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Abstract Some conditions which guarantee that the Orlicz function spaces equipped with
the p-Amemiya norm (1 < p < oo) and generated by N-functions are uniformly rotund in
every direction are given. Obtained result broaden the knowledge about this notion in Orlicz
function spaces with the p-Amemiya norm (1 < p < 00).
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1 Introduction and preliminaries

Let us denote by N, R and R the sets of natural, real and nonnegative real numbers, respec-
tively. For a Banach space X, by S(X) and B(X) we will denote the unit sphere and the unit
ball of X, respectively.

A Banach space X = (X, ||.]|) is called uniformly rotund in every direction (see [16,42])
if for each ¢ > 0 and nonzero z € X there exists §(z, €) > 0 such that if x and y belong
to S(X), |[x — y|l = eand x — y = oz for some o € R, then H%H <1—-246(z,8). We
will write then X € (URED) for short. It is known (see [16]) that the URED property is
equivalent to the following one: For each nonzero z in X there is a positive number §(z) such
thatif x € B(X) and ||x + z|| < 1, then ||x + § < 1 —4(z). Equivalently, one can say that
X € (URED) if and only if x,,,z € X, ||[x,|| = 1, [[xy, +z|]| = 1 and ||12x, + z|| = 2 as
n — oo imply z = 0.

Another characterization of the uniform rotundity in every direction is also possible (see
[16]), namely, X € (URED) if and only if the following condition holds: if there are
sequences (x,)52, and (y,);2; in X such that ||x,|| < 1 and ||y,|| < 1 for every n € N,

B Radostaw Kaczmarek
radekk@amu.edu.pl

1 Faculty of Mathematics and Computer Science, Adam Mickiewicz University in Poznan, Umultowska

87, 61-614 Poznan, Poland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13348-018-0220-3&domain=pdf
http://orcid.org/0000-0002-3536-9102

72 R. Kaczmarek

Xn — yn — zand ||x;, + yull > 2 asn — oo, then z = 0. Note also that in case of
Kothe spaces, the following characterization of the URED property is known (see [32],
Prop. 3.3): The Kothe space E is uniformly rotund in every direction if and only if for any
e € (0,2] and z € E\{0} (E+ is the positive cone of E) there exists é(¢, z) € (0, 1) such
that || 32 | <1 —38(z2) forany x,y € B(E) with x — y = Az for some A > 0 and
Ix —yle = e

The notion of uniform rotundity in every direction was first used by Garkavi (see [18—
20]) to characterize normed linear spaces for which every bounded subset has at most one
Chebyshev center. Next, Zizler, Day, James and Swaminathan continued investigation of this
property [16,46] and the revealed results and applications encouraged other mathematicians
to consider this property in some particular Banach spaces such as Orlicz spaces, Musielak—
Orlicz spaces, Musielak—Orlicz spaces of Bochner type, Orlicz—Sobolev spaces or Calder6n—
Lozanovskil spaces (see [2,4,5,8,27-29,32,41,43,44]).

A map @ : R — [0, oo] is said to be an Orlicz function if @ (0) = 0, @ is not identically
equal to zero (i.e. lim,_, o, @ (#) = 00), @ is even and convex on the interval (—b(®), b(P))
and @ is left-continuous at b(®), i.e. lim,,_, jp)- @ (u) = @ (b(P)). Let us notice that every
Orlicz function @ is continuous on the interval (—b(®), b(®)). Recall also that an Orlicz
function @ is called an N-function if it vanishes only at 0, takes only finite values and the
following two conditions are satisfied: lim,_,¢ @ = 0and lim,_ » QW) _ o,

Let us note that whenever some result will concern Orlicz spaces generated by N-functions
only, this fact will be announced in the assumptions.

For any Orlicz function @ : R — [0, oo] let us define

a(®@) :==supfu >0: D) =0}, b(P) :=sup{u > 0: DP(u) < oo}.

Notice that a(®) = 0 means that @ vanishes only at zero while b(®) = oo means that @
takes only finite values.
An Orlicz function @ : R — [0, 00) is called convex if

® (u +U> - @D (u) + @(v)

1.1
2 - 2 (1.1
for all u, v € R. If the inequality in (1.1) is sharp for all u # v, then @ is called strictly
convex (on R). An Orlicz function @ : R — [0, 00) is said to be uniformly convex at infinity
(see also [1,34]) if for each a € (0, 1) there exists §, € (0, 1) such that

@ (” J;“”) < %(1 —5,) (D) + P (aw)) (1.2)

forallu > ug, where ug > 0. If condition (1.2) holds with ug = 0, we say that @ is uniformly
convex on Ry (so on the whole R by the fact that @ is even).

For any Orlicz function @, we define its complementary (in the sense of Young) function
¥ by the formula

¥ (v) = sup{u|v] — @ (u)}.
u>0

We say that an Orlicz function @ satisfies condition A (R) [resp. Az (oo)] if there exists
K > 0 such that for all # > O [resp. if there exist K > 0 and ug > 0 with @ (up) < o0
such that for any u > ug] inequality @ (2u) < K@® (u) holds. In this case, we will write
@D € Ary(Ry) [resp. @ € Ax(o0)].

Throughout the paper we will assume that (£2, X, 1) is a measure space with a o-finite
non-atomic and complete measure p and LO() is the space of all u-equivalence classes of
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real and X' -measurable functions defined on £2. Let us note that Theorem 4 will be formulated
for the Orlicz spaces equipped with the p-Amemiya norm, (1 < p < 00), built over a finite
non-atomic measure space. We shall say that an Orlicz function @ satisfies the A, (u)-
condition if @ € Aj(oco0) when the measure space is non-atomic finite and @ € A>(R;)
when the measure space is non-atomic infinite. Let us define the characteristic function y 4
of a subset A from 2 as
{ 1, fort € A,
XA =

0, otherwise.

For a given Orlicz function @ we define on LO(M) a convex semimodular (see [3,30,34—
36,39]) by

Ip(x) = / P (x(1)dp.
2
The Orlicz space L? generated by an Orlicz function @ is a linear space of measurable
functions defined by the formula (see [38]):
L? = {x e LO(,u) : Ip(Ax) < oo for some A > 0}.

The Orlicz space is usually equipped with the Luxemburg norm (see [34])
Ixllo :inf{k ~0:Ip (%) < 1}

or with the equivalent one (see [37,38])

lxllo = sup {/ﬂ be@yOldp:y € LY Ty (y) < 1},

which is called the Orlicz norm, where ¥ is the complementary function to @.
Forany 1 < p < oo and u > 0 let us define

(1.3)

1
5 (1) = (1 4+ul)r forl < p < o0,
b max{1, u} for p = oo.

In order to simplify notations, define s¢ ,(x) = s, o Ip(x) forall 1 < p < oo and all
X € Lo(u). Note that the functions s, and s , are convex. Moreover, the function s, is
increasing on R for 1 < p < oo, but the function s, is increasing on the interval [1, 0co)
only.

Definition 1 Let p € [1, oo]. By the p-Amemiya norm of a function x € L? we mean the
number defined by the formula (see [11,25])

o1
lxllo.p = ]12% %szp,p(kx).

The Orlicz space equipped with the p-Amemiya norm (L%, ||.|| ¢, p) will be denoted by L®P,

It is known (see [11]) that the p-Amemiya norm |[x||¢ , (1 < p < 00) is equivalent to the

Luxemburg norm | x||¢, namely, [lx]l¢ < [x]lp,p < 2% x|l forany x € L% P Recall also
here the earlier result of Hudzik and Maligranda from [25], which states that the 1-Amemiya
norm is equal to the Orlicz norm in general, i.e. when @ is an arbitrary Orlicz function.
Recall that the notion of the p-Amemiya norm (1 < p < oo) was introduced by Reisner
in 1988 in [40], where the Author defined these norms for the Calderén—Lozanovskii spaces.
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Next, in 2000, Hudzik and Maligranda [25] suggested investigating a family of p-Amemiya
norms (1 < p < o0o) in Orlicz spaces. After several years, the first paper constituting some
basic and crutial results allowing further research and containing the complete characteriza-
tion of rotundity and extreme points in Orlicz spaces equipped with the p-Amemiya norms,
1 < p < oo, was written by Cui et al. (see [11]). Since that time, an intensive development of
research connected with Orlicz and Musielak—Orlicz spaces equipped with the p-Amemiya
norm has taken place, many important results broaden the knowledge about the geometry of
these spaces were obtained (see [6,7,9—-15,17,23,24,26,33]) and some open questions were
put (see [45]).

Up to the end of this section, let p € [1, oo]. Denoting by p the right-side derivative of
the function @ on [0, b(®)) and putting p4 (D(P)) = lim,_, p)- p+(u), let us define the
function a, : L®P — [— 1, co] by

27 O Ie (pr(xD) — 1, if1 < p < o0,
apx)=1-—1, if p=ocoAlpx)<l,
Iy (p4 (X)), if p=o0oAlp(x) > 1,

and the functions k;; :LPP = [0, 00), k;’;* : L®P — (0, 00] by

Ki(x) = inf{k > 0: oy (kx) = 0} (with inf § = c0),
k5 (x) = suplk = 02 & (kx) < 0.

It is obvious that k;‘,(x) < k;“,*(x) forevery 1 < p <ocoandx € L®P.

Denote by K, (x) the set of all k € (0, c0) which are between k;‘,(x) and k;*(x), ie.,
K,(x) ={0 <k < o0 k;(x) <k < k;‘,*(x)}. Note that K,(x) = @ if and only if
k; x) = k;;* (x) = oo. Moreover, the p-Amemiya norm || x|/, p, x # 0, is attained at every
point k € [k;(x), k;‘,*(x)) provided k;(x) < oo and at every point k € [k;‘;(x), k;",*(x)]
provided k;* (x) < oo (see [11]). Recall also that an Orlicz function @ is said to be k; -finite
(respectively k;‘,*-ﬁnite) provided k}*, (x) < oo (resp. k;‘,* (x) < oo) for every x € L®P. An
Orlicz function @ is said to be k,-unique, if 0 < k;“, x) = k;‘,* (x) < oo forall x € L?P\{0}.
Evidently, @ is k,-unique if and only if card K, (x) = 1 for every x € LPP\{0}.

2 Auxiliary results

Let us first note that although the main theorem is formulated for the Orlicz spaces generated
by N-functions only, we will present some auxiliary results in they original and often wider
form, i.e. formulated for Orlicz spaces generated by an arbitrary Orlicz function.

Lemma 1 (See [3], Proposition 1.4) Let @ be a strictly convex N-function. Then:

(1) @ is uniformly convex on any bounded interval.
(2) Forany K > 0, ¢ > 0 and [a, b] C (0, 1), there exists § > O such that

Dau+ (1 —a)v) <1 =8)[adm)+ (1 —a)®P(v))]
holds for all @ € [a, b] and u, v € R satisfying |u|, |v| < K and |u — v| > e.

Theorem 1 (Ergoroff’s theorem, see [22]) If f,, and [ are measurable and almost every-
where finite in 2, u(§2) < oo and f,(t) — f(t) a.e. in $2, then for every number ¢ > 0
there exists a set A € X such that u(A) < € and f,,(t) — f(t) uniformly in 2\ A.
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Theorem 2 (See [11], Theorem 6.2) The Orlicz space L*? = (L?, |. llo,p) is rotund if and
only if
1. @ is kp-unique and
2. @ is strictly convex on (—b(®), b(®D)) and
3.(a) 1 < p<ooor
(b) p=o00and ® € Ar(w).

Corollary 1 (See [11], Corollary 4.7) Every Orlicz function @ that is strictly convex on
(=b(P), b(P)) is kp-unique for all 1 < p < oo. Moreover, if b(®) = oo and @ does not
have an asymptote at 0o, then @ is kp-unique forall 1 < p < oo.

Lemma 2 (See [15], Lemma 2.7) Let 1 < p < 0. Then I¢(x) < ||x||lg,p forall x € Lop
with || x|l < 1.

Lemma 3 (See [15], Lemma 4.2) Let | < p < oo and let @ be an Orlicz function. In
the case p = 1 assume, additionally, that ® is ki -finite. If the sequence (||x,|l¢,p)5e is

bounded, k, € K (x,) and k, — oo, then x, L oon .

Lemma 4 (See [44], Lemma 6 or [3], Lemma 2.35) Let @ be an N-function. Then, for a
given o € (0, %), e > 0andy > 0, there exists § > 0 such that for any u > 0 and any
S [0, %] satisfying

AB((I+e)u)+ 1 —-M)Pw) < (A +H)[PA +e)u+ (1 —Mu),

there exists T € [(1 + Ae)u, (1 + &)u] such that

14+o0e
p+() < (1 +y)ps (mf) .

Recall that in 1984 Kamiriska (see [27]) gave the characterization of the uniform rotundity
in every direction for Musielak—Orlicz spaces endowed with the Luxemburg norm over a non-
atomic measure space, which was next generalized to the Musielak—Orlicz spaces of Bochner
type (see [28]). The theorem presented below can be easily deduced from the result contained
in [27]. Let us also note that another proof of the characterization of the URED property for
Orlicz spaces equipped with the Luxemburg norm was given by Hudzik in [8].

Theorem 3 (See [27] or [31], Chapter 12) Let ($2, X, u) be a non-atomic complete and
o —finite measure space and @ : R — R, be an even, continuous, convex and vanishing
only at zero function. Then the Orlicz space (L?, |.||¢) equipped with the Luxemburg norm
is uniformly rotund in every direction if and only if @ is strictly convex and @ satisfies the
As ()-condition.

3 Results

Denote Eg = (R?, I.1l ), where the norm ||.||, is defined as [|x||, = (|x1|” + |x2|P)V/P for
any x = (x1, x2) € RZand any p € [1, 00), and ||x |0 = max{|x1], |x2|}, whenever p = co.
Then, the p-Amemiya norm (1 < p < 00) in the Orlicz space L?>? can be expressed by the
help of the norm ||.||, in the following way:

Ixlle,p = inf (1, Ip (kx))lp.
k>0
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Foru € (L%, ||.lo,p)andv € (LY, ||.ly,4), where p, g € [1, 00] aresuchthat%-l—é =1,

let (v, u) := fg u(t)v(t)de.

Let us start from presenting some lemmas. The first one is formulated for the Orlicz spaces
generated by N-functions and endowed with the p-Amemiya norm but only for p € (1, co)
(for the case p = 1, we refer to [44] or [3]).

Lemma5 Let @ be an N-function, ¥ be its complementary in the sense of Young
Sunction and let p € (1, 00) and q € (1, 00) be such numbers that % + % =11Ifxy, yn €

B(L®P) and v, € B(L¥9) satisfy (vp, Xp + yn) — 2 asn — 00, then for any $2, € X,
kn € Kp(xp) and hy, € K,(y,), we have that lim, _, fQ [knxn(t) — hyyn(®)]v, (H)dt =

1 1
lim;,— o0 [||knxn||¢,p — 10 yn ||<P,p] = limy— o |:(1 + I!;(knxn)) r— (1 + Ig(hnyn))p:l

and

lim f[knxn(t)—hnyn(t)]vn(t)dt < lim [Ig(knXnx2,) = Io(hnynxe,)l  G.D
n—oo n—0o0
2

hold provided that the limits exist and {max{k,, h,}}, is bounded.

Proof Let p € (1, 00). By the assumption, we get that (v,, x,) — 1 and (v,, y,) — 1 as
n — 00, so by the Holder inequality

L < (vn, xn) = / Un (D)X (D)dt < [vnllwg - 1xnlle,p < IXnlle,p
2

1 ) 1
= ki(l +I<p(knxn))p <1,
n

whence :
(1+ 15 (knxp))? — / knxn (t)vn (1)dt — 0 (32)
ko)

as n — o0. In a similar way we can prove that

(1 + Ig(hn)%))% - /hn)’n(t)vn(t)dt -0 (3.3)
2

as n — oo. Formulas (3.2) and (3.3) yield

<=

lim /[knxn(t) = hpyn ()] (H)dt = nIergo |:(1 + [g(knxn))% - (1 + [g(hnyn))

n— 00
2

]

whence

lim /[knxn(t) — hpyn (D], (1)dt = lim [”knxn”@,p - ”hn)’n”di,p]
n—00

n—o00
2

< lim_[I1(1, To (knxn)llp = 1CL Lo Crny)) |
< lim /(0. Lo (knxn) — Lo (hnya))
n—oo

= lim |I¢(k,,xn) — Idﬁ(hnyn”’
n—00
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so for any £2,, € X, we obtain

lim [kpxy () = By () ]v, (Hdt < nlgro]o 1o (knan.Q,,) ) (hn)’nX.Q,l)|

n—oo
2,

and the proof is finished. O

Let us now present the more general result rather then this presented in [44], Lemma 4 or
in [3], Lemma 2.26.

Lemma 6 Let @ be a strictly convex N-function, let p € [1, 00), Xu, Yu € B(L®P), ||x, +
Yullo,p = 2 asn — oo, ky € Kp(x,) and hy, € Kp(y,). Then b = supmaxiky, h,} < 00
n

implies kyx, — hy,y, — 0 in measure.

Proof Recall first that an Orlicz function @ which vanishes only at zero and takes only finite
values has the following property:

@ (Jul — |v]) < |®Qu) — P (2v)| forall u, v € R. (3.4)

Notice that forany p € [1, 00), the function f (1) := s, (Ju|)—1,u € R, is an Orlicz function,
so by property (3.4) applied to the f, i.e. f(%lul — %Ivl) <|fw) — f(v)| forallu,v € R,
as well as by the convexity of the function s, (.), we get

0«2—x, +yn||<15 p= ”-xn”(D pt ”yn”@ p = lxn + yn||(15 p
s Scb p (knxy) + 5 Sd> p (huyn) — k,,lhn So.p (k +h (xn + yn))
kn+hn

kn+hn
hns ([q)(knxn)) kng ([d«"(hn}’n)) knhy
=i " s Tt n s (1o (k hy (o + W))}

kn+hn hnle (knXn) knlop (hynyn) knhy
Z {s ( Bt T " Eathn )_sp <’¢ (k i (x,,+yn))>}

_ kothy hnle (knxn) knlo (hnyn) n

= Tl |57 ( Tathn T Tt ) 1= [Sp <1<1> (k oy Gon yn))) ]}
kn+hn hnde (knxy knlg (hnyn knhn

> bt {sp |3 (Mo + Bt — 1o (el v )] =1 2 0.

SO

L (alethan) | Kuds@uy) (ke Y]
P12\ Tk kn + iy [

asn — oo. Since s, (u,) — 1if and only if u, — 0 asn — oo, we get that

hnlp (knxp) knlg (hyyn) — e ( knhy
kn + hy, kn + hy, kn + hy,

(x, + y,,)) -0 3.5)

asn — oo.
If the sequence (k,x, — hy, y,,) | does not converge to zero in measure, then without
loss of generality, we may assume that Ww(E,) > ¢ foranyn € N, where E, = {t € 2 :
lkpxp(t) — hpy,(t)] > o} and o, ¢ are fixed and positive numbers.
Since the Orlicz space L®Pisa symmetric space, the norm || xr || ¢, , does not depend on
the set F' but only on its measure, so let us denote k = where F € XY and u(F) = %
Define the sets

1
IxFlle,p’
Ay ={te2:|x,t)] >k}, By ={t € 2 :|y,(t)| > k}.
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Then 1 > [xallo,p > xnxa,lo.p > kllxa, o p, whence lIxa, lo.p < £, which implies
n(Ay,) < %. In a similar way we get that u(B,) < %. By Lemma 1, there exists § > 0 such
that

P(au+ (1 —a)v) < (1 =§)[ad W) + (1 —a)P(v)]

holds for all ¢ € [ljrb, 1er] € (0,1) and any u, v € R with |u| < bk, |v| < bk and
lu — v| > o. Since k,,]-{rh , kn}ihn [1+b, 1+h] forallr € F, :== E,\{A, U B,}, we obtain
that
@ <knhn (x,(2) + Yn(t))> <(1-9) |:hn(p(knxn(t)) kn(p(hn)’n(t))] . (3.6)
ky + hy, ky, + hy, kn, + hy,
By the convexity of @ and condition (3.5), we get that
holp (knxn)  kylg (hyyn) ko,h,
— 1y
Tkt Tkt or g )
hnlcb(knanF) knlq5(hnynXF) ( knhy )
> L — — 1 Xn +
= ket K + o g 1 IO
kn
> 1g (k, ——Ip(h
zZ +h o X"XF”)+k,1+h o (hnynxr,)
(1-=19) i Io (k )+ kn Io(h )| by (3.6)
k + 1, @& (KnXn XF, k + I, oNnYn XF, y (5.
8 i I (k )+ L Io(h )
= X
ko + Ity @& KnXn XF, %y + hy o\NnYn XF,
1 1
> 6 |:2b1¢(knanFn) + — Ié(hn)’ann)]
1 1
=9 2b1<p(k nXn XF,) + *1¢( RnYn XF,)
. é Id)(knanF,,)+I<D(_hn)’nXF,,)
b 2
> é[q) (ann - hnyn)XF,, > é / @ <g) dt
b 2 b 2
Ey\{A,UB,}
1) o\ &
Z 7¢ <7> ~
b 2/2
where o, ¢ > 0 were fixed, a contradiction. O

Lemma 7 Let (X, ||.||) be a Banach space. If x,,, y, € B(X) foranyn € N and
1, then ||lax, + (1 — &) yu|| = 1 forany a € (0, 1) asn — oo.

Xn+Yn
2

xn+)n

Proof Assume that x,,,y, € B(X) for any n € N and — 1, but there exists
o € (0,1) such that |lax, + (1 —a)y,|| - 1 asn — oo. Then we can assume that there
exists ¢ € (0, 1) such that |lax, + (1 —«)y,|| <1 — . Denote z,, 4 = ax, + (1 — @) yp.
Then, we can find:

case a) either B8 € (0, 1) such that % = Bzp.a + (1 — B)y, or case b) E € (0, 1) such
that @ = Exn +(1— E)zn,a, where z,, o is generated either by some « € (%, 1) or some
o€ (O, %), respectively. Since the proof for case b) is similar, it is omitted. Consequently
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S Blznall + A =Blyull = pA —e) + 1 - =1 - fe,

Xn + Yn
2

a contradiction. O

Let @ be an N-function, ¥ be its complementary (in the sense of Young) function, let p
be the right derivative of @ and g4 be the right-inverse function of p_, that is,

q+(s) =sup{t : p4(t) < s} =inf{t: pp(t) > s}.

Now, we will present the sufficient conditions for the uniform rotundity in every direction
in Orlicz spaces equipped with the p-Amemiya norm, where p € [1, oo). Although Theorem
4 is formulated for Orlicz spaces endowed with the p-Amemiya norm, p € [1, 00), generated
by N-functions and built over a non-atomic finite measure space, we will present its proof
only in case of the Orlicz spaces equipped with the p-Amemiya norm, p € (1, 00), because
in case of the Orlicz spaces endowed with the Orlicz norm, the proof can be found in [44] or

[3].

Theorem 4 Let (2, X, ju) be a non-atomic finite and complete measure space and let p €

[1, 00). If

(a) D is a strictly convex N-function,
(b) foranyug > 0, & > 0ands > 0 there exist y > 0 and A > 0 such that for any u > uy,

if p+((1 +e)u) < (1 +y) py(u), then p,(u) < Apy(2u),

then the Orlicz space (L?, |. lo,p) equipped with the p-Amemiya norm and generated by an
N-function @ is uniformly rotund in every direction.

Proof In the whole proof we will assume that p € (1, 00).

Assume that L® 7 satisfies conditions a) and b) but L% is not uniformly rotund in every
direction. Then (see [16]), there exist x, € B(L??), z € L®*? such that x,, + z € B(L®?)
forany n € N, [[x,ll¢,p = 1, lxp + zllo,p — 1 and |2x, + zll¢,, — 2 asn — o0
but z # 0. Since @ is a strictly convex N-function, by Corollary 1, @ is kj,-unique. Let

K, (x,) = {k,}. Without loss of generality we can assume that the sequence (x,)5>; does

not converge to 0 in measure. Indeed, if x, A 0, then we replace x, and z by x|, = x, + %
and 7' = %, respectively. By virtue of Lemma 7 and by the definitions of x, and z’, we get that

3
lxplle,p = Lllx, +2Mle,p = lxn + 3zlle,p = 1and [12x, +2llo,p = 12x5 +2lle,p — 2

as n — oo but 7’ # 0. Obviously x/, % 0. By Lemma 3, the sequence (k)" | is bounded.
Passing to a subsequence, if necessary, we may assume thatk, — k (k > 1)and 1 <k, < 2k
for all n € N. Moreover, we can assume that 2k||z[l¢, , < 1 and that (x, + z);2; does not
converge to zero in measure (otherwise, instead of z we take Bz for some 8 > 0).

Let y, = x, +z and K, (y,) = {h,}. We can also assume that 1, — h asn — o0

(h = 1). Then, by Lemma 6, k,x, — h,y, — 0 in measure and we conclude that k # h;
otherwise we would have that k,, x,, — hy, y, = kyxp — hpxy —hpnz = (kn —hy)x, —hpz Rt 0,
soif k = h, then z £ 0, a contradiction. In what follows, we will consider only the case
when k > & (the other case is similar). Without loss of generality, passing to a subsequence
if necessary, we may assume that k, > h, for any n € N and k,x, — h,y, — 0 p-a.e. on
2. Set A, = knhT”hn.ThenAn — ﬁ asn — 00,800 < Ay < %forsomeo > 0.

Since z # 0, there is ¢ > O such that w(E) =d > 0,where E = E. :={t € 2 : |z(¢)| >
c}. Let ¢ > 0 be arbitrary. By the assumption b) there exist A > 0 and y € (0, 1) such that
whenever 7 > ¢ and py(7) < (1 +y)p+ ( tos r), then

1+20e
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l+oe <A e l+oe <A (s ) 3.7)
T — T —1). .
Pr\T¥ 206" ) =P\ 2k " T420e ) =P+ 3k
For such o, ¢, y, by Lemma 4, it follows that there exists § > 0 such that for any # > 0 and

A € [0, 1] the inequality
2D (1 + &) + (1= WD w) < (1 + SO + ) + (1 — )]

implies the existence of 7 € [u + Asu, u + eu] satisfying the inequality

1+o¢
< (1 .
p+(7) = ( +y)p+(1+208r>

Since ||2kz]|p,, < 1, by Lemma 2, we get that /¢ (2kz) < 1 and (|z|, p+(|z])) = Io(2) +
Iy (p+(|z])) < 2. Therefore, by absolute continuity of the integral, there exists & € (0, %)
such that if B C £2 and u(B) < @, then

2
/ ()P4 (2Dt < £~ and 1o Ckzxp) <. (3.8)
5 kA

Since k,x, — h,y, — 0 p-a.e. on 2, by Theorem 1, passing to subsequence if necessary,
we can find F € X such that u(2\F) < @ and k,x,, — h,y, — 0 uniformly on F, and
|z] < aj on F for some a; > 0. Notice that w(E N F) > % Indeed,

d = W(E) = W(E N F) 4 (E\F) = p(E 0 F) + w(@\F) < u(ENF) + 5

Hence u(ENF) > % and we deduce that

1o (" s, (" S dg (Mt (3.9)
D k_hZXF —Z 1o k_hZXFﬂE =5 k—h . .

For every n € N, let us divide §2 into the following sets:
Ay ={t € Q\F: x,(1)yn(t) < 0},
Iy ={t € Q\{F U A,}: max{|k,x, ()|, |hnya (O} < €},
Jop ={t € Q\{F U A, U I} [knxp(t) — hpyn ()] < e max{|k,x, ()], 1hnyn (0)1}},

(X0 () + yn (t)))

kl’l hl‘l

ky + hy

H, = [te.Q\{FUAnUInUJn}: (1+8)q§<

hn @ (kyxn (1)) kn<p(hnyn(l))}
kn + hy kn+hy )’
On={te 2\{FUA, UL, UJ,UH,}:|z(0)] < elxn@)]or [xa ()] < [y ()]},

T, = 2\{FU A, UI, UJ,UH, U Q,}.

Let us pick v, € B(L¥1) (¢ € (1, 00) and % + % = 1) such that v, (£)[x, (t) + y,(£)] > 0
forallt € £2 and (v,, x, + y,) — 2 asn — oo. Then, by the linearity of the integral and by
the assumptions about x,, and y, = x, + z, we obtain that (v,, x,) — 1 and (v, y,) — 1
as n — oo and, consequently,

k—h= lim (k, — h,) = lim /vn(t)[knxn(t) — hyyn(t)]dt.
n—00 n— 00
2

Now, we will find the upper estimates of the integrals f [tknxn(t) — hyyn(0)]v, (t)|dt,

C
where C denotes one of the following sets: F, A, I,, J,, H,, Q, and T,,, respectively.
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Since k,x, — h,y, — 0 uniformly on F', for large n, we obtain that

/ [[knxn (t) = hpyn(D)]va(D)ldt < &. (3.10)
F

Notice that if + € A, then x,(t)y,(t) < 0, i.e. x,(t)[x,(t) + z(¢)] < 0, yields that
xp(t)z(t) < 0 and |x,(¢)| < |z(¢)]. Therefore, for any A € X contained in the set A,, by
(3.8) we obtain that

/'d)(knxn(t)) — @ (hnyn(1))|dt = / |P (knxn (1)) — P (hp (xn (1) + 2(2)))|d1

- / [® (knz(1)) + @ (hpz(0)))dt

A

< 2/ D (2kz(t))dt < 2e.
A

Hence, as well as by virtue of Lemma 5, for n large enough, we get that

/ [kn2xn (1) = hp yn ()]va () |dt < 2e. (3.11)

Notice that the Holder inequality give us that
/ [lknxn (1) — hpyn )]vp ()|dt < || (kpxy — hnyn)Xln ||<I>,p : ”Un”'lf,q
In

1
<2lxello., < &2 7lxels. (3.12)
By the definition of the set J, and by the conditions that 1 < (v,,x;) < 1 and 1 <«
(vn, yn) < 1, we get that

/ [[knxn(t) — hpyn(t)]v, (H)|dt < 8/ (knxu ()] + 1A yn (D) [vn (2)|d2

=< e(kn + hp). (3.13)

For each set H € X, being a subset of H,l, using the method from the proof of Lemma 6,

by continuity of s, (.) and by the fact that " = ké’]f" > ; we conclude that

0« hple (kpxy) kn1¢>(hnyn) _ ( knhy (Xn + ¥ ))
kn + I kn + kn +hy "
hn1¢(knanH) kn1¢(hnynXH) k h
> S Y (i
= kr + I, + ko + Iy Ky + hy (xXn + Yy xH
- 1 Lo (kpxnxH) + Io (huynxH)
-2 ky, hy

1 b 1 1
"2 <1 - m)f [E‘p("m@)) + Ea><hnyn<r>>} di
T 201+0) +a) /[ @ (knxn (1) + <P(hnyn(t))] dt,
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whence, for n large enough, we obtain that

/ X (1) — Iy () un (1) [dt < . (3.14)
Hy

By the facts that k,,x, — h,y, — 0 uniformly on F and y, = x, + z, we conclude that
Xy — ﬁz uniformly on the set F. Hence, and by inequality (3.9), we get that

711 (kpx ) > Ip(x )—> 1 > —-Q ¢ (3.15)
. .
k o\ KnXn XF) = Lo (Xn XF [ X hZXP =5 k—nh

n

By the assumption [x,[l¢,, — 1 as n — oo and the fact that k, € K,(x,), we obtain
that lim,,_, oo ki, (1 + 15 (knxn)) = 1. Consequently, 1 + limy_, o0 15 (kyx,) = lim,_, o0 k7,
whence

limy, s o0 (k — I3 (knxy)) = 1. (3.16)

But by the superadditivity of the function g(u) = u?, p > 1, and by (3.15), we get that
lim_ Ig (knxn) = 1im [Lo (knXnX0,) + Lo (knn x2\0,)1"

>

[15 (knanQ,,) + Ig (knanQ\Qn )]

lim
n—>o0

> ,112‘;0[’5(""“9”) + 15 (knxn xF)]

. d hc p
> lim |:I£(knanQn) + <kn§¢ (k — h)) ] :
This and (3.16) yield that

1 p
1 = lim kY <1 — (—Iqa(knxn)) )
n—o00 kn

1 d hc
: p p
= nlggokn <] - k71¢(knanQn) - (E¢ (k —h)

n

1 d hc
: 14 14
< hm kn <1 g fetnnxe.) - (5(1) (k - h)

n

whence

| X d hc b

n—o00 k;‘;
Therefore, for n big enough,

1 1
/ aOuOldt < o, lo.p = - (14 1§ Krvnxo,)? 3.17)
n
On

(-G ()
<|{1—-(=92 .
3 k—h

Since Q, C 2\{F U A,}, we have that x,(¢)y,(t) = x()(x(¢t) + z(t)) > 0. Since
v (D) [x, () + v, (2)] > 0, then both x,(t)v,(t) > 0 and y, (£)v, () > 0 (so z(t)v,(t) > 0).
Hence, if |x, (t)| < |y, (¢)], then x, (¢)z(¢) > 0 and, consequently,

U (D[knxn (1) — hpyn (O] = (ky — hp) X, () v (t) — hypz(H)v, (1)
< (kn - hn)xn (l)vn(t)

<=
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and if |z(¢)| < e|x, ()], then
V(O [knxy (8) — hyyn ()] < (kp — hy)xp, (D), (2) + ehyx, () v (2).

Therefore, applying also (3.17) and Lemma 5, for n large enough, we obtain

/(knxn(t) —hpyn (D) va(D)dt < (kn — hp + €hp) / Xp (v (H)dt
On On

p
<(kn—hn—Q—shn)[l—(qu(khfh))} NERTS!

Noticing that t ¢ Q,, U J,, U A, whenever ¢ € T,, we get that
ehplyn ()] < ekylxp ()] < knlxn ()] — hnlya (0],

S|

ie. lg l\);%;l\ > 1 + €. By virtue of Lemma 4 and by the fact thatt ¢ H,, i.e.
An @ (knXn (1) + (L= 2p) @ (pyn 1)) _ Y
P (Anknpxn (1) + (1 = An)hnyn () —
there exists
Tn (1) € [Anknlxn ()| + (1 = ) hp|yn (D1, ki |0 (1)]] (3.19)
such that
pi(@(0) = (1 +7)ps ( G )) (3.20)

Noticing that ¢ ¢ I, U Q,, implies t, () > Ank,|x,(¢)| > oe, by (3.20) and (3.7), we have

1+o¢ e
P+(@(@) =+ y)p+ (71'11(1‘)) Apy <ﬂrn(t)) . (3.21)

142

Fromt ¢ H, U Q,, by (3.19), (3.21) and the fact that k,, < 2k for any n € N, we conclude
that

A @ (knxn (1)) + (1 = 2) D@ (hnyu (1)) < (1 + 8P (Ankpxn(t) + (1 — Ap)hnyn(t))
< (1+ 8D (1, (1)) < (1+ )10 P4 (T (1)
< AU +9)m0ps (3(0)
< A0+ Dkalxa O (5pkla0)])

< AU+ Okl (] el 1))

1

AL+ 80| p ().

A

IA

This and conditions (3.8) (recall that u(2\F) < & < %) imply

1
/[M‘D(knxn(t))-l-(l = )@ (hnyn(1))]dt < gAk(l + ) / [z p+(Iz(t)dt
7, o\F
(14 9)e,

IA

whence

/ [®(knxn (1)) + P (hnyn(t)]dt < /[}Ln‘p(knxn ®) + (1 = 2p) @ (hpyn(1))]dt
7;1 Tn
< (1+d)e,

kn + ]’ln
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/[¢(knxn(t)) + @ (hnyn ()] dt < (kn 4 hy)(1 + 8)e.
Ty

Hence, by Lemma 5, for all large n, we obtain that
/ [V (1) (knXn () — hyyn (2))|dt < / [D (knxn () + D (hyyn(2))]dt

Tu Tu
< (kn + hp)(1 4 8)e. (3.22)

Denoting v, () (k,x, (t) — hpy, (¢)) shortly as w, (¢), we get that

k—h

Jim = ) = T [ 0,000 = o )
2

nli>nolo /w,l(t)dt—i—/w,,(t)dt—I—/w,,(t)dt+fw”(t)dt+/wn(t)dt

F Ap I, I H,

+ /wn(t)dt—i—/wn(t)dt ,

Q’l Tn

whence, as well as by inequalities (3.10), (3.11), (3.12), (3.13), (3.14), (3.18) and (3.22) and
by the arbitrariness of ¢ > 0, we conclude that

rzaeal- (o5
3 k—nh

a contradiction, which shows that z = 0 a.e. in £2.

[m}

Corollary 2 If @ is a strictly convex N-function satisfying the A(00)—condition, then the
Orlicz space (L?, ||. lo,p), p € [1, 00) equipped with the p-Amemiya norm and built over a
non-atomic finite measure space is uniformly rotund in every direction.

Proof Assume that @ € Aj(co). Then for any @ > 1 we can find K > a such that
@ (2au) < K® (u) for all u large enough, whence

ap. (au) < D (2au) - D (u)
u

K < Kpi(u)
u

for all u large enough, so by strict convexity of N-function @ and by Theorem 4, we conclude
that Orlicz space with the p-Amemiya norm is uniformly rotund in every direction. O

At the end, let us recall that the uniform rotundity in every direction plays an important
role in the fixed point theory. Namely, every uniformly rotund in every direction Banach
space (X, ||.|l) has normal structure (see for example [8]). Consequently, it has the weak
fixed point property (we refer, for instance, to [8], [21] or [31] for the suitable definitions and
results). By this, and by Theorem 4, we get the following
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Corollary 3 Let (2, X, ) be a non-atomic finite and complete measure space and let
p € [1, 00). Then the Orlicz space (L®, I.le,p) equipped with the p-Amemiya norm and
generated by a strictly convex N-function @ satisfying the A, (00)-condition has the weak

fixed point property.
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