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Abstract

We consider the Hodge filtration on the sheaf of meromorphic functions along free
divisors for which the logarithmic comparison theorem holds. We describe the Hodge
filtration steps as submodules of the order filtration on a cyclic presentation in terms
of a special factor of the Bernstein—Sato polynomial of the divisor and we conjecture a
bound for the generating level of the Hodge filtration. Finally, we develop an algorithm
to compute Hodge ideals of such divisors and we apply it to some examples.
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1 Introduction

For areduced divisor D in a complex manifold X of dimension n, we consider the sheaf
Ox (xD) of meromorphic functions along D. It is well-known that this is a coherent
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and holonomic left Dx-module, which underlies a mixed Hodge module on X (see
[37, 38] and more specifically [39]). The latter can be constructed in a functorial way
as j*Qg[n], where U := X\D, j : U — X is the canonical embedding, and Qg[n]
denotes the constant pure Hodge module on U. The aim of this paper is to describe
the Hodge filtration on the mixed Hodge module j*Qg [n] for certain divisors and
to compute it explicitly in some examples. This question has some history, but has
recently been reconsidered in a series of articles (see [28-31]) by Mustata and Popa
(in the algebraic setting though), from a birational point of view. The authors of these
papers introduce the so-called Hodge ideals: these are coherent sheaves of ideals
Tk (D) C Ox measuring the difference between the Hodge filtration F.H O(xD) and
the pole order filtration P,Qy (D). The latter consists of locally free Ox-modules of
rank one given by PyOx (xD) := Ox((k+ 1) D). Indeed, by a classical result of Saito
([39, Proposition 0.9]) we always have FkHOX(*D) C Py Ox(xD), with equality if
and only if D is smooth (the “only if” part of the latter statement is also due to Mustata
and Popa, see [28, Theorem A]) and then one puts

Zi(D) - Pe(D) := F Ox(xD).

It is known (see [28, Proposition 10.1] as well as [41, Theorem 0.4]) that the zeroth
Hodge ideal Zy(D) coincides with the multiplier ideal 7 ((1 — €) D). Notice that the
latter, although originally defined either analytically or via birational methods (see,
e.g., [23, Section 9] and the references given therein) was already known to have
a description via D-modules, see [5, Theorem 0.1]. For X projective, there is the
celebrated Nadel vanishing theorem for multiplier ideals, and one looks for similar
statements for the higher Hodge ideals (see [28, §§ G and H] and also [15]); these
have applications e.g. if X = P” or if X is an abelian variety.

The known results on Hodge ideals are mostly either global in nature, or concern
the case of isolated singularities, see e.g. [21, 49]. In this paper, we are interested in a
specific class of divisors with highly non-isolated singular loci (namely, we will have
codimp (Dsing) = 1, in particular, these divisors are not normal). These are the so-
called free divisors, introduced and first studied by K. Saito almost 40 years ago (see
[36]). They often appear as discriminants in a generalized sense, e.g., discriminants of
singularities of maps (e.g. isolated hypersurface or complete intersection singularities,
see, e.g. [24], or of reduced space curves [48]) or discriminants in quiver representation
spaces (see, e.g., [17]). Another important class of free divisors are free hyperplane
arrangements (see, e.g., [12, Chapter 8]); we will perform some computations for
Hodge ideals for low-dimensional examples of free arrangements in section 5 below.

Although our methods are adapted to the special situation of free divisors, we believe
that they have the potential to give insights into the structure of the Hodge filtration
steps on Ox (*D) in more general situations. As an example, we consider cases of
divisors that are not free, but close to it at the very end of the paper. More generally, it is
clear that the Hodge filtration on Ox (x D) can always be accessed using the approach
of our paper, that is, by some non-trivial use of the V-filtration along this divisor
(see below), however, the concrete calculation of this V-filtration might sometimes
be difficult. A related, though different approach, also using the V -filtration, is found
in [30, 31]. In concrete classes of examples, such as hyperplane arrangements, we
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hope that our results, and more generally the study of Hodge ideals will be useful
for classical questions, like Terao’s conjecture, or the homological characterization of
freeness ( [14]).

Let us briefly recall the definition of free divisors. For a complex manifold X, we
denote by QI;( resp. by ®yx the locally free Ox-module of holomorphic p-forms resp.
the locally free Ox-module of tangent vector fields or of C-derivations of Oy. If
D C X is a reduced divisor, then we write Q}((log D) resp. ®x(—log D) for the
sheaf of logarithmic one-forms resp. of logarithmic vector fields on X, that is:

QL (log D) := |a e QL(D) | da € Q§((D)} ,
Ox(—log D) :={0 € O©x |0(Z(D)) C Z(D)},

where Z(D) C Oy is the ideal sheaf of D. These are coherent and reflexive Ox-
modules. The examples of divisors that we are studying in this paper are given by the
following condition.

Definition 1.1 (see [36]) A divisor D C X is called free if the sheaf Qﬁ((log D) (or,
equivalently, the sheaf ® x (—log D)) is a locally free Ox-module.

If D is free, then we have the equality

p
/\ Qklog D) = @ (log D) = [ € Q4(D) | da € 25T (D).

Hence the terms of the so-called logarithmic de Rham complex of (X, D), i.e., the
complex (2% (log D), d), are locally free Ox-modules. Notice that the most basic
example of a free divisor is a divisor with simple normal crossings, in which case
the logarithmic de Rham complex is a well studied object. It is particularly useful
for the construction (due to Deligne, see, e.g., [33, 11.4]) of a mixed Hodge structure
on the cohomology of the complement U = X\D, in case it is quasi-projective.
If D has simple normal crossings, then it is classical that the logarithmic de Rham
complex computes the cohomology of U, in other words, we have a quasi-isomorphism
RjCy = (2% (log D), d). This is not always true for any free divisor, but if it is, we
say that the logarithmic comparison theorem holds for D (see[11]). Thisis in particular
the case under a condition called strongly Koszul (see [32, Corollary 4.5]), which we
recall in the next section (see Definition 2.3 below). Strongly Koszul free divisors
are the objects of study of this paper. Many interesting free divisors, such as free
hyperplane arrangements, or more generally locally quasi-homogeneous free divisors
satisfy the strong Koszul hypothesis. A nice feature of divisors in this class is that we
have a natural isomorphism Dy ®V)1(> Ox (D) = Ox(xD), where V)l() is the sheaf of
logarithmic differential operators with respect to D, from which we obtain an explicit
representation of Ox (xD) = Dy /Z, where 7 is a left ideal in Dy . As a consequence,
we can consider another filtration (besides the Hodge filtration) F, .Ord Ox (xD), called
the order filtration, which is simply given by the image of F,Dyx (the filtration by

order of differential operators) under the isomorphism Dy ®V)’2 Ox(D) > Ox(xD)
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(or, equivalently, is induced from F, Dy when writing Ox (xD) = Dy /7 for the ideal
7 mentioned above).

The main tool to describe the Hodge filtration F, ,H Ox (xD) is to look at the graph
embedding i, : X — C; x X, where & is a local defining equation of D, and to
consider i + Ox (D). It also underlies a mixed Hodge module (on C; x X), and
it is well-known that the Hodge filtration on Oy (xD) can be deduced from the one
on ip +Ox(xD) (up to a shift by one), and vice versa. More precisely, recall that
in,+Ox(xD) = Ox (xD)[9;] (we recall the Dg, x x-module structure on O (xD)[0;]
in Formula (19) on page 22 below), and that under this isomorphism, we have

FHOy(+D) = (Fﬁrlih,+ox(*D)) N (Ox(*D) ® 1). )

Hence we are reduced to determine F/7i;,  Ox (+D). In order to do so, we use a key
property of mixed Hodge modules, which is known as strict specializability. It can be
rephrased as a formula (see [39, Proposition 4.2]) describing the Hodge filtration on a
module which is the extension of its restriction outside a smooth divisor (which is the
hyperplane {t = 0} C C; x X in our case). In order to use it, we have to compute some
steps of the canonical V-filtration along {# = 0} of the module i, + Ox (xD), denoted
by V3 ,in,+Ox (xD). Here we rely crucially on a previous result of the second named
author ([32, Theorem 4.1]), namely, that the roots of the Bernstein—Sato polynomial
by (s) of h are contained in (—2, 0) and that they are symmetric around —1. As we
will see below, the set of roots of by, (s) bigger than —1 plays a particular role, and we
put

By, :=={a; € QN (0,1) | by(e; — 1) =0}. 2)

for later reference. For an element o; € B;, we write /; for the multiplicity of the root
a; — 1 in by,. The polynomial l_[aie B, (s —o; + 1)"’ € C[s] is the special factor of the
Bernstein—Sato polynomial by, (s) mentioned in the abstract.

We can consider another V-filtration on the module iy + Ox (xD), induced from
V*Dg,xx for a cyclic presentation Dg,xx/Z" of i, +Ox(xD) obtained from the
cyclic presentation Dyx/Z of Ox(xD) mentioned above. We will denote it by
Vit ain,+Ox (xD). Knowing that by, (s) is closely related to the b-function of such fil-
tration (see Lemma 3.2 below), we can describe VC’;nih,Jr(’) x (xD) at least for integer
values of k as a submodule of I/iﬁdih,JrOX(*D).

Our main result can then be summarized as follows:

Theorem (see Proposition 3.3 and Theorem 4.4 below) Let D C X be a strongly

Koszul free divisor, and suppose that it is globally given by a reduced equation h € QOy.
Then:

1. We have the following inclusions of coherent Ox-modules:

FHOx (D) Cc FOx(*D) C P,Ox (D).
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2. The zeroth step of the canonical V -filtration on ip + Ox (xD) can be described as
follows:

Vomin +Ox (xD) = Vilyin 4 Ox (+D) + [ (@it + o) Vigin, 4+ Ox (D).

Ol,'EBI/I

3. Forallk € Z, we have the following recursive formula for the Hodge filtration on
Ox (xD) (recall the shift convention between F,H Ox (D) and F.Hih,+(’)x (xD)):

FHOx(xD) =
[0 in +Ox (D) + Viyin + Ox xD) | 0 (FOx :D) @1) . ()

Notice that part 2 actually holds under weaker assumptions on D, see Proposition 3.3
below for more details.

Combining these three results and taking into account equation (1) allow us to
determine the Hodge ideals of D. Theorem 5.2 below (and specifically Formula (48))
gives a concrete and explicit way to calculate the Hodge filtration steps on i, + Ox (xD)
resp. on Ox (D) and the Hodge ideals of D. In the second part of section 5, we apply
our method to certain interesting examples.

In applications, it is sometimes useful to study the behaviour of a Hodge mod-
ule under the duality functor. It is defined for objects of the category MHM, but
it restricts to the usual holonomic dual of the underlying D-module. We give (see
Theorem 4.10) some statements estimating the Hodge filtration on the dual Hodge
module with underlying Dx-module DOy (xD), following standard convention, this
Dx-module is denoted by Ox (!D). Interestingly, our results on the dual Hodge fil-
tration also involve the cardinality of the set B}, i.e. the number of roots (counted
with multiplicity) of by lying strictly in the interval (—1, 0). Finally, we state a con-
jecture (see Conjecture 4.12) estimating the generating level of the Hodge filtration
FH Oy (xD), namely, we expect that it is always generated at level | B ;|- Computation
of examples in section 5 supports this conjecture.

The paper is organized as follows: In section 2, we first introduce rigorously the class
of divisors we are interested in, and define the order filtration on Oy (xD) globally.
We prove an important fact for the filtered module (Ox (D), F, frd), which is known
as the Cohen-Macaulay property (see Proposition 2.9). It is known from Saito’s theory
that the same property holds for (Ox (xD), F), i.e., the filtered module underlying
the mixed Hodge module j*QZ [n]. We are using the Cohen-Macaulay property of
both filtrations to give the estimation of the Hodge filtration on the dual module of
Ox (xD) (see Theorem 4.10) referred to above.

In section 3, we recall some general facts on V-filtrations and then describe
(see Proposition 3.3) the canonical V-filtration on the graph embedding module of
Ox (xD). In the subsequent section 4, we use these results to prove formula (3) (see
Theorem 4.4). Finally, in section 5, we develop techniques for the computation of
Hodge ideals, and perform them for some significant examples.
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2 Filtration by order on Oy (#D)

The purpose of this section is to introduce the class of divisors we are going to study
in this paper, these are free divisors satisfying the strong Koszul hypothesis. In that
case, we can define a particular good filtration FO™ on the sheaf Oy (xD). We call
it order filtration, because if locally we choose a reduced equation & for D, then the
strong Koszul hypothesis implies that there is a canonical representation of Oy (xD)
as a cyclic left Dy-module (generated by YDy /Z(h), and then our order filtration
is the filtration on Dy /Z (h) induced by the filtration on Dy by the order of differential
operators. Nevertheless, as we will see below, FfrdO x (xD) is globally well defined.
As mentioned in the introduction, one of our main results is that for each k € Z the
Hodge filtration F kH Ox (%D) is a coherent Ox-submodule of F ,?rd(’) x (xD) as well as
a precise description of the inclusion F; kH Ox(xD) C F, kord(’) x (D) (see Theorem 4.4
below). We will also show in this section that the order filtration F, .OrdO x (D) shares
a key feature with F Oy (xD), known as the Cohen-Macaulay property. This is used
in section 4 (see the proof of Theorem 4.10) to give some statement about the dual
Hodge filtration.

For the remainder of this paper (except in subsection 5.4, where we explicitly relax
these assumptions), we will assume X to be an n-dimensional complex manifold,
and D C X a free divisor. We will be specifically working with those free divisors
satisfying an additional hypothesis called strongly Koszul, that we define now.

Denote as before by ®x the locally free Ox-module of rank n of vector fields
and by Dy the sheaf of linear differential operators with holomorphic coefficients,
endowed with the filtration F,Dyx by the order of differential operators. For each
divisor D C X we write Ox (D) for the sheaf of meromorphic functions with poles
along D and Q% (xD) the meromorphic de Rham complex. If D is a free divisor, we
denote by ®x (—log D) C Oy the locally free Ox-module of rank n of logarithmic
vector fields and by Q2% (log D) the logarithmic de Rham complex. Moreover, we let

VP = {P € Dy | P(T(D)Y) € T(DY* Vk € Z} C Dx

be the sheaf of rings of logarithmic differential operators with respect to D. It is filtered
by the order of differential operators as well, namely Fj V)l() = V)l() N F; Dy for all
k € Z, and there is a canonical isomorphism of graded Ox-algebras (see [7, Remark
2.1.5])

Symbx Ox(—log D) = Ger)?.
The sheaf Ox (D) C Ox (xD) of meromorphic functions with poles of order < 1is a
left V)? -module by the definition of V)? and we have a canonical Dy-linear map ( [9,
§41)

L
Dx ®yp Ox(D) — Ox(xD). 4)

We quote the following result (see [9, Corollaire 4.2]):
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Theorem 2.1 Let D C X be a free divisor. The following properties are equivalent:

(1) The logarithmic comparison theorem (LCT) holds for D (i.e. the inclusion
Q% (log D) — Q% (xD) is a quasi-isomorphism of complexes of sheaves of C-
vector spaces).

(ii) The map (4) is a quasi-isomorphism of complexes of left Dx-modules.

L
Let us notice that property (ii) in the above theorem means that the complex Dy ®V,?
Ox (D) is concentrated in degree 0 and the canonical Dyx-linear map

o : Dy ®V§J Ox (D) — Ox(xD)

is an isomorphism of left Dx-modules.

Definition 2.2 Assume that D C X is free and that the logarithmic comparison theo-
rem holds for D. We define the order filtration F."rdOX(*D) by

FSMOx(+D) = o ((F.Dx) @yp Ox (D)) € Ox (D),

which by definition is a filtration by Ox-coherent submodules.

Let us give a more explicit local description. Let p € D, and take a basis §1, ..., 8,
of O@x(—log D), as well as a local equation & € Oy , of D around p, such that
8; (h) = a;jh. Assume that the LCT holds for D, then we have the following explicit
local presentation

Dx,p/Dx p(61 +ai, ..., 8, +a,) = Ox ,(xD), (5)

where the class [1] is send to A~} (see the explanation after Corollaire 4.2 in [9]).
Under this isomorphism, the filtration F,Ord(’)x(*D) p is the induced filtration on
Dx,p/Dx p(61 + a1, ..., 8, +ay) by F{Dx p, which explains its name.

We now introduce the strong Koszul hypothesis. It implies that the LCT holds for
D C X, butitis stronger. Its additional assumptions will be needed in the next section.

Definition 2.3 Let D C X be a free divisor and let p € D. Let h € Oy, be a local
reduced equation of (D, p) and let é1, ..., 8, be any Ox ,-basis of ®x ,(—log D)
with §; (h) = a;h.

1. We say that D is Koszul at p € D if the sequence

0(61),...,0(8,)

is regular in Grf Dy, p- (Here and at later occasions, for an element P in a filtered
ring, we denote by o (P) its symbol, i.e. its class in the associated graded ring.)
2. We say that D is strongly Koszul at p € D if the sequence

h,o(61) —ays,...,o(8,) —ays
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is regular in Gr,TDx, pls] (where T,Dx p[s] is the filtration on Dy p[s] for which
vector fields on X as well as the variable s have order 1, we will call it the total
order filtration on Dx ,[s]).

We say that D is Koszul resp. strongly Koszul if it is so at any p € D. Since the strong
Koszul assumption will be our main hypothesis later, we will sometimes abbreviate it
by saying that D is an SK-free divisor.

Let us notice that, in the above definition, the ordering of the sequences is not
relevant because their elements are homogeneous. Let us also notice that if D has an
Euler local equation i € Oy ,, i.e. h belongs to its gradient ideal (with respect to
some local coordinates), then there is a basis 41, ..., §,—1, x of ®x(—log D), with
8i(h) = 0 and x(h) = h. In such a case, D is strongly Koszul at p if and only if
h,o(81),...,0(8,—1) is a regular sequence in GrfDx,p (compare with Definition
7.1 and Proposition 7.2 of [ 18] in the case of linear free divisors). For D to be strongly
Koszul is equivalent to be of “linear Jacobian type”, i.e. the ideal (i, A, ..., A} ) is
of linear type, and any strongly Koszul free divisor is Koszul (see Propositions (1.11)
and (1.14) of [32]).

Any plane curve is a Koszul free divisor. Any locally quasi-homogeneous free
divisor is strongly Koszul [9, Theorem 5.6], and so are free hyperplane arrangements
or discriminants of stable maps in Mather’s “nice dimensions”. In particular, any
normal crossing divisor is strongly Koszul free.

Let us recall the following properties of SK-free divisors.

Proposition 2.4 If D is a strongly Koszul free divisor, then we have:

1. D is locally strongly Euler homogeneous, that is, for each p € D there is a vector
field xy € ©x , which vanishes at p and such that x (h) = h for some reduced
local equation h of D at p.

2. The LCT holds for D, in particular, we have the local cyclic presentation of
Ox (xD) from formula (5) above. More specifically, if for each p € D, we take
h and x as in point 1 and if we let 81, ...,8,—1 to be a basis of germs at p
of vector fields vanishing on h, in such a way that 81, ..., d,—1, x is a basis of
Ox(—log D), then there is an isomorphism of left Dx ,-modules

Dx . p
Dx,pG1,..., 81, x + 1)

= Ox.,(xD), (©6)

sending the class of 1 € Dx , to h™! € Ox ,(xD).

3. Let p € D be a point, h € Ox , be a reduced local equation of D at p and
by (s) the Bernstein—Sato polynomial of h (i.e., the monic generator of the ideal
of polynomials b(s) € Cl[s] satisfying P(s)h*t' = b(s)h® for some P(s) €
Dx. plsl). Then we have by (—s —2) = £by(s). In particular, if {o, ..., o} C Q
is the set of roots of by(s), with oy < --- < oy, we have o; € (—2,0) and
o + Qgyp1—i = —2 foralli.

Proof Part 1 is a consequence of Propositions (1.9) and (1.11) of [32]. Part 2 is a
consequence of Corollary (4.5) of [32]. Part 3 is a consequence of Corollary (4.2) of
[32]. O
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Remark 2.5 Definition 2.3 is purely algebraic and makes sense in rings other than ana-
lytic local rings Oy ,, for instance in polynomial rings R := C[xi, ..., x,], algebraic
local rings of polynomial rings at maximal ideals or formal power series rings. Under
this scope, if h € C[xy, ..., x,] is a non-constant reduced polynomial, D = V(h) is
the affine algebraic hypersurface with equation 4 = 0 and D** C C" is the corre-
sponding analytic hypersurface, we know that D is a (algebraic) free divisor if and only
if D" is a (analytic) free divisor, and if so, the following properties are equivalent:

(a) The (affine algebraic) divisor D is strongly Koszul, i.e. for some (and hence for any)
basis 81, ..., 8, of Der(—log D) = {§ € Derc(R) | 5(h) € (h)}, the sequence

h,o(81) —ais,...,o(8,) —ays, with §;(h) =ajh, a; €R,

is regular in Gr.TW[s], where W = R(01,...,d,) is the Weyl algebra and
Gr.TW[s] = R[0(91),...,0(dy), s] is the graded ring of W[s] with respect to
the total order filtration.

(b) For each maximal ideal m C R containing %, D is strongly Koszul at m, i.e. for
some (and hence for any) basis 4y, .. ., 8, of

Der(—1log D)m = Der(—log Dw) = {8 € Derc(Rm) | 8(h) € (h)},
the sequence
h,o(61) —ais,...,o(8,) —ays, with 6;(h) =a;h, a; € R,

is regular in Grl Wp,[s], where Wy, = R (1, ..., d,), and Grl Wy, [s] =
Rml[o(01),...,0(0y),s] is the graded ring of W, [s] with respect to the total
order filtration.

(c) The (analytic) divisor D" is strongly Koszul (in the sense of Definition 2.3 above).

The next step is to discuss some of the deeper properties of the order filtration
F.Ord(’)x(*D). The main result is Proposition 2.9 below, which is concerned with the
dual filtered module D(Ox (xD), F.Ord). In order to do this, we need to recall a few
facts about the duality theory of filtered modules. The original reference is [37, Section
2.4], but for what follows below, [43, § 29] provides enough background information.

For any complex manifold X, we consider the (sheaf of) Rees ring(s) RrDyx of
the filtered ring (Dy, F,), that is RpDx = ®rez FiDx - * c Dx|z]. In local
coordinates xp, ..., x, on U C X, we have

Ry =T'(U, RrDx)
= Oylzl{z0x,, ..., 20x,) CT(U, Dxlz]) = Oylzl{dx;, ..., 0x,).  (7)

The ring R rDx will be denoted by Dyx. For what follows, we will need an interpre-
tation of this sheaf in terms of Lie algebroids, more precisely, we will use the fact that
Dy is the enveloping algebra of the Lie algebroid z®x[z] C Dergp;(Ox[z]) of rank
n = dim X over the C[z]-algebra Ox[z].
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Lie algebroids are the sheaf version of Lie-Rinehart algebras (see [34]). They were
originally studied in the setting of Differential Geometry (the book [25] is a complete
reference here), and for instance in [6] the complex analytic case is considered.

For the ease of the reader, let us recall the notions of Lie-Rinehart algebras and
Lie algebroids. Let us take a commutative base ring k and a commutative k-algebra
A (resp. a sheaf of commutative k-algebras A over a topological space X). A Lie-
Rinehart algebra over (k, A) is a (left) A-module L which is also a k-Lie algebra,
endowed with an anchor map ¢ : L — Dery(A): a (left) A-linear morphism of k-Lie
algebras such that

A, a)]=alr, AT+ o) (@)

for all A, € L and a € A. Respectively, a Lie algebroid over (k, A) is a (left)
A-module £ which is also a sheaf of k-Lie algebras, endowed with an anchor map
0 : L — Dery(A): a (left) A-linear morphism of sheaves of k-Lie algebras such that

(A, a)]=a[r, AT+ o) (a))

for all local sections A, A" of £ and a of A.

We usually assume that L is a projective A-module (resp. £ is a locally free A-
module) of finite rank. It is clear that for each point p € X, by using the natural
morphism Dery(A), — Dery(Ap), any Lie algebroid L over (k, A) gives rise to a
Lie-Rinehart algebra £, over (k, A)).

For any Lie-Rinehart algebra L over (k, A) (resp. for any Lie algebroid £ over
(k, A)), there is a universal k-algebra /(L) (resp. sheaf of k-algebras U/ (L)), endowed
with canonical maps A — U (L) and L — U(L) (resp. A — U(L) and L — U(L)),
called the enveloping algebra of L (resp. of £). One easily proves that foreach p € X,
there is a canonical isomorphism U/ (L) = U (L) ,. Enveloping algebras are naturally
(positively) filtered.

Over a complex analytic manifold X, our basic example is k = C, A = Ox and
L = Ox = Derc(Ox), where the anchor is the identity. In this case, the correspond-
ing enveloping algebra is the sheaf of differential operators Dy (cf. [6, § 2]). The fact
that R Dy is the enveloping algebra of the Lie algebroid z® x[z] over (C[z], Ox[z]),
where the anchor map is given by the inclusion z®x[z] C Derc[;1(Ox[z]), is easy
(it is basically [46, Exercise 8.7]). In general, the enveloping algebra of any Lie alge-
broid comes equipped with a natural filtration, but in the case of R Dy, we have an
additional structure: the grading by z. All the objects C[z], Ox[z], z®x[z] are graded
by the powers of z, and the enveloping algebra of z®x[z] inherits a graded structure
which coincides with the original one in R pDy. Later, we will come back to the role
of graded structures on our Lie algebroid (or our Lie-Rinehart algebra).

On the other hand, the natural filtration on Dy as enveloping algebra of z® x[z]
can be derived from its graded structure in the following way (notice that it is not the
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usual filtration associated to the grading):

k—1 o0
FDx = (@ F;Dx ~Zi> @ (@ FDx ~Zi> .
i=k

i=0

We have a canonical commutative diagram of graded Ox[z]-algebras

Symg, | (zOx[z]) —= 5 Grf Dy

[ [

Symg, . (©x[z]) — Grf (Dx[z]) ®)

| |2

Symg, (©x)[z] —— Grf (Dy)lzl.

where Fo(Dx[z]) := (FeDx)[z] and where the horizontal arrows are isomorphisms

by the Poincaré-Birkhoff-Witt theorem for Lie algebroids resp. Lie-Rinehart algebras
(see, e.g., [34, Theorem 3.1]). Let us notice that all objects in the above diagram are
bigraded (where the additional grading is given by the z-degree), and all maps in the
diagram are morphisms of bigraded algebras.

For a filtered left (resp. right) Dy-module (M, F,), we write R(M, F,) :=
RrM = ®rez Fr M - Z¥ for its jlssociated Rees module, which is ngturally a gralged
(by degree in z) left (resp. right) Dx-module. A graded left (or right) D x-module M is
called strict if it has no z-torsion. Associating R(M, F,) to (M, F,) defines a faithful
functor from the category of filtered left (resp. right) Dx-modules to the category of
graded left (resp. right) Dx-modules. It is readily verified that a graded left (resp.
right) Dx-module M is the Rees module of a filtered left (resp. right) Dx-module
(M, F,) iff it has no z-torsion. Notice that in this case we naturally have

M/G=DM=M and  M/zM=GrF M. )

Moreover, for a sequence of filtered Dy-modules

M, F) 55 (M, Fo) B (M”, E!), with poi =0,
the following properties are equivalent:

1. The underlying sequence of Dx-modules M’ LN M B M is exact and strict
with respect to F, (i.e. FxM N (ker p) = i(F;M’) for all k € Z).

2. The associated sequence of Dy-modules R pr M’ R RrM ﬂ) R M is
exact. .

3. The associated sequence of Gr!Dy-modules Gr! M Griy Grf M
GrE” M is exact.

Grp
—
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The left Dx-module Ox will be always endowed with the trivial filtration

0 ifk<0
HOX_{OX ifk >0,

such that RpOx = ~(9 x[z] is a graded left D x-module with the usual z-grading, that
will be denoted by Ox.
The canonical right Dx-module (see [46, Example 8.1.9])

oy = /\ ZOx[zD)* =z "wx[z],

can also be seen as the Rees module R rwy associated with the canonical right Dy -
module wx endowed with the filtration

0 ifk < —n

wx  ifk > —n. (10)

Frox = {

The main advantage to work with (graded) 5X—modules rather than with filtered Dyx-
modules is that the former category is abelian whereas the latter is not.

Let k be a commutative graded ring (e.g., k = C[z]) and B a sheaf of graded
k-algebras over a topological space X (e.g., B = Dy or B = Oy for X a complex
manifold). We recall the sheaf version of some well-known definitions for graded
modules over graded rings (cf. [16, §11). .

For any graded left resp. right B-modules M, NV, let us denote by *Homg(M, N)
the sheaf of graded k-modules

P Homgrg(M. N (i) € Homg(M, N),
ieZ

where the A/ (i) is the shifted graded module defined as N @0)j = N @i + j) for
all i, j € Z. The above inclusion is an equality whenever M is locally of finite
presentation.

For any graded right B-module O and any left B module M, the graded tensor
product 0@ g/\/l is the sheaf of k-modules Q ®z M endowed with the grading

[ép*‘g’z?pﬂp]d =xQylxe [ép]i,y € [ﬂp]jai+j =d), VpelX.
Clearly,
“Homg(M(i), N'(j)) = *Homg(M, N)(j — i)
and

() ®gM(j) = (O*®zM) (i + j)
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for all integers i, j.If Misaleft resp. right B-module, then *Homg(/ﬁ , E) is a graded
right resp. left B-module.
The complex R*’Homﬁx (Ox, Dx) can be computed by means of the Spencer res-

olution of O b'e

n
Sp%X(OX) == Dx ®3, /\z@x[z] — -+ = Dx ®p, 20x[z] > Dx — 0,

graded by

i i
[5;( ®5, /\z@x[z]:| = [Dx],_, ®ox [\ ©Ox. i=0.....n.
k

The complex R*Homﬁx (6 X, 5){) is concentrated in homological degree n and we
have a canonical isomorphism of graded right Dy-modules

@x = H'R*Homg (Ox, Dx) =: &ty (Ox, Dx).

As for thg non-graded case, we have ngtural equivalences of categories between
graded left Dx-modules and graded right Dx-modules:

1. For any graded left 5X—module f\Z, we define

Cyright .~ o~
Mieht . — a)X*®5X M = wy R0y M

with grading [ﬂright]i = wx 0y Misn.
2. For any graded right Dx-module M, we define
Apleft .— *'Hom@X (@x, f\}i) = Homo, (wx, M)

with grading [M'*"]. = Homo, (wx, Mi_»).

For a complex of graded left or right Dx-modules M (which may not come from
a complex of filtered Dx-modules (M, F,)), we define its dual complex to be

*DM := R*Hom (M, Dx)"*"[dim X] (11)
*DM:=R"Homg (M, Dx)"&"[dim X]=R*Homp (M., &x*®g, Dx)ldim X],
(12)

respectively. We have canonical isomorphisms of graded left (resp. right) Dy-modules
(actually, complexes concentrated in degree 0)

DOy = Oy (resp. *Day = oy). (13)
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We also have canonical isomorphisms
DM@) = CDM)(—D) (14)

foralli € Z.

Given a filtered holonomic module, one can consider the dual of its Rees module.
However, this is not in general the Rees module of a filtered module. The next lemma
gives a criterion to know when this is the case.

Lemma 2.6 (see, e.g. [46, 8.8.22]) Let (M, F,) be a filtered left or right holonomic
Dx-mo%le, and M = R(M, F,) its assggiated Rees module. Then we have that
HI*DM) = 0 for all i # 0 and HO(*DM) has no z-torsion iff (M, F,) has the
Cohen-Macaulay property, that is, iff Grf M is a Cohen-Macaulay Grf Dy -module.
In this case, ’HO(*]DM) is the Rees module of a filtered module, the underlying
Dyx-module of which is DM and we denote the filtration thus defined by F, .]D DM. We
call (DM, F.ID) the dual filtered module, and F.]D]D./\/l the dual filtration on Fg M.

From (13), the canonical left (resp. right) Dx-module Oy (resp. wy) is self-dual
as filtered module with the trivial filtration (resp. with the filtration (10)).

It is clear that if (M, F,) is a filtered holonomic Dx-module having the Cohen-
Macaulay property, then (M, F(i),) also has the Cohen-Macaulay property and (see
(14) above)

(Fosid)’ = F2, (15)
for any integer i.

Let us come back to the situation of a free divisor D C X. The sheaf of logarith-
mic differential operators VD C Dy is the enveloping algebra of the Lie algebroid
Ox(— log D) C ®x overthe (D algebra Oy (thisis basically [7, Corollary 2.2.6]). The
Rees ring VD of the filtered ring (VX , F,) turns out to be the enveloping algebra of the
Lie algebrmd 70x(—log D)[z] C Dercp;(Ox(z]) of rank n over the (C[z], Ox[z]).

The Lie algebroids z®x[z] and z® x (— log D)[z] with their z-grading are graded
Lie algebroids in the sense that they are graded as Ox[z]-modules and as sheaves of
C[z]-Lie algebras, and that their anchor maps

70x (—log D)[z], Z®X[Z]—'>*D€VC 1(Ox[z])

are graded too. Moreover, the inclusion z®x (— log D)[z] C z®x[z] is graded and so
is a map of graded Lie algebroids in the sense we leave the reader to write down.

We know that the relative dualizing module (see Definition (A.28) of [32]) for
the inclusion of Lie algebroids £y := Ox(—logD) C L := Ox is wg/r, =
Homo,, (or, wg,) with og = N"L* = wx, wg, = N\'L{ = wx(log D), and
SOwL /Ly = Ox(D) N

In a completely similar way, the relative dualizing module of the inclusion £y :=
70x(—log D)[z] C L = zOx[z] is W77, = Homg, (wz, wg()) with wy =

A" L* = z7"wyx[z] = Gy, wp, = N Z(’g = z "wx(log D)[z]) =: wx(log D),
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and so we have a canonical isomorphism w7 1Ey = Ox(D)[z], but in this case, due
to the graded structures, this relative dualizing module is also naturally graded since
it can be defined by using *Hom@x instead of %m@x, and of course, this grading
coincides with the z-grading of Ox (D)|[z].

We have seen before (see Theorem 2.1) that if D C X is such that the LCT
holds (e.g. if D is strongly Koszul), then there is an isomorphism of left Dy-modules
Dx ®V)L() Ox (D) = Ox (D). Clearly, Ox (D) is a left V)l()—module that is locally free
(actually, of rank one) over Oy.

This situation can be generalized by replacing Ox (D) by an integrable logarithmic
connection (ILC) £ with respect to D, which by definition is a locally free Ox-module
of finite rank endowed with a left V)l() -module structure. This notion is useful when
one aims at studying the cohomology of X\ D with respect to some local coefficient
system (i.e., the local system of horizontal sections of £). The next two results will
be stated and proved in this greater generality. Although we will use them in this
paper only for the case £ = Ox (D), we believe that they may be useful for future
applications. Moreover, for the final proof of Proposition 2.9 below (even if we are
only interested in the case £ = Ox (D)) some intermediate steps need to be carried
out for an arbitrary ILC.

Given an ILC £ with respect to D, we define (in complete analogy to Definition 2.2)
the order filtration on Dy ®V§’ £ to be:

F" (Dx ®yp £) = im (FDx @0, £) € Dx @yp .

In other words, (Dx ®V§ £, F,"rd) is the filtered tensor product of Dx with its order

filtration and £ with its trivial filtration given by Fr € = & for k > 0 and F;.€ = 0O for
k <. ~
We have a natural Dx-linear graded map

Dx*®@pnE — R(Dx @y &, FO) (16)
X X
induced by the 17)? -linear graded map

€ = E[z] — R(Dx ®yp & F)

Dl — Y (1®e).
i i

Notice that R(Dyx ®V)z(> g, F,Ord) is a left graded ]7)? -module through the inclusion
]7)? C 5}(.

Lemma 2.7 Let D be a Koszul free divisor, and let £ be an ILC with respect to D.
Then:

1. The map (16) is an isomorphism of graded Dy -modules
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~ L ~
2. The complex Dx *®g3p & is concentrated in degree 0 and so we have an isomor-
X

phism in the derived category of complexes of left graded D x-modules

Proof Both properties can be proved by forgetting the graded structures. It is easy to
see that under the Koszul hypothesis on D, the inclusion of Lie algebroids (over the
C[z]-algebra Ox[z])

70x(—log D)[z] C z®x|[z]

is a Koszul pair in the sense of [10, Definition 1.16], i.e., some (or any) local Ox|[z]-
basis of z® x (— log D)[z] forms aregular sequence in Symbx ] (z®x[z]), namely, by
using the inclusion Symz,)x 2] (zOx[z]) — Symbx (®x)[z]) (see diagram (8) above)
and the fact that the Koszul property means exactly that the inclusion of Lie algebroids
(over Ox) ©x(—log D) C O is a Koszul pair.

Following [10, § 1.1.2], we can define for both inclusions of Lie algebroids
O©x(—log D) C Oy and zOx(—log D)[z] C z®x|z], for an ILC & (which is a
left V)? -module) and the corresponding Rees module £ (which is a V)I() -module) the
Spencer complexes Sp;} D (&) and Sp%) » (5’ ), which are, respectively,

n
> VR @0y \Ox(—logD) 8oy £ — -+ —> VE ®0y Ox(—logD) 80y € > VR ®0y € =0
and
n
o V)I() ®(§X /\z@x(—logD)[z] ®(5X E— = V)I() ®(§X z2@x (—log D)[z] ®5X E — V)[() ®(§X E—0.

They have augmentations to £ resp. to Eandarea locally free V)l() - resp. i)? -resolution

of & resp. £.
We can also consider the complex

SPL}?,DX (&) :=Dx ®V§’ SP;;)L() (&) resp. SP{})L(),ﬁx (&) :=Dx ®\7§(’ Sp;’}g &),
which are

n
<> Dx ®0y [\ Ox(~logD)®py € > -+ > Dx ®0y Ox(~log D) ®py € - Dx 80y € — 0,

resp.

n

=Dy o5, \©Ox(-lgD)®g, £~ — Dx 85, Ox(~log D185, €~ Dx 83, £ 0.

According to [10, Proposition 1.18], since both inclusions of Lie algebroids are Koszul
pairs, the cohomology of both complexes is concentrated in degree 0, and equal to
D ®V§ Eand D ®]7§) &, respectively. This proves in particular the second statement.
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But actually the proof of this result in loc. cit. gives us an additional strictness
property for Sp;) D (£). Namely, if we filter this complex as
x X

i i
F} (DX R0y /\ Ox(—log D) ®p, 5) = F—iDx ®oy /\ Ox(—log D) ®oy &,

fori =0, ..., n, we obtain that

and this complex is concentrated in degree 0 by the Koszul hypothesis (and so is
Sp;j D p (£)), but this result also implies that the differentials
X “X

i . i—1
d*l
Dx ®0y /\ Ox(—log D) ®0, £ “— Dx ®0y /\ Ox(~log D) ®0, &.

fori = 1,...,n, are strict for the above filtrations. In particular, the right exact
sequence

a1
(DX ®0, Ox(~log D) ®o, €. Fl) 4, (DX ®0y €. FO) - <DX ®yp £. F,"fd> -0
is strict, or equivalently, the sequence

7-\:”Fl (DX ®Ox ®X(_ log D) ®0x 5)
—> RFO(DX ®OX 8) — RF.Ord(DX ®V)[() 8) — 0 (17)

is exact. Notice also that we clearly have
i
RFi <DX ®OX /\ ®X(_ log D) ®OX 5)

i
= Dx ®3, [\ 0x(~log D)[z1®p, & (18)
foralli € {0,...,n}, since FyDx, ©x(—log D) as well as £ are Ox-locally free
(hence, flat over Oyx). N
To finish, consider the commutative diagram of graded left Dy-modules
Dy ®3, (:0x(~logD)[z) ®5, € — Dy ®5, € ——— Dx DD E—0

| | |

RF] (Dyx ®OX ®x(—log D) ®@X E) — RFO(DX ®OX E) — Rp:)rd(DX ®V)I() ) —0.
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The first row is exact since Sp;~) D3 (5 ) is a resolution of Dy ®pp &, the second row
X X

is so as we have just explained (sequence (17) above). By (18), the first and second
vertical arrows are isomorphisms and so is the third one. O

To prove our main result in this section, we will use a graded (and Lie-algebroid)
version of Theorem (A.32) of [32]. However, instead of stating it in full gener-
ality (for general graded Lie algebroids or Lie-Rinehart algebras), we will only
state it for the case we need, namely, the inclusion of graded Lie algebroids £y =
z®x(—log D)[z] C £ = zOx|[z] and the corresponding map of graded enveloping

algebras 17)1() C 5;(.
Proposition 2.8 Let F be a graded locally free (5X—m0dule of finite rank endowed

with a graded left module structure over ]7}? . We have a canonical isomorphism in the
derived category of graded Dx-modules

Bx *@pp (Ox(D)eI"®5, ) = *Dj, (DX Oy 7 ) *

where F* = *'Hom@x (F. Ox) as graded left 9£-module.

Proof (Outline) This proof is a straightforward translation of the proof of Theorem
(A.32) of [32] to the graded case. It essentially consists of replacing functors Hom and
® by *Hom and *® in all the constructions in the Appendix of loc. cit., as well as the
fact that the relative dualizing module w 1Zo is naturally graded. We sketch it for the
convenience of the reader, and, actually, we propose a shorter and slightly different

approach.
Let us recall that OF Fy = *’Hom@x (@x, wx(log D)) = Ox(D)[z]. For each left

graded i)? -module N, the natural graded o x-linear map
o~ ~ ~ ~ ~ vD ~ ~ ~ D)
wﬁ/£0*®@x*Hgmox (wx(log D), *Homv)[()(/\f, Vy )) — *Homox <wx, *HDWlV)L() N, DX))
f®gr—iogof,
where i : 17)? — 5)( is the inclusion, turns out to be left ]7)? -linear. It induces a

~ ~ ~ left
natural graded Dy -linear map from ’DX*®]7)[() <a)5/£~0 * ®F, [*Homgg W, V,?)] )

~ left ~ ~ left
to [*Hom%’ W, DX)] — [*Homﬁx (Dx*@)%)/\/, DX)] , and so a natural map

in the derived category of left graded Dy-modules
N *L * * * N *L
Dy ®9}z() (“’Z/Zo ®5, Dy, (N)) — "Dp, | Dx ®9}z() N,

which, by standard reasons, is an isomorphism whenever N is coherent. To finish,
notice that if A is a graded locally free Ox-module, then we have a canonical isomor-



Hodge ideals of free divisors Page 190of62 57

phism
Dy, (V) = “Homg (N, Ox) = N*

(cf. Corollary (A.24) of [32]). O

We are now ready to prove the announced result on the dual of the filtered module
(Dx ®yp &, FM).

Proposition 2.9 Assume that D C X is a Koszul free divisor and that £ is an ILC with
respect to D. Consider the filtered holonomic Dx-module M = (Dx ®V§’ £, F.Ord),

and its corresponding Rees module M= R(Dx ®V§(’ E,F .Ord). Then the dual module
*DM is strict, that is, H' (*ﬂ)ﬂ) =0fori # 0 and HO(*]D./\A/I) has no z-torsion.

Moreover, we have an isomorphism of graded left Dx-modules
HO(*DM) = R(Dx Syp E5(D), ).

In particular, the filtered module (Dx ®V}[() £, FY) satisfies the Cohen-Macaulay
property and its dual filtered module is isomorphic to (Dx ®V}[() E*(D), FoY).

Proof By Lemma 2.7, we have

and so we have

~ L ~
>~ *]Dﬁx (Dx *Q~Dp 8) Lemma 2.7, 1.+2. applied to the ILC £
X
~ L ~
=Dy *®g)1() ((QX(D)[Z]*@@X 5*) Proposition 2.8

~ L —_
=Dx *®pp £X(D)
X

= Dy*@5pE*(D) Lemma 2.7, 2. applied to the ILC £*(D)
X
= R(Dx ®y,p (D), FI™) Lemma 2.7, 1. applied to the ILC £*(D).
X

Notice that we write £* = Homp, (€, Ox) and similarly & = T(om@x (5, 5X).
In conclusion, the dual 5;( -module of M is strict, and the dual filtration F.]D DM
is given as the order filtration F.Ord on DM = Dy ®V§Z E*(D). O

Remark 2.10 For the case £ = Ox (D), we can directly deduce from the local repre-
sentation

Dx.p @yp Ox.p(D) = Ox,p(xD) = Dx p/B1. - 8-t x + 1)
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(see formula (6)) that Grl ord (Dx ®yp O(D)) is a Cohen-Macaulay Grf Dx-module,
since the symbols in Grf7 Dyx of the operators 81, ...,08,—1, x + 1 form a regular
sequence. However, later (see the proof of Theorem 4.10 below) we need to know that
the dual filtration F.]D D(Dy ®V§) Ox (D)) is Ffrd(Dx ®V)[() OX)7 which is provided
by the proof above.

The following is an easy variant of Proposition 2.9 which we will need later in
section 4.

Corollary 2.11 Let, as above, D C X be a Koszul free divisor and € be an ILC. Then for

any k € Z, the filtered holonomic module (D ®V)L() E,F f’f}c) has the Cohen-Macaulay

property, and its dual filtered module is given by (Dx ®V§) EX(D), F.Oidk).

Proof The statement of the corollary follows simply by combining the proof of Propo-
sition 2.9 with formula (15) and the remark that surrounds it. ]

3 Canonical and induced V-filtration

In this section we are discussing in detail the V -filtration on ij, + Ox (*D), where i, is
the graph embedding for some local reduced equation # of D C X. This will be used in
the next section in order to obtain information on the Hodge filtration on iy, + Ox (xD),
and on Oy (D) itself.

Recall that for any complex manifold M, and for adivisor H C M withZ = Z(H),
we have the filtration V*D), defined by

VEDy =[P e Dy | PT c T+,

VODy, is a sheaf of rings, notice that it equals the sheaf of logarithmic differential
operators (with respect to H), which was denoted by V)I(i in the previous chapter.
Moreover, all VXD, are sheaves of VDy;-modules. We will usually suppose that H
is smooth, and moreover that it is given by a globally defined equation ¢t € I'(M, Oy).
For any holonomic Dj;-module M, and any section m € M, we write b,/,\l/‘ (s) for
the unique monic polynomial of minimal degree satisfying b,/,:/‘ @:)ym € tVODy - m.
Moreover, if U®* M is a good V-filtration on M, then it has (locally) a Bernstein
polynomial denoted by bi,v.[ (s), which is the minimal monic polynomial satisfying

byl ()@t — kYUK M c U M.

We start by recalling the canonical V-filtration on a holonomic Djs-module. In
general, it is indexed by the complex numbers, and in order to define it, one needs to
choose an ordering on C such that forall o, 8 € C,wehavea <a + 1,0 < 8 <
a+1 < B+ 1and @ < B+ m for some m € Z. Notice however that for Hodge
modules, only rational indices can occur. Moreover, we will later only use the integer
parts of this filtration.
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Definition-Lemma 3.1 Let M and H = {t = 0} as above, and let M be a holonomic
Dys-module.

1. (See [37, Definition 3.1.1], [40, Section 1.2] and [27, § 4]) Then there exists a
filtration (V&,M)qcc uniquely defined by the following properties:

@) Upec VM =M,

(b) (VEDy) - (VE, M) C VEEM,

(c) Forall a € C, the module V&, M is VODy-coherent,
d t-VEM = VI M fora > 0,

() Theactionofthe operator 8;-t—a onGry, M := VG, M/V i Misnilpotent,
where VM 1= Ug-4 chn/\/l.

can

VanM is called the canonical V -filtration or Kashiwara-Malgrange filtration on
M with respect to H or to t. It can be characterized by

VaaM = {m € M |roots of b,/,}/l(s) C [a, oo}} ,
where [a, 0) :={c € C|a < c}.
2. If M = Dy /T is a cyclic Dyr-module, where T is a sheaf of left ideals of Dy,

then we put for any k € Z.

VA M e ViDy . VD +1T
ind"" T TR vEDy, 7

and we call the filtration VM the induced V -filtration on M. In particular, if
M is holonomic, then V5 M has a (minimal and monic) Bernstein polynomial
by (s) € Clsl.

n

We will mainly use the above definitions for the case where H is the divisor {r =
0} ¢ M = C, x X and where M = i; 1 Ox(xD), i, being the graph embedding
of a defining equation for a divisor D C X. Using a construction that goes back to
Malgrange (see [26]), one can find a cyclic generator for this module, so that it has
an induced V-filtration. It is essentially well-known that the Bernstein polynomial of
this filtration is given by the Bernstein polynomial by, (s) of the equation /4 defining D,
up to a change of variables. However, we recall the proof for the convenience of the
reader. Notice also that this result holds quite generally for any divisor, and does not
depend on freeness or any Koszul assumption.

We therefore let D C X be a divisor defined locally at a point p € X by a reduced
equation & = 0, and we denote by i, : X — C; x X its graph embedding. We put

N(h) = (in+Ox p (D)) g )

then N (h) is a holonomic Dg;, x x, (0, p)-module. Since iy, is a closed immersion, we
have that

N(h) = (in«Ox (xD)) 0, p)[9/]
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as O¢, xx,(0, p)-modules. It becomes an isomorphism of Dg, x x, 0, p)-modules when
equipping the right hand side with the D¢, x x, (0, p)-structure given by

a-(moky = (am)ak, Ay, - (M) = (35, m) 3f — (), m) a,"*‘(lg)
t-(mdk)y = (hm)dk — (km)ak=', 8, - (mok) =malt!,

foranyi=1,...,n,anym € Ox ,(xD) and any a € Oy .

Lemma 3.2 In the above situation, write j € Z-q for the negative of the smallest
integer root of by, (s). Then we have

bi(=s = j) = bys" (s).

Proof Following the constructions in [26, § 4], one can show that N(h) =
(in,«Ox (xD)) 0, pyls]- k¥, using that t = h is invertible in N (k) and substituting —d, ¢
by s, where i is a symbol on which tangent fields & act as &(h*) = sh~'&(h) - h*.

The fact that —j is the smallest integer root of b, (s) is equivalent to say that
Ox,p(xD) is generated as a Dy ,-module by h~/. Therefore, N (h) is generated by
h=/ . h*, that we will write #°~/ from now on. Hence we can consider the filtration
VieaN(h) = V*Dg,xx,0.p) h*~J. The V-filtration on De¢xx,0,p) can be written
as VODCXX,(O,p) = DX,[,[att], Vk'D@XX,((),p) = VO'D@XX’(O’I,) - 1% for k > 0 and
vk = Zi_:ko VOD@Xx,(o,p) - 3! for k < 0. Therefore, we obtain that

(ih,*Dx)(o,m[S]hs_f: k=0,
VEIN(R) = 3 (in«Dx) o, p[s1h* 7 +F k>0,

Zl‘_zk()(ih,*,DX)(O,p) [s]s‘h*—/=1 k<0,

where we have used that s = —0d,¢ and ¢ = h in our alternative representation of N ().
As a consequence, we have isomorphisms

. —_i k
(in,+Dx) 0, pyh* /% ~ VinaNV (1) 20)

(in,«Dx) 0, pyh* =T yEE N ()

for every k > 0. On the other hand, for k¥ < 0, we have that
Vied 'N(h) = (in «Dx) 0. pp[s1s FH R0 vl N (h),

so we obtain surjections

k—1
—kt1ps—jtk=1 _ Vind N(h).
VK N(h)

ind

@k = ((n,xDx) 0, pyls]s

Since

(in+Dx) 0. pls1s * IR < (iy «Dx) 0. p[s1s * =1 7F < VE N ),
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we see that gk ((in,+Dx) 0, p)[s1s ¥ h=/7K) = 0. As a consequence, we obtain a
surjection

_ (D), plsls T iR v IN ()
: : -
Ok (in,+Dx)(0.p)[s]s*F1hs =i +k VinaN ()

for any £k < 0.
We finally obtain surjections

(D)l (nsDx) o plsls™ 1 g VigIN ()
(inxDx) 0, py[sThS—i+k (in,xDx) 0, py[sIs K1 ps =itk VN (h)
@

for any k < 0, where the first isomorphism holds because forany ! > O and any !’ € Z,
s is a non-zero divisor on the modules (is,+Dx) (0, p) [s]slh”l,.

By the Bernstein functional equation, we know that by, (s) sends /2° to Dy ,[s]h* +1
hence b, (—0;t — j + k) annihilates the left-hand side of equation (20) and by, (—0;t —
Jj + k — 1) annihilates the left-hand side of the surjection (21), so they annihilate the
respective right-hand sides as well. In other words, b, (—0d;f — j + k) kills the quotient
Vi’I‘IdN(h)/Viﬁjl N (h) forany k € Z.This means precisely thatb, (—s—j) = bl‘j.(:’) (s),
O

as desired.

The next result gives a precise description of the canonical V-filtration for N (h)
for divisors satisfying the additional assumption that the roots of by are included in
the open interval (-2, 0).

Proposition 3.3 Ler X, D, h and N (h) be as in the previous lemma. Assume moreover
that the roots of by, (s) are contained in (=2, 0). Then for all k € Z, we have

VEN() = Vit !Ny + [T @it = k+ )" Vigg N () (22)

A
recall from the introduction (see Formula (2)) that

B, :={a; € QN (0, 1) | bp(o; — 1) = 0}.
In particular, we have

VELN(h) C VEN ).

can 1mn

forallk € Z.

Proof Since the roots of by, (s) are in (—2, 0), we know thanks to Lemma 3.2 that the
roots of bl‘\,]_.(h)(s) = bp(—s — 1) are contained in (—1, 1). Now we argue as in the
proof of [22, Theorem I] (cf. also [27, Proposition 4.2-6]): Let A; < ... < A, be the
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set of roots of b]‘\,/_.(f)(s) with —1 < X; < 0, with respective multiplicities /1, ..., l..

We write

by () = [ Tes = 2" - b'(s)

i=1

with b'(A;) # Oforalli € {1, ..., c}. Then for each k € Z put

C
—k .
V N (h) := VKN () + 1_[(8,[ —k =)l VE NGB c VE NGB, (23)

i=1

Then V° N (h) is a good V filtration on N (h) and moreover, [T6s (s — i+ 1) -0 (s)
is a Bernstein polynomial for V°N(h), namely we have that

[T =G+ 1 =" b — b [V N
i=1

=@ =) [ J@t — i + 1) — )iV N ()
i=1

Ev @ — VT NGB c VT N

and

[T@— i+ =kl b'@ -k []‘[(aﬂ — k=) viﬁdN(h)}

i=1 i=l1

c
=[G = i+ 1 = 0" byl @t = k) VN ()
i=1

C
c [T@t = i+ 1 = BIVE NGB €V N,
i=1

where the two inclusions marked as é are due to the definition of the filtration V° N (h),
i.e., due to formula (23). Hence we obtain that

(ﬂ(a,r — O+ D =R B Ot k)) (V've) c v .

i=1

thatis, []i_, (s — (A + 1))% - (s) is a Bernstein polynomial for V.N(h). ‘We conclude
that V' N (h) is a good V -filtration on N (h) such that its Bernstein polynomial has all
its roots in the interval [0, 1).
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Now by [27, Proposition 4.3-5] we conclude that
k —k
VeanN(h) = V N (h).

holds for all k € Z, and this shows Formula (22). ]

Remark 3.4 Without the assumption that the roots of by (s) are in (—2,0) (i.e., for
general i1 € Oy p) the previous result is no longer true in general. Namely, since in
general the roots of by, (s) are negative rational numbers, we know by Lemma 3.2 that
the roots of bl‘g.(h) are contained in (—j, 0o), where —j is the smallest integer root

N(h)

of by, (s). It can thus happen that by,."" has roots bigger than 1, and this prevents the
ind

inclusion VCI;nN (h) C ViﬁdN (h) to hold in general. The roots of by (s) are contained
in (—2, 0) for the class of SK free divisors (see point 3 of Proposition 2.4 and [32,
Theorem 4.1]), but it also holds for instance when & defines a central hyperplane
arrangement by [42, Theorem 1] (which is not necessarily a free divisor).

In the remaining part of this section, we restrict our attention to SK free divisors.
We study more in detail the induced V -filtration on the module N (), since as we have
seen, it helps to understand (at least the integer steps of) the canonical V -filtration on
that module. In particular, we will prove (see Proposition 3.10 below) a compatibility
property between the induced V-filtration and the order filtration on that module
(which is similar to the order filtration F, .Ord Ox (xD) studied in section 2). Its statement
is similar to [35, Proposition 4.9]), although the presentation of the proof is slightly
different.

We first give a concrete cyclic presentation of the graph embedding module for
equations defining an SK free divisor, starting from the presentation for Ox (xD)
discussed in the previous section (see Equation (5) above).

Lemma3.5 Let D C X be a free divisor and let p € D be such that D is strongly
Koszul at p. Let h € Ox p be a reduced equation for D near p. Let i, : X —
C; x X, x = (h(x), x) be the graph embedding of h, then we have an isomorphism
of D¢, x x,0, p)-modules

D¢, xx,(0,p)
(t_hvals'-'vsn—l’x +alt+ 1)

(in,+Ox (*D))(0,p) =

We still denote this module (resp. this cyclic presentation) by N (h).

Proof This is a consequence of the logarithmic comparison theorem, as stated in point
2 of Proposition 2.4. Namely, we know that

Dx.p
(617--'58n717X+1).

OX,p(*D) =
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Now we consider the direct image of this object under the graph embedding. Then we
have

(in+ Ox (<D)) ¢, x.0.p) = i +< Dx.p )
’ ’ ’ ’ (Sla"'van—lvx—i_l)

_ D¢, xx.0,p)
(=181, Onto X +ho + 1)

by taking into account that §; (h) = O foreveryi = 1,...,n — 1 and x(h) = h. The
claim now follows from the fact that in N (h) we have ho; = 9;h = 0;t (here and later
on, we sometimes denote operators and their classes in a cyclic quotient module by
the same symbol). O

We will be later interested in calculating the Hodge filtration on a mixed Hodge
module which has i, 4 Ox (*D) as underlying Dg, xx, (0, p)-module. For that pur-
pose, we consider the filtration FO" N (k) which is induced on N () by the filtration
FoD¢,xx,0,p) by the order of differential operators.

For the sake of brevity, let us write O := Og,xx,(0,p) and D := Dg,xx,(0,p)-
Consider the ring

G = OC[XX,(O,[))[Ts Xi,.... X =0Clt, x1, ..., 1T, X1, ..., Xl

Then we have G = Grf D (where, as before, F,D is the filtration on D by the order).
Obviously, G is graded by the degree of the variables T, X1, ..., X, and we write G;
for the degree [ part.

Lemma 3.6 Let D C X be afree divisor and let p € D such that D is strongly Koszul
at p and locally defined by some h € Ox . Write

I(h) ::(t_hafs]a'-'afsn—15x+att+1)a

sothat N(h) = D/I(h). Then the set{t —h, 61, ..., Sn—1, X +0:t + 1} is an involutive
basis of the ideal I (h), that is, we have the equality

oc(Ih)=t—-h,001),...,00-1),0(x +0t+1)=0(x)+T-1)

of ideals in G. Recall that we denote for an element P € D its symbol in G by o (P)
and by o (I (h)) the ideal {c(P) | P € I(h)}inG.

Proof The proof basically follows the argument in [7, Proposition 4.1.2] once we know
that symbols of the generators of (%), i.e., the elements

r— hs 0(81)7 ceey U((Sn—l)v G(X) + T- t
form a regular sequence in the ring G. Notice also that Lemma 3.7 below is a similar

statement (in a commutative ring though), and we will give some indications of the
proof there.
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In order to show this regularity statement, first recall that since D is strongly Koszul
at p by assumption, it is in particular Koszul (see Definition 2.3 and the subsequent
remarks). Hence we know that

(1), ..., 0(6n-1),0(x)

is a regular sequence in the ring Grf(DX’,,) = C{xy,...,x}[X1,..., X,]. Then
clearly the sequence

0(81)7 LR} O—(Sl’lfl)ﬂ O'(X)v T

is regular in the ring C{xy, ..., x,}[T, X1, ..., X;]. On the other hand, we have the
following equality of ideals of C{x1, ..., x,}[T, X1, ..., X,

(0@1),....0(p-1),0(), T) = (0(81),...,0(p-1),0()+T-h,T)
so that also the sequence
0(81),...,00n—1),0(x)+T-h,T
is regular in C{xy, ..., x,}[T, X1, . .., X,]. Since we have an isomorphism of rings
Cl{xt, ..., )T, X1, ..., Xn]l — C{t, x1, ..., x,}[T, X1, ..., Xn]/(t — h),
we obtain that the sequence

t—h,001),...,0n-1),0(x)+T-h, T
isregularin G = C{¢, x1, ..., x4 }[T, X1, - . ., X,,]. Then again by equality of ideals
(t=h,0@1)s. 0G0+ T -hT)=(t —h,0@1), .., 06—, 0(X)+T -1,T)
in G we get that
r— h7 U(Sl)a R 0—(8}’[7])7 U(X) + T- z, T
is a regular sequence in G, but then also the shorter sequence
t—h,001),...,0(-1),0(x)+T-t

must be regular in G. O

We denote by V*G the filtration induced by V*D (the V -filtration on D with respect
to the divisor {t = 0} C C; x X) on the ring G. It can be described as

Vdg = Z Aok, B, X xPT! € G |agkp1€C k—1>d
a,k,B,1
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For any f € G, we write ord‘7 for the maNXimal b € Z suchthat f € vb G. The graded
ring of G with respect to the filtration V looks quite similar to G itself, namely, we
have

Gr;7g =C{xy, ..., xu)[t, T, X1, ..., Xul,

since V* induces the #-adic filtration on the ring C{¢t, x1, ..., x,}.
Asusual, for f € Gwedenotebya" (f) Gr’vg the symbol with respectto V,i.e.,

the class of f in Gr‘Vg = @leZGrlvg. Now consider an ideal I = (f1, ..., fx) C G.
We write

o (1) = [aV(f) | fe 1}.

Then we have the following fact (which is analogous to the statement of Lemma 3.6
above, and in fact holds in a more general setting for certain filtered rings, although
we do not consider such a generality here).

Lemma 3.7 Suppose that ov(fl), cees O'V(fk) is a regular sequence in Gr%g. Then
we have the equality

0‘7(1) = (O'V(fl)a ---,Uv(fk))

of ideals in Gr'vg.

Proof We follow the argument given (in a more algebraic situation though) in [47,
Proposition 4.3.2]. We obviously have o v ) D> (a v (f1),...,o v (fk)) and we need
to show the converse inclusion. Assume that it does not hold, that is, take f € I (so that
ov(f) € 0‘7(1)) such that av(f) ¢ (av(fl), e av(fk)). For a representation

k
f=) 8- f (24)
i=1

write

o(g) := min (ord" (g1) +ord” (/).

then clearly o(g) < ordv( f). Choose a representation f = Zﬁ;l gi - fi such that

o(g) is maximal. Since av(f) ¢ (av(fl), e, av(fk)>, we have ordv(f) > 0(g).
We conclude that

3 oV (g o' (fi) =0.

iord? (g,')—&-ord‘7 (fi)=0(g)
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Now by assumption the symbols 6‘7( S, o, 6‘7( fx) form a regular sequence in
Gr% G, and this implies that the module of syzygies between these elements of G is
generated by the so-called Koszul relations, i.e.,

(=) oV + (7)o" (o =0,
In other words, we have an equality

> o @ ei= Y (o e —a"(e))

i zord” (g1)+ord” (fi)=o0(g) I=j<lzk

of elements of G¥ (where ¢; is the i-th canonical generator of G¥). Reordering the right
hand side of the above equation yields

k

3 o (g -ei=3 Y o’ ()= hijo" (1) | e,

i zord” (g)+ord" (fi)=0(g) i=1 \I<i i<j
and hence

oV (g — | i () =Y e | =0

I<i i<j

for alli € {1,...,k} such that 0rd‘7(g,~) + ord‘7(f,-) = o(g). Hence if we replace
those g; in equation (24) by g/ := g; — (Zki hii fi — i< hijfj) (and collect all
the f;), we obtain a new expression f = Zf: | & fi such that

1=nlnnk (ordv(gl{) + ordv(fi)) > 0(g)

which contradicts the above choice of a relation g with maximal o(g). Hence we must

have thatav(f) € (av(fl), ce av(fk)> and therefore

o' = (V.0 (),

as required. O

We apply the previous lemma in the situation where 7 is given as theideal o (1 (h)) C
G (recall that o denotes the usual symbol with respect to the order filtration F,D).
For notational convenience, put Gy (= t — h, G| = 61,...,Gp—1 := 8,—1 and
G, = x + 0t + 1,sothat I(h) = (G, ..., Gp) C D. Then we obtain the following
consequence.
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Corollary3.8 Let D C X be a free divisor and let x € D such that D is strongly
Koszul at x and locally defined by some h € Ox ,. Then the set

{0(Go),....,oG}={t —h,001),...,00n-1),0(x)+T -t}

is an involutive basis of the ideal o (I(h)) C G with respect to the filtration Veg
induced from the filtration V*D, that is, we have

oV (0(I(h) = Gr3G - (0" (0 (Go). ... 0" (@(Gn)))
=Gr3G - (ho"@@).....0" @G0, V(@) +T- t) .

Asaconsequence, any f € o(I(h)) C G has a standard representation with respect
to V*®, that is, there are elements ko, k1, ..., k, € G with f = Z?:() ki -0(G;) =
ko (t—h)+ "= ki 0 (8:) +kn - (0 () + T 1) such that ord" (k;) +ord” (o/(G;)) >
ordv(f) holds foralli € {0, ..., n}.

For the last statement, we remind thg reader that the filtration V'Q is descending,
and that consequently, for g € G, ord¥ (g) denotes the maximum of all / such that
g e Vig.

Proof Consider the ring extension

Gr.T(D[s]) = Cixy, ..., xpdls, X1, ..., X;] — Gr&(g) = Cixg, ..., xpdt, T, X1, .0, Xnl

sending s to —7 - ¢. Then clearly Gr% (G) is a flat Gr.T (D[s])-module, since for any
ring R, we have that R[¢, T] is a flat (and even free) R[—T - ¢t]-module.

From the very definition of the strongly Koszul property (see again Definition 2.3),
we know that

h,o(81),...,00,—1),0(x)—s

is aregular sequence in Gr,T (D[s]). Now notice that the elements ¢ (61), ..., 0(6,-1),
o (x) lie in the ring C{xy, ..., x,}[ X1, ..., X,,], which is a subring of both G and of

Gr$,(G). Clearly, for p € C{xi, ..., x,}[X1, ..., X,] we have oV (p) = p, therefore,
we know that

h,oV(@@1),....,0" (0G-1)), 0" (6 (x) —s
is a regular sequence in Gr,T (D[s]). Since the ring extension Gr,T (Dl[s)) C Gr'\7 9

is flat, it follows (see, e.g., [4, Proposition 9.6.7 and remark right after it]) that the
elements

hoV (@@, ....0" (0Gu1). 0 (GG +T -t

form a regular sequence in Gr'v(g). Now the assertion of the Corollary follows from
Lemma 3.7 above. O
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The next statement is a rather direct consequence of the previous results. We include
it here since it will be used in section 5 where we discuss techniques for computation
of Hodge ideals.

Corollary 3.9 Let D C X be a free divisor, let p € D such that D is strongly Koszul
at p and locally defined by some h € Ox_p,. Then

IWNVD =@ —h,81,....80_1.x+&t+1)NV'D
=VOD(t —h, 81, ... 8uct, x + Ot + ).

Proof Since the generators of I(h) belong all to VoD, which is a ring, the inclusion
I N VD > VD@t — h, 81, ...,8,_1, x + 8t + 1) is trivial. Let us show the
reverse one.

Let P be an operator in 1(h) N VOD and let us prove that it lies within VoD@ —
h,61,...,8p—1, X + 9;t + 1) by induction on the order of P with respect to F,D,
written ord? (P).

If ord? (P) = —1, the claim is trivial, for then P = 0. Let us now assume that the
statement is true for all Q € F;_1D for a given non-negative integer d, and let us
prove it for any P € F;D. Since P € I(h), we have the expression

n—1
P=A@—h)+Y B+ Clx+at+]1).
i=1

Thanks to Lemma 3.6, we know that A € F;gD and the B; and C are in F;_1D and
also that o (P), which belongs to VY9G, can be written as

n—1
o(P)=0(A)(t—h)+ ZU(Bi)G(Si) +0(C)o(x)+T1).

i=1

On the other hand, we know after Corollary 3.8 that we can choose Ae Gr5 D)N VOQ
and some B;, C € Gri_ (D) N VOG such that

n—1
o(P)= At —h)+ ) Bio(3) + Cla(0) +T1).

i=l1
Then we have that
¢:=(0(A)—A,0(B1)— Bi,...,0(By_1) — By_1,0(C) — C) € G"*!

is asyzygy of the tuple (t —h, 0 (81), ..., 0(8,-1), 0 (x)+ Tt). By Lemma 3.6 again,
since this tuple is a regular sequence in G, ¢ will be a sum of Koszul syzygies (i.e.,
those of the form a;e; —aje; € G"* for some elements a;, a ; of the regular sequence,
e; and e being the corresponding unit vectors).



57 Page32o0f62 A. Castafio Dominguez et al.

Now notice that for all k, [, the canonical map
EDN VYD — Vg,

is surjective. Hence, we can choose A’ € F;D N V9D and B,C' € F;_1DnN VoD
such that o (4) = A, o(B)) = B; for every i and o(C’) = C. Then the tuple
(A—A",B —Bj,...,B,_1 — B,_,,C — C’) can be written as a sum of Spencer
syzygies of (t+ — h,é81,...,0,—1, X + 0;t + 1) (that is, the respective lifts of the
Koszul ones in G that come from the expression of the [G;, G ], for any i, j, as a
linear combination of the form ), ax G with coefficients in O) plus another tuple
(A", B{,...,B)_|,C"), where now A” € F;_1D and B/, C" € F;_,D.
Let us call now
n—1
P = A"t —h)+ Y B/Si+C"(x + ot +1).
i=1

Consequently,

n—1
P=A@—-h+) B&+C(x+ar+1)+P
i=1

Summing up, we obtain that P” € F;_;DN VDN I(h), so by the induction hypoth-
esis, it can be written as a linear combination of t — h, 81, ..., 8,—1, x + 9t + 1 with
coefficients in VoD and thus P too. ]

Now we can show the following result expressing a certain compatibility between
the induced V -filtration and the order filtration on N (h).

Proposition 3.10 For all k, 1 € Z, the canonical morphism
FDNVAD — FN () N VE N®)

is surjective.

Proof We reformulate the surjectivity we want to prove as a compatibility property
between three filtrations on D, the first two being F,D and V*D. The third one is
defined (somewhat artificially) as

I(h) Vr <0,
J,D =
D Vr > 0.

It is clear that the statement of the proposition is equivalent to the surjectivity of the
map

EDNV*DNJ, D — 'FGr!DN'VEGr! D (25)
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for r = 0, where we denote by 'F, resp. by 'V* the filtrations induced by F,D resp.
V*Don GrrJD (notice that for r = 0, these are nothing but F,OrdN(h) resp. Vo (N (h)).
Since both the J- and the F-filtration are exhaustive, we can now apply [37, Corollaire
1.2.14] from which we conclude that surjectivity of the map (25) holds (for all /, k, r)
if and only if the map

FEDNVFDN I, D — VG DN J,Gif D = VEG N 7,6, (26)

ii surjective for all /, k’\,dr. Again, JN.QZ is the filtration induced by J,D on g, i.e.,
J,G = Gifr > 0and J,G; = o;(I(h)NF;D)ifr < 0,where,asusual,o; : ;D — G
denotes the map sending an operator of degree [ to its symbol in G;. However, the
surjectivity of (26) is a nontrivial condition only for » < 0 (and it is the same condition
for all negative r): For r > 0, it means that the map F; DN vkD — ngl is surjective,
which is true, as we have already noticed in the proof of Corollary 3.9. If r < 0, the
map (26) is nothing but

EDNV*DNI(h) — VG Noy(1(h) N FD).

We will see that the surjectivity of the latter map follows from the involutivity properties
proved above. Namely, let 6 (P) = o0;(P) € ngl be given, where P € I(h) N F;D.
Then by Lemma 3.6 we have an expression

o(P) = ki-o(G));
i=0

recall thatwehadput Go :=t—h, G| :=61,...,Gp—1 :=6,—1and G, := x+0;t+1
for the involutive basis of I (h). Since obviously the symbols o (G;) are homogeneous
elements in the ring G = GrfD, we have that deg(k;) = lN— deg(cr(Gi)) =1-
ord(~Gi). On the other hand, we know by Corollary 3.8 that ordV (ki) > ord¥ (o(P))—
ord” (0 (G;)), that is,

ki e Vordv(U(P))—ordv(o(G,-))g.

Moreover, it follows from the concrete form ofN the operators Gy, ..., G, that
ordY (¢ (G;)) = ordV(G;) = 0, hence k; € VOTdV(a(P”g. Now choose any lift of
k; to an operator K; € Fi_oa(gHD N vord" @(P)D_ Such a lift exists since, as we

have already noticed above, the map

EDN VD — Vkg,

is surjective for all /, k. Then the element P’ := Y7 , K; - G; € I(h) is the preimage
we are looking for, i.e., 0 (P’) = o (P) and we have

P e FDN VY @)D = B vED;
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reca~ll that we had chosen o(P) € \7"91 N o;(I(h) N F;D), meaning that k <
ord" (o (P)). Hence we have shown the surjectivity of

FDNVFDNI(h) — VEG D Noy(I(h) N D),

and as we said at the beginning of the proof, using [37, Corollaire 1.2.14], the surjec-
tivity of

FEDNV*D = EDN VDN Jy — FGD N VEGH D = FPN(h) N VE N (),

as required. O

4 Description of the Hodge filtration

This section is the central piece of the article. We apply the results on the canoni-
cal V-filtration from the last section to compute the Hodge filtration on the mixed
Hodge module which has Ox (x D) as underlying Dx-module. The main result is The-
orem 4.4, which gives a precise description of F Oy (+D). We also complement it
with some statements about the Hodge filtration on the dual module Ox (! D), see The-
orem 4.10, which we expect to be useful for future applications. We conjecture (see
Conjecture 4.12) some bound for the so-called generating level of the Hodge filtration
(see Definition 4.11 for this notion), which is supported by computation of examples
in section 5 below.

Notice that some of the results in this section (first part of Theorem 4.4 or Theo-
rem 4.12) hold globally on X, however, for most of the proofs we will need to require
that D C X is defined by an equation /4. As already indicated, we will determine the
Hodge filtration using the graph embedding i, : X — C; x X and by considering
extensions of Hodge modules from C; x X to C; x X.

Hence, let again X be an n-dimensional complex manifold and D C X a reduced
free divisor, which is strongly Koszul at each point p € D. We assume for now (until
and including Corollary 4.3) that D is given by a reduced equation & € I'(X, Oy).
Notice also that contrary to the last section, we will consider all the objects as sheaves
since this is more convenient when applying the functorial constructions from the
theory of mixed Hodge modules.

Put U := X\ D, and consider the following basic diagram:

U%C;“XX

S

X —" 5 ¢ xX.

Here j and ;' are open embeddings, whereas i), and i) (both are given by x
(x, h(x)) and may be called graph embeddings) are closed.
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We are considering the pure Hodge module Qg [n] on U. By the functorial prop-
erties of the category of mixed Hodge modules, we know that there is an object
j*Qg[n] € MHM(X), whose underlying Dx-module is the module Ox (xD) of
meromorphic functions. We are interested in describing the Hodge filtration F// on
Ox (D).

The Dy -module underlying Qg [n] is simply the structure sheaf Oy and we have
FkH(’)U = 0forall k < 0 and FkHOU = Oy for all k > 0. We obviously have

Ou = j*Derx(—1logD) = Oy 1 & ... ® Oyd,—1 ® Oy,

recall from Proposition 2.4 that the basis 81, . . ., §,—1, x of Derx(—log D) was chosen
such that §;(h) =0fori = 1,...,n—1and x(h) = h. Hence we have the following
presentation

Dy

Ou = ;
(817-"781‘1717)("’_1)

identifying the class of 1 € Dy on the right-hand side with the function h~! € Op.
Under this isomorphism, F.H Oy = F.OrdDU/(SI, ey Ou_1, x +1),here F,"rd denotes
the filtration induced on a cyclic D-module by the filtration on D by the order of
differential operators.

From this presentation, we deduce the following statement.

Lemma 4.1 The pure Hodge module i}’l,*Qg [n] has the underlying Dgs x x -module

DC,*XX
DC?‘XX(t _hval’ "°78}’l71’ )N(l—i_ 1)’

./ ~
ip+Ouv =

where X := x + 0;t. Under this isomorphism, we have the following description of
the Hodge filtration on i,’ly*Qg[n]:

DC*XX
FH O Ford t — s 28
r Gy +Ou) k—1 Derxx(t —h,81,.... 81, X + 1) (28)

where again F™ is the filtration induced from FoDcs x x-

Proof We rewrite the morphism i}, as the composition i, = i} o (i} where i}
U — Cf x U is the graph embedding of the restricted morphism 4y : U — Cj (in
particular, it is closed) and where

@i CrxU — Cf x X
(t,x) > (1, x)

is the canonical open embedding. Notice however that the composed morphism i} :
U — CF x X is closed, since the closure of its image is contained in C} x U.
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We can extend the above diagram (27) as follows:

C; xU
(V %
i

U >» CF x X

lj J/’

X th > C; x X
We have

D D
Wy oy =W u = Wy ( v >[3]
ht PG St x + ) AN A VA

_ DC?XU
(t_hagla"'a(sn*15i+l)

and (see [39, Formula 1.8.6])

. . k
FA iy o)=Y Wip B (Dy/Gi.... 801, x + 1) 82
k1+ky=k

= Z <1),-;ly*F,g]rd(DU/(51,...,8n_1,x+1))3,k2
k1+ky=k

= F™ (Derxu/(t —h, 81, 801, T+ 1))

Again, since

Supp (Dessw/(t —h, 81, 8po1, X + 1)) =im((Dip) c Cf x U, (29)
we obtain
@iy (Derxv /= h.81, .. 8u1. X + 1) =Derux/(t —h, 81, ..., 84—1. X + 1)
Now we consider the Hodge filtration on the module

i +Ou = (Pip)s (Derxv /@t —h 81, 801, X + 1))
g DC;FXX/(I - hs 517 ceey an—lv y + 1)

We use once more the inclusion in formula (29), which gives, when applying [39,
Formula 4.2.1] to the module M = D@?Xx/(t —h,81,...,8,-1, X + 1) and the
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morphism @i ;> that

FLin 2 Ou = (@i Fg (Derxu /(t —h. 81, ... 801, X + 1))
= F™ (Derex/(t —h, 81, ... 801, T+ 1)),

where the second equality follows since the closure of

Supp (F{™ (Do e/t = h 81, 01, T+ 1))

in C} x X is contained in C} x U, i.e., from formula (29). O

Next we will deduce from this result a description of the Hodge filtration on the
Hodge module j;(i;)*Qg [7]. This is the crucial step towards our first main result
(Theorem 4.4 below). We will use the results from the last section concerning the
canonical V-filtration of the graph embedding module i;, + Ox (D) in an essential
way. The result we are after can be stated as follows.

Proposition 4.2 The mixed Hodge module j;i;l *Qg[n] has ip + Ox (xD) as underly-
ing D¢, x x-module. Under the isomorphism

. Dg, xx
o D)= t — :Nh
lh + X(* ) DCIXX(t—h,(Sl,...,(Sn—le+l) ( )

from Lemma 3.5 (which, as indicated at the beginning of this section, we write here
as an isomorphism of sheaves of D¢, x x -modules rather than of germs) we have the
Sollowing inclusion of coherent O, x x-modules for all k € Z.:

F (in+ Ox (+D)) C FZUN (h) (30)
Proof First put for notational convenience

DC;‘XX

N'(h) = =
,Z)C?(XXOt _ha811 ~-'78n—1a X + 1)

12

./
in+Ov-

Now it is known (see [39, Proposition 4.2]) that the Hodge filtration on the Hodge
module ji ;l*Qg [n] = in j*Q{]’ [n] has the following description (this is due to the
construction of the open direct image for mixed Hodge modules, see [38, Section
2.7-2.8]):

FGn+ Ox (D)) = Y2 0f (VaaN B 0 jLGY FEL i +Ox D)), (B1)

i>0
but since

G (in+Ox (D)) = F i}, L Oy = FX_ N (h),
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we are left to show that we have

>0 (VaN () 0 L N () € FN ).

i>0
Since
3 FOUN (h) € FOSN (h)
holds for all , i € IN, it is sufficient to show the inclusion
VeV () N GLEN () € PN (h)

forall » € IN. We have seen in Proposition 3.3 that VX N (k) C md/\/ (h) holds for all
k € Z (recall that since we assume in this section that D is SK free, we know that the
roots of by, (s) are included in (—2, 0) by [32, Theorem 4.1], so that the assumptions
of Proposition 3.3 are satisfied). Thus it suffices to show that we have

VON (h) N jLFN (h) € FON ()

for all » € IN. Let an element m € de/\/ (h) N jLF, Ord/\/' "(h) be given. Then there
is some p € IN such that t” - m € lnd./\f (h)NF Ord./\/ (h) (see also the proof of
[37, Proposition 3.2.2], especially the implication (3.2.1.2) = (3.2.2.1)): Since the
filtration F .Ord is exhaustive on Ving (h) we know that there is some [ € IN such that
me F ord/\f (h)N Vigd./\f (h),if I < r, we are done by putting p = 0. Otherwise, since
m € jLFN’(h) (which means by definition that migrxx € FO4N (h)) it follows
that the class of m in the quotient F"N/(h)/F N (h) is a t-torsion element in that
module. Notice that Flord./\f (h)/ F,"rd/\/ (h) is Og, x x-coherent, hence there is some p
such that the class of t” - m is zero in this quotient, that is t” - m € Frord./\/' (h), and
obviously we have t” - m € V.2 N'(h) since m € VO N (h).

Now by Proposition 3.10 we know that there exists an operator P’ € VPDg,xx N
F, D¢, xx projecting to t” - m € Vipd./\/(h) N Frordj\/(h). By definition, P’ can be
written as P’ = t” - P, where P € VD¢, xx N F+ D¢, xx. Then the class [P] of P in
N (h) satisfies [P] € F OrdN (h) and obviously we have [ P] = m. Hence the inclusion
VO N ()N ]*F(’rdj\/’(h) C F° N (h) is proved. ]

Using the description of the canonical V-filtration on the module A/ (h) along
the divisor {r = 0} from Corollary 3.3, we can give a more precise description of
the Hodge filtration on that module. We also recall from such corollary that B) :=
{a e QN (0, 1) |by(ax — 1) =0}, and for « € Bj, we write I, for the multiplicity of
a — 1in by(s).

For the sake of brevity, we will sometimes write in the following F H N/ (h), translat-
ing the Hodge filtration on i, + Ox (* D) using the isomorphism N (h) = iy, + Ox (xD).
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Corollary 4.3 Under the isomorphism i +Ox (D) = N (h), we have the following
(equivalent) descriptions of the Hodge filtration steps F, kH Ox (xD) for all k € Z.:

k—1
Fllin 1 0x (D) = 30} (VaN ) 0 FES N () ) = 37 0 (VN ) 0 F_ N )
i=0

i=0
(32)
Flliy L Ox D) = 8 FL |ip  Ox (D) + VN (h) N FE N () (33)
=g F ip 4 Ox (+D) +( VAN ®) + T @t + enle ViﬂdN(h)) N FX N ().
a€By,
(34
Proof From the proof of the last lemma we know already that

F i+ Ox (D)) = 301 (VEN ) N JLFES N () (35)

i>0

so that in particular FkHihnL(’)X(*D) = 0 for all k < 1 since Fl"rd/\/’(h) = 0 for

negative /. The same holds for Fl"rd./\f (h), hence, the above formulas are proved when
k < 1. We rewrite formula (35) in a recursive way, namely

Ff iy + Ox(xD)) = 3 0f (vc‘;n/\/(h) njLFoS l/\/’(h)) + VOLN () N JLFSM N (h)
i>0

= (Z 9 (VcOanN(h) N Jjs F,?“‘Zij\//(h)))
i>0
+ VORN () N jLFE N ()
= % F | (ip + Ox (D)) + VOLN () N jLFE N () (36)
where the last equality uses again formula (35).

Now we conclude using Proposition 4.2: Thanks to equation (30), we can claim
that FkH (in.+Ox (D)) C F°rd 1V (), hence we obtain

VO N(h) N FIN () € VO N (h)
NLFES N (h) C FH (in,+ Ox (D)) C FCN ().

since we clearly have F™\ N (h) C jLF™ N'(h) by the very definition of the functor

(j)« and where the inclusion C follows from equation (36) above. As a consequence,
the first inclusion VI, N (h) N FIYN (h) € VO N (h) N jLF N (h) is in fact an
equality, and therefore equation (36) becomes

Ff(ip +Ox (D)) = & F1 | (in 4 Ox (xD)) + Vo N (h) N FI N (),

so that the recursive Formula (33) is shown. Formula (34) follows by replacing the
term V2, N (h) with the expression from Proposition 3.3. Moreover, it is clear that the

non-recursive Formula (32) follows from the recursive one (33) by induction. O
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Our main purpose is to describe the Hodge filtration on Oy (D). This description
will be obtained as a consequence of Proposition 4.2 and Corollary 4.3. Recall that the
graph embedding module N (h) can be alternatively described as M (h)[d;], where
the left action by D¢, xx on M (h)[9,] is given by Formula (19).

We then have the following result.

Theorem 4.4 Consider a strongly Koszul free divisor D C X. Then we have the
Sfollowing inclusion of coherent Ox-modules (which holds globally on X and does not
require that D is given by a global equation)

FlOx(xD) c FYOx (xD),

where F.H Ox (D) is the filtration such that the filtered Dx-module (Ox (D), F.H)
underlies the mixed Hodge module j*Qg[n].

If h = 0 is a local reduced equation for D and using the local isomorphism
M(h) = Ox (xD), we have the recursive formula

FlOx D) = Fl M)

= latFkHN(h) + (vi;d/\/(h) + [T Gt + e Ving(h)):| n(Femme1),
aEB),

(37)
where the intersection takes place in M(h)[9,] = N (h).

Formula (37) is recursive despite the appearance of the same index k on both
sides: in order to calculate (locally) the k-th filtration step of the Hodge filtration on
Ox (xD), we need to know the k-th filtration step of the Hodge filtration on N'(h), the
knowledge of which is equivalent to the knowledge of F; kH_ (M(h) = F, kH_ 1O0x (xD)
(see the discussion in the proof below, in particular, Formula (39)).

Proof 1tis sufficient to prove the second statement, since locally, where D is defined by
an equation 2 = 0, formula (37) exhibits FkH Ox (%D) as a submodule of F,frd/\/l(h).
However, the statement FkHOX (*D) C F,grdox (xD) (where FOOx (xD) is as in
Definition 2.2) holds globally on X, once it is shown at each p € D.

First notice that we have the equality

injxQp [n] = jlif ,Qf [n]

of objects in MHM(C; x X). It follows that the filtered module (N (h), F, .H ) (where
FH is the filtration considered in Proposition 4.2 and Corollary 4.3) underlies the
mixed Hodge module ih,*j*Qg[n]. Then [39, Formula (1.8.6)] yields the following
relation between the filtration F' .H N (h) and the Hodge filtration on j*Qg [n] (whichis
F.H Ox (xD), and again we will freely denote it by F,H M(h) using the isomorphism
M(h) = Ox(xD)):

FENM®) =Y R _ M) e, (38)

Jj=0
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in other words, we obtain
FH Ox(xD) = FL, M(h) = FEN (h) n (M) ® 1) (39)
for all k > 1. As we have noticed in Corollary 4.3, we have the inclusion
Flliy 1 Ox(«D) = FAN (h) ¢ FXN (),

and since obviously FI™\ NV (h) N (M(h) ® 1) = FIYN (h) N (FI M(h) ® 1), we
obtain by plugging in formula (34) that Fkli 1Ox (xD) is isomorphic to

|:3tqu N + (vi‘nd/\f(m + [T @t + e viN (h)) N F,?idlj\f(h):| n(Fmme).

%
a€B)

Shifting the indices by one, the inclusion

FOx (D) c {w{’/\/(m + (vi;d/\f(h) + [ @t + o= vi?ld/wh))} N (F,?‘dM(h) ® 1)

!
aeBh

is then clear. But we also have the inclusion in the other direction: Leta € o; F; kH N(h)
andb € Viu N () +[ge ) (it +0)' Vi N (h) and assume thata+b € FPM () ®
1 C F™N(h). Then since & FIN(h) C 9, F™\N'(h) C F™N(h), we must
necessarily have b € F,?rd./\/' (h), so that a 4 b belongs to

{S;F[’N(h) + (Vihd/\f(h) + [ @t + el vi?,d/\/(m) n F,Sde(h)} N (F,SfdM(m ® 1),

/
oteBh

that is, to FkH Ox (xD), as required. O

Remark 4.5 (see also subsection 5.1 below) As shown in [39, Proposition 0.9] we have
FEOx (D) C P,Ox(xD)

for any reduced divisor, where P, Ox (xD) := Ox ((k+1) D) is the pole order filtration.
In our situation of a strongly Koszul free divisor, we obviously have

FlOx(+D) C FOx(+D) C PyOx(+D), k = 0,

with F(quX(*D) C F(‘)”de(*D) = PyOx (D). Therefore, one can consider
F,SrdO x(xD), in the current situation, as a better approximation to the Hodge fil-
tration than the pole order filtration PoOx (D) (though both are equal at level
k = 0) . A very special example is the case where D has normal crossings,
then for any local reduced equation 4 = 0 for D the only root of b, (s) is —1,
and one easily obtains FkH Ox(xD) = F,frde(*D). Correspondingly, we have
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FOHOX(*D) = Fgrd(’)x(*D) = PyO(xD) = O(D), so that Zp(D) = Oy, but
the higher Hodge ideals are non-trivial even for the normal crossing case, precisely
because we have F,frd(’)x(*D) C P,O(xD) for k > 0.

We have seen so far that F Ox (xD) C FfrdOX (xD), with equality iff —1 is the
only root of by, (s) for any local reduced equation  of D. However, we can actually give
an inclusion in the reverse direction, but with a specific shift, which we conjecture
to be the generating level of the Hodge filtration on Ox (xD) (see Conjecture 4.12
below). As a preparation, we need the following result.

Lemma 4.6 Let(D, p) C (X, p) beagerm of strongly Koszul free divisor with reduced
equation h = 0, let B(s) = ]_[aeB]; (s + &), where 1y is the multiplicity of o« — 1 in
by (s) and put r := deg B(s). Consider the generator [1] € N (h), then we have

[1] € FE N (h).

Proof Write B(s) = Zf:oaisi with ag, ...,a, € C. We have [r - (3;1)'71] €
VLN (@) N FPN(h) for all i € {1,...,r}. Now we may rewrite Formula (34)
as

FH N () = o, (a,Fk’{ N + (,B(B,I)Vi?ld/\/ (h) + VLN (h)) N Fe A (h))
+ (BADVSN ) + Vilg N ) 0 N ().
Then we have foralli € {1,...,r}

[B:0)] = 8 - [1(3:1) 1] € [Vhlld/\/(h) N °rdN(h)] FH N () € FEL N ().

On the other hand, we have ,B(B,I) [11 € B@HVI NI NETIN () C FH N ).
Since B(0;t) — Z[ZI a; (8;1)" = ag we find that ag[1] € Frlil./\/(h). By definition of
the set B}’,, we have B(0) # 0 and hence ag # 0, so that finally [1] € r+1N(h) as

required. =

We obtain the following two consequences that we will use below to discuss the dual
Hodge filtration.
Corollary 4.7 With the aforementioned notations, we have
1. [1]1 € FAM(h),
2. For all k € Zsxo, we have the inclusion of coherent Ox-modules Foml W M(h) C
FHE M(h).
Proof 1. Recall Formula (39), which says that

FE Mm) = FINW Mm@ 1).

Now obviously the element [1] € N (k) belongs to the submodule M(h) ® 1 C
N(h), hence we obtain from Lemma 4.6 that the element [1] € M(h) lies in
FH M(h).
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2. The statement is trivial for k < r. On the other hand, we have by definition that for
any k > r any class [P] € F, ,?idr/\/l(h) can be represented by an operator P € Dy
of order k — r. Moreover, F M(h) is a good filtration (in particular, compatible
with FDx),s0[P] = P-[1] € Fx_,Dx-[1] C Fx_Dx-FXM(h) C FI M(h).
Hence F, ,ff‘r/\/l(h) C F, kH M(h), as required.

O

Let us call bp (s) the least common multiple of the local b-functions of all reduced
local equations of D at p, for p € D, whenever it exists (it always exists if D C
X is algebraic or if X is compact), B’D ={o; € QNO,1)|bp(e; — 1) =0} and
Bp(s) = ]_[aeB/D (s + &)’ where I, is the multiplicity of « — 1 in bp(s) and put
r := degBp(s). The strong Koszul hypothesis on D then implies the symmetry
property bp(—s — 2) = £bp(s) and sor = 1 (deg(bD(s)) — multh(S)(—l)). The
following global result about the divisor D C X is a consequence of the first point of
Theorem 4.4 and of Corollary 4.7.

Corollary 4.8 Under the above conditions, we have:
FM Ox D) c FIOx D) c FoNOx(xD). (40)

We will finish this section by showing some results about the Hodge filtration on the
dual Hodge module D j*Qg [n]. Its underlying Dx-module is DOy (xD), which we
denote by Ox (! D). From the logarithmic comparison theorem we know that Dy ®V§)
Ox (D) = Ox (D), and so we can apply Proposition 2.9 (for the case £ = Ox (D)) to
obtain that the holonomic filtered module (Ox (xD), F .Ord) has the Cohen-Macaulay
property and moreover that the dual filtered module of (Ox (xD), F) is isomorphic
to (Ox('\D) = Dy ®V§’ Ox, Ff’rd). We recall that a similar property holds for the
Hodge filtration, more precisely, we have the following.

Theorem 4.9 ([37, Section 2.4], [37, Lemme 5.1.13], see also [43, Theorem 29.3])
Let (M, F,) be a filtered left or right Dx-module underlying a pure Hodge module
M of weight w, then (M, F,) has the Cohen-Macaulay property. In particular, its
dual module is strict, and underlies a pure Hodge module DM of weight —w. Simi-
larly, if (M, WeM) is a mixed Hodge module, then so is the object (DM, DW_,M).
In particular, if (M, F,) underlies a mixed Hodge module M, then it also fulfills
the Cohen-Macaulay property. Its dual filtration FH D(DM) is the Hodge filtration
FP-HMDM) of DM up to a shift, i.e., we have

FEPOM) = F; 1 4 (DM). 41)

With these preparations, we obtain the following result concerning the Hodge filtration
on the dual module Ox (! D).

Theorem 4.10 Let, as above, D C X be a strongly Koszul free divisor, then we have
the following inclusions of coherent Ox-submodules of Ox (!D):

FMOx(ID) ¢ FIPOx (D) ¢ FIL Ox(1D).
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In particular, since FfrldO(!D) = 0, we obtain the vanishing

D ox(D) = Ox (D) =0.

—rl nrl

Proof Equation (40) from Corollary 4.8 says
FI Ox(xD) C FFOx(xD) C F™Ox(xD).

Applying the Rees functor R(—) defined on page 11 to the first inclusion yields a
short exact sequence of graded Dy-modules

0 — (RpouaOx(xD))(—r) — RpuOx(*D) — C — 0, (42)

recall that for a gaded D x-module /\/l we write M () for the same module with grad-
ing /\/l(l )k = M. Notice that the cokernel C is a z-torsion module, since, e.g., for
any section s € FHOX (xD) we have s € FordOX(*D) (due to the second inclusion
from Formula (4.8)). Hence [s] - z¥ € (Rpod Ox (xD)g = (Rpoa Ox (xD)(—F)) k+r
and therefore [s] - z¥ maps to 0 in C. ~

Now apply the duality functor for graded left Dx-modules (defined by formula
(11)) to the short exact sequence (42). From Corollary 2.11 we deduce that

*D(R pord Ox (D) (—1)) = HO*D(R pora Ox (D)) (r) = (R pora Ox (!D))(r).

On the other hand, by Theorem 4.9 we know that the filtered module (Ox (xD), F. .H )
satisfies the Cohen-Macaulay property as well, and we write as before (O(!D), FH-P)
for its dual filtered module.

Hence, the triangle resulting from applying *ID to the sequence (42) has the fol-
lowing long exact cohomology sequence:

0 — H™DC — RpupO(ID) — (RpauOx(!D))(r) — H*DC —> 0.
(43)

The st—modulf: Cisa z-AtJorsion mogule, which implies that HO*DC is so (since
z is a central element in Dx). The Dy-module R #pO(!D) (and analogously
(RpoaOx (1D))(r)) has no z-torsion, since it is the Rees module of a filtered Dx-
module, hence H**IDC = 0. Notice however that H'*IDC does not necessarily
vanish, since the homological dimension of the rings Ry defined in Formula (7)
is bounded from above by 2n + 1 only (which is the global homological dimension of
GrfRU = Oylz, &, ..., &], where & is the symbol of zdy, ), see [20, Theorem D.2.6
and Theorem D.4.3 (ii)]. Summing up, the exact sequence (43) yields the injective
morphism R pu.pO(!D) — (Rpoa Ox (!1D))(r) of graded Dx-modules, which gives
an inclusion
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FPox (D) c F4Ox (D) (44)

of coherent Ox-modules for any k € Z.

The very same argument, starting from the inclusion F,H Ox(*D) C F, ."rd Ox (D)
(and using the Cohen-Macaulay property of (Ox (xD), Fo'%) proved in Proposition 2.9
instead of the one of (Ox (xD), F.H ) as above) yields that

FOx (D) ¢ FPox (D)

for all k € Z, which completes the proof. O

Finally, we will state a conjecture about the so-called generating level of the Hodge
filtration. Let us recall the following definition from [41].

Definition 4.11 Let X be a complex manifold and let a well filtered module (M, F,)
be given. Then we say that the filtration F, M is generated at level k if

FDyx - kM = FryM
holds for all I > 0, or, equivalently, if for all ¥’ > k, we have
F1Dx - FuM = Fpyp M.

The smallest integer k with this property is called the generating level of Fo M.

Based on our calculations in section 5, we conjecture the following bound for the
generating level of F/7 on Ox (xD).

Conjecture 4.12 Under the assumptions of Theorem 4.4 and Corollary 4.8, the Hodge
Sfiltration F.H(’)(*D) is generated at level r 1= % (deg(bD (s)) — multh(S)(—l)).

Remark4.13 1. As we will see in section 5, this bound for the generating level is not
always better than the known general bound, which is n —2 (see [28, Theorem B]).
For the specific class of linear free divisors, it is known however that deg(bj, (s)) =
n, and in this case the bound r would be a drastic improvement, see subsection 5.3
below. Notice also that the general bound n — 1 — [@p] from [30, Theorem A] is
not helpful in our situation, since the minimal exponent &p, which is the negative
of the biggest root of the reduced Bernstein polynomial by (s)/(s + 1), lies in
(0, 1), so that this bound is again n — 2.

2. There is a criterion in [40, Lemma 2.5] that guarantees generating level smaller or
equal to k for a filtered module (M, F,) satisfying the Cohen-Macaulay property
in terms of vanishing of the dual filtration. It cannot, however, directly be applied in
our situation since for this we would need the vanishing Fzﬂz’jf‘ Ox (ID) instead
of Fﬂfl_l Ox(!D) = 0, which is provided by Theorem 4.10. One may hope
though that some refinement of this argument (see, e.g., [30, Proposition 3.3] for
a statement in a related situation) can give the desired result.
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3. Asanimmediate consequence of the conjecture, we would obtain a local vanishing
result for a log resolution of an SK—iree divisor, as provided by [28, Theorem 17.1].
Namely, for a log resolution w : X — X which is an isomorphism over X\ D
and where E := (7 ~1(D))redq (a reduced normal crossing divisor on X ) we would
have (provided that Conjecture 4.12 holds true)

Rkn*Q;’{k (log E) =0

forallk > r.

5 Computations of Hodge ideals and examples

The purpose of this section is to develop some techniques to calculate Hodge ideals of
a strongly Koszul free divisor using our main result (Theorem 4.4). We will illustrate
these methods by concrete computations of Hodge ideals and of the generating level
of the Hodge filtration for some interesting examples. We start with the following
preliminary result.

Lemma5.1 Let D C X be a free divisor, let p € D such that D is strongly Koszul at
p and take a reduced local defining equation h € Ox ,, of (D, p) C (X, p). Consider
the vector fields 81, . .., 8n—1, X asin Lemma 4.1. Let B(s) be any polynomial in Cls].
Then

VODCtXX,(O,p)(ts ﬂ(att)s r— h’ 619 ey 6}1—11 )’Z + ]) mDX,p[alt]

8 (45)
== DX,p[att](hi ﬂ(att)7 817 ceey (Sn—ls X + 1)

Proof For the sake of simplicity, let us denote D¢, x x, (0, p) just by D. Before starting
the proof, let us explain something we will take for granted throughout it: we know
that VOD = C{x, r}[d,, 8;¢] and that any P € VD can be expressed in a unique way

as a series
P= > Y abyxrtal@nm
|Bl+m=<d a,l
B,

o,

Now, by using the identity 1£(8;1)™ = (3;t — £)"t* we find another unique formal

representation
) i 0
P = Z ch’gxo‘af(att)’t
IBl+i<d a,t

with constant coefficients, and for each (8, m), the series Y, , al,’,' x“1* is convergent.

with
di= 2 ar (7)o
i<m<d !

and one easily sees that for fixed B, i, £ the series Za cf’}x“ is convergent. So we
have a unique formal expression
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P=> Pt withpp= Y S clx"8l@i1) e Dy plarrl,
¢ \Bl+i<d @

and it makes sense to consider P € Dy ,[0,¢][[¢]], where the last ring is the completion
of Dy ,[0,t][¢] with respect to the (¢)-adic topology. Here one has to use that the left
ideal generated by ¢ coincides with the right ideal generated by ¢, and so it is a bilateral
ideal, and also that the monomials #¢, ¢ > 0, form a basis of D x,pl0:2][t] as aleft and
as aright Dy ,[0,¢]-module. -

Let us now begin with the actual proof and denote by 7 the ideal (¢, 8(9;¢),t —
h,81,...,8,_1, X + 1) of V9D, The inclusion O in equation (45) is triv~ial, let us
show the reverse one. We will use a more suitable set of generators of Z, namely
{t,B,h, 81, ..., 8p—1, x +0i + 1}, where B = B(—x — 1).

Letthen P € ZNDx ,[0,¢]. Then there existoperators O, R, A, B, ....B" 1l Ce
VoD such that

n—1
P=Qt+RB+Ah+) B +C(X+]1). (46)
i=1

Our goal is to show that Q must vanish and that the other operators belong actually to
Dx, plost]. Let us write Q = Zk thk, with O € Dx ,[0,;1], and analogously for R,
A, the B; and C. We can express the right-hand side of equation (46) as a new operator
S = Zk Sktk, where again Sy € Dx ,[9;t]. Moreover, since f, /§ h,é81,...,6,—1 and
X + 1, when seen as elements of Dx, pl0:t1[[¢]], are homogeneous in ¢, we have for
every k > 0 that

n—1
Sk= Qi1+ Rif+ Ach + ) Bisi + Cu(X —k + 1).

i=1

Comparing the Sy € Dx ,[0,¢] with the terms of degree k in ¢ at the left-hand side
(recall that P € Dx,a[att]), we find that Sy = 0 for every k > 0.

Let us write now R = R — R and similarly with the other operators. Each of them
can be written as a series in ¢ and we have checked that

n—1
Qt+RB+Ah+) B'si+) Ci(X —k+Di* =0.
i=0 k>0

Therefore, since Y, Cx (X —k + Dtk = C(X + 1),

n—1
P =RoB+ Aoh+ ) Bjsi + Co(X + 1).
i=0

Summing up, we have been able to write P as a linear combination of #, B , the §; and
X + 1 with coefficients in Dy, pl0:], as we wanted. O
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Theorem 5.2 Let D C X be a free divisor, let p € D such that D is strongly
Koszul at p and let h € Ox , be a reduced local equation of D. Let as before
B(s) = ]_[OteB;1 (s + o), where 1, is the multiplicity of « — 1 in by(s), N(h) =
./\/(h)(ogp) and 7ty @ Dx pls] — N(h) the morphism of Dx ,[s]-modules given by
P(s) = [P(—01)] (where we give N (h) the Dx pls]-module structure coming from
the inclusion Dx p[s] — Dg,xx,0,p) sending s to —0,t). Consider also the ideal J
of Dx, pls] defined as

Jp :=Dx plsl(h, B(—s),081,...,8u—1, x — s+ 1).

Then,

1. Dx, pls] can be endowed with a structure of VOD@[ x X ,(0, py-module such that 7
becomes VD¢, x X,(0,p)-linear. As a consequence, the terms of the total order
filtration T,Dx p[s] (see Definition 2.3) are Og, x x, (0, p)-modules.

2. For any k > 0, we have the following equality of Og, x x. (0, p)-modules:

(VoA @) QN M) = 7Ty N D pls). 7)

and so

FAN ) ©,p) = 3 FLN () 0,p) + 7p(Tp N Ti—1Dx pls])
k—1
(48)
=> 9 (1p(Jp N Tre1-iDx pls))) -
i=0

Proof Following the same convention as in Lemma 5.1 above, we will write O and D
for O, xx,(0,p) and D¢, x x, (0, p)» TEspectively.

We will define on Dy p[s] an action of O by putting ¢ - P(s) := P(s + 1)h and
extending it by linearity. Let us check that such an action is well-defined. Indeed, let
a(x,t) = Za’ k aqrx®t* be a series in O and let us show that we can multiply by a in
Dx, pls]. As a first step, we will restrict ourselves to consider an element P € Dy .
In order to show that a - P lies within Dy ,[s], it is equivalent by linearity to show it
for P = 3#, with B € IN". Then we will have

a- 9P ::Zaakxaaﬁhk Za kZ( 1)|V|< ) T 9By ya-vpk

!
m oy’ V)

Y=o

-3 1)|y< )3/3—)/ 3 (ai—!y)'aakxa—yhk 49)

Y=B azy.k

_ Z( 1)|J/< )35—7/ <97 (a)(x, h),

Y=B

where we use the common componentwise partial ordering and the standard multi-
index notation for the factorial and the binomial numbers. Therefore, a - 8# is a
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finite sum of monomials in the 9; times certain convergent series, so it belongs to
Dx,p C Dx_p[s]. '
Consider now Ps/ € Dy ,[s]. Then,

J .
a-Ps’/ = Zaakx“P(s + k) h* = Zaakxo‘P Z (i)s’kf_rhk
ok r=0

ok

J ; J .
-3 (1) Sawern =3 (1) (varra-r).
r=0

o,k r=0

(50)

which is another finite sum of elements in Dy p[s]. Thus a - Ps/ belongs clearly to
Dy, pls], as we wanted to show.

Now the action of O on D ,[s] can be extended to an action of VOD. Indeed,
we have [t,s]- P(s) = P(s + 1)h =t - P(s) for any P(s) € Dx pls], so we can
take the action of 9d;¢ as that of —s. Now using that VD = Dx, pls] Q0y., O as
Ox, p-modules, we can extend both actions by linearity to get the desired one of VoD,

Let us check now that 7, becomes VO9D-linear with the new structure on D x,pls].
Indeed, consider an operator P(s) € Dx p[s] and a series a = Za,k aakx"‘tk e O as
before. Then,

a-mp(P(s)) =Y aaxt* - [P(=0;)] = | D ax® P (=it + k)t
ok ok

(51)
= | Y awx“P(=d,t + h* | =7p(a- P(s)).
o,k

Note that we are replacing the powers of ¢ by those of % in the third equality. To justify
this step, let us rewrite

> aakx®P(=dit + )ik =Y 0P @) ppom(x. 1) =: P,
o,k B.m

the pg,,» being convergent functions in O. Now dividing all such functions by t —h we
can write them as pg;, (x,1) = ggm(x,1)(t — h) + rg; (x). (This is a very particular
instance of the Weierstral division theorem for convergent power series whose proof
is elementary in this case.) Consequently,

P =2 0" @ qpm (e, 0) | (0 =)+ 3 0P @) rpm(0) =2 A~ ¢ =) + P,
B.m B.m
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For every B and m we know that rg,,, (x) = pgm(x, h), hence, we have an expression

P =" agx® P(=dt + kh*
ok

and thus [P] = [F/] in N (h) which shows the third equality in Formula (51)

Let us show the second point of the theorem. Take an element § € CanN N
FordN(h) Since by Proposition 3.3 we have CanN(h) mdN(h)—i—,B(B,t) lndN(h)
we know that there is a representative P € D of & and that there are operators
O, ReV'Dand A, B,...,B,_1,C e D such that

n—1
P=10+B@nOR+Ac—h)+Y Bis+CF+1).
i=1

el(h)

Itis clear that ¢ g can be rewritten as Q't for a suitable Q' € VOD. Regarding ,B(E),t)ﬁ ,
let us expand R as ), R;t* with R;, € VOD in an analogous fashion as in the proof
of Lemma 5.1. Then,

BOMOR =Y Rit*B(d;t + k)

k>0
= RBO:1) + Y Rit* (B0t + k) — B(@,1))
k>1
= RB@Oi)+ Y Rt N (B@t+k — 1) — B3t — ))t=:RB(d,1) + R't,
k>1

where R’ € VOD. Therefore, renaming Q' + R’ as é € V9D, we have a new
expression

n—1

P =01+ RBG) + A~ 1)+ ) Bisi + C(x + D). (52)
i=l1

Notice that since
£ e VO NN EMN () C VO NB) N FIN (),

itfollows from Proposition 3.10 that we can pick a new representative P e F,DNVOD
of &, that is, we have P-Pel (h). Moreover, when writing P as an element in
Dx, pl0s21[[¢]], we can replace any positive power of ¢ by h, and this will not change
the order. Hence, there exists an operator P € FiD N Dx p[d;7] with P — P =

A(t — h). It follows that P — Pel (h), or, said otherwise, there are coefficients



Hodge ideals of free divisors Page510f62 57

A, Bj,...,B,_,,C" € D such that

n—1°

n—1
P—P=AG—-h+) Bs+CE+1.

i=1

Hence (by replacing P with the expression from equation (52)) we obtain that the class
& e Vc(sz(h) N F,?rdN(h) can be represented by an operator P € ;D N Dy ,[0;t]
which has an expression

n—1
P =Qt+RB@1) + At —h)+ > Bisi + C(X + 1),

i=1

where A := A+ A, B; := B; + Bl and C := C+cC. By construction, the operators
P, Q and R are elements in VD. Then we apply Corollary 3.9 and conclude that A,
By, ..., B,—1 and C belong to VOD as well.

Summing up, we can choose P inside

VOD(t, 1t — h, B(3:1), 81, ..., 8u—1, X + 1) N FxD N Dx ,[d,1].
Applying Lemma 5.1 above, we obtain that
P € Dx plost](h, B(31), 81, ..., 8n—1, X + 1) N TiDx p[os1],

and replacing d;¢ by —s provides the desired claim. For the last part, Formula (48),
we combine Formula (33) (or its non-recursive version, Formula (32)) with Formula
7). i

As a first application of Theorem 5.2 and Theorem 4.4, we can give a formula to
calculate the zeroth Hodge ideal Zo(D) .

Corollary 5.3 Under the assumptions of the previous Proposition, let (Jo), be the
ideal of Oy, defined as

(jO)p = jp m(QX,p = DX,p[S](hvﬁ(_s)»(Sh O, x —s+ DN OX,p-

Then

1. FEIN(M) ={[f1eN®) : f € (T)p)
2. FIM(h) ={[fle M(h) : f € (D)p}
3. Zo(D)p = (Jo) p-

Proof Point 1 is a consequence of Corollary 4.3 and Theorem 5.2 above. For the second
point we use formula (39). We know that FJ? M (h) = F{ N (h) N (M (h) ® 1), where
M (h) is seen as a Oy, ,-submodule of N (k). However, since (Jp), C Oy, there is
actually no proper intersection and the claim follows.
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In order to obtain the formula for the zeroth Hodge ideal we just need to recall
its definition and the isomorphism between Ox ,(¥D) and M (h) (see point 2 of
Proposition 2.4). Since F(f'l Ox,p(xD) = Zo(D), - Ox, (D), we just need to multiply
by h the elements of (Jp) Wl e Ox,p(xD),butagain, (Jo)p C Ox, p,s0 (D), =
(Jo) p and we are done. O

Remark 5.4 Notice that the ideal J, from Theorem 5.2 equals, up to changing s by
s + 1 the ideal

Tp = Dx pls1Ch, B(5), 81, ..., 8u-1, X — 5),

where E(s) = [lpe B, (s — o), with By, and [, being, respectively, the set of roots of
by, in the interval (—1, 0) and the multiplicity of each root «. Then we have

Ty = Dx pls1h, 81, ... 801, x =) € Ty

and it is known (see, e.g., [10, Theorem 1.24] and [32, § 4])) that f ’ is the annihilator

of the class #* in Dy p[s] - h‘/DX [s]- A5 Hence, by the Bernstein functional
equation, we know that by (s) € J,,. 7 The polynomial ,3 (s), which is a proper factor of

by, (s), is not an element of 7 1; in general.

Our next aim is to describe an algorithm to calculate effectively the filtration steps
FkH Ox (%D) resp. the Hodge ideals Ix (D) for an SK-free divisor. The starting point
is Formula (48). Recall (see the explanation before Lemma 3.2) that there is a left
Dg¢, x x, (0, p)-linear isomorphism

U : N(h) — Mh)[3,]
0] — Y1041

which we need to make explicit in order to describe our algorithmic procedure to
obtain the modules F kH Ox (D).

Let us consider the C-algebra automorphism ¢ : D¢, xx,0,p) — Dc,xx.(0,p)
defined as

pla)=a VaeOx,, ¢t)=t+h,
(p(ax,‘) = axi _h/.at Vi=1,...,n, (p(al) = 0.

Xi
It is clear that ¢(§) = § — §(h)d; and g0_1(8) = 8 + 8(h)0; for each § € O p, and

¢ Y (t) =t — h. Now given a class [Q] € N (h), by division by ¢t we find unique
operators A € D¢, xx,(0,p) and Q' e Ox,p(0x;, ..., Ox,, 0r) such that

9(Q)=At+ Q" (ord(Q') < ord(Q)).
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Then we write

ord(Q)
= Y Oudf. QreDx,.

k=0

and taking classes in M (h) we obtain the element Zkrd(Q)[Qk]Bk = Y([Q) €
M (h)[0;] which is readily verified to be well-defined. Notice that the inverse map
W sends an element Y"¢_[04]95 € M(h)[3,], with O € Dx_, to

d
[Z 901(Qk)3;k:| € N(h).

k=0

Let us define Ffrd (MW)[0;]) ==V (FfrdN(h)). Then we clearly have

M (M()[a;) = €B<F°“'M<h>) o, keZ.
i=0

Similarly, put F.H (Mh)[9;]) ;=W (F.HN(h)). Formula (48) becomes:

(Mo, = 8, FL, (M()[8,]) + ¥(T, N Tx—1Dx pls]) (53)
k—1

= > 0l W(J, N Tr—1-iDx pls)). (54)
i=0

where we put W = W o ).
We denote @ : M (h) 50 x,p(*D) the isomorphism of left Dy ,-modules given

by ®([Q]) = Q(h_l), foreach QO € Dy , (see formula (5)), and byE : M(h)[o;] =
Ox, p(xD)[9,] the induced isomorphism of D¢, » x, (0, p)-modules:

d d
@ <Z[Qk]af> = Ouh™hay.
k=0

k=0

We recall from Formulas (38) and (39) that the relationship between the Hodge fil-
trations on Oy, (xD)[9;] = N(h) = (ip,+ O(xD))(0,p) and on Oy ,(xD) is given
by

k—1

F (Ox.,+D)[8,1) = @DFE | _;0x p(xD)) 8],
i=0

FPOx ,(xD) = F, (Ox ,(*D)[3,1) N Ox,,(+D)
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for all k € Z. We obviously have ®(F M (h)) = F! Ox ,(xD) and
SF(M)[3,)) = FFOx ,(xD)[3;].

The pole order filtration PyOx ,(*D) = Ox p((k + 1)D), k > 0, induces a
filtration on Oy , (*D)[0;]:

k

Py (Ox,p(xD)[3;]) := @D Ox.p((k —i + 1)D)d], k = 0.
i=0

With these preliminary remarks, we can now explain an effective procedure to compute

a system of generators of the Ox, ,-modules FkH Ox,,,(*D), k> 0:

Step 1: We compute an involutive basis B = {Py, ..., Py} of J, with respect to the
total order filtration T' on Dx ,[s], i.e. Py, ..., Py are such that

Grl(7,) = Gl (Dx s (0T (Py), ..., 0T (PN)),

where for P € Dy ,[s], o T (P) denotes the symbol of P in Gr,T(Dx,P[s]).
Let us write ordr (P;) = d;. Consequently, for each k > 0, a system of
generators of the Ox ,-module J, N TxDx p[s] is given by

{slggpj |1+ o] + d; §k}.

Step 2: After equation (54), a system of generators of F,ﬁ | (M (h)[0;]) as an Oy -
module is

{a;ﬁ(slgfgp,) |+l +d;+i < k}.

Step 3: By means of the isomorphism ®, we obtain a system of generators of the
Ox, p-module Fklil (Ox,p(+D)[9;]), that we call &, e = 1,..., R. Since
Fkli] (Ox,p(*D)[at]) is a submodule of the rank (k + 1) free Oy, ,-module
Py (Ox,p(xD)[0,]), we have

k
ko= £.i0] € Ox p((k+1)D) ® Ox , (kD) & - & Ox. (D)3},
i=0
forany e = 1, ..., R. Finally, a syzygy computation allows us to compute a

system of generators of the Oy, ,-module
Ox,p&1. .- £r) N Ox p((k+1)D) = FL| (Ox ,+D)[3;1) N Ox , (D) = F' Ox ,(+D).

In the following subsections we apply this algorithm to calculate the Hodge ideals
and the generating level for some interesting classes of examples. Since it is known
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([28, Proposition 10.1]) that Zo(D) = J((1 — ¢)D), and since an algorithm for
the calculation of multiplier ideals exists already (see [2]), our approach first of all
provides an alternative way to compute these multiplier ideals. In some cases our
methods yield results whereas the algorithm in loc. cit. does not terminate. Moreover,
we can effectively calculate higher Hodge ideals, and we indicate them below in some
of the cases for which the generating level of the Hodge filtration FX Ox (xD) is
positive.

We also determine the generating level of the Hodge filtration, always confirming
Conjecture 4.12. In many cases, the Hodge filtration is even generated at level zero.
This is not always true, however, and we show in particular that for linear free divisors,
the conjectured bound from 4.12 is sharp. Examples with low generating level are
interesting because of the local vanishing conjecture (see point 3 of Remark 4.13 as
well as [28, Theorem 17.1]). Notice that only plane curves, normal crossing divisors
(cf. the introduction of [28]) and surfaces with rational singularities ( [30, Corollary
B]) were previously known to have generating level equal to zero.

5.1 Divisors with normal crossings

If X is any complex manifold and D C X is a reduced divisor with only normal
crossings, then it is elementary to check that D is free and strongly Koszul at each of
its points. As we have already pointed out in Remark 4.5, it easily follows from the
fact that —1 is the only root of bp(s) that we have

FHOx(xD) = FNOx (+D).

Consequently, since obviously the order filtration is generated at level O, so is the
Hodge filtration (a fact that is of course well known from Saito’s theory). For the
Hodge ideals themselves, we obtain that Z (D) - F,?rdOX(*D) = P.Ox(xD), and an
easy local calculation shows that this coincides with [28, Proposition 8.2].

Summarizing, if the divisor D has only normal crossings, then our results easily
imply the known facts about the Hodge filtration resp. the Hodge ideals for such
divisors.

5.2 Surfaces

We consider two kinds of free surfaces in €3, namely (two-dimensional hyper-)plane
arrangements and Sekiguchi’s free divisors ([44]). Let D be a central hyperplane
arrangement Ule H; ¢ X = C". It is a longstanding question to detect when an
arrangement is a free divisor; for a recent account, see [12, Chapter 8]. However, if D
is free, then it is strongly Koszul since it is locally quasi-homogeneous (see, e.g., [8]
for this implication), so that the methods from this paper do apply.

Below are some results for low-dimensional free arrangements:

In both cases the Hodge filtration on Ox (x D) is generated at level zero. Of course,
these results do not depend on the fact that dim(D) = 2, similar calculations are
possible for other arrangements, but the ideal Zo(D) becomes difficult to print.
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Name Equation Zo(D)

Ay (=) —2)(y—2) (y—z,x—2)
D3 2 —yHar-H0r - (yzz — 23,527 -3, 93 =y xy? —x? xay -y P - xzz)

Let us consider now the examples of divisors in C> that are discussed in the paper
[44]. We refer to loc. cit. for details on their construction and only produce the results of
the calculation of Zy (D) here. All these examples are given by weighted homogeneous
equations in three variables, and we write (d; dx, dy, d;) for a weight vector, where
dy, dy and d; are the weights of x, y and z and d is the degree of the defining equation
for the divisor D C C3.

Name Weight vector Equation/Zy (D)
ho=16x%7 — 4x3y% — 128x272 + 144xy27
Ay (12:2,3,4) 4 3
—27y" 42562
ZoMD) : (9y? — 32xz, x% + 122)
Ay (12;2,3,4) ho=2x0 —3x%z +18x3y2 — 18xy2z + 274 + 23
ToD) : (y*, x> —2)
B 9;1,2,3) ho=z(x2y? — 4y3 — 4x3z + 18xyz — 2722)
ZoD) : (y2 —3xz,xy — 9z, x2z — 3yz)
Bs 9;1,2,3) h = z(=2y3 + 9xyz + 4572)
To®) - (Zéyj) 5 4.2 3 52
H (15:1.3.5) h =100x"y" +y° +40x"y“z — 10xy”z + 4x°z

- 15x2yz2 +23
ToD) : (02 — xz, 12x2yz — 22, 12x37 — y2)
Hs (15;1,3,5) h=x3y% =7 +3xy32 4 23
ZyD) : (y%, yz,2%)

We have managed to perform the analogous calculations for all of Sekiguchi’s
examples but Hj. The Hodge filtration on O¢s (D) is generated at level O for all of
them.

5.3 Linear free divisors

The paper [3] introduced a large class of examples of free divisors which appear as
discriminants in pre-homogenous vector spaces. Since the module ®(—log D) has a
basis of linear (in the global coordinates) vector fields in these examples, the divisor D
is called linear free. A rich source of linear free divisors comes from representation of
quivers. It can be shown that the strong Koszul assumption is satisfied in these cases
if the underlying graph of the quiver is of ADE-type. Quivers of type A yield free
divisors with normal crossings, so the first non-trivial example is the discriminant in
the representation space of the D4-quiver. Here we have
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D e Ma x3,0) = | (4242 4) 1, e o

where D = V(h)and h = Ay - Ay - Az, with Aq, A and A3 being the three maximal
minors of an element of Mat(2 x 3, C) (hence, & is a homogenous equation of degree
6). In this case, we have by, (s) = (s + 1)*(s + 2/3)(s +4/3) and hence we consider

J=(",s—1/3,81,...,05, x —s+1) C Degsls].

The intersection with Oge (Which can also be calculated as Dee (h, 81, ..., 85, x +
2/3) N Oge) is

Zo(D) = (a13a22 — a12a23, a13a21 — a11423, 412421 — A11422).

The Hodge filtration on Ox (D) is generated at level 1, and the first Hodge ideal is
minimally generated by 13 polynomials in the variables a;; of degree 7 at most (for
typsetting reasons, we refrain to print it here).

This discriminant is a first example of the series where the underlying graph of the
quiver is of D, -type. The next example is the Ds-quiver, where the discriminant in the
10-dimensional representation space yields a hypersurface of degree 10. A defining
equation & € Cla, b, c,k, e, f, g, h,i, j]for D is given by

h = a’ke3ghi® — a’ce® fghi® + 2abke® fghi® — 2abcefghi® + b*kefghi® — b*cf3ghi?
— a’cke®*h?i? — abk®e*h%i% + a*cPefh%it — b2k*ef h2i% + abc? f2h%i% + bPckfih%i?
— azke3g2ij + azcezfgzij - Zabkezfgzij + Zabcefzgzij - bzkefzgzij + bch3g2ij
+ a?Pkeh®ij + 2abck®eh?ij + b*k3eh®ij — a’c fh2ij — 2abckfh2ij — b ck? fh2ij
+a2cke2g2j2 + abk2e2g2j2 _ azczefgzjz + bzkzefgzjz _ abc2f2g2j2 _ bzckf2g2j2
— a’cPkeghj? — 2abck’eghj* — b* k3 eghj* + a’c> fghj? + 2abc’kfghj* + b ck? fghj*

and we obtain

Zo(D) = (aei + bfi —acj — bkj,aeg + bfg — acr — bkr,
keri —cfri —kegj +cfgj).

Notice that for this example, the computation of the multiplier ideal 7 ((1 — €)D)
with the methods from [2] does not terminate. The generating level of the Hodge
filtration on Ox (x D) is two here. The first Hodge ideal Z; (D) has a minimal generating
set consisting of 24 polynomials of degree 13 at most, whereas Z,(D) is minimally
generated by 124 polynomials, their maximal degree being 22.

In fact, Conjecture 4.12 would yield the following estimate for the generating level
of the full D,-series.

Conjecture 5.5 Let D C X = C*'~10 be the linear free divisor D,,. Then, the Hodge
filtration on Ox (xD) is generated at level n — 3.
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Proof assuming Conjecture 4.12 The dimension of the divisors D, can be found in
[13, p. 1347]. The result then is just a consequence of applying the statement of
Conjecture 4.12, once we know a general formula for the Bernstein—Sato polynomials
of the divisors D,,. It can be found at [45, Table 4.1] that they are, respectively,

4 n-3 2 n-3
s+ = s+ D74 s+= .
3 3 m]

Note that this conjecture, if true, would give a bound for the generating level which
is exactly a quarter of the general one given in [28, Theorem B]. We also believe that
such bounds are attained for all of the D, (i.e. that the generating level is exactly
n — 3), as we have checked for n = 4, 5.

Another typical example of a linear free divisor in low dimensions is the discrim-
inant in the space of binary cubics (see, e.g., [17, Examples 1.4. (2)]). Here we have
D =YV(h), where h = —y2z2 +4x73 +4y3w — 18xyzw + 27x%w? € Clx, y, z, w],
and we obtain that

Io(D) = (22 = 3yw, yz — 9xw, y* — 3x2).

In this case the Hodge filtration on O¢4 (x D) is generated in level one, with first Hodge
ideal

T1(D) = (%22 — 4x2> — 4y w + 18xyzw — 27x%w?, 22° — 15y23w + 27y%zw? + 27x7°w?
- 81xyw3, yz4 —27xz%w — 18y3w2 + 135xyzw2 —243x%w3, 2x7* — ySZw
— 9xy22w + 27xy2w2 —27x%zw?, xyz3 - 2y4w + 9xy22w —27x% 7w
+27x2yw?, y*z — 18x%23 — 27xy3w 4 135x2yzw — 243x3w?, 2y° — 15xy°;
+ 27x2y12 + 27x2y2w — 81x%zw).

Notice that similar computations are possible up to some extent for other linear
free divisors of SK-type, such as those given by the Eg- and E7-quivers. Under the
assumption of Conjecture 4.12, one could give generating level bounds, using the
calculation of Bernstein polynomials from [1].

We finish this subsection with some examples of non-reductive linear free divisors
in low dimension, as found in [17, Example 5.1, Table 6.1], that we summarize in the
table below.

Name Equation Zo(D)

dim 3 (y2 +x2)z (y,2)

dim 4, case 1 %+ x2)zw »,2)

dim 4, case 2 (yz + xw)zw (z, w)

dim 4, case 3 x(y3 —3xyz + 3x2w) (x, y2)
Xy Xy z 5

Sym3(C) X yuv (xXv — yz, xu — y°, xzu — xyv)
YU vw
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In all those cases, the Hodge filtration on the corresponding ring of meromorphic
functions is generated at level 0.

5.4 The Whitney umbrella and the cross caps

We finish this section by mentioning two examples that slightly fall out of the general
setup of this paper. Namely, consider the Whitney umbrella D = V(h) = V(x? —
y2z) C C3. This is not a free divisor, indeed, we have ©(—log D) = Z?:l Ocsi
where

81 = ydy —229;, 8 = —yzdy — xdy, 83 = —ydy — 2x,,
84 = x = (1/2)x0x + (1/3)ydy + (1/3)z9,,

so that ®(—log D) is not Ogs-locally free. However, the isomorphism
De3/ (81, 82,83, x + 1) = O (xD)

of left D¢3-modules still holds true, and we find that b, (s) = (s + D2(s + 3/2).
According to Lemma 3.2 from above, we have bN( ) = = s2(s — 1 /2). One checks
that the main results of this paper can also be applled to this example. In particular, it

follows that the integer r appearing in Lemma 4.6 is zero, and hence we deduce from
Corollary 4.7 that

FEO(xD) = FOOs (D).

In particular, in this example the generating level of the Hodge filtration is zero since
Ffrd(’)@ (xD) is generated at level 0.

A similar reasoning applies to the higher dimensional example D = V(h) C C°,
where

h = xlxzx§x4 + x%xf — x%x§x5 + x§x4 — xlxgxs + 3x2Xx3x4x5 — 2x1x3x52 — xg,

called cross-cap, which again is not free (the module of logarithmic vector fields has
9 generators), here we have

bu(s) = (s + D3(s +3/2)(s +4/3)(s + 5/3).

As a conclusion, we obtain that for both the Whitney umbrella and the cross-cap we
have Zo(D) = Oy, but Zy (D) C Ox forall k > 1.

Actually, these two examples are the first two of a whole series, which is discussed
in [19]. However, it is unclear at this point whether we always have the equality
FEO@ (xD) = Ffrd(’)cn (xD) since this needs the fact that the roots of by (s) are
contained in (—2, —1], and a general formula for the Bernstein polynomial for the
elements in this series is not known (actually, it seems computational impossible to
obtain by, (s) even for the next example, which is a divisor in .
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