..., n-1}, we have :

ID/Ax; (t) = AMAx; (t, A. L(tA)) + A . afax(t, A L(t/A) ) .
(1/%) . 3L/Ax;(t/A) = 3f/dx; (t M. L(YA) ) + df/ax(t, A. L(t/A) ) .
AL/AX () = Af/dx; (4 A.L(tA)) - [ (@f/ax; (t A.C(tA)) ) /
(3g/ax;t) ) 1 . aL/dx(t/A) = 0 .

(i) 3 (i)

It is enough to prove that the function (df/dx;) / (af/dxp) :

X———» R is homogeneous of degree zero, for every ie {1, ..., n-1} .

Fix x* = (Xq%.X,") € X. SetA(x") = {z « X ; f(2) = f(x*) }.

By the Implicit Function Theorem, there exist a neighbourhood "U"
of (xq4*,....Xj_.1".Xj;11"--.X") , and a differentiable function " ¢ " defined

on "U", suchthat [0) (x1*,..., Xi xi+1*,..., Xp*) = X" :
(09/9X;) (X4 s-s Xj_1> Xip1 oo Xp) = -[(0F/9x;) / (9f/0x )] (Xq,--2Xp) -
Given 2e R, , set AAx') ={s e X ; f(s) = f(A.x*) }. The
homotheticity of "f* implies that A(A.x*) = A. A(x*) .
As above, there exist a neighbourhood "W " of (A.xq% ..

x.xH*, x.xi+1*, o x.xn*) , and a differentiable function " ¢# " defined

on "W", suchthat o# (A.x4% ..., A.xj_¢% x.xi+1", ST Sy RS Xy
(a(P#/aXl) ( Yo 0 Vit Yigds oo yn) = -[(af/axl) / (Bflaxn)] (Y1, sty yn) .

Now, by the unigueness of implicit functions , it follows that on
the subset W mn A.U it holds :

OE(Y 1 Yicts Yig1ooYn) = M0((Y1/A)se (Y 4 /A) (Vg 4N, (Y /A)).

Hence, we have :




18Xl @HAXAN A XA ity MKt o
a(P#/aXi ( 7\,.X1, 4 X.Xi_1, K.Xi+1, MAUE X.Xn.) = (a(p/axl) (X1 e 1. Xi-1'
Xi o1 X) = - [BF3X)) 1 (H0X)] (xq .00 Xp) -

Therefore (9f/0x;) / (9f/dx,) is homogeneous of degree zero.

This concludes the proof.

FINAL REMARKS :

(a) In Candeal and Indurdin [1992 a,b] we studied the structure of
homothetic functions and give a complete classification of them. For
example, a continuous homothetic function "' on a connected open cone
"X" is either constant (in particular homogeneous of degree zero), or
there exist continuous functions g: X —— R andh: R ——= R
with "g" homogeneous of degree one, "h" injective , and f=hog.

(b) The characterization in Remark (a) corresponds to the most
common definition of homotheticity given in the Mathematical Economics
literature, namely :

A function f : X———» R is said to be homothetic in the
classical sense of Economics if there exist

h:X—— » R andg:R ——» R suchthat f=goh , "g"

being injective and "h" homogeneus of degree one .

(c) Several authors call "homothetic in the classical sense of
Economics"  only the particular case of "f* being differentiable such that
f=goh,with g' >0 , and "h" being homogeneous of degree one. That is
the definition found in Shephard [1953] ; Kats [1970] or  Silbarberg
[1990] , p. 97 .

(d) Under the hypotheses of the Theorem, the existence of a
decomposition f = g o h , as that in Remark (c) , (i,e. : g ' >0 , and "h"
being homogeneous of degree one) characterizes homotheticity. (i.e. :
under differentiability assumptions, homotheticity in the sense of Fare
is equivalent to homotheticity in the classical sense of Economics ).

To prove this assertion, first observe that being f = g oh , the
partial derivatives of "h" are homogeneous of zero degree. Thus, "f"




verifies a system of equations like (IlI*). Conversely, suppose that "f"
is homothetic in the sense of Fare. Fix an element e e X . Given x € X ,
there exists a unique A, € R4+ such that f(x) = f(A,.e) (to convince you,
notice that "f* is continous and increasing in each variable, and use an
standard connectedness argument).

Finally, consider the functions h : X — & R4y , defined by
X ,and g : Ryy ——» R, defined by g(x) = f(Ay -€) .

(¢) In  Lau [1969] a characterization of homothetic functions
through a system of partial differential equations was also obtained.
Nevertheless, the approach in that paper is much less elementary than in
our main result. For example, several additional conditions related to
partial derivatives of second ‘order, integrability , quasiconcavity, etc.
were considered there.

(f) The case n = 2 has an interesting interpretation : Given a
function f(x,y) such that 9df/ax (Ax, Ay) = hq(x,y). of/dy (Ax, Ay) ; for

every A € R4y , hy(x,y) being a.function homogeneous of zero degree , it
follows that the level-curves f(x,y) = k (k € R) are integral solutions of
the homogeneous ordinary differential equation y ' = - hy(xy). It is
well known that the integral-curves , or solutions, of an homogeneous
O.D.E. are homothetic (in the geometrical sense) with respect to the
origin of the plane. (See, for instance, Valiron [1950] pp. 145 and ff.)
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CORRECCION DE ORBITAS DE PARES VISUALES
UTILIZANDO SOLAMENTE DIFERENCIAS (0O-C)

EN ANGULOS DE POSICION

R. Cid y C. Longas
Departamento de Fisica Tedrica
Secciéon de Astronomia
Universidad de ZARAGOZA

Abstract.

In this paper, we have developed three methods for obtaining the
correction of orbits of double stars, using only differences (O-C) in
position angles. The results are employed for the correction of the orbit
ADS 15972, making use of two of these methods.

Introduccion.

El cdlculo y correccién de orbitas de Orbitas de estrellas dobles
visuales se basa en un conjunto de observaciones del tipo (p, 6, t) que
son efectuadas por numerosos astrénomos durante afios, de manera que
para cada instante t tomando una de las estrellas como estrella
principal Egp (la mds brillante o la elegida por el primer observador, si
ambas son de la misma magnitud), la estrella satélite E es referida a la
anterior y se supone que describe una 6rbita kepleriana llamada drbita
relativa. La proyeccién cilindrica de esta érbita sobre el plano tangente a
la esfera celeste en Eg recibe el nombre de drbita aparente. De esta
forma, si E' es la proyeccién de E sobre la 6rbita aparente, los datos de
observacién (p, 6, t) vienen dados por la distancia p = dist(EgE') y el
angulo de posicién 6 = NEQE' , siendo N la direccién del Norte.




Por otra parte, el desconocimiento de las masas de ambas estrellas
obliga a introducir el periodo P como elemento orbital adicional, de
forma que en la determinacién de Oérbitas de estrellas dobles suelen
emplearse los siguientes elementos orbitales:

P = periodo, o tiempo en afios que emplea la estrella satélite en su

trayectoria en torno a la estrella principal, sustituido en ocasiones por el
movimiento medio n = 2n/P.

T = época de paso por el periastro, o instante t en que la estrella
satélite se encuentra sobre el semieje mayor de la Orbita relativa, en su
posicién mds préxima a la estrella principal.

semieje mayor de la orbita relativa

excentricidad de dicha orbita

I = inclinacion, o éangulo diedro que forman los planos de ambas
6rbitas (aparente y relativa) contado de 0° a 90° para Orbitas de
movimiento directo y de 90° a 180° para las de movimiento retrégrado.

Q = dngulo del nodo, (Q = NEQE'), siendo EQE' la recta de interseccion
de los dos planos fundamentales. Se cuenta de 0° a 180°

o = argumento del periastro, que define el dngulo entre el nodo Q y
el periastro T, contado de 0° a 36(_)9.

La relaciones que existen entre los elementos (p, 6) de la orbita
aparente y los correspondientes (r, f) de la orbita relativa, donde r es el
radio vector *y f la anomalia verdera, son las siguientes:

pcos(6 — Q) =1 cos(w + f) psen(6 — Q) =1 sen(w + f) cos I (1.1)

Con estas notaciones, y siendo M la anomalia media y E la
anomalia excéntrica, el cédlculo de las efemérides (p, 6) correspondientes
a una €poca t, se obtienen por la secuencia de férmulas

f 1+ E
M =n(t - T), E-esenE=M, tagz:'\/l—_ZtagE, (1.2)




cos(w+f)
T
cos(6-Q)
Para evitar repeticiones en lo que sigue, es conveniente introducir

r=a(l - e cos E) tag(6—Q) = tag(w+f) cos I Pi= (@:2)

las constantes de Innes, A, B, F, G, que vienen definidas por las férmulas:
A = a(cos Qcos o -sen Q sen @ cos I)
B a(sen Q cos ® + cos Q sen o cos I)
F a(-cos Q sen o - sen Q cos w cos I)
G = a(-sen Q sen o + cos Q cos w cos I)
Invirtiendo esta férmulas se llega facilmente a las siguientes:
tag(o + Q) = (B - F)/(A + G)
tag(w - Q) = -B + F)/(A - G)
; 2(1_)_ A-G cos(m+Q)_ B+F) sen(0+Q)
B (AJrG] cos(w-Q) @-F) sen(m-Q)
que permiten calcular los elementos Q, w, I, en funcién de las constantes
de Innes, sirviendo la- dltima, que ha de ser necesariamente positiva,

para discriminar los verdaderos valores de Q y .

Calculo de o6rbitas por el método de R. Cid.

Siendo K =aV1-e2 cos I, y por medio de la ecuacién de Thiele

pxpisen(0x—06,)

n(tg - tj) - [Ex - E; - sen(Eg - Ej)] = K

en este método son utilizados tres lugares normales, (p2,02,t2) , (p3,03,t3) ,
(p4,84,t4) y una observacién adicional (81,t;), que sirven de base a los
cdlculos, llegidndose finalmente a un sistema de tres ecuaciones

F(V-U) - pE(V) + qF(U) = 0
hF(W-V) - KF(W-U) + F(W) = 0

Y = o(VU) - (l-N)d)(WUj + (1-Q)@(WV) =0




con las incégnitas U = E4- E3, V =E4- E2, W = E4- E;, y donde las
funciénes F(X) y ®(XY) estin definidas en la forma

F(X) =X -sen X O(XY) =-sen X + sen Y + sen(X-Y) 2.2)

Las cantidades N, Q, R, S, dependen exclusivamente de los datos, por
medio de las igualdades:

_p2sen(682-61) _ _p3sen(63-6;) 23)
“pasen(84-61) " pasen(04-61) ol
__Pp3 sen(63-67) _ P2 sen(63-62) 23)
pasen(04-07) pa sen(64-63) Tl
aunque también pueden expresarse, haciendo uso de la ecuacién de
Thiele, en las formas siguientes

n(ty-t1) - F(W-V) Z n(t3-t;) - F(W-U)
n(ts-t;) - F(W) Q ="1(ta-t1) - F(W)

N =

n(t3-tp) - F(V-U) S - n(t3-tp) - F(V-U)
~ n(ta-tz) - F(V) = n(tg-t3) - F(U)

Las cantidades P¥qs h; k, dependen de los datos y de las cantidades
anteriores, por medio de las igualdades

_ Rtp3 - RSt34 ¥ Stp3 - RSt24
P = Rtyy - Staq 97 Rtaq - Sty

e e e VW pla Bz =Nty
Qti2 - Nty3 Qti2 - Nty 3

240

(2.4)
donde tix =tx -t .

La resolucién del sistema (2.1), descrita en el trabajo de R. Cid
(1960), puede efectuarse dando valores a V 'y calculando los
correspondientes de U por la primera férmula y los correspondientes de
W por la segunda férmula, como funcién de los anteriores. La tercera
férmula sirve . de control hasta que se produzca .su anulacién. Las
posibles soluciones del sistema se encuentran entre aquellos valores de
V, para los cuales se produce un cambio de signo de Y. La resolucién de




dicho sistema puede efectuarse en forma analitica, como fué disefiada en
el citado trabajo de R. Cid, o en forma numérica.

Una vez resuelto el sistema (2.1) con respecto a las incdgnitas U, V,
W, se puede proceder al cdlculo de los elementos orbitales del modo
siguiente:

a) La definicién de las cantidades N, Q, R, S, permite llegar a cuatro
ecuaciones, que solamente contienen la incégnita n. Por lo cual pueden
obtenerse cuatro valores, cuyo promedio define el movimiento medio y
por tanto el periodo.

b) Las ecuaciones de Thiele, aplicadas a los tres pares de indice

(2,3), (2,4), (3,4), que no contienen la distancia p; servirdn para el
cédlculo de la constante K. Por ejemplo

Aog
K—nt24 - F(V)

c¢) Las ecuaciones

Rsen(V-U) - RSsenU
RS+R-S

e sen Ej =

RScosU - Rcos(V-U) - S
RS+R-S

e cos E3 =

nos proporcionan el valor de la excentricidad e y el verdadero
cuadrante de la anomalia excéntrica E3, de la que se deducen las
anomalias

Es =E3 +.U. , E; = E3 - (V-U) , Ei = E3 - (W-U)
d) Las ecuaciones de Kepler

n(ti - T) = E; - e senE; (i = 1,2,3,4)

nos dardn un promedio de la época T de paso por el periastro.

e) Finalmente, para el cdlculo de los elementos Q ,® , I , puede
seguirse el proceso dado por R. Cid (Urania, 1960), calculando para tres
€pocas  (ti, tj, tk), [siempre en el orden de la permutacién (i,j,k)], los
determinantes




pi+4q; 1-pq; Pj-q 1+ piq;
M; = N; =
Pk +qx 1 - pxQk Pk - k1 + pxqk

donde p; =tag@; , q; =tagf;.

Los determinantes M; , M; , My , Nj, N; , Nx , nos permitirdn calcular
los elementos Q, , I, por medio de las igualdades

qiM; + q;M; + qxM
M; + Mj + My

tag(o + Q) ==

qiN; + q;N; + qxNy
d Nf-'— N+ I\T;\

tag(o - Q) =

2([_) A (Nj + Nj + Ni)cos(o + Q)
8°\2) T (M; + M; + M)cos(o - Q)

f) Finalmente, el semieje mayor a se obtendrd por la igualdad

K
V1-e2 cosl

a2=

quedando concluido el cédlculo de los elementos orbitales.

3. Métodos de correccién de oérbitas que utilizan diferen-
cias observacion menos calculo en 4angulos de posicion.

Una vez realizado un primer cédlculo de la orbita de una estrella
doble por cualquier método y calculadas las efemérides
correspondientes, se obtienen las diferencias existentes entre los datos
de observacion (p, 8, t) y los calculados por efemérides, que suelen

denominarse diferencias observacién menos cdlculo (O-C), en dngulos de
posicién y distancias, o bien Ap y A6. :

Con ayuda de estas diferencias puede procederse a una correcci6n
de la 6rbita calculada, ya sea por el método de minimos cuadrados, en el
que se procura hacer minima la suma de los cuadrados de tales
diferencias, o por el método de minimos valores absolutos. en el que se
trata de minimizar la suma de valores absolutos de dichas diferencias.




En general, estos métodos estdn adaptados para el cdlculo con
ordenadores, de tal manera que la o6rbita. corregida por un primer
cdlculo puede servir de base a una segunda correccién y asi
sucesivamente.

Designando por q; el conjunto de elementos orbitales
independientes P, T,e,Q,wo,I,ypor 6x(k = 1,2, ..., n) un conjunto de
datos de observacion, tendremos n relaciones conocidas 6y = f(q;, tk) ,
que para valores previos (qi)o= (Po, To, €0, R0, wo, Ip) de los elementos
orbitales, dardn lugar a las correspondientes efemérides Oc-=1(0x)o =

f[(ai)o, tk].

Desarrollando la funcién f(qj tk) en el entorno de valores {(qi)o, tk}
, por medio de una serie de Taylor, en el que despreciamos las derivadas
parciales de orden superior al primero, tendremos:

6 &

2. (9f/3qi)Ag; = B - B¢

i=1

Y el sistema de estas n ecuaciones con siete incdgnitas, tratado por
el método de minimos cuadrados o de minimos valores absolutos, nos
llevard a determinar las correcciones Aq; de los elementos orbitales
previos y por tanto q; = (qi)o + Aq; -

Los nuevos valores P, T , e, Q, o , I , obtenidos al cabo de un cierto
nimero de iteraciones, determinan la Orbita corregida en cuanto a
dngulos de posicion y habrd de calcularse el semieje mayor a, puesto que
las distancias no han intervenido en el cdlculo.

Para ello, con los elementos orbitales anteriores, calcularemos las
distancias (pi)c, para un supuesto semieje mayor a = 1, y las iremos
comparando con las distancias observadas p;i. El promedio aritmético de
los cocientes

(s e
e (pi)c

nos dard el nuevo semieje mayor a en la forma

1
a=;§,ai

con lo cual queda terminado el proceso de célculo.




Entre los posibles métodos de cdlculo que determinan la correccidn
de orbitas, utilizando solamente diferencias A6 & podemos citar los

siguientes:

Método de Comstock.

Este método de correccion de Orbitas consiste en obtener, para cada
observacién, los coeficientes A, B, C, D, H, K, que llevados a las ecuaciones

AAQ + BAI + CAw + DAe + HnAT + KAn = A9

permiten obtener las correcciones AQ, Al Aw, Ae, AT, An, que
designaremos en general por Ao, en funcién de las diferencias
observacion-calculo A6, obtenidas en una Orbita previa de elementos
P(), To, ap, €p, Qo, 0, I().

Dichos coeficientes vienen determinados por las derivadas parciales
00/0G;i, que se obtienen derivando la férmula

tag(f — Q) = tag(w + f) cos I

con respecto a cada uno de los seis elementos orbitales. El resultado
obtenido, que ha de ser aplicado a cada observacién, es el siguiente

At
S

99
B SOV i) sen2(6. — Qo) taglp

C 99 sen2(6; - Qo)
Too ~ sen2(wg + f¢)

:ae e

@(1 ag

i:(60)2 + ;C—)sen fe

_190 _ (a)>V1-(eq)?
“paleE  hecs(pe)lnims ON0

0
K =3~ =-H(To)




Método de Thiele-Innes modificado.

Veamos como el método de correccién de Thiele-Innes, basado en el
cdlculo de coordenadas cartesianas, puede ser modificado de manera que
se pueda aplicar a la correccién de orbitas utilizando solamente
diferencias observacién-cdlculo en angulos de posicién.

Para ello, recordemos que las coordenadas (x,y), en la érbita
aparente, estdn relacionadas con las cantidades

X =X(E,e)=cosE -¢e
Y = Y(E,e) =V1-e2 senE

y las constantes de Innes (A, B, F, G), por medio de las igualdades

x=pcosO=AX+FY

y=psen 6 = BX + GY
de las que se deduce la relacién

BX + GY

Bg 0= 2X +FY

Dicha relacién también se puede escribir en la forma

bX + gY
X + fY

tagb =
si se introducen los cocientes

b = B/A | f = F/A g = G/A

Partiendo de una Orbita previa, de elementos orbitales conocidos,
para cada época t; de observacién, pueden ser calculadas las anomalias
M, y Ei, y por tanto tendremos

6; = 6i[b, f, g, Xi(E, e), Yi(E, e)]
siendo E, a su vez, una funcién de los elementos orbitales P y T.

Diferenciando dicha funcién y ordenando el resultado, se obtiene




A A A2
AQ = Ecose (XAb+YAg) - EYsene Af + F(bf—g)(YAX-XAY)

Por tanto, si tenemos en cuenta las férmulas

X ixi Ll G- Sxy oo
% =~ 1 Nz de =~ N(1-¢2)

X Y, dY Xi+e
T aM= N VIe?

N=1-e2-¢eX
y las igualdades

2
P:-Y(l ﬂ)

* N(1-e2)

Y2+ X(1-e2)(X+e)

NV1-e2

R = - Q(t-T)

resulta finalmente la relaciéon diferencial

A A 2cosl
A8 = Ecose (XAb+YAg) - EYsene Af - a;% (PAe + QnAT + RAn)

que puede ser tratada por minimos cuadrados, calculando de esta forma
los incrementos de b, f, g, e, T y n.

Por iltimo, para obtener los valores de Q, o, I, deberdn ser aplicadas

las férmulas (1.4), teniendo en cuenta lo que alli se ha dicho, para poder
discriminar los verdaderos valores de los elementos Q, w, si bien en este

caso han de ser modificadas empleando los coeficientes b, f y- g, en lugar

de las constantes A, B, F, G, que alli figuran. Es decir que, en su lugar,
deberdn ser utilizadas las férmulas siguientes:

tag(w + Q) = (b - /(1 + g)

tag(o - Q) = -(b + H)/(1 - g)




([) cos(co+Q) b+f) sen(w+Q)
tag? (1+gj cos(w-Q) (E-f) sen(w-Q)

Método de R. Cid y C. Longds por series de Fourier de la anomalia
media.

Veamos un resumen del método de correccién de Orbitas elipticas,
por medio de series de Fourier, en el que se utiliza la anomalia media M
como variable fundamental, que fué¢ publicado en la Rev. de la Academia
de Ciencias de Zaragoza (R. Cid y C. Longds, 1992).

En dicho trabajo se demuestra la convergencia uniforme de los
desarrollos

L :
Tl Z(aksenkM + bxcoskM)

8=00+M+ Y ((ak/k)(1 - coskM) + (bk/k)senk M)
k
asi como la de cualquier serie parcial del desarrollo de 6. Diferenciando
este desarrollo, tenemos

MAP
P

Ae=A90+Z((Aak/k)(l-coskM)+(Abk/k)senkM) sHCd [
k np?

+ AT)

En estas condiciones, dado un conjunto m de observaciones 6, de un

par visual y suponiendo calculada una Oérbita previa de elementos (P,
Te, ac, €., Q¢ ¢, Ic), podemos calcular las constantes

D¢ Cc= l"‘cfflcz\ll'cc2 cosl (Ac , Be, Fe , Ge)

y las efemérides p., 6. , para las distintas ‘épocas de observacién, asi
como el valor (8p). , correspondiente a la anomalia media M, = 0.

En estas condiciones, aplicando, por ejemplo, un proceso de minimos
cuadrados a dicha relacion diferencial ecuacidén, con un cierto nimero de
coeficientes Aag , Abx , que se extienda al conjunto m de observaciones
disponibles, obtendremos, por medio del sistema de ecuaciones normales
de Gauss, los incrementos




ABy , Aag AbgE i AP s AT

cuyos coeficientes respectivos, son:

1 - coskM.) , lSenkMC : 10-CM ¢ : %
k ncPcch Pc

siendo A® =0 -06. , las diferencias observacion-cdlculo (O-C), en cada
una de las observaciones.

De esta forma se obtendrdn los nuevos elementos
00 = (80)c + ABg P=P. + AP T=T,+AT

junto con los incrementos Aag, Abx , cuyo unico interés reside en que
sirven de control a los cdlculos.

Para obtener la correccién Ae, de la excentricidad, consideremos el
valor particular de la anomalia verdadera f; = =m/2,para el cual la
anomalia excéntrica correspondiente, Ejserd E; =¢ , siendo e =cos ¢.

De acuerdo con esto, la igualdad

1 AP
Ae=har—— -send cos¢)— + nAT
| - seno cos)S )

nos permitird calcular Ae.

Debemos observar que el valor obtenido por esta igualdad viene
dado en radianes, por lo cual el resultado ha de ser dividido por 2m para
que sea reducido a la unidad.

De esta forma se obtiene un nuevo valor de la excentricidad

e=ec+1—Ae
21

Recordemos ahora que la obtencion de los coeficientes Aag, Aby,
solamente es empleado como control de los resultados, por lo cual la
resolucién del sistema de ecuaciones de Gauss se simplifica
notablemente si se introducen - unos coeficientes Aag, Abg, que verifiquen
las igualdades




Y (1/k)(1-coskM)Aay = Aag Y, (1/k)(1-coskM)
k k

Y (1/k)senkMAby = Abg Y, (1/k)senkM
k k

ya que en este caso el sistema de ecuaciones de Gauss contiene
solamente’ cinco incégnitas.

En esencia, dicha transformacién es equivalente a utilizar unos
incrementos Aag , Abg , que son los promedios ponderados de los
incrementos Aayg , Abg .

Una vez calculados los nuevos elementos 6 , P, T , e , podemos
proceder al cdlculo de los elementos Q , ® , I , calculando las anomalias

verdaderas fy , para cada instante tx de observacién y diferenciando
con fx constante la férmula

tag(0x— Q) = tag(wc + fx) cosle
Tendremos asi

AB—AQ Aw cosl;

- Al tag(wo+fc) senl.

cos2(0x—Q.) = cos2(we+fy)

o bien
AQ + RyAw - SkAI = ABy
siendo

= c082(8x-Q¢)cosl,
K= cos2(wetfy)

Sk = tag(we+fx)senlccos2(0x-Q¢)

Tratada esta ecuacién por minimos cuadrados, nos proporcionard los
incrementos AQ , Aw , Al, con lo cual

Q=Q.+AQ W =00+ A0 [=1; + Al




El proceso es, evidentemente, iterativo y puede ser repetido hasta
que sea obtenido un conjunto aceptable de diferencias observacion-
cédlculo en angulos de posicion.

Con los nuevos valores de los elementos P , T , e, Q, ® , I , obtenidos
al cabo de un cierto nimero de iteraciones, se puede proceder al célculo
del semieje mayor de la forma que vimos al comienzo de este parrafo,
quedando, por tanto, terminado el proceso de cdlculo.
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Apéndices

Como aplicacion de lo expuesto hemos efectuado, por dos de los
métodos  anteriores, la correccion de la 6rbita ADS 15972, calculando
previamente una O&rbita “provisional por el método de R. Cid. Los
resultados obtenidos figuran en los Apéndices Ly II.




APENDICE I
Orbita de 1la estrellA doble ADS 15972.
Elementos orbitales obtenidos por el método de R. Cid

P = 45.271 anos T =,1971.172
a=2"443 e = 0.405
Q= 157°.793 o = 220°416
I = 160°.182

Observadores

Kpr 3

Sim 3

GS 3

Kpr 2

Rabe 2 Bzl
VB 3 Bz 3

Rabe 3 Kpr 1

1%
1
2.
2%
25
2%
2.
3%
2
3t
i
3
3
31
3l
3.
3%
85
32
S i
3.
332
3.
37
3.
35
3
37
3
B
34
3l
8%
3.
3
&
2%
217
2%
D0
20
25
2o
2%
2%
22
255
2
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APENDICE II

Correccién de la 6rbita de la estrella doble ADS 15972

o) Correccién por el método de Thiele modificado con cuatro
iteraciones.

B) Correccién por series de Fourier de la anomalia media,
con coeficientes aj, bi, a2, b2, y cuatro iteraciones.

Elementos orbitales corregidos
Con el método de Thiele Por series de Fourier

442,689
1970.304
2".3886
0.410
155°.595
212°.646
167°.994

443 678
1970.399

]
—eD0oM» 3
o

oy
TR |

162°.339

Ap Ap

.063 4 .026
. .073
.049
.064
.056
.036
.179
.001
.036
.021
.012
.092
.018
.067
.028
.035
.018
.013
.053
.021
.073
2072
.120
.081
.013
.019
.073
.282
.042




NENRFRFWNRF e

=N

N

73
1.
1.
i
2.
5.
B
4.
3]
o
19
95
59

|




Rev. Academia de Ciencias. Zaragoza. 48 (1993)

COMPARACION DE ALGORITMOS DE TRANSFORMACION DE
COORDENADAS GEOCENTRICAS A GEODESICAS

Roberto Barrio y Andrés Riaguas

Grupo de Mecanica Espacial, Departamento de Matematica Aplicada. Universidad de Zaragoza

Resumen: En esta nota analizamos distintos métodos para realizar el cambio entre coordenadas geocéntricas y
geodésicas con vistas a su aplicacion en geodesia espacial. Se comparan formulas aproximadas y métodos iterativos
considerando dos altitudes (956 y 21685 kilémetros). Concluimos recomendando el método iterativo de Bowring

debido a su alta precision y rapidez.

1. Introduccién

La transformacién entre coordenadas geodésicas y geocéntricas es una de las tareas mds
frecuentes en los cédlculos geodésicos. La necesidad de seleccionar un algoritmo para su imple-
mentacién en un software de geodesia espacial nos llevé a una comparacién numérica de su
precisién y rapidez entre varios de ellos.

Las expresiones que relacionan las coordenadas geocéntricas y las geodésicas son las sigui-

entes:

pcos@’ = (C + h)cosd,

‘psen¢’ = (S + h)sen ¢,

C =Cle,¢) = a(l — e?sen?¢)™2, S = S(e,d) = C(1 = e?).

Mientras que para obtener las coordenadas geocéntricas a partir de las geodésicas es un célculo
directo, la transformacién inversa requiere el empleo de otras técnicas como procesos iterativos
o férmulas aproximadas procedentes de series de potencias. Los métodos que a continuacién se
comparan son los de Morrison y Pines, Long, Deprit y Deprit-Bartholome, GEODYN y Bowring.

Recogemos aqui la notacién empleada por nosotros para todos los métodos: p distancia
geocéntrica medida en radios terrestres, ¢' latitud geocéntrica, (X,Y,Z) coordenadas carte-
sianas, h altitud geodésica sobre la superficie del elipsoide, ¢ Jatitud geodésica, a semieje mayor
de la elipse terrestre meridional, e excentricidad del elipsoide, €’ segunda excentricidad del elip-
soide, b radio polar y f aplanamiento terrestre. A lo largo del articulo se ha tomado como unidad

de longitud el radio ecuatorial medio, es decir, a = 1 salvo cuando a aparezca explicitamente.




Figura 1.—Diagrama de latitudes geocéntricas y geodésicas donde se ha realizado una seccién por un

meridiano al elipsoide de revolucién.

2. Meétodos

2.1 Método de Morrison y Pines

Este método se basa en la férmula de Lagrange para obtener desarrollos en serie. La solucién

viene dada como una serie de Fourier de ¢ hasta el orden de e®.

Partimos de las ecuaciones que relacionan las coordenadas geodésicas con las geocéntricas

(1), (2). Podemos expresar estas ecuaciones de la forma:

e? 10)
pcosd' (1 — e sen? ¢)3 :

tgo = tgd' +

Usando la férmula de Lagrange (ver Whittaker y Watson[9], pdg. 132-133) obtendremos:

¢ = + as sen2¢’ + a4 sendd’ + ag sen 6¢’ + ag sen 8¢’

Donde los coeficientes a; = a; (e, p) de la ecuacién anterior son:

1
32p°

1
1024p
3
3563
-1

(512€% + 128¢* + 60€® + 35€®) + (e +€®)

(4€5 + 3¢€?)

1
6det 6 8 R
1024/)( e’ + 48e” + 35¢ )+16p2(4e + 2e° +¢°)

15€8 8
256p°  16p*




(4€® + 5€%) — (e% 4 %)

1024p
YASE
768p°

es<5ﬁ‘252 _32_0)

32p?
(4€° + 3¢®)

2048\ p " p2  p3 " pf

Una vez calculada la latitud geodésica, podemos calcular la altitud A con la siguiente ex-

presion:

hasp = peos(é — ¢') — (1 — e sen? )3 (7)

Morrison y Pines dan otras dos férmulas para el cdlculo de & que hemos analizado, dando
menor precisién y singularidades para algunos valores de la latitud geodésica. Por lo tanto sélo

consideraremos la férmula indicada en (7).

2.2 Método de Long

Long obtuvo un conjunto de férmulas expresadas en desarrollos en serie de potencias del
aplanamiento terrestre f y de la excentricidad e. Partiendo de las relaciones (3), (1—f)? = 1—e¢?

y del desarrollo de C hasta f2:
C= 1+lf+—§—f2 —l(f+f2)cos‘20$+if2cos4d>+
= o 2 L6

Long obtiene sus férmulas usando ademds relaciones entre triangulos, el hecho de que ¢ — ¢/
sea del mismo orden de magnitud que f y desarrollando las expresiones en series de potencias
de f (reteniendo hasta el segundo orden). Teniendo en cuenta el desarrollo de f en potencias
de e truncado en e*

e nsil L
=—=e:+ =€,
f 2 8

resulta:

/ < (5 ! 1
% sen 2¢ o [sen 2¢ et ( : _1_) ol 4¢'] o

2p 8p 4p- = 16p

1 2
(p=1)+ Z(l — cos 2¢')e* +

1 a5 i L_i sty
+[1—6(1—c052¢)+(16p 64>(1 cos-l(/))]c

2.3  Meétodo de Deprit y Deprit-Bartholome

En [3] se describe la forma de obtener por métodos recurrentes esta transformacién con la
precisiéon que se desee; en la practica para evitar todos estos cdlculos en cada punto se indican

los coeficientes para un determinado valor de f del desarrollo en serie de ¢ y h. Se necesitan




0¢

¢+ 57

Af,

h=7Y" ha(¢")u",

n>0

¢= bn(d )",

n>0

oh

ht 2Af.

of

se puedan aplicar a otros valores de f posteriores. El calculo de ¢ y de h quedaria:

A continuacién se muestran en una tabla las siguientes series (u = 1/p):

oh = (&Y™
—a_f:z:h"((ﬁ)u >

n>0

9¢

57 n>0

= $n(d .

Con los coeficientes para el valor de f igual a 1/298.25 (adoptado por la IAU en 1968)

una precisién de 9 digitos significativos, Deprit y Deprit-Bartholome dan la siguiente tabla

h (en cosenos)

anfof

o (en senos)

d6]af

+1.000000000p
—0.998324258
+0.000002810p"
—0.001676445
—0.000000005p"
+0.000000009~*

-+0.000000704
—0.000002810,~"

+0.000000005p"
—0.000000009,~*

—0.000005609
—0.000000009,~"
+0.000005612

—0.000000002
+0.000000009/"

+0.003352891 "
-+0.000000009~
—0.000000014p=?

—0.000002815p""
+0.0000112425-2
+0.000000004 "
—0.000000028 >

—0.000011223p~!

+0.000000009p "
~0.000000038p=2

v

también las series de las derivadas parciales de h y ¢ con respecto de f para que dichas férmulas

(9)

(10)

(11)

con

+0.000000055~"

2.4 GEODYN II

Este método se basa en un proceso iterativo dado por Heiskanen y Moritz[8]. Para ello se
supondrd que h < C, no obstante numéricamente es aceptable para altitudes mayores. Sean
X,Y, Z las coordenadas cartesianas de un punto P respecto de un sistema con el origen en el

centro de la tierra y eje polar Z, t y Z, las indicadas en la figura (2). Podemos aproximar:
Csen¢ ~ Z.

De la figura (2) se tiene que:
t = Ce® sen ¢.

Podemos elegir entonces como valor inicial para la iteracién:

to = CQZ.




Figura 2.—Diagrama de latitudes geocéntricas y geodésicas donde se ha realizado una seccién por un

meridiano al elipsoide. PQ = Ce2, PR=C, RU = h, QR =S, OU = p.

Se plantea el siguiente esquema para la iteracion:

Zy Z+t
(2 +7? 4 22}
Zy
C+h
]
V1 —e?sen’ ¢
Ce’sen¢

2.5 Método de Bowring

Bowring indicé un algoritmo basado en el método de la simple iteracién. Haciéndonos eco
del articulo de Laskowski comentamos este método y no el mds reciente de Borkowski(1989)
(basado en el método de Newton-Raphson). Laskowski nos muestra numéricamente que en este
caso funciona mejor la simple iteracién. Por lo tanto, al obtener resultados més rdapidos y pre-

cisos, s6lo comentaremos este método.

De la ecuacién de la latitud expandida en series de Taylor y puesta en una forma adecuada

nos resulta:

be'*sen’® 3
tgf = l:l(Z—i— e'“sen”[3)

(p — ae® cos® 3) (13)




Ahora mediante simple iteracién (con dos iteraciones es suficiente) obtendremos una esti-

ez
bp | *

macién de § y de éste obtendremos ¢. Comenzaremos la iteracién con fy = arctg [

3. Andlisis de los métodos

3.1 Meétodo de comparacion utilizado

Todos los algoritmos han sido codificados en lenguaje FORTRAN y ejecutados en orde-
nadores Macintosh SE/30, usando doble precisién aritmética permitiendo 16 cifras significativas.
El andlisis de los algoritmos fue realizado para un conjunto de 90 puntos igualmente distribuidos
en latitudes de 0° a 90°. Asi mismo el andlisis ha sido efectuado para dos altitudes d}stintas:
h = 956 y h = 21685 kildmetros que corresponden a casos de satélites de altitudes cercanas
al Starlette y los G.P.S. respectivamente. Los métodos han sido ejecutados para el valor de
f =1/298.257, que es el recomendado por la IAU(1976).

El error de la transformacién es definido como la distancia euclidea entre la posicién geodésica
verdadera (la introducida por nosotros) y la calculada a partir de la posicién geocéntrica. Dicha
posicién se obtiene del paso de la posicién geodésica verdadera (el error de esta conversién se
supone nulo). En las grificas se ha representado el logaritmo decimal del valor absoluto del
error contra el dngulo en grados, con lo que el eje de abcisas representa la latitud. Para los
casos en que por falta de precisién del ordenador obtengamos error cero lo representaremos en
las gréficas por 10~!8. Del método de Bowring, al presentar un mejor comportamiento, se ha

realizado un diagrama mds completo.

3.2 Analisis

e Los métodos de Long y Deprit y Deprit-Bartholome fueron construidos para satisfacer las
exigencias en precision que se tenia cuando fueron publicados. Asi para el método de Long
hemos obtenido errores de hasta 10~7 (debido a que en el desarrollo se trunca en e*) y para
el segundo sdlo se ha tenido en cuenta el desarrollo ya calculado para la f indicada que fue
construido para obtener un error del orden de 10~'° (se ha comprobado numéricamente

dicha precision). Por estas razones nos centramos en los restantes métodos.

Las siguientes graficas (figuras (3), (4), (5) y (6)) muestran las diferencias de los errores de
los restantes métodos. En las dos gréificas ((3), (4)) se analizan los errores en la obtencién
de ¢ para las dos altitudes mencionadas. Hemos de notar que en los dos procesos iterativos
se aprecian dos zonas en las cuales se incrementa la precisién, llegando en algunos casos
al umbral de precisién de la méquina, cuando se calcula ¢. Estas zonas corresponden
a valores de ¢ cercanos a 5° y a 80°. En las figuras ((5), (6)) se comparan sélo dos
métodos de obtener h, GEODYN y Bowring. Este dltimo se realiza usando hpp de la
féormula (5) y por lo tanto la grifica para el método de Morrison y Pines es andloga. Los
métodos iterativos, del GEODYN y Bowring, han sido ejecutados con 4 y 2 iteraciones

respectivamente.




log[error]

Figura 3.—Métodos para el célculo de ¢ aplicados a la altitud de 956 kilometros. (linea punteada
Bowring, linea continua GEODYN y linea a trazos Morrison y Pines)

loglerror]

Figura 4—Métodos para el cdlculo de ¢ aplicados a la altitud de 21685 kilometros. (linea punteada
Bowring, linea continua GEODYN vy linea a trazos Morrison y Pines)
log[error]
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Figura 5.—Meétodos para el célculo de h aplicados a la altitud de 956 kilémetros. (linea punteada hyp
de la equacién (5) partiendo de ¢ obtenido de Bowring y linea continua GEODYN)

log[error]
911

Figura 6.—Métodos para el célculo de h aplicados a la altitud de 21685 kilémetros. (linea punteada

hprp de la equacién (5) partiendo de ¢ obtenido de Bowring y linea continua GEODYN)




BACBCCCCCCBCCBCCBBB
cBBBCCCCCCBBCCCBCBB
BABBCCCCCBCBBCCC3BC
cBcBcccBcccBCcCcCccccCe
CABBCCCCCCBCCCCBBCC
CBCCCCCCCCCCBBBBBCHB
BCcBBCCCCCCBBCBBBCCS
ceBccccccccBcCcCcBBCB
cceBCcCCCCCCBCCCBBCB
cecBBCCCCCCCCCBCCCB
BABCCCCCCCBCCCCBBBC
cBcBCCCcCcCcCBCCCCBCCB
cccBCCCBCCCBCBCBBCHB
cBBBCCCCCBCCCCCCBCB
BACBCCCCCCCBCCBBBBB
CBBBCCCCCBCBCCCBBBB
BccccccccceccccceBBCB
cBccccccccccceccBeeBs
BCBBCCCCBCCCBBBBCBC
ccBBccccccBCcCBCBBCE
CBCCCCCCCCCACCCACBC
cBBCcccccccBCCCCCCCC
cABBCcccccccccccccs
BBCBCBCCCCCCBBCBCCC
cBcccccceccceccecccecese
cceccccecccccccccBBCB
cBBCCCCCCCCCCCBBBCC
BBABCCCCCCCBCBCCBCC
ccececccccccBcccCBBB
cBcccceccecccecccceBBCC

¢

Figura 7.—Diagrama de errores en el método de Bowring. Los errores se corresponden con: A < 1017,

102227 Bi< 10518, 10518 <6 < 10518

o Realizamos un andlisis més exhaustivo del método de Bowring debido a su mayor precisién.
El diagrama (7) nos muestra la semisuma de los errores para ¢ y h. El valor de h varia de

32 en 32km., con un valor inicial de 32km. y ¢ varia de 5 en 5 grados de 0° a 90°.

4. Conclusién

Del andlisis de las graficas anteriores y de los tests realizados se desprende que el método de
Bowring presenta el menor error y con un comportamiento totalmente homogéneo. Dicho error
se sitia alrededor de 10~16 para dos iteraciones. Por lo tanto recomendamos de entre todos

estos métodos el uso del método de Bowring para obtener ¢ y la férmula (7) para h.
5. Apéndice

Existe otra forma de obtener las latitud geodésica en funcién de las coordenadas geocéntricas y
es obteniendo las primera como raiz de un polinomio de cierto grado. Expresiones cerradas han
sido obtenidas por Heikkinen (1982) y Borkowski (1989) entre otros. La forma de obtener la

férmula de Borkowski es reducir la transformacién de coordenadas a resolver la ecuacién en P:
2sen(y — Q) = csen 29,

siendo ¢,Q y % cantidades que dependen de las coordenadas geocéntricas, geodésicas y del

elipsoide de referencia. Mediante el cambio de variable t = tg(f — %) se obtiene una ecuacién

de cuarto grado cuyas soluciones se pueden expresar de forma cerrada. Los inconvenientes de

estas férmulas son tanto las operaciones complejas como la eleccién de la solucién correcta que

llevan a la pérdida de cifras significativas y elevan el tiempo de célculo.
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Summary. A sampling scheme is proposed in the context of sampling theory,
which is unbiased for the population mean (with sample mean estimator) and
intermediate between simple random sampling with and without replacement in

variance and expected cost. This scheme is characterized as a Markov chain.

1. Introduccidn

Un esquema muestral es un procedimiento probabilistico para seleccionar

en primer lugar una unidad il de entre las N que constituyen una poblacidn

finita, U = {1,2,...,N}. Seguidamente obtener otra unidad 12 de entre las N,

sabiendo que en primer lugar se obtuvo il. Y en una etapa genérica n, selec-

cionar la unidad in sabiendo que previamente se ha obtenido la secuencia

)

B (11,12,...,1n_

1
Es decir, debe especificarse en general las probabilidades
p(X; = 11)

p(Xn=1n| x1=11’x2:12’""xn—lzln—l p(Xn=1n|§n_l), n=2,3,4,...

donde Xn es la unidad de la poblacién finita U, seleccionada en la etapa n.
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Como se justifica en Cassel et al. (1977) es equivalente usar un '"esque
ma muestral" a un "disefio muestral ordenado" que reproduzca sus probabilida-

des de seleccidn.

Podemos considerar un esquema muestral como una cadena de Markov homo-
génea (Vélez, 1977). En este caso el espacio de estados serd la propia pobla

cién finita U, de tamafio N. La distribucién inicial equiprobable asignaria

p(Xl = i) = 1/N para i=1,2,...,N.

Y la matriz de probabilidades de transicidn en una etapa para un esquema
muestral "sin reemplazamiento inmediato", o también "con reemplazamiento no

inmediato'" puede venir expresada por

p(x_ =il x=1) = (1 - Sij)/(N—l) para i,j=1,2,...,N,

donde 6;. son las deltas de Kronecker (toma el valor 1 si i=j, y el valor O
si i#j). De este modo quedaria caracterizado el esquema muestral de Markov,
que coincide con el muestreo aleatorio simple sin o con reemplazamiento si
el tamafio muestral es n=1, coincide con el muestreo aleatorio simple sin
reemplazamiento si n=2, y si n=>3 seria una estrategia (con la media mues—
tral is) intermedia en cuanto a su varianza y coste esperado que las estrate

gias de muestreo aleatorio simple con y sin reemplazamiento (Ruiz y Santos,
1989).

Ademds, al ser un disefio con reemplazamiento (aunque no inmediato), la
estrategia propuesta admite otras insesgadas y de menor o igual varianza tal

y como es bien sabido (Cassel et al., 1977 6 Ruiz, 1988) pero al precio de

un mayor o igual coste esperado.

Considerando como disefio muestral ordenado de tamafio fijo n, si ijaéij+l
para j=1,2,...,n-1, la probabilidad de una muestra ordenada §=(il,i2,...,in)

es

n-1
L

pls) =J(Fg

Llamando "p" a éste disefio ordenado propuesto, veremos que con la media

muestral §s es una estrategia insesgada para la media poblacional

e =
M=F Vi =y

i=1




siendo A la variable de interés en la unidad i de U. Ademads su varianza es
calculable para un tamafio muestral n, segin proponemos, haciendo uso de re-
sultados de procesos estocasticos y concretamente de cadenas de Markov homo-

géneas.

2. Insesgacidn

La estrategia propuesta (p,;s) para un tamafio muestral n, es insesgada

para estimar la media poblacionalT En efecto,

N N
1 =
E(y,)=) ypX=1)=9Y y, =¥ =u.
P 1l = i 1 o iN ¢) /A

Ademas,
N

: N

: . T S

E(y; Iy )= 2 yp(KmilX=1) = 3 y; 75 = SISy R
s Gk 1;é1l 1#11 1

E ) = E[E(y, |y, l)] = E(y,_ {1} Z Vo (i }p(Xl:il) =

Andlogamente se procede con

E(yij) =¥y :/u para j> 2.

Por todo ello, de las ecuaciones (1), (2) y ésta Gltima, deducimos que

= l n n 1 n
E(p,7,) = E ;Z Z )= U S A

Jj=1 J Jj=1




3. Varianza de la estrategia

Podemos expresar

V(3 = E LG, - w?] = B D) -4,

por lo que s6lo nos queda calcular

2 D
Ep(y§)= ;g
n
sela Z
2 le
n
[Y E(y°)

siendo

N
E(vF ) Z ¥iex=i) = 5 ¥° (4)
i=1 i=1

donde “2 es el momento poblacional con respecto al origen de orden 2, y si
jz2

i=

e
S (X ) DX | ey )
E iz;i ¥y P =DpXx =i j-1
3 J

N N
b 1 P
ERE Vi WeD) S weD) 2 e, - vy) =
1= lj i J =7

1 2
TN (No<2 - No(e) =X, »
de donde de (4) y (5),
n
Z E_ ( 2
Jj=1

De modo similar,




E[E(yilyi2|X1=il)] = E[yilE(y12|X1=il)] =
= E(y. ¥y (:4) = Yo g p(X =i) =
yllyU—{ll} 5;; ylyU—{l}p o
N
1 3l
i1 2; i W= NED N(N 1) E: 2: VivgiE

i=1 j#i

1 N =
= N(N-1) EE; v (Nyy - y;) =

y razonando de modo paralelo,

E (y. y. N = ES (Y sy s parang =2, 3 hehret
p lj 1j+1 p Ui ti,

Para calcular

E(y, vy, ) =E[E(y, y. |X,=i,)] = E[y, E(y, |X =i )]
p 11 13 11 13 J55-1; 1l 13 g &

tenemos que si il£13, por la ecuacién de Chapman-Kolmogorov

p(yi3lxl=ll) = 2 P=ilXi=i )p(Xp=ig|X=1) =

N
ply; IX=i;) = T p(x
3

= p=iX =1 Ip(Ky=i, [X=1) =
1#11

& N-1 N-1 = N-1
i#i




por lo que de (10) y (11) tenemos

N
E(yi3|Xl:11) - z:

y sustituyéndolo en (9),

By )
p i tig

N(N-2)
= [0 8
(N-1)2 (N-1)2

Ademés, la férmula (12) es valida para

E (y. y. ) siendo j=2,3,...,n-2. (13)
D i
Jj Tj+2

De (3), sustituyendo (6), (7) y (8), asi como (12) y (13), podemos con-

cluir que

2
N/u - &
-2 1 2
Ep(y§) =—n2{ net, + 2[(n-1) e




donde en general,

E (=)
Pty

siendo pgn;l) la probabilidad de transicidn de il a in en n-1 etapas, obteni
1n
ble de la potencia n-1 de la matriz de probabilidades de transicidén en una

etapa. Sustituyendo (14) en

v(pyis).= Ep(;z) _/'LZ )

obtenemos la varianza de la media muestral bajo el esquema muestral sin reem

plazamiento inmediato.

Es facil comprobar que si n=1 obtenemos los disefios de muestreo aleato-
rio simple con o sin reemplazamiento, si n=2 estamos ante el muestreo aleato
rio simple sin reemplazamiento, asi como que si n> 3 tenemos una estrategia

intermedia en varianza y coste esperado.
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Summary. The problem of bisided interval estimation of maximum absolute error
of a proportion of a finite population under simple random sampling without
replacement of effective size n (mas), it has not satisfactorily solved. We
make a critical review of the usual methods and we propose an inferential me-

thod of minimum distance for building such intervals.

1. Introduccidn

El problema de estimacidén por intervalo de una proporcién de poblacién
finita viene siendo tratado habitualmente en la practica, suponiendo que la
proporcidén muestral B, cuando el tamafio efectivo fijo de la muestra es sufi-
cientemente grande, se distribuye como una variable aleatoria normal con me-
dia la proporcidén poblacional P, y varianza la del estimador proporcidén mues—
tral V(p).

En el caso en que el disefio es de muestreo aleator;o simple con reempla-
zamiento (masr) y el tamafio muestral n es suficientemente grande, se puede
hacer uso del Teorema Central del Limite y suponer razonablemente que P se
distribuye aproximadamente N(P, VWEEE?), siendo Q = 1-P, puesto que la propor-
cién muestral P es una media aritmética de unos o ceros cada uno de los cua-
les se obtienen de variables aleatorias independientes e idénticamente dis-—

tribuidas a la poblacidén, al seleccionar unidades con probabilidades iguales

y con reemplazamiento antes de las sucesivas observaciones.

De este modo, llamando "e" al "error maximo de muestreo'", tendremos que

el intervalo (P + e) se obtiene igualando

~

e =k.0(p) ,




siendo k una constante obtenida de las tablas de la distribucidén normal para

los diferentes niveles de confianza, por ejemplo,
2 al nivel de confianza del 0.955, o bien,
3 al nivel de confianza del 0.997.
De (1), elevando al cuadrado ambos miembros, tenemos

2 = kKV(B) = k%PQ/n

por tratarse de un disefio de muestreo aleatorio simple con reemplazamiento

(masr), de donde despejando n (tamafio muestral fijo), tendremos

K2Po/e®

V k2PQ/n < %; k2/n

en el caso mas desfavorable en que PQ £ 1/4.

Por un razonamiento similar, bajo muestreo aleatorio simple sin reempla-

zamiento (mas), partiriamos de que si N es el tamafio de la poblacién finita,

A~

e = k.q (D)

es decir

nHEL) 62 kP Nen)pg ©)

o también

n[(N-l)e2 + k2PQ] = kZNPQ ,

de donde el tamafio muestral efectivo seria




kZNPQ

n=—o—m—m—m——
ez(N—l) + kQPQ

3 _\/kz(N—n)PQ < i\/kz(N~n)
= (N-1)n ~ (N-1)n °
en el caso mas desfavorable.

El Gnico inconveniente es que al tratarse de un disefio mas, las observa
ciones sucesivas son sin reemplazamiento, por lo que son observaciones depen
dientes y por tanto no nos encontramos en las hipétesis tradicionales del
Teorema Central del Limite, por lo que no hay garantias de que la constante
k pueda ser obtenida de la distribucidén normal, y por lo tanto la solucién

(2) no es siempre valida desde este punto de vista.

Ademds, en base al trabajo de Plane y Gordon (1982), podemos asegurar

que cuando el tamafio muestral n crece nunca se podra decir que la distribu-

cién de la proporcién muestral D sea normal bajo disefio mas.

Otros trabajos de interés sobre estimacidén por intervalo para proporcio
nes son los de Buonaccorsi (1987), Katz (1953), Peskun (1990) y Wright

(1991), que proporcionan soluciones exactas de intervalos unilaterales.

2. Una solucidn exhaustiva

La aproximacién normal es valida con disefio masr de tamafio fijo n sufi-
cientemente grande; en los demds casos (disefio mas o cuando n es relativamen
te pequefio) una solucién exhaustiva o por exceso se puede obtener haciendo

uso de la desigualdad de Tchebycheff.

En este caso y én el visto en la seccidn 1, es interesante observar que
dados e, N y 1-o¢, queda determinado n supuesto que se conoce P por la apro-
ximacién P; pero también se podria partir de'los datos n, N y 1-« , quedando
determinado el error médximo e, cuando P esté suficientemente aproximado por

ﬁ (E1 dato N es necesario con disefio mas, y no para el disefio masr).

Puesto que la proporcidén muestral ﬁ es insesgada para la proporcidén po-
blacional P y la varianza de P es conocida para los disefios masr y mas, po-

demos escribir que la probabilidad




p[|? - Pl<e]l= 1 -

siendo V(P) = PQ/n en masr y V(P) = (N-n)PQ/[(N-1)n] en mas. Al igualar V(D)

a e%x , despejando el tamafio muestral n, tendremos

PQ

2
e K

ik 1
2 \\nx
(en el caso mas desfavorable) bajo disefio masr, y si igualamos también

A N-n P
V(p) =S TESE

para disefio mas, resultando

n(N—l)e2 = NPQ - nPQ .

Despejando n quedara

n[(N—l)ezoc + PQ] = NPQ ,

es decir,

NPQ
(N—l)ezd + PQ

(N-n)PQ , 1 N-n
(N-1)nx =~ 2 (N-1)ne

en el caso mids desfavorable en que PQ £ 1/4.

Las-soluciones por exceso (3) y (4) dan siempre tamafios muestrales muy

superiores a las obtenidas haciendo uso de tablas de la distribucidén normal.

En Cochran (1977) se sugieren algunas tablas estadisticas como las de
las distribuciones binomial o hipergeométrica indicadas para los disefios masr

y mas respectivamente, perc concretamente para este Gltimo disefio se aprecian




serias lagunas y limitaciones en la prictica, como es que N tenga que ser in
ferior o igual a 100, o valga 500, 2500 y 10000 pudiéndose interpolar grafi-
camente las soluciones para los valores intermedios de N, no tratdndose en

los casos de N superiores a 10000, como es muy frecuente en la préctica. Ade

mads no se indica ningln criterio para estimar de qué parémetros es la distri

bucidén binomial o hipergeométrica ya que sblo podrian conocerse sus parame-—

tros con un disefio censal, y en este caso no seria necesario ya estimar por

intervalo P, pues este parametro seria conocido con exactitud.

3. Intervalos de confianza propuestos

En esta seccién damos cobertura al problema no resuelto de asignar in-
tervalos bilaterales de confianza de error maximo e para el disefio mas, sien
do N cualquier nimero natural, no necesariamente pequefio (hasta N = 2000)

como trata computacionalmente Wright (1991).

El estimador proporcién muestral 6 bajo disefio mas, de tamafio efectivo

fijo n, se distribuye
P =X/n,
de modo que X H(N,n,NP) es una distribucién hipergeométrica, es decir
NP, ,NQ
k)(n—k)

N
n

(

k) = si 0<£k<min{n,NP} y 0¢n-k £ min{n,NQ} .

()

Dados ahora n, N y 1-of , el error madximo "e'" se determina haciendo va-
riar e = 0, 1/n, 2/n, ... hasta n/n = 1 de manera que verifique que el error
maximo al nivel de confianza 1-X , "e", es el primer valor de e que satisfa-

ce

Y(e-1/n) <1 - &

50(3)21—0(,

siendo




-~
donde X* = H(N,n,NP) es una estimacidén paramétrica de minima distancia de X;

e o0 . s .
es decir, NP es un numero natural estimado por redondeo que verifica

~ [Nf] si y sélo si Np - [NB] € 1/2 i
[Np+1] si y sélo si Np - [Np] > 1/2 .

En (5) el simbolo "[...]" corresponde a "parte entera". Aunque la labor
de determinar "e'" es aparentemente complicada, este valor puede obtenerse di
rectamente mediante un programa de ordenador con las ideas aqui sugeridas,

de modo que el intervalo bilateral de confianza propuesto para P serd
fB/N T e
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Summary. In some cases a fixed finite population, of size N, may be consi-
dered in itself a simple random sample (independent observations among them
obtained from an infinite random variable Y). The interest is based usually
to infer on infinite population mean, variance or variance estimation. In
the present paper we present the simplest strategies for this purpose, and

consequently of the biggest practical interest.
1. Introduccidn

El modelo superpoblacional mds sencillo en cierto sentido (ver Cassel,

et al. |1]) es considerar que el valor g (i=1,2,...,N) de la variable de

interés "y'", es una observacidén independiente que procede de la realizacidn
de una variable aleatoria Yi (i=1,2,...,N) que es independiente e idéntica-
mente distribuida a la variable aleatoria Y de la que pretendemos inferir

sobre su media poblacional/ﬂ = E(Y), y su varianza poblacional 52 = V(Y).

Este planteamiento general ha sido tratado por Koop |3| para el estu-
dio de ciertos problemas bajo este modelo. Una de sus consecuencias es que

para cualquier disefio muestral no informativo, la media aritmética basada
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en el tamafio muestral efectivo fijo, es un estimador UMV (uniformemente de
minima varianza) de‘ﬁ, media poblacional de la variable aleatoria Y. Otros
estudios recientes de muestreo estratificado en estudios analiticos han si-

do dados por Ruiz |4].

Asi observamos que el problema de inferencia sobre u 6 7> admite dos

tipos de aleatorizacidn; una basada en el modelo M propuesto por el cual es
posible observar la variable de interés en una poblacidén finita U de tamafio
N, y otra basada en el disefio muestral (ordenado o no) por el que se selec—

ciona la muestra de tamafio fijo n (21).

La primera fase de aleatorizacidn basada en el modelo M proporciona el
universo finito existente con sus N posibles observaciones; la segunda fase
de aleatorizacidén se basa en un disefio muestral que es controlable por el

investigador estadistico.

Por tanto es muy importante estar cerciorado de que los posibles valo-
res observables vs (i=1,2,...,N) procedan todos de la misma poblacidén esta-
distica Y, y ademds que sean independientes entre si las N posibles obser-
vaciones asociadas a las N unidades identificables que constituyen la po-
blacién o universo finito U. Si no fuera asi, la hipbétesis hecha sobre el
modelo M no seria razonable y el uso de las técnicas que presentamos a con-

tinuacidén no serian apropiadas en la practica.

A pesar del resultado comentado de Koop |3| sobre estimacién UMV, el
uso de disefios ordenados pueden ser ventajosos por su costo esperado infe-
rior al de los disefios no ordenados, para un tamafio muestral fijo n. Esta
afirmacién puede ser argumentada para estudios analiticos del mismo modo

que en el contexto de poblacién finita fijada (Ruiz y Santos, |5]).

2. Estrategias insesgadas para la media

Proposicién 1. Los estimadores tradicionales ''media muestral Vg ¢) ys son

insesgados para estimar ﬁ, bajo el modelo M y para disefios de muestreo alea

torio simple sin o con reemplazamiento respectivamente (mas 6 masr)g

Demostracidn

E(y,) =EfE (¥ = E() = ,




- 1
Emas(ys) TN ¢

(ver Cassel, et al. |1]|), ¥y

= 1 N Jeinyas
EM(Y) =-ﬁ'i§l EM(yi) = N,u. =H

por estar Yi distribuida como Y. Es decir, E(mas—M,ys) =IAI. También

E(ig) 5 E:M‘Emasr‘(§§) = EM(y) =/1 J

sabiendo que la estrategia (masr',j_rs) es insesgada para y en el modelo de po

blacién finita fijada. Asi, E(masr:M,§s) =u O

Con este primer resultado concluimos gque (mas—M,?S) vy (masr—M,J_/s) son
estrategias (disefio-modelo, estimador) insesgadas para estimar/:. Las va—
rianzas para estas estrategias son dadas a continuacién (supuesto que la

varianza 62< oc0).
Proposicién 2. Siendo n el tamafio muestral fijo,

V(mas—M,&S) =%0—'2 V(masr‘—M,)_fs) =E%g_—16'—2 D

Demostracidn
Es consecuencia del uso del teorema de Madow en ambos casos,
N-n _2

V(mas—M,ys) = EMVmas(ys) + VMEmas(ys) = EM(W S7) + VM(B_’) =

21! N-n 62 iR -2 = &
= _Nn a =:

2
(ver Cochran, |2|), siendo 82 la cuasivarianza de la poblacién finita,

D T




Obviamente, comparando ambas estrategias, vemos que es mas precisa la
primera (mas—M,?s) que la segunda (masr—M,is) siempre que n> 1. Sin embargo,
la segunda es mas econdmica en promedio que la primera para un tamafio mues-

tral fijo comin n (> 1) segin se puede ver en Ruiz y Santos |5

. Es intere-
sante observar que las varianzas obtenidas para estudios analiticos son dis
tintas de las clésicas V(mas,&s) y V(masr,is) en poblaciones finitas, aun-

que conservan sus propiedades comparativas (el muestreo sin reemplazamiento

es mas eficiente que con reemplazamiento, pero de mayor coste esperado).

Denotando por (p—M,tI) a las estrategias intermedias (introducidas por

Ruiz y Santos |5|) para estudios analiticos, tenemos que si

3|

m -
S g;; Yh o

Proposicién 3. Siendo N el tamafio poblacional y n el tamafio de la muestra

independiente h (=1,2,...,m),

- N-n+mn =2
E(P—Mytl) =M y V(p—M,tI) = Wf o

3. Estrategias insesgadas para la varianza

: -2 A
Si suponemos que 0 = V(Y) <00, tenemos el siguiente resultado

Proposicién 4. Dos estrategias insesgadas para 62 son (mas—M,si) y (masr-M,

No =2 £ 2 : - >
=y S), siendo s~ la cuasivarianza muestral para la muestra s 6 s que se

subindica g
Demostracidn

E(mas—M,si) = E E (s2) = EM(SZ) = 62

M mas s 7

siendo

También,

N 2
E(masr—M,N:i s§) = E_E (
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siendo

8

la cuasivarianza muestral ordenada y la varianza de la poblacién finita res

pectivamente g

Corolario 1. Estimadores insesgados de las varianzas dadas en la proposi-—
cidén 2 son

oS - Al o~ = N+n-1 2
V(mas—M,yS) si—iss V(masr—M,yS) = D) SEG T

Demostraciodn

Es inmediata a partir de las proposiciones 2 y 4 D

Corolario 2. Un estimador insesgado de la varianza V(p—M,tI) (dada en la

proposicién 3), es

m

A N-n+mn 2

V(p-M,tI) S S
m nN h=1

siendo si la cuasivarianza muestral en la muestra independiente h(=1,2,...,m)C
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Summary. In this paper we are studying the gain in precision of stratified
sampling, being possible for any stratification and any sample allocation,
considering variable the weights of the usual estimator of the population
mean and optimizing such weights. As a result of this we can build new theor
etical unbiased estimators with lesser variance than the classical strati-
fied estimators of equal sample size, as we can see in an example included

in section 3.
1. Introduction

Stratified sampling is a traditional way to estimate the mean of a fini
te population, which may have certain advantages due to its higher precision
than some classical estimators as for example the sample mean in some cases
(Cochran, 1953). This paper considers an important theoretical question, if
the precision of the ordinary stratified sampling estimator can be improved
by optimizing the weights of the strata sample means. The answer is that it

can.

Some steps forward have been given in order to improve the precision of
the classical stratified estimator of the population mean, among them the
theoretical problem of sample allocation or distribution of the sample size
among the strata whose optimization is due to Tschuprow-Neyman, or also the

optimization of strata building or the theoretical problem of optimum strat-

165




ification studied by Dalenius (see Cochran, 1977); so, in this paper we in-—
troduce and discuss the problem of optimizing the weights being used in the

traditional estimator

where "y" is the interest variable, L the number of strata, wh = Ph = Nh/N

(h=1,2,...,L) the relative size of stratum h, and ih the sample mean estima-
tor in the stratum h (=1,2,...,L). Though W

h
Nh/N’ being Nh the size of stratum h, and N the size of the whole finite po-

is usually fixed and equal to

pulation

in order to improve greatly the precision of the stratified sampling we
consider Wh variable so that yst is unbiased for the population mean/u.
new optimization is compatible with the ones already known; being given
stratification and an allocation (which may be optimum), we optimize in

the weights WH (h=1,2 i a9 L)

2. The problem of optimization

The variance of the estimator §st' V(;St), will be the function to

mize

L
= D=
V(yg) = 3 wv(y,)
h=1
being subject to unbiased constraint
%
= W [= E(y._)]
# Tt Ceofnfin st

being /lh [= E(;h)] the mean of the interest variable "y", in the stratum h
(=1,2,...,L). Using the Lagrangian (where A is the Lagrange multiplier)

L s L
L = §1 W V(y,) ->\(h§=:1 W Py - M)

which we solve as follows

L
ow

= 2th(§h) _>‘/“h =or Ty Wi =ps =_>‘./u_h
- 2v(y,)
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L 5
S== Z /X;/V(]_!h) ’ i=0vlv2-
h=1

Thus (1) and (2) imply

Vo

W= Pi‘; = = ’
V(¥,)8,

h

being these the optimum weights that minimize V(;st), where ;st is unbiased
for the population mean with such weights. This procedure is simple and va-
1lid in the case of L2 2 (as there is only one constraint), for any stratifi-
cation, for any allocation and for any unbiased esfimator ih (for/ih) used
in the stratum h.

The minimum variance will be, in this case

L

2
v = * T M
vopt(yst) = ggi Ph2v(yh) 7%; 7

In stratified random sambling, the estimator of /A is

and its variance will be
2
Nh nh (Th

L
= A 2 2
VoptTEg) =M /[h{_'l/ih/(_Nh_ 1.__nh.)]

where 02 is the variance of stratum h.

h

In this optimum case, the sum

does not have to be 1. If we wanted to include a new unnecessary constraint,
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the problem of optimization that may arise would be

g . L N L
- (0= N 7 :
4 115;_'1 v V(Y . h§1 Wy py, = ) S W 1)

h=1

(being }1 and )2 the Lagrange multipliers), which would be solved as follows

=XLﬂh+)2

2v(y,)

= P!

2(/.181 - 52)
2
i

As there are two constraints now, the gain in precision happens to be
effective for L > 3 although this gain is in any case lower than the one gi-

ven by (3).
3. Example

Being the given data, L=3,

(Proportional allocation)

1 2 3
1/3 1/2 1/6
0.1474202 0.4717445 0.1965602

0.3296703 0.5054945 0.1648352




3

3
hz_:l P} = 0.8157249 ; }; Plis .1

3
E -y
h
h=1 h h=1 /i
Taking ;h as the sample mean with "simple random sampling without repla
cement" design, being these independent among the strata. The relative gains

in precision with respect to the classical procedure (whose variance is

V(;st)) are

Viygy) 0.2527778

e i 72 > 1
%) ~ 0.2358723 ol o
yst

vopt

3
y*. = ) P¥y
t h=1 h'h

Viygy) 0.2527778

= 0.2527473
Vopt(y )

= 1.000121 > 1

and where
Viy,,) -

This confirms the previous statements made in the aforementioned sec-
tions as the relative gain in precision in the example, is superior to 7 %,
concretely 7.1672 %. As a result of this, the proposed technique is conside-
red quite useful in theoretical conventional stratified sampling. We can con
sider some cases in which if/ﬁ‘is relatively large and V(iL) is relatively
small, the gains in precision or accuracy are greater than in the example

proposed in this section.

4. A general justification

For any case, the ratio R = V(;st)/v
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2
L Ty L ,u

(Y oG I =)
h=1 h=1 ¢ (y;)

and from Cauchy-Schwarz inequality,

i je &
( N )
=1 L

R2

(r Nh/"h)

h=1

=aiES

) < i : ;
Or also, Vopt(yst? < V(yst) in the most general case
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ABSTRACT

Using the Density-Functional theory for the free electrons of a metal cluster we

have studied the validity of the jellium model to describe its ion background. Depending
on the metal and the number of atoms in the cluster, a hollow uniform-density sphere
is proposed as a more correct model.

1. INTRODUCTION

In recent years, a lot of research has been devoted to analysing the physics of
small metal clusters’+2. This is-due to both their intrinsic scientific interest and their
enormous technological projections. Because of their smallness, the structure of these
objects is akin to that of metallic surfaces and hence, these systems constitute a paradig-
matic object where the transition of any physical properties from the atom to the bulk
material can be analysed. Among the different theoretical strategies used to analyse
the free-electron structure of clusters, the Density-Functional theory?, in its different
versions?, is one of the most popular. With respect to the ion background, the jellium
model is the most habitual because of its simplicity, universality, and correctness of
many of its predictions?:%:%. Unfortunately, the jellium approximation poses problems
in several issues of metal physics and in particular, when it is used to describe the sur-
face of dense metals’, which is why one could easily foresee the appearance of difficulties
when applying the jellium to cluster physics. [For the bulk metal, several problems de-
rived from the jellium are solved when the effects of the pseudopotential are adequately




included; in this respect see the recent work contained in Reference 8]. Thus, it is inter-
esting to try to find out, from first principles, when the jellium approximation is valid
for clusters and, in the negative cases, formulate simple alternatives. In a recent paper®,
which we will refer to as I, we have analyzed the same problem through a simple vari-
ational model (also used successfully in the description of non metal!® clusters) based
on a trial function for the electron density. The results emerging from I have spurred
us to carry out this second work which basically confirms the conclusions of I. Now
we use again the Density-Functional theory but, by solving exactly the Euler-Lagrange
equations of the system.

As our aim is to show with total clarity when the jellium approximation is valid (or
not) for small metal clusters, we develop a simple model which, including the jellium as
a particular case, describes in general a uniform-background model allowing a concentric
hole to appear in its interior. Thus the global spherical symmetry of the problem is
maintained. The tendency of a cluster to develop such a hole, i.e. to increase its
surface, is interpreted as the onset of the instability of the jellium which could preclude
its complete breakdown.

2. THE MODEL
The total energy of the cluster is described by the following functional:

B % /¢(1‘) [n+(r) = no(r)] dr + Gl (2.1)

where nt, the constant charge density of the positive distribution, is taken as that of
the bulk material, n. is the electron charge density, ¢ is the total electrostatic potential,
and G is chosen as

4

4/3 2
ot 0.056]"8—13& o By (2.2)
0.079 + ny/ 72 ne

1/3
Gn.] = %(3#2)2/3/n§/3d1' 113 (%) /n§/3dr

Thus, E[n.] contains the kinetic term (plus its first gradient correction), the electro-
static, exchange, and correlation energies. The coefficient of the gradient term is what
is derived from the unambiguous Kirzhnits expansion*®, and the correlation is of the
Wigner type. In the previous formulas and throughout the paper Hartree units (a.u.),
h =m = e = 1, are used. The electrostatic potential is linked to the charge density
through the Poisson equation:

V2¢ = V2(¢e =+ ¢7+) = 4n(n. — n+)7 (23)

where ¢. and ¢ are the potentials created by the electrons and positive background
respectively. The cluster energy resulting from Eq.(1) must be an extremum with respect
to density variations subject to the prescribed normalization. Thus we must solve:

51 {E[ne] £ y/nedr} 55, (2.4)

where p is the chemical potential. Eq.(2.4) leads us to the Euler-Lagrange equations of
this system. This is the difference with respect to I: there we used a trial function for




the density, whilst here we look for the exact minimum of Eq.(2.1) (i.e. the solution of
Eq.(2.4)). R(H) is the exterior (interior) radius of the positive core nt(r) = n¢f(R —
r)8(r — H); N is the number of atoms and v the valence of the material. Thus we have
(R — H?)ng = Nv = Z, and ng = r,f—r'g, rs is the Wigner-Seitz parameter of the
metal.

In our model the-analytic-expression for ¢t is given by

3Z (1=2%) :
T AESYD r < H;
-2—1'73_(_12—_/\37 3R2—T2—Lrnﬂ- . H<T<R; (25)
Z r > R;

Il

¢t =

where the dimensionless parameter A = % has been used. Thus, inserting Eqs.(2.1),
(2.3), and (2.5) into (2.4), we express the Euler-Lagrange equations in terms of the
variable ne.

3. RESULTS AND DISCUSSION

Our results are summarized in Fig.1, which shows the value of A for four cases
N = 2,20,92 and 186 in different materials. As a general tendency we observe how A
decreases as N increases. There is a set of elements, Na, K, etc. for which even with
N =2, A is null and the jellium model is OK. At the other extreme: Cu, Mg, etc., we
see that even for N = 186, the solid jellium fails, and our model is more appropriate.
We also observe a zone of transition, where each N fixes a different value of A. On
occasions, there are ”sudden falls” as is the case with La and also with Ag and Au.
It seems that when the fall occurs for A next to 1, it is abrupt. In copper, where for
N = 186 clusters behave as pure surfaces, the fall starts for bigger systems, and thus
for N = 1860 A = 0.17. Our results, which are shown in Fig.1, follow the general trend
of those obtained in paper I.

In Fig.2 we depict for gold clusters the explicit form adopted in our model by the
electron density distributed around the positive background. This metal was chosen as
being characteristic in the area of intermediate lambdas.

Thus, we conclude that the jellium approximation, which is correct for all alcaline
metal clusters, improves, in general, with the increase in N1!. These results suggest that
our hollow-jellium-model, which includes the ordinary uniform sphere as a particular
case, may be more suitable in those cases where the pure jellium model fails. Con-
sequently, a number of calculations, of Khon-Sham type for example, would be worth
redoing to allow the appearance of the inner hole; in all probability, this would consid-
erably improve many theoretical predictions. In addition, we will say that corrections
to spherity'? could be easily included as a mere refinement of this model.
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Figure 1. Value of X for several metal clusters; the comparison among N = 2,20,92 and
186 illustrates its systematic shortening as N incrases.
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Figure 2. Electron distribution in gold clusters. The dashed line depicts the positive core
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ABSTRACT

An experimental apparatus (Langmuir-Blogdett trough) which allows us to obtain monomolecular
films and to transfer them over solid substrates has been devised. Its correct functioning has been tested by
carrying out then compression of behenic (docasonoic) acid and forming a multilayer (30 layers) over a solid
substrate.

1. INTRODUCCION

Los conductores organicos constituyen uno de los temas de mayor interés tanto en la

Fisica del Estado Solido como en Quimica Organica y, por consiguiente, en Quimica Fisica.

La investigacion de estas sustancias se vio considerablemente relanzada durante los
ultimos afios, cuando el curso de la sintesis de nuevas sustancias conductoras condujo al
descubrimiento de algunas con notables caracteristicas (propiedades superconductoras por
debajo de ciertos limites de temperatura, posibilidad de aplicacion como dispositivos
electronicos de tipo interruptor, condensador, etc).

Por ello, nos hemos planteado la posibilidad de utilizar moléculas orgéanicas de
caracteristicas anfifilicas al objeto de formar capas monomoleculares en la interfacie aire-agua
o trasferirlas sobre distintos sustratos, con la posibilidad de manipularlas electroquimicamente

por aplicacion de un potencial de oxidacion o por oxidacidn directa con un haldégeno. (1-2)

La técnica de fabricacion de capas m onomoleculares bidimensionales tiene sus raices en
fenomenos conocidos, desde muy antiguo. Es, sin embargo, a Langmuir a quien se debe el
disefio de una cubeta, con una balanza para controlar la presion superficial de las moléculas,
que permite obtener capas monomoleculares, y él es también el primero en transferir una capa

de ese tipo desde la superficie del agua a un sustrato solido en 1919 (3).

Posteriormente, en 1935, (4) Katharine Blodgett muestra la manera en que se pueden

trasferir de forma secuenciada las capas monomoléculares sucesivamente sobre un sustrato. La

estructura laminar obtenida se conoce universalmente bajo el nombre de capas de Langmuir-
Blodgett.
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En 1962 Hans Kuhn (5) sintetiza y utiliza moléculas especialmente concebidas para
construir edificios moleculares organizados y activos, centrando sus estudios en el area
fundamental de intercambio de energia entre atomos. A partir de entonces, la posibilidad de
incluir moléculas activas en edificios moleculares organizados, asi como sus espectativas de
utilizacion en diversas areas cientificas, promueven el interés de numerosos equipos de

investigacion en este campo.

El balance actual de los estudios nos indica que existen muchas moléculas susceptibles
de formar multicapas de Langmuir Blodgett (LB), que son, en general, compuestos organicos

que poseen una o mas cadenas de hidrocarburos de gran longitud (16 o mas atomos de C).

Se abre, por consiguiente, un campo muy amplio que puede extenderse en varias

direcciones.
(a) Sintesis de las moléculas susceptibles de formar multicapas.

(b) Fabricacion de las capas con la posibilidad de modificar la estructura a través de

métodos electroquimicos.

(c) Estudio de las propiedades y caracterizacion de las multicapas por métodos
espectrocopicos (por ej: UV, IR, RPE, Difraccion de rayos X).

(d) Estudio de la correlacion entre las propiedades de las multicapas y las condiciones y

naturaleza tanto de la subfase liquida como del sustrato solido.
(e) Aplicacion tecnologica de las multicapas.

Al objeto de contribuir a este novedoso e interesante tema de investigacion se ha
puesto en marcha, la técnica experimental {cuba de Langmuir) que permita la obtencion de las
monocapas y su transferencia sobre sustratos solidos y se ha comprobado su correcta
utilizacion efectuando la compresion de un acido graso de cadena larga: el acido behénico.
Finalmente, se han trasferido 30 capas sobre un sustrato sélido formando una multicapa y se ha
verificado la bondad de la transferencia.

2.DISPOSITIVO EXPERIMENTAL

La cubeta, cuyas dimensiones son 370x149x9 mm excepto en la zona destinada a
sumergir los sustratos que es de 21 mm de profundidad, esta construida en policloruro de alta

densidad e introducida en un armazon de aluminio para darle rigidez.

En la figura 1 se muestra un esquema general de la cuba: la barrera movil, representada

por B, es de teflon, se desplaza por encima de los bordes de la cubeta; esta accionada por un

motor de corriente continua MAXON R1543026 que puede ponerse en funcionamiento
manualmente o a través de un ordenador utilizando un conector EUROCARD. La velocidad

de desplazamiento de la barrera puede modificarse entre 0,02 y 1 mm s71.
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Figura1: Cuba de Langmuir

El brazo movil o sistema de trasferencia de las capas monomoleculares sobre un sustrato
esta formado por una pinza de sujecion del sustrato, situada en el extremo de un brazo dotado
de movimiento vertical y accionado por un motor, de las mismas caracteristicas que el anterior,

que permite una velocidad variable y una carrera de hasta 150 mm.

Un contador electronico KCY-2 DM nos permite prefijar el nimero de capas a trasferir,
y un conmutador ofrece la posibilidad de terminar con el sustrato introducido en la cubeta (si
deseamos que nuestra superficie hidrofila), o bien en el aire, (cuando la superficie deseada deba
ser hidrofoba). :

Para la medida de la tension superficial se utiliza como balanza de Wilhemy un
transductor de desplazamiento continuo de marca SCHLUMBERG tipo PF.1.0 alimentado a

10 V por una fuente de corriente continua estabilizada. La sonda para la lectura de la presion

superficial de las moléculas es una tira de papel especial de filtro de 20 mm x 20 mm.

El calibrado para la lectura de la presion se ha realizado con varias masas entre 10 y 300
mg, comprobando asi la linealidad en la respuesta del transductor que se recoge en un

multimetro Fluke modelo Hydra cuya precision es de 104 V.,

Técnica experimental de Langmuir-Blodgett.

En el proceso experimental hay que considerar dos etapas: la formacion en la interfacie
aire-agua de una capa monomolecular y la trasferencia de dicha capa sobre un sustrato solido.
La secuencia clasica para la realizacion de estas multicapas se muestra en la figura 2

a) Se realiza en primer lugar la dispersion de las moléculas sobre la superficie del agua,
haciendo caer gota a gota una disolucion muy diluida de la molécula objeto de estudio,
quedebe poseer caracteristicas anfifilicas, en un disolvente inmiscible con el agua, y volatil (v. g
cloroformo). Una vez evaporado el disolvente la molécula permanece fijada sobre el agua ya
que la cabeza polar la retiene en la superficie y la larga cadena alifatica le impide introducirse
en el interior del agua :

b) Situadas las moléculas en la superficie se procede a la formacion de la capa, para ello

hay que comprimir lateral, y muy lentamente la superficie de modo que las moléculas se vayan
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aproximando y ordenando. La compresion se lleva a cabo hasta que la presién de las moléculas

en la superficie tiene un determinado valor previamente establecido.

c) Una vez formada la capa monomolecular, ya esta en condiciones de ser transferida
sobre el sustrato, que debe poseer caracteristicas netamente hidrofilicas o hidrofobicas
(generalmente se consigue con el método de lavado). Si el sustrato es hidrofébico, se le sitia
inicialmente en el exterior de la cuba y se le hace bajar lentamente. La primera capa se forma al
irse uniéndo la molécula al sustrato por la cadena, y al fnalizar, el sustrato se halla introducido
en el agua se encontrara recubierto por una capa de moléculas orientadas con la cabeza polar
hacia el exterior. :

d) Para efectuar la trasferencia de la siguiente capa, el sustrato debe elevarse lentamente,
su superficie presenta en ese momento caracter hidrofilico y por lo tanto la molécula se adhiere
por la cabeza polar quedando de nuevo recubierto con una nueva capa con las cadenas

hidrofobicas hacia el exterior. Siguiendo esta secuencia se va formando el edificio molecular.

DISPERSION

sustrato a recubrir

;/_‘ disolucion
o«
S

TRANSFERENCIA (1° CAPA)

Figura 2: Secuencia de la técnica LB.

a) Dispersion de las moléculas b) Compresién lateral
c)Transferencia de la pnmera capa  d) Transferencia de la segunda capa
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Esta construccion es la clasica y el esquema que muestra la multicapa tipo Y, es el que
aparece en la figura 3 b.

Segun las caracteristicas de la molécula, puede suceder que estas solo sean capaces de
transferirse sobre un sustrato netamente hidrofobo, y la construccion se denomina de tipo X,
(fig 3.2), o bien que sea unicamente la parte hidrofilica la que se va superponiendo al sustrato,
y la construccion es de tipo Z (fig 3.c).

Esquema de una molécula

~<—— cabeza polar
~<—— parte activa

~<——— cadena no polar

3.b 3c

Diferentes tipos de apilamientos de las capas LB segin el modo de transferenc:

Comprobacion del dispositivo experimental

Los productos utilizados para la obtencion de la monocapa son:

Agua, calidad milli Q 18 MQ de resistencia.

Cloroformo, para limpieza y disolucion, Lab-Scan HPLC > 99'8%

Acido behénico (docosanoico) Fluka puriss > 99%

En .primer lugar se comprobé la calidad del agua empleada asi como el grado de
limpieza de la superficie; para ello se efectué un barrido desde la posicion de 35 cm, que
corresponde al extremo de la cubeta mas alejado de la balanza, hasta 3,5 cm del otro extremo.
Se obtuvo una variacion de la presion inferior a 1 mN.m-! aceptada generalmente como buena.
La ausencia de iﬁpurems en el cloroformo se contrasto mediante una operacion de barrido

similar, dispersando previamente sobre la superficie del agua 0,5 cm? de CHCl;. Las

compresiones obtenidas en ambos casos se muestran en la figura 4
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Figura 4 : Isotermas de compresidn a 20°C del agua y del cloroformo

agua
cloroformo

Finalmemte se prepar6 una disolucion de acido behénico en cloroformo de

concentracién 2,2 x 104 M . La composicion se determiné por pesada del 4cido, utilizando

una balanza Mettler cuya precision es + 10~ g y un matraz aforado de 50 cm3 + 0,05 a 20° C.

La pipeta utilizada tiene un volumen total de 1+ 0,01 cm3 y se halla dividida en décimas.

| I ! | !
t T T t T
8 28 39 48 58 68 70 89 99

| Il
T T

Figura 5 :[soterma de compresién a 20°C del dcido behénico

La curva de compresion, presion vs area por molécula, fue reproducida tres veces en
condiciones idénticas a 20+1 °C : 0,4 cm3 de disolucion dispersada gota a gota en la superficie

de la cuba, esperando 10 minutos para la evaporacion del disolvente.

La velocidad de avance de la barrera fue de 0,3 cm/min, es decir 0,8 A2/molécula/min.




En la fig 5 se representa la curva de compresion w-A. El area inicial para las moléculas esta

proxima a 100 A2, y a 30 mN.m"! su valor esta proximo a 20 A2 que es el valor clasico que se
q

obtiene para estas moléculas (6).

En condiciones similares (7) e incluyendo el error debido al experimentador, se estima
que la imprecision en el area de la molécula es de +10% es decir +2A2 molec’!

El colapso de la superficie, en estas condiciones tiene lugar a presiones proximas a
50 mN.m-L.

Asimismo se ha realizado la trasferencia de 30 capas de acido behénico a la presion de 35
mN.m! sobre un sustrato de vidrio (14x8 mm2), obteniendose una tasa de transferencia
(superficie recubierta del sustrato x n° de capas/ superficie consumida de monocapas) proxima
a la unidad.
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Abstract

The Ebro basin was filled by detrital, gypsum and carbonate deposits of a Ter-
tiary age. During the Quaternary different landforms were developed; the more
recent are the infilled valleys, which are all around the central Ebro basin. Accumu-
lative and erosion periods have cooperated for its development. A periodic control
by means of photographs carried out for four years shows that there are small
changes in the bottom of the valleys because of the gully activity. In the slopes
where piping is acting, the variations observed are important. Collapses caused by
piping and fluvial erosion are also actives processes. From our experience it seems
to be that monitoring infilled valleys using photographs is a useful tool for knowing

the evolution of these landforms.

Introduccién.

Los valles de fondo plano o “vales” son uno de los modelados mas abundantes que se
encuentran en el centro de la Depresion del Ebro. Han sido rellenados parcialmente por
materiales detriticos, estando en su mayoria erosionados por incision fluvial y procesos de
piping. Es frecuente que en estos valles se hayan producido varias etapas de sedimentacion
separadas por sendos episodios erosivos. Los estudios que se han llevado a cabo sobre los
mismos Nno son muy numerosos y se centran bien en determinar su génesis (Llamas, 1962;

Torras y Riba, 1968; Soriano y Calvo, 1987; Cuchi y Soriano. 1993). bien en establecer

cuantos y qué edad tienen los niveles acumulativos que se han producido comparandolo

con lo que ocurre en el resto del area mediterranea (van Zuidam, 1975; Burillo et al..

1985; 1986; Cuchi y Soriano, 1993).
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Figura 1.- Esquema geomorfolégico y de situacion de la val de las Lenas. 1. Relieve estructural en calizas
terciarias. 2. Glacis 6. 3. Glacis 3. 4. Terraza 1. 5. Relleno de la val de las Lenas. 6. Valles de fondo
plano. 7. Incisién lineal. 8. Regulacion de vertiente. 9. Escarpe estructural en Terciario. 10. Escarpe en
Cuaternario. A lo largo del valle se ha situado la localizacién de los perfiles realizados. con los
siguientes simbolos: A Perfiles transversales del barranco, ® Piping y ® Colapsos.




En este trabajo se ha estudiado con mas detalle la val de las Lenas que se localiza en
las proximidades de las poblaciones de Botorrita y de Maria de Huerva (figura 1). Esta
zona se encuentra en el centro de la Depresion del Ebro donde los materiales aflorantes son
de edad nedgena y estan constituidos por facies detriticas, evaporiticas y carbonatadas.
Durante el Cuaternario la red fluvial ocasiond, en los valles principales, la formacion de
ocho niveles encajados de terrazas y glacis. Durante el Holoceno la alternancia de periodos
en que domina la sedimentacion y la erosion produjo el desarrollo de hasta cuatro niveles
acumulativos en los valles de fondo plano (Cuchi y Soriano, 1993) y de depdsitos de
vertiente. Las acumulaciones de los valles estan relacionados con el nivel de terraza mas
reciente de los cauces fluviales de la zona (Ebro y Huerva, principalmente).

En este trabajo se han realizado fotografias periédicas de varios perfiles localizados a
lo largo de un valle de fondo plano con el objetivo de determinar si se producen cambios
en los mismos. Si este método se revela util para ello, se podran utilizar otros mas

complejos para evaluar y cuantificar dichas variaciones. Ademas, también se expondran

las principales caracteristicas morfoldgicas, sedimentoldgicas y cronoldgicas de estos valles.

2. Caracteristicas fundamentales.

Los valles de fondo plano disectan los materiales terciarios de esta region y su trazado es
meandriforme formando redes dendriticas. La erosion actual a que se hallan sometidos
permite, en la mayoria de los casos, determinar las caracteristicas sedimentologicas de
los rellenos. En buena parte de ellos se aprecian distintos niveles encajados entre si. En
algin caso se han encontrado cuatro acumulaciones e incluso una quinta dudosa (Cuchi y
Soriano, 1993), pero en la mayoria de ellos se encuentran un maximo de tres niveles, cuya
altura del mds antiguo al mds moderno sobre el actual cauce del barranco es de 10-14,
3-4 y 1-2 m, respectivamente (Soriano y Calvo, 1987 y Soriano, 1989).

Por lo general, los sedimentos presentan grandes variaciones en su granulometria y
estructuras sedimentarias tanto en vertical como en horizontal. Estan integrados por
limos y gravas, siendo mas abundanes los primeros. Entre las estructuras sedimentarias
se pueden senalar: laminacién horizontal, cruzada, ripples, cantos imbricados, canales,
laminacién flaser, convoluta, grietas de desecacion, marcas de erosion. tool marks, costras
salinas, gotas de lluvia, huellas de animales, superficies erosivas sobre Terciario y dentro
del relleno holoceno, etc. Las primeras son comunes en los niveles antiguos y en los
recientes, mientras que las marcas superficiales sélo se han observado en el mas moderno.

Del tipo de estructuras encontradas en el nivel actual se deduce que el origen de las
mismas serian corrientes efimeras (Picard y High, 1973). El hecho de que algunas de

ellas sean comunes en los distintos niveles indicard que los procesos que intervinieron en




la sedimentacién de ellos son similares a los observados en la actualidad para el nivel
inferior. Otro aspecto a tener en cuenta es la presencia de superficies erosivas dentro
del relleno cuaternario sobre las que hay, fundamentalmente, limos de vertiente, con lo
que resulta evidente que también existen aportes de materiales de esta procedencia a la
formacién de estos rellenos si bien en menor medida que los de origen fluvial.

La edad de estas acumulaciones se puede determinar de forma relativa y de forma
absoluta. Asi, Soriano (1989) a partir de restos arqueoldgicos existentes indica que la
parte superior del depdsito mas antiguo en la zona de Maria de Huerva-Monasterio de
Santa Fé debe ser postromana-previsigoda. A partir de C14 Cuchi y Soriano (1993)
senalan que la edad de la parte superior del relleno que encuentra a 6 m sobre el cauce
actual del barranco en una val proxima a Torrecilla de Valmadrid es de hace 2000480
y 2140+220 anos. Por otra parte, en el valle del Huerva, en el relleno superior de una
val proxima al Monasterio de Santa Fé se ha obtenido una nueva datacion absoluta de la

parte superior del depdsito que indica que se formé hace 3750480 anos.

3.

Val de las Lenas.

Para realizar este estudio se ha elegido la val de las Lenas que se situa entre las localidades

de Maria de Huerva y de Botorrita. Este es uno de los valles de fondo plano con mayor
longitud de esta zona y presenta buena parte de su trazado incidido por un barranco (figura
1). Por estos motivos se pensé que seria un buen valle para observar posibles cambios
como consecuencia de la accion de procesos erosivos que actian sobre los sedimentos del
relleno y en el fondo del barranco actual. Ademas a lo largo del perfil longitudinal del
valle se pueden producir variaciones en la relacion erosién-sedimentacion.

El seguimiento fotografico que se ha efectuado ha sido periddico y sistematico a lo
largo de cuatro anos, realizandose trimestralmente desde la primavera de 1989 hasta la de
1993. A partir de las diapositivas tomadas se elaboran sendos esquemas para facilitar la
comparacion de las imagenes sucesivas. Para ello, es preciso que el lugar y el angulo con
el que se toma la imagen no cambie, si bien nuestra experiencia personal muestra que en
muchas ocasiones es dificil poder cumplir con ello ya que las marcas puestas para sefialar
los distintos puntos han sido arrancadas. Ademas como apoyo, se han utilizado registros
fotograficos mds puntuales y esporadicos que abarcan desde 1984 hasta 1989.

Las imagenes tomadas se han centrado en analizar posibles cambios en tres aspectos
principales: (1) perfil transversal del barranco (2) estructuras causadas por piping y (3)
estructuras de colapsos. Se ha centrado la toma de imagenes en estos aspectos ya que son
numerosos los autores que senalan que todos o parte de estos procesos erosivos son los mas

importantes que intervienen en el desarrollo del abarrancamiento (Dardis, 1989; Lépez-




Bermidez y Romero-Diaz, 1989 y Oostwoud y Bryan, 1991). IEn la figura | se encuentran
senalados todos los lugares elegidos a lo largo del valle de las Lenas y el caracter dominante

que se ha observado en cada uno de ellos.

3.1 Perfil transversal del barranco.

Se han analizado cinco perfiles que se encuentran distribuidos de forma bastante regular
a lo largo del cauce del barranco actual (ver figura 1). Tan solo uno de ellos se sitia en
un valle lateral préximo a donde se inicia la erosion lineal de la val y donde no hay relleno
en el valle; los demas se localizan en el barranco que incide a la val.

En general, los cambios observados en las paredes del valle son muy escasos. En
la zona de cabecera donde el barranco se encaja sobre sedimentos yesiferos, no se ha
apreciado ninguna variacién (perfil n. 1, figura 1). Aguas abajo, donde el barranco se
encaja bien sobre Terciario detritico, bien sobre los sedimentos cuaternarios de relleno, se
han visto variaciones tenues en alguna de las pequenas concavidades que se encuentran en

las vertientes. En el fondo del valle queda registrada buena parte de la actividad erosivo-

sedimentaria que se produce a lo largo del mismo. Sin embargo, las nuevas incisiones

y acumulaciones que representan el signo evidente de dicha evolucion son, en muchos
casos, dificiles de comprobar debido a la presencia de vegetacion estacional que se instala
aprovechando las zonas de mayor humedad y que cubre a los sedimentos. A pesar de ello,
en varios de los perfiles (3 y 5, figura 1) se aprecia el crecimiento de barras y también
de pequenas incisiones en los dltimos afios que no se habian visto en los primeros. Hay
que hacer notar que el crecimento de la barra del perfil 3 parece estar relacionado con
una modificacién llevada a cabo por actividad humana en los caminos que cruzan dicho

barranco a unos 200 m aguas arriba de donde se ha venido realizando el control.

3.2 Piping.

Este proceso se produce en toda la zona donde hay relleno cuaternario de la val, si bien es
en la parte final de la misma donde su desarrollo es més espectacular y, por lo tanto, donde
se han centrado especialmente los estudios (ver figura 1). Las morfologias observadas a
causa del piping en esta zona son dispares: conductos verticales, horizontales, pequenos
hundimientos, pseudodolinas, puentes, estructuras turriculadas, etc. A pesar de que estos
modelados se generaron inicialmente por dicho proceso, en la actualidad intervienen en su
evolucion otros procesos, tales como colapsos y erosion fluvial, como se vera a continuacion.
Como ejemplo de las variaciones producidas a lo largo de estos anos se muestra el puente
de la figura 2.a y 2.b (punto n. 3, figura 1). En él se aprecia claramente un aumento

de sus dimensiones. De esta manera la altura del techo en su zona central se ha visto




Figura 2.- Esquemas mostrando las variaciones sufridas por alguno de los modelados de la val de las
Lenas. (a) y (b) Cambios en un puente formado por piping representado por el punto 3 de la figura
1, (a) Noviembre de 1988, (b) Septiembre de 1992. (c) y (d) Modificaciones del colapso sefialado

con el punto 3 en la figura 1 y que se muestra en la figura 3.c y 3.d, (c) Abril de 1989, (d) Mayo
de 1993.
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Figura 3.- Variaciones en los modelados del valle de las Lenas. (a) y (b) Cambios en una depresién generada por piping,, punto 4 de la figura 1.
(a) Abril de 1992, (b) Mayo de 1993 . (c) y (d) Modificaciones en el colapso sefialado en el punto 3 de la figura 1, (c) Marzo de 1989,
(d) Mayo de 1993.




incrementada en aproximadamente 14 cm en un periodo de cuatro afos (desde 1988 a
1992), lo que indica que el promedio es de 3,5 cm/afo. Ello es debido, sobre todo, a causa
de desprendimientos de bloques de las paredes. El material que se encontraba caido en el
suelo en el momento de efectuar una de las primeras observaciones ha desaparecido en la
actualidad. Las zonas hundidas que podian verse en las paredes del material de relleno
de la val y que eran restos de otros conductos activos anteriormente, han ido suavizando
esa forma céncava debido a la erosidn continuada de las mismas. A finales de 1992 se
detectd la presencia de una nueva cavidad abierta en la base de este mismo puente como
consecuencia de la evolucion de un conducto interno.

A comienzos del ano 1991 se produjeron unos colapsos de hasta un metro de diametro
maximo y unos ochenta centimetros de profundidad, causados por el hundimiento de
conductos en una de las sendas por las que se accede al fondo del valle (punto n. 4, figura
1). lo que demuestra la actividad continua de este proceso. En las imagenes mostradas en
la figura 3.a y 3.b se aprecia claramente el incremento de los diametros sufrido por una de
las depresiones en un ano (de abril de 1992 a mayo de 1993), si bien en 1993 (figura 3.b),
su profundidad era menor a causa de la acumulacion en el fondo de material caido de las
paredes. Este hecho produce que no se distingua con tanta nitidez el conducto interno

que la originéd (parte izquierda de la zona hundida).

3.8 Colapsos.

Se originan cuando parte del material infrayacente desaparece y, consecuentemente, se
produce una caida de los sedimentos superiores. Esta falta de sustentacion se produce
por erosién (fluvial o por piping) de los niveles, fundamentalmente, cuaternarios que
constituyen el relleno alto de la val de las Lenas. Como ocurre con el piping, donde se
observan mejor los colapsos es en aquellos lugares donde los materiales de relleno de la
val son mas potentes (ver figura 1) y, por tanto, de forma especial en la zona terminal de
la misma (punto n. 3 en figura 1). Por lo general se han apreciado cambios importantes
en aquellos colapsos que se han observado. De esta forma en el ejemplo representado
en los esquemas y la fotografia de las figuras 2.c, 2.d, 3.c y 3.d se aprecia claramente
cémo algunas grietas que se veian incipientes en 1989 tienen la misma altura que la grieta
principal que desplaza al nicleo del colapso en 1993 (entre 25 y 28 cm de altura). con lo
el incremento de ésta es de unos 14 cm. Por término medio el aumento de la anchura de
las grietas esta comprendido entre 5y 10 cm en este periodo de tiempo (lo que representa
un promedio del,25 a 2,5 cm/afno). No se ha producido una aumento apreciable en la

longitud de las grietas.




4. Conclusiones.

Los valles de fondo plano constituyen uno de los modelados mas frecuentes encontrados
en el centro de la Depresion del Ebro. Mediante el control fotografico de un valle de
fondo plano (val de las Lenas) a lo largo de cuatro afnos, ha sido posible detectar en varios
de los perfiles y zonas analizadas variaciones, en ocasiones importantes, que revelan la
utilidad de esta técnica para establecer una primera aproximacién acerca de zonas en
las que los procesos erosivos sean activos y en las que posteriormente se pueda aplicar
otro tipo de seguimiento mas sofisticado. Ademas, en el valle estudiado se observa que
si bien los procesos fluviales tienen cierta actividad, los que producen las variaciones mas
importantes (especialmente en las zonas en que existe un relleno de valle antiguo) son
claramente los de piping, observandose durante este tiempo el desarrollo de formas nuevas
que no se habian detectado cuando se comenzé a llevar a cabo el seguimiento fotografico en
1989. El colapso de materiales de las vertientes de los valles también presenta variaciones

facilmente detectables en este periodo de tiempo.
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ABSTRACT

Lower Cambrian carbonate materials of Ribota Formation show important dia-
genetic processes superimposed over their primary features. Such processes prevent or
make difficult the use of conventional petrographic techniques to study those carbonate
materials.

The use of cathodoluminiscence (CL) technic as petrographic tool on these mate-
rials allows to evaluate compositional variations of minor elements (mainly Fe and Mn)
complementing other techniques (transmitted and polarized light petrography and/or
geochemical trend analysis) and furnishing a posterior genetic interpretation.

Study by means of CL techniques allows to recognize sinsedimentary relict struc-
tures (not observed with conventional petrographic ones) and the homogeneity of dolo-
mitization processes in those materials. Other diagenetic processes, such as
recrystallization, epidiagenetic fracturation-cementation phenomena and dedolomitization
can be recognized by CL techniques too. Cathodoluminiscence analysis consolidates the
petrographic model proposed for these carbonate materials.

1. INTRODUCCION

El estudio petroldgico de los materiales carbonatados de la Formacion Ribota
presenta gran cantidad de dificultades para determinar tanto la composicién y tipo de
los sedimentos originales, como para establecer un modelo de las transformaciones
postsedimentarias sufridas por los mismos. La superposicion de los diferentes proce-
sos diagenéticos, entre los que hay que destacar como mds importantes los de dolo-
mitizacién y recristalizacion (Zamora et al., 1992), genera unas litologias muy uni-
formes, caracterizadas por la presencia de mosaicos cristalinos espariticos en los que
es sumamente dificil reconocer componentes texturales primarios.

El uso de la catodoluminiscencia (expresada en general de forma abreviada
como CL por razones de comodidad) permite solventar algunas de estas lagunas y
complementa la informacién adquirida mediante las técnicas petrograficas conven-
cionales.

La catodoluminiscencia se basa en el fenémeno de emisién de luz de un mate-
rial, en nuestro caso superficie pulida de una muestra de roca carbonatada, cuando
se hace incidir sobre ella un haz de electrones energéticos.

El fenémeno fisico consiste bdsicamente en que los electrones incidentes al
chocar con los electrones de los 4tomos, les confieren parte de su energia cinética,
promociondndolos a un orbital o nivel de energia "potencial" mds elevado y trans-
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formdndolos en dtomos excitados. Posteriormente, el electrén al volver a su nivel
energético normal emite la energia absorbida en forma de radiacién luminosa y
calor. :

La luz que emite cada mineral tiene un determinado valor médximo de longi-
tud de onda; es decir, tiene una luminiscencia maxima para un valor o intervalos de
valores de longitud de onda, que son especificos de cada mineral.

Hay dos conceptos o términos que se asocian al caracterizar la luminiscencia
y que son: el color (considerando sélo las radiaciones emitidas en el espectro visi-
ble) y el grado de luminiscencia o intensidad de la luminiscencia.

En los carbonatos la razén de la luminiscencia o no luminiscencia de los
mismos no depende sdlo de la naturaleza mineralégica de los cristales (luminiscencia
intrinseca), sino también del tipo de elementos traza presentes en los mismos y de la
posicién especifica que ocupan en la red (luminiscencia extrinseca). Los elementos
mds importantes desde este punto de vista son el manganeso, como elemento poten-
ciador de la luminiscencia, y el hierro, como inhibidor de la misma. Ambos elemen-
tos se encuentran en las redes de los carbonatos sustituyendo a los cationes principa-
les. En las dolomias el Fe y Mn ocupan preferentemente las posiciones del magnesio
debido a la mayor similitud de radios atémicos (Pierson, 1981).

Independientemente de las variaciones de intensidad de la luminiscencia, la
identificacion de los distintos carbonatos en CL se basa en los diferentes espectros
de color de cada mineral, aunque hay importantes variaciones de color en las dife-
rentes especies mineralégicas carbonatadas como consecuencia de la influencia de
los factores geoquimicos y estructurales. Asi, la calcita presenta por lo general una
luminiscencia intensa naranja y la dolomita menos intensa y rojiza.

2. METODOLOGIA

La técnica de la CL se ha aplicado sobre las superficies pulidas de muestras
de rocas carbonatadas de la Fm. Ribota, utilizando un canén de electrones de la
marca THECHNOSYN, modelo 8200 MK II, acoplado a un microscopio NIKON y
bajo las siguientes condiciones de trabajo: la intensidad de corriente para obtener
resultados positivos se fijé en 150-200 pA y con una diferencia de potencial de 10-
13 Kv.

Hay que resaltar un hecho que se produce en las muestras estudiadas y que
consiste en que la mayoria de ellas no son luminiscentes en las condiciones de traba-
jo habituales descritas en libros y articulos de revistas (10-12 Kv y 500 pA); sin
embargo, para condiciones de 10-13 Kv y 150-200 pA si que presentan luminiscen-
cia, observandose ademds que al aumentar la intensidad de la corriente del chorro de
electrones dicha luminiscencia va desapareciendo. Este hecho precisa de un estudio
mds detallado para poder darle una explicacién, aunque es preciso mencionar que
algunos autores citan condiciones de trabajo muy similares a las nuestras (como es
el caso de Marshall, 1988, que indica condiciones de trabajo de 12 Kv y 140 uA).

3. CONSIDERACIONES GEOQUIMICAS SOBRE LA LUMINISCENCIA DE
LOS CARBONATOS DE LA FM. RIBOTA.

Las muestras analizadas, al estudiarlas mediante CL, se pueden agrupar en
tres conjuntos no muy bien diferenciados y de limites difusos entre ellos, en funcién
de la presencia o ausencia de luminiscencia y de la intensidad de la misma. En el
conjunto de las muestras podemos distinguir algunos carbonatos sin luminiscencia
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aparente (luminiscencia negra o no luminiscentes), otros con luminiscencia tenue a
muy tenue y, finalmente, aquellos de luminiscencia media a intensa.

El color de la luminiscencia en todas ellas es rojo profundo (principalmente)
con variaciones a rojo anaranjado, lo que indica que la composicién del carbonato
(sea micritico, microsparitico o esparitico) seria muy préxima a la composicion de la
dolomita (Pierson, 1977).

Basdndonos en esta agrupacion de las muestras y en los datos analiticos de las
mismas (tabla 1), hemos intentado reflejar la relacién entre las caracteristicas de la
luminiscencia y la composicién quimica de las distintas muestras. Para ello se ha
realizado un diagrama XY (figura 1) utilizando los datos del contenido en Fe y Mn
(expresados en tanto por ciento), que son respectivamente el elemento inhibidor y
potenciador del tipo e intensidad de la luminiscencia en los carbonatos segin la
mayoria de los investigadores (Oglesby, 1976; Pierson, 1981; Amieux, 1982; Fair-
child, 1983; y Have y Heijnen, 1985, entre otros muchos).

De la representacion de las distintos tipos cualitativos de luminiscencia obser-
vados, en base a los porcentajes de los cationes ya citados, se pueden alcanzar algu-
nas conclusiones previas sobre la composicion mineralégica de estas rocas y la
influencia de los elementos traza mds significativos.

No hay una separacion clara entre dolomias no luminiscentes y de luminis-
cencia tenue, representindose todas las muestras de esas dos clases en una banda
dentro de la nube de puntos. Por el contrario, si que se puede establecer una neta
diferenciacién entre las dolomias con luminiscencia intensa y el resto de dolomias
(no luminiscentes y luminiscencia tenue), a excepcion de dos muestras que se pro-
yectan en esa banda y que tienen una luminiscencia intensa, hecho éste que puede
explicarse si tenemos en cuenta el hecho de que se trata de dos muestras de calizas
puras y por tanto no son comparables en su comportamiento con las dolomias. Esta
separacién queda también manifiesta en los valores medios obtenidos para el Fe en
las distintas clases (ver tabla 1).

TABLA 1. Valores medios (x,,) y desviacién estindar (o,) de los pardmetros quimicos
analizados, para los tres tipos de luminiscencia diferenciados.

No luminiscentes Luminiscencia tenue | Lum. media-intensa

X g, Xe oy Xia 0y

% CO, 65.526 4.605 65.853 5.233 62.944 2.681

% Ca 19.366 5.592 19.814 5.699 24.576 6.328

% Mg 12.626 2.374 12.632 1.469 10.931 4.275

% Sr 0.003 0.004 0.008 0.009 0.011 0.011
% Fe 2.148 0.710 1.465 0.697 1.295 1.409
% Mn 0.213 0.108 0.135 0.100 0.139 0.093
% Na 0.064 0.333 0.065 0.049 0.077 0.045
% K 0.051 0.073 0.026 0.022 0.024 0.040
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Las muestras no luminiscentes y de luminiscencia tenue presentan los conteni-
dos mds altos de magnesio, lo que indica que corresponden a los términos mds
dolomiticos, y por lo tanto menos luminiscentes. El contenido en Fe justifica tam-
bién la respuesta a la CL; este elemento, inhibidor de la luminiscencia, muestra un
claro incremento desde las mds luminiscentes a las no luminiscentes, lo que concuer-
da con los supuestos tedricos. Por el contrario, el Mn, que es el elemento activador
de la luminiscencia en los carbonatos, presenta sus maximos contenidos en las no
luminiscentes, discrepancia que podria justificarse si tenemos en cuenta que en ellas
el contenido en hierro es considerablemente mds elevado que en el resto de las
muestras.

El anilisis detallado de la figura 1 permite justificar los supuestos estableci-
dos anteriormente. La banda de valores de la relacion Mn/Fe para las muestras no
luminiscentes y de luminiscencia tenue, se ajusta a una funcién exponencial del tipo
siguiente:

% Mn
0.5
® no luminisc.
0451 | 4+ |umin. tenue .
X lum. media-alta
0.4
0.35 7
| ‘4
0.3 1 -'*_alf}_
' +
0.25 1 #
* 9K+ + . .
0.2 8 * e
iR
0.15 - ¥ :
0.1 o el
% +9K. ot :
0.06 - e o +++ r
ok
0 T T T Sl el i) L
0.2 2
% Fe

Figura 1. Relacién de la luminiscencia de los carbonatos de la Fm. Ribota con el
contenido de hierro y manganeso.
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Mn = exp [-2.43(+0.071) + 2.49(+0.246) * log Fe]

y con un coeficiente de correlacién de 0.7894. La parte izquierda de esta funcién
para valores comprendidos entre 1.5 y 2 % de Fe es muy similar al limite inferior
que establecié Fairchild (1983) pare las dolomias precdmbricas de la Formacién Bo-
nahaven de Escocia, con la salvedad de que este autor considera el limite como una
linea recta con pendiente cero que: corta al eje de ordenadas entre 0.015 y 0.03 %
de Mn. Por encima del 2% de Fr, la funcién se asemeja mucho al limite establecido
por Pierson (1981) para dolomias desde Cdmbricas a Cretdcicas (aunque este autor
considera vertical), o al definido por Fairchild (1983).

De todo esto se deduce que, en las dolomias de la Formacién Ribota, la
luminiscencia es funcién de la relacién Mn/Fe; teniendo mds importancia el conteni-
do en manganeso para valores de hierro inferiores al 2%, mientras que por encima
de esos valores pasa a ser el contenido en hierro el factor casi primordial.

- Para confirmar la validez de este planteamiento se ha realizado el andlisis
discriminante de los datos geoquimicos, utilizando como variables los contenidos de
CO3, Ca, Mg, Sr, Fe, Mn, Na y K. En un segundo caso procedimos a eliminar los
datos de CO;, Na y K, utilizando exclusivamente el resto de variables. En ambos
casos se encuentran dos funciones que explican la totalidad de la variabilidad de la
luminiscencia en nuestras muestras (tabla 2).

TABLA 2. Andlisis discriminante. Caso 1: utilizando los contenidos de CO;, Ca, Mg,
Sr, Fe, Mn, Na y K. Caso 2: utilizando tnicamente los de Ca, Mg, Sr, Fe y Mn. En
negrita pardmetros quimicos mds importantes de cada funcién discriminante.

CASO 1 CASO 2

Func. Discr. 1 | Func. Discr. 2 [ Func. Discr. 1 | Func. Discr. 2
% CO, -50.3924 304219 | . .
% Ca -62.8683 38.6459 -0.4276 0.5301
% Mg -27.7833 16.2824 0.1769 -0.4219
% Sr 0.6791 -0.4142 -0.3506 -0.3302
% Fe -10.0410 5.0930 0.7522 -0.2272
% Mn -1.0707 1.2609 0.0540 0.5283
% Na -0.1653 0.4093
% K -0.7981 SR i o ‘
% Variacién 4 86.2 13.8 86.85 13.15
explicada
Eigenvalue 0.5071 0.0812 0.4192 0.0634

Para el CASO 1, la primera funcién discriminante explica el 86,2 % de la
variacién y en ella las variables de mds peso son los elementos mayoritarios {COs,,
Ca y Mg) y el Fe y Mn; la segunda lo hace del 13,8 % y al igual que la anterior las




variables de mds peso son los elementos mayores (CO,, Ca y Mg) y el Fe y Mn. En
este supuesto, la influencia de los contenidos de CO5, Ca y Mg, elementos mayorita-
rios e interrelacionados en la composicion del carbonato, oscurece la de los demds
elementos. Para el CASO 2, en el que se eliminan los datos del contenido en COs,
ya relacionado con los del Ca y Mg, y de los alcalinos Na y K, la discriminacién es
algo mejor, obteniéndose una funcién discriminante que explica 86.85 % de la va-
riacion, en la que la variable de mds peso es el Fe, y en menor proporcién el Ca, y
una segunda funcién discriminante que explica el 13,15 % de las muestras, siendo el
Mn y el Ca las variables de mds peso, pudiéndose interpretar que la primera agru-
pacién incluiria las muestras con luminiscencia nula a tenue y la segunda a las de
luminiscencia media a alta, dadas las variables de mayor peso en cada una de ellas.
En ambos casos se comprueba cémo el Fe y el Mn son los que condicionan la lumi-
niscencia extrinseca y que el Fe tendria un mayor peso que el Mn a la hora de ex-
plicar esa variabilidad. El contenido de elementos mayores justifica las variaciones
de luminiscencia intrinseca, asociada a la estructura cristalogréfica de los minerales.

4. CONSIDERACIONES PETROGRAFICAS DE LOS CARBONATOS DE LA
FORMACION RIBOTA MEDIANTE CL.

Desde un punto de vista descriptivo, el estudio petrografico mediante CL
permite destacar algunos aspectos de interé€s, que en un andlisis petrografico conven-
cional hubieran pasado desapercibidos.

No se aprecian variaciones significativas en la respuesta a la CL de los carbo-
natos de muro a techo de las columnas, ni entre columnas, el rasgo general es el
comportamiento homogéneo de los materiales frente a la CL. Esta uniformidad de la
luminiscencia en todo el carbonato puede explicarse de dos maneras: puede deberse
a que el proceso de dolomitizacién ha sido muy similar y monofésico, en todas las
muestras de la Formacién Ribota para diferentes dreas, como corresponderia al
modelo de dolomitizacién por enterramiento propuesto en Zamora et al, 1992; o
bien, se debe a que el equilibrado diagenético de los contenidos de los elementos Fe
y Mn en la red de los carbonatos, durante los procesos de recristalizacién, no per-
mite discriminar la posible existencia de varios procesos o fases de dolomitizacion.

Se constata la presencia de texturas primarias relictas, como fragmentos de
fésiles y restos de ooides. Dichos relictos aparecen con una luminiscencia mayor
que el carbonato que lo rodea o bien no son luminiscentes, esta iltima opcién es
porcentualmente la mds frecuente.

Hay que resaltar que los restos de ooides aparecen corroidos por la dolomita
que los rodea, lo que indicaria que el proceso de dolomitizacién fagocita parte del
resto. Este dato textural es consistente con un proceso de dolomitizacién tardio y es
un criterio mds a considerar en la elaboracién del modelo de dolomitizacién (Zamo-
ra, 1991 y Zamora et al., 1992).

- Otro hecho a tener en cuenta es la influencia del contenido en Fe, como
factor modificador del comportamiento del carbonato ante el bombardeo de electro-
nes. Los cristales dolomiticos mds luminiscentes son los de textura esparitica y

- aspecto anubarrado, que presentan evidencia petrografica de exolucién del Fe de la
red del carbonato; es decir, con menor contenido de Fe en la estructura del cristal.




También se aprecia una luminiscencia mayor en los cristales de carbonato préximos
a superficies estiloliticas, explicable quizds porque asociada a esas superficies de
disolucién hay una mayor movilidad y perdida del hierro de los carbonatos.

Las principales variaciones de la luminiscencia se observan en los carbonatos
de cementacién ‘tas y venas. Pudiéndose destacar cementos de carbonato con
una intensa lun  __cncia naranja, que corresponderian a cementos de calcita, y en
muchos casos con bandas o zonaciones de crecimiento en los cristales que reflejan
los cambios en la concentracién de Mn presente en la red de los cristales de calcita.
Esta variacion en la concentracién se puede explicar de dos formas, por modifica-
ciones en la composicién de los elementos traza en el fluido diagenético como con-
secuencias de modificaciones en el pH y Eh del mismo, o bien por variacién en la
tasa de crecimiento del cristal. Por el contrario, hay carbonatos no luminiscentes,
que normalmente estdn asociados a fracturas poco definidas a nivel microscépico,
tanto en nicoles cruzados como paralelos.

Excepcionalmente se ha detectado la presencia de una luminiscencia azulada
en algunos carbonatos, similar a la CL intrinseca, que es-la luminiscencia de base de
todos los carbonatos y depende exclusivamente de su red cristalografica (Amieux,
1982). En muchos de los casos estudiados este fenomeno parece deberse a efectos
mecdnicos de preparacién de la ldmina, que genera huecos que son rellenados de
carbonato procedente del pulido, lo que unido a la luminiscencia azulada de los
epoxidos utilizados para la realizacién de las ldminas justificarian esta aparente
luminiscencia con tonalidades anémalas en los carbonatos no luminiscentes. No hay
que desdenar tampoco que las rocas analizadas presentan a menudo cuarzos auti-
génicos con luminiscencia azul, y en algunas muestras existe una luminiscencia azu-
lada de fondo que se debe a la alta silicificacion sufrida por las rocas. Sin embargo,
en otros casos se observa claramente que es el propio carbonato esparitico el que
responde con una ligera luminiscencia en azul. La explicacién de este hecho llevaria
un estudio paralelo con microsonda electrénica o microscopia electrénica con EDAX
(no disponible por ahora) que permitiera observar cudles son las composiciones de
otros elementos traza potenciadores o inhibidores de la luminiscencia de los cristales
de carbonato; aunque hay que indicar que existen antecedentes de este tipo de lumi-
niscencia descritos por Sippel y Glover (1965).

La CL nos ha permitido también detectar algin proceso de dedolomitizacién
en vacuolas o dreas de disolucion de la roca. Se manifiesta por la presencia de dreas
irregulares o bandas de luminiscencia intensa amarillenta, similar a la de las rocas
de composicién calcitica, seudomorfizando cristales de dolomita con la caracteristica
luminiscencia tenue, rojiza.
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ABSTRACT
Terms travertine and calcareous tuff, in a broad sense, refer to continental

carbonate accumulations of difficult differentiation. Common criteria to discriminate
between those terms (lithification degree, carbonate genesis and water temperature)
don’t allow to establish a clear definition of both carbonate deposits.

Taken into account genetical, etymological and practical considerations, and to
prevent confusion in the terminology, we propose that term "travertine" should be used
to designate the incrustations of continental carbonate with abundant vegetal rests and
formed by superficial waters.

Travertine carbonate can be strictly generated by physicochemical processes
(CO, outgassing, evaporation or waters mixing) as wells as by biochemical enhaced
precipitation mechanisms.

Two travertine classification schemes can be established: a descriptive
classification, mainly based on the type and proportions of organic remains, and a
genetic classification based on textural relationship among different components of the

carbonate deposits.

1. INTRODUCCION
Los depdsitos carbonatados naturales de cardcter continental, muestran gran

variedad en lo que respecta al medio ambiente donde se originan, diferencidndose
cuatro tipos fundamentales (Figura 1): travertino o toba calcdrea, carbonatos lacustres,
espeleotemas y caliches o costras calcdreas.

De esos cuatro tipos, el término travertino o toba calcdrea designa a los
carbonatos continentales generados en aguas superficiales corrientes (rios y surgencias)
y en menor medida en lagos, que ademds conservan abundantes sefiales de vegetales

(micro y macrofitas).

Los antecedentes bibliograficos referentes a los travertinos se remontan a estas
dos dltimas décadas. Inicialmente el estudio fue enfocado a los aspectos paleontolégicos
(paleobotdnicos) de los mismos, merced al elevado contenido y buena conservacion de
los restos fosiles, destacando los trabajos de Irion y Miiller (1968) y Lang y Lucas
(1970). Posteriormente, los trabajos se diversifican en lo que concierne a la temdtica
de estudio; asi, basindose en la relacion estrecha existente entre los depdsitos
travertinicos y la climatologfa del Cuaternario (sobre todo en las regiones mediterrdneas
y templadas de Europa), que se manifiesta en la necesidad de condiciones himedas y
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de calma tecténica (periodos de biostasia) para la formacién de dichos depdsitos, los
investigadores que trabajan en esta linea realizan trabajos de reconstruccién paleoclima-
tica, destacando la sintesis que aparece en el monogréfico de la revista Mediterranée,
en 1986. Otra temdtica desarrollada sobre los travertinos consiste en el estudio de las
facies (microscépicas y macroscépicas) y sus relaciones laterales y verticales, para el
establecimiento de diferentes modelos sedimentoldgicos y ambientales capaces de
generar esos rasgos; en este sentido son bdsicos los trabajos de Ordénez y Garcia
(1983), Chafetz y Folk (1984), Ferreri y D’Argenio (1985), Ordénez et al. (1986),
Pedley (1990) y Lang et al. (1992). Por iltimo, hay investigadores como Jacobson y
Usdowski (1975), Dandurand et al. (1982) y Herman y Lorah (1987 y 1988), entre
otros, que consideran a los sistemas travertinicos como laboratorios naturales para el
estudio geoquimico del sistema carbonatado; centrando el estudio en aspectos tales
como la fisicoquimica y cinética de la precipitacién del carbonato, la distribucién de
elementos menores y traza en la estructura cristalina del precipitado, y el fracciona-
miento isotdpico del oxigeno y carbono.

Ambientes CALICHES o CALCRETAS
vadosos y horizontes petrocalcicos
Subsuperficiales
S ., ESPELEOTEMAS
CARBONATOS frefiticas

CONTINENTALES

Ambientes CARBONATOS
lacustres LACUSTRES

v s
Superficiales

Ambientes fluviales _ | TRAVERTINOS o
y de surgencias de agua TOBAS CALCAREAS

Figura 1.- Cuadro de divisién de los carbonatos continentales en funcién del medio genético.

2. TERMINOLOGIA: ; TOBA O TRAVERTINO ?

La utilizacién de estos dos términos, que hacen referencia segun la definicién
planteada inicialmente al mismo material, estd sujeta a una alta confusion debido a que
la diferencia bdsica radica en criterios referidos al grado de litificacién (Choppy, 1981;
Guendon y Vaudour, 1981; Freytet y Plet, 1991), como son la dureza o friabilidad,
porosidad y el cardcter pulverulento. En este sentido es de destacar que los carbonatos

mds modernos reciben el nombre de tobas y, por el contrario, los mds antiguos son
denominados travertinos.

Algunos autores sefialan otras diferencias entre tobas y travertinos, asf
Fiichtbauer (1974) establece que el origen del carbonato en los travertinos seria de tipo
inorgdnico (abidtico) y, en las tobas, de tipo bioinducido por la actividad biolégica de
bacterias cianoficeas, musgos y plantas higrdéfilas. Esta diferencia tiene relacion con la
asimilacion por parte de un gran nimero de investigadores de habla inglesa (britdnicos
y americanos) del término de travertino al de calc-sifter, sinter o calcareous sinter.
Otra diferencia, sefalada por Pedley (1990), corresponde a la temperatura del agua a
partir de la cual se forman los carbonatos; asi, el término travertino se aplica a los
carbonatos generados a partir de aguas hidrotermales y el de toba sélo a los de aguas
frias. Esta diferencia creemos que proviene de la etimologia de la palabra travertino,
que deriva del latin "lapis tiburtinus” (piedra de Tibur, actualmente Tivoli), acunada




para los depdsitos carbonatados de esta regién que estin generados por aguas
hidrotermales. ‘

De esta forma, englobando en el concepto inicial estas diferencias deberiamos
definir toba como un carbonato de origen continental depositado en un ambiente
superficial (de rios, lagos o surgencias), generado por procesos principalmente
biolégicos (biosintesis) a partir de aguas frias, caracterizado por su alta porosidad
(aspecto esponjoso), friabilidad (blando y frecuentemente pulverulento), por la
abundancia de sefiales de restos vegetales y un contenido variable de detriticos. Por el
contrario, travertino designa a los carbonatos continentales originados en un ambiente
superficial (de rios, lagos y surgencias), a partir de aguas hidrotermales y por procesos
estrictamente fisicoquimicos (abiéticos), caracterizado por su buena compactacion y
dureza (buena litificacién), y en el que también se reconoce improntas vegetales.

A pesar de las diferencias apuntadas entre toba y travertino, consideramos, al
igual que otros investigadores como Buccino et al. (1978), Julia (1983) y Lopez y
Martinez (1989) que deberia utilizarse inicamente el término travertino. Eleccién que
basamos en los siguientes argumentos:

- El grado de litificacién es un pardmetro postdepdsito que tiene un efecto
variable en intensidad no sélo para depdsitos travertinicos de diferentes edades, sino
también para un mismo depdsito en funcion de sus caracteristicas texturales. Ademads,
no tiene relacion alguna con la posible génesis diferencial de toba y travertino, sino con
el aspecto del carbonato. Estas razones nos hacen descartar la litificacién como un
rasgo distintivo entre ambos.

- En lo que respecta al diferente origen del carbonato para uno y otro término,
consideramos que no es un caracter debidamente contrastado, por la problemética
todavia existente sobre el papel de los seres vivos en la precipitacion del carbonato.

- La temperatura del agua es una distincion que tnicamente se puede establecer
a priori en sistemas actuales de génesis de travertinos, por el contrario en medios no
funcionales (son mayoritarios) no se puede determinar inicialmente y por tanto no es
un pardmetro operativo de distincion.

- Desde el punto de vista etimoldgico, el término toba proviene del latin "tufa"
y este a su vez del griego "tophus"”, y simplemente hace alusién a la friabilidad de la
roca por lo que no puede aplicarse estrictamente a este tipo de carbonatos; por el
contrario, el término travertino se acuié originariamente en Italia para este tipo de
materiales.

- La existencia de un doble significado en el término toba, que hace referencia
no sélo a lo carbonatos continentales sino también a materiales volcanocldsticos.

En conclusién, el concepto que vamos a utilizar para el término travertino,
basdndonos en Buccino er al. (1978), Chafetz y Folk (1982) y Julia (1983) es el
siguiente:

"El término travertino designa un depdsito continental con un variable grado de
litificacion y bdsicamente constituido por carbonato cdlcico; originado en un medio
continental superficial de aguas dulces (frias o hidrotermales) asociadas a surgencias
de agua, cauces fluviales y zonas lacustres; formado por incrustacién de tipo
fisicoquimico o bioquimico (bioinducido) sobre soportes vegetales vivos o muertos (de
microfitas y macrofitas) u otro tipo de soporte, e incluyendo ademds las acumulaciones
cldasticas originadas por destruccién de travertinos previos; y en el que prevalece la
estructura vegetal ".




De esta definicion hay que destacar dos aspectos nuevos, que se han tenido en

cuenta:

- El cardcter incrustante del carbonato, que precipita sobre una superficie a la
que recubre, independientemente de la naturaleza de la misma, quedando incluidos
dentro del térmijno travertino no sdlo los depdsitos formados sobre un substrato vegetal,
sino también aquellos que aparecen sobre un objeto o substrato inorgénico.

- La consideracion expresa, dentro del término travertino, de aquellas
acumulaciones de fragmentos de travertinos previos (fitoclastos) de tamafio variable,
originados por destruccion de los mismos.

3. GENESIS DEL CARBONATO EN LOS TRAVERTINOS

Actualmente existe una problemdtica abierta sobre el origen del carbonato en los
travertinos, que se plantea en los siguientes términos: ;Cudl es la influencia o papel que
desarrollan los seres vivos en la precipitaciéon del carbonato que constituye los
travertinos?.

Asi, existen investigadores, como Bouyx y Pias (1971), Lorah y Herman (1988),
Viles y Goudie (1990) y Pentecost (1990), que sefialan que el carbonato precipita
debido fundamentalmente a la accién de procesos de tipo fisicoquimico. Otros, como
Golubic (1969), Casanova (1981) y Ordénez et al. (1986), por el contrario, reconocen
la influencia de los procesos bioldgicos en la precipitacién del carbonato, pero le
asignan un cardcter variable en funcién de la energia del medio, de tal forma que en
ambientes de alta energia (cabeceras de los rios, zonas de cascadas y rdpidos), son los
procesos inorgdnicos los mds influyentes, y en ambientes de energia baja (tramos bajos
del rio y zonas aguas arriba de represas travertinicas) son los procesos biolégicos la
causa principal de la precipitacion.

Para los partidarios de establecer la accién de los seres vivos como causa
generadora de los depdsitos travertinicos, se plantea una disyuntiva entre considerar la
actividad algal como la principal causante de la precipitacién (Guendon y Vaudour,
1981); o bien, la actividad bacteriana (Adolphe 1981 y Adolphe et al. 1989).

Al margen de esta problemdtica, podemos agrupar en dos los diferentes procesos
generadores que han sido establecidos para explicar la precipitacidn del carbonato en
travertinos: Los procesos bioldgicos y los fisicoquimicos (también denominados
inorgdnicos o abidticos.

En los procesos biolégicos, los organismos vivos, principalmente bacterias y
algas, son parte activa en la precipitacién del carbonato por modificacién de los
parametros que regulan el sistema carbonatado, denomindndose a este proceso como
precipitacion bioinducida o biosintesis; o bien, realizan un papel pasivo de atrapamiento
mecdnico de particulas.

Para el caso de la precipitacion bioquimica del carbonato, se han senalado varias
actividades biolégicas que pueden causar una modificacion en los equilibrios
carbonatados: la fotosintesis, principalmente de algas, y la actividad bacteriana sobre
la materia orgdnica. En cuanto al primero, su efecto sobre el sistema carbonatado
consiste en una degasificacion o pérdida de CO, debido al consumo que del mismo
realizan. las plantas con clorofila para sintetizar la materia orgdnica. Esta pérdida de
CO, repercute en un aumento de la basicidad del medio y en que puedan llegar a
alcanzarse condiciones de sobresaturacion de las aguas en carbonato cdlcico. En lo que
respecta a la actividad bacteriana sobre la materia orgdnica, su efecto sobre los
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cquilibrios carbonatados depende del grado de oxigenacién del medio. Asi, en un medio
oxigenado (medios aerobios), la oxidacion de los compuestos de carbono y nitrégeno
constitutivos de lagnateria orgdnica produce un aumento del CO, disuelto y un descenso
del pH, y consecuentemente una tendencia a desplazar los equilibrios de precipitacion-
disolucién del carbonato cdlcico hacia la disolucién. Por el contrario, en medios
anaerobios, el efecto de reduccién de la materia orgdnica sobre los equilibrios
carbonatados es mds complejo, de tal manera que las reacciones que afectan a los
compuestos de carbono producen un aumento de la acidez del medio, mientras que las
relacionadas con el proceso de desnitrificacién de los compuestos orgdnicos nitrogena-
dos producen un incremento de la basicidad del mismo.

En el grupo de los procesos fisicoquimicos se incluyen aquellos fenémenos que,
sin intervencion alguna de los seres vivos, producen la modificacion de los equilibrios
carbonatados.

Entre los procesos posibles se citan la desgasificacion del CO, y, en menor
medida, la concentracién evaporativa y la mezcla de aguas (Fliigel, 1982). En lo que
respecta al proceso de desgasificacién, hay varios mecanismos que pueden generar la
pérdida de CO,:

- Por turbulencia en el agua, mecanismo muy importante en ambientes de
cascadas travertinicas (Ordéfiez et al., 1979; Lorah y Herman, 1988). El fenémeno
consiste bdsicamente en que el efecto de la turbulencia produce una mayor aireacién
del agua y facilita de esta manera la pérdida de CO, de las aguas, que en flujos
laminares o aguas estancadas permaneceria disuelto.

- Por diferencias en la presién y temperatura entre el agua y el aire. Este
mecanismo es importante en los puntos de surgencia de aguas subterrdneas, donde se
produce un desequilibrio entre las condiciones de las aguas surgentes y el entorno,
manifestado por una variacién en la presion y temperatura; asi, los descensos de
presién e incrementos de temperatura favorecen el proceso de desgasificacion y la
subsiguiente precipitacién del carbonato.

La influencia del proceso de evaporacién en la formacién de travertinos aumenta
para el caso de aguas poco mdviles en medios de aridez media a elevada, y consiste
bdsicamente en la sobresaturacion del medio respecto al carbonato cdlcico por efecto
de la perdida del disolvente (agua) debida a la evaporacién.

El proceso de mezcla de aguas es otro de los mecanismos citados para la génesis
del carbonato de los travertinos, si bien su importancia es muy reducida. Sélo en casos
muy especificos, cuando dos aguas de composicién diferente (por ejemplo un cauce de
agua que atraviesa una zona de yesos y otro que atraviesa una zona calcdrea), pero que
tienen un i6n comin (en nuestro ejemplo el calcio), se mezclan, produciéndose la
sobresaturacion en este catién y la precipitacién de carbonato cdlcico.

4. CLASIFICACION DE TRAVERTINOS

En la sistemdtica de los travertinos hay una gran cantidad de clasificaciones y
términos asociados. Todas cllas las podemos agrupar en dos tipos bdsicos: aquellas que
se aplican a un depdsito travertinico o sistema travertinico, entendiendo como tal el
conjunto de facies asociadas a un determinado ambiente o medio sedimentario (escala
megascdpica); y las que se aplican a un travertino; es decir, a la roca vista a escala de
visu (escala macroscépica).
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En lo que concierne a las clasificaciones establecidas para los depdsitos
travertinicos, todas ellas utilizan como criterio de subdivisién el medio ambiente o
entorno geomorfolégico donde se producen estos depdsitos. Segiin Pedley (1990), hay
tres tipos de modelos ambientales (equivalente al concepto de sistema travertinico):

- Travertinos de vertiente; se asocian a surgencias de agua en laderas de
pendiente variable y mds o menos alejadas del cauce fluvial.

- Travertinos fluviales, que constituyen la mayoria de los depdsitos travertinicos
conocidos y como su nombre indica se generan en la zona de influencia directa de los
cauces fluviales.

- Travertinos lacustres, que corresponden a los depdsitos originados en las zonas
someras de lagos que aparecen colonizados por macro y microfitas.

Las clasificaciones aplicadas a los travertinos (escala macroscépica) se agrupan
en dos tipos en funcién del criterio de subdivision de las mismas:

a) Composicionales o descriptivas. En ellas se considera unicamente la
naturaleza y abundancia de los restos fésiles (Irion y Miiller, 1968; Lang y Lucas,
1970), o bien la morfologia del encostramiento (Casanova, 1981).

b) Texturales o interpretativas. Cuando se utiliza como criterio de subdivisién
el cardcter transportado o in situ de la incrustacidn, y la relacién entre los distintos
componentes que constituyen el travertino (Ferreri y D’Argenio, 1985; Pedley, 1990).

Las clasificaciones basadas en el contenido de restos fdsiles son de tipo
cualitativo y originariamente son las que primero aparecen debido al interés paleontold-
gico de los travertinos. La utilizacion de las mismas ha supuesto la aparicion de gran
cantidad de términos, caracterizados inicamente por la presencia de un grupo floristico
o faunistico abundante o especial. Entre ellos podemos citar los de: travertinos de
algas, travertinos de musgos o briofitas, travertinos de helechos, travertinos de
gasterépodos y travertinos de chironomides; en los que el componente fésil destacado

es, respectivamente, las algas, musgos, helechos, gasterépodos y tubos de larvas de
insectos.

Las clasificaciones texturales suponen un paso hacia adelante en lo que respecta
a la interpretacion sedimentoldgica y paleoambiental de los travertinos. En ellas aparece
un primer criterio de subdivision que trata sobre el origen de la incrustacidn,
diferenciando entre los travertinos autéctonos, en los cuales el carbonato precipitado
conserva la estructura vegetal en la posicién originaria, es decir, la incrustacion
permanece in situ; y los travertinos aléctonos o cldsticos que estan constituidos por
restos fosiles individualizados (hojas y tallos) acumulados y posteriormente incrustados
por el carbonato o bien por fragmentos travertinicos resultantes de la destruccién de
travertinos previos, presentando todos ellos una textura cldstica.

Las subdivisiones de estos dos grupos es variable; asi, Pedley (1990) en los
carbonatos autéctonos, utilizando un criterio similar al de Embry y Klovan (1971) para
los carbonatos marinos bioconstruidos, diferencia entre framestone fitohermal, que
corresponde a los travertinos constituidos por plantas higréfilas en posicién de vida,
que constituyen el esqueleto o armazdn de la roca, y boundstone fitohermal, término
equivalente al concepto de estromatolito continental. Ferreri y D’Argenio (1985),
ademds de esos dos tipos, a los que denominan respectivamente travertinos fitohermales
y -estromatoliticos, incluyen los travertinos microhermales, que corresponden a la
incrustacion in situ sobre plantas higréfilas de tamafo pequefio (musgos y helechos).

La subdivision establecida por Pedley (1990) para los carbonatos cldsticos es
cualitativa, y se basa en la naturaleza del grano o clasto. Este autor diferencia entre
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travertinos fitocldsticos (los que estdn constituidos por fragmentos de plantas
individualizados -hojas o tallos- que durante o posteriormente a su transporte han sido
incrustados por carbonato), travertinos cianoliticos (constituidos principalmente por
oncolitos), travertinos intracldsticos (los formados por fragmentos de travertinos previos
que han sido destruidos mecdnicamente) y travertinos microdetriticos. Ferreri y

D’Argenio (1985), por el contrario, utilizan criterios mds cuantitativos y muy similares
a los de Dunham (1962) para los carbonatos detriticos marinos.
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