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ARTICLE INFO ABSTRACT
Received: 14 Nov. 2020 Teacher knowledge needed for teaching is widely studied to characterize its key categories. We report findings
Accepted: 9 Jan. 2021 from a study on teachers’ knowledge for mathematics in the Montessori schools. In Montessori accredited schools,

teachers learn to teach mathematics in ways different from the teachers themselves experienced in non-
Montessori schools. We ask: What knowledge do teachers learn? and how do they continue to refine this
knowledge in teaching in classrooms? We draw from a teacher knowledge framework based on cross-national
studies to interpret mixed data from a case study. We aim to inform research on teacher characteristics needed
for consistent implementation of instructional reform. Major findings from this study are that for K-6 Montessori
teachers to thrive in teaching mathematics in Montessori classrooms, they need teacher knowledge on Montessori
materials, on lesson and the presentation of content according to Montessori’s philosophy and pedagogy; as well
as on the process of independently understanding concepts to be presented. The findings contribute to further
theorizing on teacher knowledge which has implications is designed to teacher training opportunities in three
subcategories; namely teaching, learning, and professional competence knowledge.

Keywords: mathematics teacher knowledge, instructional reform, pedagogical practices, classroom practices,
learning materials, Montessori teaching, teacher professional competencies, mathematics content knowledge

INTRODUCTION

Teacher knowledge needed to teach mathematics has been studied within and across nations to characterize its categories.
The question at the heart of both national and cross-national studies is on the knowledge needed to teach high quality and
demanding curricular, such as reform curricular (e.g., Bagby & Sulak, 2009; Clarke, Goos, & Morony, 2007; Lang & Namukasa, 2011).

Several studies (see e.g., Battey & Franke, 2008; Price & Ball, 1997) review and distinguish between “conventional” and “reform
mathematics” teaching. “Reform raises questions about the core beliefs of mathematics education, moving to restructure thinking
about the nature of mathematics, how it is taught, how it is learned, and, ultimately, what constitutes success in learning it” (Ellis
& Berry 111, 2005, p. 8). Studies on reform practices agree on the following: Several reforms have been attempted over the years for
many countries, however, in many countries, including Canada, reform has been slow or even missing out (Ashraf, 2019; Ellis &
Berry I, 2005) with renewed momentum in the 1980s (Eacott & Holmes, 2010; Herrera & Owens, 2001; Manouchehri & Goodman,
1998).

Critics of reform have doubted if it is possible to implement curriculum and pedagogical reform in complex education settings
(Eacott & Holmes, 2010). According to Sztajn (1995), for instance, pedagogical reform based on Colburn’s ideas was heavily
criticized and discontinued before it reached the classroom teacher. Ross, McDougall, and Hogaboam-Gray (2002) observed that
new math reform of the 1950-1960s failed miserably, because teachers were expected to develop pedagogical practices and
materials with little or no training related to the reform ideas. Reform on pedagogical practices has been noted to focus on
different practices, including content, tool, experience, problem solving, multi-representation, questioning, and discourse-based
practices.

However, only few teachers implement more than one reform-based practices in their teaching (Drake, 2006). Further,
teachers’ interpretations of selected reform practice may vary (Manouchehri & Goodman, 1998). Both teachers’ knowledge and
affective characteristics have been noted to play a role in implementing reform. Li and Ni (2011) noted that discourse-based reform
practices were not implemented to match the content-based reform which the teachers were practicing. The question at the heart
of mathematics education reform research is, how might teacher education programs prepare and support teachers to interpret
and implement coherent pedagogical reform practices in their classrooms?
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The Context: A few studies, such as Livstrom, Szostkowski, and Roehrig (2019), look outside traditional school settings to
study pedagogical practices. Accredited private/independent schools are a unique case for studying teacher knowledge needed
to implement non-conventional pedagogical practices. Teachers in accredited private education systems are expected to
consistently teach their mandated curriculum using specific materials and pedagogies (Davenport, 2000; Marshall, 2017), and to
assess students in ways aligned to the system’s philosophy. Maria Montessori (1870-1952)’s published curriculum together with
its supporting resources and learning materials, which were widely researched and widely published on her work in the 1920s,
continue to be researched and developed independently and by Montessori organizations in different countries (see e.g., Lillard &
Else-Quest, 2006). According to Lillard (2005), the provision of a detailed curriculum and resources in the Montessori system is a
key factor in the interpretation and implementation of Montessori teaching practices. Meanwhile, Montessori system, as Lillard
(2019) indicated “is still marginalized in discussions of education reform” (p. 940).

Whitescarver and Cossentino (2006), Jamilah (2018), and Lillard (2019) observed that there are at least 22,000 Montessori
schools in more than 100 countries in the world. In certain countries Montessori schools are public-funded. In the Canadian
province of Ontario, where the study took places, of the over 1401 private and non-government funded schools, 112 private
schools considered themselves Montessori schools. Fifty of these Montessori schools had membership with a national or
international Montessori society. Only seven of the Montessori schools offered credits towards the Ontario Secondary School
Diploma program.

The Challenge: Many studies on mathematics teacher education, including the Teacher Education and Development Study in
Mathematics (TEDS-M) have focused on investigating schools teaching programmatic curricular designed by ministries of
education (Ingvarson et al., 2013). Teachers in alternative education systems who are not alumni of these systems need to learn
to teach a different curricular other than they were taught when they went to school (Laski, Vasilyeva, & Schiffman, 2016). The case
is the same with teachers in publicly-funded schools when implementing mathematics teaching, curriculum or assessment reform
in education. Our study investigated the knowledge characteristics of teachers—what teacher knowledge was needed and what
competencies were needed by teachers in the Montessori education system?

Research questions: The specific research questions are: (1) What knowledge do Montessori teachers need and learn? (2) How
do these teachers continue to refine this knowledge in classroom practices?

Need and Significance: Studies currently investigate different aspects of the Montessori education system in comparison with
other school systems. Most studies on the Montessori education system focus on general classroom practices (Cossentino, 2006;
Namukasa, 2016) and general teacher education (Beatty, 2011) at specific levels of their education systems. The few studies that
focus on the teaching and learning of mathematics have further been narrowed to focus on investigating learning of specified
concepts such as number sense concept (Litster, Moyer-Packenham, & Reeder, 2019; Mix et al., 2017; Peng & Md-yunus, 2014).
Other studies compare Montessori students’ performance to the performance of students of other education systems on
mathematics tests (Peng & Md-yunus, 2014). Few studies—such as Chipangura and Aldridge (2017) and Faryadi (2017) —focus on
Montessori mathematics teacher knowledge.

This study also responds to the needs identified in the literature on mathematics knowledge, particularly on preparing and
supporting teachers when adopting specific reform teaching practices. It identifies sites where content knowledge for teaching in
a specific education system is learned (Ball, 2002; Ball, Lubienski, & Mewborn, 2001), connected to lessons taught by teachers
(Clarke et al., 2007), and how this knowledge is further influenced by classroom practice (Ponte & Chapman, 2006). Findings from
this study promise to inform mathematics teacher learning, practices, and instructional reform.

RELATED LITERATURE

This study is informed mainly by three literatures on Montessori education: Montessori education philosophy and learning
environment, Montessori curriculum and teaching approach; and Montessori learning materials and activities literature which we
review in the next section.

Montessori Education Philosophy

Several of the reforms practiced in Montessori schools have been noted to have similarities with the instructional reforms
advanced by Jerome Bruner, Warren Colburn, Jean Piaget and influenced by J. H. Pestalozzi (Cossentino, 2005; Ervin, Wash, &
Mecca, 2010). Lillard and Else-Quest (2006), for instance, compared the Montessori education system to mainstream reform and
noted relations between Montessori teaching practices and the instructional reform in the mainstream schools. According to
Lopata, Wallace, and Finn (2005), Montessori education was initially developed by Maria Montessori in 1907 to serve children who
were economically disadvantaged “however, this education has become well known in affluent communities” (p. 5).

In the Montessori approach to education and teaching practices, learners work independently on manipulative materials, and
on practical life activities (Elkin, Sullivan & Bers, 2014; Lillard, 2012; Saracho & Spodek, 2009). Learners in the classrooms —
according to Cossentino (2006), Faryadi (2007), and Lillard, (2007, 2013) — are mostly guided by the teacher to construct their own
learning through interactions with concrete materials. Lillard (2013) added that classroom settings may comprise age groupings
ranging three years—“infant to three years old, three to six, six to nine, and nine to twelve” (p. 3).

Moreover, unlike public funded schools whereby the teachers and learners are usually assigned sitting places and with
teachers controlling material usage, the pedagogical approach and teaching and learning content, Barbieru (2016), Kayili and Ari
(2011), and Lillard (2018) noted that in Montessori education system, learners, in individual and small group settings, are able to
select their own workstations in the classroom without any restrictions and they select what to learn for the day. Barbieru (2016),
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Lillard (2012), and Lillard and Heise (2016) indicated that children, therefore, have opportunities to make certain choices on several
aspects of their learning, such as selection of materials, content and pedagogy. Kayili and Ari (2011) added that this approach to
teaching is constructed on the child’s interest whereby children have the freedom to select what to learn, where to learn and how
to learn with the teacher just serving as a guide. Lillard (2019) explained that allowing children the space to develop themselves
in this manner helps them to be independent.

According to Kayili and Ari (2011), and Lillard (2019), the fundamental philosophy behind Montessori education is for the child
to be a self-reliant, independent learner through a wholistic and cosmic education approach. Raimondo (2018) viewed cosmic
education as children performing activities and learning in an orderly manner in order to understand their world and become
independent learners. Features such as observation, child centered activities, and creating a conducive learning environment
were important in teaching as well as assisting learners to become self-reliant (Ross, 2012). According to Ross, education as
indicated by Maria Montessori is “not acquired by [the] child listening to words, but in virtue of experiences in which the child acts
on his environment.” (p. 101) Saracho and Spodek (2009) noted that almost everything in the world revolves around mathematics,
so is Montessori educational approach; its teaching revolves around mathematics.

To promote such education, Kayili and Ari suggested the need to provide learners with fundamental features of Montessori
education such as a well-prepared learning environment (Spodek & Saracho, 2009), appropriate learning materials (Lillard, 2018),
and support them to be independent learners and self-reliant through Montessori’s unique content and curriculum, teaching
method, learning materials, method of assessment and classroom set-up. This form of educational approach, according to Kayili
(2011), would allow children to effectively interact with concrete materials in their environment, understand mathematical skills
(Reed, 2016), and develop their own knowledge by acquiring mathematical skills such as geometric thinking (Toran, 2011). When
it comes to mode of assessment of learners’ achievements, in Montessori education teachers observe children as they work in
their classroom environment, review children’s self-created portfolios and rarely view assessment of students to be based on
instruments such as tests and grades (Christle, 2010).

In the same way, other researches (see for example, Bagby & Sulak, 2010; Cossentino, 2005; Shiraz & Quisar, 2017) compared
pedagogical practices of the Montessori systems to public schooling systems and noted relations to learning theories in
Montessori education that focus on constructivism (Bagby & Sulak, 2010), playful and mindful learning (Lillard, 2007, 2013),
student motivation (Rathunde & Csikszentmihalyi, 2005) and development of executive and transferrable skills among learners
(Franczak, 2016). In line with the above learning theories, Cossentino (2009), and Beatty’s (2011) research studies focus on teacher
education, whereas Faryadi (2017), and Laski et al. (2016) focus specifically on Montessori mathematics education with emphasis
on pedagogies that would aid learners’ understanding and construction of their own learning.

In the next subsections, we elaborate on specific key tenets which distinguish the Montessori curricular from public curricular
(Cossentino 2005; Rosanova, 2003).

Montessori Mathematics and Teaching Approach

A teacher’s knowledge, beliefs and attitudes toward teaching and learning are believed to interact in many ways with their
teaching methods in an ecosystem of curriculum, and learning philosophies (Guerriero, 2014; Kutaka et al., 2017; Sewornoo, 2016;
Shiraz & Quisar, 2017). In the same way, Kuennen and Beam (2020) noted that teaching content in a classroom starts with a
problem task that needs to be designed and solved. The teacher acts as a guide and supports children to construct their own
learning in the classroom by performing several activities through hands-on, child-centered activities (Lillard, 2011; Thayer-Bacon,
2012).

In regard to the teaching approach, Kayili and Ari (2011) conducted a study on effects of Montessori teaching approach on
preschoolers’ readiness for primary school in terms of their number sense, social readiness and concentration skills, and found
that teachers’ method of teaching played a significant role in their learners’ transitions as compared with government funded
schools. This result is not different from what Lillard (2019) noted from her studies at the Montessori school with kindergarten
learners in terms of their performance in both academic achievement and social cognition.

For Montessori teaching approach to continue to be effective for both the learner and the educator, Lillard and Heise (2016)
suggested the need for classrooms to embrace certain features and practices such as designing classrooms to fit the needs and
interest of the child. Design would include a well-prepared learning environment, accessibility to appropriate learning materials,
maintaining learners’ interest in their learning by teachers serving as guides and only to interrupt when needed. Faryadi (2007)
added that although learners’ needs and interests take priority when it comes to Montessori education, in order to view this form
of education as authentic, children’s learning approach needs to be prescribed with little or no modification from the original
Maria Montessori’s writings and philosophy.

According to Lillard (2005), the prescribed learning approach involves offering teachers with a detailed curricular to teach as
well as supporting resources for teaching the curricular. The supporting materials according to Cossentino (2005) include
Montessori teaching materials, and detailed guidance on how to organize the materials and the learning environment.

In addition, teachers are provided with a series of scripted lesson presentations and activities (Beatty, 2011) and are instructed
to be mindful of all their interaction as adults in the classroom (Belova, Eilks, & Feierabend, 2015; Faryadi, 2017). More so, Bagby
and Sulak (2010), and Lillard and Else-Quest (2006) describe this learning approach to involve teachers teaching children by
providing them opportunities to interact with concrete materials in multi-grade classrooms of two 2-3-hour lesson blocks a day.
To Barbieru (2016), teaching children in a multi-grade classroom offers younger learners’ chances to interact and “imitate the
work” of older learners around them.



4/20 Namukasa & Aryee / INT ELECT J MATH ED, 16(3), em0646

Barbieru (2016) noted that the Montessori method of teaching may be viewed by other researchers as having passive educators
with learners doing the work by themselves as compared with the traditional classroom whereby learners “passively receiving
information” from teachers (p. 109). To respond to these critics, Barbieru (2016) explained that prior to learners working on their
own, Montessori teachers would first introduce the lesson including needed materials to them to get an idea, after which teachers
slowly withdraw from the environment and take the role of observers and guides. For the Montessori teaching method to be
effective and for teachers to successfully follow prescribed teaching and learning approaches, Barbieru and Lillard (2019)
suggested educators undergo some form of training to understand various teaching aspects, such as prepared learning
environment, materials’ usage, content and presentations.

Further, Cossentino (2005) added that the strict adherence to the provided lessons and their presentations helps to promote
productive learning skills.

Montessori Learning Materials and Activities

Ryniker and Shoho (2001) indicated that Montessori’s method of teaching is based on the idea that children learn through
exploration. Learningis not only about listening; it encompasses varieties of activities. According to Ross (2012), learning is defined
as “a natural process, the necessity of spontaneous activity, a prepared environment, and the transformation of the teacher from
a classroom star to an actor in a supporting role” (p. 93). Teachers provide structure in the classroom “by guiding the children’s
learning towards established goals” (Lillard, 2013, p. 142). Further, the Montessori approach to learning according to Lillard (2018),
Ross (2012), and Spodek and Saracho (2009), is child-centered and involves children independently working with real and
attractive materials, which are placed in the classroom environment and introduced to children to interact with and imitate the
adult/teachers’ actions that portray real life situations.

Lillard (2019) noted that in a Montessori learning environment, having prepared and organized environment to support
sensorial education whereby children are able to engage with manipulable materials. Certain Montessori materials are “key to the
world that the primary materials present” (Lillard, 2011, p. 20), and the essence teaching of a specific concept (Kuennen & Beam,
2020), or assisting children develop certain learning skills, such as how to write and then read, and how to do mathematics and
geometry. For instance, Lillard (2019) mentioned that teachers are able to select specific materials, including sensory, language,
and mathematics materials (Lillard, 2013, 2019), and organize and store the materials in a classroom in such a way that learners
could easily identify and access them (Kayili & Ari, 2011).

The importance of Montessori materials is supported by experimental studies (see for example, Lillard, 2012, 2019; Lillard &
Heise, 2016) which showed that Montessori children who learn mainly with Montessori materials tend to perform better than those
learning with non-Montessori materials. Further, Rule and Stewart (2002) noted that materials that involved preschool children
performing activities resulted in the development of finer motor skills improvement as compared with children in classrooms
without these materials and activities. Kuennen and Beam (2020) added that the selection, use and performance of several
activities with the learning materials is effective at in promoting children’s understanding in and developing a sense of
competence.

Use of materials is noted to also benefit the development of learning characteristics including: student self-determination”
features (Lillard, 2019, p. 944 ), correcting own learning mistakes with little teacher intervention (Barbieru, 2016; Kayili & Ari, 2011),
social and emotional skills (Sawyer, 2001); self-discipline, self-control through their work (Lillard, 2013, 2019; Thayer-Bacon, 2012),
developing independency and learning in a more “self-sufficient way” (Spodek & Saracho, 2009, p. 308). In sum, providing children
the opportunity to learn on their own through guided interaction with the materials and manipulatives in order to satisfy their
“basic human needs according to the self-determination theory” is what the Montessori system and philosophy is allabout (Lillard,
2019, p. 956).

However, Thayer-Bacon (2012), noted that some teacher-education students — in a manner, similar to certain researchers (see
for example, Debs 2019; Diamond & Lee 2011; Elkind 2008; as noted by Lillard, 2013) — considered the activities children perform
in Montessori schools “as play instead of work, and the didactic materials in the classroom is ... as noneducational” playful
learning with no formal structure (Thayer-Bacon, 2012 p. 12). Lillard (2013) on the other hand, argued that Montessori classrooms
may be viewed as unstructured and playful learning environment because children are offered the choice of materials to learn
with. Thayer-Bacon (2012) added that the unstructured Montessori classrooms are “full of educational materials, so there is no
‘bad choice’ available for the students” (p. 13).

Despite the arguments, Lillard (2007), and Cossenito (2005) themselves, still raise questions on the extensive use, limited
selection per age band, limited student choice and customization, and the pre-specified usage of materials. In terms of materials,
for instance, Lillard (2011) noted from one of her studies regarding their status in Montessori classrooms and indicated that
although there were several and desirable materials. However, not all of them are essential for learners.

In the next section, we elaborate on the analytical framework we adopt for studying teacher knowledge and affective
responses.

FRAMEWORK

Our work on teacher knowledge characteristics is framed by categories noted in the literature on the nature of knowledge
required for teaching school mathematics. Canadas et al. (2013), following TEDS-M, considered four major categories of content
knowledge and pedagogy knowledge that should be taught to teachers in teacher preparation programs: school mathematics
content knowledge, tertiary mathematics content knowledge, mathematics pedagogy and general pedagogy. Tatto (2013), and
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Tatto and Senk (2011) identify the following more detailed categories: Mathematics content knowledge (MCK)-school and tertiary,
mathematics education, general education pedagogy, teaching for diversity, reflection on practice, school experiences and the
field experience, as well as coherence of the teacher education program. Blomeke (2014), NCTM (2012), Wang and Tang (2013),
Burton (2003), and Monroe (1984) offer additional categories. We summarize the categories as a conceptual framework in Table
1. These categories include: Teacher knowledge of Teaching, of Curriculum, of Learning, of Contexts, of Affective responses,
Professional knowledge, and knowledge gained through Field Experiences and Clinical Practice. Because our study was carried
out with in-service teachers, we leave out the field and clinical practice category that describes an avenue of teacher learning.

Table 1. A Classification of Knowledge for Teaching Mathematics

Knowledge Category = TEDS-M subcategories, Wang & Tang Blomeke NCTM (2012) Our Study
topics, activities, & (2013) (2014)
experiences (Tatto, 2013).
Teaching issues Planning for mathematics ~ Mathematics Teacher Content Pedagogy =~ Mathematics teaching
(e.g., planning, teaching and learning teaching issues  learning environment
reflection, and Mathematics instruction (including Mathematics teaching issues
foundations of Developing teaching plans, curriculum/ (including selecting
mathematics) observing, analyzing and content appropriate teaching
reflecting on mathematics  standards) materials)
teaching
Curriculum Curricular knowledge Content Knowledge  Curricula knowledge
(e.g., school content  (including foundations of Mathematical (including material and tool-
and assessment) mathematics) Practices based curriculum
Mathematics standards and
curriculum
Learning issues Enacting mathematics for ~ Mathematics Pedagogical Mathematical Mathematical learning
(e.g., development of teachingand learning learning issues  practices learning Environment environment (organized
mathematics thinking, Development of including (e.g., materials)
planning) mathematics ability and mathematics-specific
thinking technology)
Learning activities engaged Influences on student
in Learning
Contexts Contexts of mathematics ~ Contexts of Context
(e.g., equity and education mathematics knowledge
diversity) education
Affective issues Affective issues in Affective issuesin Affective-
(e.g., motivational mathematics mathematics motivational
issues and beliefs) factors
Professional Instructional activities Professional Professional Professional knowledge
competencies experienced competences  Knowledge and Skills (including content
(e.g., teacher inquiry) presentation)
METHODS

We carried out a case study of a Montessori school in Ontario, Canada. Browne (2005) explains that case study research
methodology is based on the interpretive view of inquiry. Creswell (1998) and Merriam (1998, 2009) suggested that case study
approach would be helpful when dealing with few cases. According to Patton (2002), the purpose of case study is to observe,
organize, and analyse in-depth information, problems and relationships within a specific case of analysis. Nisbet and Watt (1994)
defined case study as a “specific instance that is frequently designed to illustrate a more general principle” (p. 72). Cohen, Manion,
and Morrison (2007) added that the single instance of a case study is of bounded system such as a classroom, a school or
community. Robson (2002) also added that case studies opt for analytical rather than statistical generalization; that is, they
develop a theory which can help researchers to understand other similar cases, phenomena or situations.

Methods of Inquiry
Participants

The research participants consisted of twelve K-8 teachers with 5 to 25 plus years of teaching experience, who were working
in an urban Montessori school in Ontario. Prior to conducting this study, we sought ethics approval from our university’s ethics
review board. A school administrator granted us access to solicit for study participants. Only the Grade 7 and 8 teachers specialized
in teaching two or three other subjects, the rest taught several Montessori subjects including mathematics. All the participants
were university graduates with teaching qualifications at the bachelors, graduate, postgraduate or Montessori teacher training
(diploma) levels. Participants’ Montessori training varied with many of them trained to teach in several levels (3 participants were
trained to teach in one level, 4 in two levels, 3 in three levels and 1 in four levels). Only one participant was not trained in a
Montessori teacher education institution and one participant was an alumnus of a Montessori school system. Two of the
participants, T11 and T12, also had school administration experiences. Participants were also given an opportunity to consent to
a selected data collection options of varying time commitments as shown in Tables 2 and 3.
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Table 2. Profile for Participants Teaching Preschool

Participant Length of teaching/ Grade levels Montessoriteacher Teaching Qualifications Data Collected
Admin experience taught training
To1 23 Jk - Sk yes Preschool - Sk Long Questionnaire

Two interviews
Observations

T02 14 Pk, Jk - Sk yes Preschool Short Questionnaire
Two interviews
Observations

Ti1 12 years Preschool yes Preschool Short Questionnaire

(Pk) (3-6) One Interview

Teacher Manual

Table 3. Profile for Participants Teaching Grades 1-8

Participant Length of teaching/ Grade levels Montessori teacher Teaching Qualifications Data Collected
Admin experience taught training
TO3 26 1-3 yes 1-8 Long Questionnaire
T04 15 1-3 yes 1-3 Short Questionnaire
ToS 21 4-6 yes Jk-8 Long Questionnaire
Two interviews
To6 13 4-6 yes 1-6 Short Questionnaire

Two interviews
Observations

T07 18 4-6 yes Pre-6 Short Questionnaire
Two interviews
Observations

T08 16 7,8 no 7-12 Long Questionnaire
Two interviews

T09 22 7,8 yes 1-3 Long Questionnaire
One Interview

T10 7 7,8 yes 4-10 Long Questionnaire
No Interview

T12 7 7, 8 (& Pk*) yes 4-10 Long Questionnaire

One Interview

* Stands for previously taught
Jk - Sk Stands for Junior Kindergarten to Senior Kindergarten

For ethical purposes and given the small population of Montessori schools, participants were assigned numbers; and
potentially identifying information such as gender was not reported.

Data Collection and Procedures

To obtain an understanding of teachers’ knowledge in the Montessori school, mixed data were collected. Instruments for
collecting data were: a written questionnaire—a short qualitative (4 pages) or a long mixed qualitative and quantitative form (10
pages)—completed at the start of the study; a semi-structured pre-observation interview and post-observation interview;
observation (1 to 4 observations per grade-band); review of artefacts (notes, images and copies) provided by the participants; a
focus group discussion at the end of the data collection period; and document analysis of the teachers’ planning documents and
instructional support materials. We used multiple methods of data collection, because past studies, such as Herrera and Owens
(2001), on reform curriculum and practices have noted different results when only questionnaires are used than when used in
combination with observation and interview instruments. The data were collected on teacher knowledge, affective
characteristics, training experiences, and pedagogical practices.

DATA ANALYSIS

Survey data was first analyzed quantitatively. To begin with the analysis, responses on reverse items were straight-coded,
responses duplicated on items checked to rule out guessing and neutral items noted for follow-up with a respective participant at
a pre-observation interview. Then descriptive statistics on the factors were studied for consistence, contradiction, contrasts,
similarities and correlations among the data. Disaggregated data was also studied by factors, question/item analyses and
individual participants’ profiles to explore further statistics of interest. Correlations among factors were studied.

Interview records were transcribed verbatim and data was organized and analyzed using both manual color coding-cutting-
collating as well as electronically using keyword-nodes-categories of nodes in NVivo software. Table 4 presents examples of the
key words and nodes (responses to each interview question), category of nodes and then sub themes generated by analyzing
transcript data. We further merged, re-organized and re-named the codes by having a team of researchers, including graduate
student researchers and research associates, contribute to the analysis over a period prior to and after presenting the preliminary
results to the participants.
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Table 4. Data Analyses and Themes

Data Analyses Teacher’s Knowledge sample categories of nodes and codes Teacher’s Knowledge Themes
Interview transcripts analysis. Trained with & know each material Learning materials
Descriptive analysis of survey data. Purpose, method & consistence (a pre-existing theme in both the
Corroborated with: Concrete, sensorial and hands-on questionnaire and interview data)
Study of observation notes, pictures  Stories of materials and real life
and artefacts; Learn, play around with, present, lessons Lesson presentations
Document analysis of a manual, a Lessons as gifts to be shared (an emergent theme from observation
syllabus, lessons and activity excerpts; Sequential, Three-part lessons data)
Focus group feedback. Solidify, repeat lessons
Attention to, isolate, solidify concepts Understand concepts
Foundation for a concept (an emergent theme from Focus group
Manipulating the process, the why data)

Understanding and remembering

To triangulate the transcripts and survey analyses, classroom observation notes and pictures, and the teacher documents
were analyzed as shown in Table 4. Generation of nodes and themes: This analysis of the interview transcripts in NVivo generated
nodes on both pre-existing nodes (such as of sections on the interview and of factors on the questionnaire) as well as emergent
nodes from the data. Nodes were further clustered under broader subthemes that were at the time of writing merged into themes.
Table 4 shows the teacher knowledge nodes, codes and themes identified in the data. At the focus group discussion with the
research participants, when preliminary nodes were presented, participants made suggestions on what to include or exclude, and
how to further organize the themes. The researchers then further interpreted the results using the study framework.

RESULTS

Teachers who participated in this study stated that they were trained to teach a three-year cycle (grade bands) at a time. They
received training for each school subject at that grade level, and “the purpose, the procedure and in the concept” taught in the
lessons. The training was hands-on and included opportunities to be “put in a classroom with one trained teacher.”

The key findings on how Montessori teachers describe the knowledge they learned during their Montessori teacher training
courses include: knowledge of use of Montessori concrete materials for respective three-year cycle, how to present Montessori
lessons that utilized these materials, and the opportunities given to independently understand the mathematics concepts
through, for example, the proper use of the materials. In this paper we report these three major findings on knowledge learned
during the training as reported by the Montessori teachers who had been practicing for several years:

1. Learning the materials and their methods
2. Thelessons and how to present them
3. Coming to understanding of concepts on one’s own

When the preliminary findings were presented to the participants at the focus group discussion, they maintained that the core
of these categories of a Montessori teacher’s knowledge was the prepared learning environment as shown in Figure 1. The
subsections report in detail these three key findings.

Mathematics
Learning
Materials

The

Montessori
Prepared
Learning

Environment

Lessons and
Content Understand the

Presentations Concepts

Figure 1. Montessori Mathematics Teacher Knowledge Components
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Learning Materials and Methods

Participants indicated that during teacher training they had learned that the Montessori curriculum was material-based, and
the training was focused on the use and purpose of the materials. Therefore, teachers had opportunities to learn about the
“concepts,” “the materials,” “how to use these materials properly,” “engage the children with the material,” and use the materials
to “entice them [the students] into lessons.” According to T07, it is difficult to “just walk into a Montessori classroom without
training and be able to do it because you can’t pull that material off ... you couldn’t, you actually have to be physically trained on
how to use the materials.”

” «

T06 described the training session and said, “the first two weeks of teacher training were on Maria Montessori ... her
philosophy of learning, followed by training on materials and how to use the materials.” When responding to further interview
questions about the training in terms of how the knowledge obtained was reflected in the participants’ approach to teaching as
well as the importance of materials in the lesson, participants’ responses indicated that teacher training involved learning the
materials; that the curricular was material based. For instance, T07 stated that since their curricular was largely material-based,
and also “based on real world questions, ... they teach you how to use every single piece of [Montessori] material that you would
find anywhere in the world.” T05 described the training process:

“You learn every piece of material and you learn how to teach the child with every piece of material in the classroom. ...
your lower elementary training, grades 1, 2, 3, you go through all that material in the order that a child would learn it and
the same as with the upper elementary. So, you start with the grade four materials and go all the way up to the grade six.”

According to T06, the Montessori way of teaching math makes learners “feel very confident,” therefore the materials also “help
them [learners] develop their abstract thinking, say, if they have gotten to the point where they have abstracted the formula, then
they can do it without the material.” When asked about some of the specific kinds of materials they use, T11 stated, “we use flash
cards, textbooks to expand their knowledge in, say, an area or perimeter of a square, so they show us how to do that accurately.”
Participants also indicated that they obtained training on attributions of Montessori physical learning materials. These attributes
included color, form, size, texture and weight. T02 explained the importance of having knowledge of them, for instance “when we
are using colored units; bars, and blocks [to teach addition and subtraction], our kids just know that green means units; and tens
are blues.” T02 continued to explain that, because “they [learners] have the opportunity to literally grab a ten bar, from the
materials and drag it over, so now they actually see with their own eyes [when subtracting multi-digit numbers], ... also when you
move one extra ten from the eight, it’s not eight anymore it becomes seven hundred, not eight hundred; and it’s not five any more;
it’s fifteen.”

Material usage for teaching in Montessori classrooms was not only vital as indicated by participants, but also needed to be
Montessori related, very purposeful and for specific lesson content. However, TO5 indicated that, “slight differences and
modification by institution may be acceptable,” such as the bead material, depending on the society with which one received their
teacher training.

Further, during the training, teachers had learned about how to, make an extension or modification to certain materials where
needed to highlight connections to the real world of today without necessarily changing the focus of the specified lesson. T07
explained how they modified their lesson materials and connected the lesson to real world:

... if  was teaching the kids how to add, | would use the Montessori materials. But, because of the winter season, | might
decide to create an extension where | use, like, snowmen and put four snowmen out; then five snowmen out; and put them
together because they are learning how to add. Because they are seeing that adding is putting things together. So, we do
allow extensions with our Montessori materials.

Although, teachers indicated that they may be able to modify some of their materials, some of the participants indicated that
the focus on materials does not change and would only do so when students are working with “transitional” materials (from one
grade to another or from concrete toward abstraction) or in “the transitional [to public school] grade band in grades 7-8” in their
school in which students were prepared for public school because the city had no Montessori school after Grade 8. Table 5 shows
additional transcripts, excerpts, descriptive data and pictures on the theme of materials.”

Teachers also mentioned that some of the materials they employ in their teaching method puts emphasis on real world
contexts and applications such as “baking and cooking” [T01, T07, T11] in the classroom kitchens. T08 and T12 stated that, in the
observed seminars students solved extended mathematics problems and projects such as designing and budgeting in the story of
a teacher building a fire pit in their backyard. T08 added that “students in upper elementary and junior high also used textbooks,
computers and other tools of their choice for specific mathematics tasks.”

While most of the grades 6 to 8 teachers were speaking of their children using mostly transitional and abstract materials in
their disciplines, Kindergarten teachers on the other hand, spoke about using materials and activities in the sensorial and practical
life-discipline. Further excerpts and triangulation results are included in Table 5. The excerpts from the transcripts offer more
examples on Montessori materials for different concepts. The excerpts from survey results show how teachers consistently ranked
the practices of using learning materials in teaching and the elaborations they added when responding to the factor of teaching
practices. The analysis of the teachers’ documents shows the content of the materials and its categorization in the teachers’
manual.
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Table 5. Transcripts, Excerpts, Descriptive Data and Pictures on Materials

Interview transcript excerpts on materials and methods:

T02: They go up to ten and they know how to exchange or take the unit back to the bank [a story context for the material with a place on the
shelf] and then bring the ten, and they have the tens, they take it back to the bank and then they exchange for a hundred.

T011: Learn the square of nine is eighty-one and the cube of nine and there is ... that many beads in that nine cubes ... They can feel the weight
of it, the difference .... It’s very sensorial.”

T07: Aformula is more abstract but seeing it and how it works ... and being able to manipulate it and being able to turn that triangle into a
rectangle.

T06: Through the training. They will always present the material to us and then they have us practice with it .... There are always various
presentations within a piece of material too, you get shown the piece of material and you learn how to read the number off it. So she’s got the
checkerboard here | don’t just plunk that in front of them | show them how to read the numbers off of it and try to explain it to them, | show
them how to do a single digit multipliers, then we do double digit multipliers, triple or could do quadruple. But, usually after the double they
say, “l get this.” This material reappears in the upper level for decimals. So, it showed both whole numbers and decimal numbers... | would say
things like ... and you would pick up on it like the terminology of units, tens, hundreds, thousands, millions. To learn the colors of the
hierarchies the green, blue, the red, ... it’s really the terminology.

Teacher Survey responses on materials and methods:

Consistence on the practice of using materials PreK to 6: On the survey, two questions on ranking 10 teaching practices, use of materials was
ranked high (4.92 out of 5) as a most frequently used teaching practice, with only the 3 Junior high teacher participants ranking 4 other
practices -textbooks, math problems, and homework higher.

One teacher, T03 explained on the short response question for this factor “manipulatives are important in “understanding key processes in
math is best done through concrete experiences with materials, and “the experience the student has with the math materials greatly impacts
their learning. Also, the sequence of materials and the age that the students are introduced to math concepts occur when they are
developmentally ready for it.”

Participants added teaching method on the list of practices by participants included: “allowing children to discover patterns and rules by
handling the apparatus/concrete materials” and “progressing gradually from concrete to symbolic” T10; and Stories [T04]

Teachers’ documents exhibit on materials and methods:

Organizations of the materials: The content of the Grades 1-3 teacher manual that was analyzed provided by one participant focused on how to
organize and use the materials, both the tangible and the intangible (e.g., space for focus) materials. The ending sections of the manual included
an annotated list of materials (physical manipulables, written and printed cards, frames, stamps, exercises, games, boards, charts, control
charts, grid paper, apparatus, student writing booklets) organized by topics such as numbers, decimals, tables, and passage to abstraction.
Further, certain topics included presentations/materials that were categorized and labelled passage (transition) to abstraction. and other
materials were labelled static (e.g., simple) or dynamic (e.g., multi digit involving exchange by going to the “bank” on the shelves).
Observation notes and pictures on materials and methods:

Use of a variety of sequenced materials: Figures 2a and 2b are pictures of a child in lower elementary working through a multiplication fact
booklet to practise a lesson learned on multiplication facts using the following materials: a multiplication board, a corresponding set of number
cards, beads, a red disc and a teacher-prepared multiplication booklet. In Figure 3 is corresponding notes recorded in the teachers’ manual
when the teacher learned the same procedure using similar materials. The child would then check the work using a control chart on
multiplication, Control Charts 1, 2 (showing all the 100-basic multiplication fact). According to the teacher manual the child should be “about
6.5 years and should have addition and subtraction exploration steady.”
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Figure 2. A child’s work on understanding multiplication facts. Figure 3. Ateacher’s notes in their manual for using the
The lesson’s name is multiplication facts - board in progress. Multiplication Board along with Control Charts 1, 2

The findings also indicated that the teacher training process involved archiving knowledge of the use and purposes of
materials through creating or assembling a teaching resource, also referred to as a manual or album: T11 added, “we have our
teacher manuals ... that have, like, each piece of material and each concept in them.” The content of the manual was in line with
the response to the interviews and survey; as it showed a focus, during teacher training, on every single piece of material to use in
teaching Montessori mathematics lessons. One participant concluded, a “major thing to know as a teacher is how to use these
materials properly, ... Uhum that’s why we have to do the training.”
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Grades 7 and 8 teachers stated that they do not usually use physical materials in teaching, because learners have reached an
abstract learning stage. T12 further explained, “we always try to get them engaged in using the material when they can, but if they
have abstracted, say, if they have gotten to the point where they have abstracted the formula they hardly used them.”

Lesson and Content Presentation

Lesson and content presentation were all about “learning the process ... it always starts with the material” [T06]. The training
was “very hands on” [T08] and included opportunities to be “put in a classroom with one trained teacher” [T11]. During teacher
training, participants said they had been offered learning opportunities on several aspects of mathematics lessons: They said they
studied the sets of presentations for a topic; the use and methods of materials associated with the lesson; which classroom space
to work in—table or learning mat or hall way—; the nature of associated teacher and students activity and interactions (e.g., when
to talk, what to say, what to illustrate, and when to silently present the lesson to students, and what questions to ask the learners).

Teachers indicated that they learned how to use concrete materials to deliver lessons for specific grade bands and concepts.
When asked how they learned knowledge of concepts for specific grade bands, T02 explained that they learned how “to use the
concrete materials properly for each concept at the grade band” ... “the purpose, the procedure of the material and, in the end, the
concept to be taught.” T02 added, for example, that the concepts of number quantities and symbols, you learn “by touching it and
feeling the weight of a thousand.”

Teachers said that during teacher training, they had also read, studied and taken notes on each of the lessons as well as studied
the learning competencies, such as independent explorations that are valuable to nurture in the learner. This process “allowed
[teachers] to demonstrate the knowledge [they] have learned about the materials by reading [about] them from their notebooks
and present a good lesson to the students” according to the philosophy [T06]. The lesson structure was outlined in detail for each
concept in the teacher’s manual; and this was better captured during observations than at interviews with the participants:

... it always starts with the materials; | wouldn’t just give them a handout and not show them the material; ... uhum, they
callit the ‘three Period Lesson,’ ... you start with the material; you present, and then you ask them [students] questions for
follow up to make sure they understand. And then they repeat back. So that’s typically how all the lessons work. If it’s
brand new [lesson] we’ll start by showing them the lesson and then ask them [students] questions and have them repeat
the answer or the formula to show that they understand it; and they do that right from CASA” [T07].

To add to how lessons were presented with specific materials, T0O7 indicated that, during the training, they were given
opportunities, to work on a “pretend classroom and do a placement work” to mock-teach the lessons. Phrases used by the
participants to describe the lessons included: 3-part lessons, lessons as gifts, 2 to 3-hour blocks, repeating lessons a few times,
and giving a child a lesson follow-up before the child grasped the lesson. Teachers mentioned that the training on the lesson also
included how to present the lesson to students. T11 described: “you can silently be giving the child a lesson and ... purposefully
using the material and making eye contact with the child, you don’t need to do so much of the talking.” The lessons presentations
were designed as relatively short presentations and immediately followed by a students’ exercise such as working through a
booklet. One participants teaching grades 1 to 3 mentioned that “I always say to my students, | see my lessons as gifts [as is the
case with the materials], | am presenting them with a gift, something that | know that | appreciate and I find it very interesting and
I want to share it with them.” T06 added, “we do planning, ..., we have all the lessons written down, but we’re hoping that interest
[in the lessons] will come from them.”

Participants also indicated that they do not always teach lessons. Some days were reserved for practice only: “Respect
children’s interest first, but there are lesson plans available” [In my classroom], “four math lessons were taught on Mondays to
four different [small] groups in the same” classroom. ... So, thisis not a group that stays together; it’s very dynamic how it’s grouped
... the teaching groups based on the child’s need.” “Students [were then] set for about a week of working on their own, at their
own pace, following the agenda book and might need an additional lesson in the week” [T05]. “We put them in groups for lessons
and regroup them as needed, depending on interest [and need] levels in a new lesson” on a topic [T08].

To sum up how mathematics is presented in a Montessori classroom, T08 narrated, mathematics in Montessori was “built on
the previous concept[s] ... You “learn every piece of material and you learn how to teach the child with every piece of material in the
classroom.”

Moreover, teachers mentioned that Montessori lessons are detailed, scripted, and sequenced. The teachers explained that the
purpose that scripted and sequenced lessons served was to aid students’ understanding and love for the subject. Therefore, to
assist learners grasp the concept easily, T09 stated that “ready planned lessons on basics need to be taught first” and there is an
established amount of lessons for a topic. Participants spoke of most mathematics lessons being originally scripted by Maria
Montessori, with only few lessons being new in the mathematics curriculum. “We have our teacher manuals” “lots of reading and
diagrams in it.” “When you learned how to teach, you can go to your manual and pick up any concept you are teaching. It will
basically tell you how to teach” [T07]. Therefore, the knowledge obtained from the training “assist us to recreate and update our
materials as often as we feel needed” [T06]. “It also helped us to use the Montessori materials “to create stuff seasonally” like an
extension of a lesson on order “to keep it fresh and current. ... so, we try to do refreshers remembering the purpose of the materials
and to just go back to basics of Montessori and not all the stuff that we have added onto it [T09].”

Some of the teachers described why and how they modify lessons or create some material as a form of lesson extensions; as
well as how important these modifications are to their lessons. TO7 narrated:

... I really sat down, and we made the materials ... It’s very personal, right, and we made it for them, so it’s almost like a
gift, okay, we feel you need it, we feel you’re gonna benefit from it, so here we go; we are going to make this for you. So,
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Table 6. Transcripts, Excerpts, Data and Pictures on the Theme on Lesson Presentation

Interview transcript excerpts on Montessori lessons and their presentations:

T05: When they are not in math lessons ... they could be doing history, [or] ... they are independently just doing their work.

T06: The Montessori lesson ..they call it the “Three Period Lesson.” you start with the material, you present, and then you ask them those
questions for follow up, ... like | did to make sure they understand. And then they repeat back. So that’s typically how all the lessons work”
TO7: It’s a little bit of both having the material, | mean having the album which gives me the lesson ... would just review the lesson in the album,
... get out the materials and ... probably should do it once before ... to either my co-teacher or ... to myself to make sure that | do it properly
before | go and do the lesson with the kids, also it gives me an opportunity see what | forgot to do.

T08: 1 don’t worry about teaching any lessons in math you know, | love it and | feel very confident in all the lessons | can give to all the children
and | feel like | know what I’m doing because of that then they learn really well as well.

T012: In the lesson, you saw that we were able with the material to change ... the triangle into the rectangle, to show that it does have the same
area, yet you can’t always do ... so then we go forward and show how we’re actually finding half the height or half the length.

Teacher survey responses on Montessori lessons and their presentations:

Scores on all factors on the survey were on the reform side except for specific questions on lessons: Beliefs about mathematics (Factor 1; mean
3.89 out of 5 on the long from; 4.0 out of 6 on short form); Beliefs about learning mathematics (Factor 2; mean of 4.09 long form; 4.3 out of 6 on
short form) and beliefs about teaching mathematics (Factor 3; 3.94; 4.1).

Analysis of disaggregated responses on six survey questions which showed much lower (between 2 to 3.0) than the means on each factor:

1. Mathematics is computation, definitions and procedures (Mean 2.71).

14. Being able to memorize facts is critical in mathematics learning (2.43)

19. Basic mathematics skills need to be taught first before students engage in open-ended problem-solving activities (2.86).

38. It is the teacher’s responsibility to provide children with clear and concise solutions methods for mathematical problems (2.43).

39. There is an established amount of mathematical content that should be covered at each grade level (2.71).

40. It is important that mathematics content be presented to children in the correct sequence (2.00)

Further, Teacher T03, noted on the questionnaire that “Montessori’s approach to math is very methodical, sequenced, so the way math is
taught does not vary, but gaining ideas for further explanation is great.”

The items with much lower means and this elaboration revealed specific participants’ beliefs which were of platonic mathematics content, of
learning as internalizing knowledge and of teaching as telling the proper use of materials for learning procedures and concepts, and certain
mathematics content, skills and solutions needed to be taught first taught by the teacher:

Teacher document exhibits on Montessori lessons and their presentations:

A section on “three period lesson: (give the name, show me, what is this?”) was part of the teacher’s manual. An example of a write-up of the
lessons and their illustrations, organized under topic, and their details, formed the body of the manual and is shown in Figure 4. In addition to
the list of materials to be used the lesson presentation is described including details of the actions, what to say and question to ask when
presenting the lesson. Figures 5 to 6 show what the teacher writes on a board for the students to see and does during the lesson.

Further, the checklist in the teachers’ manuals showed mathematics topics for the grade level organized by subtopic/exercise/lesson title (e.g.,
kind of operation activity and illustrations of how materials are explained). More than one presentation and exercises were specified per topic.
Also, the purpose and age, and pre-requisite were specified for each lesson. For some lessons, a control of error section was added. Other lesson
details included: notes such as if the children can work together or separately.

Observation notes and pictures on Montessori lessons and their presentations

In the lessons observed, pictures were taken of lessons such as the grade 1 to 3 decimal additions taught to a small group of students seating on
the floor. In Figure 5, students are sitting in a semicircle around the while board and materials used by the teacher during a “adding of decimal”
lesson. Figure 6 shows a multi-digit addition lesson demonstrated by the teacher on a learning mat. Figure 7a and 7b are for a lesson on
formula of a triangle in relation to that of a rectangle taught to grades 4 to 6 students. All three lessons were taught to a small group of learners.

we made it, we laminated it, it’s on the shelf; sitting there nicely... We are constantly updating them. At least once a year,
... we generally make a lot of new materials, we put old ones away, we make new ones, right, actually the week after the
kids are done school ... what we call work week.”

TO5 also added, “if I don’t have all the materials, | can make some of them or make what | need to do or sometimes we can
come up with lessons that will further the idea of a concept. Table 6 shows additional transcripts, excerpts, descriptive data and
pictures on the theme of lesson and content presentations.

In terms of classroom space that learners work in, and the nature of associated teacher and students’ activity, teachers said
multiple lessons were taught in a classroom on a day, at times, concurrently. In addition, multiple learning materials used were in
certain lessons. Advantages of teaching multiple lessons in the same class mentioned by participants included: the possibility of
having the older children help the younger children, and the older kids realizing prior lessons that they took before when they see
these taught to younger children in class. T07 added, “we have multiple materials for teaching a lesson, ... this allows the children
to use each material, to take their time to use each material and to really love all the lessons that we’re giving to them ... and to
try not to be afraid of others.”

Further excerpts and triangulation results are included in Table 6. The excerpts from the transcripts offer more elaboration on
Montessori lessons and their presentations. The excerpts from survey results show teachers’ beliefs on three factors on the survey
and an analysis of disaggregated responses on six survey questions which showed much lower means and the elaborations
participants added when responding to the factors. The analysis of the teachers’ documents shows the details in the teachers’
manual on the materials to be used in the lesson presentation of the specified actions of the teacher when presenting the lesson.
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Title: Addition Chart 3,4,8 &6

Materials:

¢ Onecontainer for each chart (3,4,3,6) containing all the addition problems of
chart #1. Grid paper and pencil for charts 34,5 A box of tiles with sums
(answers) to all the addition prablems, for chart 6 (no paper/penci).

General Notes - to do charts 3,4,5, you need tickets, charts, grid paper and pencil
-to do chart § you need chart, tickets, tiles

. ) 4333
Basic Presentation
~once materials are st out, remove lid place upside down, you take a ticket [rom 58 # 30017
main containet, which faces ted back to you, read it, write it down, place turned

over in lid 18417
- board is manipulated, sum is recorded and child reads equation Se2qkc4
Presentation - Chart 3: Bizq +b3+36.03

1. Invite child to shelf, introduce materials, take to table, set down, sit down.

2. Place chart in front of child, tickets above chart, take lid off container set
beside, grid paper and pencil to right of board.

3. Do basic presentation.

4. “Whatis the first addend?” point to it. “What s the second addend?” point
toit, Move first finger down, then second finger across to meet sun

5. “Where my fingers meet, that s the sum.” Write it down, child reads
equation.

6. Repeal with olkier tickels, child takes over miore steps as you go.

Fxereise: Child works through tickets, checks work with control chart 1.

Figure 4. Example of a lesson Figure 5. Adecimal addition ~ Figure 6. A multi digit Figure 7. A lesson on area
presentation on an addition facts table lesson presentation addition lesson presentation of a triangle formula

Teachers spoke about learning to regulate the noise level during their multiple lessons in same room, as T06 explained,
“sometimes that’s the challenge in a Montessori classroom, because if you’re doing small lessons and the other students in the
class who are doing other things ... it can get quite noisy.” As a result, teachers learn to keep the noise level and “buzz of activity”
in a Montessori classroom, as “obviously not too big, but you always want it not to be a noisy environment.” [T07].

Independently Coming to Understanding Concepts

One theme that was not identified as a distinct theme until the focus group was the teacher knowledge of coming to
independently understand a concept first by the teacher and then learning to create an environment for students to independently
understand this concept. A teacher stated that teachers learned “how to have that concrete experience to be able to understand
mathematics” [T06]. T03 added, “it made me enjoy math again after doing the training, because of working with the materials and
seeing why things are done the way they are ....” Teachers gave examples of concepts they now understand better as shown in
Table 7. T08 excitedly stated, “my math has been improved through working with these materials and teaching of these concepts,
thanks to the knowledge we received from the training” such as on repeated adding, multiplication, exchanging, hierarchies of
numbers, multiplying by the hierarchies. T02 also said: “I put a zero there because | am multiplying by a ten, when you multiply a
ten it can’t go in the unit column, it has to move over. Holy cow! This makes much more sense.”

Teachers independently coming to know a concept also applied to how they said they were trained to teach in classroom:

“I will do anything to try to present material in a way or give them [learners] access to concepts in a way that will allow
them to learn that. There is nothing better than watching somebody to go from not understanding anything to
understanding it” [T08].

“So, for a teacher to understand that concept, | think it’s great.” For example, “the flat chain folds up into a square; you
can take that hanging chain and you can actually see the squares there; and it would fold up to make the cube” [T07].

Teachers needed knowledge of how to wait for students to demonstrate learning on a prerequisite concept before they moved
on to teach the next concept: “And you watch that child and you wait until [he/she] has solidified a concept before you move onto
the next concept” [T06]. Two participants mentioned that this way of learning, which is mainly material-based, was: “very different
... I wish that I had learned this way, it would have made much more sense to me,” [T09] “if | had that material when | was doing
math.” The benefits of these aspects of teacher knowledge included: “they [students] feel rewarded with mastering something
and feeling very accomplished.” T08 spoke about a co-teacher, who was both a Montessori-trained teacher and a Montessori
alumnus: “her ideas are amazing.”

Teachers mentioned that certain aspects of teacher knowledge for teaching the Montessori curricular were very specifically
helpful for mathematics concepts: physical materials—"they have to have that concrete experience to be able to understand
math”; presenting lessons to small groups—"learning in a small [group] environment”; observing for understanding—no moving
on to the next lesson “until you know that little Jimmy gets it.”

Teachers noted that although they were trained on how to guide children develop some kind of understanding about the
materials as they interact and engage in activities on their own, on the other hand they have difficulty guiding certain children
because “some children coming from the public system have a hard time to pick up the patterns of the materials” [T09].

Further excerpts and triangulation results are included in Table 7. The excerpts from the transcripts offer elaboration on
understanding of concepts in Montessori teaching. Excerpts from survey results on the teachers’ beliefs on learning and
understanding mathematics, the comfort/anxiety scale, on focusing on students’ enjoyment in learning mathematics are
presented. Additionally, the analysis of focus group feedback that showed the importance of understanding concepts is added.
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Table 7. Transcripts, Excerpts, Descriptive Data and Pictures on Understanding Mathematics

Interview Excerpts on Independently understanding the mathematics concepts

TO01: In our philosophy the children work for themselves.

T02: “understanding the idea, but if it’s not right yet that’s ok, ... we’ll keep working on that.”

TO06 “it’s just thorough understanding and being able to recall it, like definitions of things and ... when they need or when there’s a need to use
it.

T07: | remember back when | went to public school learning ... not really understanding how, what the process was to get that formula you
know.

T08: the process and understanding the process, comes before the right or wrong. The right or wrong just happens with the precision that they
develop.”

T04: the bead frames for some children, ... they struggle ... just understanding that whole process they just can’t get [it]. So sometimes you
have to change the strategy of how we are trying to teach the child that concept

T08: understanding the concept of area and ... understanding how to find the area of a rectangle and triangle. And understanding how the area
of a triangle is related to the area of a rectangle.

T09: “I keep on thinking that you cannot understand math if you don’t have the experience as | said before | keep going back to the weighing of
numbers.” ... “they have to have that concrete experience to be able to understand math.”

Survey Data on understanding concept:

One participant added on their questionnaire that “I understood math concepts much better after taking Montessori Teacher Training” and
Understanding key processes in math is best done through concrete experiences with material” [T07]

Further, on the questionnaire teachers’ beliefs about learning mathematics, Factor 2, were more on learning through construction than
internalizing knowledge (Mean 4.09 out of 5; 4.3 out of 6 on the short form) than beliefs about mathematics (Factor 1; mean 3.89 out of 5 on the
long from; 4.0 out of 6 on short form); and beliefs about teaching mathematics (Factor 3; 3.94; 4.1).

On the comfort/anxiety scale, all but two teachers reported mostly moderate to high comfort levels. Two teachers reported moderate to
extreme anxiety at learning mathematics. When asked how comfortable teachers were at teaching mathematics none of the four teachers who
completed the short form reported being uncomfortable. Two of the teachers specified that they were very comfortable for the level “they were
trained” for or “they teach.”

On Factor 6, included questions on understanding and enjoying mathematics: all 12 participants consistently ranked the importance of
mathematics enjoyment highly (Mean 4.36 out of 5). Specifically, participants’ responses to the question of understanding before memorizing
were consistently high (mean 4.36 out of 5; T02 left this question blank), and “using activities that show that all children can do math when they
think and work hard is key in learning mathematics” (mean 4.25). All 12 participants consistently ranked the importance engaging students in
understanding before memorizing at Mean 4.5 out of 5.

Focus group feedback on the prepared mathematics learning environment:

At the focus group, teachers noted the teacher knowledge of both learners and teachers independently coming to understand a concept was a
key aspect of teacher knowledge.

T06: Mathematics is “all about the concrete experience, they have to have that concrete experience to be able to understand math, so | keep on
thinking that you cannot understand math if you don’t have the experience as | said before.

T10: When its math related [when organizing materials on the shelves] we try to go from less challenging to more challenging, that’s how we
organize the environment. You’d never teach how to divide before you subtract or something..... Math is very logical so you can’t do it very willy
nilly.

Figure 8. A student practising for understanding Figure 9. A teacher presenting addition Figure 10. As student writing
two-digit numbers on a frame-glass bead materials of multidigit numbers, layering ones over down on a booklet with a table to
tens over hundreds further understand the addition

DISCUSSION OF FINDINGS

Mathematics Teacher Knowledge and Teaching Ecosystem

Our study focused on teacher knowledge for teaching in an education system as characterized by the Montessori curriculum,
learning philosophies, classroom and assessment practices (Bagby & Sulak, 2010; Erwin et al., 2010; Lillard, 2011). Akin to Kayili
and Ari (2011), Kuennen and Beam (2020), and Laski et al. (2016), our study looked specifically at mathematics teaching
particularly teacher knowledge needed, used and further honed by teachers to teach mathematics. Findings of this study are in
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line with literature on the Montessori education system: The finding on teacher knowledge of Montessori learning materials and
how to properly use them is in line with the Montessori principles on provision of a detailed curriculum and support resources for
teaching this curriculum (Barbieru, 2016; Kayili & Ari, 2011; Lillard, 2005; Ross, 2012), and is in line with the extensive use of
materials (Kuennen & Beam 2020; Lillard & Else-Quest, 2006; Marshall, 2017; Ross, 2012). Even when the materials were diverse
and the lessons much detailed, the teachers appeared to be trained in the same mathematics with which they were expected to
teach students in classrooms, and many agreed that they learned to comfortably teach mathematics differently than they were
taught when they went to school.

The finding on teacher knowledge of the lessons and how to present them are in line with the Montessori classroom practices
that appear to involve routines and rituals (Cossentino, 2005), and the form of teaching and learning that remain largely
unchanged from the time that it was conceptualized (Lillard, 2007). The finding on teacher knowledge on the purposes of the
materials, lessons, is in line with Lillard’s (2007) assertion that this pedagogy is intended to make students develop productive
capabilities such as understanding of mathematical concepts, confidence at learning mathematics, as well as the virtue of
independent learning skills (Bagby & Sulak, 2010; Barbieru, 2016; Lillard & Else-Quest, 2006). The findings from this study add to a
body of knowledge on Montessori mathematics education specifically, on teacher knowledge needed for teaching mathematics.

Mathematics Teacher Knowledge and Categories of Teacher Knowledge

We applied the analytical framework developed on teacher knowledge to interpret our findings on teacher knowledge that
Montessori teachers need, use and hone. Table 8 shows the mapping of the themes in the four categories. For example, the theme
of teacher learning and knowledge on the use and methods of learning materials fit into the framework category of teaching
aspects. But there is more including how it also fits in the learning aspect.

Table 8. Mapping of the Four Montessori Teacher Knowledge Themes

Montessori Teachers’ Knowledge Themes Teachers’ Knowledge Framework category
Learning materials Teaching aspects >

Learning aspects = Curriculum aspects
Lesson and content presentation Ateaching aspect >

A professional competencies aspect
Independently coming to the understand concepts Curriculum aspects - Learning aspects

- Stands for in between the two aspects

All three themes fit in more than one category. For example, teacher knowledge on the lesson and its presentations fits in both
the teacher aspect and the professional competencies aspect, and the understanding of mathematical concepts which, during the
training for the teacher was intended to show how to help the learner with independently coming to understand mathematics
concepts. This finding is in line with the assumptions that categories are not always mutually exclusive. But there might be more:
The framework in its current form, although helpful for categorizing the Montessori teacher knowledge, might need further
dimensions to cover themes that take on a different meaning in the Montessori system than in the public education system.

Planning for teaching and learning, enacting the lesson plans, observing lessons, analyzing and reflecting on the implemented
lesson is a teaching aspect of teacher knowledge (Guerriero, 2014; Kuennen & Beam, 2020). Teachers learning knowledge of
specific lessons and how to teach the lesson within a philosophical framework is, on the other hand, a professional competence.
Thus, the theme of lesson and content presentation also fits in both teaching and professional aspects. Further, the Montessori
lesson is an authored performance with a script and specified presentations and interactions (Beatty, 2011). It is learned by the
teacher and rehearsed during teacher training and recorded in a teacher’s manual for use in practice. Then, while in practice, the
lesson is further practiced, mastered and refined (or in rare cases extended or revised) in collaboration with at least one other
teacher of the same class. Thus, teacher content knowledge is tightly connected to lessons taught by teachers (Clarke et al. 2007;
Kuennen & Beam, 2020) in the Montessori system.

Further, in the Montessori system, teacher knowledge on the methods, sequence and proper use of materials is a teaching
aspect. This teaching aspect begins with a teacher having in-depth learning about the piece of material. Thus, it is a teacher
learning of content aspect of teacher knowledge. When the materials are well understood by teachers, the materials then become
key to the understanding of content first by the teacher; and then by the student. The materials, technologies and apparatus to
be used to teach mathematics are also a much closer part of the school curricular content knowledge to be taught to the students.

Teacher knowledge on curriculum and content concepts appeared to also apply to understanding materials, including control
charts drawn and transitional materials, activities and procedures, the knowledge of the sequences of lessons, and the process of
coming to understand the concepts. We continue to ponder how the findings of this research elaborate on the categories of
teacher knowledge identified in the framework.

Table 9. Sub-categories of Montessori Mathematics Teacher Knowledge

Broader theme of repetition Learning of broader themes:

Contexts aspects o within mathematics e.g., repetition
e cutting across materials e.g., color coding
o repetition of lessons for students to benefit
o regularity in organizing the environment

The subthemes on use of scripted lessons, some of which are expected to be repeated until students understand the concepts,
appeared to address equity along the spectrum of fast and slow learners as well as context aspects. Further, this study’s findings
show that beliefs of the mathematics teachers are intertwined with the opportunities they are offered to learn mathematics
teaching knowledge during teacher training.
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According to Kutaka et al. (2017), and Sewornoo (2016), the concept of beliefs plays a huge role in teaching and learning as
well as classroom practices. Teacher knowledge in the Montessori system is based on a specific learning theory, the learning
aspects of Montessori philosophy. Teachers believe in learning mathematics through Montessori activities, lessons, materials and
coming to understand the mathematics concepts, which are taken to be mostly static and have not much changed. The teacher
learned during teacher training how to entice the learners to the lesson and content in line with “customization of content and
instruction” (Schneider, 2012), and child-centered and interest (Cossentino 2005; Faryadi, 2007; Kayili & Ari, 2011).

Flexibility was also seen in having a sequence of materials, including transitional materials, to teach the same concepts, and
in teachers engaging in making or revising certain lessons and their materials or presentations. More flexibility was seen in the
other learning materials including selecting real world contexts, problems and stories to use in teaching, teaching in a team and
fluidity in student grouping when teaching a lesson. Still, this flexibility took place within the limits of scripted lesson activities
and presentations; classroom routines and rituals of the prepared learning environment; specific lesson presentation, proper
sequencing of lessons, methods and use of the original materials and methods as conceptualized by Maria Montessori or published
by selected Montessori organizations. Thus, teacher knowledge needed, practiced and refined is within inflexible limits. This
dialectic between flexibility and rigidity is worth further investigation, specifically from the lived experiences of teachers and
students. How is this complexity experienced?

The study raises questions on the mathematics teacher knowledge itself. How much of this knowledge could be taken as static
and how much as changing? How might teachers in the Montessori setting and elsewhere navigate the delicate spectrum such as
being flexible within limits, be creative within prescribed lessons, preparation of the environment and use of materials?

CONCLUSION AND SIGNIFICANCE OF THE STUDY

From our results, Montessori teacher knowledge is akin to teacher knowledge for teaching in a material and tool-based
curriculum, teaching and assessment reform. At the transition grades, when teachers use more stories, real world contexts,
projects and math problems, Montessori teacher knowledge aligns more with problem-solving based reform. It is evident that at
the center of mathematics teacher knowledge is teaching for understanding and for enhancing affective outcomes of the learner.

Educational systems that have implemented mathematics educational reform consistently in curriculum, pedagogy and
assessment, over the years, are rare. From the literature, further theorizing on sub-categories of teacher knowledge is needed to
inform implementing reform in instruction and in teacher education. The findings from this study, therefore, strongly hold promise
to inform mathematics teacher learning that supports productive mathematics instructional reform. The findings are particularly
significant for designing teacher education course content and learning experiences that support the learning of reform
instructional practices among preservice teachers.
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APPENDIX

Data Collection Instruments

The guestionnaire: The questionnaire focused on beliefs (about mathematics - Factor 1, learning mathematics - Factor 2,
teaching mathematics - Factor 3; 55 questions in total), mathematics anxiety (Factor 4; 17 questions), and mathematics evaluation
anxiety (Factor 5; 8 questions), and teaching practices (Factor 6; 15 questions). Many of the questions were adopted from the
literature (e.g., Plake & Parker, 1982; White, Way, Perry, & Southwell, 2006). The short form, designed by the researchers, had
identical factors with the long form: Instead of asking several questions on a factor, on the short form one question prompt was
used for a participant to mark on a linear scale the extent of their belief on a factor. One side of the scale was more aligned to
mathematics reform describing mathematics as experiential (rather than, platonic), knowledge is constructed (rather than,
internalized), the teacher facilitates learning (rather than, tells), and comfort levels (rather than, anxiety) in mathematics. The
questions on the factor on teacher practices were, on a rank order scale, and identical on both the long and short form: The short
form, interviews, and observation templates were designed by the researchers.

The interview: The interview included 10 questions on: teacher training, socialization, practice, professional development,
knowledge characteristics and belief characteristics, supports, learning materials resources, learners, assessment and follow-up
questions from the survey. Follow-up questions from the survey were designed to deepen understanding of the survey results of
individual participants, such as what they meant when they indicated a neutral stance on a question or when they added an
elaboration. The observation template consisted of task design, teaching activities, knowledge and beliefs in action, and an entry
for recording questions for follow-up interview. During the interviews and classroom observations teachers provided copies of
their teaching curriculum, syllabus, resources and activities to the researchers.

The focus group: Researchers presented preliminary findings from the data, collected feedback as a form of member check
with participants who consented to participate in the focus group. The interviews, observations and discussions were audio
recorded, with a few interviews and observations recorded on video upon teacher agreement.



	INTRODUCTION
	RELATED LITERATURE
	Montessori Education Philosophy
	Montessori Mathematics and Teaching Approach
	Montessori Learning Materials and Activities

	FRAMEWORK
	METHODS
	Methods of Inquiry
	Participants

	Data Collection and Procedures

	DATA ANALYSIS
	RESULTS
	Learning Materials and Methods
	Lesson and Content Presentation
	Independently Coming to Understanding Concepts

	DISCUSSION OF FINDINGS
	Mathematics Teacher Knowledge and Teaching Ecosystem
	Mathematics Teacher Knowledge and Categories of Teacher Knowledge

	CONCLUSION AND SIGNIFICANCE OF THE STUDY
	REFERENCES
	APPENDIX
	Data Collection Instruments


