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Abstract This paper investigates the approximate controllability for Sobolev type stochastic
perturbed control systems of fractional order with fractional Brownian motion and Sobolev
fractional stochastic nonlocal conditions in a Hilbert space, A new set of sufficient condi-
tions are established by using semigroup theory, fractional calculus, stochastic integrals for
fractional Brownian motion, Banach’s fixed point theorem. The results are obtained under
the assumption that the associated linear system is approximately controllable. Finally, an
example is also given to illustrate the obtained theory.

Keywords Approximate controllability - Perturbed control systems - Fractional stochastic
system - Fixed point technique - Stochastic nonlocal condition - Fractional Brownian motion

Mathematics Subject Classification 93B05 - 26A33 - 46E39 - 60H15 - 60G22

1 Introduction

The focus of this investigation is the approximate controllability problem for a class of
Sobolev type stochastic perturbed control systems of fractional order with fractional sobolev
stochastic nonlocal conditions and fractional Brownian motion of the form
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DI [Lx (1)) = (M + AM) x (t) + Bu (t) + f (1, x (1))

dBI (1)
+gl (I)T, tEJ:[O, T], (11)
_ dBH
LD} 1 [Vx(0)] = g2(1) ;t(’), (1.2)

where the state x (-) takes values in a separable real Hilbert space X with inner product (-, -) x
and norm ||-|y. Here 0 < ¢ < 1, €DY and LD, ™4 are the generalized fractional derivative
in Caputo and Riemann-Liouville senses, BH = {BH t,teld } is a cylindrical fractional
Brownian motion with Hurst parameter H € (%, 1) defined on a filtered complete probability
space (2, F, {Ft}i>0, P). The operators M : D(M) C X — X, L: D(L)C X — X
andV : D (V) C X — X, AM is abounded linear operator in X. The control function u(-)
takes values in LZ}-(J , U), the Hilbert space of admissible control functions for a separable
Hilbert space U and B is a bounded linear operator fromU to X. f : J x X — X, g1:J —
Lg and g : J — L(Z) are appropriate Lipschitz type functions satisfying certain conditions
to be specified later; xg is an Fp-measurable random variable independent of B f{ and BZH .

The notion of controllability has played a central role throughout the history of mod-
ern control theory. Moreover, approximate controllable systems are more prevalent and
fundamental concepts in deterministic and stochastic control theory. often approximate
controllability is completely adequate in applications. Therefore, various approximate con-
trollability problems for different kinds of nonlinear fractional dynamical systems in infinite
dimensional spaces have been investigated in many publications; see [1,2] and references
therein.

Stochastic differential equations are generalization of deterministic differential equations
that incorporate a “noise term.” These equations can be useful in many applications where we
assume that there are deterministic changes combined with noisy fluctuations. Also, the study
of stochastic differential equations has attracted great interest because of its applications
in characterizing many problems in physics, biology,chemistry, mechanics, and so on. In
finance and insurance, one has to deal with events such as corporate defaults, operational
failures, or insured accidents, the theory and applications of stochastic differential equations
in infinite-dimensional spaces have received much attention, (see [3—7] and the references
therein).

On the other hand, some real world problems in science and engineering can be mod-
eled by stochastic differential equations driven by fractional Brownian motion (fBm, for
short). In particular, many types of stochastic differential equations driven by fBm in infi-
nite dimension received much attention, for example, Maslowski and Nualart [8] studied
nonlinear stochastic evolution equations in a Hilbert space driven by cylindrical fractional
Brownian motion with Hurst parameter H > % and nuclear covariance operator using tech-
niques of fractional calculus with semigroup estimates. Boufoussi and Hajji [9] proved the
existence and uniqueness of mild solutions of a neutral stochastic differential equations
with nite delay, driven by a fractional Brownian motion in a Hilbert space and established
some conditions ensuring the exponential decay to zero in mean square for the mild solu-
tion.

Approximate controllability for fractional stochastic systems are well investigated, we
refer to [10,11] and references therein.

Kerboua et al. [12] proved the approximate controllability of Sobolev type non-local
fractional stochastic dynamic systems in Hilbert spaces by using fixed point technique, frac-
tional calculus, stochastic analysis, and methods adopted directly from deterministic control

@ Springer



Stochastic fractional perturbed control... 285

problems. Kerboua et al. [13] introduced a new notion called fractional stochastic nonlocal
condition for establishing approximate controllability of class of fractional stochastic nonlin-
ear differential equations of Sobolev type in Hilbert spaces using Holder’s inequality, fixed
point technique, fractional calculus, stochastic analysis and methods adopted directly from
deterministic control problems.

Féckan et al. [14] presented the controllability results corresponding to two admissible
control sets for fractional functional evolution equations of Sobolev type in Banach spaces
with the help of two new characteristic solution operators and their properties, such as bound-
edness and compactness, the results are obtained by using Schauder fixed point theorem.

It should be mentioned that there is no work yet reported on the approximate controlla-
bility of Sobolev type perturbed control systems of fractional order. Motivated by this facts,
our main objective is to study the approximate controllability for a class of Sobolev type
nonlinear stochastic differential equations of fractional order (1.1). The result is obtained
under the assumption that the associated linear system is approximately controllable. In par-
ticular, the controllability question is transformed to a fixed point problem for an appropriate
nonlinear operator in a function space. For that we need to construct a suitable set of sufficient
conditions.

A brief outline of this paper is given. In Sect. 2, we present ssome basic notations and
preliminaries on the stochastic integrals with respect to fBm in Hilbert space. In Sect. 3, the
approximate controllability results of stochastic perturbed system of fractional order (1.1) is
investigated by means of fractional calculus, semigroup theory and control theory. The last
section deal with an illustrative example and a discussion for possible future work in this
direction.

2 Preliminaries

Throughout of this paper, we assume that H € (%, 1) unless otherwise specified. In this
section, we briefly introduce some useful results about fBm and the corresponding stochastic
integral taking values in a Hilbert space.

2.1 Fractional Brownian motion

We begin by recalling the definition of a fractional Brownian motion. Let (2, F, {F;};>0, P)
be a filtered complete probability space. A real-valued Gauss process {87 (1), t > 0} defined
on (2, F, {F}i>0, P) is called a fBm with Hurst parameter H € (0, 1) if E [ﬂH(t)] =0
and the covariance function is given by Ry (t,s) = E [,BH(I),BH(S)] = %(|t|2H + |s|2H -
|t —s1*7), 1,5 € R (see [15]).

Let T > 0. It is known that fBm {7 (1), r > 0} with H > % admits the Wiener integral
representation of the following form B = f(; Ky (t,s)dw(s),where w = {w(t),t > 0}
is a standard Brownian motion and the kernel Ky (¢, s) is given by

t H-1
KH(t,s):cH/ (u—s)Hf% <E> zdu, s <t,
s s

HQ2H-1)
p(2-2H.H-})

For any deterministic function v € L%([0, T1), the Wiener integral of ¥ with respect to
B is defined by

where cy = and B(-, -) denotes the Beta function.
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T T
/()W(s)dﬂ"(s)=/0 (Kpv) () dw (s),

where (K}¢) (s) = fST @ (r) B§TH (r,s)dr.
2.2 Stochastic integral with respect to fBm

H pH
Let (2, F, {F:}i>0, P) be a filtered complete probability space and and F; = J:,B‘ B2 ,
H H
where ]-'tB' B2 is the sigma algebra generated by {(BlH(s), BzH (s)):0<s <t}
Let U = (U, (v ||-||U) and Y = (Y, (--)y, |l-lly) be real separable Hilbert spaces.
Denote by L(U, Y) the space of bounded linear operators from U to Y. A Y-valued, F;-
adapted fBms can be defined by

o
BI' () =" hiwernBl, 0.
n=1

o0
By (t) = > \/ranernBr, ().
n=1

where { ﬂfl e ﬂf . Jn=1 are sequences of independent fBms with the same Hurst parameter H €
(%, 1), {e1.n; €2,n}n>1 are complete orthonormal basis in Y, {A1,, A2 »}sx>1 are a bounded
sequences of non-negative real numbers satisfying Qey,, = Ay ,e1,n, Qe€rn = Ao nezn
and Q is non-negative self-adjoint trace class operator with TrQ = > 0> | A;, < 400 for
i=1,2.

Let Lg (Y, X) denote the space of all ¥ € L (Y, X) such hat 1//Q% is a Hilbert—Schmidt
operator. The norm is defined by ||1/f||i0 = Z:o:1 «/)L,,e,,,BnH (1). Generally, v is called a

2

Q-Hilbert-Schmidt operator from Y to X.

Lety: J — Lg (Y, X) such that

> ki (vote)
n=1

Then the stochastic integral of ¥ with respect to fBm B* is defined by

< OQ.

2
0
L2

t o0 t |
[ veasto =Y [y o otadslo)

n=1

- g/ot (K;; (wg%en)) (s)dw (s) .

Lemma 2.1 (see [9]) If  : J — LY (Y, X) satisfying

> [vote,

n=1

)

2
1 <
LH(J,X)

and foru,v € J with v > u, then

2
E ds,

f ' Y (s)dB (s)

2 X v
<cHQH-1)(—u?! Z/ Hw (5) Qe
n=1"v4

@ Springer



Stochastic fractional perturbed control... 287

where ¢ = c(H). If, in addition, Zzl Hl// ®) Q%en

is uniformly convergent fort € J, then

2 v
E <ctf @i - D@ - [y oI, ds
u 2

/ ' ¥ (s)dB (s)

Let L>(Fr, X) be the Hilbert space of all Fr-measurable square integrable random
variables with values in the Hilbert space X. Let Lf(], X) is the Hilbert space of all square
integrable and F;-adapted processes with values in X. Let Ct denote the Banach space of all
X-valued F; -adapted processes ¢(t,w) : J x 2 — X, which are continuous in t for a.e.
fixed w € Q2 and satisfy

1

2
I¢lle, = E (sup ¢ (t, w>||§)
ted

Lemma 2.2 (see [16]) Let M be the infinitesimal generator of an analytic semigroup
{S(t), t > 0}onaHilbertspace X.If AM is a bounded linear operatoron X then (M + AM)

is the infinitesimal generator of an analytic semigroup [S’(t), t> 0] on X.

The operators M + AM : DIM + AM) Cc X — X, L : D(L) C X — X and
V : D(V) C X — X satisfy the following conditions:

(A1) L, (M + AM) and V are closed linear operators.

(A2) D(V) C D(L) C D(M + AM) and L and V are bijective.

(A3) L™V X - D(L) c Xand V™' : X — D(V) C X are linear, bounded, and
compact operators.

From (A3), we deduce that L™ is bounded operators. Note (A3) also implies that L is
closed since the fact: L~ is closed and injective, then its inverse is also closed. It comes
Jfrom (A1)—~(A3) and the closed graph theorem, we obtain the boundedness of the linear
operator (M + AM)L™' : X — X. Consequently, (M + AM)L™" generates a semigroup

[S‘(r) = eM+AML™" S O]. We suppose that Ko = sup, HS‘(I)H < oo, and for short,
we denote by Cy = ||L_1|| and C1 = HV‘1||.
Now, we recall the following known definitions on the fractional integral and derivative.

Definition 2.1 The fractional integral of order @ > 0 of a function f € L'([a, b], R1) is
given by

1 t
0= 5o f (1 — )" f(s)ds,

where T is the gamma function. If a = 0, we can write % f (1) = (gq * f)(t), where
Ltotfl

t>0
1) = I'() ’ ’
8a () (0, t <0,

and as usual, * denotes the convolution of functions. Moreover, limo 8u(t) = &(t), with § the
a—

delta Dirac function.

Definition 2.2 The Riemann—Liouville derivative of ordern — 1 < @ < n, n € N, for a
function f € C([0, +00)) is given by

n 1
LDaf(z)ZLd /Lds t>0.

F'(n—a)dm Jy (—s)etl-n""
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Definition 2.3 The Caputo derivative of order n — 1 < o < n, n € N, for a function
f € C([0, +00)) is given by

n—1 k
“pef) =" D* (f(t) - Z f(")(O)) t>0.
k= O
Remark 2.1 The following properties hold. Letn — 1 <« <n, neN
(i) If f(t) € C" ([0, 00)), then

L)
F(n—a)Jy (t—s)etin

CDYfF(r) = ds =1""°f"(), t>0.

(i) The Caputo derivative of a constant is equal to zero.
(iii)) The Riemann-Liouville derivative of a constant function is given by

C
L po o
DY C=—" (x— ‘
g ra a)( a)

If f isan abstract function with values in X, then integrals which appear in Definitions 2.1-2.3
are taken in Bochner’s sense.

According to previous definitions, it is suitable to rewrite problem (1.1)—(1.2) as the
equivalent integral equation

Lx(t) = Lx (0) + m/ (t =)~ (M + AM) x (s) + Bu(s) + f (s, x (s))]ds

+%q) /O (t — )7 g1(5)d B (5) @.1)

Remark 2.2 We note that:

(a) For the nonlocal condition, the function x (0) is dependent on .

(b) LD,1 1 [Vx(0)] is well defined, i.e., if ¢ = 1 and V is the identity, then (1.2) reduces to
the usual nonlocal condition..

(c) The function x (0) takes the form

4 xo+ / (t — )1V ga(s)dBY (s),

where Vx(0)|,—0 = xo.
(d) The explicit and implicit integrals given in (2.1) exist (taken in Bochner’s sense).

Definition 2.4 A stochastic process x € Hp(J, X) is a mild solution of (1.1)—(1.2) if for
each control u € L%(J, U), it satisfies,

1. x(0) € LT, X), where x (0) = V™ lxo + F(%_q)fé(t )71V~ g2(s)d B (5) and
Vx(0)li=0 = xo;

2. x(t) € X has cadlag paths on ¢ € J almost surely and for each ¢ € J, x(¢) satisfies the
integral equation
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- 1 ¢
x(t) = Sq([)LV_l [x() + r‘(li—q)/(; (t — S)_qu(S)dB;;I(S)]
t
# [ =9 0 - 91Bu) + G5, x6Dds
0

t
+ / (t — )17 T, = $)g1()d B (s), 2.2)
0

where Sq (Hx = 0+°° L’lhq (s)S‘ (t1s) xds and ’f}l(t)x =q f0+°° L’lshq (5)S (t75) xds.
Here, S(1) is a Co-semigroup generated by a linear operator (M + AM)L™! : X — X,
hg is a probability density function defined on (0, 00), that is i,(s) > 0, s € (0,00 ) and
Jo~ hg(s)ds = 1.
The following lemma follows from the results in [16-20] and will be used throughout this
paper.

Lemma 2.3 (see [21]) The operators S’q (t) and ’Z;(t) have the following properties:
1. For any fixedt > 0, Sq (t) and ’f;] (t) are linear and bounded operators in X,

CoKo
I'(q)

2. The operators {Sq (t) :t >0} and {’ZZ (t) : t = 0} are strongly continuous.

i.eforany x € X, ||§q(t)x|| < CoKo|lx]|, ||’Z~},(t)x|’ < [x]] .

We impose the following assumptions on the data of the problem (1.1)—(1.2).

(H1) The functions f : J x X — X satisfy linear growth and Lipschitz conditions. More-
over, there exist positive constants N1, N» > 0 such that

£t x) = f, DI* < Nillx = I3 £ @01 < Na(L+ [1x]1?),
(H2) The function g; - J — Lgfori =1, 2, satisfies fOT llgi (s)llig ds < oo.

(H3) The linear stochastic system is approximately controllable on J.

Foreach 0 <t < T, the operator z(zI + \IIOT)_1 — 0 in the strong operator topology
as 7 — 0%, where \IJOT = fOT(T — s)z(q_l)’f;(T - s)BB*’f;]*(T — s)ds is the controllability
Gramian, here B* denotes the adjoint of B and ’2;* (t) is the adjoint of T;(t).

Observe that Sobolev type linear fractional deterministic control system

CDILx(1)] = (M 4+ AM) x(t) + Bu(1), t € J, (2.3)
x(0) = xo, (2.4)

corresponding to (1.1)—(1.2) is approximately controllable on J iff the operator z(zI +
\IIOT Y~V — 0 strongly as z — 0. The approximate controllability for linear fractional
deterministic control system (2.3)—(2.4) is a natural generalization of approximate control-
lability of linear first order control system (q = 1 and L is the identity) [22].

Definition 2.5 System (1.1)—(1.2) is approximately controllable on J if R(T) = L>(2, I'r,
X), where
R(T) = (x(T) =x(T,u) :u € LE(J, U)},

here L%(], U), is the closed subspace of L%(J x Q; U), consisting of all I'; adapted, U
-valued stochastic processes.
The following lemma is required to define the control function [23].
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Lemma 2.4 For any X7 € L*(Tr, X), there exists § € L> (82 L%([0, T1; Lg)) such that

Xr = Exr + fo ?(s)dBM (s). Now for any . > 0 and X7 € L*(T'7, X), we define the
control function in the following form

wh(t, x) = B*(T — )4 " T(T — t)|:(z1 +wlH™!
{E}ZT — J>:L](T)LV_1 < + — F(l 2 / (t—s)" qu(v)de (s))}
t
+ / (zI + \pOT)—la(s)dB{’(s)]
0
t
—B*(T = )"\ T(T - r)/ (I + W) "UT — )17 T (T = 5) f (s, x(5))ds
0
t
— B*(T — )1 ' T(T — r)/ @I+ W) T = )17 (T — )g1()d B ().
0

Lemma 2.5 There exist positive real constants M, N such that, forall x,y € H, we have

2 A
E||u*(t, x) = u(t, »)||” < ME||x(t) = yO)II*, 2.5)
2 ~ (1
E|lu*@, 0| <N <? +E ||x(t)||2> . (2.6)
Proof The proof of this lemma similar to the proof of the Lemma 2.4 (see [13]). O

3 Approximate controllability

In this section, we formulate and prove conditions for the existence and approximate con-
trollability results of the nonlocal fractional stochastic perturbed control system of Sobolev
type (1.1)—(1.2) using the contraction mapping principle.

Theorem 3.1 Assume assumptions (H1)-(H3) are satisfied. Then, for all T > 0, the system
(1.1)—(1.2) has a mild solution on [0, T1].

Proof For any A > 0, define the operator F), : Hy — H, by
~ 1 t
Fox(t) = S, (1)LV ™! |:xo + 7/ (t—s)™1 2(s)dBH(s)i|
’ ‘ ra—g9 Jo s
t
+ f (t — )7V T,(t — 9)[Bu* (s, x) + f(5,x(s)]ds
0

t
+ / (t — )", (t — s)g1(s)dBF (s). (3.1)
0

It will be shown that, for all A > 0, the operator F) has a fixed point. This fixed point is
then a solution of Egs. (1.1)—(1.2). To prove this result, we divide the subsequent proof into
two steps.

Step 1 For arbitrary x € Hj, letus prove thatr — Fj (x) (¢) is continuous on the interval
J in L? -sense.
LetO0 <t <t+h <T,wheret,t +h € [0, T], and let |h| be sufficiently small.
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Then for any fixed x € Ha, it follows from Holder’s inequality and the assumptions on the
theorem that

E||F, (x) (t +h) — F (x) ()]
2

t+h
<AE|(Sy(t +h) — Sy)) LV~ [ﬁ/ (t —s)*'fgz(s)dBf(s)}
t

t 2
+4E / (t — )1 (gt + h —5) = Ty (t — 5)) Bu™(s, x)ds
0

2

t+h
+4]E/ (t =)' T(t + h — 5)Bu’ (s, x)ds
t

t 2
+4E / (t — )T (Tt +h—s) — Tyt — ) f(s,x(s))ds
0

2

t+h
+4]E/ (t =) VT (t + h — ) f(s, x (5))ds
t

t 2
+4E / (t =) (gt +h —5) = Tyt — 5)) g1 (s)dBf
0

2

t+h _
+4E / (t =) "It +h —s5)g1(s)d B
t

B B 1 t+h 2
<4Cy||IL)? EH (Sq(t 4+ h) — S,(1) [m / (t —s)9g2(s)d B (s)i|
t

l2q—1 t 5 . 2
+42q 1/ EH(Z;(I'Fh—S)—Tqa—S)) Bu’(s, x)| ds
—1Jo
h20-1 [/ CoKo\2 t+h 2
+41 3 ( ° 0> ||B||2/ E|u*(s,x)| ds
—2¢ \T'(q) '
l2q—1 t 5 . 2
+42q_1/0 EH(%(Z‘F}!—S)—Tq(t—S))f(s,x(S)) ds
h2-1 1 CoKo\2 [ith 2
4 ( 0 0)/ EHf(s,x(s)) ds
—2¢ \T'(q) 1
124-1 t B ; 2
+87H,2H71/ EH(‘Z:](Z+h—S)—'Z:I(t—s))gl(s) ds
Zq —1 0 Lg
h2q-1 CoKo\2 ftth 2
48 thﬂ—l( 0 o) / E‘gl(s) s,
1—2q I'(¢) ' 19

Hence using the strong continuity of the operators {Sq (1), ’ZNZI ) } ;>0 and Lebesgue’s dom-
inated convergence theorem, we conclude that the right-hand side of the above inequalities
tends to zero as h —> 0.

Thus, we conclude Fj (x) (¢) is continuous from the right of [0, 7). A similar argument
shows that it is also continuous from the left of (0, T°].

Step 2 Now, we are going to show that F; is a contraction mapping in H>.
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Let x, y € H;, we obtain for any fixed ¢ € [0, T']

' 2
EIIF (%) (1) = Fr () O]* < 2EH/ (t = )T Ty (¢ = $)B [u* (5. %) — u” (5. )] ds
0
t 2
+2IEH /O (t = )17 Ty(t — ) [f (s, x () = f(s,y (s)]ds
Using assumptions (H1)—(H2), Lemma 2.5, and standard computations yield
) T2q—l CoKo 2 5 » t 2
EfF @)@ —FO) @Il <2 1Bl M/ E|l(x () —y@)| ds
2g —1\T(q) 0
T2q—] <C0K0>2 " t 2
+2— NiE / Ell(x (@) —y@)]| ds
24— 1\T@/) "k 4
Hence, we obtain a positive real constant y (A) such that
supE || F5. (x) (1) — Fi () OI* < y W)supE [lx (1) — y (1) (3.2)
red el

forallr € J and all x, y € H;. For any natural number 7, it follows from successive iteration
of above inequality (3.2) that, by taking the supremum over J,

Yy ()
n!

|F o () = F ) 03, < Ix — yli%, (3.3)

For any fixed A > 0, for sufficiently large n, y’;(!k) < 1. It follows from (3.3) that F}' is
a contraction mapping, so that the contraction principle ensures that the operator F; has a
unique fixed point x, in Hp, which is a mild solution of (1.1)—(1.2). O

Theorem 3.2 Assume that the assumptions (H1)—-(H3) hold. Further, if the functions f, g1
and g» are uniformly bounded and { Tyt > 0} is compact, then the system (1.1)—-(1.2) is
approximately controllable on J.

Proof Let x; be a fixed point of F;. By using the stochastic Fubini theorem, it can be easily
seen that

x.(T) =X —z(zI + ¥)™! {E;?T—Sq(T)Lv*l [x0+r(+_q) fg(t_s)fqgQ(s)dgg(s)]}
t o @l + WD) ™NT — )97V T, (T = 5) £ (s, % (5))ds
2 ) G+ W) TT = )0 T(T — $)g1(s) — §()1dBF (s).

It follows from the assumption on f that there exists D > 0 such that

If (s, xaGs)I> < D

for all (s, w) € J x Q. Then there is a subsequence still denoted by f (s, x; (s)) which con-
verges weakly to, say, to f(s) in X X Lg.

From the above equation, we have
< 2
E[lxx(T) — X7l

< 6E <HZ(ZI + W) (Exr — Sq(T)Lvile))r)
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+12HH- 1(/ (T =) z2(zI + ) 'S, (rHLv!

)

T
+6E </0 (T — 5)0~! Hz(z[ +yl)! H 17T = $)(f (s, 2:.(5)) — F))| ds>

( 7 — Ilgz(?)ll )

+6E </ (T =517 et + v 50|, ds
0 L;

2

+6E (/OT(T — 17 2@t + 9T -9 £ )| ds)z

T
+12H2H ! (f (T =)0 el + 9 T (T ds) .
0
On the other hand, by assumption (H3), for all 0 < s < T the operator z(z/ + \I/OT 150
strongly as z — 0" and moreover ||z(z] + lIJ )~ 1|| < 1. Thus, by the Lebesgue dominated
convergence theorem and the compactness of both Sq and 7}1 implies that E || x; (T) — X, 1> —
0 as z — 0. Hence, we conclude the approximate controllability of (1.1)-(1.2). ]

4 Example

In this section, we present an example to illustrate our main result.
Let us consider the following Sobolev type fractional stochastic partial differential equation
with control driven by a fractional Brownian motion:

2
¢p;”? [x(r, 2) — x5 (0, z))] - ;—sz(t, 2) = ut,2) + ft.x(t,2))

PP CLIIU) @)
i 81 i .
0
0, t—s)" 2o (tr,2) B , 0,1
X0, 2) = |:0(Z)+F(1/3)Z /( 9 Pgr(, DB ) |, 2 € 10,10,
4.2)
x(0,t)=x(1,t) =0, t e J, 4.3)
where 0 < ¢ < 1,0 <t < --- <ty < T and ¢, are positive constants, k = 1, ..., m;

the functions x(1)(z) = x(t.2), f(t. x())(2) = f(t.x(t.2)), g1 () (z) = §i(t,2) and
g2 @)(z) = kazl cx82(tx, z). The bounded linear operator B : U — X is defined by
Bu(t)(z) = n(t,2),0<z<1, u e U, EIH (t) and EQH(I) are two sided one dimensional
fractional Brownian motions with Hurst parameter H € (1/2, 1).

Let X = E = U = L?[0, 1], define the operators L : D(L) C X — X, M + AM :
DM+AM)C X - XandV :D(V)C X —> XbyLx =x—x,;, (M + AM)x = —x_;
and V~!x = x,, where domains D(L), D(M + AM) and D(V) are given by

{x € X : x, x; are absolutely continuous, x,; € X, x(0) = x(1) = 0}.

Then L, (M + AM) and V can be written respectively as

o0

Lx =Y (1+n)(x,x,)x,, x € D(L),

n=1
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(o)
(M + AM)x =Y —n(x, x)xn, x € D(M + AM),

n=1

oo
Vol =) (e x)xn, x € DY),
n=1

where x,(z) = (V2/m)sinnz, n = 1,2,... is the orthogonal set of eigen functions of
(M + AM). Further, for any x € X we have

=1
Lla=3 s 7 (),
n=1

o 2

_ —n
(M+AM)L™'x = ; T2 X ),

and

S(t)x

> —n’t
’; eXp (m) (X, xn)x,,.

B 2 0 1 400 —n? 23
TMt)x = 3;14_}12/0 shay3(s) exp <1 —|—n2t s) ds(x, x,)X,.

Itis easy to see that L™ is compact, bounded with || L~'|| < 1and (M + AM) L~! generates
the above strongly continuous semigroup S(r) on X with | S(1)|| < e~" < 1. Therefore, with
the above choices, the system (4.1)—(4.3) can be written as an abstract formulation of (2.1)—
(2.2) and thus Theorem 3.1 can be applied to guarantee the existence of mild solution of
(4.1)-(4.3). Moreover, it can be easily seen that Sobolev type deterministic linear fractional
control system corresponding to (4.1)—(4.3) is approximately controllable on J, which means
that all conditions of Theorem 3.2 are satisfied. Thus, Sobolev type fractional stochastic
partial differential equation with control driven by a fractional Brownian motion (4.1)—(4.3)
is approximately controllable on J.

5 Conclusion

Sufficient conditions for the approximate controllability of a class of control systems
described by Sobolev type nonlocal nonlinear fractional stochastic perturbed equations with
fractional Brownian motion in Hilbert spaces are considered. Using fixed point technique,
fractional calculations, stochastic integrals for fractional Brownian motion, and methods
adopted directly from deterministic control problems. In particular, conditions are formu-
lated and proved under the assumption that the approximate controllability of the fractional
stochastic control nonlinear perturbed system is implied by the approximate controllability
of its corresponding linear part. More precisely, the controllability problem is transformed
into a fixed point problem for an appropriate nonlinear operator in a function space. The main
used tools are the above required conditions, we guarantee the existence of a fixed point of
this operator and study controllability of the considered systems.

Our future work will be focused on investigating the approximate controllability for frac-
tional stochastic dynamical systems of Sobolev type with Lévy process and impulsive effects.
Upon making some appropriate assumptions, by employing the ideas and techniques as in
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this paper, one can establish the approximate controllability results for a class of Sobolev type
nonlocal nonlinear fractional stochastic dynamical systems with Lé vy process and impulsive
effects in Hilbert spaces.
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