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Abstract

Fix a smooth, complete algebraic curve X over an algebraically closed field k of
characteristic zero. To a reductive group G over k, we associate an algebraic stack
Parg of quantum parameters for the geometric Langlands theory. Then we construct a
family of (quasi-)twistings parametrized by Parg, whose module categories give rise
to twisted D-modules on Bung as well as quasi-coherent sheaves on the DG stack
LocSysg.
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1 Introduction
1.1 The geometric Langlands conjecture
1.1.1. The goal of the Langlands program can be broadly described as to establish

a correspondence between automorphic forms attached to a reductive group G and
Galois representations valued in the Langlands dual group G.
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1.1.2. In the (global, unramified) geometric theory, we fix a smooth, connected, pro-
jective curve X over an algebraically closed field k. For simplicity, let G be a reductive
group over k (where “reductive” is meant to imply “connected”). Then automorphic
functions correspond to certain sheaves on the stack Bung parametrizing G-bundles
over X, and the role of Galois representations is played by local systems on X valued
in G, the Langlands dual group defined over a coefficient field E.

If we further specialize to the case where k is of characteristic zero, then it is possible
to take £ = k and study the de Rham G-local systems on X. The latter also form a
moduli stack over k, denoted by LocSys .
1.1.3. Unlike Bung, the stack LocSys x is not smooth. Furthermore, itis a DG algebraic
stack in general and the correct formulation of the geometric Langlands conjecture
has to take into account its DG nature.

After Arinkin and Gaitsgory [1], one conjectures an equivalence of DG categories:

Lg : D-Mod(Bung) — IndCoh;ip (LocSys ). (1.1

Here, the left-hand-side is the DG category of D-modules on Bung. The right-hand-
side is the DG category of ind-coherent sheaves on LocSys 5 whose singular support
is contained in the global nilpotent cone. This DG category is an enlargement of
QCoh(LocSys ), and the appearance of singular support is the geometric incarnation
of Arthur parameters.

1.2 What do we mean by “quantum”?

1.2.1. The quantum geometric Langlands theory seeks to simultaneously deform both
sides of (1.1) in a way to make them look more symmetric. The main idea, due to
Drinfeld and expounded on by Stoyanovsky [26] and Gaitsgory [14], is to consider
the DG category of twisted D-modules on Bung.

1.2.2. To explain this approach, let us temporarily assume that G is simple. Write L det
for the determinant line bundle over Bung associated to the adjoint representation.
To every value ¢ € k one can associate the DG category D-Mod‘(Bung) of D-
modules over Bung twisted by the (Cz_h—hvv)th power of L¢ det, where 2 denotes the
dual Coxeter number of G.
Letr = 1, 2, or 3 be the maximal multiplicity of arrows in the Dynkin diagram of
G. One expects an equivalence of DG categories:

LY : D-Mod* (Bung) —> D-Mod ™7 (Bun (12)

&)

The equivalence Lg) should vary “continuously” in ¢, and “degenerate” to (1.1) as ¢
tends to zero.! For a survey on the conjecture (1.2), see [23].

_1
! Indeed, the left-hand-side of (1.1) should more naturally be the DG category of L zdet-twisted D-
modules, otherwise known as D-modules at the critical level. The two DG categories are equivalent by the

existence of the Pfaffian.
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1.2.3. We remark that the conjecture (1.2) is made prior to the formulation of (1.1). It
must also be corrected by a renormalization procedure, analogous to the replacement
of QCoh(LocSysé) by IndCohNup(LocSysé).

The renormalized DG categories D-Mod,, (Bung) have different behaviors
depending on the rationality and positivity of ¢, and we do not know how to fit them
in a family.

1.2.4. In the present article, we fulfill a more modest goal: we make precise the degen-
eration of D-Mod(Bung) to QCoh(LocSys;) by constructing a quasi-coherent sheaf
of DG categories over a space of quantum parameters, but we do not take into account
the renormalization mentioned above.

1.3 What’s in this article?

1.3.1. Let us admit right away that when G is simple, the space of quantum parameters
is just a copy of P!, and when the genus of the curve X is at least 2, the stack LocSys
is classical. In this case, the P!-family of DG categories has already been constructed
by Stoyanovsky [26], making use of the line bundle L get-

1.3.2. In the present article, we construct the space of quantum parameters and an
analogous degeneration for a reductive group G. However, our construction proceeds
along totally different lines from [26]. This departure in point of view is motivated by
the following considerations:

(a) Inthe study of the Langlands correspondence for G, an instrumental role is played

by its Levi subgroups M. The relationship between G and M is codified by the
constant term functors (and their adjoints, the Eisenstein series functors). Even for
simple G, the constant term functor carries D-Mod®(Bung) to a twisted category
of D-modules on Bunj; which does not arise from the determinant line bundle
(see [13, Sects. 3.3-3.4] for example).
It is desirable, therefore, to include these additional twists into the space of quan-
tum parameters for M. Our construction achieves this in a natural way. For a
reductive group G, our space of quantum parameters consists of a pair (g*, E),
where g is a generalized symmetric bilinear form on the Lie algebra g of G, and
E is an additional parameter which depends on the center of G as well as the
curve X.

(b) The DG nature of LocSys; requires us to consider generalizations of rings of

twisted differential operators (TDOs) whose underlying O-modules are chain
complexes. It is a priori unclear how to even define such gadgets, because chain
complexes interact poorly with explicit formulas. To circumvent this, we make a
geometric construction using the recent theory of derived formal moduli problems
developed by Lurie, Gaitsgory, and Rozenblyum.
More precisely, [17] introduces a theory of twistings which gives the derived gen-
eralization of a ring of TDOs. (We call the latter classical twistings). We introduce
the notion of a quasi-twisting which incorporates commutative degenerations of
twistings.
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1.3.3. Driven by these considerations, we give a construction which completely dis-
penses of the line bundle £ gt and contains more information as soon as the center
of G is nontrivial. The key steps in this construction are summarized by the following
chart:?

{ quantum } { Lie- * algebra }
PN

parameter (g¥, E) ’@(DKE ) over X

{classical quasi-twisting} { quasi-twisting }
s > .

’f’G(K’E) over Bung ooy TG(K’E) over Bung

The family of DG categories ultimately arises as the module category of TG(K’E), as

we vary the quantum parameter (g*, E). The family of quasi-twistings 7, G(K’E) is the
central object defined and studied in this article.

1.4 Organization of this article

1.4.1. We start in Sect. 2 with the definition of Par, the space of quantum parameters.
It is a fiber bundle over a compactification of Sym?(g*)“, with fibers being vector
stacks describing the “additional parameters.”

The aforementioned compactification of Sym?(g*)© is simply the space of G-
invariant Lagrangian subspaces of g @ g*, where a G-invariant symmetric bilinear
form embeds as its graph. The level “at c0” is understood as the Lagrangian subspace
g =0 g*

1.4.2 The main idea

Let us take a k-point in Parg, which is a Lagrangian subspace g C g & g* together
with an additional parameter E (see Sect. 2.4.1 where it is defined). Using the theory
of Lie-x algebras developed in [3], we construct a central extension

0 = OBungow = L&E) = £ >0 (1.3)

of Lie algebroids over the scheme Bung oo, parametrizing G-bundles trivialized over
the formal neighborhood D, of a fixed closed point x € X. We refer to central
extensions of Lie algebroids as classical quasi-twistings.

For g* arising from a symmetric bilinear form, the reduced universal envelope of
(1.3):

Ured (LB := UL@E) /(1 — 1)

defines a TDO over Bung ox. At (g°, E) = (g°,0), the algebra Ured(f(oo*o))
becomes commutative, and identifies with the ring of functions on the ind-scheme

2 For objects that depend on g* (resp. (g*, E)), we only retain the character « (resp. («, E)) in the notation.

W Birkhauser
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LocSys g, cox (X — {x}) parametrizing a point (Pr,n) € Bung, cox together with a
connection V over Pr|x_x}.

To obtain a central extension of Lie algebroids over Bung, we “descend” (1.3)
along the torsor Bung ooy — Bung.

1.4.3 The main challenge

There is, however, a caveat in what it means to “descend” the classical quasi-twisting
(1.3). We need a procedure that simultaneously does the following:

(a) For g“ arising from a symmetric bilinear form, it performs the strong quotient of
aring of TDOs, in the sense of [2];

(b) For g“ = g, it transforms (the ring of functions over) LocSyss ., (X —{x}) into
the DG stack LocSys;, a procedure usually understood as symplectic reduction.

It turns out that one needs to form what we call the quotient of a classical quasi-
twisting. In general (and in the way we will apply it), this notion belongs to the DG
world, i.e., the quotient of a classical quasi-twisting may cease to be classical.

1.4.4. A (non-classical) quasi-twisting over a finite type scheme Y is defined as a
G, -gerbe in the co-category of formal moduli problems under Y. They make up the
geometric theory of central extensions of Lie algebroids over Y, and are studied in
Sect. 3. The theory of quasi-twistings is made possible by the machinery of formal
groupoids and formal moduli problems, as developed in [18].

The quotient of quasi-twistings fits into the general paradigm of taking the quotient
of an inf-scheme by a group inf-scheme. The latter procedure is rather elaborate, as it
mixes prestack quotient with formal groupoid quotient. This is the content of Sect. 4.

1.4.5. Finally, we need to deal with the technical annoyance that the theory of [18] is
built for prestacks locally (almost) of finite type, whereas Bung ooy is of infinite type.
Hence the actual quotient process has to be performed in two steps, one classical and
one geometric, along the torsors:

Bung&x — Bungil — Bunga),
where Bun(Gie) is a Harder-Narasimhan truncation of Bung and n is sufficiently large
(=0)

so that Bung, . is a scheme (of finite type). For this reason, we need to prove a
number of results communicating between the classical and derived worlds in Sect. 3
and Sect. 4. It is the author’s hope that an extension of [ 18] to co-dimensional algebraic
geometry will render this trick obsolete.

1.4.6 The main results
In Sect. 5, we perform the main construction of the quasi-twisting T((;K’E) over Bung
and check that it gives rise to DG categories of twisted D-modules when g is the

graph of a bilinear form and E = 0.
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Finally, in Sect. 6, we show that the DG category of modules over 7, ((;OO’O) is equiva-
lent to QCoh(LocSys;). We end the article with remarks on the “meaning” of certain
additional parameters at level oco.

1.5 Quantum versus metaplectic parameters

1.5.1. There is another approach of deforming the DG category D-Mod(Bung)? under
the name “metaplectic geometric Langlands program” (see [16], for example). We
briefly explain the relation between metaplectic and quantum parameters.

For simplicity, let us focus on the points (g, E) of Parg where g* arises from a
symmetric bilinear form. Such quantum parameters form an open substack isomorphic
to Sym?(g*)% x Ext! (36 ® Ox, wy), and the quasi-twistings on Bung they produce
are in fact twistings.

1.5.2. Metaplectic parameters give rise to gerbes, as opposed to twistings, on Bung.
Having chosen D-modules as our sheaf-theoretic context, a gerbe on a prestack Y
refers to a map from Ygr to B2 Gy,. Note that a gerbe on Bung is sufficient to form
the DG category of twisted D-modules, but the additional data included in a twisting
equip this DG category with a forgetful functor to QCoh(Bung).

Unlike the metapletic geometric Langlands program, which has incarnations in
various sheaf-theoretic contexts, the quantum geometric Langlands program is limited
to the case of D-modules. (However, it seems that the restriction char(k) = 0 is not
necessary, in light of the recent work of Travkin [28]).

1.5.3. By analogy with the £-adic context, gerbes are supposed to be “topological”
gadgets. However, the existence of the exponential local system on A! shows that the
above definition of a gerbe is too naive. In order to retain only topological information,
we ought to adjust the definition of a gerbe slightly, as a (2-)torsor over the groupoid
of regular singular local systems. However, we will ignore this subtlety for now.

1.5.4. Let Grg denote the affine Grassmannian associated to G, regarded as a fac-
torization prestack over the Ran space of X. Conjecturally, the spaces of quantum,
respectively metaplectic, parameters have the following intrinsic meanings: they
are the moduli spaces of factorization twistings, respectively gerbes, on Grg. The
corresponding objects on Bung arise from their descent along the canonical map
Grg — Bung.

Furthermore, there is a fiber sequence of Picard groupoids, relating factorization
line bundles, twistings, and gerbes on the affine Grassmannian:

Picf™(Grg) — TwW™' (Grg) — Ge™™(Grg). (1.4)
The three items of this fiber sequence stem from apparently different sources:

1.5.5. Since the first preprint of the present paper appeared in 2017, several new devel-
opments have contributed to a better understanding of these parameters. Let us briefly

3 Or in the context of curves over Fp, the category of £-adic sheaves on Bung.
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Algebro-geometric Differential-geometric Topological
Pic® (Grg) Tw (Grg) Gel*(Grg)
K-theoretic parameters Quantum parameters Metaplectic parameters

report on them. The first one is a precise relationship between the K-theoretic param-
eters, first studied by Brylinski—Deligne [6], and factorization line bundles [15][27].
The second is a precise formulation of “topological” gerbes in the de Rham context
and the classification of factorization de Rham gerbes on Grg [29]. In the £-adic con-
text, the analogous classification theorem now has two proofs (see [29] and the new
version of [16]).

Finally, it is pointed out by an anonymous referee that the space of quantum param-
eters defined in this paper can be further enlarged to include the “semi-classical”
degeneration of the geometric Langlands theory (from D-Mod¢(Bung), as well as
QCoh(LocSys) to the DG category of quasi-coherent sheaves on the cotangent stack
T* Bung). The semi-classical limit has featured in the works of Donagi—Pantev [9]
(over C) and Bezrukavnikov—Braverman [5] (in characteristic p).

Notations

Throughout this article, we work over an algebraically closed ground field k of charac-
teristic zero. We write X for a smooth, connected, projective curve and G a reductive
group over k (where “reductive” is meant to imply connected). The Lie algebra of G
is denoted by g. Notations particular to each section will be explained as they appear.

2 The space of quantum parameters

In this section, we define the smooth algebraic stack Parg of quantum parameters for
the geometric Langlands theory. We will define a natural isomorphism Parg > Par &
and explain how Parg behaves when we change G into the Levi quotient M of a
parabolic of G.

2.1 The base scheme of Parg

2.1.1. The space of quantum parameters Parg will be an algebraic vector stack over
a smooth projective scheme. We begin by defining the base scheme of Parg, which
will be a compactification of the vector scheme of G-invariant symmetric bilinear on
g. Its existence is based on the following fact.

Lemma 2.1 Let (V, w) be a symplectic vector space. The presheaf which sends an
affine scheme S to the set of Lagrangian subbundles of V ® Qg is representable by a
connected, smooth, projective scheme.

) Birkhauser
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Proof Letn := dim(V)/2 which is an integer. The presheaf of Lagrangian subbundles
of V ® Og is a closed subfunctor of that of n-dimensional subbundles of V ® Og. The
latter presheaf is represented by the Grassmannian Gr(n, V). Hence the former is rep-
resented by a projective scheme, to be denoted Grp,g (V). The smoothness of Grpag (V)
follows from a standard calculation of its cotangent complex (details omitted).

To show that Grp,e (V) is connected, we observe that the symplectic group Sp(V)
acts on Grpag(V). For a fixed k-point L of Grpag(V), the map Sp(V) — Grpag(V)
induced from acting on L is surjective on k-points. Since Sp(V) is connected, so is
Grpag (V). O

2.1.2. Consider the symplectic form on g @ g* defined by the pairing:

EDo. @) =0pE)—¢'®). (2.1

Let Grrqg (g @ g*) denote the scheme parametrizing Lagrangian subspaces of g @ g*.
(It represents the presheaf in Lemma 2.1). The reductive group G acts on g g* via the
direct sum of the adjoint and coadjoint actions. This action preserves the symplectic
form (2.1). Hence, we obtain a G-action on Grp,e (g ® g*). Thanks to the hypothesis
char(k) = 0, the group G is linearly reductive. Hence the G-fixed point scheme:

Grgag(g 52 g*) C GrLag(g ©® g*)

remains smooth, by the classical theorem of Iversen [19, Proposition 1.3]. We will
denote an S-point of Glrfag (g & g*) by g“, regarded as a Lagrangian subbundle of
(g ® g*) ® Og stable under the G-action.

2.1.3. Let Sym?(g*)€ denote the vector space of G-invariant symmetric bilinear forms
on g, regarded as a vector scheme. There is a morphism of schemes:

Sym? (") — Gl (6 @ ") 2.2)

sending a form «, viewed as a linear map « : g — g*, to its graph g*. The morphism
(2.2) is an open immersion, whose image consists of those subbundles g C (g &
%) ® Og for which the projection to g ® Oy is an isomorphism.

2.1.4. We will use the following notations for special points of Grfag(g P g*):

(a) g™ denotes the k-point g* of Grf21g (g®g");
(b) g is the graph of the critical form crit := —% Kil, where Kil is the Killing form
of g.
(c) forevery S-point g* of Grfag (g ® g*), the notation g“ "It denotes the Lagrangian
subbundle of (g & g*) ® Og defined by the property:
EByeg’ = E@(p—crit)) e g,

W Birkhauser
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Remark 2.2 Note that if k € Sym?(g*)¥, then g~ is the graph of k — crit, so the
above notation is unambiguous; we also have g~ = g,

Remark 2.3 More generally, one may replace g "' in the above construction by
g“ % for any ko € Sym?(g*)“. This construction defines an action of Sym?(g*)“ on

Grfag(g @ g*) that extends the addition on Sym?(g*)“.

2.2 Decomposition into simple factors

22.1.Letg =3 ) _; gi be the decomposition of g into its center 3 and simple factors
gi. In this subsection, we study how Grfag(g @ g*) interacts with this direct sum
decomposition. Combined with some knowledge of this space for a simple group, we
will be able to describe Grfag(g @ g*) much more explicitly. First, we begin with a
lemma on the level of k-points.

Lemma 2.4 Any Lagrangian, G-invariant subspace L — g @ g* takes the form L =
Ly ® Y ; L where:

(a) L; is a Lagrangian subspace of 3 ® 3*;
(b) each L; is a Lagrangian, G-invariant subspace of g; ® g;.

Proof The decomposition of g induces a decomposition g@g* = (383")®)_; (9: Dg;)
where the summands are mutually orthogonal with respect to the symplectic form (2.1).
We may also decompose L = L; & Z./ L;, where L is the G-fixed subspace and
each L is irreducible. Obviously, the embedding L < g @ g* sends L; into 3 ® 3*
as an isotropic subspace.

We claim that each embedding L; < g @ g* factors through g; ® g for a unique
i. In other words, the composition L; < g @ g* — g; @ g must vanish for all but
one i. Suppose, to the contrary, we have i # i’ such that both

Li—gi®g, and L; — gi ® g},

are nonzero. Without loss of generality, we may assume that the projections onto the
first factors L; — g;, L; — g are nonzero. Hence we have

(a) L;j = g; = g;» as G-representations; and
(b) the image of L ; under the projection g @ g* — g; @ g;’ is a G-invariant subspace
with nonzero projection onto both factors.

The second statement implies that this image is the entire space g; @ g;’, contradicting
the equality dim(L ;) = dim(g;) from the first statement. This prove the claim.

Now, suppose j # j’ and both embeddings L, L j — g @ g* factor through the
same g; @ g;. This is obviously impossible since L; @ L;; < g & g* would factor

through an isomorphism L ; @ L j/ S g7, soitis not isotropic. We conclude that
there is a bijection between the sets {L ;} and {g; ® g’} such that each L; — g @ g*
factors through the corresponding item g; @ g;.

) Birkhauser
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Finally, since each L; is an isotropic subspace of g; @ g, we have:

dim(g) = dim(L;) + Y | dim(L;) < dim(3) + Y _ dim(g;) = dim(g).
j i

Hence the equality is achieved, and each L; (resp. L;) is a Lagrangian subspace of
9 © g (resp. 3 @ 3%). O
Corollary 2.5 Let L be a Lagrangian, G-invariant subspace of g ® g*. Then there is a
(non-canonical) isomorphism L = g of G-representations. O

Note that we have an obvious morphism:

GrLag ®5%) x [ | Grlp(oi ® 8f) — il (9 ® g%) 2.3)

l

sending a series of vector bundles 3, {g/} over S to their direct sum 3 @ _; g, which
is a subbundle of (g & g*) ® Os.

Corollary 2.6 The morphism (2.3) is an isomorphism.

Proof Indeed, (2.3) is a proper morphism between smooth schemes. Lemma 2.4 shows
that it is bijective on k-points, so in particular quasi-finite, and therefore finite (by
properness). A finite morphism of degree 1 between smooth schemes is an isomor-
phism. O

2.2.2. To proceed furthermore, let us note that any G-invariant symmetric bilinear
form x; on g; defines an isomorphism A! = Sym?(g*), sending ¢ to the form cx;.
This isomorphism extends to a map:

P! — Grfag(gi ®g]), ¢~ g 2.4)

In fact, an argument analogous to the proof of Corollary 2.6 shows that (2.4) is an
isomorphism. Combining with the isomorphism (2.3), we see that Grfag(g @ g*) is
non-canonically isomorphic to the product of a Lagrangian Grassmannian with finitely
many copies of P!, one for each simple factor of g.

2.3 Reduction to Z(G)

2.3.1. We will now work towards the definition of Par¢, which is a vector stack over
GrLGzlg (g & g*). The fibers of this vector stack are the so-called additional parameters.
They will only come into play when the center Z(G) is nontrivial. In this subsection,
we focus on the central component of Grfag(g @ g*) with respect to the product
decomposition (2.3).

2.3.2. Consider the projection map (whose existence owes to Corollary 2.6):
GrICjag(g ®©g") — Gri(3 ® %) 2.5)

W Birkhauser
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Note that 3 is identified with the subspace of G-invariants of g. Although 3* is more
naturally the space of G-coinvariants of g*, we will identify it with the invariants (g*)¢
via the isomorphism (g*)¢ < g* —» 3*.

More intrinsically, the morphism (2.5) is defined on S-points by:

g~ (@)% =g NGS5 ®Os).

where (3 ®3*) ® Oy is regarded as a submodule of (g @ g*) ® Og. In particular, (g©)¢
may be viewed as a submodule of g".

Remark 2.7 We refer to (g°)© as the G-invariants of g*. The same terminology is used
in the sequel when we replace G by a different group H and g by an H-invariant
subspace of V & V*, where V is any H-representation for which the composition
(VHH — v* = (VH)* is an isomorphism.

Remark 2.8 Since crit vanishes on 3, the submodules (g ") ¢ | (g)¢ c (3®3*)®0Os

are equal for any g“.

2.3.3. Since the embedding 3 < g canonically splits with kernel g 5. := [g, g], there
is a surjection (g ® g*) ® Os — (3 ®3*) ® Og. Under this surjection, the image of g*
is identified with (g*), and the composition (g€)¢ < g — (g*)¢ is the identity.
In other words,

Lemma 2.9 The morphism (g€)¢ < g* canonically splits. O

We denote the complement of (g€)“ in g€ by g . The decomposition:
=@ o
mimics the decomposition of g into its center and its semisimple part.
2.4 Definition of Parg
2.4.1. We are now ready to define the stack Parg of quantum parameters. For an

affine shceme S, the groupoid Maps(S, Parg) consists of pairs (g*, E), where g* is
an S-point of Grfag (g @ g*), and E is an extension of O y-modules:

0— wy/s = E — ()R Ox — 0. (2.6)

Here, X := § x X, and wy ;s = Og X wy is the relative dualizing sheaf.
In other words, Parg is a fiber bundle over Grg‘,ﬁlg (g @ g*), whose fiber at a k-point

g* is the vector stack Ext((g“)¢ X Oy, wy) of extensions over X. We think of g* as
a generalized symmetric bilinear form on g and E as an additional parameter.

) Birkhauser
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Remark 2.10 The substack of Parg corresponding to the points (g*, E) where g* arises
from a bilinear form conjecturally parametrizes factorization twistings on the affine
Grassmannian Gr g, subject to a certain regularity condition (see Sect. 1.5). Hence, one
may view Parg as a (partial) compactification of the stack of factorization twistings.
We hope to address this conjecture in a forthcoming work.

2.5 Langlands duality of Parg

2.5.1. We now fix a maximal torus 7 <> G. Let G denote the Langlands dual group
of (G, T). Namely, it is a pinned reductive group over k whose root datum is dual to
that of (G, T). In particular, G comes with a maximal torus 7 C G dual to 7.

2.52.Let W := Ng(T)/T denote the Weyl group of (G, T). It acts on t @ t* in the
standard way. There is a symplectic isomorphism:

tot" > il @99 (-8 2.7

defined using the canonical identifications t* S fand t > Furthermore, (2.7)
intertwines the W and W actions (again, under the canonical identification W N W).

Remark 2.11 The sign (2.7) is needed to match up the symplectic forms. On the other
hand, the conjectural quantum Langlands correspondence is an equivalence between a
positively twisted category of D-modules on Bung and a negatively twisted category
of D-modules on Bun . This change of signs is reflected in the identification (2.7).

2.5.3. Let Gr&g (t & t*) denote the scheme parametrizing W-invariant, Lagrangian

subspaces of t @ t*. It is connected, smooth, and projective, thanks to Lemma 2.1 and
the fact that W is a finite group. The isomorphism (2.7) induces an isomorphism:

Gril (t® t) = GrfY (T ). 2.8)

We denote the image of t under (2.8) by %, and view it as the dual of the generalized
bilinear form t¢. Note that Sym?(t*)" is not preserved under the duality (2.8).

2.5.4. We define a morphism (the “naive reduction”)

Gr{y (8 ® g) — Grl, (t @ t7) 2.9)

by sending an S-point g© to (g*)7, the T-invariants of g*. An argument similar to the

one in §2.3.2 shows that we have a well-defined map GrLGag (D g") — Griag(tdt¥);
it is clear that the image lies in the W-fixed locus.

Lemma 2.12 The morphism (2.9) is an isomorphism.
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Proof Indeed, a decomposition of g = 3@ ), g; into simple factors induces a decom-
position t = 3 @ ), t;, where each t; is the maximal torus of the factor g;. Note that
t; is irreducible as a W-representation. An analogue of Corollary 2.6 asserts an iso-
morphism Gr&g(t Bt > GrLagG®3") x [[; Gr]‘i‘g1g (t; ®t7), making the following
diagram commute:

(2.9)
Grl,, (9 ® 6%) Gry' (L@ t)

2 2

Grrag(3 ®3") x 1_[ GrLag(gl @ g; ) — GrLag(3 ®3") x 1_[ GI’Lag(f' S t;k)

Note that the bottom arrow is an isomorphism since the choice of a G-invariant,
symmetric bilinear form on g; (hence a W-invariant form on t;) identifies both
Gr{7,, (g: @ g) and Gry',, (t; @ t}) with P! (see Sect. 2.2.2). o

Remark 2.13 Using T, we may also rewrite (2.5) as the two-step procedure of first
taking T'-invariants and then taking W-invariants:

@)% = (@"H".
This isomorphism again follows from the description of fibers of g“ in Lemma 2.4.

2.5.5. We will consider a slight variant of the isomorphism (2.9) which takes into
account the critical shift (the “critically-shifted reduction”):

Gr{7, (@@ g") = Gr, (@ t9), g° ~ (@ 7. (2.10)

There is an isomorphism between Grfag(g @ g*) and the corresponding space for G,
making the following diagram commute:

Gr{l,y (8 ® g*) — Gr[’,, (§ & §%)
|10 V(2.10) for G
Gr{Vag(t ® t*) % GrLag(t @ )

We denote the image of g“ in GrL ag (8 ® §*) by §*. The generalized bilinear forms g*

and ¢ g are supposed to be intertwined by the geometric Langlands correspondence.
They have a built-in critical shift.

2.5.6. Using the identification (g~ Cm)G = (g )C (see Remark 2.8), we see that an
extension E of (g°)¢ X Ox by wy /s (see (2.6)) is equivalent to an extension E of

() X Ox by wx/s- Indeed, the following Og-modules are all isomorphic:
(gK)G ; (gl{ C['lt)G ~ (él{ cr1t)G ( )é
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where the middle isomorphism comes from the identification of (g7 and
(;ﬁ’z —erityI" ynder (2.8). This observation implies:

Lemma 2.14 There is a canonical isomorphism of algebraic stacks:

Parg — Parg, (g, E) ~ (¢°, E). (2.11)

We refer to (2.11) as the Langlands duality for the space of quantum parameters Parg.

Example 2.15 Suppose G is simple, and we fix a k-valued parameter (g*, 0) of Parg
corresponding to some bilinear form « on g. Then k = A - Kilg for some A € k. Write
A= (c —hY)/2h" for some ¢ € k, where h" denotes the dual Coxeter number of G.
Under the isomorphism (2.11), (g, 0) corresponds to the parameter (E;’é, 0).
Assume ¢ # 0. Then we claim that g arises from the bilinear form & defined by
the formulae:
P v 1
£ =hr-Kilg, A= (———h)/2h, (2.12)
re
where » = 1, 2 or 3 denotes the maximal multiplicity of arrows in the Dynkin diagram
of G.* Indeed, to see that gv;’; is given by the formulas (2.12), one first notes that
(1/2hY) - Kilg is the “minimal” W-invariant bilinear form ming on t, defined by the
property that the short coroot has self-pairing 2. Hence, « is equal to ¢ - ming + critg.
Likewise, & is equal to —rlc - ming + critg. We then appeal to the fact that r is the
ratio of the self-pairing of long and short roots of G (under any W-invariant symmetric
bilinear form).

2.6 Parabolics and anomalies

2.6.1. We now explain how to incorporate, via an additional parameter, the anomaly
term that appears in the study of constant term functors (see [13, Sect. 3.3-3.4]). In
op.cit., the anomaly term is introduced to compare the constant term functor on D-
modules on Bung with the BRST reduction functor on the representation category of
Kac—-Moody Lie algebra associated to g.

The appropriately defined constant term functor for D-modules does not go from
D-Mod* (Bung) to D-Mod*~“"'(Bunr) (shift by the critical level of G), but rather to
the latter category twisted with a specific line bundle on Buny, namely the Tate line
bundle.

The observation relevant for us is that this line bundle on Buny can be viewed
as being attached to a quantum parameter for the reductive group 7, in the form of
an additional parameter in the sense of §2.4.1. Thus, the constant term morphism

4 These are the numerics which appear in the typical formulation of the quantum Langlands correspondence
for simple groups, see [23, Sect. 2] for example. Note that the critical shift is often omitted as the determinant
line bundle on Bung admits a square root.
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Parg — Pary we shall presently build takes (g*, E) to (g~ Ec_,7), where
the second term Eg_, 7 accounts for the anomaly term.

2.6.2. In this subsection, we fix two additional pieces of structure:

(a) aBorel subgroup B C G containing T';
(b) a theta characteristic on the curve X, i.e., a line bundle 6 together with an iso-

morphism %2 — wy.

The term standard parabolic refers to a parabolic subgroup P C G containing B.

2.6.3.Let P be astandard parabolic. Denote by M its Levi quotient, which is areductive
group. The canonical map from T to M realizes T as a maximal torus of M. The Weyl
group Wy of (M, T) can be identified with a subgroup of W.

Since 3 = t" and 33y = t"™, there is a canonical embedding 3 < 33,. We
claim that this embedding is canonically split. Indeed, this is because the composition
Zo(G) — G — G/[G, G] is an isogeny, so it gives rise to the projection 351 — 3.
It follows that we have a canonical map from the Wy -invariants of t @ t* to its W-
invariants:

M @3y — 36 DG (2.13)

In particular, given any Lagrangian, W-invariant subbundle t* C (t ® t*) ® Og, we
have a morphism of Og-modules:

HWn ()W, (2.14)

This morphism is compatible with (2.13) in the sense they intertwine the inclusion of
)™ into 3 @ 33 (resp. of )V into 36 ® 36)-

2.6.4. There is a reduction morphism (“critically-shifted reduction” for M):
Grfag(g D g*) — Grﬁ”ag(m @ m*), (2.15)
defined by the composition:
Grile (0 ® 8%) = Grl (t® t) < Gr/' M (t & t*) < Grl,(m & m*)

where the isomorphisms are supplied by the critically-shifted reductions (2.10) for G,
respectively M. In other words, the image of g* under (2.15) is an S-point m* such that
(=T and (g =T are canonically isomorphic as subbundles of (t&® t*) ® Og.”
The morphism (2.15) includes (2.10) as a special case.

2.6.5. Let Zo(M) denote the neutral component of the center of M. Write 20, for the
character of Zg(M) determined by the rvepresentation det(np), where np is the Lie
algebra of the unipotent part of P. Let Zo(M) denote the dual torus of Zy(M). We

K —crit

5 Here, m is defined with reference to the critical form on m (as opposed to g).
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use o’ % M to denote the ZO(M )-bundle on X induced from 0 under 20y (regarded as a

cocharacter of Zo(M)). Then the Atiyah bundle of a) M fits into an exact sequence:

O—>3M®(’)X—>At(a) My > Tx — 0.

Its monoidal dual gives rise to an extension of Oy -modules for every S (recall the
notation X := § x X):

O—)wX/S—>OS&At(w MY — (Gm ® O5) K Ox — 0. (2.16)

For each S-point m* of Gr 2 (M@ m*), we let E} G m denote the extension of (m* M
induced from (2.16) along the canonical map, pulled back along X — S§:

MM — Gy @ 3%) ® Os — 3u ® Os.
The additional parameter E;_ ,, is the anomaly term at level m*.

2.6.6. The reduction morphism for quantum parameters is defined by (“constant term
morphism” for the space of quantum parameters):

CTp : Parg — Pary, (g°, E) ~ (Mm%, EGu) 2.17)

where m“ is the image of g“ under (2.15), and Eg_, j is the Baer sum of the following
two extensions of (m*)M:

(a) an extension induced from E (which is an extension of (g )G via the map:

(m/()M K— crit)M K— crrt)G (g )G

— (m — (g
where the map in the middle comes from (2.14) for £ := (m*—crity7 = (gr—crityT,

(b) the anomaly term E 2;' _  atlevel m©.

Remark 2.16 The image of (g, E) under CT p agrees with (m®°, E). In other words,
the anomaly term E‘GF% jy vVanishes at level oo.

In particular, we see that CT p is incompatible with Langlands duality for quantum
parameters, i.e., if we let M be the Langlands dual of M viewed as the Levi quotient
of a parabolic subgroup P C G, the following diagram does not commute:

(2.11)
Parg — Par %

CTPJ/ \LCT
(2.11)
Pary, — Par

It is not clear how this phenomenon is reflected in the conjectural quantum geometric
Langlands correspondence. However, it seems related to the fact that the compatibility
of the Langlands duality functor and the constant term functor involves an autoequiva-
lence of the target category D-Modf (Bun i) (for ﬁ’z = g°,see[1, Conjecture 13.2.9]).
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Remark 2.17 For P = B and M = T, the character 2 is the sum of positive roots,

and splittings of (2.16) form a t* ® wx-torsor Conn(wf;), which is also known as the
space of Miura opers (see [10]).

2.7 Structures on g*

2.7.1. We finish this section with a description of some structures on the vector bundle
g functorially attached to an S-point of Grfag(g P g*).

2.7.2. There is an Og-bilinear Lie bracket:
[——1:¢" ® g — g (2.18)
Os
defined by the formula (on the ambient bundle (g ® g*) ® Os):

(o ®L (¢ @¢)®1]:= ([§ ¢ Coade (¢") ® 1.

One checks immediately that the image lies in g“ and the required identities hold.
Note that (2.18) factors through the embedding g, — g*.

2.7.3. There is an Og-bilinear symmetric pairing:

(——):g"® g — Os (2.19)
Os

defined by the formula:
ECopelLE 0D =¢'¢) -1
The pairing (2.19) gives rise to a canonical central extension of the loop algebra g* (¢)):
0— 05— —g“(1) >0
whose cocycle is given by the residue pairing Res(—, d—). This is the prototype of

a generalized Kac-Moody extension. We will return to it in Sect. 5 (in the setting of
Lie-x algebras).

Example 2.18 For the k-point g* of Grfag (g @ g*), the Lie bracket (2.18) is zero. The
pairing (2.19) is also zero. Hence g™ is the abelian Lie algebra Og @ g ((t)).

2.7.4. Fixing an S-point (g“, E) of Parg, there is an extension of O y-modules:
0— wys — 3 - g KMOx — 0. (2.20)

induced from (2.6) along g ® O5 — (g°)¢ ® Ox. In other words, g is the direct
sum of E and g¢, X Oy, corresponding to the decomposition g* — g @ g .
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Quasi-twistings and their quotients

3 Quasi-twistings

In this section, we make sense of a central extension of Lie algebroids in the DG
setting; such objects are called guasi-twistings. A dynamic theory of Lie algebroids
in such generality has been built by Gaitsgory and Rozenblyum [18], and our results
in Sects. 3 and 4 are no more than a modest extension of their theory.

Notations

We work over a fixed affine scheme S smooth® over k. Some of the notions in this
section involve the interplay between classical and derived algebraic geometry. For
the latter, we use the theory of co-category as developped in [20, 21] and the theory
of derived algebraic geometry modeled on commutative DG algebras, using [18] as
our main reference.

By a scheme, we shall mean a classical scheme (as opposed to a DG scheme).
On the other hand, a prestack means a presheaf on affine DG schemes valued in co-
groupoids. More specialized notations involving derived formal moduli problems will
be explained in Sect. 3.3.

3.1 The classical notion

3.1.1. Let Y be a scheme over S. A Lie algebroid over Y (relative to S) is an Oy-
module £ together with an Og-linear Lie bracket [—, —] and an Oy-module map
o : L — Ty/s such that the following properties are satisfied:

@ [, f-bLl=o(D)(f) L+ fli, L]

(b) o intertwines [—, —] with the canonical Lie bracket on 7y s.

The morphism o is called the anchor map of L. The category of Lie algebroids over Y
is denoted by LieAlgd ,s(Y). A Picard algebroid is a central extension of the tangent
Lie algebroid 7y, s by Oy they are equivalent to a ring of twisted differential operators
(TDOs) over Y (see [2]).

Definition 3.1 A classical quasi-twisting T over Y (relative to S) is a central exten-
sion:

050y —>L—>L—>0 (3.1)

of Lie algebroids.

6 Most of the materials in Sects. 3 and 4 should extend to any base affine scheme S over k. The reason
we choose not to work in this generality is because the theory of ind-coherent sheaves in [18] is built in
an absolute setting whereas we would need a notion of ind-coherent sheaves for an S-scheme Y which
is “quasi-coherent along S.” Since our ultimate goal is to construct a quasi-coherent sheaf of categories
(which are fppf-local objects, see [12, Appendix A]) on the smooth algebraic stack Parg, it is enough to
limit our attention to smooth test schemes S — Parg.
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We say that 7° is based at the Lie algebroid £. Classical quasi-twistings with a fixed
base L form a k-linear, strictly commutative Picard groupoid under the operation of
Baer sum. We denote it by QTW?IS(Y /L). The following is obvious:

Lemma 3.2 A classical quasi-twisting T is a Picard algebroid if and only if the
anchor map of L is an isomorphism. O

3.1.2. Given a classical quasi-twisting 7!, the (reduced) universal envelope of T is
defined to be the Oy-algebra:

U(T) :=U®L)/(1 - 1),

where U(E) is the universal enveloping algebra of L, and 1 denotes the image of the
unitin Oy. A @odule over T is a U7 Cl)-module, or equivalently, a module over the
Lie algebroid £ on which 1 acts by the identity.

3.2 Some oco-dimensional geometry

3.2.1. Suppose Y is a scheme over S but not locally of finite type. The above notion
of Lie algebroids is not very amenable to study. We will occasionally encounter some
oo-type schemes, for which we need the notion of a Lie algebroid “on Tate module”.

Let R be a (discrete) ring over k. The notion of Tate R-modules is developed in [7].
We briefly recall the definitions.

3.2.2. An elementary Tate R-module is a topological R-module isomorphic to P & Q*,
where P and Q are discrete, projective R-modules.” A Tate R-module is topological
R-module isomorphic to a direct summand of some elementary Tate R-module. There
are two important types of submodules of a Tate R-module M:

(a) alatticeis an open submodule L™ with the property that L™ /U is finitely generated
for any open submodule U <> L™,

(b) a co-lattice is a submodule L~ such that for some lattice LT, both LT N L~ and
M /(L* + L) are finitely generated.

Example 3.3 Clearly, every profinite R-module is an elementary Tate R-module. The
Laurent series ring R((¢)) is also an elementary Tate module (but not profinite).

3.2.3. Given a map of (discrete) rings R — R/, the pullback of a Tate R-module M is
defined by

MQ®R' :=1im (M/U) ® R’
R «— R

where U ranges over open submodules of M.

7 The topology on Q* is generated by opens of the form U -+ where U is a finite generated R-submodule
of Q.
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Tate R-modules are local objects for the flat topology (see [7, Theorem 3.3]). In
particular, we may define a Tate Oy-module F over a scheme Y (or more generally,
an algebraic stack) as a compatible system of Tate Oz-modules F | , for every affine
scheme Z mapping to Y.

3.2.4. Let Y be a scheme over S. Then Y is placid if Zariski locally there is a pre-
sentation ¥ — lim Y;, where each Y; is a scheme of finite type, and the connecting
P2

morphisms ¥; — Y; are smooth surjections. We call a placid scheme Y pro-smooth,
if we can furthermore choose each Y; to be smooth.

If Y is a pro-smooth placid scheme, then the tangent sheaf 7y s is naturally a Tate
Oy-module. Indeed, locally on Y there is an isomorphism:

TY/S :> limﬂi*TY,-/S»

where 7; : ¥ — Y; is the canonical map.

3.2.5. Suppose Y is a pro-smooth placid scheme. We define a Lie algebroid on Tate
module over Y as a Tate Oy-module L together with a continuous Oy-linear map
o : L — Tyys, such that as a plain Oy-module, £ has the structure of a Lie algebroid
with o as its anchor map.

Example 3.4 The tangent sheaf Ty s has the structure of a Lie algebroid on Tate mod-
ule.

A classical quasi-twisting on Tate modules T over Y is a central extension (3.1)
of Lie algebroids on Tate modules where all the morphisms are continuous.

Remark 3.5 The above notion is very naive, as it does not indicate how the Lie bracket
interacts with the topology on L. However, it suffices for our purpose since in the

construction of 7, éK’E) in Sect. 5, the first quotient step will reduce the classical quasi-
(=0)

twisting on Tate modules ’féK’E) into a discrete, classical quasi-twisting over Bun ", * .

Remark 3.6 We will frequently refer to a classical quasi-twisting on Tate modules
simply as a classical quasi-twisting, as the Tate structures should be clear from the
context.

3.3 Formal groupoids

3.3.1. In this subsection, we review the theory of derived formal moduli problems. Let
Vect denote the derived oo-category of chain complexes of k-vector spaces. It has a
natural symmetric monoidal structure which commutes with colimits in both variables.
As such, it may be viewed as a commutative algebra object in the oco-category of
presentable stable co-categories equipped with the Lurie tensor product.

By a DG category, we mean a module object over Vect in this symmetric monoidal
oo-category. We use the notation DGCatqn¢ to denote the co-category of DG categories
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(whose functors are continuous, i.e., colimit-preserving). The co-category DGCatcon
inherits a symmetric monoidal structure.

3.3.2. We use the notation PStkiafidef /s to mean the co-category of prestacks locally

almost of finite type (“laft”) over S which admit deformation theory (see [18, III.1]). A

simplicial object R*® of PStKiafi-gef /5 18 called a groupoid (relative to S) if the following

conditions are satisfied:

(a) forevery n > 2, the map R"” — R! x --- x R! induced by products of the maps
Yy

Yy
[1] — [n] sending O ~~» i, 1 ~» i + 1, is an isomorphism;

(b) the map R?> — R!' x R! induced by the product of the maps [1] — [2] sending
y

0~~0,1~1and0~0, 1 ~2

is an isomorphism.

Furthermore, R*® is a formal groupoid if all morphisms in R® are nil-isomorphisms,
i.e., they induce isomorphisms on the reduced prestacks. We denote the co-category
of formal groupoids (relative to S) by FGpd 5. There is a functor

FGpd 5 — PStkiafi-det /5. R° ~ R, (3.2)

whose fiber at ) is denoted by FGpd  5())) and is referred to as the oo-category of

formal groupoids actin on ).

Example 3.7 Completion along the main diagonals )V — ) x - -- x ) organizes into
s S

a formal groupoid R*® := ()/*)y acting on ). This is the final object of FGpd 5())
and is called the infinitesimal groupoid acting on ).

3.3.3. The functor (3.2) is a Cartesian fibration of co-categories. The Cartesian arrows
in FGpd g are maps R*® — 7°* such that the induced morphism

R® - T* x (3}')5,, where V := R’ and Z := T°
(2% z

is an isomorphism.

3.4 Formal moduli problems

3.4.1. Let FMod,s denote the co-category of morphisms ) — V" in PStKiafidef /S
which are nil-isomorphisms.® In particular, FMod /s is a full subcategory of the func-
tor category Fun(A!, PStkiafidef /s)- Its objects are called formal moduli problems
(relative to S). We have a functor

8 Caution: our notation FMod /S is different from [18,1V.1, §1], where the analogous notation means formal
moduli problems over a fixed laft prestack.
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FMod,s — PStkisfedef /s, (Y — I°) ~ V), (3.3)

whose fiber at ) € PStKyafi-gef /s is by definition the co-category of formal moduli
problems under Y, and is denoted by FMod,5())).

3.4.2. The functor (3.3) is a Cartesian fibration of oco-categories, whose Cartesian
arrows are commutative diagrams on the left whose induced square on the right is
Cartesian:

yﬁ_z ybﬁ_zb

e

W 2P Yar — Zdr

Applying straightening to (3.3), we obtain a pullback functor for every morphism
f Y — Zin PStkyafe.def /5:

fisod : FMod/5(2) — FMod/s(V).  fimoaZ” =2 x Yar.

Z4r

3.4.3. The Cech nerve construction defines a functor € : FMod,s — FGpd /s of co-
categories over PStKyafigef /5. The main result in [18, Sect. IV.1] (which has its origin
in Lurie’s theory of formal moduli problems) can be summarized as follows:

Theorem 3.8 (Lurie-Gaitsgory-Rozenblyum) The functor Q2 is an equivalence.

Proof Indeed, [18, Sect. IV.1, Theorem 2.3.2] shows that Q2 is an equivalence when
restricted to the fiberateach ) € PStkjaf_def /5. The above formulation follows because
2 also preserves Cartesian arrows (and we appeal to [20, Corollary 2.4.4.4]). O

We denote the functor inverse to €2 by B : FGpd ,; — FMod,s. Their restrictions
to the fiber at ) € PStkjafidef /s are denoted by 2y, and By .

Example 3.9 (de Rham prestack) Let Var/s denote the fiber product Ygr x S which
SdrR
is the terminal object of FMod,s()). Then YV4r,s corresponds to the infinitesimal

groupoid ()))57 (Example 3.7) under the equivalence FGpd / s 5 FMod 15s().

In particular, given any group object H € PStKjufiqef /5, there is a canonical short
exact sequence of group prestacks:

1 - Hg, — H — Har/s — 1 3.4
Corollary 3.10 The prestack By (R®) is identified with the quotient of R® in

PStKiafc-def /s-

Proof We need to show that By,(R*®) identifies with c%lggn R°*, where the colimit is

taken in PStkiafidef /5. This follows from the fact that Maps(By,(R*), Z) identifies
with the mapping space from YV — By(R®) to £ — Z in FMod,s, which by
Theorem 3.8 identifies with Maps(R°®, Z). m]
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3.4.4. However, we point out that the quotient of R® in PStKyafi.gef /s may not agree
with that in PStk /g, which is one of the main technical complications for us.

Example 3.11 Let S = pt and we omit the subscript /S from the notations. The Cech

nerve of the object pt — A{la} in FMod is the formal groupoid R® := pt x - -- x pt.
Al Al
The quotient c%l}gn R* taken in PStk does not agree with A{%}. Indeed, since colimits

in PStk are computed pointwise, we have an equivalence:

Maps(Spec(k[e]/(e2)), colim R*) = colim Maps(Spec(ke] /(€%), R®).
(3.5)

On the other hand, morphisms from a classical scheme to a DG scheme factors through
its classical subscheme. Since the classical subscheme of each R" is a point, the colimit
(3.5) yields a point (as an oo-groupoid). However, the formal scheme Afa} receives

nontrivial maps from Spec(k[e]/ (€2)).

3.4.5. We note one case where By (R*®) agrees with the quotient in PStk /s.

Lemma 3.12 Suppose the morphisms R' ==Y are formally smooth. Then the
canonical map C(ilggn R* — By(R®), where the colimit is taken in PStk,s, is an

isomorphism.

Recall that a morphism X — ) of prestacks is called formally smooth if for every
affine DG scheme T over ), and a nilpotent embedding T <> T’, the map

Maps(T’, V) — Maps(T, ))
is surjective on g (see [18, III.1, §7.3]). Let T/{‘} /y|x denote the cotangent complex

ata T-point x : T — AX. It is proved in op.cit. that if X — ) admits (relative)
deformation theory, then formal smoothness is equivalent to

Maps(73 |, F) € Vect=0, (3.6)

where F € QCoh(T)¥ and T is any affine DG scheme with a morphism x : 7 — X%

Proof of Lemma 3.12 The authors of [18] give the following description of By (R*).
Let U be an affine DG scheme. Then Maps(U, By, (R*)) is the space of the following
data:

(a) aformal moduli problem U over U ;

9 We use the notation QCoh(Y) to denote the DG category of complexes of Oy-modules. In contrast, the
abelian category of Oy -modules is denoted by QCoh(Y)®, understood as the heart of a natural ¢-structure
on QCoh(Y).
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(b) a morphism from the Cech nerve of U — U to R®, such that the following
diagram is Cartesian for each of the vertical arrows:

ﬁ();ﬁ%'Rl
W

U——>R
On the other hand, Maps(U, colirn ‘R*®) classifies the above data satisfying the con-

dition that U — U admits a sectlon Now, since U — U is a nil- -isomorphism, we
obtain a section over U™, A lift of this section to U exists if the morphism U—->U
is formally smooth. ~

Now, let T be affine DG scheme equipped with amap & : T — U. The Cartesian
diagrams:

UxU—-U UxU-—=TR!
U U
A
U—U Uu——sY
show that Tli]" ww |12 is isomorphic to T <0 /U|(u iy which is in turn isomorphic to
T,E,/yL, where r! is the composition T —> U x U — R!. Hence the formal
U

smoothness of R! over implies that of U over U. O

3.4.6. In particular, let h be a (classical) Lie algebra over Og, such that exp(h) acts on
some ) € PStkiaf.def /5. Then the groupoid Y x exp(h) == Y is formally smooth,
S

so its quotient may be formed in PStk,s. We have two particular instances of this
example:

(a) Taking Y = pt, we see that B exp(h) is the prestack quotient pt / exp(h);
(b) Let H be a group scheme. Then the prestack quotient H/exp(h) identifies with
Harys.

3.5 Modules over a formal moduli problem
3.5.1. Recall that for an affine DG scheme Y almost of finite type over S, the DG cate-
gory IndCoh(Y) is the ind-completion of the full subcategory Coh(Y) < QCoh(Y).
There is a symmetric monoidal functor:

Ty,s : QCoh(Y) — IndCoh(Y), F ~~ F ® wyys, 3.7
which is an equivalence of DG categories if ¥ — S is smooth ([18, I1.3]). The basic

functoriality of ind-coherent sheaves is the (derived) !-pullback functor. It is well-
defined for any morphism f : X — Y of affine DG schemes almost of finite type over
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S and (3.7) intertwines it with the (derived) pullback functor f* on quasi-coherent
sheaves.

3.5.2. For a laft prestack ), the DG category IndCoh())) is defined as the limit of
IndCoh(T) over all affine DG schemes T equipped with a map to ) (with transition
functors given by !-pullback). The formalism of Kan extension allows us to regard
IndCoh(—) as a functor:

IndCoh : PStkjag /s — DGCatcon -

In particular, a morphism f : X — Y of laft prestacks gives rise to the functor of
l-pullback: f ' IndCoh(Y) — IndCoh(X).

3.5.3.Note thatif f : X — ) is an inf-schematic nil-isomorphism, then the functor f*
is conservative ([18, II1.3, Proposition 3.1.2]). It furthermore has a left adjoint f,}“dc"h
and the pair ( fi"dc"h, f') is monadic. One deduces from this a descent property (see

Proposition 3.3.3 of op.cit.):
Proposition 3.13 Let X)‘; be the Cech nerve of an inf-schematic nil-isomorphism f
X — Y. Then the canonical functor:

IndCoh())) — Tot(IndCoh(Xi,)) (3.8)

is an equivalence. O

3.5.4. The DG category of modules over an object )’ € FMod,s()) is defined as
IndCoh()). Note that IndCoh()) is a module object over QCoh(S). By the above
discussion, there is a conservative functor oblv : IndCoh()”) — IndCoh())) given
by !-pullback along )) — )”. Furthermore, Proposition 3.13 provides an equivalence
of categories:

IndCoh()”) — Tot(IndCoh(R*)). 3.9)

whenever )’ = By (R*).

3.5.5. Given )’ € (PStkiaft-gef)y /s, We can associate the relative tangent complex
Ty/y» which is in general an object of IndCoh(Y). (Since the cotangent complex
naturally lives in the pro-category of quasi-coherent sheaves, the tangent complex is
naturally an ind-coherent sheaf by a version of Serre duality, see [18, III.1, §4.4] for
details). The following result is [18, IV.4, Theorem 9.1.5]:

Theorem 3.14 Suppose Y is a finite type scheme over S. We have a fully faithful
functor:

LieAlgd /5(Y) < FGpd /5(Y), (3.10)

whose essential image consists of those formal groupoids R* such that Ty g, (Rre) lies
in the essential image of QCoh(Y Y under Yy /S- m]
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Composing (3.10) with By, we obtain a fully faithful functor
LieAlgd,¢(Y) < FMod,s(Y), (3.11)

whose essential image consists of those formal moduli problems )’ € FMod /s(Y)
such that Ty /) lies in Yy (QCoh(Y)"). Furthermore, given a smooth morphism 7 :
Y’ — Y of finite type schemes over S, the following diagram commutes:

LieAlgd /5(Y) & LieAlgd /5(Y") (3.12)

l(lll) l(B.ll)

FMod /s(¥) — ™. FMod(Y")

where n!Lie Aled is the pullback of Lie algebroids (as defined in [2]), and nf;MOd is the
functor described in §3.4.1.
In what follows, we will frequently use the fact that n]iie Algd(E) has underlying

Oy/-module givenby 7*L  x  Tyr/s.
7*Ty;s

Notation 3.15 We shall refer to the image )” of a Lie algebroid £ under (3.11) as the
formal moduli problem associated to £, and denote it by )V’ = Lp.

Note that when Y — S is smooth, IndCoh(yb) is identified with the DG category of
complexes of (quasi-coherent) £-modules.

3.6 Quasi-twistings

3.6.1. Let YV € PStkafigef /5. We use @m to denote the formal completion of G, at
identity. It is a group formal scheme.

Definition 3.16 A quasi-twisting T over ) consists of the following data:

(a) an object )’ e FMod /S(y)
(b) a Gm -gerbe y over )’;
(c) atrivialization of the pullback of y along Y — %

We say that 7 is based at the formal moduli problem ).

Remark 3.17 For an abelian group prestack A over S, the notion of an A-gerbe here is
taken in the naive sense: the prestack B A classifies A-gerbes (on an affine S-scheme)
that are globally nonempty, and an A-gerbe on a prestack ) is an object of

Ges(Y) == Tlimy Maps(T, B? A),

where T ranges through affine S-schemes mapping to ). (Informally, an A-gerbe is
a torsor for the classifying prestack B A). We will later show that using étale locally
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trivial @m-gerbes in the definition of a quasi-twisting produces the same class of
objects.

Remark 3.18 Alternatively, one can think of a quasi-twisting 7 as consisting of two
formal moduli problems )> — )” under )V, equipped with the structure of a G -gerbe.

3.6.2. The oo-groupoid of quasi-twistings 7 based at )" can be defined as a fiber of
oo-groupoids:

QTw,5(V/)") := Fib(Geg, (V") — Geg,, (V).

More generally, we use QTw S(JJ /Y") to denote an analogously defined category,
with the abelian group prestack A acting as the structure group instead of G

3.6.3. We now show that quasi-twistings can be defined using different structure
groups. The same results about twistings are obtained in [17].

Lemma 3.19 The functor of inducing an A-gerbe from an A i,-gerbe gives rise to an
A ~

equivalence of categories QTW/S(” Q") - QTW?S /).

Proof In light of the exact sequence (3.4), an inverse functor exists if the induced

Agr,s-gerbe of any object in QTW‘/L‘S (/") is canonically trivialized. Indeed, let

ﬂdms be the Agr,s-gerbe over )’ induced from some A-gerbe )7Z. Clearly, there

is an identification between )725“2/5 and the formal completion of 372 inside )’, i.e

j)\ZdR 5 (?j;)dR/S x )" (c.f. Example 3.9).

dR/S
Therefore, a section of the Agr,s-gerbe jfzdk /s amounts to filling in the dotted
arrow

< 5
yAdR/S - (y;)dR/S

T

V' —— Varys

making the lower-right triangle commute. However, the structure of a quasi-twisting
on 37; supplies a section Y — 372 over )*. Hence we obtain a map J* — Vur /8 =

(ﬂ)dR/s over Var/s- ]

It follows from Lemma 3.19 that the following functors are equivalences:

QIwW) 2 (V/)") < QTw 5(V/Y") > QTW LIV S QTG (V/Y).
(3.13)

Let QTw s/ )”) denote the co-groupoid of étale locally trivial (Gm -gerbes over )”,
equlpped W1th a section over ).
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Corollary 3.20 The tautological functor QTw ;g /) — QTW (y/yb) is an equiv-
alence.

Proof We use the G,-incarnation of quasi-twistings, as well as their counterparts
defined by étale locally trivial gerbes (see Lemma 3.19). For an affine S-scheme T,
there holds

H)(T,G,) =0, H3(T,G,) =0.

Let Bét G, denote the étale sheafification of B2 G,. Thus, it classifies étale locally
trivial G,-gerbes. The above vanishing statements show that the canonical map
B’G, — Be?l G, is an isomorphism. It follows that the corresponding notions of
quasi-twistings are also equivalent. O

3.7 Modules over a quasi-twisting

3.7.1. We continue to assume that JV € PStKafidef /s and 7T is a quasi-twisting over
Y. Our goal now is to define 7-Mod as a DG category tensored over QCoh(S) (i.e.,
itis a module object over QCoh(S), see Sect. 3.3.1). We first proceed more generally
and define ind-coherent sheaves “twisted” by a G,,-gerbe.

The discussion below applies also to G,,-gerbes, where alternative definitions of the
twisted category exist (for example, the category denoted D?())) of [5, Sect. 2.1]). In
fact, these notions agree after inducing a @m-gerbe along the map of structure groups
G — Gy, We choose to present the construction in terms of G,,-gerbes since our
theory uses only nil-isomorphisms.

3.7.2. Let Z € PStKiaft-def /5, and Zbea Gm gerbe over . Z. Consider the canonical
action of B G,, on Vect, which induces an action of B G (see [4, Sects. 1-2] for
notions pertaining to group actions on DG categories. Informally, the B G,,-action on
Vect is given by tensoring a vector space with a line). Formally, Vect can be regarded
as a co-module object in DGCatcqp; over the co-algebra (IndCoh(B @m), m'), where
m is the multiplication map on B G- The co-action

Vect — Vect ® IndCoh(B G,,) — IndCoh(B G,,)

is specified by x € IndCoh(B @m), the character sheaf induced from the map B Gm —
B Gy,
Note that IndCoh(Z) admits a B G -action, so the product IndCoh(Z) ® Vect
is again acted on by B G . The corresponding co-simplicial system {IndCoh(Z X
anl )}njen has the following first few terms:

(dCt X 1)

L= IndCOh(Z,7 X BGX2) Q m)" IndCOh(Z,7 xBG m) =—— < IndCoh(Z)
pri, ®x pri 8x

(3.14)
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We define the DG category IndCoh(Z) 5 of Z-twisted ind-coherent sheaves on Z as the
totalization of the above co-simplicial system. One sees immediately that IndCoh(Z) 5
is tensored over QCoh(S).

3.7.3. Since the functors associated to each face map [n] — [m] all admit left adjoints,
we obtain:

IndCoh(2) z = hm IndCoh(Z x BGX”) = colim IndCoh(Z x BGX”)

[n]eA°P

where we use the left adjoints to form the colimit. Here, the colimit is taken in
DGCatcop (the forgetful functor from DGCatcqp to plain oo-categories does not com-
mute with colimits).

Remark 3.21 Note that any (global) trivialization of the gerbe Z> 2z gives rise to an
equivalence IndCoh(Z) z = IndCoh(Z2).

Remark 3.22 1In [16, Sect. 1.7], a definition of a twisted presheaf of DG categories is
given. We relate their definition to ours. For the presheaf over Z:

IndCoh, z : (DGSch?E)*P 5 § ~» IndCoh(S)

and a G,,-gerbe Z, the rwisted sheaf of DG categories (IndCoh, z) 3 is defined by

(a) specifying its values on the category Spllt(Z) of affine DG schemes § —
Z equipped with a lift to Z, using the canonical Maps(S, BGm) action on
IndCoh(S); and then

(b) applying h-descent!? along the basis Split(f) — DGSChaff to obtain a sheaf (in

the A-topology) over DGSche/‘fzf,, denoted by (IndCoh, z) 5.

Thus we may calculate the global section I'(Z, (IndCoh, z) z) by the covering Z -
Z. The resulting co-simplicial system is identified with (3.14). Hence the definition of
Z-twisted ind-coherent sheaves in [16, Sect. 1.7] (adjusted to the h-topology) agrees
with ours.

3.7.4. Let 7 be a quasi-twisting over ), represented by the @m-gerbe Y — P We
denote by Y the @m-gerbe over ) pulled back along Y — ); it is equipped with a
canonical trivialization.

We define the DG category of 7 -modules by: 7-Mod := IndCoh(y")yb. There is
a canonical functor:

oblvy : 7-Mod — IndCoh()3 = IndCoh()),

since jﬂ’ is trivialized over )/, and Remark 3.21 identifies the corresponding twisted
category with IndCoh())).

10 The authors of [16] work with the étale topology instead.
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Proposition 3.23 The functor oblvy admits a left adjointind 1, and the pair of functors
(ind7, oblvy) is monadic.

Proof The functor oblv is by definition the totalization of the !-pullback functors:
(™)' : IndCoh()” x BG") — IndCoh(Y x BG ™),

where 7™ denotes the morphism ) x B @f;," - )" xB @,ﬁ" Each (™)' admits a
left adjoint ninl)ndCOh. Furthermore, the diagram induced from an arbitrary face map:

IndCoh(Y x BG¥") —> IndCoh(Y x B GX™)

(n) ¢ (m)
¢ 71*4 IndCoh n*, IndCoh

IndCoh(J” x BG ") — IndCoh()” x B G™)

which a priori commutes up to a natural transformation, actually commutes. Hence
oblv7 admits a left adjoint ind7 := Tot(ni"l)n dCon)- We now prove:

(a) oblv7 is conservative; this is because all other arrows in the following commuta-
tive diagram:

IndCoh()”) 5 TndCoh(}) 5
¢ ev? ¢ ev?

@)
IndCoh()”) ——= IndCoh())

are conservative, hence so is oblvy.
(b) oblvs preserves colimits; this is obvious as we work in DGCatcqp.

It follows that that the pair (ind7, oblv7) is monadic, by the Barr-Beck-Lurie theorem.
O

3.7.5. Using Proposition 3.23, we may regard U(7) := oblvy o ind7 as an algebra
object in End(IndCoh(}))), and the DG category 7 -Mod identifies with that of U(7)-
module objects in IndCoh()’). We call U(7) the universal envelope of T .

3.8 Comparison with the classical notion

3.8.1. Suppose Y is a (classical) scheme of finite type over S. Let £ be a classical Lie
algebroid over Y and )’ € FMod /5(Y) be the formal moduli problem associated to £,
under the embedding (3.11). The goal of this subsection is to show that quasi-twistings
based at )" are equivalent to classical quasi-twistings based at £.

3.8.2. Given a formal moduli problem )” — )" such that Ty /3 € Yy (QCoh(Y)),

one can functorially assign a classical Lie algebroid L equipped with a map L— L.
Furthermore, a morphism ji\b x BG,, —> ji\b in FMod,s(Y) induces a map

LOOy —>L, (A, f)~1+f1 (3.15)
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where 1 is the image of (0, f) in L. If the morphlsm JJ x B (G — y realizes y
as a G -gerbe over )P, then we see that Oy — L, f ~ f1is the kernel of the
canonical map L — L. The fact that (3.15) preserves Lie bracket then implies Oy is
central inside Z. In other words, the map L — L is a central extension of classical
Lie algebroids.

3.8.3. Now, glven any objectin QTw s(Y/ )”), we claim that the corresponding formal

moduli problem y satisfies the property that T, /3 lies in Yy (QCoh(Y)®). Indeed,
we have a canonical triangle in IndCoh(Y):

wy = T)Ap/yb|y ad Ty/jp — Ty/yo

and the outer terms lie in the essential image of QCoh(Y)“. Hence the previous
discussion shows that we have a functor:

QTw,s(Y/Y") — QTWS§(Y/L). (3.16)

Proposition 3.24 The functor (3.16) is an equivalence of categories.
In particular, the co-category QTw 5(Y/ )") is an ordinary category.

Proof We explicitly construct the functor inverse to (3.16). Namely, given a central
extension L of £, we need to equip its corresponding formal moduli problem y w1th
the structure of a Gm -gerbe over ). As before, the action map y x B G — y
arises from the morphism of classical Lie algebroids over Y

L&Oy > L, (,f)~1+f1

V' x

b

The morphism induced by action and projection Y’ xB @m — is an isomor-

phism since the same holds for the corresponding map of classical Lie algebroids:

Z@orefzﬁ A, f)~ (+ f1,0).

It remains to show that )7b —> )® admits a section over any affine DG scheme T
mapping to )°. We shall deduce the existence of this section from the following claim:

Claim 3.25 The morphism )7b — )Y is formally smooth.

Indeed, let T be any affine DG scheme with a morphism 37 T — ). By the criterion
of formal smoothness (3.6), we ought to show Maps(7% ~, F) € Vect=0 for all

F e QCoh(T)O. The Cartesian square:

AA

y’
'
y

—

T(@j}b

<

Y= x
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together with the isomorphism above gives:

yb/yb‘A )be:)ib/yb|(y’) T 3" xB G, /yr)|(y b — Or[-1].

One deduces from this the required degree estimate.
Using the claim, we will construct a section of 3” — )” over T — ) as follows.

First consider the fiber product T x ), which is equipped with a nil-isomorphism to
yb
T. We obtain a solid commutative diagram:

Tred%TXy%_y%_

AV

T =)
Formal smoothness now implies the existence of the dotted arrow. O

Remark 3.26 By letting £ = Ty s be the tangent Lie algebroid, we obtain from Propo-
sition 3.24 the fact that Picard algebroids identify with twistings on classical schemes
locally of finite type. The same result is established in [17, Sect. 6.5] using a compu-
tation involving de Rham cohomology.

4 How to take quotient of a Lie algebroid?

This section is devoted to the study of quotients of Lie algebroids, in both classical
and DG settings. The set-up involves an H-torsor ¥ — Z and a Lie algebroid £
over Y. With additional data on L, there exists a quotient Lie algebroid over Z. The
quotient procedure we shall describe takes as input a map n : € ® Oy — L, where
€ is an arbitrary Lie algebra. It generalizes two existing notions—weak and strong
quotients—both considered by Beilinson and Bernstein [2]. For technical reasons
involving oco-type schemes, we shall construct two quotient functors:

(a) Qi(fj’H), which is a classical procedure that works in the case where 7 is injective;

(b) QUH-H b), which is its geometric counterpart for ¥ locally of finite type,

and we check that they agree in overlapping cases. A geometric procedure that works
in full generality should exist as soon as the theory in [18] is extended to co-type
situations.

Throughout this section, we work over an affine scheme S smooth over k.

4.1 (¢, H)-Lie algebroids

4.1.1. We describe the necessary data for taking quotients of Lie algebroids.
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Definition 4.1 A classical action pair (£, H) consists of a flat affine group scheme
H over S, an Og-linear Lie algebra ¢ acted on by H, as well as a morphism of Lie
algebras:

£ — b= Lie(H) 4.1

with the following properties:
(a) (4.1)1is H-equivariant, where § is equipped with the adjoint H-action;
(b) the t-action on itself induced from (4.1) is the adjoint action.

Remark 4.2 This datum is superficially similar to that of a Harish-Chandra pair, but
they serve very different purposes.

Example 4.3 Fix an S-point g“ of Grﬁﬂlg (g g*) (see Sect. 2). Then we have a classical
action pair (g“[#]], S x G[[¢]), where the morphism (4.1) is induced from the projection
g“ — g ® Os. All classical action pairs considered in this paper are variants of
(g“[1, S x G[t]). Note that the group scheme S x G[[¢] is not of finite type.

4.1.2. The notion of a morphism (¢°, H%) — (¢, H) of classical action pairs is obvious.
We say that (€0, H?) is a normal subpair if € < ¢ is an ideal, H® < H is a normal
subgroup, the H-action stabilizes £°, and H® acts trivially on €/¢°. This definition
means precisely that a normal subpair fits into an exact sequence (in the obvious
sense):

1> (, HY - (¢, H) — (8, Hy) — 1. (4.2)

4.1.3. Let Y be a classical scheme over S equipped with an H -action. Recall that every
H -equivariant Oy-module F admits an h-action by derivations. Specializing to Oy
itself, we obtain a canonical map:

h® Oy — Ty/s. “4.3)

On the other hand, the Oy-module 7y /s admits a canonical H -equivariance structure,
given by pushforward of tangent vectors.

Definition4.4 A (¢, H)-Lie algebroid on Y consists of a Lie algebroid £ €
LieAlgd 5(Y), an H-equivariance structure on the underlying Oy-module of £, and
amorphism 7 : €® Oy — L of H-equivariant Oy-modules, subject to the following
conditions:

(a) the H-equivariance structure on £ is compatible with its Lie bracket;

(b) the anchor map o of £ intertwines the H-equivariance structures on £ and 7y s;
(c) the following diagram is commutative:

. L “4.4)
127N
t® Oy Ty/s

\ /

4.1 h® Oy (4.3)
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(d) niscompatible with the Lie bracket on £ in the following sense: given & € ¢® Oy
and [ € L, there holds:

[n(€).[1=8y-1€L 4.5

where &y is the image of £ in h ® Oy along (4.1), and &, - I denotes the action of
&p on I coming from the equivariance structure.

We will frequently write a (¢, H)-Lie algebroid as (£, ), in order to emphasize
the dependence on 7. The category of (¢, H)-Lie algebroids on Y is denoted by
LieAlgd%’H) (Y). Given another scheme Y’ over S acted on by H and an H -equivariant
morphism ¥’ — Y, one can form the pullback of a (¢, H)-Lie algebroid in a way com-
patible with the forgetful functor to plain Lie algebroids.

4.2 Quotient of Lie algebroids

4.2.1. We describe how to form the quotient of a (¢, H)-Lie algebroid when the

morphism 7 is injective. Denote the category of such (¢, H)-Lie algebroid by
: (¢,H)

LleAlgdinj /s Y).

4.2.2. Suppose Z is a scheme over S and Y is an H-torsor over Z. Since H is affine

and flat, the projection w : ¥ — Z is an affine, faithfully flat cover (in particular,

fpqc). We will define a quotient functor:

Q" LieAlgdi(Ifj’fls)(Y) — LieAlgd 5(Z) (4.6)

oneach (L, n) € LieAlgdi(fj’H)(Y /S) by the following procedure:

(@) (Oz-module and anchor map) We have a morphism of H-equivariant Oy-
modules:

L/ ® Oy) - Tys/(h ® Oy) = n*Tz;s
by (4.4). Let Lo denote the fpqc descent of L/(¢ ® Oy) to Z, so we obtain a map
of Oz-modules o : Lo — Tz;s. The image of (£, n) under Qi(ﬁj’H) is supposed
to have underlying Oz-module £y and anchor map oy.

(b) (Lie bracket) Since 7 is affine, it suffices to define an Og-linear Lie bracket on
7~ 1Ly. Consider the embedding:

7Ly 7Ly = L/(E® Oy).

The Lie bracket on £ will induce one on 7~ 'Ly if [¢ ® Oy, 71 Ly] = 0 in L.
The latter identity is guaranteed by (4.5).
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We omit checking that this procedure gives rise to a well-defined functor Qi(:j’H)

4.2.3. Given a flat morphism of schemes f : Z' — Z, we set Y’ := Z’ x Y which
z

is an H-torsor over Z’ The map f : Y — Y is H-equivariant, and the pullback of
(L,n) € LleAlgd1nJ /S (Y ) along f lies in LleAlgdl(fjf?(Y ). Furthermore, Q(E H)

inj
compatible with pullbacks along f and f.
(¢.H) .

Remark 4.5 Since Lie algebroids are smooth local objects (see [2]) and Q1I1J is

compatible with flat pullbacks, we may generalize Ql(f ) o the case where Z := Y /H
is representable by an algebraic stack (i.e., smooth locally a scheme).

Remark 4.6 The special case where the classical action pair is given by (h, H) with
(4.1) being the identity map, has been studied in [2] under the name strong quotient.
Note that when H acts freely on Y, the map 7 is automatically injective.

Example 4.7 Another instance of the functor (4.6) is the weak quotient. This is the
case where £ = 0. The only data needed in defining a (0, H)-Lie algebroid are a
Lie algebroid £ € LieAlgd 5(Y), together with an H-equivariance structure on the
underlying Oy-module of £, subject to the first two conditions in Sect. 4.4.

Suppose Y /H is representable by an algebraic stack. Then the resulting quotient
Q(O H)(/.Z) has underlying Oy,y-module the descent of (the Oy-module) £ along

inj

Y > Y/H.

4.2.4. We now characterize the object Ql(:; H) (L) € LieAlgd /s(Z) by a universal

property. Consider an arbitrary Lie algebroid M € LieAlgd, s(Z). We can equip
n]iie Alng with the structure of a (¢, H)-Lie algebroid as follows:

(a) regarding nI!‘ie Alng as the Oy-module 7* M . ;<_ Ty/s, the H-equivariance
/s

structure is a combination of the natural H -equivariance structures on 7 * M and
Ty/s;

(b) the morphism n : ¢ ® Oy — nﬂie Algd(./\/l) is a combination of the zero map
t ® Oy — n*M and the composition £ ® Oy — h ® Oy — Ty/s.

Note that nﬂie Alng € LieAlgd%’H) (Y) does not belong to LleAlgd1nJ /S (Y) in gen-
eral.

Proposition 4.8 There is a natural bijection:
(¢, H) ~ !
Mapsyieatgd,(7) (Qipj  (£), M) — MaPSLieAlgd%H)(y) (L, TLiealgaM)  (4.7)

Proof A morphism QI(IEJ’H) (L) — M is equivalent to an H-equivariant map ¢ :

L/t® Oy — 7* M preserving the Lie bracket on H invariant sections. We claim that
such datum is equivalent to a morphism ¢ L— JTLle Alng of (¢, H)-Lie algebroids.
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Indeed, given ¢, the map $ is uniquely determined by the properties that the fol-
lowing diagrams commute:

¢ ¢
L > ”ﬂieAlng L= ”ﬂieAlng
Lo, S
L/t® Oy —=a*M Ty/s.

Furthermore, 5 preserves the Lie bracket on £, because L is generated over Oy by
H -invariant sections and on such sections, the Lie bracket factors through £/t ® Oy
and is preserved by ¢. Conversely, given 5, the map ¢ is uniquely determined by the
first commutative diagram above. O

4.2.5. Suppose we are given an exact sequence (4.2) of classical action pairs, and
an object (£, n) € LieAlgdi(:j’ 75)(Y ). Assume also that Y /H is representable by an
algebraic stack. Note that:

(a) Y/H 0 admits an Hy-action, realizing it as an Hy-torsor over Y /H (in particular,
Y /HY is also representable by an algebraic stack);
0 o
(b) there is an induced (&y, Hop)-Lie algebroid structure on Qi(lfj H)
structure map

(L), for which the

0 770
M0t 8 ® Oy o — Q77 (L)

inj

(EO , HO)
inj

(L), no) € LieAlgd*:0) (v /50y,

is again injective, i.e., (Q inj /S

We have a version of the second isomorphism theorem:

Proposition 4.9 There is a natural isomorphism:

QU0 o Q10 £y 5 & (1),

inj inj inj

Proof As Oy, yo-modules, the cokernel of 7o identifies with the descent of £/¢® Oy
along ¥ — Y /HO since the latter map is faithfully flat. Hence the underlying Oy JH-

module of Qi(rfjo’HO) o Qi(lf;)’HO) (L) agrees with that of Qi(rfj’H) (£). Identifications of the
anchor maps and the Lie brackets are immediate. O
4.2.6. Suppose we have a classical quasi-twisting (3.1) over Y, where both Lie alge-
broids £ and £ have the structure of (¢, H)-algebroids, and L —> Lisa morphism
of such. In particular, the structure map 7 : ¢ ® Oy — L is a lift of n. Hence, if
(L,n) € LieAlgdi(Ifj’;?(Y), then so does (fl, 7). For fixed (L, n), we denote the cate-

gory of classical quasi-twistings with this additional structure by QTW%’ ) Y/L).

Assuming that Z := Y /H is represented by an algebraic stack. Then the quotient
Lie algebroids again form a central extension:

0— Oy — Q™D — Q™ L) — 0.

inj inj
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(€, H)

Therefore, we may regard Qinj as a functor:

Q" Qrwis™ (/L) — QTw 5(2/Q ™ (L)),
Remark 4.10 When Y is placid and £ is a topological Lie algebra over Og, we can adapt
the above definitions to make sense of a Tate (¢, H)-Lie algebroid £ (c.f. §3.2.5). In
particular, 7 will be a map out of the completed tensor product &0y — L.

We do not discuss how to keep track of the topology in the (analogously defined)
(€. H)
inj

that Y/ H is locally of finite type and Q(E’H) (£) should be discrete.

inj

quotient Q (L), since all quotients considered in this paper have the properties

4.3 (H, H’)-formal moduli problems

4.3.1. We now study the geometric version of quotient of Lie algebroids. Recall the
oo-category FMod g of Sect. 3.3.

Definition 4.11 We call a group object (H, H”) in FMod /s a geometric action pair if
H is a group scheme locally of finite type.

Explicitly, a geometric action pair consists of a group scheme H, a group prestack
H’ € PStKiafi-dof /s»and anil-isomorphism H — H > that respects the group structure.

4.3.2. We will functorially construct a geometric action pair from any classical action
pair (¢, H), where H is locally of finite type. Indeed, there is a morphism exp(¢) — H
coming from the composition exp(¢) — exp(h) — H. Furthermore, the H-action
on exp(£) equips the prestack quotient H” := H/exp(£) with a group structure,
such that H — H" is a group morphism. Note that Lemma 3.12 identifies H” with
By (H x exp(£)®); in particular, H” € PStKiafi-def /5, 50 (H, H") is a geometric action
pair.

Lemma 4.12 The category of classical action pairs is identified with the full subcate-
gory of geometric action pairs (H, H"), for which the tangent complex T /HP belongs

o Y (QCoh(H)®).

Proof We explicitly construct the inverse functor. Given a geometric action pair
(H, H) for which TH/Hb € Y (QCoh(H)®), we can functorially associate a clas-
sical Lie algebroid £ over H. The following Cartesian diagrams:

HxH-—-H'xH HxH-—=HxH"

S S S S
Vn vact Wﬂ vact
H—>H H—H

equip the underlying Oy -module of £ with right, respectively left, H-equivariance
structures. Hence we may realize £ as € ® Oy where £ is an Og-module equipped
with an H-action. The Lie bracket on ¥ comes from the Lie algebroid bracket on L.
We omit checking that these data make (¢, H) into a classical action pair. O
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b
4.3.3. For a geometric action pair (H, H b), we define FModEISi’H ) to be the oco-
category of objects in FMod, s equipped with an (H, H *)-action. Explicitly, an object
of FMod% consists of the following data:
(@) YV, )" € PStKiafidef /s together with a nil-isomorphism ) — %S

(b) an H-action on ), and an H b_action on ), such that the morphism ) — P
intertwines them.

Note that there is a functor
b
FMod'§ ") — PStkfly 4o 5 (V. 07) > Y 4.8)

where PStkl[th-def /s denotes the oo-category of objects in PStkjaf.def /s equipped
b

with an H-action. The fiber of (4.8) at ) is denoted by FMod%’H )(y). Informally,

FMod;? w )(y) is the co-category of formal moduli problems ) equipped with an

HP-action that extends the H-action on V.

4.3.4. Suppose (¢, H) and (H, HP’) are as in §4.3.2, and let Y be a scheme locally of
finite type over S, equiped with an H-action. We will construct a functor:

LieAlgd'%™ (¥) — FMod'§" ) (y) (4.9)

which enhances the association of formal moduli problems to Lie algebroids, in the
sense that the following diagram commutes:

49
LicAlgd " (1) “2 FMod ") (1)

¢0blv ¢0blv
. (3.11)
LleAlgd/S(Y) —> FMod,s(Y)

To proceed, suppose (L, 1) € L1eAlgd(E H)(Y ). We need to construct an H’-action

act’ on the formal moduli problem )” corresponding to £, together with a map of
simplicial prestacks:

act x 1
_ _— act
T—<YXxHxH Ixm _ YxH—_—/ZY 4.10)
— S S prio S Pry
\L act® x 1
— b b b p 2l
. — =) xH x H Tlxm VW x H —= )",
I S S Prin S Pr1

Since each formal moduli problem ) x (H")® arises from the Lie algebroid pry L&
s

pry;(E® Op)®® over Y >S< H*, we only need to
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(a) produce a morphism
o:pry LOpry(¢® Op) — act!LieAlgdﬁ 4.11)

between Lie algebroids over ¥ x H (which would rise to act’, in a way compatible
S
with the morphism act)

(b) check that the following diagram:

pry £ @ pry; (8 ® Om® = (1 x m)jep1ea @y £ @ priy € ® Op))
\LaCt!LieAlgd (@)1 J, (Ixm)jea1ga (@)
aCt!LieAlgd(L) ® pry (¢ ® On) (1 x m)!LieAlgd aCt!LieAlgd(L)

2 iR

@@ct X joatqa(Pry £ ® priy (€ ® Op)) == (act XD ;100 8 jeptga (L)

4.12)

of Lie algebroids over Y x H x H is commutative. (This would affirm the com-

N N
mutativity of (4.10) up to 2-simplices, but the higher commutativity constraints
are satisfied automatically since the corresponding co-categories are classical).

4.3.5. Note that as an Oy x y-module, we have an isomorphism:
N

| ~
actjearea (L) — act* L x  Tyxpys.
act* Ty s s

The required map « is the sum of the following components:

(a) the map pr} £ - act!Lie Algd (£) induced from the H-equivariance structure on £
and the composition

pry o
pry L — pry Ty;s = Ty xHys,
N

where o is the anchor map of £;
(b) themap t® Oy — act!Lie Algd(E) induced from

¢ HOY, £) X5 HOy x H. act" £),
and the composition
t® Oy — h®OHf—>Ty§H/S. (4.13)
The following Lemma shows that the functor (4.9) is well-defined.
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Lemma4.13 The map o is a morphism of Lie algebroids, and the diagram (4.12)
commutes.

Proof 1Itis obvious that « is compatible with the anchor maps. To show that « preserves
the Lie bracket, we check it for sections of pry £ @ pry; (¢ ® Op) of the following

types:

@ 1, € pr;l L; this follows from the assumptions that the equivariance structure
6 : pry L — act* L is compatible with the Lie bracket, and o is a map of H-
equivariant sheaves;

(b) &1, & € & this is clear;

©le pr;1 L and & € & this is a slightly more involved calculation, which we now
perform.

Write (1) = ), fi ® l;, where f; € Oyxp and [; € act™! £. We need to show the

vanishing of the following element in act* £ X Tyxpgys:
act* 7—y/s S

[a (@), a(§)] = |:Z(fi ®li) x o), (1 ®n(§)) x G’(E)} (4.14)

where o’ denotes the composition (4.13). Note that the 7y « g /s-component of (4.14)
N

vanishes tautologically, so we just need to show the vanishing of its act* £-component.
The latter is given (using (4.5)) by

Y UL @I =Y ' EM®Li=—) (fi® E 1)+ E - f) @)
(4.15)
where in the second summand, & acts on f; € Oyxp/s by derivation on the Op-
N

component. Consider the right H-actionon Y x H, given by (v, h), k' ~ (y, hl'); if
N

we equip act™ £ with the following H -equivariance structure:

(yh,h'

act*ﬁi(y’h) — ’C|yh — £|yhh’ — act*ﬁi(y’hh,),

then (4.15) is the (negative of the) induced action of &, on the section Zi fi®l =0()
in act* L. Note that pry £ can also be endowed with an H-equivariance structure:

pr*q(yyh) = £|y = pr*E}(yyhh,)

such that 6 is a map of H-equivariant Oy z-modules. Hence the element & - 6(/)

N
identifies with 6(&p - [). On the other hand, / € pr’1 L so &y -1 =0, from which we
deduce the required vanishing of (4.15). Checking the commutativity of (4.12) is not
difficult, and we leave it to the reader. O
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4.3.6. We now characterize the image of the functor (4.9).

Proposition 4.14 The functor (4.9) is an equivalence onto the full subcategory:
FMod 7 (1) <> FMod -7 (1)

that consists of objects J° such that Ty jy» liesin Yy (QCoh(Y)®).

Proof Indeed, such a formal moduli problems ) arises from some Lie algebroid £
via the functor (3.11). Given the additional data of an (H, H")-action, we consider
the following commutative diagrams:

Y x H adt Y Y x H adt Y (4.16)
S S
¢ Loy l
: b i b
IV x H - )" 5 H>*L P Y x H> =)0 5 g %L yp

S S S S

From these diagrams, we obtain two maps between tangent complexes:

act* ol
TYXH/)beH — TYxH/y’ = Ty

YxH
. . . . . * * .
which gives rise to a morphism 6 : pry £ — act* £; and

dct,k 0 Jx
TYxH/Ybe —_— TYxH/)Jb = Ty |y (4.17)
S

which gives rise to a map 7 : pry; (¢ ® Oy) — act* L; restricting to Y x {1}, we

obtain a map 1 : £ ® Oy — L. The functor FMod(H H )(Y)Cl — LleAlgd(E H)(Y)
inverse to (4.9) is defined by sending )° to the L1e algebroid £, equipped with the
(¢, H)-structure specified by the above maps 6 and 7. O

4.3.7. We give an alternative description of the map « that will be used in the proof of
Proposition 4.18. Consider the commutative diagram:

can

Y Y/H (4.18)

_ ¢

Y x (H"/H) > )" x (H/H) Y

which is the “quotient” by H of the right diagram in (4.16). It produces the following
map between tangent complexes:

act O_]*

TY/(Yx(HD/H)) ——= Ty, /1) = Tovymyormly = Trpre (419)
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We claim that (4.19) identifies with the restriction of (4.17) to Y x {1}. Indeed, this
S

follows from the fact that (4.17) is the pullback of (4.19) along pry : ¥ x H — Y,
S

and the composition ¥ x {1} < Y x H Py s the identity.
S s

4.4 Quotient of formal moduli problems

4.4.1.Let(H, H) bea geometric action pair (see Definition 4.11). Suppose (), W) e

FMod%’H?). The quotient of (¥, J”) by (H, H") is defined as the quotient in the co-
category FMod, 5. In other words, it is the geometric realization of the simplicial object

b
OV, x (H, H")® in FMod%’H ) characterizing the (H, H”)-action on (), J").
Proposition 4.15 The quotient of (), )°) by (H, H") exists.

Proof We construct the quotient in the co-category Fun(Al, PStKjaft-def /5), and then
check that the result belongs to the full subcategory FMod,s. Quotient in the above
functor category is computed pointwise as follows:

(a) atthe vertex [0], we have the prestack quotient )/ H; itis an object of PStkjaf._def /5
because H is a group scheme locally of finite type;
(b) at the vertex [1], we assert that the quotient of % by H b exists in PStKiafe-def /S5

H H
indeed, it is given by By 4 (" x H”/H) where )" x H"/H denotes the Hecke
s s

groupoid!! acting on the prestack quotient )/ H:

act’ x 1
—Z 2o "o > o B 2T
—=< )V xH xH°/H 1xm_ )V’"x H’JH_—Z)’/H,
I S S pris Pry

and Bya/H is the functor from §3.4.3.
H
Finally, the morphism V/H — By» g ()* x H"/H) is a nil-isomorphism since it is
N
H
the composition of nil-isomorphisms )/ H — yb/H — Byh/H (yb X Hb/H). O
S

Regarding ) as a fixed prestack acted on by H, we denote the resulting quotient
functor by

QUH-H" . FMod%’Hb)(y) — FMod;s(V/H), Y’ ~ By, () g H’/H).
(4.20)

1 Suppose C is an co-category with finite products. Let H — K be a map of group objects in C. Suppose
any object in C with an H-action admits a quotient. Then given an object Y € C with a K-action, there

H
exists a Hecke groupoid Y x K /H acting on Y /H whose quotient, if exists, agrees with Y /K.
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H
4.4.2. Tautologically, the quotient (V/H,By», g ()* x H"/H)), equipped with the
s

map from (), J), satisfies the universal property:

H
Mapspyaas (V/H, By (VX H'/H)), (2, 2°))

~ b b
= Mps o (. D), (2, 2

where in the second expression, (Z, Z”) is equipped with the trivial (H, H")-action.

Specializing to Z = )/ H, we see that the object Q(H,Hb)(yb) € FMod,s(Y/H) is

characterized by the universal property:

. Tinod ()
(4.21)

(H,H”) (qsb by
MapSevtoas vy (Q 7V, 200 = Mapsgy, i

where in the second expression, néMode =~ 2" x  Ygisactedonby H” through
V/H)ar

the canonical homomorphism H b _» Hyg on the Yyr factor.

Remark 4.16 Recall the (¢, H)-Lie algebroid structure on nﬂie Algd (M), where (¢, H)
is any classical action pair and M is a Lie algebroid on the quotient Y/H (see
Sect 4.2, 3) IfH = H /exp(®) asin §4.3.2, then the (H, H")-formal moduli problem
rrFMod (2") is precisely the one associated to rrLle Algd (M) under the functor (4.9).

4.4.3.Let (H°, (H")") — (H, H") be a morphism of geometric action pairs. We say
that (H?, (H°)") is a normal subpair of (H, H’) if there is a morphism (H, H”) —
(Hyp, (Hp)”) of geometric action pairs whose kernel identifies with (H 0 (H%"). In
particular, the (H, H")-action on itself extends to (H®, (H%)").

Given a normal subpair (H?, (H°)*) of (H, H"), we recover (Hy, (Ho)") by the
isomorphisms:

Hy > H/H®, H) 5 QU ") ("),

Let )’ € FMod(H H )(JJ) Then the prestack Q(HO (H®Y )()) is naturally an object

(Ho,

of FMo d HO (Y/H 0), and we have a second isomorphism theorem:

Proposition 4.17 There is a natural isomorphism:
QUi o) o QUINH) () 5 QU (31,

Proof Both sides are the quotient of (), 8] by (H, H ®) in the oo-category FMod /.
O
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4.4.4. Suppose we have a quasi-twisting ji\b € QTw /S(y/yb), such that (), j)\b ) is
alsoan (H, H b)-formal moduli problem, and the morphism j)\b — )P preserves this
structure. We call quasi-twistings with these additional data (H, H®)-quasi-twistings
(based at )°) and denote the category of them by QTW;IS{’Hv)(y /Y"). The quotient
QU-H") (3P) inherits the structure of a quasi-twisting on )/ H based at QU-H") (1),
Indeed,

(a) applying QH-H ") to the action groupoid ji\b x B @,‘n, we obtain a B @m -action on

Q(H H) (ji\b ), which gives rise to a @m -gerbe structure;
(b) the section Y/H — QU-H ) (j/\b ) is given by the composition:

Y/H > Y /H — QHHI ).

. b
Therefore, we may view Q(H H”) as a functor:

b b
QY QWi (¥ /8) = QTW 1.1y 3y (Y /HD/5).

4.5 Comparison of Qi(,fj’H) and QH-H)

4.5.1. Suppose (¢, H) and (H, H") are as in §4.3.2, and let ¥ be a scheme locally
of finite type over S equipped with an H -action. We shall show that the two quotient
functors constructed above are compatible.

Proposition 4.18 The following diagram is commutative:

4.9 b
LieAlgd () ) FMod 7" ()

(6.H) b
lQinj J{Qw.ﬁ )

3.11
LieAlgd s(Y / H)“"""- FMod,s (Y /H).

Proof Suppose (L, n) € LieAlgdi(:j;?(Y), ie., £ is a (¢, H)-Lie algebroid over Y

such that the map 1 : € ® Oy — L is injective. Let )* be the corresponding formal
moduli problem under Y, equipped with the H"-action defined by the functor (4.9).
Thus Q(H.,H") ()°) satisfies the universal property (4.21) for 2Zb e FMod,s(YV/H).

On the other hand, Qflfj’H) (L) satisfies the universal property (4.7). Since the essen-

tial image of (3.11) consists of objects 2° € FMod,s(Y/H) such that Ty w2
belongs to Ty, x (QCoh(Y /H)?), it suffices to show that Q-H") (1)) has this prop-
erty. The result thus follows from the lemma below and the fact that Y — Y /H is
faithfully flat. O

Lemma 4.19 Suppose (Y, ") is the (H, H)-formal moduli problem corresponding
to the (¢, H)-Lie algebroid (L, n) under the functor (4.9). Then there is a canonical

isomorphism between T(Y/H)/Q(”v”“(y’) y and Cofib(n).
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Proof We will use the expression of Q- ) ()*) as quotient of the Hecke groupoid
H

)’ x H®/H (see (4.20)). Consider the following commutative diagram, which extends
N

the commutative diagram (4.18):

Y ‘ >~Y/H
id x{l}\L B H
w3 ~b
Y x HJH 2 )" x H*JH '~ )" /H
N e N 7
Pw ’ APw R \L
Y Vs QUL ()

where the two lower squares, as well as the dotted quadrilateral, are Cartesian. From
this diagram, we obtain the following commutative diagram of objects in QCoh(Y):

7'(Y§H°/H)/y|y[—1]9Zya/H)/Q(H,Hb)(yb)\y[—ll > Ty /mly > (Y/H)/Q(H.Hb)(yb)‘y

b= o7 i F l

7Y/<Y§H”/H> Ty m) =Ty sy )y > Tyjr/mll]

x Ty )y

Furthermore, the two horizontal dotted triangles are exact. Note that the composi-
tion (4.19) identifies with 1, so the upper horizontal triangle allows us to identify

qwmmmmwm“wmcwmm. o

4.6 Example: inert quasi-twistings

4.6.1. We now specialize to Lie algebroids arising from abelian Lie algebras. They give
rise to what we call “inert quasi-twistings.” In the geometric Langlands theory, they
arise naturally as degeneration of (non-inert) quasi-twistings as the quantum parameter
k tends to oco. (The details of this application will appear in Sect. 6).

4.6.2. Recall that over any )V € PStkjafiqet /s, there is a functor

triv : IndCoh())) — Lie(IndCoh())))
that associates to an ind-coherent sheaf F the abelian Lie algebra on F. (The nota-
tion Lie(IndCoh()’)) means Lie algebra objects in the symmetric monoidal category

IndCoh())). More precisely, triv is the right inverse to the forgetful functor. Because
the latter is conservative and preserves limits, triv also preserves limits.

4.6.3. We also have a pair of adjunction:
diagy, : Lie(IndCoh(Y)) ——= FMod())) : ker-anch
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where diagy, preserves fiber products. 12 1t follows that the composition diagy, o triv
preserves fiber products. We call ) := diagy, o triv(F) the inert formal moduli prob-
lem on F.

Remark 4.20 Let Y be a scheme (not necessarily locally of finite type) over S. The
classical analogue of the above construction associates to an Oy-module F the Lie
algebroid on F with zero Lie bracket and anchor map. If ¥ — S is locally of finite
type, then the image of F under (3.11) agrees with diagy, o triv(Yy s (F)).

4.6.4. For the remainder of this section, we suppose ¥ — § is smooth. Then the

identification Yy,;s : QCoh(Y) = IndCoh(Y) allows us to view the universal
enveloping algebra13 of an object )’ € FMod /s(Y) as an algebra in QCoh(Y). If
Y= diagy o triv(Yy (F)), then it is given by Symp,, (F).

4.6.5. Suppose F € QCoh(Y)SO. Let V(F) = Specy Symoy (F). It is a prestack
over Y fibered in vector DG schemes. We have an equivalence of DG categories:

IndCoh()”) = QCoh(V(F)), (4.22)

where oblv : IndCoh()”) — IndCoh(Y) passes to the pushforward functor on QCoh
(see [18,1V.4 §4.1.3, V.2 (7.12), and IV.3 Proposition 5.1.2]).

4.6.6. Suppose, furthermore, that we have a quasi-twisting Y e QTw,s(Y VA%

that arises from a triangle Oy —~ F > Fin QCoh(Y)=0 under the COInROSlthIl
diagy o trivoYy,s. We cally the inert quasi-twisting on the triangle Oy — F — F.

4.6.7. Since SpecY Symp, (Oy) is identified with ¥ x Al, the map Oy — F gives
rise to a morphism of DG schemes:

Spec,, Symo, (F) > ¥ x AL, (4.23)

We let ng )a=1 be the fiber of (4.23) at {1} — Al Note that the analogously defined
fiber V(F)y=o identifies with V(F). There is a canonical equivalence of DG cate-
gories:

3’-Mod = QCoh(V(F);_1). (4.24)

Remark 4.21 From our point of view, the DG category QCoh(LocSys;) is realized by
modules over some quasi-twisting on Bung. The DG stack LocSys only appears a
posteriori through (4.24).

12 Ope sees this by identifying Lie(IndCoh(}’)) with FMod()) /Y where ) is regarded as a formal moduli
problem under itself by the identity map. Under this identification, diagy) becomes the tautological forgetful
functor; see [18, IV.4].

13 This is defined as a monad on IndCoh(Y) in [18, IV.4.4].
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4.6.8. We now discuss how quotient interacts with inert quasi-twistings. Denote by pt
the S-scheme S itself. Suppose (¢, H) is a classical action pair with zero map € — b.
Then we have

H’ := H/exp(t) > H x (pt /exp(®)),

where the formation of the semidirect product is formed by the H-action on pt / exp(£).
Note that the normal subpair (pt, pt / exp(£)) of (H, H") has quotient (H, H), since

QPLPt/exp(®) () T B, (H” x (pt / exp(£)®) — H:;

see Sect. 4.4.3.

4.6.9. We now assume that £ is also abelian. Suppose the smooth scheme Y admits
an H-action, and ) is the inert formal moduli problem on some H-equivariant sheaf
F € QCoh(Y)".

Suppose we have an H-equivariant map 1 : £ ® Oy — F, giving rise to an H’-
action on )’ (see Sect. 4.3.4). Let Q := Cofib(n); it is an H-equivariant complex of
Oy-modules, hence descends to an object Q45 € QCoh(Y/H).

Proposition 4.22 The quotient Q(H’Hb)(yb) identifies with the inert formal moduli
problem on Q3¢ € QCoh(Y /H).

Proof By Proposition 4.17, we have
Q(H,Hb)(yb) = Q(H,H) ° Q(phpt/exp(e)) %) = Q(Pl»pt/exp(?))(yb)/[.].

Note that descent of Oy-modules corresponds to quotient by H on the inert formal
moduli problem. Hence we only need to identify Q®:Pt/ exp(1) (3%) a5 the inert formal
moduli problem on Q.

Consider the Cech nerve of F — Qin QCoh(Y), which identifies with the groupoid
F @ (E® Oy)®*. Since the composition diagy o triv preserves fiber products, we see
that

diagy o triv(F @ (¢ ® Oy)®*) > ) x (pt / exp(£))*®

identifies with the Cech nerve of the map Y - diagy o triv(Q). The result follows
since this is also the Cech nerve of J* — Q(PLPL/exp(®)) (by o

Remark 4.23 When Y is any scheme over S (not necessarily locally of finite type)
but 7 is injective, we also have an identification of Q](fj H)(]-' ) with the Lie algebroid
on Q%¢ with zero Lie bracket and anchor map. This follows immediately from the
definition of Q% (7).

inj
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Geometrically, the datum of 7 gives rise to amap ¢ : V(F) — Y x £, and V(Q)
N

identifies with its fiber at {0} — ¥*. Hence we have isomorphisms of DG stacks:
V(Q¥¥) S V(Q)/H — ¢~ ' (0)/H. (4.25)
4.6.10. Suppose we have an exact sequence of H-equivariant Oy-modules:
0> 0Oy > F—>F—0.

Let fb € QTw/y»(Y/S) be the corresponding inert quasi-twisting. Assume that n

lifts to an H-equivariant map 7 : ¢ ® Oy — F.Then Proposition 4.22 shows that the
quotient quasi-twisting arises from a triangle in QCoh(Y /H):

OY/H N Qdesc N Qdesc

where @desc is the descent of @ := Cofib(y) to Y/H.
In particular, we have isomorphisms of DG stacks:

V(Q%), o1 = V()i /H = ¢,2,0)/H (4.26)

where ¢, =1 is the composition

VB e o V) L0y o g,
S

Remark 4.24 In light of (4.25) and (4.26), one may think of Q") on inert quasi-
twistings as an analogue of symplectic reduction where ¢ and ¢, =1 play the role of
the moment map.

The universal quasi-twisting

5 Construction of TG(K’E)

Let S be an affine scheme smooth over k. To an S-point (g*, E) of Parg, we shall
functorially attach a quasi-twisting TéK’E) over S x Bung (relative to S).
We proceed by first constructing a Lie-* algebra ﬁ%E) over § x X, then twisting

its pullback to S x Bung, cox XX by the tautological G-bundle Pg. Via taking sec-
o ~

tions over D,, we produce a classical quasi-twisting TG(K’E) over S x Bung, oox. Then

we show that ’j'éK’E) admits an action by the pair (g€ (Oy), LT G), so we may form

the quotient 7, (gK’E) 1= QU (O.LIG) (T IE)) This last step requires both quotient
functors constructed in Sect. 4 and their compatibility.
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We then verify that for a simple group G and g“ arising from the bilinear form
k = A - Kil, the quasi-twisting TG(K’O) identifies with the twisting given by A-power of
the determinant line bundle L _get over Bung.

5.1 Recollection on Lie-x algebras

5.1.1. Let X — S be a smooth curve relative to S with connected fibers.'* The
diagonal morphism A : X — X x X is a closed immersion. Denote by Dy ,s-Mod"

s
the category of O y-modules equipped with a right action of the relative differential
operators Dy 5.

5.1.2. A Lie-* algebra on X (relative to ) is an object B € Dy,5-Mod", equipped
with a Dy x/s-linear morphism" [—, —] : BX2 Ay(B) such that the following
N

properties are satisfied:

(a) (anti-symmetry) for all sections a, b of B, there holds
o12(la ¥ b]) = —[b K a],

where 615 is the transposition morphism over X x X given by:
s

o, Av(B) = A(B); where op2(x, y) = (v, x).
(b) (Jacobi identity) for all sections a, b, and ¢ of B, there holds
[[a ®b] K c] + &123([[6 K c] R al) + 613 ([[c K a] K b]) =0,

where 6123 denotes the morphism over X x X x X given by:
s s

013 (Brmy=)i(B) = (Ay—y=)i(B);  where o123(x, y,2) = (¥, 2, X).

Denote by Lie* (X' /S) the category of Lie-* algebras on X relative to S. Clearly, for any
morphism §" — S with X’ := X x §’, we have a functor Lie*(X'/S) — Lie*(X’/S")
s

acting as pulling back a Dy, s-module, and equipping it with the induced Lie-x algebra
structure.

5.1.3. Lie-* algebras are étale local objects. More precisely, let Et s x be the small étale
site of X'. Given B € Lie*(U//S) where U € Et/X and a morphism I/ — U, we may
associate an object B | € Lie* (U /S). This procedure defines a functor in groupoids:

Et(/’g, — Gpd, U ~ Lie*@/S). (5.1)

14 For our applications, we will take X := § x X.

15 We use X to denote tensoring over Og.
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The étale local nature of Lie-x algebras refers to the fact that (5.1) satisfies descent.

5.1.4. Let G be a presheaf of group schemes on ]:It/;(, and B € Lie*(X/S). A G-action
on L consists of the following data:

e foreach U € Et /x» an action of G4 as endomorphisms of B|u € Lie*(U/S);

furthermore, this action is required to be functorial in U/.

Suppose P is an étale G-torsor over X, and B € Lie*(X/S) admits a G-action.
Then we can form the P-twisted Lie-x algebra Bp € Lie*(X/S) using the descent
property of (5.1).

5.2 De Rham cohomology over the disc

5.2.1. Let x € X be a closed point. Write X := S x X and x : S — A for the
S-point determined by x. Let D, be the completion of X" at x and D, be its open

subscheme D, — {x}. As S is assumed affine, we have D, = Spec(Os®0,) and

D, = Spec(OsRKy), where O denotes the completed local ring at x, and K, the
localization of O, at its uniformizer.

5.2.2. Following [3, Sects. 2.1.13, 2.1.16], there is a right-exact functor I'qgr (Dyx, —)
carrying Dy s-modules to topological Os-modules. (It is the functor of zeroth de

Rham cohomology, denoted by fzx in op.cit.) Let FdR(Doi , —) denote the functor
Far(Dy, jxj*—) where j : X — {x} < X is the open immersion. According to [3,

Lemma 2.1.14], the functors I'qr (Dyx, —), ar (Dy, —) carry coherent D x /s-modules
to Tate Og-modules.

Lemma 5.1 There are canonical isomorphisms:
Tar(Dx, wx/s) =0, Tar(Dy, wx/s) = Os
Proof The Spencer complex defines a resolution of wy,g by the complex Dy /s =

wx/s®Dx/s. Applying I'ar (Dyx, —), this complex becomes d : Os®0, — Os®wy
(see [3, Sect. 2.1.13, Examples (i)]). The vanishing of I'qr (Dyx, wxs) thus follows.

The calculation of FdR(ﬁy wy s) follows from the canonical triangle i (wx/s) —
wx/s — jxjfwx,s (fori : § < A& denoting the closed immersion x) and the
isomorphism i'(wy/s) = Og[—1]. o

5.2.3. Given a Lie-* algebra B, the object 'qr (D, B) acquires the structure of a Lie
algebra in QCoh™e€($), whose (continuous) Lie bracket is given by the composition:

[—, —]: Tar(Dy, B)®? STyr(D, X Dy, B%?)

= Tar(Dy X Dy, Ai(B) = T4r(Dy, B).
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The map I'qr (Dyx, B) = I'qr (Dy, B) realizes I'qr (Dy, B) as a Lie subalgebra if B is
O y-flat.

5.3 The Kac-Moody Lie-* algebra

5.3.1. Suppose now that S is equipped with a morphism S — Parg, represented by
(g“, E) (see Sect. 2). We will construct a central extension of Lie-* algebras over
X =85 xX:

0— wx/s — /g\(,DK’E)

— g5 — 0, (5.2)
together with G-actions on ﬁ(DK’E) and g’,, where G is the presheaf of group schemes
Gu := Maps(U, G) on Et, x. The construction will be functorial in S.

Remark 5.2 The central extension (5.2), together with the G-action, is called the (gen-

eralized) Kac-Moody central extension of Lie-* algebras, and we refer to Tj(DK’E) as the

(generalized) Kac-Moody Lie-* algebra.

5.3.2. The Lie-x algebra g7, has underlying D x/s-module g“ XD v 5. Its Lie-x algebra
structure is defined using the Lie bracket (2.18) on g*:

[ —1: @)% = AgS), ODR W ®1) ~ [, W18 1p,

where 17 is the canonical symmetric section of A (D /s). Note that the Lie-x bracket
[—, —] factors through the embedding g5 X Dy /s — g"D.16

We construct a G-action on QKD as follows: for every U € Et /x> there is an adjoint-
coadjoint action of the group scheme Maps(U/, G) on g“ ® Oy:

gu - (§ @ ¢) = Adg, (§) ® Coadg, (¢). (5.3)

where £ @ ¢ denotes a section of g ® Oy, regarded as a subbundle of (g ® Oy) &
(g" ® Oyy). The action (5.3) extends to an action of Maps(U, G) on g* (58) Dy /s by
u

Lie-* algebra endomorphisms.

5.3.3. The underlying Dy ;s-modules of (5.2) are defined by first inducing a sequence
of Dy /s-modules from (2.20):

OA{ OX

and then taking the push-out along the action map wy;s ® Dy/s — wxys.
Ox

16 See §2.3.2 for the notation g .
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E(K,E)

In particular, the extension g~ — g/, splits over gg; X Dy, and we have a

decomposition

T S Ep @ (¢, M Days). (5.5)

where Ep is the push-outof £ ® Dy/s alongwy;s ® Dyss — wxys.
OX OX

5.3.4. The Lie-x algebra structure on ﬁ(DK'E) is defined by the composition:

@B = (@2 — Al(wx/s) ® Mg’ B Dx/s) — MA@y ™)

where the middle map is defined using the bilinear form (2.19) and the Lie bracket
(2.18) on g

DX 1) ~ (u, uH1;, + [, 'l ® 1p;

the notation 1/, denotes the canonical anti-symmetric section of Aj(wy /5)-
5.3.5. We now construct the G-action on Tj(DK’E). LetU € Et/x and gz be a point of

Maps(U, G). The corresponding endomorphism gz, : Tj(DKE ) ﬁ(DK’E) is defined by

the sum of the following maps (using the decomposition (5.5)):

(a) identity on Ep;
(b) adjoint-coadjoint action on gg; X Dy, s by formula (5.3);
(c) the composition:

E ~ res(gy() JE
a5l = obly > @B Ow g Dxys —> ouys = B ly
U

(5.6)

where the map res(gy/) is defined by the formula:
EDP) ®1~ (g, 'dgy). EDpeg ROy

Here, d : Oy — wyys is the exterior derivative, so g&ldgu is a section of
g X wyy/5, on which ¢ rightfully acts.

It is clear from the construction that ﬁ(DKE)

— g is G-equivariant.

Remark 5.3 If g* arises from a symmetric bilinear form « (see Sect. 2), then we have
an isomorphism ﬁ(DK’O) N B(g, k) where B(g, k) is the Kac-Moody Lie-x algebra at
level « in the ordinary sense (see [11]). On the other hand, the Lie-* algebr.aﬁ;;\({)><> 0 js
given by wy ;s © g7, with zero Lie-* bracket (but a nontrivial G-action).
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5.3.6. Let us bring in the closed point x € X, which induces a section x : S — X.

Applying I'qr (D, , —) to the sequence (5.2) and using Lemma 5.1, we obtain a central
extension of Lie algebras in QCoh™¢(S):

0— 05— §*" - g“(K,) — 0, (5.7
where the notation g*(O,) (resp. g“(Ky)) denotes the Tate Og-module g“®O,

(resp. localization at the uniformizer of O,).
The Lie bracket on g£) is given by the composition:

@ = (@ (K™ - Os @ gt () - 7“7,
where the middle map is defined by

n® IR ® f) ~ (u, 1) - Res((df) f) + [, W'1® ff'.
Lemma 5.4 The central extension (5.7) canonically splits over g (Oy).

Proof The result follows from applying I'qr (D, —) to the sequence (5.2) and observ-
ing that I'qr (Dyx, @ x/s) vanishes (Lemma 5.1). O

Let £, G (resp. L] G) denote the loop (resp. arc) group of G at x. There is an action
of £,G ongF) defined analogously to §5.3.5, with the composition (5.6) replaced
by:

0 o g (k) =8 05 o g P
where the map res(g) (g is a point of £, G) is defined by the formula:
E®)® [~ Res(f - p(g~'dg)).

Since the Lie algebra of £, G identifies with g(X,), this £, G-action induces a g(Kx)-
action on g &) by Og-linear endomorphisms.

Lemma 5.5 The Lie bracket on g% E) agrees with the composition:

@F)2 P g1, R s L g,

Proof This is a straightforward computation. O

5.4 The classical quasi-twisting ’f’G(K’E) over Bung, oox

5.4.1. Let Bung oox denote the stack classifying pairs (Pg, o) where Pg is a G-bundle
on X and « : Pg | D 5 ’Pg is a trivialization over Dy. The (right) £} G-action on
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Bung, oo by changing « realizes Bung, oox asa ﬁj G-bundle over Bung, locally trivial
in the étale topology. In particular, Bung o, is placid; see Sect. 3.2.

5.4.2. The Beauville-Laszlo theorem shows that Bung oox also classifies pairs
(Pg.x, o), where Pg v isa G-bundle on £ := X — {x} and o : Pg. 5 2 = Pg

X

o
is a trivialization over D. This alternative description shows that the £ G-action on
Bung, ooy extends to an £, G-action.

5.4.3. Fix an S-point (g*, E) of Parg. We apply the construction of Sect. 5.3 to the
relative curve

X := S x Bung,cox XX over S:=5x Bung oox,

and obtain a central extension in Lie* (X~ / S ):

)

o—>wi/3_>’ggf — g5 — 0. (5.8)

In other words, (5.8) is the image of Kac-Moodz ex}ension (5.2) under the base change
functor — M OBun ., : Lie*(X/S) — Lie*(X/S).
Let x : S X (resp. x : § < X&) denote the section given by x € X. Let Pg be

the tautological G-bundle over X equipped with the trivialization o over Dj;. Since

Tj(DK’E) and g7, are equipped with G-actions, we can form the Pg-twist of (5.8):

0 w5~ (5(75’E))756 — (gp)p, = 0 (5.9)

Remark 5.6 (a) Since g/, is the D / §-module induced from g* X OBung ox xx and
the G-action comes from one on g“ X Opyng ., xx, We see that (ng)ﬁG is the
Dy y §-module induced from 9’7‘50.

(b) the datum of « gives an isomorphism between (5.8) and (5.9) when restricted to
D;.

5.4.4. We apply the functors I'qr (X, —) and I'¢r(Djx, —) to (5.9). Using the two

observations above, we obtain a morphism between two triangles in QCohTae (S ):

Par(E, @5,5) — Lar (2, @5 ) p,) —= D(Z. g ) (5.10)
' v J- ‘ \LJ’

Lar(Dg, 0 5,8) — Tar(Ds, ﬁ(DK’E)) — g~ (’Cx)goBung_oox

where g (K,) is (as before) an object of QCoh™®(§ ). 3
Since w 3 /8§ has top de Rham cohomology (along X — &) isomorphic to O, one
may conclude that the first vertical map in (5.10) vanishes by comparing the canonical
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triangles associated to open immersions ¥ C X and 5@ C Dx .17 Hence we obtain a
splitting 7 as depicted. Note that ¥ (hence ¥) is injective, so we may define two Tate
O g-modules by cokernels without running into DG issues:

L®E) .= Coker(7), L¥ := Coker(y).
Since Far (D, @ / §) is canonically isomorphic to @) s (Lemma 5.1), we arrive at an
exact sequence of Tate O g-modules:

0— 05— L%E) — £ - 0. (5.11)

Notation 5.7 In what follows, we will show that (5.11) has the structure of a classical

quasi-twisting (on Tate modules) over S (relative to S; see Sect. 3.2.5), to be denote
by T0°F).

5.4.5. We (temporarily) use the notation g 91) ) to denote the Kac- -Moody Lie-* algebra

over X, constructed using the rempe in Sect. 5.3 for the relative curve X — .

The isomorphism ﬁ(DK ) ’j(DK f() X OBung o, gives rise to an isomorphism in

QCoh™e(S):
Par Dz, §5) S TR (Dx, 8% E)ROBung oo, =8P ROpung ., (5.12)

Observe that the G (KC)-action on Bung ooy givesrisetoa g(XCx )-action'® on OBung, sox

by derivations. Hence, the Lie (algebroid) bracket on I'qr (D5, Tj(DK’E)) can be defined
using the Og-linear Lie bracket on g*-£) (see Sect. 5.3.6):

(W& fou/ &=, W T+ - =7 () - e

where 7 denotes the image of u € ') along g F) — g<(K,) — g(IC )@Os,

which acts on (9 by Og-linear derivations. The anchor map & of I‘dR(Dx, E)) is
defined by the composmon

5.12)
FdR(Dx,A(" By 22 9 BROBung oo, — 8(K0OROs — Tg /. (5.13)

/8

We have thus equipped l"dR(Dx,A(K E)) with the structure of a Lie algebroid. The
following lemma, whose proof is deferred to Sect. 5.4.6, extends this Lie algebroid
structure to its quotient £%-£):

17 This vanishing is also reflected in the classical fact that the sum of residues of a meromorphic form is
Zero.

18 Unlike the Tate O s-module g¥ (Ky), the notation g(/Cy) is reserved for the Tate vector space g ® Ky
(similar for the notation g(Oy)).
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Lemma 5.8 The morphism 7 realizes T' (X, g" ) as an ideal of FdR(Dx,A(K E))

In an analogous way, we turn g (ICX)QOBUHG‘W into an object of LieAlgd(é: /S),

and the map FdR(Dx,A(K E)) — g“(Ky )@OBUHG sy 1N (5.10)is a morphism of such.
Lemma 5.8 shows that y also realizes I'(Z, g" ) as an ideal of g (ICy )EOBUHG or -
Hence the cokernels (5.11) is a central extensmn of Lie algebroids.

5.4.6 Proof of Lemma 5.8

We first give an alternative description of the Lie bracket on I'qr (D5, '@(DK’E)). Indeed,
from the identification in (5.12) and the g(XC,)-action on ﬁ(K’E) (see Sect. 5.3.6), we

obtain an action of g(ICx)@(’) sonlar(Dy, ﬁ(DK E)) by Og-linear derivations. It follows

o
from Lemma 5.5 that the Lie bracket on I'gr (D5, E(DK E)) agrees with the composition:

(pr,id)
Far (D, 55282 P9 (4RO §) B Tar (D, 55 ) X5 Tar(Dg, 5%,

(5.14)
where pr denotes the composition of the first two maps in (5.13).
Therefore, it suffices to show that the Tate O S—submodule:
Fr(Z. @5 )p,) = Tar(Dz. 5™ (5.15)

is invariant under the aforementioned g(XCy )@(9 s-action. Note that by construction,

this action arises from the S x £, G-equivariance structure on FdR(Dx, E)) The
following claim is immediate:

Claim 5.9 There is also an S x £, G-equivariance structure on I'qr (2, (j(DK’E))ﬁG),
defined at every T -point (s, Pg.x, o, g) of S X Bung oox X LG (for T € Schj‘g) by:

(a) first identifying the fiber of I'qr (X, @DK’E))ﬁG) at both of the T'-points

(s,Pc.x,a), and (s, Pg.x, g @), g < Maps(T, L;G),

with Tar (S, @) pg )i
(b) relating the above two fibers via the identity map on ['4qr (X%, (g‘%’E))pG’Z). O

19 We are slightly abusing the notation (*(K’ E) )pG 5 » since this is now the Kac-Moody extension associated

to the parameter T’ s M Parg, twisted by Pg, 5 on the open curve T x X.
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So we have reduced the problem to showing that (5.15) preserves the S x £, G-
equivariance structure. In other words, the following diagram in QCoh™®(T") needs
to commute:

E ~ E (5.15) E
Far (2. @ )Pg ) —= TR (5. @ 2o p gy > Ter(Dz. By ™)

| s
Far (5. @) 2) = TR (S, @20y ey = Tar(Dz. By ™).
(5.16)

Here, the two horizontal compositions express the procedure of

(a) first restricting a flat section of ('gT(DK’E))pG2 to Dy — T x I;

(b) then using the trivialization « (respectively, g - «) to identify it with a section of
~(k,E)
gp -

However, the following diagram is tautologically commutative:

o E o o E
[4r(Dj, @(DK ))Pg,z) — FdR(Di,/g\(DK )
Via Ve

° (g-0)x«
Far(Ds, @) pgs) % Tar(Dz. 35,
so we obtain the commutativity of (5.16). O (Lemma 5.8)

5.5 Descent to Bung

5.5.1. We continue to fix the S-point (g*, E) of Parg. The goal of this section is to
“descend” the classical quasi-twisting TG(K’E) to Bung. Recall the action of H :=

Sx LG on S=5x Bung, oo, Whose quotient is given by S/H = S x Bung. Let
t:= g“(O,). Then (¢, H) forms a classical action pair (see Sect. 4.1).

5.5.2. We now equip (5.11) with the structure of a (£, H)-action. Indeed, applying the
functor I'(Dg, —) to (5.9) and using I'qr (Ds, wX/S) = 0 (Lemma 5.1), we obtain a
commutative diagram:

ar(Dz, 8™ = T(Ds, 8 B Oung o, xx)  (5:17)
' _ o in

o o E R
Far(Di, @5 ,5) — FdR(D;,ﬁ(DK ) g (Kx)XOBung cox

where the splitting 77 exists for obvious reasons. Since ['(Dz, g X OBung o, xX) 18
canonically isomorphic to RO 5. we obtain the (¢, H)-action datum on £*-£) via the
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composition:

805 > Tar(Dz. 357 — L5,

which we again denote by 7.
Remark 5.10 Ideally, we would like to directly define 7° E) a5 the quotient
QEH) (T E)y However, we run into problems because S is not locally of finite type

(so we cannot use Q(H H') (4.20)), and 7 is not injective (so we cannot use QHZ

(4.6)). In what follows, we circumvent this technical problem using a combination of
the two functors.

5.5.3. For each integer n > 0, let Bung ,x denote the stack classifying pairs (Pg, oty,)
where Pg is a G-bundle on X and «,, : Pg } Spec(O™) = Pg is a trivialization over

the nth infinitesimal neighborhood Spec(O)(C")) of x. Then Bung py is an £, G-torsor
over Bung, where £, G classifies maps from Spec(O)(C")) to G.

Remark 5.11 In particular, £, G is a group scheme of finite type.

Set H, := S x L,xG, and we have an exact sequence of group schemes over S:
1- H'"—- H— H, — 1.

Define t" := t@m},and €, == ¢/ = £ ® O(") Then the above sequence extends
to an exact sequence of action pairs (see Sect. 4.1.2):

l— (", H") — (H,t) — (H,, t,) — 1. (5.18)

5.5.4. We briefly review the Harder-Narasimhan truncation of Bung. For this, we need
to fix a Borel B — G, whose quotient torus is denoted by 7'. There are canonical
maps

BunB q
Ve N

Bun(; BunT .
Let Ag denote the coweight lattice of G, and AL, AZOS C Ag denote the sub-

monoid of dominant coweights, respectively the submonoid generated by positive

simple coroots. Denote by AE’Q and A%OS’Q the corresponding rational cones.

There is a partial ordering on AQ, given by:
M <ha = da—i e APND
G
Given A € A%, define Bunlkg as the pre-image of A under the composition:

Bunpg S Buny —> AQ = AQ
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For each 6 € AJ{;’Q, define Bun(Gfg) as the substack of Bung classifying G-bundles
P with the following property:

e for each B-bundle Py € Bun; with p(Pp) = Pg, we have 1 < 6.
G

The following result is proved in [8]:

Lemma 5.12 Bun( D is an open, quasi-compact substack of Bung. O

Remark 5.13 The definition of Bun(GSQ) in [8] refers to all standard parabolics P of
G, rather than just the Borel. However, the two definitions are equivalent; see the
discussion in §7.3.3 in loc.cit.

5.5.5. For each integer n > 0 (as well as n = 00), we let BunG =% denote the preimage
of Bun(G— ) under the canonical map Bung ,» — Bung. We denote the universal G-

bundle over Bun( D x by Pg, and that over Buns? xx by Pg: their pullbacks

G,00x
to S x Bun(G* ) xX and S x Bun(GSZL . XX are denoted by the same characters.

5.5.6. The key technical assertion we need is:

Proposition 5.14 Foreach6 € AJ(;’Q, there exists an integer N (6) such that whenever
n > N(0), we have

(8 (M)HOy, e ) NT(S. g ) =0
as submodules of g* (le)@OBunggix (vianand y).
Proof Fix 0 € AJG“Q. For each integer n > 0, we have an isomorphism:
(g (WDRO o JNT(E, g ) = RUProc,)ugy (—n0),
where pr, is the projection map in the following Cartesian diagram:

S x Bunggx xX — 8§ x Bungm x X

¢ Ploox ¢ pr

S x Bun(G le — S x Bun(<0) .

Since Pg is the pullback of the universal G-bundle Pg over S x Bun( %) x X, it
suffices to show that R%(pr), gPG( nx) vanishes for sufficiently large n (relatlve to

0). (Identification of Ro(proox)*g’fp (—nx) with the pullback of RO(pr)*g"PG(—nx)

follows from flatness of the projection S x Bun( 6) — S x Bun(Gfe)). We verify this
in a more abstract setting:
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Claim 5.15 Let T be a finite type k-scheme. Suppose E is a vector bundle on 7' x X.
Write pr : T x X — T for the projection map. Then there exists some n such that
RO(pr)4E(—nx) = 0.

Indeed, let fo € T be a k-point. Since HO (X, Ely(=nox)) = 0 for some no, the coher-
ent sheaf RO(pr), E (—nox) vanishes in an open neighborhood T of t (cohomology
and base change). Let 71 < T be a closed subscheme whose complement is T.If Ty
is nonempty, pick a k-point #; € T}. The same argument shows that RO(pr), E (—n1x)
vanishes in an open neighborhood of #; for some n; > ng. We find the desired n
by iterating this process, which must terminate after finitely many steps since 7 is
Noetherian. O

It follows from Proposition 5.14 that the (¢, H)-algebroid £ (hence also £*-£))

is an object of LieAlgdi(g’Hn)(S X Bun(Gfe) /S) whenever n > N (0).

5.5.7. For each 6 € AJG“Q, denote by ’f’éf(;) the restriction of the classical quasi-

twisting TG(K’E) to S x Bun(GSle.
(=6)

over § x Bung "’ by the formula:

20 Given n > N(0), we can define a quasi-twisting

b n n ~ (<
Tc(;ff) — QUHnHi) o Q" H NTED), (5.19)

inj

where H,f denotes the quotient H,,/ exp(¥,) (see Sect. 4.3.2).

(e, H")
inj

Remark 5.16 Note that Q (Téfe)) is well-defined as a classical quasi-twisting

over S x Bungﬁl, equipped with a (¢,, H,)-action. Since the stack S x Bungil is

locally of finite type, any classical quasi-twisting gives rise to a quasi-twisting, and
the (¢,, H,)-action induces an (H,,, Hnb )-action (see Sect. 4.3.4). Hence the formula
(5.19) makes sense.

5.5.8. Suppose n; > ny > N(0). We would like to construct a canonical isomorphism

of quasi-twistings

TED S 1ED. (5.20)

Indeed, let (¥, H') be the kernel of the map (¢,,, Hy,) — (¥,,, Hy,). In particular,
H' is of finite type. Furthermore, we have an exact sequence of classical action pairs:

1— ("', H") —» ("2, H?) > (¢, H) — 1.
Hence, there are isomorphisms:

~ b ! li n n ~
TG(sn@]) 2 QUHny Hy) o QU (HY) o (1 H 1)(TG(59))

inj

~ b / 7 n n ~ ~
= Q(Hﬂz’Hﬂz) o (2(E H') ° (2(E H l)(TG(Sg)) = T(SQ)

inj inj G,ny>

20 we temporarily suppress the notational dependence on the parameter (g*, E).
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using Propositions 4.17, 4.18, and 4.9. In light of the isomorphism (5.20), we may let
Tésg) denote the quasi-twisting 7, G(ie) over S X Bun(GSG) for any n > N(0).
5.5.9. Finally, we check that the quasi-twistings TG(SG) glue along various Harder-

Narasimhan truncations. Indeed, suppose 61, 6> € AJG“Q. Then we have isomorphisms:

(<61) (<o) (<6
G.,n Sx(Bung 1 NBung 2>)

~ OHn.(H)) (e, H")
—-Q Q.. ]
° 1nj (Zoox | Sx (Burl(Gfgl()r al Bungezl))

~ (<62)
— 7
G.n Sx(Bunggl) ﬂBungez))’

whenevern > N (01), N (6>). Therefore we obtain a quasi-twisting 7, éK’E) on S xBung
(=0)

(relative to ) whose restriction to each § x Bungz" agrees with 7, G(Sg).
Notation 5.17 We write 725 = Q8" (O0)-LI6) (T %)) ‘although it s tacitly under-

stood that the construction of TG(K’ E) requires two quotient steps and gluing. In a similar
way, we write:

K (n) n ~
TEH = QU D) HY (T LBy (5.21)

for the corresponding quasi-twisting on S x Bung . Since the construction of 7, G(K‘E)
(resp. TG(K;lE)) is functorial in S, we obtain a universal quasi-twisting TGuniV over
Parg x Bung (resp. T(‘;‘“,i" over Parg x Bung ).

Remark 5.18 The construction of 7 G”“iv depends a priori on the choice of the closed
point x € X. To remove this dependence, one may consider a multiple point version
7 ;") associated to any collection x! of closed points of X . Foreachinclusion x’ c x”,

there is a canonical isomorphism 7, (‘;1“3 ST (‘;‘“;‘} of quasi-twistings. Hence, the quasi-
twisting TC‘;‘“;" associated to any individual point x € X is canonically isomorphic to
colim,. -y ) T(‘;m;‘,’ .
Remark 5.19 Note that the DG category TéK’E)-Mod is naturally a QCoh(S)-module.
Again from the functoriality in maps (g, E) : § — Parg, we obtain a sheaf of DG
categories over Parg, denoted by 7;™"-Mod.

The naive version of the quantum Langlands duality claims an equivalence of
sheaves of DG categories:

T _Mod — T(l;“iV-Mod (5.22)

over the common base Parg — Par (by (2.11)). However, the hypothetical equiv-
alence (5.22) is false whenever G is not a torus, and a renormalization procedure is
required for stating the correct version of quantum Langlands duality.
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5.5.10 Recovering the classical TDOs

Suppose G is simple, and we fix a k-valued parameter (g, 0) of Parg corresponding
to some bilinear form « on g. Let A and ¢ be as in Example 2.15. Let L ger denote the
determinant line bundle over Bung. It is the inverse of the relative determinant of the
vector bundle gp, (P being the universal G-bundle) along the map Bung xX —

Bung (see [25, Sect. 6.1]). Write L:G,det for its pullback to Bung,eox-
Proposition 5.20 The classical quasi-twisting (5.11) at the parameter (g¥!, 0):

0— OBUHG,OOX — E(Kil,O) - EKil -0

identifies with the Picard algebroid Diff =1 (ﬁc,det)-
Proof Via the isomorphism pry : gkil = g, the lower triangle of (5.10) identifies
with:

0 — OBung e — 8 HMO0Bung o, — 9(KOHOBung ., — 0. (5.23)
where gT® is the central extension of g(KC,) defined by the cocycle

E® f.§® f))~ Kil(§, &) -Res(df - ).

Recall that (5.23) is a classical quasi-twisting, where the Lie algebroid brackets are
induced from the £, G-action on Bung s -

Itis well known (see, e.g. [25, Sect. 7, §10]) that gTﬁle comes from a central extension
of group ind-schemes:

1> Gy — G 5 £.G— 1,

and the £, G-action on Bung cox extends to an action of G4 on EG det- Hence

g4 acts as derivations on LG det, and we obtain a morphism gTa‘eﬁOB,mG R

Diff= (Ec,det) of Lie algebroids. Note that the following diagram commutes:

0— OBunGmx 9'ATme@OBung,m — g(’Cx)EE?OBunGm,C — 0.

% | /

0 — OBung oo, —= Diff=' (L5, det) Thung sox 0

Furthermore, the Opyn ., -submodule T'(Z, 97, ) of gTa‘eﬁOBunG . acts by zero

on EG,det, so by modding out I'(X, 9730)’ we obtain a morphism of classical quasi-
twistings:

O%OBunG - S Z\(Kil,O) EKil 0.

)t } |

0 — OBung noe — Diff=1 (LG det) = TBung e — 0
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where the last terms £Xi! and TBung o, are identified. As such, it is an isomorphism
of classical quasi-twistings. O

It follows from Proposition 5.20 that the classical quasi-twisting at (g, 0) operates
on the virtual line bundle E)é’ get- Since quotient by the action pair (g(Oy), LIG)
agrees with strong quotient of Picard algebroids, we obtain an equivalence

7" Mod = Diff (L 4e)-Mod(Bung).

In particular, the hypothetical equivalence (5.22) specializes to (1.2).

6 Recovering QCoh(LocSys;) at Kk = oo

In this section, we show that at level co, the quasi-twisting 7, G(K’ E) constructed in Sect. 5
recovers the DG algebraic stack LocSys in the following sense: T(;OO’O) is the inert
quasi-twisting on some triangle Opun; — @g:;éo) — ij?;éo) in QCoh(Bung) (see
Sect. 4.6.6. for what this means). Furthermore, the corresponding stack V(’Q\fj:éo)) =1
over Bung identifies with LocSys, so we obtain an equivalence of DG categories

TG(OO’O) -Mod = QCoh(LocSysg;).
Finally, we comment on the role of certain additional parameters E when g = g°.

6.1 The underlying Ospun;-modules of TG(,Kn’O)

6.1.1. We adopt the following notations from the previous section: let S, := S X
Bung ., and &, := S x Bung ,x XX which is a curve over S,. The tautological
G-bulldle over X, is denoted by P(Gn ) Write S := § x Bung, oox and similarly for X
and Pg.

Recall the quasi-twisting 7, G(I,(;'lO) and 7, (g'(’o) = Té’f(’)o) which are special cases of
(5.21) for the S-valued parameter (g, 0). Suppose TG(I,(;zO) is expressed as a map of

some formal moduli problems §Z — Sz under S,,.
6.1.2. Since TG('TI;O) is the quotient of 7, (g;c,()) by the pair (g* (m”), H"), the underlying

ind-coherent sheaves of :S'?, and Sf, arise from a triangle in QCoh(S,,):

Os, — Q%) — O 6.1)

n,desc n,desc’

where @fﬁa?sc is the descent of the H"-equivariant complex of O g-modules:

Q0 .= Cofib(g" (m”") ¥ Opung oo, — L),

K

and a similar description is valid for Q7 ;...
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6.1.3. The Atiyah bundle construction gives rise to a triangle:

*

0,5, = AUPEN* = g
G

over X,,. Its pullback along the projection gKP(n) — 9;;(") is denoted by:
G G

w-)(n/sn - gK (Pgl)) - gK,P(n)' (62)
G

Note that there is a canonical isomorphism eri, desc SR X, g’; o (—nx))[1].

Proposition 6.1 The triangle (6.1) is identified with the push-out of

RT(X, wx,/s,(=nx)[1] = RT (X, (PG (=nx)[1] = RT(X. g ) (~nx)[1]
G
6.3)

along the trace map RT' (X, wy, s, (—nx))[1] — Og,.
6.1.4. We now begin the proof of Proposition 6.1. Since both triangles in question
are descent of triangles over S, we ought to establish an H"-equivariant isomorphism
between the triangle:

Og— OK0 — of (6.4)

and the push-out of the analogous triangle:

RI(X, a);g/g(—nx))[l] — RTI'(X, 5K(ﬁc)(—nx))[l] —- RT(X, g%G(—nx))[l]
(6.5)
under the trace map R I' (X, wf/g(—nx))[l] — Og.

6.1.5. We describe more explicitly the D3 / g-modules underlying the extension
sequence of Lie-x algebras (5.9):

0
0—>wps— @(DK ))750 — (@p)p, — 0.

in the case where the £ = 0. Namely, consider the D / §-modules induced from the

sequence (6.2) (where we use X instead of X™ in the Atiyah bundle construction):
0= (09D = € Pc)p — (@h)p, = 0

Let £ (ﬁc)%mh be the push-out along act : (w3 / D > 0 /8§ of the D ¢ / §-module
£ (P6)p-
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Lemma 6.2 The Dy / §-module underlying the extension (ﬁ(DK’O) )75G identifies with
i~ h

E(Po)p -

Proof Recall that (ﬁ(DK‘O))ﬁc is the Pg-twist of the trivial extension ﬁ(DK’O) Sow %8 @

¢’p- Consider the push-out diagram:

(@5,5)D = (0g,5® (@ ®O)D (6.6)

J{ act ¢

wpg > 0p,5D0p

Note that the entire diagram is acted on by the sheaf of groups G, as described below:

(a) the G-actions on (a)i,/s)p and wp g are trivial, and the action on 0% 5 ® g is
given by §5.3.5;

(b) the G-action on (w /8 ® (g° ® Op))p is the Dy y g-linear extension of the
following G-action on g5 D (8" ® O y3) centralizing CPE

su - (€ ® @) = 0(g, dgu) + (Adg, (§) @ Coady, (¢)) (6.7)

where gy € GU) and £ ® ¢ € g° @ Oy.
If we twist the trivial O p-module extension equipped with the G-action (6.7):

O—>a))2/5—>w)2/369(g"®(922)—>g"®(929—>0

by the G-bundle Pg, we obtain precisely the Atiyah sequence (pulled back along
gy — 05 )
Pa Pe

0> wps— E(Pg) — g"ﬁG — 0.
Therefore, twisting the diagram (6.6) by Pg, we obtain a push-out diagram:

(g, 5)p — & (Po)p
[ |

,0

This proves the Lemma. O

6.1.6. By construction of /Q\f,'(’o) and QF, the required isomorphism shall follow from a

n’
general claim. We first explain the set-up (which is quite involved): let S be a scheme,
and X := X x S with section x given by the closed point x € X. Suppose we have

an exact sequence of O y-modules:

0= owxs—>E—>F—0.
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Let &p denote the induced D-module of £ and 5%” S its push-out along act :

(wx/S)D > ®x/S-
Then we may form a map between exact sequences:

0 — FwR(E, wx/s) — TR(E, ERT) —=T(E, F) —0
d/O ¢ Z ‘ %’

0 — TR(Dy, wx/5) —= Tar(Dx, EX™) — T'(Dy, F) — 0,

as well as a section ¥ from the residue theorem. On the other hand, let E%U sh (m(”))

denote the Og-submodule of I'yr (Dy, E%USh) annihilated by the restriction to Dé");

we use the notation F(m™) for a similar meaning. We have a triangle:
Os—>Q0—Q 6.8)

where:

(@) Q1= Cofib(T(%, ) — Tar(Dy, €5 /ER™ ®));
(b) Q :=Cofib(I'(X, F) — ]"(lo)i, F)/F(m™)).

Remark 6.3 For S := S ,E =E" (75@), and F = g’7‘5 , we see from the construction
of (6.4) that it identifies with the triangle (6.8).

Claim 6.4 The triangle (6.8) identifies with the push-out of the canonical triangle:

RT(X, wx/s(—nx))[1] - RT'(X, E(—nx))[1] - RT'(X, F(—nx))[1]
(6.9)

along the trace map RT"(X, wx/s(—nx))[1] — Os.

Proof Recall the identification:
Q = Cofib(I'(T, F) — r(zo)i, F)JFm™)) S RT(X, F(—nx))[1],

which is also valid when F is replaced by any O y-module. It suffices to produce a
morphism of triangles from (6.9) to (6.8), whose first and third terms are the trace
map, respectively the above isomorphism.

Consider the diagram defining E%U s,

0— (wx;s)p—=Ep —=Fp—=0

| | |2

OHwX/SHEgSh%TD%O.
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Using the functors I'qr (D, —) and M ~- M(m®™), we obtain a diagram:

0 —= &/ (M) —— [(Dy, £)/Em™) —— T(Dy, F)/Fm®) —0
\Lres ¢ w

0 Os Far(Dy, EX) /R () s 1(D,, )/ F(m®) — 0

where the rows are still exact sequences by the Snake lemma. We now take cofibers
of the map from the triangle I'(Z, w) — I'(Z, £) — I'(Z, F) to the top row, and the
cofibers of the map from 0 — I'(X, F) — I'(X, F) to the bottom row:

RT(X, wx/s(—nx))[1] = RI'(X, E(=nx))[1] — RT(X, F(—nx))[1]

J / 1

o~

Os Q Q

This is a morphism between triangles. Finally, we observe that the residue morphism
from Z)/w(m(”)) passes to the trace map from R I'(X, oy /s (—nx))[1]. O

We have now constructed an isomorphism from (6.4) to the push-out of (6.5) along
the trace map RI'(X, w);/g(—nx))[l] — Og. We omit checking that this map is
compatible with the H"-equivariance structure. O (Proposition 6.1)

Remark 6.5 Combined with Sect. 5.5.10, we have showed that the Picard algebroid
Diff=! (LG, det) has as its underlying triangle of Opyp;-modules constructed explicitly
by the following procedure:

(a) ConsiderthetriangleRT' (X, wx,s)[1] = RT(X, £ (Pg))[1] - RI(X, 9;;0)[1]2
(b) Obtain a push-out along the trace map RT'(X, wx,s)[1] — Os:

0Os - £ - RT(X, g;;G)[l]

(c) The extension associated to Diff=! (LG det) is the pullback of the above triangle
along:

~ Kil
Toung — RT(X, gp,)[1]1 = RT(X, gp, )11,
where the Killing form Kil is regarded as a G-invariant isomorphism g > gt

6.2 An alternative description of LocSys

6.2.1. Recall that LocSys; is defined as the mapping stack Maps(Xqr, B G); it is
represented by a DG algebraic stack ([1, Sect. 10]). We give an alternative description
of LocSys; in terms of “G-bundles with connections.” This description is more closely
related to the quasi-twisting at level oco.
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6.2.2. Let LocSysy; denote the prestack over Bung such that for every affine DG
scheme S, the groupoid Maps(S, LocSys,;) classifies:

(a) a G-bundle Pg over S x X;
(b) a splitting of the canonical triangle in QCoh(S x X):

gp; — At(Pg) = Tsxx/s. (6.10)

Recall that for such S, the complex At(Pg) can be described as the relative tangent
complex associated to the map S x X — B G represented by Pg, and the triangle
(6.10) is the corresponding canonical triangle.

6.2.3. Note that a lift of Pg to an S-point of LocSys; supplies the dotted arrow in the
following commutative diagram:

SxX TS SsxBG

b7

SxX Xgp —= S

This arrow gives rise to a splitting of (6.10) as Tgx x/sx x4z 1S isomorphic to Tgy x/s.
In other words, we have a morphism of stacks over Bung:

LocSys; — LocSysy; . (6.11)

Proposition 6.6 The morphism (6.11) is an isomorphism.

Proof Let us first introduce some auxiliary objects. For an affine open U C X, denote
by LocSyss (U) (resp. LocSys’6(U )) the prestack over Bung such that a lift of an
S-point Pg of Bung to LocSys (U) corresponds to a flat connection of Pg |y (resp. a
splitting of (6.10) over S x U). Denote by Hitchg (U) the prestack over Bung clas-
sifying a G-bundle Pg together with a section of g;‘;G ® wy over U. It is known that
both prestacks LocSys; (U) and Hitchg (U) are classical (see [1, Proposition 10.5.3]).

We claim that LocSys; (U) is also classical. Indeed, since any choice of a splitting
of (6.10) over U supplies an isomorphism between LocSys’G (U) and Hitchg (U), it
suffices to show that such a splitting exists. The extension (6.10) over U corresponds
to an element of the groupoid:

7= Homqcon(sxt) (Tsxu s, 8P [11) = =0 Homqconw) (Tu, gp,[1]).
Since gp,; is in cohomological degree < 0 and U is affine, any such element is null-
homotopic.
Next, we claim that the morphism of prestacks analogous to (6.11):

LocSysg (U) — LocSysg (U)

is an isomorphism. Indeed, since both sides are classical, it suffices to verify the claim
for classical test affine schemes S. In this case, note that lifting an S-point Pg of
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Bung to LocSysy;(U) amounts to supplying a connection on Pg, whereas a lift to
LocSysg (U) amounts to supplying a flat connection on Pg . Their equivalence follows
from the fact that dim(X) = 1.

Finally, we find that (6.11) is an equivalence by covering X with two affine opens
Uj and Us, and using the Cartesian squares:

LocSys; — LocSys (U1) LocSys;; — LocSys; (U1)

{ | | |

LocSys (Uz) — LocSysg (U1 NU2)  LocSysy; (Uz) — LocSys; (U N Uy)

These follow straightforwardly from the descent property of B G, respectively
QCoh. O

6.3 Identification of the fiber at co

6.3.1. We now specialize to the parameter (g°°, 0) : pt — Parg, where g™ identifies
with the subspace g* < g @ g*. The quasi-twisting 7, (goo,O) over Bung is obtained as
the quotient of ’]N'G(OO’O) (i.e., (5.11) at parameter (g°°, 0)) by the pair (g>°(Oy), LT G)
along the £ G-torsor Bung ooy — Bung.

Proposition 6.7 (a) T((;OO’O) is the inert quasi-twisting associated to the triangle (6.1)
(forn =0):

Oung = O — Q. (6.12)

desc

(b) there is a canonical isomorphism of DG stacks:
V(Qgese Ir=1 — LocSysg .
Combined with (4.24), we obtain an equivalence of DG categories:
7.°%9-Mod = QCoh(LocSys).

Proof of Proposition 6.7 1t is clear from the construction that the classical quasi-
twisting 7, G(OO’O) is given by the central extension of Lie algebroids (with zero Lie
bracket and anchor map)

0 — OBung.oex = L0 £ 0.

Since 7, G(OO’O) arises from the quotient of %G(OO’O) by (@°(Oy), L} G), the paradigm
of §4.6.9 applies, and 7, G(oo’o) is the inert quasi-twisting on the triangle (6.12). For the
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second statement, note that we have a push-out diagram in QCoh(Bung):

RT(X, OBung xx)* = RT(X, At(Pg) ® wx)*

! |

H(00.0)
OBUHG desc

by Proposition 6.1 and Serre duality. Hence V(’Q\égéo)) 1=1 fits into the commutative

diagram:

VRT (X, Opung xx)*) <= VIRT(X, At(Pg) ®@ wx)™)
{1}1‘ }

(00,0
Bung V(O ),1.

For any DG scheme S mapping to Bung (represented by the G-bundle Pg over S x X),
a computation using the projection formula shows:

(a) Mapsg,.(S, VRT (X, At(Pg) ® wx)*)) 5 tSORT(S x X, At(Pg) ® wy),
and
(b) Mapsgyp,; (S, V(RT'(X, OBung xx)™)) = 1=0RT(S x X, Osxx).

Hence Mapsg,, G (S, V(’Q\é:éo)) »=1) is identified with the co-groupoid

=ORT(S x X, At(Pg) ® wy) x 1
TSORT(SxX,O5xx)

i.e., the co-groupoid of splittings of the Atiyah sequence gp, — At(Pg) — Tsxx/s-

We obtain an isomorphism V(@é:&o))kzl 5 LocSysy; so the result follows from

Proposition 6.6. O

Remark 6.8 An alternative argument (one that avoids using the results of Sect. 6.1) runs
as follows: by a local computation, one identifies the universal envelope of the classical
quasi-twisting (5.11) with the (topological) ring of functions over LocSys oo, (2),
the stack classifying (Pg, o) € Bung oo together with a connection over Pg | 5 One
then shows that the closed subscheme V(@(m’o)) »=1 1dentifies with LocSysG,oo »and
(4.26) gives rise to isomorphisms:

V(QP),21 = LocSysg oor /LT G = LocSysg .

6.3.2. We comment on the role of integral additional parameters at 0o, i.e., the ones
arising from Z(G)-bundles. More precisely, let E := At(Pz))* for some Z(G)-
bundle Pz(G). Then E is an extension of 37, ® Ox by wx, so (§°°, E) is a well defined
k-point of Parg.
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Proposition 6.9 Let E = At(Pz))* fora Z(G)-bundle Pz g). Then there is a canon-
ical isomorphism of DG stacks:

V(Qh)i=1 = LocSys; x Bung, (6.13)
) B

ung
where the second map is the central shift — ® Pzc)-

Proof Note that the DBung .., xX/Bung o, -Module (5.9) at parameter (g, E) is
induced from the following sequence:

0 = WBungG oox xX/Bung.oex — A(PzG) ® Pg)* — 9?’(; -0

via the functor (—)p and pushing out (see Sect. 6.1). An argument similar to the

above shows that TG(OO’E) is the inert quasi-twisting associated to the triangle in
QCoh(Bung):

A(00,E) )
OBU“G - Qdesc - Qdesc’

where we have a canonical isomorphism Q((jziéE) |Pc — Qéi‘j;o) |772(G) &P Hence the

result follows from Proposition 6.7. O

Remark 6.10 A connection on Pz gives rise to a splitting of E, hence an isomor-
phism V(@gg‘s’ém) A=1 5 V(@éﬁj&o)). Geometrically, this corresponds to a lift of the
isomorphism — ® Pz, : Bung — Bung to LocSysg.

Remark 6.11 Specializing the hypothetical equivalence (5.22) to the parameter
(g™, 0), we obtain the usual, naive statement of the geometric Langlands corre-
spondence:

_1 ~
Diff(EGilet)-Mod(BunG) — QCoh(LocSys).

Specializing to (g, E) where E = At(PZ(G))*, we obtain from (6.13) a hypo-
thetical equivalence:

_1 ~
Diff (£ ;% ® M)-Mod(Bung) — QCoh(LocSys; x Bung)
’ B

uné

where M is the pullback to Bung of the line bundle on Bung/ (G, corresponding to
Pz((;)- This equivalence can be viewed as an expected compatibility of the geometric
Langlands duality with central shift. Let us reiterate that when G is not a torus, none

of these equivalences are true without a renormalization process.
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