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Abstract The target is potential theory in connection with Morrey spaces on general
metric measure spaces. The present paper is oritented to investigating Sobolev’s inequal-
ity, Trudinger exponential integrability and continuity for Riesz potentials of functions in
non-doubling Morrey spaces of variable exponents. A counterexample shows that our results
are reasonable. In addition to the example above, what is new about this paper is that every-
thing can be developed once the underlying measure does not charge any point.
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1 Introduction

We shall show that the Adams theorem about the boundedness of fractional integral operators
and the related theorems can be extended even to general metric measure spaces by a slight
modification of Morrey norms. We present an example showing that the modification is
essential.
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314 Y. Sawano, T. Shimomura

Morrey spaces date back to the work of Morrey [25] in 1938. His observation has become
a useful tool for partial differential equations and with this tool we can study the exis-
tence and regularity of solutions of partial differential equations. Nowadays, his technique
turned out to be a wide theory of function spaces called Morrey spaces. The (original)
space M} (R?) with 1 < u < p < oo is a normed space whose norm is given by

[FOI"dy | for f & Lis (R,

d_
P

sl

Ifllyr = sup r
xeR4, r>0
B(x,r)

In the present paper, we are oriented to Sobolev’s inequality for Riesz potentials of func-
tions in Morrey spaces of variable exponents in the non-doubling setting, which will extend
the results in [3,15,21,22,24,35]. We also establish Trudinger exponential integrability for
Riesz potentials of functions in Morrey spaces of variable exponents in the non-doubling set-
ting, as extensions of our earlier papers [21,22,34]. Further, we discuss continuity of Riesz
potentials of variable order, which extends [7,12,21,23].

Let X be a separable metric space equipped with a non-negative Radon measure p. Assume
that X is a bounded set and we denote by dy its diameter. By B(x, r) we denote the open
ball centered at x of radius r > 0. We write d (x, y) for the distance of the points x and y in
X. We assume that

u({x}) =0 (1.D)

for x € X and that 0 < p(B(x,r)) < oo for x € X and r > 0 for simplicity. In the
present paper, we do not postulate on p the “so-called” doubling condition. Recall that
a Radon measure p is said to be doubling, if there exists a constant C > 0 such that
w(B(x,2r)) < Cu(B(x,r)) forall x € supp(r)(= X) and r > 0. Otherwise w is said to be
non-doubling. In connection with the 5r-covering lemma, the doubling condition had been
a key condition in harmonic analysis. However, Nazarov, Treil and Volberg [29,30] showed
that the doubling condition is not necessary by using the modified maximal operator. In the
present paper, we shall show that this is the case for Riesz potentials.
Let p > 1 and « > 0. Define the Morrey norm || f|| Lp..v () by

1 Lrsey ()
1/p

/ [fDIP du(y) cx€X, re(0,dy), p(B(x,r)) >0
B(tx,r)

= Sup L
w(B(x, kr))
for p-measurable functions f. The Morrey space L”**V(u) is the set of all y-measurable
functions f for which the norm || ||z r.x.v(y) is finite.

The parameter « affects the definition of the Morrey space L”*V (1), as shall be illustrated
by the following proposition. We state one of the main results in this paper.

Theorem 1.1 There does exist a separable metric space (X, d, v) such that the function
spaces LP4V () and LP*% () do not coincide as sets.

About the modified Morrey norm, we have the following remarks. The proof is simple
and we omit it.

Remark 1.2 Let f be a u-measurable function.

1. From the definition of the norm we learn || f|[r#2v () < || fllpps1v () forallkp >y >
Oand p > 1.
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Sobolev embeddings for Riesz potentials of functions 315

2. If pp > p1 > 1,k > 1and vi/p; = va/p2 > 0O, then, || fl|Lr1wvi () < |1 fllLr2eva()
by the Holder inequality.

3. If p is a doubling measure, then || f||Lr«v(y) and || f]|1p.10(, are equivalent for all
p>1,k>0andv > 0.

Our result can be readily translated into the Morrey space qu (2), where qu (R2) is the set
of all functions f € LIOC(Q) for which the norm

1/q

||f||M§(Q) = sup Fd/p—d/q / [F M9 dy < 00,
xeQ, r>0
B(x,r)NQ2

where € is an open bounded set in R?. In the present paper, we also show that a modification
enables us to obtain boundedness results even in the variable Lebesgue setting. We consider
variable exponents p(-) and ¢(-) on X such that
(P 1 < p— =infrex p(x) < sup,cx p(x) = p4 < 00;
P2) |p(x) — p(y)| < C/log(e 4+ d(x, y)_l) whenever x € X and y € X;
(Q1) —00 < g =infyex g(x) < sup,cy g(x) = g4 < o0;
(Q2) |g(x) —q(y)| < C/log(e + (log(e + d(x, y)’l))) whenever x € X and y € X.

In general, if p(-) satisfies (P2) (resp. g (-) satisfies (Q2)), then p(-) (resp. g(+)) is said to
satisfy the log-Holder (resp. loglog-Holder) condition.

Let G be a bounded open set in X. For a bounded p-measurable function« : X — (0, 00)
and t > 0, we define the Riesz potential of (variable) order « for a non-negative ;t-measurable

function f on G by
d(x, y)*O £ ()
Uat).0 f) = [ e oy A O)-
O, e f(x) G/ w(B(x, td(x,y))) )

The assumption (1.1) will be necessary for the definition of Uy .y, f in order that the integral
is not infinite. Here and in what follows we tacitly assume that f = 0 outside G. Observe
that this naturally extends the Riesz potential operator

Ve (0= /| f(y@“l

when (X, d) is the d-dimensional Euclidean space and i = dx.
We also assume

o_ = inf a(x) >0 (1.2)

xeX

for () appearing in the definition of the operator Uy . .
Now we are going to formulate our results in full generality. First of all, we set

D, 7) = Dpry ) (6, 1) = 1P (log(Co + )Y (x € X, r > 0); (1.3)
here the constant Cy > e is chosen so that the following condition () holds:
(®) @p(),q)(x,-) isconvex on [0, oco) foreveryx € X
(see [17, Theorem 5.1]). Note from (&) that the function r 1 ®(x, 1) is nondecreasing on

(0, 00) for fixed x € X.
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316 Y. Sawano, T. Shimomura

Let x > 1 be a fixed parameter and let G be a bounded subset of X. Let us denote
by dg the diameter of G. For bounded p-measurable functions v : X — (0, c0) and
B: X — (—o00, 00), we introduce the family L®"-#¥ (G) of all u-measurable functions f
on G such that for some A € (0, c0)

V() (] 1 B(x)
sp LU [ e irmimdre) 1 (0

xeG,0<r<dg w(B(x, kr))
GNB(x,r)

Denote by || f|| .0 () the smallest value of A satisfying (1.4).

The space L®"#%(G) is akind of generalized Morrey spaces. Generalized Morrey spaces
with non-doubling measures on R are taken up in [11,33]. However, it appears in a nat-
ural context. Nowadays, generalized Morrey spaces are not generalization for its own sake.
Note that generalized Morrey spaces occur naturally when we consider the limiting case as
Proposition 1.3 below shows.

Proposition 1.3 [36, Theorem 5.1] Let | < g < p < oo. Then there exists a positive
constant C, 4 such that

_1 1 a/2p
/If(x)ldeCp,qIQl(IHQl) 7 log e+@ A = AT g
9]

holds for all f € MY (R?) with (1 — A)"?P f € MY (RY) and for all cubes Q.
In view of the integral kernel of (1 — A)~%/2 (see [37]) and the Adams theorem, we have
(1—=2)"%: MPRY) — MR (1.5)
is bounded as long as

1 1 ot ¢
l<g<p<oo, l<t<s<oo, —=———, —=—.
s p d s p
The operator norm of (1 — A)*/2 : MJ(R?) — M (R?) blows up as p — <. Hence we
can say that Proposition 1.3 substitutes (1.5). We refer to [36] for a counterexample showing
that (1.5) is no longer true for o« = 4
Meanwhile, the function ¢(-) can be used to describe the Hardy-Littlewood maximal
operator control in very subtle settings. To describe the situation, we place ourselves in the
setting of the Euclidean space RY. We denote again by B(x, r) the open ball centered at
x € R? and of radius r. For a locally integrable function f on R, we consider the Hardy—
Littlewood maximal function

1
Mf(x) = sup ——— / If)ldy (x eRY).
r=0 |B(x,7)]
B(x,r)
For the fundamental properties of the Hardy-Littlewood maximal function, see Duo
andikotxea [5] and Stein [37]. It is known as Stein’s theorem that there exists a universal
constant C > 0 such that

/Mf(x)dnginf A>0 :/lf(x)llog(Z—i—'f;x)l) dx <1
B B

A

for all functions f supported on a ball B with radius 1.
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Sobolev embeddings for Riesz potentials of functions 317

Remark that, if X = R?, the parameter « is not essential as long as « > 1 as Proposition
1.4 below shows:

Proposition 1.4 Let k1, x> > 1 and X = R? be the Euclidean space. Suppose that G is
a bounded open set. Assume in addition that v and B satisfy the log-Hdolder continuity and
the loglog-Holder continuity, respectively. Then the spaces L®V'F¥1(G) and L®"F*<2(G)
coincide as sets and their norms are equivalent.

We shall prove Proposition 1.4 in Sect. 3.
In the present paper, we consider a generalized and modified Hardy—Littlewood maximal
function defined by

1
Miof () = sup — s / Ol (1.6)
GNB(x,r)

for a locally integrable function f on G.

In the present paper, we shall also show that most of the results known as the limiting cases
can be carried over to the non-doubling measure spaces. It counts that we take an attentive care
of the parameters k appearing in (1.4). For example, unlike the doubling measure spaces, we
need delicate geometric observations [see the Proof of Lemma 4.2 and (6.17), for example].
Because we need careful geometric observations, we need to set everything up from the start.
Section 4 is our actual starting point.

We organize the remaining part of the present paper as follows:

In Sect. 2, we intend to justify that the modification is necessary in the non-doubling
setting by proving Theorem 1.1. To construct a counterexample, we shall refine the one in
[32]. In Sect. 3, we see some more examples of this metric measure setting.

From Sect. 4, we are going to construct a general theory. Section 4 is devoted to the study
of the modified centered Hardy-Littlewood maximal operator M¢.

We are going to obtain Sobolev’s inequality for Riesz potentials Uy.) 32 f of functions
in L¥»"#2(G) in Sect. 5. To this end, we apply Hedberg’s trick [14] by the use of the
boundedness of the Hardy-Littlewood maximal function M¢ adapted to our setting. Our
result (see Theorem 4.1 below) is given in Sect. 5, which extends the results in [15,21,22,
24,35].

A famous Trudinger inequality [39] insists that Sobolev functions in W% () satisfy finite
exponential integrability, where €2 is an open bounded set in R?. In Sect. 6, we are concerned
with the Morrey counterpart of Trudinger’s type exponential integrability for Uy .y 9 f. Our
result contains the result of Trudinger [39] as well as those in [21,22,34]. For related results,
see [2,7-9,18-20,28,40].

In Sect. 7, we discuss the continuity of Riesz potentials of variable order, as an extension
of [7,12,21,23]. For related results, see [8,19,20]. More precisely, in Sect. 7 we discuss
the continuity of Riesz potentials Uy(.) 4 f, which can be considered as generalized variable
smoothness. It seems of interest in other fields of mathematics such as PDEs that we investi-
gate the continuity of functions according to each points. Indeed, the fundamental solution of
—Au = f onR? is continuous except on the origin. Therefore, we are interested in tools with
which to investigate continuity differently according to the points. In view of the continuity
we postulate on variable exponents, we can say that this is achieved to some extent.

Finally we explain some notations used in the present paper. The function x g denotes the
characteristic function of E. Throughout the present paper, let C denote various constants
independent of the variables in question.
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318 Y. Sawano, T. Shimomura

2 Proof of Theorem 1.1

In Sect. 2, we prove Theorem 1.1. Here will be a series of definitions which are valid only in
Sects. 2.1-2.2.

2.1 The space we work on

First, we define a set X on which we work.
Definition 2.1 (Definition of X) Define a set X as follows:

1. One writes A(z,r) ={w e C : |w —z| <r}.
2. Let Ay = {z € C : |z| = 37%} fork € N U {0}. (For the graph of Ag we refer to the

footnote 1.)
o0

3. Define Xo = {0} U U Ay C C. (For the graph of X we refer to the footnote 1.)
k=0

4. LetX = Xgl C C" be the cross product.

5. LetO=(0,0,---) € X.

Remark 2.2 Here and below, we adopt the following rules in Sect. 2:

—

The letter z without subindex denotes the point in C.

2. Points in X are written in the bold letters such as x, y, z.!

3. Symbols such as x;, y;, z; and so on are complex numbers and they denote the jth
component of elements in X.

The point is that we give a “singular” metric on X. The precise definition is as follows:

Definition 2.3 (Definition of the metric)

1. The integer Ny is chosen so that logz Ny is a big integer.
2. Denote by [-] a Gauss symbol and define N (8) = max(1, [logy, 8§71 for 8 > 0.

I We draw graphs of Ap and Xj.

Note that A is an annulus and X is the union and X is a countable product of X.

@ Springer



Sobolev embeddings for Riesz potentials of functions 319

3. Letx = {x,} 2,andy = {y,} , be points in X. Then define the distance d(x, y) of x
and y by

dx,y) =inf{§ >0 : |[x; —y;| < éforall j < N(§)}.
4. One defines a sphere Sy by
S = (ADVC™ x X x Xo x -+ - @.1)

for each k € N.

At this moment, about the definition of the natural number Ny, it is only the fact that the
function N : (0, c0) — R is a decreasing function that counts for the moment.

Before we start a (long) proof, let us outline it. Roughly speaking, sphere testing suffices.
Based upon the metric space (X, d) given above, we shall show that (X, d)isin facta separable
metric measure space and that there does exist a Borel measure p such that L? 4V (1) and
LP2V () do not coincide as sets: More precisely, we shall show that

lim inf [xs| |Lp,4-vw)
k—oco || xs;| |Lp,2.V(u)

=0.

XS 1y 9.4,
ko _LPSY0D < 41 If we define

Choose an increasing sequence {k(n)};° | such that ——==——1
= NXSgny Lp 200 )

L I

n=1

l’l

XSk »
|XSk(,,) ||L1’2“(u) w

then || Fllpp2veyy > 2" and || Fllppav(,) < 1foralln € N. This implies F € LPAV () \

LP2V (). The remainder of this subsection is devoted to some preparatory observation on
this metric measure space and in the next subsection we get the conclusion.
Note that

dx,y) =inf{6 >0 : |x; —y1| <8, [x2 =y =6, ..., [xne) — yNv@)| =6}
and that
={z=(1.22...) € Xo" ¢ |1l = |22l = -+ = |zy a4 =37F%
Thus, dx = 2. Let us check that d is a metric function and that xg, is ;-measurable.

Lemma 2.4 In Definition 2.3, d is a metric function, that is,

0<dXxy <oo (x,y € X), 2.2)
dx,y)=0—=x=y X,y € X), 2.3)
dx,y) =d(y,x) X,y € X), (2.4)
d(x,z) <d(x,y) +d(y,z) (x,y,z¢€ X). (2.5)

Furthermore, the d-topology is exactly the product topology of X.

Proof Since 2 € {§ > 0 : |x; — y;| < dforall j < N(§)}, (2.2) is clear. If x # y,

then |x;, — yj,| > & for some § > 0 and jo € N. Therefore, if we choose §* > 0 so that
N(8*) > jo,

|Xjo — ¥jo| > min(8, 8%), jo < N(min(3, 8)).
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This implies
min(s,8) ¢ {r >0 : [xy —yi| <r, [xa—yl <r -+, lxne) — YNe| <7}

Hence, d(x,y) > min(§, §*), which shows (2.3). Equality (2.4) follows immediately from
the definition of d. Next, we check (2.5). To this end, we take ¢ > 0. Then by the definition
ofd(x,y) andd(y, z), wecan find §; € (d(x,y),d(X,y)+¢)and §, € (d(y,z),d(y,z)+¢)
so that

Ixj — yj| <& forall j < N(81)
and that
lyj —zj| <& forall j < N(8).
Noting that N (8 + 82) < min(N(81), N(82)), we have
bej = yil <81, lyj —zj| < 8xforall j < N(8i + 82)
and hence
Ixj —zj| <81+ 68 forall j < N(8; + &2).

Consequently, d (X, z) < 61 +62 < d(x,y)+d(y, z)+2¢. Since ¢ > 0 is arbitrary, we obtain
(2.5).

Since any d-open set is open with respect to the product topology, the product topology
is not weaker than the d-topology. However, we can express X as a union of d-open balls as
long as X is given by

X = A(z1,r1) X A(z2,12) X -+ X Az, ry) x Xo X Xo x -+

with some N € N, (z1,22,-,25) € XoN and (ry, 1, - - - i) € (0, 00)N . Therefore, two
topologies coincide. o

Lemma 2.5 Letr > 0andx = (x1,x2,++) € X. Then
B(x,r) = A(x1,r) x A(xa,7) X -+ X ANy, 7) X Xog x Xo X -+ . (2.6)
Proof From the definition of the open ball, we have
Bx,r)={y= ()%, € X : d((y)y. ()52 <7}

= U y=0ZieX tIy—xil <8, [y2—xl <8, -, lyne) — xnvel < 81
§€(0,r)

Since N : (0, 00) — R is left-continuous and assumes its value in Z, if § is slightly less than
r, N(8§) = N(r). Together with the monotonicity of the most-right hand side of the above
equality, we conclude

Bx,r)={y={yli2 e X Iyi—xil <r ly2=x2| <r -, |lyneg) —xnm)| <7}

Consequently, (2.6) was proved. O
The measure is given by way of product:

Definition 2.6 (Definition of the measure) Let H' denote the 1 dimensional Hausdorff
measure.
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1
1. One defines a function wg : X9 — [0, 00) by wyg = y Z:io WXAk, where y is

chosen so that/ wo(z2) dHl(z) =1.
Xo

2. Define a measure on X( by 1o = wo dH'.

3. One defines a measure p on X by o = po X po X --- = wodH' x wodH' x ---.

As for the measures p and g, we have the following relations.

Lemma 2.7 For k € NU {0}, uo(Ax) and o (U?o:k Aj) are comparable in the following
sense:

2ry > ‘ 2wy 1
G f = R = o ,gkA’ = G (1+y.(k+1)!). Q.7

Proof From the definition of 1, we see

po(Ag) = / wo(2) dH' (z) = 2 / aH' (@) = 22

(k¥ T Bk
A |z|=3"*%
and hence
00 00 0 k
2y 2wy @3-k
A= _ N 2.8
Ho }Jk / §<3-1!>J (3-k!)k§(3-ﬂ)/ @9

This observation yields the lower bound for o (U?’;k A j). It remains to obtain the upper

bound for p (U?o:k Aj).
First of all, let us assume that k = 0. Note that ;o(Ag) = 2w y. Hence, when k = 0, from
(2.8), we deduce

o0 o0 1
wo ([ UJAj|=mollJA) :15271)/(1—1—;).

j=k j=0

Note that (g(Ay) = Q”Ty Hence, when k = 1, again from (2.8), we deduce

1o

s

> 2 1
Al <o [Uas)=1< ’/(1+—). 2.9)
=0

Jj=k

Let k € NN [2, o0) below. We calculate

00 00 k 00 k
2 3-k! 2 3. k!
mo (U ) =g0 |1+ 2 Es-ﬂ;/ =G |17 2 (3~(j'>'<(3)~j'>
j=k ’ j=k+1 ’ ’ j=k+1 ’ ’
If j > k4 1, then k! x j < j!. Thus, we have
o0 o0
2y 1
no (U4 = v > 7 !
= G-k s T RV R
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Note that y € (0, 1) and that

1 1wl
27 Zfz—*—ld
Jj=k+ :2

for all k € NN [2, 00). Thus, we obtain

UA _ 2wy 1 1 - 2y 1 1
=G k')"( +(k+1)!)_(3-k!)’<( +y-(k+1)!)'

Thus, (2.7) was proved. ]
Lemma 2.8 Letr > 0andx = (x1,x2, -+ ,xN,---) € X. Then
N(r)
w(B(x,r)) = H Ho(Axj, r)). (2.10)
j=1
Proof This is an easy consequence of (2.6). O

Lemma 2.9 Let v > 0 be fixed. The sequence {3Y (B(O, 3_1“))},‘{";1 is almost decreasing,
that is, there exists a constant C > 0 such that

3V1u(B(0.37") < C3" u(B(0.37%)
forallk,l e Nwithl > k.
Proof In view of (2.6), we have
B(0,37%) 5 (ArrDVC™ x Xo x Xo x - --

and hence, from (2.7) and Lemma 2.5, we deduce

2y NG . > ony NG
—_— B(0,37%)) = - .1
(Fasmm)  =s@e® 2 Gy b

Meanwhile, from the right inequality of (2.7), we have
—k —k
2ty N3 1 NGB
BO,37Fy < (——2 14+ ———= .
Ht ))‘((3-(k+1)!>k+1) y -kt 2)!

Since (k + 2)! grows much faster than NG = max(1, [logN0 3%1), we see from (2.11)
that

27.[)/ N(S_k) B 271)/ N(S_k)

Therefore, from (2.12), instead of considering 3"k (B(O, 3~ "))} | directly, we can deal
with

3vk 2wy NG+ 3Vk 2y max(1,[(logy, 3)k]) 00
(3 (k4 1Hk+! . - (3 - (k + DHk+!

k=1

For this case, it is not so hard to see that this sequence is almost decreasing. O
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The next lemma is an easy consequence of a simple geometric observation and the inequal-
ity sin=!r > r forr € (0, Z)
Lemma 2.10 Forall r € (0,2),%
H' ({(x,y) e R? : x24+y2 =1} {(x,y) e R? : (x—1)? +y? <r?})=dsin"! = > 2r.

(2.13)

NS R

Lemma 2.11 Forallx € X andr > 0, we have

n(B(O, r)) < u(B(x, 10r)).

Proof Letus write X = (x1, X2, , XN, ---) € X. In view of (2.10), we have
N(r) N(10r)
w(BO,r) = [ no(A©, ) and u(B(x, 10r) = [] ro(Atx;, 10r).
j=1 j=1

For the definition of A(z,r) see Definition 2.1. Now that N(r) > N(10r) and pug is a
probability measure, it suffices to prove

no(A0, 7)) < po(A(z, 10r)) (2.14)

2 (a) The left circle is X2+ y2 = 1 and the right circle is (x — D2+ y2 =1/4.

o F
1 L
0 L
Z1t
2k ‘ ‘ ‘ 3
-2 -1 0 1 2
Let us observe that the length of the set (x2+ y2 =1, x—-D%+ y2 <r?) grows linearly when r is small

enough.
(b) The left circle is x2 + y2 = 49 and the right circle is (x — 1)2 + y2 = 49,

10F

-10 b . . . h
-10 -5 0 5 10

Since the left circle is large enough, the intersection of the large disk and the small one is sufficiently large.
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324 Y. Sawano, T. Shimomura

,2,---andr > 0.

for all z € Ay for some k = 0,
3=k Then, since |z| = 37%, a geometric observation shows

1
Assume first that r > 5 —k

A0, r) C Az, 10r). (2.15)

This shows (2.14). Assume that 0 < r < % .37k Then, from the equality

Ro(AGZ NN AY  mo(ABGKZ, 3 ) N Ay o(A(L,34r) N Ag)
1o (Ag) 1o (Ag) 1o (Ao)
and Lemma 2.10 [see (2.13)], we deduce

po(A@.r)NAY 234 3%
Ho(Ax) T HY(A)  m

Hence it follows from Lemma 2.7 that

Fuo(A)  2-3%y 2y

po(A(z, 10r) = po(Alz, r) N Ag) = r= G T "

(2.16)

It follows from the definition of A; that

(A0, )= [ |J 4

I>—logzr

Let/ € N. Then! > —logs r if and only if / > [1 — logs r]. Hence, from Lemma 2.7,

B 2y 2ny
no(AO ) = > (3-1!)151 2 |31 (11— logy ryli—oss )

[>—logz r >[1-logyr
If we calculate the geometric series, then we obtain

3y 3xyr
I=logzr] . (1 — log; r]hHHi—logsrl < ([1 — logs r]hli-logzrl”

no(AQ0, r)) < A 2.17)

Consequently, we deduce, from 0 < r < é .37k thatis, 1 — logzr > k+1+4+1logy 9 = k+3,
(2.16) and (2.17),

2pr (k4 3)Hk+3 2yr
BBz 10) = i = S — e Sy > KoA0.). 218)
Putting (2.15) and (2.18) together, we obtain (2.14) and the proof is complete. ]

We specify the natural number Ny in Definition 2.3 by
Ny = 3% (2.19)

forsomea € Nlarge enough. Aslongasb € [1, 9] and k is an odd multiple of a, log , b- 3k
and logy, 37k have the same integer part since we have (2.19).

Lemma 2.12 There exists a constant C > 0 such that u(B(0, 2.2 x 37%)) < Cu(Sy) for
all k € N such that k is an odd multiple of a.
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Proof Let us write B(O, 2.2 x 37%) out in full by using (2.6):

B(0,2.2 x 37%)
= {(x={x;}72,€X : <22 x 37 [nal<22x375 o lxypaxsn | <22 x 374

Thus, from the definition of Ay, we have

B(0.22x37") = (x={x;}32, € X : x| =375, Inal <375 lxypaes | £379)
N(@2.2x37%)
o0
= UA/ X Xo X Xg X ---.
j=k

Hence, it follows from (2.7) that

<3 2x37k
n(B(0,2.2 x 3*]‘)) < 2y N@2x375) 4+ ; N(@2.2x37%) |
—\ (3 k) Gkt 1)

Now that (k + 1)! grows much faster than N (2.2 x 37%) = max(1, [(logy, 3)k —logy, 2.2]),

we have
- 2 N(2.2x37%)
w(B(0,22x37%)) < ¢ ((3 : k):)k) (2.20)
Meanwhile, from (2.1) and (2.7), we deduce
NG NG
2wy 2wy
w(Sy) = ,1:[1 ((3.k!)k) = ((3.“)]{) ) .21
Since k/a is an odd integer, NGB %) = N(@2.2 x 37%). We thus deduce the desired result
from (2.20) and (2.21). ]

The next lemma concerns the norm estimates of xg, .

Lemma 2.13 Let k be an odd multiple of a. Then, equivalence

1/p
x5 (¥) dpa(y) ~ 37k (2.22)

xeX, re 2 1% B X, 2} /
B(x,r)

”XS](”LPQ,V(M) = sup r\)/p

holds, where the implicit constant in ~ is independent of k.

Proof The lower bound of || x|l r.2.v(,, is a consequence of Lemma 2.12: It is easy, from
Lemma 2.12, to see that

1/p
1
3—Vk/p < C3—V/(/p / .,
- n(B(0,2.2 x 37%)) x5 (y) d(y)
B(0,1.1x37%)
By using sup, we have
1/p
1
R S Py / x5 (¥) du(y)
xeX, re(0,2) n(B(x, zr))B( ) k
X,r
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Consequently, (2.22) will have been established once we prove

1/p

sup V7 xs Wduy) | <c3kp, (2.23)

1
xeX,r>0 n(B(x, 2r)) /

B(x,r)

In order that Sy and B(x, r) intersect, we need to have d(x, O) < r + 37%. In this case we
have either d(x, O) < 2r ord(x, 0) < 2-37k, Actually, we distinguish two cases by setting

1/p
1
Li= P —— / x5:(¥) dp(y)
n(B(x, 1)) *
B(x,r)
Let us suppose r < 35—k Then we have
I <rV/P <729v/P . 37Vk/p, (2.24)

Let us suppose > 3%* instead. Then we have

1/p

1/p
X5 (¥) di(y) frV/P(LSk))

I < v/p
: n(B(0,r/10))

1
=" | wBo.r10)
B(x

from Lemma 2.11. Thus, by choosing an integer m < k so that 36-m  p < 37-m by virtue
of Lemma 2.9 with (/, k) replaced by (m — 1, k — 1), we obtain

_ 1/p
o/ u(sk))”” 1—kyv/p (“(3(0’3”))) = C3vHp

(2.25)
In view of (2.24) and (2.25), we obtain (2.23). ]

2.2 Conclusion of the proof of Theorem 1.1

As we announced before, we shall now show that there does exist a separable metric space
(X, d, ) such that L”*V () and LP-2" (1) do not coincide as sets. Let us consider the
norms of xg, . It suffices to show that

. I xsi ll pp2w
lim sup DANNLPZY )

= (2.26)
k—oo X5 ”Ll’v“v"(u)

More precisely

Sa+2a 2,0
Wtsssullrzvgn _ 2.27)
k—00 ||XSa+2ak ||L1’<4~“(y,)

Let B(x,r) = B({xj}7°=1, r) be a ball such that B(x, r) meets Sy at a point y, that is,
y € Sk N B(x,r). We distinguish three cases assuming that k is an odd multiple of a.
Case 1 Assume first that 37¥+2/10 < r < 37%+% Then d(x, y) < r implies

pBENDNS) _ pS) (S0
w(B4)  — p(BOL3) NS — (B, 2735 NS’
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327
Meanwhile let us set
Hl 2 2=32, _12 2 ~ 272
6= ({x“+y (x =1~ +y° =( )})6(071).
6
Since k is an odd multiple of a, we have N(37%) = N(2.7-37%) = N(3'7%).
Recall thaty € Si. A geometric observation shows that
1(B(y.2.7-37% NS
=pu((x={x;)52, € Sy ¢ |xj —yjl <2.7-3%forall j < N3N}
NGK
= [] mottxj € Ay : Ixj—yjl <2.7-37)
j=1
_ —k
= (uo({x1 € A1 & lxy = yi] <2.7-37F)NE D)
—k
= Opo(A—))NE
=0V u(Si).
Hence, from (2.21), we deduce
B(x.4 ON G (8 NG
w(B(x,4r)) > H(Sk-1) _ (39(k— 1)!kk) e
H(B(x,r) N Sk) wu(Sk)
as k — oo. Consequently, since || xs, lzp2w (e ~ 37/ from Lemma 2.13, we have
v/p (M(B(x, nn so)”" _ c —
C
Il x5 ||Lp-2-V(M)- (2.28)

= :
7300 — 1)V
Case 2 If 37%+2/10 > r, then we use
HBE NS _ wBxNNS) _ wB(y,2r) N Sk
W(B(x,4r))  ~ w(B(x,4r)NS) ~ w(B(y,3r) NSy’

which follows from a geometric observation. Now we go into the structure of the measure
s if we insert the definition of the measure 1, then we obtain

p(B(x, r) N Sk)

1(B(x, 4r))

NGBk N(r) N (4r) -1
=( [] roatx;,rnan [T wmo@acm || [T roa,, 4r)

j=1 j=N@%)+1 Jj=1

NG NG NG -
< [] moat;.rnay [T woac. || [] roa,, 4r))

j=1 j=N@k)+1 j=1

NG NG -1
<| I moac,nnan | ] roac;,4r)

j=1 j=1
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< (/'LO(A()’L 2r) N Ak>)N<3">
~ \o(Alyr, 3r) M Ag)

B (HI(A()’L 2r)N Ak))
— \HU (A1, 3r) N Ap)

NG5

Now we consider a transform given by z € A — 3%z € Ay and we deduce

NGB

P(BX, 1) NS _ (HI(A(3ky1,2~3"r)ﬂA0))
w(B(x,4r)) — \HI(AGFy, 31r) N Ag)

N3
HU(AQ, 2r) N Ag)

<{ sup .
r<09 LHI (AL, 3r) N Ag)

Consequently, since || xs, lzr2v ey ~ 37k/P and r < 0.9 - 37%, we have

/p (u(B(x, rN Sk))‘/"
n(B(x, 4r))

1 NG )/p
[H (A(1,2r) ﬂAo)D . (2.29)

= C”XSk”“"z’”“‘)(sup HI(AL 3r) N Ag)

r<0.9

Case 3 Finally, assume that r > 37k+6 Choose I < k so that 3~ < r < 37"/, Then we
have, from Lemma 2.11, we deduce

o/ (u(B(x, N S@)”I’ i ( (S0 )‘“’
W(B(x, 4r)) i(B(0. 4r/10))

1
< 30-Dv/p H(Sk) "
- n(B(O, 371+3)) '
It follows from Lemma 2.9 and the fact that || xs; || .20 () ~ 37kv/P that
ip (M(B(X,r) n Sk))'/” - C3_kv/p< 1(S1) )‘/”
w(B(x,4r)) - w(B(0, 327k))

1(Sk) )””

< Clixs.lIppan (—
REPERG0 \ p(Sk1)

We have

1/
op (LB NSO\ gNG™) ?
r W < Cllxs ”LI’-Z-V(M) NG
P A (30.(k — 1)1k)

c
G0k — ke
Inequalities (2.28) — (2.30) yield

||XS;C ||Ln-2-v(ﬂ)~ (2-30)

X 1l 2w 0y

1 NG*)/p
= C”XS/( “Lp,Z,u( ) ! + sup [w]
B : C/(se(k - 1)!kk)N(3_k) r=0.0 L HN(A(L, 3r) N Ag)

for all k such that k is an odd multiple of a. Thus, (2.26) follows.
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3 Remarks and examples
3.1 Proof of Proposition 1.4

We follow the idea in [10], [33, Proposition 1.2], [34, Proposition 2.2] and [35, Proposition
1.1].

Before we start the proof of Proposition 1.4, we need some preparatory observations. By
symmetry, we can assume that k1 > x3. Next, since 0 < v_ < vy < ooand —oo < f_ <
B+ < 0o, we can find a constant K independent of x such that

K'Y log(e + 1/r))P™) < 2r)"@ (log(e + 1/2r)P™) < Kr*™ (log(e + 1/r))P™)
3.1)

for all > 0. Based upon these observations, we prove Proposition 1.4. We need to compare
the following two conditions (3.2) and (3.3):

v(x) (] 1 B(x)
>0 sup L dosletl/n) / Sy, [FO/A) duty) < 1. (3.2)
x€G,0<r<dg w(B(x, k17))

GNB(x,r)

v (] 1/ pe
Bo>0  sup L dosletl/n) / Sy, |FWI/AD du(y) < 1. (3.3)
x€G,0<r<dg w(B(x, k2r))

GNB(x,r)

If (3.3) holds, then (3.2) trivially holds with A1 = A;. So let us suppose (3.2). We need to
show that, for x € G,

'@ (log(e + 1/r))P®
w(B(x, k2r))

Dy, [ fI/r2)du(y) <1
GNB(x,r)

for some A, = N*Aj, where N* is independent of f, x and r. We decompose B(x, ) into
N small balls B(xy, s), B(x2,s), ..., B(xy, s), so that

N N
s<r, Blx,r) C U B(xj,s), B(x, kar) D U B(xj, k1), (3.4)
j=1 j=1

where N depends only on 1 and x7. Observe that (3.4) shows that s and r satisfy
r<2Mog 3.5

for some constant mo depending only on x| and «». Then, from (3.1), (3.4) and (3.5), we
have

r"(x)(log(e + l/r))/g(x)
w(B(x, kar))

/ Dy, |fDI/AD) du(y)

GNB(x,r)
&) Blxj)
r’%i) (log(e + 1/r))P
= D (y, r)d
_Z w(B(x, kar)) O FDI/A) du(y)
j=1
GNB(x;,s)
N

z rV@i) (log(e + 1/r))P&1)
n(B(x;, k15))

IA

Oy, [fFODII/AD) dp(y)
=1

~

GNB(xj,s)
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N o ov(x)) )
< o 3 £ ogte + )P

= u(B(xj, k15))
= GNB(xj,s)

< K™N. (3.6)
By virtue of (3.6) and the convexity of ®(y, -), (3.3) holds with A, = K™ONAy.

Sy, | fDWI/A) du(y)

3.2 Other examples of non-doubling metric measure spaces

The doubling condition had been playing a key role in harmonic analysis. However, non-
doubling measure spaces occur very naturally in many branches of mathematics. The typical
examples we envisage are the following ones:

Example 3.1 Let B(1) = {(x1,x2,---,x,) € R" : x12 + x22 + -+ xﬁ < 1} be the unit
ball in R". Equip B(1) with a metric given by

dx) ®dx; +dx; @dxy + -+ dx, ® dx,

2 _x2— . —x,2

=4
& 1—x;

Then (B(1), g) is called the space with constant curvature —1 and if we denote by u the
induced measure, then p(B(x, r)) grows exponentially.

—n/2

Example 3.2 Equip the Euclidean space (R”, |- —-2|) withameasuredu =1 exp(—x |2).

Then (R", | 1 — -2 |, w) is called the Gauss measure space and the operator
L=—-A+(x-V)

is a self-adjoint operator on L2 (u). Recently, the first author, Liguang Liu and Dachun Yang
considered Morrey spaces in [16]. Let us set

By = {B(x,r) : r <amin(l, |x|h}

be the set of locally doubling balls. Recently, in [16] the first author, Liguang Liu and Dachun
Yang considered Morrey spaces given by
1/q
» —_— 1d .
W lagian = S8 [u(B)]l/q 7p / R dr =< oo

In [16, Proposition 2.6], the space /\/lg’aq (w) is not depend upon the parameter @ > 0. But
unfortunately we cannot realize Mg'aq (n) by adjusting parameters.

Example 3.3 The attractors of a dynamical system can have non-doubling Hausdorff mea-
sures.

4 An estimate of the modified centered Hardy-Littlewood maximal operator M¢
In Sect. 4 we work on a bounded open set G and we write dg for the diameter of G.

For a locally integrable function f on G, recall that in (1.6) we defined the centered and
generalized Hardy—Littlewood maximal operator by

1
Miof(5) = stp s / Ol @)
GNB(x,r)
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for x € G. Observe that

1
Migf() = sup —— / Iy, “2)

re0.dg) H(B(x, 16r))
GNB(x,r)
since G is bounded.

In what follows, as we did in Sect. 1, if f is a function on G, then we assume that f = 0
outside G.

As a starting point of the present paper, we shall prove the following estimate of the
centered Hardy-Littlewood maximal operator M1¢. For the case ¢ = 0, see Kokilashvili—
Meskhi [15]. As a consequence of Theorem 4.1 the centered Hardy-Littlewood maximal
operator Mg is bounded from LA %2(G) to L®V-£.G:4(G).

Theorem 4.1 Assume that p(-) and q(-) satisfy (P1), (P), (Q1) and (Q2) and that v : X —
(0,00) and B : X — (—00, 00) are bounded p-measurable functions. Define ® by (1.3).
Suppose that p_ > 1 and that v— > 0. Then there exists a constant C > 0 such that

! / Mis £ (0P (log(e+ Mig f () @ dpu(x) < Cr="@ (log(e+1/r))FO
wean |

forallz € G,r € (0,dg) and u-measurable functions f with || f|l pe.vp2G) < L.

To prove Theorem 4.1, we need several lemmas. Let us begin with the following result,
which concerns an estimate for the case p(x) = pg and g(x) = 0 (cf. [21, Lemma 4.3] and
[24, Lemma 2.2]).

Lemma 4.2 Assume that p(-) and v(-) satisfy p(-) = po > 1 and v_ > 0, respectively. Let
f be a u-measurable function on G satisfying

1
oy | O AR <O doget 1/m O @)

B(x,r)

forallx € G and 0 < r < dg. Then there exists a constant C > 0 such that

1
P —v(z) —B(2)
M(B(Z,4r))B(/) Mg f(x)P du(x) < Cr (log(e +1/r))

forallz € Gand 0 < r < dg, where the constant C is independent of f satisfying (4.3).
Proof Let f satisty (4.3), and fix z € G and 0 < r < dg. Write Ag = B(z,2r) and

Aj = B(z, 2/%1r)\ B(z, 2/r) for each positive integer j. Based upon this partition {A; };";] ,
we set

o0
fi=Fra, forj=0,12-. go= > |fjl.
j=1

Let us set

L= / Mi fo(0)™du(x), I = / Misgo(0)Pdu(x).
B(z,r) B(z,r)
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Then we have
Mg f(x)Pdu(x) < C(I; + D).
B(z,r)

By virtue of (4.3), we have

L=cC / o)1 P dpu(x)=C / L OIPd () < CrO (logle+ 1/r) PO u(B(z. 4r)).
X B(z,2r)

The estimate for I; is now valid.
Let us turn to I. In view of the definition of f; and A, we have

1
Mo f;(x) < sup L /
1e(i =1y, 20141y H(B(X, 161‘))3( )

X,

Lfi (D1d e (y)

for x € B(z,r). For x € B(z, r), we estimate the right-hand side crudely:

1

w(B(x, 16(2/ — D)r)
B(x,27 1 +1)r)

1
: w(B(x,16(27 — 1)r) / LfiODldi(y)

B(z,(2/t142)r)

1
< Geo s | 6ol

B(z,(2/ 1 4+2)r)

Mg fj(x) < [fiODNdu(y)

By the Holder inequality and the fact that 2/ — 17 > 2/*1 4 2for j = 1,2, ---, we have

1/po

1
Miehi0) = | o [ O

B(z,2/t14+2)r)

Since 16(2/ — 1) — 1 > 2(2/*! 4 2) for any positive integer j, we see that for x € B(z, r)

Mif706) = (@7 420" dlogle + 1/ + 20 7).

Finally, keeping in mind that () and v(-) are both assumed to be bounded, we obtain
Mg fi(x) < C(zjr)*V(Z)/Po (log(e + ]/(zjr)))*ﬁ(z)/l?o,
so that, adding this estimate over j, we obtain a pointwise estimate: for all x € B(z, r),
o0
Miggo(x) < D Mg fj(x)
j=1

0o

<C Z(er)*V(Z)/pU (log(e + 1/(27r)))~F@/ro
Jj=1

< Cr_”(Z)/PO(IOg(e + l/r))—ﬁ(z)/Po.
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Integrating the above estimate over B(z, r), we obtain
L = Cr="@(log(e + 1/r) =7 / dp(x) = Cr="@ (log(e + 1/r) PO u(B(z. ).
B(z,r)

Since w(B(z,r)) < n(B(z, 4r)), we deduce

1

_ Mg f(x)Pdu < Cr=" P (log(e + 1/r)) P,

M(B(z,4r))3(/) 16.f (x)"du < (log(e +1/7))
r

which proves Lemma 4.2. O

It is significant that v(-) and B(-) do not have to be continuous.

The next lemma concerns an estimate for x such that | f(x)] is large. For convenience of
the readers, we supply its proof the following key inequality (4.5) which is similar to the one
dealt in [27].

Lemma 4.3 Suppose v_ > 0. Let [ be a non-negative p-measurable function on G satis-
fying 1 f 1l o2y < 1 such that

fx)yzTor f(x)=0 (4.4)

for each x € G. Define g(y) = f(y)”(y)(log(e + f(y)))‘I(y) for 'y € X. Then there exists a
constant C > 0, independent of f, such that

Mg f ()P (log(e + Mi6 f(x))7™ < CMi6g(x) (4.5)

forall x € G.

Proof Letx € G and r > 0. We let

1
H=H,,=—""—""—+— d . 4.6
= B 16r) / g(y)du(y) (4.6)
B(x,r)
To prove (4.5), it suffices to show that
1
ETERT) / f)du(y) < CHYP® (log(e + H))~10/P() (4.7)

B(x,r)

forallx € G and0 < r < dg with the constant C independent of x and r. Indeed, once (4.7)
is proved, if we insert (4.6) to (4.7) and consider the supremos over all admissible x and r,
then we will have

Migf(x) < CMi6g(x)"/?™) (log(e + M1gg(x))) ~4/P), (4.8)

In view of the definition of g and the fact that the inverse function of ¢ — ¢* (log#)€ with
P > 1and Q € R is equivalent to the function 7 +— tl/P(log 1~2/® it follows that (4.8)
implies the desired conclusion (4.5). So let us prove (4.7).

To show (4.7), first consider the case when H > 1. Set

k= Hl/p(x)(log(e + H))~ 10/ px)
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Decompose the integral according to the set { f > k};

/ S du(y)

B(x,r)

/L(B(x 16r))

1
~ u(B(x, 16r)) / S duy) + / fMdu |. @9
B(x,r)N{0< f <k} B(x,r)N{f>k}

Since we are assuming (Q1), we obtain

/ S du(y)

B(x,r)

FOY' O (logle + f(y) !
skt /L(B(x i6)) / f()( ) (log<e+k>) )

gk PO log(e + k) "1V du(y).

M(B(X 16r))

* /L(B(x, 16r) /

B(x,r)
Let y € B(x, r) be fixed. Since ||f||La>,V,ﬂ:z(G) < 1, we have
H <r™"W(log(e + 1/r)) F® (4.10)

forallx € G and 0 < r < dg. Assuming that d;g < oo and that (P2) and (Q2) hold, we
obtain by (4.10)

k*]?(y) < Ckip(x) = CHil(log(e + H))Q(X)
and
(log(e + k))™1Y) < C(log(e + k)) "1™ < C(log(e + H)) ™1™,

Consequently (4.7) follows in this case.
In the case H < 1, we find

H < CHYP® (log(e + H))~1®)/P() (4.11)
from (P1) and (Q1). In view of the assumption (4.4), we have

g = f) - FMPP N ogle + FMNIY > CF(y) (v eG)

for some C > 0 and hence
1
/ SO du(y) < W / g(y)du(y) =CH. 4.12)

B(x,r) B(x,r)

If we combine (4.11) and (4.12), we obtain (4.7) in the case H < 1. m]

M(B(x 16r))

Keeping Lemmas 4.2 and 4.3 in mind, we prove Theorem 4.1.
Proof We may assume that f > 0 by considering | f| instead of f if necessary. Write

S = fxpyex: o=y + fXiyex: ron<1y = f1 + fo.
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Take po € (1, p_) and define g1 (y) = £1(»)?O/P0(log(e + fi(y)))70)/7. Set
O (x,r) = FPX)/po (log(co + r))q(x)/Po

forx € X andr > 0.
We claim that || f1 ||L¢*,v_g;2(G) < 1. Indeed,

1
L(B(.2r) / g1(y)du(y)

B(x,r)

1
— Gy [ OO+ AN )
B(x,r)

1
WB(x.2) PO a()
= CLB, ) / AOPO dogle + £ du(y)
= Cr7V(X)(10g(e + l/r))fﬁ(x)

forallx € G and 0 < r < dg. Applying Lemma 4.3 with p(x) replaced by p(x)/po, we
obtain

Mg f1(x)P™/P0 (log(e + My f1(x))?9/P0 < CMiggi (x). (4.13)
Since M6 f2(x) < 1 forall x € G, it follows from (4.13) that

Mg f(x)P™ (log(e + My f (x)))7)
= € {Mi6 f10)7®) (ogle + Mis fi ()7 + My f2(0)" (log(e + Mig f2(x))7 }
< C(1 + Mygg1(x)P).

By Lemma 4.2 with f replaced by g1, from the fact that v_ > 0, we see that

e — (X) (x)
M(B(z 4r))B / Mg f ()" (log(e + Mg f (x))T™) dpu(x)

/ (1 + Mi6g1 (X)) dpu(x)
)
< C+Cr"@(ogle + 1/r) PO,

Ci
~ u(B(z,4r))
B(z

Assuming that 0 < r < dg, we obtain

L / Mig f ()P (log(et Mg f ()™ dpu(x) < Cr@ (log(e + 1/r))F©
/L(B(z 4r ))B( )

forallz € G and 0 < r < dg, as required. m]
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5 Sobolev’s inequality

In Sect. 5, we deal with the Hardy—Littlewood—Sobolev inequality for the operator defined
in Sect. 1 by

d(x, y)*O f(y)
Ust. = ).
0,321 (x) G/M(B(szd(x,)’))) o

Recall thate : X — (0, 00) and v : X — (0, co) are both bounded p-measurable functions
and that @ > 0O [see (1.2) above]. Throughout Sect. 5, we assume in addition that

inl; (1/p(x) —a(x)/v(x)) > 0. 5.1)
Xe

In this case we have v_ > a_ > 0 automatically.
We consider the Sobolev exponent p®(-) given by

1/p*(x) = 1/p(x) —a(x)/v(x) (x € X) (5.2)

and the new modular function
U(x, 1) = tp:(x)(log(e + t))Pn(x)(q(X)/P(xHOt(x)ﬂ(x)/V(x)) [x € X, 1€ (0,00)] (53)
In Sect. 5 we shall prove the following result asserting that Uy(.),32 is bounded from

L®VF2(G) to LYVF4(G) postulating only (1.1) on p:

Theorem 5.1 Assume (P1), (P2), (QI) and (Q2) and define ¥ by (5.3) and an exponent pIi
by (5.2). Assume in addition that v : X — (0,00) and B : X — (—00, 00) are bounded
w-measurable functions. Then, there exists a positive constant ¢ such that

e [ Y U f @) < e ogle + 1/m) O
H(B(z,4r) | -
B(z,r)
forall z € G and 0 < r < dg, whenever f is a non-negative p-measurable function on G

satisfying || fll pov.p2gy < 1.

We plan to prove Theorem 5.1 by using three auxiliary estimates, keeping in mind the
original proof of Hedberg [14].

The first lemma concerns the embedding property of Morrey spaces. If welet © (x, 1) = ¢
forx € X and ¢ > 0, then L®"#2(G) is embedded into LO-"/P-@+A/p:2(G).
Lemma 5.2 (cf. [21, Lemma 2.7]) There exists a constant C > 0 such that

1

B / FMdu(y) < Criv(x)/p(x)(log(e + l/r))*(q(x)+ﬂ(x))/l7(x)
w(B(x,2r

B(x,r)

forall x € G,r € (0,dg) and non-negative ju-measurable functions f satisfying
||f||L<I>,v,ﬂ:2(G) <1 54

Proof Let us write g(y) = f(»)?¥ (log(e + f())?™) as usual. We fix x € G and r €
(0, dg). Fork = r="@/P@ (Jog(e + 1/r))~@®+A/P() 5 0, as we did in (4.9), we have
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- d
M(B(x 2r)) / f»Mdu(y)

1

1
e IR I AR

B(x,r)N{f<k} B(x,r)N{f>k}

TN (1ogle + f()) |1
skt M(B(X ) / f”( ) (log(e+k) ) )

—p(M+1 —q(y)
+ (B(x, Zr))B(/) gk (log(e + k)) dp(y).

We find by (P2) and (Q2)

1
_— d
(BG.2r) / Sdu(y)
B(x,r)
1
—px)+1 —q(x)
<k+ CM(B(x, ) / gk (log(e + k)) du(y)
B(x,r)
<k + Chr'® log(e + 1/r)P0 — L / () du(y).
w(B(x,2r))

B(x,r)
In view of (5.4), we obtain

(B( ) / F(ydu(y) < Ck = Cr_”(x)/”(x)(log(e + 1/,,))—(q(x)+/3()€))/!7()6)7
w(B(x,2r

B(x,r)
as required. O
The next lemma concerns an estimate inside balls.

Lemma 5.3 (c.f. [24]) If f is a non-negative p-measurable function on G, then

/ d(x, y)*@ f(y)

w(B(x,32d(x, y)))
B(x,8)

forx € Gands > 0.

dp(y) < C8“I My f (x) (5.5)

Proof The proof is similar to the one in [24, Lemma 2.3]. Assuming that x does not charge
a point {x}, we have

/ d(x, y)*O f(y)
u(B(x,32d(x, y)))

du(y)

B(x,8)

/ d(x, ) f(y) duy)

n(B(x,32d(x, y)))
(e 2-i+18)\B(x,2778)
QI8 W f(y)

w(B(x,27i+38))
=g 2=t

M8 Il M8

du(y)

o0

< D> @M M f(x).

Jj=1
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If we use (1.2), then we see the geometric series of the most right-hand side converges and,
with a constant C independent of x, we have

/ d(x, y)*™ f(y)
w(B(x,32d(x, y)))

du(y) < C8* Mg f (x).
B(x,8)

Thus, Lemma 5.3 is proved. O
We get information outside a fixed ball by using Lemma 5.4 below.

Lemma 5.4 Let f be a non-negative p-measurable function on G such that

I fllpovpag < 1. (5.6)
Then

/ d(x, )%™ f(y)

u(B(x,32d(x, y)))
G\B(x,5)

du(y) < CSQ(X)—V(X)/P(X)(IOg(e + 1/5))—(q(x)+ﬂ(x))/P(X)

5.7
for x € G and small § > 0.

Proof Let dg be the diameter of G as before and let jy be the smallest integer such that
29§ > dg. By Lemma 5.2 and our convention that f is O outside G, we have

/ d(x, ¥ f(y)
u(B(x,32d(x, y)))

du(y)

G\B(x,5)

2 d(x, y)*O £ (y)
=2,

d
((B(x, 32d(x, y)) MY

I=0pc 2i+180\ B(x,2/8)

Jo ' 1
JHlgya(x)
e e T / FRG)

j=0 B(x.2/+15)

Jo
< Z(2j+15)a(X)—V(X)/P(X)(log(e + 1/(2j+15)))—(q(X)+ﬂ(X))/P(X)_
j=0

Let n = infyeg(v(x)/p(x) — a(x)). Then n > O by (5.1). Since the functions log «, ¢, B
are all bounded, p_ > 1 and the function v is positive, we obtain

/ dx, y)* f(y)

w(B(x,32d(x, y)))
G\B(x,8)

du(y)

<C i(z/(g)a(x)—v(x)/;’(x) (log(e + 1/(2]5)))—(q(x)+ﬁ(x))/17(x)
j=0
2dg

<C / tol(x)—v(x)/P(x)(log(e + l/t))—(q(x)+,3(x))/ﬂ(x
S

ydt
t
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So we need to consider the integral

2d
1(8) = / ta(x)*v(x)/ﬂ(x)(log(e + 1/t))7(q(X)+ﬂ(x))/P(X)ﬂ' (5.8)

t
8

Recalling that > 0, we have

/ d(x, ) f(y)
n(B(x,32d(x, y)))

du(y)
G\B(x,8)
2dg

< C8YWY PO/ (10 (¢ 4 1/8))~ @B/ p() / e 4t
B t
)

< C8YW—Y /PO (log (e + 1/5))~@W+B@)/P00),
which completes the proof. O

With the aid of Theorem 4.1, Lemma 5.3 and Lemma 5.4, we can apply Hedberg’s trick
(see [14]) to obtain a Sobolev type inequality for Riesz potentials, as an extension of Adams
[1, Theorem 3.1], Chiarenza and Frasca [4, Theorem 2], Sawano—Tanaka [35, Theorem 3.3]
and Mizuta—Shimomura—Sobukawa [24, Theorem 2.5], Mizuta—Nakai—Ohno—Shimomura
[21, Theorem 4.5] and Kokilashvili-Meskhi [15, Theorem 4.4].

Proof of Theorem 5.1 We see from Lemmas 5.3 and 5.4 that

d(x, y)*@ f(y) du(y)—l—/ d(x, y)*@ f(y)

Ug().2 =
0,32 (x) / w(B(x,32d(x, y))) w(B(x,32d(x, y)))
X\B(x.5) B(x.9)

< C(Sa(x)Mmf(x) + C(ga(x)—v(x)/P(X)(log(e + 1/5))—(q(x)+ﬂ(x))/17(x)

du(y)

for all § > 0. Here, we optimize the above estimate by letting
8 = min {dc, Mg f(x) PO/ 0 (log(e + Mg f(x)))*(q(xHﬂ(x))/v(x)} ,
and we have

Ua(y32f (x) < cll + Mg f (x) ! 7¢@PO/N D) (g (e 4- M16f(x)))*‘*‘W("”ﬂ“‘”/““)]

= Cll + Mg f(x)PD/ PO (Jog(e + Mle(x)))—a(x)(q(X)+ﬂ(X))/v(X)’.

Then from (5.3) we find

W(x, Un(y2f (1) < C{1 + Mg f (x)P™) (log(e + My f (1))}

for all x € G. It follows from Theorem 4.1 that

1 —v(2) —B(2)
M(B(Z,4r))B(/) W(x, Uyy,32f(x))du(x) < Cr (log(e +1/r))

forallz € G and 0 < r < dg, as required. m]
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6 Trudinger exponential integrability

Based on what we have culminated in the present paper, we shall obtain Trudinger exponen-
tial integrabilities for Uy(.),9 f. We seek to discuss the exponential integrability in Sect. 6,
assuming that

ing(a(x) —v(x)/px)) =0, (6.1)
Xe
or equivalently,

sup(1/p(x) — a(x)/v(x)) < 0.

xeG

Set

max(2,r)

in(2, dt
F(x.r) = Comm(z r) / (og(e + 1))@=/ &
1

forx € Gandr > 0, where we choose anormalization constant ¢ so thatinf, ¢ I'(x, 2) = 2.

2
Note that sup,.c;. ,>» % < 00, since —(q + B)/p is bounded. Let

oo
’ dt
sy =supl(x,r) = co/(log(e + t))—(q““”ﬂ(”)/l’(”7 (x € G).
1

r>2

Then 2 < s, < oo and I'(x, -) is bijective from [0, co) to [0, s,). We denote by &,
the inverse function of I'(x, -). If 5, < 00, we set F_l(x, r) = oo for r > s,. So we always
have

I '(x,r)=inf({s >0 : ['(x,s) >r}U{o0}) (x €G,r>0).

Theorem 6.1 (Trudinger type inequality) Suppose that v— > 0 and assume in addition that
the functions o (-), p(-), v(-) satisfy (6.1). Let € be a p-measurable function on G such that

ing wx)/px) —ex)) >0and0 <e_ <ep <a_. (6.2)
X€e
Then there exist constants ci, co > 0 such that

1 / =1 (. Va0r9/ @) du(x) < ¢y r*O-@/PG) 63)
1(B(z, 4r)) ’ c1 -
B(z,r)

forallz € G,0 <r < dg and -measurable functions [ satisfying || fllpov.p2(g) < 1. In
the above |Uqy(y,0 f (X)|/c1 < sy for a.e. x € B(z,r).

The aim of this section is to prove Theorem 6.1. Before we go into the detail, let us explain
why Theorem 6.1 deserves its name.

Remark 6.2 Let p, g, B be all constants. Define

dt

2
co=2 /(log(e +1))"th/p ;
1
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and
r
_ —(q+p)/p Al
L(r) =co | (logle + 1)) s (r = 2).
1

(1) Ifg + B < p, then, forr > 2,
C7'T(r) < (log(e + 1) ~H/P < CT(r) (6.4)
and hence
=1 'r) <exp(r?/P=4=Py < 7=1(Cr).

Indeed, just observe that, when r > 2,

,
dt 1
c7lre < / (log(e + 1))~ IHAIP= < ————————(log ) "TP/P < CT (1),
[ A RN

which proves (6.4).
2) Ifg + B = p, then, forr > 2,

C™'T(r) < log(log(e +r)) < CT(r) (6.5)
and
r='(Cc7'r) < explexp(r)) < T"1(Cr).

Indeed, the proof of (6.5) is a minor modification of (6.4), when r > 4,
r d
t
c're) < /(log(e + z))*<f1+ﬂ>/l’7 < (e + D loglog(e +r) < CT'(r),
1

which proves (6.5).

If we combine Theorem 6.1 and Remark 6.2, then we obtain the following result, which
was called the Trudinger inequality.

Corollary 6.3 Let G be bounded. Suppose v— > 0 and (6.1) holds. Let € be a .-measurable
function on G such that

in’(f; (v(x)/p(x) —e(x)) >0and that0) < e_ <ée; < a_. (6.6)

Then there exist constants ¢y, ¢o > 0 such that

(1) incase sup,cg (q(x) + B(x))/px) < 1,

@)/ (p()=q(x)=B(x))
- / exp |Ua(y,9.f (x)|PO/ (P4 0P du(x) < cort@—v/P@.
n(B(z, 4r))

C]
B(z,r)

6.7)
(2) incaseinfyc (g(x) + B(x))/p(x) = 1,

- 1Uat0f @] o
H(BG, 4r)>3(/ - (GXP ( 1 )) ) = cr (6.8)
z,r
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forall z € G and 0 < r < dg, whenever f is a u-measurable function on G satisfying
I fllpeve2g < 1. (6.9)
Remark 6.4 When X = RY, see [21, Corollary 5.3].

To prove Theorem 6.1, we use the following lemmas. The first lemma can be proved with
minor changes of the proof of Lemma 5.4. We begin with investigating the functions from
outside the balls.

Lemma 6.5 Suppose that v— > 0 and (6.1) holds. Then there exists a constant C > O such
that

a(x)
/ d(x, ) f(y) du(y) < CI'(x, 1/8)

u(B(x,9d(x, y)))
G\B(x.,5)

for all x € G,0 < § < dg and non-negative -measurable functions f satisfying
”f”L‘PMﬁ:Z(G) <1
Proof Since

/ d(x, y)*@ f(y) du) < / d(x, y)*@ £(y)

1(B(x,9d(x, y))) u(B(x,4d(x, y)))
G\B(x.,5) G\B(x.,5)

du(y),

we can reexamine and modify the proof of Lemma 5.4. Indeed, we need to estimate 1(5),
where I(§) is given by (5.8). Assuming (6.1), we have

2dg

I(8) = / ta(x)—v(x)/li(x)(log(e + l/t))—(q(x)-*-ﬁ(x))/ﬁ(x)ﬂ
t
)

2dg

<C /(log(e + 1/;))—(4(X)+/3(X))/P(X)g
)

t
5!
<c / (log(e + 1))~ @@+ p@)

(2dg)~!
< CI'(x, 1/6).

dt
t

The proof of Lemma 6.5 is thus complete. O

To prove Theorem 6.1, we need another lemma. By generalizing the integral kernel, we
are going to prove Theorem 6.1, as is seen from the beginning of the proof. This is where the
number “9” comes into play in Theorem 6.1 [see (6.17) below].

Lemma 6.6 Lete : G — (0, 00) be a ju-measurable function satisfying (6.2) and let 7 be a
fixed point in G. Also we write

p(z,r) = FE@ (log(e + l/r))(q(Z)Jrﬂ(Z))/P(Z). (6.10)

Define 1) f (x) by

p(z,d(x,y))
Lo f) = [ 220V e auy). 6.11
oo () G/M(B(x,9d(x,y)))f(y) u() 6.11)
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Then there exists a constant C > 0 such that

1 _
1(B(z, 4r)) / lpo () < Cre@maire ©12
"B

forall z € G,0 < r < dg and non-negative -measurable functions f satisfying

If Nl ors2) < 1. (6.13)
Proof Let x € X be fixed. Write
Tp) f(x)
p(z,d(x,y)) / p(z,d(x, y))
/ w(B(x, 9d(x, y)))f(y) RO+ (B(x.9d(x. y)))f(y) n(y)

B(z,2r) G\B(z,2r)
=11 (x) + 12 (x).

As for I;, we integrate I; over B(z, r) to conclude

_ p(z, d(x, y))
/ L () dp(x) = / / s i) | £0) di(y)
B(z,r) B(z,2r) \B(z,r)

<

/ p(z,d(x, ) dp) | £() du(y).

1(B(x,9d(x,y)))
B(z,2r) \B(3.3r)

By Fubini’s theorem, we obtain a crude estimate. The result is

/ I (x) d e (x)

BG.r)
oo
p(z,d(x,y))
= / Z / mdﬂ(x) F)dp(y)
Bz2r) \=0B(y. 27420\ B(y 2-+1r) T
p(z,277%4r)
= / > / mdﬂ(x) F)du®y)
BG2r) \/=°B(y.2-7#2r\B(y.277*1r) ’
p(z,277 %)
= 2 BTy W | F0) dr)
B2r) \/=0B( 272\ B(y.2-i+1r) ’

= [ (Zre2i?n)soraum.

Bz2r) \J=0

Since €4 < 00, the functions ¢, B are bounded, p_ > 1 and the function v is positive, we
have
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[ wwanw =c [ (Xpe2n) ro)duo

B(z.r) Bz2r) \J=1
0o 270Tr
dt
sc [ X [ eenS|rodu
Bi2r) \/=1 2%,

r

d
sC/ /p(m){ FO) dp(y).

B(z,2r) \0

Since we are assuming (6.6), it follows that

/ Li(x)du(x) < Co(z,r) / f)du(y)
B(z,r) B(z.,2r)
< Cp(z. (B2, 4r))2r) ™79 (log(e + 1/(2r))) " @@HHONPE)
< Cra(z)—v(z)/P(z)M(B(Z’ 4r)).

In summary, we obtain

L(x)du(x) < Cre@=@/PQ 1 (B(z, 4r)). (6.14)
B(z,r)

For I, note first that there exists a constant C > 0 such that

C71<p(z’r) <

C 6.15
= S (6.15)

forz € G, % < % < 2 in view of the definition of p [see (6.10) above].
Next, we claim that x € B(z,r) and y ¢ B(z, 2r) imply that

Sdey) 2d(v.2) £ 24, ) (6.16)
and that

B(x,9d(x,y)) D B(z,4d(z, y)). (6.17)
Indeed, we have d(x, z) < r and d(y, z) > 2r. Hence, it follows that

d(x,y) =d(y,2) +d(x,2) =d(y,2) + %d(y, 7) = %d(y, z)
and that
40, 2) = dCx, ) Fd(x,2) = d(x, ¥) + 3d (3,2,

which yields (6.16). Also observe that when w € B(z, 4d(z, y)), we have

d(w, x) <d(z,x) +d(w,z) <d(z,x) +4d(z,y) < %d(y, 2)+4d(z,y) = gd(z, y) <9d(y, x).
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Consequently it follows from (6.15) through (6.17) that

p(z,d(x,y))
I = _ d
2(x) / 2 (B(x.9dr. y)))f(y) n(y)

G\B(z,2r)

p(z,d(z,y))
C _ d 6.18
= / (B 4dG. yy ! ) 19
G\B(z,2r)

for x € B(z, r). Now we proceed in the same way as the proof of Lemma 5.4. We decompose
(6.18) diadically:

< p(z.d(z, y))
Lx) < CZ / mf()’)dﬂ()’),
I= B 20 P\ B(2,20r)

where we used a tacit understanding that f vanishes outside G. Hence, we obtain by Lemma
5.2 and (6.6)

1

L) =€ pE 2 o

/ SO du(y)

J=1 B(z,2/%1r)
o0
< CZ(2j+lr)s(z)—v(Z)/P(z)
j=1
< Cre@—v@/pQ@) (6.19)
Thus, from (6.14) and (6.19), Lemma 6.6 is proved. O

Proof of Theorem 6.1 If necessary, by replacing f with | f|, we have only to deal with non-
negative f such that || f||evp2(g) < 1. By Lemma 6.5 we find

Ua(,9f(x)
d(x, ) £(y) / d(x, )*O £(y)
= Pt —— — " d
/ (B, 9d e,y O 1(B(x,9d(x. y))) MY

GNB(x,8) G\B(x,8)
_ a(@0)—£(2) ~@@+B) /) P& A, Y))
- / d(x. y) (log(e + 1/d(x. ))) s F ) du(y)

GNB(x,§)

+CI'(x, 1/6)

<C {6oz(x)—s(z)(log(e + 1/5))—(4(z)+l3(1))/ﬂ(z)Ip(z)f(x) +T(x, 1/8)}

for any § > 0. We now specify § by

1 —_
) I(x, Ip(z)f(x))(log(e + ]p(z)f(x)))(q(z)+/3(z))/p(z) /(a(x)—e(2))
8 = min { dg,
Ip(z)f(x)

and we have the inequality

Ua(y,0f(x) < cymax {1, T(x, I f(x)},
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for some constant ¢; > 0. We denote by '~ !(x, -) the inverse function of I'(x, -). Since
1 <I'(x,1)=T(x,2)/2, we have F_l(x, 1) < 1. Then

Us(.9.f (¥) 1 /
(x, e )du(y) < T BGA) {1+ I f0} du(y)
B(z,r)

1 / -
u(B(z, 4r))
B(z,r)

r

forall z € G and 0 < r < dg. Hence, Lemma 6.6 gives the conclusion. O

7 Continuity of potential functions

In Sect. 7, we are concerned with continuity for Riesz potentials Uy (.),4 f when

0 = inf (a(x) = v(x)/p(x)) = sup(a(x) —v(x)/p(x)) <1 (7.1)

xeG

and the following condition holds: For x € G and r > 0, define

-
o, r) = /tOt(X)*V(x)/P(x)(]Og(e + ]/l«))*(q(x)Jrﬂ(x))/P(X)? < 00.

0

In this case
wx,r) <wx,2r) < Cw(x,r) (7.2)

for some constant C > 0 independent of x € G and 0 < r < co. We use w to measure the
continuity of functions. See [26] for the Lebesgue measure case.

Further, we assume the following Holmander type condition: There are 0 < 6 < 1 and
C > 0 such that

da, y) O deyt | C(d(x,z>)9 d(x, y)*
p(B(r4d(x. ) w(BG4d@ )|~ \dG.y)) p(Bx 4d(x.y))

(7.3)

whenever d(x, z) < d(x, y)/2, and

sup (o (x) — v(x)/p(x) < 0 < 1.
xeG

Concerning the continuity of Uy(.) 4 f, we have the following result. Lemmas 7.2 and 7.3
justify that the integral defining Uy (.) 4 f (x) converges absolutely.

Theorem 7.1 Assume that a(-), v(-) and p(-) satisfy (7.1)—(7.3) and that B(-) is a bounded
w-measurable function. Define ® = @ () 4() by using p(-) and q(-) satisfying (P1), ( P2),
(Q1) and (Q2) through (1.3). There exists a constant C > 0 such that

Ua(),af(X) = Ugy,4f(2)] < Clo(x,d(x,2) + ©(z,d(x,2)} (x,z€G),

whenever f is a non-negative jr-measurable function on G satisfying || fllpo.s2G) < 1.

To prove Theorem 7.1, we need Lemmas 7.2 and 7.3. Lemmas 7.2 and 7.3 concern an
estimate inside the ball and that outside the ball, respectively.
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Lemma 7.2 Assume p_ > 0. Let f be a non-negative p-measurable function on G such
that ”f”Ltb‘u,/S;Z(G) < 1. Then there exists a constant C > 0 such that

d(x, y)*™
B(/ﬁ) mf(y)dﬂ(y) < Cw(x,?)

forallx € G and § > 0.

Proof As usual we start by decomposing B(x, §) dyadically:

d(x, ) £ (y) - / dx, ) £ (y)
0 I g = — 77 d
/ WBG e T B Gy Y
B(x,8) =B (x, 271 8)\ B(x,27/6)

- 1
5 Z(z—,/+1 8)0((X)
j=1

w(B(x,2-7+28)) / FOdu(y).

B(x,2-i+15)

Recall that the functions ¢, «, B are all bounded, p_ > 1 and the function v is positive. By
Lemma 5.2, we have

d(x, y)*™ f(y) O f cn(x)— T
= T du(y) < € (27180 PM) (g (e + 1/(277 8))) @A/ p(x)
B(/(S | B 4dCx ) oy Z' glet 1/

)

C/ (2O @/P (jog (e + l/t))—<q<X)+ﬁ(X))/p(X)?

IA

0
= Cw(x, ).

[m}

The following lemma can be proved in the same manner as Lemma 5.4, whose proof we
omit.

Lemma 7.3 Let f be a non-negative u-measurable function on G such that || f ”Ld),v.B:Z(G) <
1. Then there exists a constant C > 0 such that

/ d(x, y)ot(x)79

BG 4G FO)du(y) < Caa(x)—e—v(x)/P(x)(log(e 4 1/5))—(11(X)+f5(x))/17(x)

G\B(x,5)

forall x € G and § > 0. Here the constant 6 is from (7.3).

Proof of Theorem 1.1 Let f be a non-negative p1-measurable and || f || po.v.p:2(Gy) < 1. Write

Ua(yaf(x) = Un),af(2)

d(x, y)a(x) / d(z, y)a(z)
/ M(B(x,4d(x,y)))f(y) w0y (B2, 4d(z. y)))f(y) w(y)
B(x,2d(x,z)) B(x,2d(x,z))
d(x, y)a(x) d(z, y)ol(z)
- d
i (M(B(x,4d(x,y))) w(B(z,4d(z, y))) FOdu)

G\B(x,2d(x,z))
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for x, z € G. Using Lemma 7.2 and (7.2), we have

/ _ A 1) < Cotr, 24, 2)) < Cor, d(x, 2)
w(B(x, 4d(x. y))) = ot 2din o) = fotn, d
B(x,2d(x,z))

and

/ @D L) < / @Y L )
(B 4d(z.7)) = W(B(z. 4d(z. y))
B(x,2d(x,z)) B(z,3d(x,z))

< Cw(z,3d(x,z)) < Co(z,d(x, 2)).
On the other hand, by (7.2), (7.3) and Lemma 7.2, we have

/

G\B(x,2d(x,z))

do, )™ d(z, )@
w(B(x,4d(x,y)))  n(B(z,4d(z,y)))

‘ f»du(y)

d(x, y)oc(x)—Q
< Cd(x,2)° / —————f(y)d
(BG4, y ! P
G\B(x,2d(x,z))
< Cd(x, z)gd(x, Z)Q(X)*9*U(X)/P(X)(10g(e + 1/d(x, Z)))*(q(X)H?(X))/p(X)
< Cd(x, Z)Ot(x)*v(x)/P(x)(log(e +1/d(x, Z)))*(q(X)Jrﬂ(x))/P(x)

< Cw(x,d(x,2z)).

Then we have the conclusion. O

Theorem 7.1 asserts that Uy(.) 4 f is continuous. In view of the result in [21, Section 6],
this can be quantified more precisely.

Remark 7.4 (cf. [21, Section 6]) As r | 0, w(x,r) — O uniformly in x € E (E C G) if
either

inf ((x(x) _ "(x)) -0 (7.4)
xeE p(x)
or
inf (a(x) - ”(x)) —0 and inf VTP (1.5)
xeE p(x) xeE px)
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