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Sorne characterizations ofBanach lattices
with the Sc/mr property

WITOLD WNuK

ABSTRACT. This note centalas a short proefofIhe equivalence of ihe Sehur and Dunford-Pet-
tis properties in ihe class of discrete KB-spaces. Wc also present an aperator characterization of
dic Schur preperty (Theorezn 2) and we natice thai Banach laitices which are band hercditary 1’
coincide wiah Banach lattices having tIte Schur property (this characterizatian is due te 1. Papa
[lO]).Moreover, the paper affers examples of Banach laitices with dic positive Schur property
and without tite Schur prepertyand which are noa isamarphic to any AL-spacc

1. INTRODUCTION

Tite paper presents a few conditiens witich are equivalent te tite Scbur prep-
eny in tite class ofBanach lattices (the Scitur propeny means that weakly and
nenn convergent sequences coincide). Titese citaracterizations are due te Van-
havskaya and Chucitaev [12] and Pepa [10]. Unfortunately, tite proof of tite
citaracterization offered in [12] (and formulated for sorne Iocally convex
topehogies) centains a mistake. We give anotiter siten proef ofVarsitavskaya-
Citucitaev citaracterizatien whicit peints eut tite coincidence of Sehur and
Dunford-Pettis properties in sorne class of Banach lattices (a Banacit space E
has tite Dunford-Pettis property if every weakly cornpact operater T.-E--*c, is
a Dunford-Pettis operator, i.e., T maps relatively weakly compact sets into
relatively cempact). Mereover, we sitail shew that it is possible te obtain two
citaracterizations of tite Sehur property indicated by Pepa [10] under sorne-
witat weaker assumptions (WC present also slight¡y different praofs of titese
citaracterizations).

Tite last pan of titis paper centains a few remarks concerning Banacb ¡at-
tices having tite so-called pesitive Scitur property (i.e., Ocx,,—*0 weakly im-
plies x0—*0 in nenn, see [15]).
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AI¡ notiens concerning Banacit lattices and not exp¡ained itere ene can flnd
in [2] and [3]. We refer tite reader interested in tite Dunferd-Pettis property
te [4] and [3].

Let us enly recaí tite notion of a discrete Riesz space and KB-space witicit
are important in our consideratiens.

An elernent x belonging te a Riesz space E is calied discrete, ifx>0 and
iyb=ximplies y=íx for sorne real number 1 (tite abeVe definition, for Dede-
kind complete Riesz spaces, is equivalent te tite fellowing ene: ifx=x, +x2,
witere x,, x2 are positive and disjeint, titen x, =0 er x2= 0). If every order in-
terva¡ [0,>’]in E contains a discrete element, titen E is said te be a discrete
Riesz space (equivalently: E centains a complete ertitogonal system consisting
of discrete e¡ements). Reugitly speaking, every discrete Ranacit lattice is a
Riesz subspace of sorne space of sequences (i.e, of tite product Rx~see [2] Tite-
orem 2.17).

A Banacit ¡attice (E,ii II) is said te be a K?B-space if tite nerm is erder con-
tinueus and even’ increasing norm beunded sequence of positive elements itas
tite supremum in E (equivalently: (E,ii -Ii) contains no cepy of c0).

2. BANACH LÁflICES WITH THE SCHUR PROPERTY

Tite follewing lernma, witicit wilI be useful in tite preof of tite first tite-
erem, is a simple consequence of the fameus Rosentital’s titeorern (see [3]Tite-
orern 14.24).

Lemma (see [11] Titeerem 3) For a fianacir space (E, II II) tire followung

siatemenís are equivalení:

(i) Tite dual space E* iras tire Scirur properí>’.

(u) E iras tite Dunford-Petlis property ano’ E does not conlaun an iso-
morpitic copy of1’

Tite titeorern mentioned belew links Scitur and Dunford-Pettis properties
in Banacit Iattices.

Theorem 1. If(E,ii -II) isa fianacir /attice. tiren thefollowungstatemenls are
equivalení:

(i) E is a discrele KB-space witir Dunford-Pettis properí>’.

(it) E iras tite Scirur propertg
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Proof. (i)=~(ii). Let (x.)G.Á denote a complete ertitogonal system in E con-
sisting of discrete elements and denote by (f) tite positive functiona¡s gener-
ated by band prejectiens ente bands lx,,r. Tite functienalsL are discrete eh-
ements in E* (because titey are Riesz itomomerpbisrns). Putting F= span {f;
ae A> aE* we itave E” is Riesz isemorpbic te E (we can preve this fact using
tite same metitod as in a proef titat even’ Banacit space witit a boundedly cern-
plete basis is a dual space). Titerefere E” is discrete witicit implies, togetiter
witit tite Dedekind completeness of F (tite space Fis an ideal in E”), titat tite
norm en F is erder continuous (see [7]Titeerern 2). Titus F does not centain
any copy of!’ ([3] Titeorem 12.24). Moreover, F itas tite Dunford-Pettis prop-
erty because E” itas titis property, and so using Lernrna we ebtain F” has tite
Scitur property and we are done because E” and E are isemorpitic.

A proef of tite implication (ii)=.(i) is easy and wel¡-known, but fer tite sake
of cempleteness we sitahí present it. It is clear titat every Banacit space witit
tite Scitur preperty itas tite Dunford-Pettis property. Mereover, a Banacit lat-
tice E witit tite Seitur preperty cannot contain a copy of c,, titus eur Banacit
lattice is a KB-space. In panicular, tite norm itas te be order continueus and
titerefore order intervais are weakly compact. Tite Scitur property implies titat
order intervals are cempact. Hence tite Banacit lattice E is discrete ([2] Corel-
han’ 21.13).

Remark Tite proofof tite Titeorern presented in [¡2] is net cerrect (even
for tite case of Banacit lattices) because tite autiters claimed titat tite following
statement belds:

IfH=~~¡i(x,,:ncN>, witere (x,,) isa sequence of pairwise disjoint elements
in a KB-space (E,l¡ II) satisfying tite conditien x,,—*O weakly and lix,,i¡ ~ 1, and

are biortitegonal funetienais associated te tite basic sequence (x,,), titen (f,,)
is net a nulí sequence in tite topohogy a(F,F*), witere F=SÑhí(f,,:n EN>aH *

Tite aboye staternent is false: we itave exactlyf,,—*0 in tite topohogy u(F,F’9.
Indeed, (1,,) is an unconditienal basis in Fbecausef,, are pairwise disjeint. Tite
basic sequence (x,,) is beundedly complete (H dees net centain a copy of c0)
Titus Hitas tite Radon-Nikodyrn preperty ([5] p. 218). Moreover, H and E”
are isomerpitic ([6] Prepesitien l.b.4), and se F centains no cepy of /i([5] p
219). Hence (1,,) is a sitrinking basis ([6] Proposition 1 .c.9). Let Oc E and de-
note K= sup iLf,,ii/K is limite because (f0) is peintiwise cenvergent). We itave

K-jO<f,,)¡=¡O<fjflf,,¡¡)~=l¡O1~~~ i¡_—.0

but titis rneansf~—.*0 weakly.

Using Titeerem 1 we are able te fermulate tite folhewing operator cbarac-
terizatiens of tite Scitur property.
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Theorem 2. For a fianacir lattice (E,l¡ - II) tite following siatemenís are
equiva/ení

(i) Tite norm II - II is order conlinuous ana’ ever>’ contunuous linear oper-
ator T-E—*c, is a Dunfore/-Pellis operator

(u) E itas lite Scitur properly.
(iii) Ever>’ positive weak/y compací operator T: l’—>E is compací.
(iv) Ever>’ weakly compací operator 71 1’ —*E is compací.

Proof. (i)=*(ii). It is chear titat E has tite Dunford-Pettis preperty. More-
over, E is a KLB-space. Indeed, ifE were net a KB-space titen E would centain
a complemented copy of c,, (because tite nenn is assumed te be order con-
tinueus-see [8]). Let P:E—*c0 be te projection and het 1 denote tite identity oper-
ator en 4. Since tite compesition I~P:E—*c0 is not a Dunford-Pettis operater
we itave a contradictien.

Accerding te Titeorem 1 it is sufficient te sitow that E is discrete. Tite er-
der continuity of the norm imphies tite follewing fact (see [15] Lemma 1): even’
Dunferd-Pettis operator T-E--*c, is a difference of twe pesitive eperaters.
TI-¡erefere even’ continuous linear operater from E into 4 is regular, and so E
itas te be discrete ([14]).

Tite implicatien (ii)~.=t<iii) is obvius.
(iii)=*(iv). We claim titat (E,Ii• II) is a KB-space. In tite centran’ case E con-

tains a cepy of c,, and tite embedding operator 1: lt~*c0aE isa positive wealdy
cempact operater witicit is net cornpact. Titerefore, if El’—.E is weakly cern-
pact then tite modulus 171:/’—.E exists and it is weakly compact toe ([3]) Tite-
orem 17.14). Tite assumption gives titat pesitive eperaters ¡71+ Tandil are
cornpact and titus T=(i71+ 7)— ¡71 is cornpact.

(iv)=’(i). Repeating te argument used in tite proof of previous implica-
tion we obtain (E,hI - II) si a K.B-space. Moreever, fer even’ centinueus linear
operator T:E—.c0 and a weakly cempact operator S:l’ —E we itave TS is cern-
pact. Hence T is a Dunferd-Pettis eperater ([3]) Titeorern 193).

Remarks. 1. Tite assumption abeut order centinuity of tite nerm is essen-
tial in (i): even’ centinuous linear operater frern /c~ into c, is weakly compact
and so it is a Dunferd-Pettis operator (because fr itas tite Dunford-Pettis prep-
erty) but /~o has not tite Scitur preperty.

Simi¡ary, tite words “even’ centinuous linear eperator E-E--. 4 is a Dun-
ferd-Pettis eperator” cannot be citanged by tite staternent “even’ positive op-
erator T: E— ~is a Dimford-Pettis eperater”, because L’ itas net te Seitur prop-
erty and 12’ has te propeny rnentiened- in tite staternent.
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2. In [10] ene can find tite follewing equivalence
(E,i¡ -Ii) itas te Scbur preperty uf

(a) Every positive weak¡y compact operator T: l’~E is cornpact
and

(b) Every pesitive operator T: h—E is cempact.

Tbeorem 2 sitows titat (a) implies (b). In otiter words (a) imp¡ies E is dis-
crete and II- ¡lis order continuous (compare [9] Titeorem 3).

Titere are known examples of Banacit spaces wititout tite Scitur preperty
witich are hereditan’ /‘, In a class of Banacit ¡attices a specia¡ kind of a iter-
editan’ of 1’ citaracterizes tite Scitur property.

Theorem 3 (see [10]).Fora Ranacit laltice(E,Ii - ¡1) lirefollowingstaíements

are equivalent:

(i) E iras tite Schurpropertyt

(u) Every closed Banacit sub/attice contauns a ¿‘ano’ order isomorpiric lo 1’.

Proof. (i)—(ii). The space E is a discrete KB-space. Titerefore even’ clesed
Banacit sublattice Fa E is discrete ([13] Titeorern 4). Let (1,,) be a sequence of
norm ene distinct discrete elements in F. According te Resentital’s titeorern
we can flnd a subsequence <1,,) equivalent te tite unit vector basis in 1’.
Putting 11= ~Ií (L:ke N} we ¿btain a required band in F.

(ii)=~(i). It is clear titat E is a KB-space because Ecannot centain an order
copy of c0. Moreover, E is discrete. Indeed, if O<xc E and fi= (x>~ ten
B—HSIP witere H is a band order isomorpitic te 1’. Let P denote tite band
prejection of fi ente H. We itave Px> O and so titere is a discrete elementy
in Ji sucit titat 0-cy4Pxcx. Since even’ discrete e¡ement in JI is discrete in
E titen we obtain titat every order interval in E contains discrete e¡ernent, i.e.,
E is discrete.

Let A be a relativeiy weakly compact subset of E. According te [3] Tite-
erem 13.8 tite set solA, i.e, tite solid hul¡ of A, is also relative¡y wealdy com-
pact. We c¡aim titat

(*) ¡¡x,jl—*O for an arbitran’ sequence (x,,) ofpairwise disjoint elements be-
¡onging te solA.

Indeed, suppese c=infiix,,i¡> O for sorne sequence of disjoint elements
from solA. Since solA is relative¡y weakly cornpact, titen titere exists a subse-
quence (Lx»i) witicb is weakly nuil. Using [2] Titeorem 21.14 we obtain titat
(x,,) is weakly nuhí toe. Tite sub¡attice ~P¡11(Lx,, :k e N} contains a band iso-
mdrphic te P, and so s~u1Lx,, i:i eN> is isomerpkc te 1’ for sorne subsequence
(ix,, i). Titerefore lix,, i¡—~0 a~d we itave a contradictien because lix,, II =a
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According te [2]Titeorem 21.15 tite cenditien (*) imphies relative compat-
ness of tite solA. Titus E itas tite Scitur prepeny.

Remark. In [10] tite staternent (u) contains an additional assumption titat
E is discrete.

3. REMÁRKS ON BANÁCH LATTICES WITII THE POSITIVE
SCHUR PROPERTY

Besides tite Seitur property ene can censider a weaker preperty called tite
pesitive Scitur property ([15]), i.e., 0-cx —*0 weakly implies x,,—*0 in nerm. A
simple example ofa Banacit ¡attice witit tite positive Scitur property and witit-
out tite Scitur preperty is a space L’(ji), witere pi is net purely atemic.

Tite following construction produces a farnily of Banacit lattices witit tite
positive Scitur property. Let X be an order dense ideal in tite preduct RN witit
tite ceerdinatewise erder. Suppese p is a norm en X sucit titat (X,p) is a Ra-
nacit lattice witit tite Scitur property. IfML’)=1(L)aL’(0,l):(iLf,,iI)%., e X>, titen
tite pair (X(L’43) is a Banacit lattice witit tite pesitive Scitur preperty, witere
¡3 ((t))=p((iLf,,ii)).

Indeed, an arbitran’ sequence (a,,) be¡enging te tite Kótite dual of X deter-
mines a continuous linear fbnctiona¡ O en ML):

Jf~dt

Titerefere, if (F,,)a ML) is a weakly nulí sequence witit positive terms (i.e.,
F,=(f,,(k))t1, andf,,(k)~0 for alí n,k), titen G«F,,))=I akILf,,( k)¡i—*0 as n—*ce.

“=2
Titis means titat x,,=(i[f,,(k)ii) ,,..~*0 weakly in X, and se Xx,,) tends te zero. In
etiter words ¡3(F,,)—0. It is clear titat X(L’) itas net tite Scbur preperty.

It is wertit te netice tite fe¡¡ewing fact: if X is net isomorpitic te /2, titen
ML) is net isemerpitic te any L’(ji). We claim titat if ML) were isomorpitic
te L’(pi) for sorne rneasure pi, titen it would be isomorpitic te L’(0,l).

Indeed, since ML) is separable, titen ji itas te be separable and so a-flnite,
in panicular. Titerefore ML) is isernerpitie te 12(v) fer sorne prebabilistic
measure y. Tite space L’(v) is isomerpbic te L’(v<)@P, witere v~ is tite atomless pafl
of y. According te tite fameus Caractiteeden”s theorem L’(vj is isemorpitic
te 12(0,1). Finally, 12(v) is isomorpitic te L’(0, 1). - Tite Banacit lattice >412’) con-
tains no discrete e¡ements, and se ?4L’) and L’(0,l) are erder isomorpitic in
virtue of Abramevi~ -Wojtaszczyk result ([1] Theerem 2). Since Xis a sublat-
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tice of >4L’) and X(L’) is erder isemerpitic te L’(0,1), titen A itas te be iso-
morpitic te /2~a centradiction.

We can also notice titat using tite aboye proefand anetiter result of Abra-
movié and Wojtaszczyk ([1], Titeorem 5) we bave titat ifE is a separable a-De-
dekind complete Banacit lattice isomerpitie te an AL-space, titen E is erder
isomerpitic te an AL-space.

It is known titat for discrete Banacb lattices tite pesitive Seitur property

and tite Scitur property coincide (see [15]).

Tite positive Scitur preperty itas tite follewing citaracterizatien

Theorem 4 (see [15]).Fora fianacit laitice (E,ii -Ii) tirefol/owingsíaíements
are eqtÁil’aleIlt:

(i) E is a-Dedekund complete ano’ it itas tire property
(*) An operator T:E—*4 is a Dunford-Peítis operator & T is a d¡fference

oftwo positive operatorsfrom E mio c0.

(u) E itas tire positive Scitur properí>’.

One can easly verify titat a Banacit lattice itas tite positive Seitur property
uf even’ sequence of norm ene pesitive pairwise disjeint elements contains a
subsequence equivalent te tite unit vectors in 1’ (see [15]).
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