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Sorne norrnability conditions on Fréchet
spaces
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ABSTRACT. Wc define two new normability condition on Frédhet spaces and anneunce sorne
related results.

Tite purpose of titis note is te anneunce sorne rcsults rehated te two ner-
mabi¡ity conditions en Frécitet spaces, witicit will be given subsequent¡y. Re-
gilís stated itere and titeir preefs are centained in [5]and [6].

Wc use tite standard termino¡ogy and notation of tite titeen’ of lecally con-
Vex spaces as in [3].By (Ji lik) we always denote an increasing sequence of se-
minorms dcfining tite topelegy of a Frécitet space Eand (14 = ~xe E:iixli,~=¡1.
A = (a,) stands for an infinite matrix of real numbers witicit always satisfies

0=a~Sa,~+,and sup a,=0

for a¡¡j and k Fer lSp.c +ce we set

+cc fer a¡¡ kl,
Equipped witit seminorms 11ií~. k=1,2 X~(A) is a Frécitet space. Fer X’(A)
we simp¡y write X(A).

Wc ca¡¡ a Fréchet space E[t] local/y normable [5] if titere is a centinueus
norm I~ II en E sucit tbat en every beunded subset -r coincides witit tite top-
elogy defined by titis norm liii. Titis means titat if(x,,) isa beunded sequence
in E and /imh¡x5ii =0 titen we itave hm x,,=0.

For a ¡oca¡¡y normable Frécitet space E we may assume wititout ¡ess of
generality titat fi II is tite norm specified in tite definitien. Se for every beun-
ded subsct B and k titere is a g> O witit

(sU)nBa (4.
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Upen peharization we ebtain

U~aK[Ufl+ff

witere K[U~] is tite subspace of tite dua¡ E’ spanned by U?. Hence in titis case
tite gauge of U¶” defines a continueus norm en tite bidual EX Titis observa-
tien yiclds eur first result.

(1) Tire bidual of a locail>’ normable Frécircí space admits a continuous
norm.

In tite case of Kótite spaces we can citaractei-ize local normabi¡ity in terms
of tite defining matrix.

(2) Tite fol/owung are equivalení:
O) X~(A) is loca//y normablefor sorne 1~p-c +ce
(it) XIA) is loca//y normablefor alí 1=p +ce
(iii) A satisfies tite followung condition:
(*) itere isa k0 sucir thai for any ciroice of C~> O ano’ for an>’ lc itere

is a C> O so thai
a

~ max(C ~ sup ‘~

holdsfor a//j.

Tite case p= ¡ is of special importance.

(3) X(A) is local/y normable if ano’ on/¿v Wtite ¿‘¡dual X(A)” admits a con-
liii uous

Dierolf and Mescatelli [1] gaye an examp¡e of a Frécitet space witose
tepo¡egy is defined by a sequence of norms but witose bidual admits no con-
tinuous norm. Using (3) and tite cendition (*), it is easy te construct examples
of Kótite spaces witicit exitibil tite same pitenemenen. In fact tite we¡¡-known
Gretitendieck-Kóíite example ([3];§3 1,7) of a nen-distinguished Frécitet space
is a Kótite space X(A) witicit admits a centinuous norm, but since A violates
(*), tite bidual X(A)” does not admit a centinuous norm. For titis matrix A,
>3(A) is a reflexiVe Fréchet space with a centinuous nerm, but it is nol ¡oca¡¡y
normable by (2). Hence tite converse of (1) is false in general. Let us rernark
titat ene can also construcí a quasinormable Kótitc space witicit admits a con-
tinuous norm but witose bidual again itas no continueus norm [5].

Let <b:(O,ce)—40,ce) be a strictly increasing function. Wc say E satisfies
(DN0) ifwe itave a k0 witit tite propeny titat for each k titere is a p and C> O
se titat
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lxii =CVXr) lxii~+ ~ iixLi~r

he¡ds for every xc E and r>0 <[8], [10]). We calI a Frécitet space asymptoi¡-
ca//y normable [6] if it satisfies (DNa) fer sorne functien ~. For tite role played
by asymptotica¡¡y normable Frécitet spaces in tite vanisiting of tite functor Ext
we refer te [10] and [¡2].

¡fa Frécitet space E isa asympotically nermab¡e titen for k~ k~en tite ba¡¡
Q, liii and 1Ii1~ define equivalent tepelegies, witere k0,k and p are as in tite
definitien given aboye. In panicuhar, if(x,,) is Caucity witit respcct te II ii~ and
/irn hlXfhik =0 titen hm iix,hi~=0. From titis we obtain

(4) An asympiotica/lv normable Fréciteí is local/y normable ano’ a/so cou ni-
ab/y normable.

It is known titat a countab¡y nermable Frécitet-Schwanz space is asymp-
tetica¡¡y normab¡e [10]. It is a¡se easy te sitow titat a Frécitet-Mentel space
witicit admits a continuous norm is loca¡¡y nerrnable. HeweVer, even a nu-
clear Frécitct space witicit admits a continueus nerm need not be asymptoti-
cally normable, a fact witicit was used in censtructing nuclear Frécitct spaces
wititout tite beunded approximation property [2], [9].

One can citaracterize asymptotical nermability of a Kótite space MA) in
terms of tite defining matrix and also construct a Kótbe-Mentel space witicit
admits a continuous norm but witicb is not asympotically normable [6].
Hence a locally normable Frécitet space need not be asympteticaily normable.

We note titat for «r)=r, tite cendition (DN0), denoted by (DN), was in-
troduced a¡ready in [7] te citaracterize tite subspaces of tite space (s) of rapidly
decreasing sequences. Subsequently in [II] it was preved titat even’ Frécitet
space of type (DN) is isomerpitic te a subspace of /JT>®,,(s) for sorne mdcx
set ¡. As a gencralization of titis resu¡t we itave

(5) For ever>’ increasungfunction @(0,ce)—I0,cn) itere is a nuclear Kóiire
space X(A) wiih a continreus norm sucir 1/ial ever>’ Fréciteí space witicir
satisfies (DI’4) is isomorphic lo a subspace of 4}I)®$k(A) for some in-
dex set 1.

Titis means titat tite class of asymptotica¡ly normabie Frécitet spaces is pre-
cise¡y tite c¡ass of alí Frécitet spaces witicit contains al¡ Ranacit spaces as well
as al! nuchear Kótitc spaces admitting continuous norms and witicit is clesed
under tite operations of taking complete projective tensor products and pas-
sing te subspaces. Tite parallelisrn between titis and tite citaracterization of tite
quasinormable Frécitet spaces giVen by Meise and Vegt [4] is wortit neting.
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