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On sorne convexity properties of Orliez
spaces of vector valuedfunchons

E. HUDZIK

ABSTRACr. A “stability” theorem that isa generalization ofni. 6 in (2] for dxc modulus of con-
vexity of Banach spaces is given. Necessary aud suificiení conditions for S~0(a) c0, where
a e (0,2], in Orlicz spaces L(ja,X) of vector valued fiinctions are ¡iven.nie convexity coefficient
e0(L(¡i, Y)) is computed for these spaces. The equality ejL%t,Aj)= e,(X) for Orlicz-Bochner
spaces generated by unifornily convex Oricz functions saíisfying Use A,-condition is showed.

INTRODUCTION

Titrougheut titis paper (T,~ji) denotes a nen-atornic, infinite and comple-
te measure space and X denotes a Banach space. A function @X—*[0, + ce] is
said te be an Qrliczfuncíion if it is cenvex, even, lower semicentinuous, Van-
isiting and continueus at zero, and 0*0. F(T,X) stands fer tite space of ail
equivalence classes of strongly 1-measurable functions frem T into X.

Given an Orhicz fbnction 0,, we define the Qrlicz space L~g,X) as tite set
of ahí functiensfE F(T,X) sucit that

4(Xf)=j’ 0(Xfit))dpic +cc
T

fer sorne X> O depending enf Titis space equipped with tite Luxemburg nerm

¡II II.=inflX>0:I,(X-f)=1>

is a normed space (see [11-13]), and it is a Banach space if and only iL 0 is

uniferm¡y large at infinity, i.e.
hm inf{0(x):IIxII=k>= +oo (see [15]).
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We say an Orlicz funetion CI> satisfies tite A2-condition if titere is a con-
stant ¡(>0 sucit titat <I>(2x) =K$(x) fer ahí x c X.

Tite modulus of convexil>’ of a nermed space (X,IL II) is tite function
): (0,2]—*[0, 1] defined by

BÁs)=inf{ 1 —!II/2(x+y)Il:IIxlI 5 l,IIyII 5 1,Mx—yII=s>.

Tite convexil>’ coeffcient of a nermed space (X,lI II) is defined by

eÁi19=sup{sc [0,2]:5}s)=0}(sup 0 ~ o).

(see [2]).

RESIJLTS

Te preve tite first titeorern we sitalí need tite following

Lemma 1. If 5}a)>0 for a number a c (0,2), titen titere is a number
y> ¡¡a sucit that ay(1—5~l/y))= 1.

Proof. By tite assurnptiens and by tite centinuity of B~ it folhows tital titere
is a number a> 1/a sucit titat 5,(1/a)>O. So, af3(1 —8Áh/a))< 1 for a certain
¡3>1/a. Taking a0=min(a,¡3), we have aa/l —8~l/aj»-c 1.

A function it: (l/2,+oe)—*R4- defined by it(X)=aX(l—8~ (h/X)) is con-
tinuous and it(X)—. +oo as X—. +ce. Since it(a,).c 1, tite Darbeux prepeny of it
yields it(y)=ay(¡-5/l/y))= 1 fer a cenain y> 1/a witicb finisites tite proof.

New, we are able te generalize It. 6 in [2]. Tite preof is a¡most tite same
but we sitalí gíve it fer tite sake of cempletness.

Theorem 2. Leí X be a fianach space witit s«(X) in tite interva/ [O,a),
where O<ca=2.Lety> 1/a be sucit thai ay(1 —8/l/y))= 1. IfYis a fianach space
witit Banach-Mazur dislance d(X, Y) <ay, liten e,( Y) -ca.

Proof. Wititeut less of generality WC may assume titat U is an isernerp-
itisrn between X and Y sucit titat ¡IU-’¡I= 1 and d(X,Y)=¡IL’1I=aby,where
0-ch-cfi. Lety,y2cS~(=tbeunitspitereef Y), 11y1—y31=IjUlI/yandx1=lEy,,
x2= U<y2. Titen Mx, 11=1,l¡x=Il=1 and II U¡I/y=II>’ —y211 =
¡iU(x—x2) I=IIUlIIIx,—x211,witence IIx,—x211=1/y. Since ay> 1, by tite equal-
ity ay( 1 — 8/1/y)) = 1, it fellows titat B/l/y)> 0. Titerefere

i¡(y,+y2)/211 = II U(1/2(x -i-x2))Il =¡~Uj¡~¡ l/2(x,+x 2)11 =aby(t—8~ (l/y))=b.

Titis means titat 8/II Vil /y)=1 —b>0. Titus, s,(Y)=II 1)11/ y-ca.



On some convexity properties of Orlicz spaces of vector... 139

In tite fixed peint titeery tite netion of tite convexity coefficient is useful
(see [2]). Wc sitalí give new a basic titeerem te compute s/L(ji,X)).

Tbeorem 3. Leí a be a number in (0,2]. Tite following conditions are
equivalení:

2<o (a) titere is Sc (0,1) sucit thai for ever>’ x,y e X satisfying tite equality

<I>((x—y)/a)=(l—8)cb((x+y)/2), we itave <I>«x+y)/2)=1—5

(b) 4 salisfies tite A2-condiiion.

Proof. 2’=.l’. Assurne titat Ef 1,51, iig¡i,=1 and ¡[f—gI¡,~a.
Titen 14f)=1, 4(g)=1 and I,((f—g)/a)=1. Define

A = (te TSb((J{t) — g(t))/a)=(1 —8)4>((J(í) -s-g(i))/2)

Titen

a 2

Censequently, I,( f—g L)=S.By tite fl~-condition, we get

a

a

witere K is a censtant depending only en a and @ Hence,

2 2

=(1/2){4(frj+I,(g’,~j}—I.(f+~ U
2

=(1/2){I4jj3+4(gyj>—1—5
2

=(8/2)$4<fr)+I,(gy)>= 82

2K
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Equivalently,

4( f+~ ~ ____

2 2K

Apphying tite A2-cendition, we get

2 2K

witere p is a function frem (0,1) into itself (in tite real case see [4] and [6]).

Titis yields 8L4<a) =p~.ñL)>0.
2K

U =.2<o. If 4> does not satis& tite A2-cenditien, titen L(pi,X) contains an
isometric copy of 1<’ (see [3] and [4]). Titerefere, Sr(a)=Stco(a)=0fer every
ae (0,2]. Assurne new that condition 2’(a) is not satisfied, i.e. for every
8 e (0,1) titere exist x,ye X sucit titat

Let fi,CeI, fictú, be sucit titat ji(C»=ji(fi\C) and (4>(x)+4><y))ji(fi)=2.

Define

f=xx~+n ~c. ~ +x%fi\Ú

We have I4f)=I~(g) = 1, witence ILf¡I,=IIgII, = h. MereoVer,

I4ftf—g)/( 1 — 8)’a) =(l/( 1 —8 )2)S»4>((x.y)/a)dji

>(l /( 1 ..fi)2)Q((x — y)/a)ji(B)=(í 1 —8)) «( x +

>(l/2){Q(x)+c~y)}ji(fi)= 1

Titerefore I(f—g)/aII,=(1~5)2. In an anatogeus way tite inequality
II(f-¡-g)/2¡I, =1—8cari be preved. Since Se (0,1) was arbitrary, titismeans that
SL(a)=O. Tite titeoren is preved.

Te preve tite next titeerem, we will need tite follewing

Proposition 4. L¿ t 4> be an Qr/icz function satisfying tite A2-condition.
Then tite following nss qrtions are equivalení:
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(+) titere is Be (0,1) sucit 1/ial 4>«x+y)/25 ((1— 8)/2){4>(x)+4>(y)>
witeneverx,yc Xsatisfy 4>((x —y)/a)=(1—8)4>« x+y)/2).

(++) itere is ae(0,1) sucit thai 4>((x+y)/2)=((1—a)/2)(4>(x)±4>(y)>
whenever x,yc Xsaiisfy 4>((x— y)/a(1 —a))=4>((x+y)/2).

Proof. (++)=>(+). Assume that 4>«x—y)/a)=(1—a)cb((x+y)/2). Titen
4>((x—y)/a(l —a ))=(l/(1—a))4>((x —y)/a)=4>«x+y)/2).In view of condi-
tien (++), we itave 4>((x + y)/2) 5 ((1 — a)/2)¡ 4>(x) + 0(y)>.
Titus, it sufilces te put 8=a.

(-~-)=d-~-+). Assurne titat 4>((x—y)/a(1 — a1))~4>((x+y)/2), witere a~ is a
constant in (0,¡) satisfying 4>(x/(l —a,))=(1/(l —8))0(x) fer every xeX (by
tite A,-conditien sucit a censtant exists) and 8 is tite censtant frem conditien
(+)- Titen

4>((x—y)/a)( l/( 1 —8))=4>((x—y)/ a(1 — al)) =4>((x+ y)/2).

Titerefore, by cendition (+), we get

4>((x+y)/2) =((1 —8)/2)(0<x)+4><y) 1.
It suffices te put a=min(a1, 8).

Theorem 5. Leí 0 be a uniformly convex Orhiczfunction defined on tite real
line, i.e. for every a e (0,1) itere exists 8(a) e (0,1) sucit tital for ever>’ ue R we
have 4>((u+au)/2)=(1/2X1— 8( aYfl4>(u)-s-0 (au)}, and leí 4> saiisfy tite /12-con-
dition and (X, ¡III) be a fianach space. Titen 8L(C) >0 for tite Qrhicz-fiochner
space L=L (ji,X) zfand only ‘f~~ (e)>0.

Proof. Since X can be isemetrically ernbedded inte L(ji,~, tite cendi-
tien 8/e) = O implies 8L«~) = 0.

New, in vieW of Proposition 4 assume titat 8/s)>0. It suifices te show
that titere exists a constant a e (0,1) sucit titat for eVery x,y eX, we itaVe
(h) ____ =11 II irnphies 0(11 X+Y 11)5 a

ea 2 ~ 2 ~ ~ BI>dixII)+4>(IIyII)I.

Since 8/s)>0 by tite assumptien, tbere exists Be (0,1) sucit titat

(2) ____ =8witenever x,ye fi5 (tite unit bali ofiY) and
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Assumetbatx,yeXand »~ ~=~S{L ~. We can assume wititeut loss

of generality that IIxII=IIyII.Titen x y efi~and

~ jj. Titus, in virtue ofcenditien (2), weget

_____ =BIiyII.New, we shalh consider two cases.

1’. ~f8IIyIi=lIxII.Titen

x+y =5~yj¡=5 IIYII + I¡yI¡ =~ IIx¡I/ 8+IIyII =~ i¡xii+¡IyII
2 2 2

— n/~..SiIxII + IyII).
2

Hence

2<o. lxii .cq~¡¡y II. By uniferm cenvexity of 4>, we itave

«II x+y W~«—,--—-—~ 2

Titerefore, for every x,yc X such titat ~ÉjKIj=11 jj, we itave

Te preve condition (1) it suifices te put a= max((h —TI(8),.j5).

Note. Tite titesis of Titeerern 5 rneans titat s,(L(ji,X)) = s«(x). It is a gen-
eralization of Titeerem 9 of Dewning and Turett [2]. However, eur metited
of tite preof is quite different titan tite metitod used titere.

An Orhicz ftínction 4> is said te satisfy conditien tú« (a e (0,2)) iftitere exists
a number o e (0,1) sucit that

4>((x+y)/2) =&/2){0(x)+ «y)>,
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WiteneVer x,y e X and 4>((x— y)/aa)=4>((x+y)/2).

Por any Orhicz function 4> we define tite parameter

g4>)=inf{ae (0,2):4> satisfles condition CJ.

We sitalí give new an inmediate censequence of Tit. 3 and Prop. 4.

Corollary 6. Leí 4> be an Orliczfunction. Titen s0(L(ji,X)) =2 witenever
4> does nol satisfy lite A,-condiiion ands0(LN,± ,X))= <44>) in lite opposite case.

Note. Theerem 3 and Cerollary 6 generalize tite results of [6] te Orlicz
spaces of Vector vahued functions. Titeorern 3 generalizes alse sorne results of
[4], [5] and [7].Titese results are also connected witit tite results of[8], [9]and
[10].

Corollary 7. Leí CI> be an Qrliczfunction defined on lite real line R and
(X, II II) be a fianacit space. Then lite Qrlicz-fiocitner space L(g,X) is uni-
formí>’ rotund <f ana’ oní>’ ¡f bolit spaces L%.t,R) ana’ X are un4formly rotuna’.

Recalí titat L(ji,R) is unifermly rotund iLand only if 4> is unifermhy con-
vex and satisifes the A,-condition (see [7]).

Problem. Is tite equahity s«( L(ji,X)) = max(s,(L(ji, R), s«(A)) true for
every Qrlicz-Becitner space?

Added in proof. Tite problern itas negative answer. We refer te tite paper
oftite autitor and T. Landes entitíed “Characieristic ofconvexit>’ ofKótitefunc-
fon spaces (preprint).
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