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Abstract In this paper we classify the monomial complete intersections, in two variables,
and of positive characteristic, which has the strong Lefschetz property. Together with known
results, this gives a complete classification of the monomial complete intersections with the
strong Lefschetz property.

1 Background

A graded algebra A = ;. A; is said to have the strong Lefschetz property (SLP)
if there is a linear form such that multiplication by any power of this linear form has
maximal rank in every degree. Let A be a monomial complete intersection, that is A =
Klxi,..., x,,]/(xfl, e, xff”), where K is a field and dy, . .., d, some positive integers. In
characteristic zero, A always has the SLP, which was first proved by Stanley in [12]. When
the characteristic is positive, the algebra does not always have the SLP. A first result is that
A has the SLP when p > Y (d; — 1), where p is the characteristic. This was proved in the
case n = 2 by Lindsey in [8], and later in the general case by Cook II in [5].

A classification of all monomial complete intersections in three or more variables with the
SLP is provided in [9]. Notice that the problem is trivial when n = 1, so the remaining case
is n = 2, which will be treated in this paper. The sufficient conditions in [9] hold also in two
variables, but it turns out that there is an additional class of algebras K [x, y]/(x¢, y?) with
the SLP. This is indicated by Cook II in [5], where the two special cases, when a = b, and
when the characteristic is two, is studied. Cook II solves these cases, under the assumption
that the residue field K is infinite.

The main result of this paper is Theorem 3.2, which is a classification of the algebras
K[x, y]/ (x4, yb ) with the SLP, where K is a field of characteristic p > 3. The classification
is given in terms of the base p digits of the integers a and b. Together with the mentioned
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earlier results, this gives a complete classification of the monomial complete intersections
with the SLP, see Theorem 3.4.

The technique used both in [5] and in this paper, is the theory of the syzygy gap function,
introduced by Monsky in [10]. The syzygy gap function deals with the degrees of the relations
on x%, y? and (x + y)°. This can then be connected to the SLP using results of Brenner and
Kaidin [1] and [2]. In [1], [2], and [10] the residue field is required to be algebraically closed.
We will see in Sect. 4 that this assumption can be dropped. We will also give a new proof of
the connection to the SLP, when working with monomial complete intersections.

2 The strong Lefschetz property

Let A = @izo A; be a graded algebra. A linear map A; — A is said to have maximal rank
maps A; — Ajy+q by a — f -a. Let such maps be denoted by - f : A; — A;4. For short,
we say that multiplication by f has maximal rank in every degree, if all the maps induced
by f have maximal rank.

Definition 2.1 A graded algebra A is said to have the strong Lefschetz property (SLP) if
there exists an £ € A such that the maps -£" : A; — A;4+, have maximal rank for alli > 0
and all m > 1. In this case, ¢ is said to be a strong Lefschetz element.

We say that A has the weak Lefschetz property (WLP) if there exists an £ € A such that
the maps -£ : A; — A;11, have maximal rank for all i > 0. In this case, £ is said to be a
weak Lefschetz element.

Let now K be a field, and A = K|[x1,...,x,]/I, where I is a monomial ideal. In [9,
Proposition 4.3] it is proved that A has the WLP if and only if x; + --- + x, is a weak
Lefschetz element. The corresponding is also true for the strong Lefschetz property.

Theorem 2.2 Let R = K|[x1,...,x,], where K is a field, and let I C R be a monomial
ideal. Then R/I has the SLP (WLP) if and only if x1 + . .. + x,, is a strong (weak) Lefschetz
element.

Proof Suppose that ZieA cixj, forsome A C {1,...,n} and 0 # ¢; € K, is a strong
Lefschetz element of A = R/I. The monomial ideal [ is left unchanged under a change of
variables c;x; +—> x;. This shows that £ = ), _, x; also is a strong Lefschetz element. If
A ={l1,...,n} we are done. Assume that A C {1,...,n}, and j ¢ A. The next step is to
prove that x; + £, is also a strong Lefschetz element. For this purpose we introduce a new
element a in an extension field of the type K’ = K (a) D K. We will prove that ax; + £ is a
strong Lefschetz element in A’ = A @ K'. Let, for each i, B; be the vector space basis for
A; that consists of monic monomials. This is also a basis for A;, as a vector space over K.
Let M be the matrix of the multiplication map

(axj+ 0" A > AL,

w. 1. t. the bases B; and B;,,. The entries of M are polynomials in a. Let My be the matrix
we obtain by substituting ¢ = 0 in M. If M does not have maximal rank, neither does M.
But M) is the matrix of the map £ : A; — A1, which has maximal rank. This shows
that M has maximal rank, and ax; + £ is a strong Lefschetz element of A’. But then, since
a is a non-zero element of the field K’, so is xj + £. The coefficients of x; + £ are in K, so
it is also a strong Lefschetz element of A. It follows that x| + - - - + x,, is a strong Lefschetz
element of A. O
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The Hilbert function of a graded algebra A = P, A; with residue field K is a function
HF4 : Z>o — Z>¢ defined by HF 4 (i) = vdimg A;, i. e. the vector space dimension of A;
over K. The Hilbert series of A, denoted HS 4, is the generating function of the sequence
HF(i), thatis HS A (1) = Y, HF(D)?'.

Let now A be a monomial complete intersection, A = K[x1, ..., x,]/ (xld‘ e xf,l”), for
some positive integers di, ..., dy. Lett = Y 7_,(d; — 1). This is the highest possible degree
of a monomial in A, and hence HF 4 (i) = O when i > ¢. It can also be seen that the Hilbert
function is symmetric about ¢ /2, and that HF 4 (i) < HF4(i + d) wheni < (¢t — d)/2. For a
multiplication map to have maximal rank in every degree in A, it shall then be injective up to
some degree i, and surjective for larger i. It can be proved that the injectiveness in this case
implies the surjectiveness.

Proposition 2.3 Let A = K[xi,...,x, 0/, ..., x) and t = Y (d; — 1), and let
f € A be aform of degree d. The maps - f : A;j — Ajiq all have maximal rank if and only
if the maps with i < (t — d)/2 are injective.

Proof See e. g. [9, Proposition 2.6]. O

In other words, multiplication by a form f has maximal rank in every degree if all homo-
geneous zero divisors of f are of degree greater than (r — d)/2. Another interesting fact is
that if we consider forms of the type ¢4, and r — d is even, then multiplication by £¢*! has
maximal rank in every degree if multiplication by £¢ does. This result will be important for
the classification of algebras with the SLP when n = 2.

Proposition 2.4 Let A = K[x1, ..., x,1/(x%, ... x)yandt = Y '_ (dj — 1). Let £ € A
be alinear form, and d a positive integer such that t —d is even. If the maps €% : A; — Ajrq
have maximal rank for all i > 0, so does the maps L9t 1 A; — Ajyar1.

Proof Assume that -¢¢ : A; — Ajtq have maximal rank for all i > 0. By Proposition 2.3
all zero divisors of ¢4 are of degree at least (t — d)/2. Suppose that there is a homogeneous
element f such that £¢T!f = 0. By Proposition 2.3, we are done if we can prove that
deg(f) > (t—(d+1))/2 =(t —d)/2 —1/2. Since t — d is even, the right hand side is not
an integer, and it is enough to prove deg(f) > (t — d)/2 — 1. Consider first the case when
¢4 f = 0. Thatis, f is a zero divisor of £¢, and it follows that deg(f) > (t —d)/2. Consider
instead the case when £¢ f # 0. We know that £9F! f = 0, that is £f is a homogeneous zero
divisor of £9. Then deg(lf) > (t —d)/2, and deg(f) > (t — d)/2 — 1, which finishes the
proof. O

Proposition 2.5 The algebra A = K[x, y1/(x%, y*) has the SLP if and only if the maps
(YT A = Ajrago—ae
have maximal rank for alli > 0 and 1 < ¢ < min(a, b).

Proof The “only if”-part follows from Theorem 2.2.

The numbers ¢ and d in Proposition 2.4 are here t =a +b —2,andd =a + b — 2c. We
see that 1 — d = 2¢ — 2 is even, so if multiplication by (x 4 y)?*?~2¢ has maximal rank in
every degree, so does multiplication by (x 4+ y)¢+t?=2¢F1 If ¢ < 0 then Ajjaqp—20 = {0},
and obviously any map A; — Ajtq+b—2¢ 1 surjective. This is why we only need to consider
¢ > 1. Without loss of generality, we can assume that @ = min(a, b). To complete the proof
we need to show that multiplication by (x + y)*+t?~2¢ has maximal rank in every degree when
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¢ > a. Suppose there is a non-zero homogeneous f € A such that (x + y)?T272¢ f = 0. By

Proposition 2.3 multiplication by (x + y)?+#~2¢ has maximal rank in every degree if we can

prove that

a+b—-2—(a+b-—2c) _
5 =

Let F be a homogeneous element in K [x, y] whose image in A is f. Then

c—1.

deg(f) >

(x + y)* P72 F = gx* + hy?, forsome g, h € K[x, y].

We can not have & = 0, because that would imply that F is divisible by x“, and f = 0 in
A.Hence i # 0 and deg((x + y)*T?=2¢F) > b, which is equivalent to deg(F) > 2¢ — a. If
¢ > a this implies deg(f) = deg(F) > c, and we are done. O

3 Classifying the monomial complete intersections with the strong
Lefschetz property

A classification of the monomial complete intersections with the SLP, in three or more
variables, is given in [9, Theorem 3.8]. Here we give a slightly reformulated version of the
theorem, to make the notation similar to that used later in the case of two variables. We will
prove that the formulation here is equivalent to that in [9].

Theorem 3.1 Let A = K[xi, ..., x,1/ (X", ..., x¥") where n > 3, d; > 2 for all i, and K
is a field of characteristic p > 0. Let t = Z;’:l(dl- — 1) and letd; = max(d,, ..., d,). Write
di = Nip+r1withO <r; < p. Then A has the SLP if and only if one of the following two
conditions hold

1. t < p,
2.diy=pdi<pfori=2,....,nand Y} _5(d; — 1) <min(ri, p — ry).

Proof The difference, compared to [9, Theorem 3.8], is that in [9] the bound for r; is 0 <
r1 < p, and the second condition is

n
di>p,di <pfori=2,...,nand Z(d,- — 1) <min(ry, p —rp).
i=2
It is easy to see that both definitions of 7| gives the same value min(ry, p —r1). Whend; = p
condition 2 of [9, Theorem 3.8] is not satisfied. Neither is condition 2 in Theorem 3.1,
because min(ry, p —r1) = 0, and Z?:Z(di —1)>n—12>2.Whend; = p,forsomei > 1,
condition 2 in Theorem 3.1 is not satisfied. Neither is 2 in [9, Theorem 3.8], because then
Z?:z (di — 1) = p,and min(r1, p — r1) < p in general. This shows that both formulations
agree. O

The two conditions in Theorem 3.1 above can be generalized to the case n = 2. Next we
will prove that in two variables, and characteristic p > 2, the algebra A has the SLP in these
two cases, but also in an additional one.

Theorem 3.2 Let A = K|[x, y]/(x%, yb), where a, b > 2 and K is a field of characteristic
p > 2. Writea and b inbase p, thatisa = ay p*+- - -+a p+agandb = by p*+- - -+b p+bo,
where 0 < a;, b; < p, and ay, by # 0. We may assume that £ > k. The classification of the
algebras with the SLP is divided into three cases.
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1. Whena,b < p, A has the SLP if and only ifa+b < p + 1.
2. Whena < p andb > p, A has the SLP if and only if a < min(bg, p — bg) + 1.
3. Whena,b > p, A has the SLP if and only if the following three conditions are satisfied.

(@) ap = 5%, and by = 5%,

®) ai=b =2  fori=1,2,....k—1,
(©) ax + by < p — 1, and by > ay when £ > k.

Notice that there are no restrictions on b; for i > k, in the case £ > k. The theorem will be
proved later in this section.

In [5, Theorem 4.9] Cook II proves the special case a = b of Theorem 3.2. Cook II also
proves the characteristic two case.

Theorem 3.3 ([5, Corollary 4.8]) Let A = K|[x, y]/(x¢, yb), where2 <a <band K is a
field of characteristic two. A has the SLP if and only if one of the two following conditions
hold.

1. a=2andb is odd,
2. a=3andb=2 mod 4.

Theorems 3.1, 3.2, and 3.3 can now be combined into a complete classification of the
monomial complete intersections with the SLP.

Theorem 3.4 Let A = K[xi,...,x,1/(x", ..., x"), where all d; > 2 and K is a field
of characteristic p > 0. Write each d; in base p as d; = ciy, pk" + -+ ci1p + cio, with
cik; 7 0. The algebra A has the SLP if and only if one of the following conditions hold.
1.n=1,

2. n =2, p =2, and one of the following holds, for d; < dy

o di=2andcyy =1,

o di =3,c01 =1,and cro =0,

3. n =2, p > 2 and all the following conditions are satisfied, for ky < k>
_ p*l _ p*l
® Cio=F,00 =5,
° Clj :ch = pT_l,fO}’j = 1,...,k1 — 1,
® Ciky +Couy < p,and copy = cixy if k1 < ko,
n>2and !_(di—1) <p,
n > 2, and there is a j such that dj > p, d; < p for all i # j, and Zi#j(d,' -1
< min(cjo, p — ¢jo)-

v oA

Proof The case n = 1 is trivial. Condition 3 is condition 3 of Theorem 3.2, and Condition
4 is Theorem 3.2 with b = d, written in base 2. The conditions 4 and 5 are the conditions
1 and 2 from Theorems 3.1 and 3.2 combined. Notice that 4 and 5 are not satisfied when
p = 2 O

Both proofs of [5, Corollary 4.8] and [5, Theorem 4.9] use Theorem 3.5 below. This will
also be the key to the proof of Theorem 3.2.

Theorem 3.5 Let K be a field of characteristic p > 0. The algebra K[x, y1/(x%, y*) has
the SLP if and only if

la —up'| 4 b — vp'| + la + b —2¢c —wp'| = p'

for all integersi > 0, 1 < ¢ < min(dy, d»), and u, v, w such that u + v + w is odd.
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Theorem 3.5 is proved in Sect. 4.
We will now prove that Theorem 3.5 can be reformulated as the following proposition.

Proposition 3.6 Let A = K[x, y1/(x%, y*), where K is a field of characteristic p > 0. For
each integer i > 1 we can write a = m;p' + ri, and b = n; p* + s;, where 0 < r;, s; < p'.
The algebra A has the SLP if and only if the following conditions hold for all i.

1. If m; >0, thenr; >s; — 1,

2. Ifn; >0, thens; >r; — 1,

3. Ifmj > 0andn; > 0, thenri +s; > p' — 1,
4 ri+si<p 4L

Proof We shall prove that the conditions above is equivalent to that in Theorem 3.5. Let us
investigate for which a and b it can happen that

la —upi| + |b—vpi|+|a+b—26—wpi| < pi.
Write a = m; p' +r; and b = n; p' + s;, as in the proposition. Notice that

ri when u = m;

i i: .
la —up’| {p’—ri whenu =m; + 1.

For all other values of u we get |a — up'| > p', and then of course |a — up'| + |b — vp'| +
la+b—2c—wp'| > p'. Therefore we only need to consider u = m; and u = m; + 1. The
corresponding is also true for |b — vp'|. This gives us four cases to examine.

I. u =m; andv = n;
Here

la —up'| +1b—vp'| = ri +s:.

To obtain |c_z —up'|+ b —vp|+la+b—2c—wp'| < p —1itis necessary that
rit+si<p' —1L
Suppose first that r; +s; = p' — 1. Since u + v + w = m; + n; + w is supposed to be
odd, we must have w = m; + n; — 2d + 1, for some integer d. Then
a+b—2c—wpi=nipi+ri+mipi+si—2c—(m,~+n,~—2a’+1)pi
=ri+s —2c+Qd—1)p =2dp' —2c—1,
which is an odd number, and thus |a+b—2c—wpi| > 1. We get
la —up'| +1b—vp'| +la+b—2c—wp'| = p' =1+ 1=p',

and we can conclude that |a — up’| 4+ |b — vp!| + |a + b — 2¢ — wp'| = p' for all w
and ¢, when r; +s; = p' — 1. Now suppose that r; +5; < p' — 2. We want to find out
what the smallest possible value of |a + b — 2¢ — wp'| is. For this purpose we choose
the largest w such that u 4+ v + w is odd, and a + b — wp' > 0. After that we choose the
value for ¢ that makes |a + b — 2¢ — wp'| as small as possible. Since r; +s; < p' — 2,
the largest w with the required properties is w = m; + n; — 1. Then
a—i—b—wpi =pi +ri + 55
If m; = 0, then min(a, b) = min(r;, b) < r; and ¢ < r; — 1. Then
a+b—2c—wpi Zpi +ri4+s5 —2(r —1)=pi —ri+s +2, and
la —up'|+|b—vp'|+la+b—2c—wp'|>ri+si+p —ri+si+2>p.
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1I.

I11.

Iv.

In a similar way we see that |a — up'| + |b — vp'| + |a +b—2cpri| > plifn; = 0.
Suppose now that m; > 0 and n; > 0. Then we choose ¢ = [(p' + ri + 5;)/2], where
[...] denotes the integer part. This gives

a+b—2c—wpi=00r1, and
|a—upi|+|b—vpi|+|a+b—2c—wpi|Eri+si+1§pi—1.

The conclusion, in this case, is that |a — up’| + |b — vp'| + |a + b — 2c — wp'| < p',
exactly when m;, n; > Oand r; +s5; < pi — 2. This corresponds to condition 3 in the
proposition.

u=m;andv=n; +1

Here

la —up'| + b —vp'| = ri + p' —s;.

To obtain |a — up’| + |b — vp'| + |a + b — 2¢ — wp'| < p' — 1 it is necessary that
ri+pl —si < pt —1,thatisr; <s; — 1. Let us first consider the case when r; = s; — 1.
Since u + v + w is supposed to be odd we must have w = n; + m; — 2d, for some
integer d. This gives

a+b—wp' =r+s +2dp' =2r; +1+2dp',
which is odd. Then |a + b — 2c — wp'| > 1, and
Ia—upil-l-lb—vpil+|a+b—2c—wpi|zri+pi—s,~+1:pi.

Suppose instead that r; < s; — 2. We use that same idea as in case 1, and choose first
w, and then ¢, such that |a + b — 2¢ — wp'| has the smallest possible value. The best
option for w is w = n; 4+ m;. This gives

a+b—wp =ri+si.

If m; = 0, then min(a, b) = min(r;, b) = r;, thus ¢ = r; — 1 is the largest allowed
value of c¢. Then

a+b—2c—wp =ri+s —20r;—1)=s; —r; +2, and
|a—upi|+|b—vpi|+|a+b—26—wpi| :ri—l—pi —sit+si—ri+2=p +2.
If m; > 0 on the other hand, we are allowed tho choose ¢ = s5; — 1. Then we get
a+b—2€—wpi =ri—s5+2
instead. Note that this is a non-positive number. This gives
la —up'|+1b—vp'|+la+b—2c—wp'|=ri+p —si+si—ri—2=p —2.

The conclusion, in this case, is that |a — up’| + |b — vp'| + |a + b — 2¢ — wp'| < p',
exactly whenm; > 0 and r; < s; —2. This corresponds to condition 1 in the proposition.
u=m;+1landv =n;

In the same way as above, we see that this corresponds to condition 2.

u=m; +landv=mn; +1

Here

la —up'| + b —vp'| =2p" —r;i —si,
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so for this to be smaller than p’ we must have 2p’ — ri —si =< p' — 1, which is
ri +s; > p' + 1. Consider first the case when r; 4+ s; = p' 4+ 1. Then we must choose
w = m; +n; —2d + 1, for some integer d. Then

a+b—wp =ri4+si+Qd—1p =2dp' +1,
and |a + b — 2c — wp'| > 1. Then we get
la —up'|+ b —vp'| +la+b—2c—wp'| =2p —ri —si+1=p.

Suppose now that r; +s; > pi +2. Wechoose w = m;+n;+1andc = [(r;+s; —pi)/2],
because this gives

a—i—b—ZC—wpi=ri+si—pi—2c=00rl, and
|a—upi|+|b—vpi|—|—|a—|—b—2c—wp"|§2pi—ri—si+1Spi—l.

This shows that |a —up’ |+ |b —vp’| +|a+b—2c —wp'| < p' whenr; +s; > p' +2,
which is condition 4. m]

Proposition 3.6 will be used later in this section to prove Proposition 3.7, which says
something about the structure of an algebra that does not have the SLP. Now we shall use
Proposition 3.6, with p > 2, to prove Theorem 3.2.

Proof of Theorem 3.2 Let A = K[x, y]/(x%, y?), and suppose throughout this proof that
the characteristic of K is greater than 2. Write a and b in base p asa = ax o+ taip+ao
and b = bgpé + -+ 4+ b1p + by, where 0 < a;, b; < p. We assume that £ < k. With the
notation a = m; p' + r; from Proposition 3.6 we have r; = a;_1p'~' + - - + a1 p + ao, and
m; = akpk_i + akflpk_i_l + --+ 4+ a;, and similar for b.

Ifa,b < p then n; = m; = 0 in Proposition 3.6, for all i, and the conditions 1, 2 and 3
are trivially satisfied. Since a +b < 2p condition 4 is satisfied for i > 1. The only restriction
we get comes from condition 4 when i = 1, and states that A has the SLP if and only if
a+b<p+1

Ifa < pandb > p we get by > ap — 1 and ag + by < p + 1 from the conditions 2 and 4
withi = 1. These two inequalities can be written as ag < min(bg, p — bg) + 1. In condition
1 and 3 there is nothing to check, and for i > 1 all conditions are satisfied. We get that A has
the SLP if and only if agp < min(bg, p — bo) + 1.

Assume now that a, b > p. The idea now is to translate the four conditions of Proposi-
tion 3.6 into the base p digits of a and b.

Let us first look at i = 1 in Proposition 3.6. We know that m,n; > 0, so 1 and 2 gives
ao— 1 < bp < ap + 1. The conditions 3 and 4 gives p — 1 < ap + by < p + 1. Both
these inequality are satisfied exactly when ag = pTil and by = 17:21:1 . This is condition (a) in
Theorem 3.2. Suppose that this is the case, and move on to i = 2. If k > 2 then m» and n»
are positive. The conditions 1 and 2 gives

aip+ag—1<bip+by<ap+a+1,
which implies a; = b;. For 3 and 4 to be satisfied

PP —1< (a1 +b)p+(a+bo) < p>+1
_ p—1

is required. This is true if and only if a; + by = p — 1. Hence we geta; = by = ——. We
suppose that this is true and continue with i = 3, ...k. In the same way as above we get
wm=-=aq_1=by=---=bp_| = pT_l This is condition (b) in Theorem 3.2.
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Suppose that the conditions for i = 1,2..., k are satisfied, and move ontoi = k + 1.
Now my41 = 0, so in condition 1 and 3 there is nothing to check. If £ > k then ng4; > 0.
In this case condition 2 says

bip* 4 +bip+bo > apt 4+ +ap+a—1,
which holds if and only if by > a;. Condition 4 says
(ak +b)p* + -+ + (@ +b)p + (ao + bo) < p** +1,

which holds if and only if a; + by < p — 1. This proves (c).

We must also show that there are no further restrictions on b; for j > k, when such b;
exist. Suppose that the four conditions of Proposition 3.6 are satisfied fori = 1,2, ..., k+1.
We continue by looking at i = k + 2. The conditions 1 and 3 are satisfied, since m; = 0.
Notice also that r12 = rp+1 = a, and sg42 > sk+1. This means that if condition 2 is satisfied
fori =k + 1, soitis fori = k + 2. Condition 4 requires

b1 M A (ar + b pF A+ (a1 + b)) p + (ag + bo) < pFT 4 L.

But this is no restriction on by 1, other than by < p. The same reasoning works for larger
i. [}

The proof in [9] of when an algebra in three or more variables does not have the SLP, is
carried out by finding a monomial zero-divisor of (x1 4 - - - 4+ x,,)™, for some m. We will now
see that this can also be done in two variables. This gives an alternative proof of the “only
if”-part of Theorem 3.2.

Proposition 3.7 Let A = K|[xy, ..., xn]/(xfl, R xf,l”) = @D, Ai be an algebra of char-
acteristic p > 0 which does not possess the SLP. Let £ be a linear form in A. Then there are
integers d and m such that HF o (d) < HF o (d + m), and the kernel of the multiplication map
L™ 0 Ay — Ag4m contains a non-zero monomial.

Proof For the case n > 3, see [9].

Assume n = 2, and let £ = c1x| + cyxo for some ¢y, c; € K. Recall that HF4(d) <
HF 4 (d+m) whend < (d|+dy—2—m)/2. We shall prove that when one of the conditions in
Proposition 3.6 fails, we can find a monomial of degree low enough, which is a zero divisor of
some power of £. Write d| = m; pi +rianddy = n,-pi +s;, for some i, as in Proposition 3.6,
and suppose that condition 1 fails for this i. This means that m; > 0 and r; < s; — 2. Then
ri < di, and therefore xf" # 0. Recall that

; i i i
P = (c1x1 + cax)? = clp xlp +c§ xé’ ,
since we are in a ring of characteristic p. Also,
i i i i
(c{7 xf +c§ xf ymithi — ex;"’p x;’p in A, for some e € K

since all the other terms in the expansion will be of the form cx‘l"xf where either o > dj or
B > dy. We have
mitnp)p' ri _ Pt Pt Pt pimidng i omipt omip' i mipi4r _nipt
CHTROP xt = (] xp ey xp )XY =ex xy't x) = exy x,'" =0.

In other words, x|’ is a monomial in the kernel of the multiplication map gmitnopt . A =
A,y (mi4np)pi» and since

i P — _9_ (m; N i
ri <85 —2 &= rif# — ri5d1+d2 22(’”1"‘”1)17
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we have HF o (r;) < HF4(r; + (m; + n;)p").
If instead conditions 2 of Proposition 3.6 fails, the proof is carried out in the same way, but
with x]ri replaced by x;i . Suppose now that condition 3 fails for some i. That is m;, n; > 0,

ri Si

and r; +s; < p' — 2. Then x|'x," # 0. We have

ni—1)p! popt P \mini—1 (mi=1)p* _nip' mip _(ni—p'
e(mz‘f’"l )p — (Cl ‘xl +CZ x2 )m1+”z :elxl i xzt +€2x21 xzt

for some e;, e> € K, and we see that K(’"i*'"i_l)plx;" x5y = 0. Also,

ridsi—2+p _di+tdy—2—(mi+n; — Dp'
2 B 2 '
which implies that HF 4 (r; + 5;) < HF A (ri + 5; + (m; + ni — 1) p').
Atlast, suppose that condition 4 of Proposition 3.6 fails. Then r; +s; > p'+2. Thisimplies
thatdy +dy —2 =m;p' +ri+n;p' +s; > (m; +n; + 1) p', and HE((m; +n; + 1) p') > 1.
But

ritsi<p =2 & ri+s<

. i i LY .
g(mz+n,+1)19 — (Clp x{’ +C5 xé’ )m,+nl+1 =0,

since all terms in the expansion will be of the form cx‘f‘xé3 where either o > dj or B > d,. This
shows that 1 is in the kernel of the multiplication map -£*%+Dp" + Ay — An4ni+1)pi-
Since HF((m; + n; + 1)pi) > 1 = HF(0), this completes the proof. ]

4 The syzygy gap

The main purpose of this section is to prove Theorem 3.5. If we require the residue field to be
algebraically closed, the theorem follows from combining a theorem by Han [6] and results
by Brenner and Kaid in [1] and [2]. Han’s result is also proved in a different way by Monsky
in [10]. Monsky deals with the syzygy module of three pairwise relatively prime polynomials
in two variables, and the so called ”syzygy gap”, while Brenner and Kaid connects this to
the Lefschetz properties. We will go through the results from [10], and give a new proof of
the connection to the SLP in the case of monomial complete intersections. The reason to go
though the results of [10] is to prove that the residue field does not need to be algebraically
closed, but also to give a deeper understanding of Theorem 3.5 and the theory behind it.

4.1 Mason-Stothers’ Theorem

First we need a review of Mason—Stothers’” Theorem. Suppose f is a polynomial in
K|[x1, ..., x,], where K is some field. The polynomial f can be factorized as f = ]—I‘;:1 pie",
where the p;’s are distinct irreducible factors. Define r(f) = deg(]_[f»:l pi). Note that
r(fg) < r(f) + r(g), with equality when f and g are relatively prime. Let f)éj denote
the formal derivative of f w. r. t. the variable x;. When in a polynomial ring with just one
variable, we write f” for the derivative. Mason—Stothers’ theorem is usually formulated over
one variable, as follows.

Theorem 4.1 (Mason—Stothers) Let K be a field, and let f, g and h be polynomials in K [x]
such that

e f, g and h are pairwise relatively prime,
o f',g and I are not all zero,
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e f+g+h=0.
Then max(deg(f), deg(g), deg(h)) <r(fgh) — 1.

An elementary proof can be found in [11]. There is also a version of this theorem for homo-
geneous polynomials in two variables. For clarity we will prove how it can be deduced from
Theorem 4.1.

Theorem 4.2 Let K be a field, and let f, g and h be homogeneous polynomials of degree d
in K[x, y] such that

e f, g and h are pairwise relatively prime,
o fl, fy’, gk, g;, h'. and h/y are not all zero,
e f+g+h=0.

Thend <r(fgh)—2.

Proof Let K’ be the splitting field of f. Over this field f can be factorized as follows

d d . d d
. . XV X
ey =) 'y =y ai(;) =] (uj;—vj) = [Jwix — vy,
i=0 i—0 =1 j=1

where the o, u; and v;’s are elements in K ’. After a possible linear change of variables, we
can assume that f(x,y) = y” ]_[';;'ln(rjx —5;y), where m > 1. Let fx) = fx,1) =
I—[‘;;'ln(rjx —5j), §(x) = g(x, 1) and h(x) = h(x,1). Then r(f) = r(f) — 1, while
r(g) = r(g) and r(h) = r(h). Note also that deg(¢) = d. By Theorem 4.1 it now follows
that

d = deg(g) < r(fgh) — 1
=1(f) +1(8&) +1(h) — 1 =1(f) +1(g) +1(h) =2 =r(fgh) -2,

which we wanted to prove. O

4.2 The syzygy gap

Let now R = K[x, y], where K is any field. Let fi, f> and f3 be non-zero homogeneous,
pairwise relatively prime, polynomials in R, with d; = deg(f;),andlet I = (f1, f>, f3). The
R-module R/ has a free resolution of length 2, by Hilbert’s syzygy theorem. If { f1, f>, f3}
is a minimal set of generators of /, then

0— ker¢p — B35 R— R/I — 0, (1
where ¢ is given by the matrix ( f1 f2 f3), is an exact sequence of free modules. We have
rank ker ¢ = 3 — 1 = 2. That is, ker ¢ = Syz(f1, f2, f3) is generated by two homogeneous
elements. If { f1, f>, f3}isnotaminimal set of generators of /, wehavee. g. f3 = g1 f1+g2 f2,
for some homogeneous polynomials g; and g>. Then every relation Af] + Bf> + Cf3 =0
can be written as (A + Cg1) f1 + (B + Cg2) f» = 0. Since f] and f, are relatively prime
A+ Cgy = hfz,and B + Cgy = —hfi, for some homogeneous 4. It follows that ker ¢ is
generated by (f2, — f1, 0) and (g1, g2, —1). This shows that (1) is always a free resolution (but
not necessarily minimal), and ker ¢ is generated by two homogeneous elements of degrees,
say o and 8. We have a graded resolution

0 — R(—a) ® R(—B) = R(—d)) ® R(—d») ® R(—d3) - R — R/I — 0,
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of R/I. Define A(f1, f2, f3) = | — B]. This is the syzygy gap function introduced in [10].
From the graded resolution we see that the Hilbert series of R/ is
11—t — g2 s g g 4B

(1—1)? )

We also know that R/I has dimension 0, thus the Hilbert series is a polynomial, say
HSR/[(Z‘) = p(t). Then

HSg/1(t) =

(I—0)2pt) =1 -1 — 12 B 4@ 4 (P

By taking the derivative of both sides, and substitutingt = 1 we get0 = —d| —dr —d3+a+p,
thatis @ + = d; + da + d3. This is one of the so called Herzog-Kiihl equations, see e. g.
[4]. From this follows also the below lemma.

Lemma 4.3 Let f1, f> and f3 be non-zero, pairwise relatively prime homogeneous polyno-
mials in K[x, y], with d; = deg(f;). Then A(f1, f2, f3) =di +da +d3 mod 2.

We shall also see some other properties of the function A.

Lemma 4.4 Let K be a field of characteristic p > 0, and let fi, f> and f3 be non-zero,
pairwise relatively prime homogeneous polynomials in K [x, y]. Then

AST ) = P AL . )

for all non-negative integers s.

Proof Let R = K[x,y], and I = (f1, f2, f3). For a fixed s, let ¢ = p°, and 1@ =
( flq , f2q , f3q ). We let F denote the Frobenius functor on the category of R-modules, induced
by the endomorphism a +— a? on R. For a review of the Frobenius functor, see e. g. [3].
By [7, Corollary 2.7], F is an exact functor. Now, suppose Syz(f1, f2, f3) is generated by
(A1, A2, A3) and (Bq, B2, B3), of degrees « and 8. When we apply F to the resolution

Ay By
Az By
A3 Bs (fi 2 1)
0 — R? R? R— R/l >0

we get an exact sequence

2
A7 B (A £ A)
0 — R? R} R — R/I'D — 0.

This proves that Syz(f), f5', f3) is generated by (A7, A9, A) and (B{, B, BY). Then
AL fL 1D = lag — Bl = qla — Bl = g A(f1, f2, f3),
which we wanted to prove. O

Let us now investigate what happens with A( f1, f2, f3) when, for example, f] is replaced
by £f1, for some linear form €. By Lemma 4.3, A(f1, f2, f3) and A(f1, f2, f3) has different
parity, so they can not be equal. If we have arelation A1 f; + A2 f> + A3 f3 = 0, we also geta
relation on £f1, f2, f3 by multiplying the expression by £. This means that the two elements
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that generates Syz(£f1, f2, f3) can have degrees at most &« + 1 and 8 + 1. On the other
hand, a relation A1€f1 + Az f> + A3 f3 = 0 on £f, f2, f3 can also be considered a syzygy
(A1€, Ay, A3) on f1, f>, f3. Hence, the two generators of Syz(£fi, f2, f3) have degrees at
least « and S. This shows that A must either increase of decrease by 1 when fj is replaced
by £f1. We summarize this in a lemma.

Lemma 4.5 Let f1, f> and f3 be non-zero, pairwise relatively prime homogeneous polyno-
mials in K[x, y]. Let £ be a linear form, relatively prime to f> and f3. Then

Alf1, f2, f3) = A(f1, f2, f3) £ 1

We shall look more carefully into two special cases where Lemma 4.5 applies. Let
(A1, Ay, A3) be the element in Syz(fi, f2, f3) of the lowest degree «. If ¢£|A; then
(67YAL, Ay, A3) is a syzygy of £f1, f>, f3 of degree o. The other generating syzygy can
have degree B or B + 1, as we saw above. But since A(Lf1, f2, f3) # A(f1, f2, f3) it must
have degree B8 + 1. Hence, A(€f1, f2, f3) = A(f1, f2, f3) + 1 in this case.

It follows also from Lemma 4.5 that A(E‘lfl, . f3) = A1, fr, f3) £ 1,162 f. I,
in addition, £| A, it follows from the equality A f1 + Az f> + A3z f3 = 0 that £ also divides
A3. Then we can divide the whole expression by ¢, and get a syzygy (A1, £~ Ay, €71 A3) on
L7111, o, f3, of degree o — 1. We see that we musthave A(€™) f1, fo, f3) = A(f1, fo, f3)+
1, in this case.

This, together with Theorem 4.2, can now be used to prove the following proposition.

Proposition 4.6 ([10, Theorem 8]) Let K be a field of characteristic p > 0. Let f1, f>, and
f3 be homogeneous relatively prime polynomials in K [x, y]. Assume there is a linear form £
such that fi = £™h, where £ 1 h and p t m. Assume also that A(f1, fa, f3) decreases when
1 is replaced by £fy or £ fi. Then A(f1, f2. f3) < t(fifaf3) — 2.

Proof Let (A1, Az, Az) be one of the two generators of Syz(f1, f2, f3) of minimal degree
a. We saw above that if €|A| then A(LS1, f2, f3) = A(f1, f2, f3) + 1. We also saw
that if £|Ay then AT f1, f5, f3) = A(f1, fo, f3) + 1. The same holds if ¢|A3. By
assumption, none of this is the case, and hence A, A, and A3 are not divisible £. Let
M = gcd(Ay f1, Az f2, A3 f3). Then

Aifi | Axfa | Asfz

=0
M+M+M

and the three terms A; f; /M are relatively prime. Notice that every irreducible factor of M
must divide one of f1, f> or f3. Also £ does not divide M, since ¢ does not divide A, Az, f
or f3. We shall now see that the formal derivative of A1 f1/M w. r. t. x or y is non-zero, so
that we can use Theorem 4.2. One of £/, and ¢/, must be non-zero, otherwise £ = 0. Say that
0. = ¢ #0. Then

A / Arhy/ Arh Arhy/
( 1f1> :<£m71) :mcemflil_i_gm(il)‘
M Jx M Jx M M /x

The two terms can not cancel each other, and the first one is non-zero, since m # 0 in K.
Hence (A; f1/M)’, # 0. By Theorem 4.2

ALfi A1 f1A2 [2A3 f3
deg(M)<r< M3 )_2' 2)
We know that deg(A; f1/M) = o — deg(M). Let d; = deg(f;), fori = 1,2, 3, and recall
that d| + d» + d3 = o + B, where B is the degree of the other generator of Syz( f1, f2, f3).
We have
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r(AlflAA24§2A3f3> <r(f]1]:;f3)+deg (%)
<r(fi1f2f3) +deg(Ay) + deg(Az) + deg(A3) — 2deg(M)
=r1(f1f2f3) + (@ —d1) + (@ — dp) + (¢ — d3) — 2deg(M)
=1(f1f2/3) +3a — (¢ + B) — 2deg(M)
=1(f1/f2/3) +2a — B — 2deg(M).

Inserted in (2), this gives
o —deg(M) <1(f1f2f3) + 20 — p —2deg(M) — 2,

which is rewritten as

B —a =r1(f1f2f3) —deg(M) —2.
We can now conclude that A(fi, f2, f3) =B —a <r(f1f2f3) — 2. O

4.3 Application of the syzygy gap function to monomial complete intersections

We will now specialize to the case f; = xd, Hh= yd2, and f3 = (x + y)®% . This is allowed,
since these polynomials are pairwise relatively prime. For an easier notation we introduce
anew function § : Z3 — Z defined by 8(di, da, d3) = A(x4, y®2, (x + y)®). We will
now see how the theory of the syzygy gap connects to the SLP.

Proposition 4.7 Let S = K[x,y]/(xdl,ydz). The maps -(x + ) : §; — Si+d;» With
d3z < dy + da, have maximal rank for all i if and only if §(dy, d3, d3) < 1.

This result can be proved for general fi, f> and f3 using[1, Theorem 2.2] and [2, Corollary
3.2]. Below follows an easier proof for this special case.

Proof We know that the syzygy module Syz(x?, y%, (x 4 y)®) is generated by two homo-
geneous elements (A1, A2, A3) and (Bj, Bz, B3) of degrees o and 8. We may assume that
o < B. Provided that Az # 0, this can be formulated as (x + y)d3A3 =0in S,and Az isa
homogeneous element of lowest degree with this property. The degree of A3 is @ — d3. By
Proposition 2.3 multiplication by (x 4+ y)% has maximal rank in every degree if and only if
dy+dy—2—ds dy+dry+d3 =2

a—d3 > — or equivalently « > 7

Recall that @ + 8 = d + da> + d3. This inserted in the above inequality gives, after simplifi-
cation, « > f — 2. Since o < B this is exactly the property §(di, dz,d3) = —a < 1.
It remains to prove that A3z # 0. If A3 = 0 we would have a relation Ay f; + Az f, = 0.

Since f1 and f> are relatively prime, this gives A1 = cf> and Ay = —cfj, forsome ¢ € K.
Then ¢ = di + dp, and since @ + B = dy + dr + d3, we get B = d3. But B > o and
d3z < dy + d yields a contradiction. O

This result combined with Proposition 2.5 now gives the following.
Theorem 4.8 The algebra K [x, y1/(x¥, y%) has the SLP if and only if
8(di,dr,dy +dr —2¢) =0 forall 1 <c <min(dy, da).

Proof 1t follows directly from Propositions 4.7 and 2.5 that K [x, y]/(x%!, y%2) has the SLP
if and only if §(d1, d2, di +da —2¢) < 1. By Lemma 4.3 §(d;, da, di + da — 2¢) is even, so
it must be O in this case. O
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The problem now is to determine for which dy, da, d3 we have §(d, d», d3) = 0. Let us
define

L={u,v,w)e Zi | 2max(u, v, w) <u + v+ w}.
Also, let L— be the subset of L where equality holds,and L. = L \ L—.

Lemma 4.9 Let (dy,d>,d3) € L—. Then §(dy, d», d3) = 0.

Proof Supposed| < dy < d3 = dy+d>. We are in the situation when x91, y2, (x +y)® is not
aminimal generating set; there are polynomials g and 4 such that (x + y)?1+% = gx@ 4 py®
As we saw in the beginning of Sect. 4.2, the module Syz(x?, y%, (x + y)?174) s, in this
case, generated by (g, h, —1) and (yd2, —x, 0). Both these relations have degree d; + d>,
which gives §(dy, d», d3) = 0.

The case when d; or d; is the largest among di, d>, d3 follows from the above after a
linear change of the variables x and y. O

Lemma 4.10 For any two points (cy, c2, ¢3) and (dy, da, d3) in Zi it holds that

[8(ct, 2, ¢3) = 8(d1, da, d3)| < |c1t — dil + |2 — da] + |e3 — d3]. 3)
Moreover, for (dy, d2, d3) € L~ we can find a point (c1, c2, c3) such that

3(ci, 2, ¢3) =8(d1, da, d3) + 1 —di| + |c2 — da| + |c3 — d3],

and §(c1, ca, c3) decreases when any c; is replaced by c; £ 1.

Proof Recall from Lemma 4.5 that §(d1, da, d3) increases or decreases by 1 when we “take
astep” in Zi, that is when one d; is replaced by d; = 1. This proves (3).

Imagine now that we start in the point (di, da, d3), and take a step in some direction, if
it makes the value of § increase. We continue in this way, as long as we can make the value
of § increase in each step. What we want to prove is that such a path can not be infinitely
long. Let us fix a point (d{, d}, d}) on our path. Any other path between (di, d2, d3) and
(d}, dj, d}) must give the same value of § at (d}, dj, d3). It follows that a path where the
value of § increases in each step must be of minimal length, among all paths between these
two points. Any other path of minimal length must also have the property that § increases in
each step. Hence we can replace our path by the path that first increases/decreases d, then
d> and last d3. But when d; and d3 are fixed, we can only increase of decrease d; a finite
number of times, before we hit L_. The corresponding holds for d> and d3. At L_ the value
of § is zero, as we saw in Lemma 4.9, so § must have decreased. This shows that there is a
bound for the length of a path that starts in a given point (d1, d2, d3) € L -, and increases &
in each step. Eventually we will reach a point (cy, ¢2, ¢3) such that

d(c1, 2, ¢3) = 8(d1, dp, d3) + |c1 — di| + |c2 — do| + |c3 — d3],
and §(cy, c2, c3) decreases when any c; is replaced by ¢; + 1. O
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ds
The set L, and a path with increasing 6, for a fixed d3.

Theorem 4.11 Let the function § be defined over K [x, y] where K is a field of characteristic
p > 0. Let dy, dy, d3 be positive integers, such that di < d» < d3 < di + d>. Then
8(dy, da, d3) = 0 if and only if

ldi — up®| + |da — vp*| + |d3 — wp*| > p*
for all integers s, u, v, w such that s > 0 and u + v + w is odd.
Proof Assume first that §(dq, d»,d3) = 0. Let s be a non-negative integer, and u, v, w

integers with odd sum. From Lemma 4.3 we know that §(«, v, w) is odd, in particular
8(u, v, w) > 1. Lemmas 4.4 and 4.10 now gives

ldi —up®| + |d2 — vp’| + |d3 — wp®| = [8(up®, vp*, wp®) — 8(d1, da, d3)|
=8up®, vp*, wp®) = p*S(u, v, w) > p°.
For the other implication, assume that
ldy — up®| + |dy — vp*| + |d3 — wp®| = p*

for all s > 0 and integers u, v, w with odd sum. By Lemma 4.10 there is a point (cy, 2, ¢3)
such that

8(cy,c2,¢3) =68(dy, da, d3) + |dy — c1| + |d2 — 2| + |d5 — c3],

and 8 (cy, ¢, c3) decreases by one if we replace any ¢; by ¢;+1. Writec; = p*u,cy = p*vand
¢3 = p*w, such that (at least) one of u, v, and w is not divisible by p. Notice that § (u, v, w)
also must decrease when u, v or w is increased or decreased by one. Otherwise we would have
e.g8u,v,w+1) =38, v, w)+ 1, whichimplies 6 (c1, c2, c3 + p*) = §(c1, ¢2, c3) + p°.
This can only hold if § increases in each step from (c, c2, ¢3) to (c1, c2, ¢3 + p*), which
is not the case. Now we can use Proposition 4.6 on §(u, v, w) with £ = x,y, or x + y,
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depending on which of u, v and w are not divisible by p. Since r(x*y"(x 4+ y)*) = 3 we get
S(u,v,w) < 1.Since §(u, v, w) — 1 = §(u, v, w + 1) > 0, we must have §(u, v, w) = 1.
By Lemma 4.3 u + v 4+ w is odd, and we can use our assumption to get

8(di, da, d3) = d8(c1,¢2,¢3) — (Idi —c1]l + |da — 2 + |d3 — c3))
=p'8(u, v, w) — (Idi —up®| + |d> — vp*| + |d3 — wp®)
=p' = (ldi —up’| +|d2 — vp*| + |d3 — wp*|) < 0.
By definition §(d1, da, d3) > 0, so we can conclude §(dy, d», d3) = 0. ]

Proof of Theorem 3.5 By Theorem 4.8, K [x, y]/(x%!, y?2) has the SLP if and only if
8(di,dr,dy +dr —2c) =0forall 1 <c < min(dg, da).

With d3 = di + dy — 2¢, clearly d < d3, dy < d3 and d3 < d;| + da, so we can use
Theorem 4.11. Substituting d3 = d; + d2 — 2c into the inequality in Theorem 4.11, gives
Theorem 3.5. O
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