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Abstract In this paper, by asymptotic center techniques, we shown that the set of fixed
points of a uniformly k-lipschitzian semigroup (one-parameter or left reversible semi-
topological) in a uniformly convex Banach space is a retract of the domain if & is close
to 1. The results presented in this paper includes (among others, in the discrete situation)
many known results as special cases.
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1 Introduction

We will consider a Banach spaces E over the real field. Our notation and terminology are
standard. Let C be a nonempty bounded closed convex subset of E. We say that a mapping
T : C — C is nonexpansive if

ITx —Ty| < |lx —y| foreveryx,yeC.

The result of Bruck [2] asserts that if a nonexpansive mapping 7 : C — C has a fixed
point in every nonempty closed convex subset of C which is invariant under T and if C is
convex and weakly compact, then F(T) = {x € C : Tx = x}, the set of fixed points, is a
nonexpansive retract of C (that is, there exists a nonexpansive mapping R : C — F(T) such
that R|r(7y = I). A few years ago, the Bruck result was extended by Dominguez Benavides
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334 J. Gérnicki

and Lorenzo Ramirez [4] to the case of asymptotically nonexpansive mappings if the space
E was sufficiently regular.

On the other hand it is known, the set of fixed points of k-lipschitzian mapping can be
very irregular for any k > 1.

Example 1 ([11]) Let F be a nonempty closed subset of C. Fix z € F,0 < ¢ < 1 and put
Tx=x+e¢e-dist(x,F)-(z—x), xeC.
It is not difficult to see that F(T') = F and the Lipschitz constant of T tends to 1 if ¢ | 0.

In 1973, Goebel and Kirk [5] introduced the class of uniformly k-lipschitzian mappings
and stated a relationship between the existence of fixed point for uniformly k-lipschitzian
mappings and the Clarkson modulus of convexity §r. Recall that a mapping T : C — C' is
uniformly k-lipschitzian, k > 0, if

IT"x — T"y|| < k|lx — y|| foreveryx,y € C and n €N.

Theorem 2 Let E be a uniformly convex Banach space with modulus of convexity §g and
let C be a nonempty bounded closed convex subset of E. Suppose T : C — C is uniformly
k-lipschitzian map and k < y, where y > 1 is the unique solution of the equation

()

Then F(T) # @ (note that in a Hilbert space, k <y = %\fS, in LP-spaces 2 < p <

1
),k < y = (1 +27P)r), and F(T) is not only connected but even a retract of C
(see [11]).

In this paper we establish some results on the structure of fixed point sets for one-parame-
ter uniformly k-lipschitzian semigroups and semi-topological uniformly k-lipschitzian semi-
groups in uniformly convex Banach spaces when k is less than a constant bigger than the
constant from Theorem 2.

2 Uniformly convex Banach spaces
Recall that the modulus of convexity §g is the function ég : [0, 2] — [0, 1] defined by
. 1
dg(¢) = inf [l - Ellx +yllxll < Lyl <L lle =yl = 8]

and that the space E is uniformly convex if §g(e) > 0 for ¢ > 0. A Hilbert space H is uni-
formly convex. This fact is a direct consequence of parallelogram identity. It is well known
that 8 is continuous on [0, 2) and strictly increasing in uniformly convex Banach spaces
[6, Lemma 5.1].

Recall the concept and the notion of asymptotic center due to Edelstein, see [1,6]. Let C
be a nonempty closed convex subset of a Banach space E, and G an unbounded subset of
[0, 400) such thatt +h € G forallt,h € Gandt —h € G forallt,h € G witht > h
(i.e., G = [0, 400), G = [0, +00) N Q or G = Ny, the set of nonnegative integers), and
let {x; : t € G} be a bounded family of elements of E. Then the asymptotic radius and
asymptotic center of {x;};cc with respect to C are the number

F(C, (%) = inf (nm sup ||y — xtn)
yeC

G3t—00
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The structure of fixed-point sets of uniformly lipschitzian semigroups 335

and the (possibly empty) set

AC, (xi}) = ‘y e C:limsup ||y — x| =r (C, {x,})} :
G3t—00

respectively. It is well known that if E is reflexive, then A(C, {x;}) is bounded closed convex

and nonempty, and if E is uniformly convex, then A(C, {x;}) consist only a single point,

{z} = A(C, {x;}), i.e., other words z € C is the unique point which minimizes functional

limsup [y — x|l
Got—00
over y in C.
Suppose F = {Ts : s € G} is a one-parameter uniformly k-lipschitzian semigroup on C,
i.e., a family of self-mappings on C satisfying the conditions:

1. Tsypx =TiTpx foralls,h € Gand x € C,

2. for each x € C, the mapping s — T,x from G into C is continuous when G has the
relative topology of [0, +00),

3. foreachs € G, |Tyx — Tsy|| < k|lx — y| forall x,y € C.

Let A : C — C denote a mapping which associates with a given x € C a unique z €
A(C, {T;x}), thatis, z = Ax. Now we generalize to uniformly k-lipschitzian semigroups the
lemma due to Sedtak and Wisnicki [11]. This lemma is crucial to our results.

Lemma 3 Let E be a uniformly convex Banach space and let C be a nonempty bounded
closed convex subset of E. Then the mapping A : C — C is continuous.

Proof On the contrary, suppose that there exists xo € C and g9 > 0 such that:
for all » > O there exists x; € C such that ||x; — xo|| < n and ||z1 — zo|| = &0, Where
{zo} = A(C, {Tixo}), {z1} = A(C, {Tix1 }).

Fix n > 0 and take x; € C such that

lxr —xoll <n and |lz1 — zoll > €o.

Let
Ry =r (C, {T;xo}) = inf ( limsup ||y — szoll) ;
y€C \Gst—+o00
Ry =r(C,{Tix1}) = inf (lim sup [y — TtX1||)
€€ \Gor—>+00
and

R = limsup ||z1 — Tyxoll.
Gat—+o0

Notice that
Ry < R.
Choose ¢ > 0. Then exists s(¢) € G that

lz1 — Trxoll < R+ &,
lzo — Trxoll < Ro+¢e < R+e, ()
llzo — z1ll = eo,

forallr € G andt > s(e).
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It follows by (2) and the properties of ¢ that for G > ¢ > s(¢),

21+ 20 €0
T, —7H< 1—s R
X0 5 ( E(R+8))( +é)

Ro < limsup ’nxo— 2+ 20 H < (1 —55( £ )) (R +e). 3)
Gat—+00 2 R+e

and hence

Moreover for ¢ € G, from triangle inequality we have

1Tix0 — z1ll < W Tixo — Texill + 1 Tixy — z1ll < kllxo — x1ll + Ry + &,

and hence
R = limsup ||[Tixo — z1]| < kn+ Ry +&. )
Got——+o00
Similarly,
Ry < limsup || Tyx1 — zoll < kn+ Ry +e&. ©)
Gat—+400

From (4) and (5), we have
R<kn+Ri+¢e<2kn+2e+R. (6)

Combining (6) with (3) and applying the monotonicity of § g, we obtain

£0
R 1-96 P ——— 2k 3 Ro).
o<( E(an+38+R0))( n+ 3¢ + Ro)

Letting 1, ¢ | 0, and using the continuity of §, we conclude that

&0
1<({1-6 — 1.
( E(Ro)) h

This contradiction proves the continuity of the mapping A. O

This result can be extend to left reversible semigroups. Now let J be a semi-topological semi-
group, i.e., J is a semigroup with a Hausdorff topology such that for each a € J the mapping
s — a-sands — s-a from J to J are continuous. A semi-topological semigroup J is said
to be left reversible if any two closed right ideals have non-void intersection. (This latter is
automatically fulfilled if, for example J is commutative, and in particulary if J = [0, +00).)
In this case (J, <) is a directed system when the binary relation “<” on J is defined by a < b
if and only if {a} UaJ D {b} UbJ.

Let {x, : a € J} be a bounded net in uniformly convex Banach space E and let C a
nonempty closed convex subset of E. For a fixed p > 1, let us set

r(x) = inf sup ||x, — x||” and r = inf r(x).
bel g>p xeC
Then we have a unique point z € C (called the asymptotic center of the net {x,} in C) such
thatr(z) =r.

Let C be a nonempty bounded closed convex subset of a Banach space E, let J be a
left reversible semi-topological semigroup, and let 7 = {7 : s € J} be a family of self-
mappings of C into itself. Then 7 is said to be a left reversible semi-topological uniformly
k-lipschitzian semigroup on C if the following conditions are satisfied:
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The structure of fixed-point sets of uniformly lipschitzian semigroups 337

I, Tysx = T;Tyx forallt,s € J and x € C,
2’. the mapping (s, x) — Tyx from J x C into C is continuous when J x C has the product

topology,
3. foreachs € J, | Tyx — Tyy|| < k|lx — y|| forall x, y € C.

Remark 4 For such a family of mappings Lemma 3 remains true.

Normal structure plays essential role in some problems of metric fixed point theory. Let
C be a nonempty bounded set in a Banach space E. We put

r(C) = inf (sup [lx — y||).
xeC yeC

This number is called the Chebyshev radius of A.
A Banach space E is said to have uniformly normal structure (UNS) if for some ¢ € (0, 1)
and every bounded closed convex subset C C E with diamC > 0, it has

r(C) < ¢ - diamC.

The normal structure coefficient (also called the Jung constant) was defined by Bynum
[3] in the following way

. diamC
N(E) :=inf [ ]

r(C)
where the infimum is taken over all bounded closed convex sets C C E with diamC > 0.
Clearly, the condition N (E) > 1 characterizes spaces E with UNS. It is well known that all

uniformly convex Banach spaces possess UNS [10, Theorem 5.12]. It is difficult to calculate
the normal structure coefficient in an arbitrary Banach space. However, for a Hilbert space,

1 1
N(H) = +/2,and N(I?) = N(LP) = min{27, 21_7} for1l < p < o0, see [1,10].
The following lemma can be proved in exactly the same way as Lim [8, Theorem 1] for
sequences and the proof is thus omitted here.

Lemma 5 Let E be a Banach space with UNS. Then for every bounded family {x;};cc of
elements of E there exists y in conv{x; : t € G} such that

lim su — x| < —— - lim (sup{|lx; — x|l : t <1, j€G}).
Jimsup Iy =l < s o tim Gupllx = j G

Now we improve the fixed point theorem due to Tan and Xu [12, Theorem 3.5].

Theorem 6 Let E be a uniformly convex Banach space and let C be a nonempty bounded
closed convex subset of E. Suppose F = {T; : s € G} is a one-parameter uniformly
k-lipschitzian semigroup on C with k < o, where a > 1 is the unique solution of the
equation

az.a,;‘(l-l)-Lzl ™
o N(E)

(in a Hilbert space a = (\fB — l)_% > %\/5) Then
F(F)={xeC:Tgx=x foralls e G} # 2
and F (F) is a retract of C.
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338 J. Gérnicki

Suppose E is uniformly convex Banach space and & > 1 is the unique solution of Eq. (7).
Then y < o, where y > 1 is the unique solution of Eq. (1), see [12, Lemma 3.3].

Proof The proof of existence z in C such that Tyz = z for all s € G, based on the Lemma 5,
is given in [12, Theorem 3.5] or in [7, Theorem 4]. In this proof by induction we define a
sequence {x,},=0.1,2.... in C in the following manner

xo=x and x,41 = A(C, {Tixp)) = A" x, n=0,1,...
(z = lim,— 40 X,,). Thus by the inequalities

d(xp) = sup | Trx, — xull < d(xp—1) < B"d(x),
teG

k
|xn41 — Xl < (W + 1) B"d(x) - 0 asn — 400,

where B = %SEI (1- %) < 1, we have

k k
||An+lx —A'x| < (w + 1) B"d(x) < (@ + 1) B"diamC

forn=1,2,...So

: k B™
sup |[A'x — A"x| < (7 + 1) diamC — 0 if i, m — +o0,
xeC N(E) 1-B

which implies that the sequence {A" x},,=12,... converges uniformly to a function

Rx = lim A™x, xeC.
m—00

It follows from Lemma 3, that R : C — C is continuous. Moreover,

|Rx — TsRx||
< IRx — A" x| + |A"x — Toqn A" x|| + [ Ty4n A" x — T A" x| + | Ty A" x — T Rx||
<A +BIRx — A"x|| + [|A"x — Ty p A" x|| + k|| TR A" x — A" x||
< (A +B)Rx — A"x| 4+ (1 + k) - d(A"x)
< +k)|Rx — A"x| + (1 +k) - B" - diamC — 0 asm — 400

and Rx = TyRx forall s € G and x € C. Thus R is a retraction of C onto F(F). ]

This result can be sharpened in some uniformly convex Banach spaces, for example in a
Hilbert space and in L?-spaces (1 < p < 00).

3 p-Uniformly convex Banach spaces

Let p > 1 be a real number. A Banach space E is said to be p-uniformly convex (or E is
said to have the modulus of convexity of power type p) if there exists a constant d > 0
such that the modulus of convexity §g(¢) > d - P for 0 < ¢ < 2. We note that a Hilbert
space is 2-uniformly convex (indeed, 6y (¢) = 1 — /1 — (%)2 > éez) and an L”-space
(1 < p < 00) is max{p, 2}-uniformly convex.

In [9,14] the following result was proved.
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The structure of fixed-point sets of uniformly lipschitzian semigroups 339

Theorem 7 Let p > 1 be a real number and let E be a p-uniformly convex Banach space.
Then there exists a constant ¢, > 0 such that

A + (1= DYI” < Al ? + A= DIYIP = cp - Wph) - [lx — yIP
forallx,y e E,0 <A <1, where W,(1) =A(1 —1)7 +A7(1 —1).
Let H be a Hilbert space, then
A + (1= Dy[* = Alxl? + (1 = D)yl =20 = D)fx — ]

forallx,y e HO< A< 1.
When E is an L?-space, we have the following

Theorem 8 Suppose E is an L?-space.
(@ Ifl < p <2, then
12x + (1= Y12 < AxP + A = DIy = (p =D -2 (=1 - lx = yII?

forallx,y e Eand0 <A < 1(cp =p—1);
(b) If2 < p < 00, then

IAx + A =)pI7 < Allxl? + A =DIyIP —cp - WpR) - lx = yIIP
forallx,y € E,0 <A <1, where W,(A) =A(1 — )P +AP(1 — 1) and

—1
l—l—tll,) o
=—F——=(p-D0+1,)""7°
Cp (a tp)p_l (p )( p)

with t,, being the unique solution of the equation
(p=2" T+ (p—DP2-1=0, 0<r<1.

All constant appeared in the above inequalities are the best possible.
In the following theorem we improve the fixed point theorem due to Xu [14] from point
of view of the structure of the set of fixed points.

Theorem 9 Let p > 1 be a real number and let E be a p-uniformly convex Banach space,
C a nonempty bounded closed convex subset of E. Suppose F = {Ts; : s € G} is a one-
parameter uniformly k-lipschitzian semigroup on C with k < k,, where k,, > 1 is the unique
solution of the equation

(tP)> — 1P —[N(E)IP -c, =0, 1€ (0,+00),

ie.ky =31+ /T+4 ¢, [N(E)]ﬂ)]%. Then F(F) # @ and F (F) is a retract of C.

Proof We may assume thatk > 1 sinceif k < 1, the well known Banach Contraction Principle
guarantees a fixed point of F.

For an x = x¢ € C, we can inductively define a sequence {x;,};;=1.2,... in C in the fol-
lowing way: x,,11 is the asymptotic center of the sequence {7;x,,};eG, that is, x,, 4 is the
unique point in C that minimizes the functional

limsup ||y — Trxp||
G>t— 400
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over y in C. For each m > 0, we set

rm = limsup ||xp41 — Tixp|l and d(xp) = sup |[xm — Tixn|l-
Got—+00 teG

Then by Lemma 5, we have
1

Fm < ﬁ .G;iinﬂo (sup{|| Ts4nxm — Tsxpm| :t < s € G and h € G})
< L sup | Trxm — xm |l = L. -d(xm) ()]
N(E) (eG N(E)
form=0,1,2,...

Now from Theorem 7 for each fixed m > 0 and s, h € G, we have

A xmi1 + (1= WXyt — Typnxm P + Cp Wp()*) N1 = Tsxmyr 1P
< Mxmsr = Topnxmll? + A = DI Tsqnxm — TsXmpr I
< Mxmat = TognXmlIP + (U= 2) - kP - [ Tpxm — X1 ll”-

Taking the limit superior as G € h — +00 and nothing that x,,; is the asymptotic center
of the sequence {7;x,,};cG, we obtain for each s € G,

i+ Cp - WpO) - [xmgt — Toxmpt |” <A+ (1 =2) kP11,
and
(I —=2)k? = 1)
_T P g I
(141 sXmt1l - Wp()n) I'm
It then follows that
A=k —1)  , (1= a)k"—1) %4

P . P
11! € S e < S e )
Letting A 1 1, we get
kP (kP — 1)
P — 7 . r
dm i)l < et
and
1
kP (kP —1) \?
d(xm+1)< (W) -d(xm):Bp-d(xm), m=0,1,2,...,

1
where B, = (%) " < 1 by assumption of the theorem. In a similar way, we obtain

d(xXp1) < Bp - d(xm) < -+ < (Bp)" T - d(x). )
Since
xm+1 — Xl < N1xms1 — Texm |l + 1T xm — Xl

so taking the limit superior as G > t — 400, we get by (8), (9),

k
lxma1 — Xl < 1 +d () < (W + 1) d(xp)

< (ﬁ + 1) . (Bp)erl -d(x) > 0 asm — +oo,
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and we see that {x,,} is norm Cauchy and hence strong convergent. Let z = lim,,;— o0 X
Then we have

1Tz — zll < I Tsz — Tsxm |l + 1 Tsxm — Xl + llxm — 2|
< A +B)|xm — zll +d(xm)
< (

L+l lxm —zll + (Bp)™ -d(x) - 0 asm — 400,

and Tyz = z forall s € G.
The proof of the retraction R : C — F(F) can be proved in exactly the same way as in
the proof of Theorem 6. O

Corollary 10 Let H be a Hilbert space, C a nonempty bounded closed convex subset of H
and F={T; : s € G} be a one-parameter uniformly k-lipschitzian semigroup on C with
k < /2. Then F(F) # @ and F (F) is a retract of C.

Corollary 11 Let C be a nonempty bounded closed convex subset of L? -space (1 < p < 00)
and F = {T; : s € G} be a one-parameter uniformly k-lipschitzian semigroup on C. Suppose

1
k < \/% + %\/ 14+ (p— 1)42_F if 1 < p < 2 (in particular, in L*-space, k < V2) and

1
k < (% + % 1+8-cp)? if2 < p < +oo (herecy is as in Theorem 8(D)). Then F (F) # &
and F (F) is a retract of C.

For left reversible semi-topological semigroup we have the following [13, Lemma 3].

Lemma 12 Let E be p-uniformly convex Banach space for some p > 1, C a nonempty
bounded closed convex subset of E. Let J be a left reversible semi-topological semigroup
and {x, : a € J} be anet in C. Let us set

r(x) = inf sup ||x, — x||” and r = inf r(x).
bEJa2b xeC

Then we have a unique point z € C (called the asymptotic center of the net {x,} in C) such
that r(z) = r and

r(@) <r(x) —cplx —z|I”
forall x € C, where the constant c, is as in Theorem 7.

Theorem 13 Let p > 1 be a real number and let E be p-uniformly convex Banach space, C
a nonempty bounded closed convex subset of E. Suppose T = {T : s € J} is a left reversible

I
semi-topological uniformly k-lipschitzian semigroup on C with k < (1 + cp)?, where the
constant cp, is as in Theorem 7. Then

F(T)={xeC:Txx=x forallse J}# @
and F(T) is a retract of C.

Proof We may assume that k > 1 since if k < 1, the well known Banach Contraction
Principle guarantees a fixed point of 7.

Define a sequence {x,} C C in the following way: x, is the asymptotic center of the
net {Tsx,}scy in C. Then, by Lemma 12, we have forx e Candn =1, 2, ...

cpllx — xpp1lI” <infsup | Trx, — x[|” — inf sup | Tyx, — X117 (10)
Sot>s Sot>s
= =
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Noting the inequality

infsup |7y — x||” < inf sup || Tary — x|1”

t>s t>s

is valid for all x, y € C and every a € J. Putting x = T,x,1 into (10) we get

epll Tatn st = xugt | < inf Sup | Ty — T |7 = inf sup | Ty, — 117

t>s t>s
< inf sup | Torxp — TaXnt1ll” — 1nf sup | Trx — Xpg1 1P
Sor>s t2>s
< (kP — 1)1nf sup | Trx, — xpg11l?
t2>s
< (kP — 1)1nf sup | Tyxn — x,||”
t2>s

and hence

—1.
| Taxpnt1 — X1 7 < inf sup | Ty x, — xy (ke

P Sot>s
< M"*linf sup || T,xo — xo||”, (1
t>s

where M = k’;—;l < 1 by assumption of the theorem. Inserting x = T,x,_; into (10) and in
a similar way to above, we obtain

kP
1 Taxn — xpp1 1P < *lnfsup I Texn — xul”. (12)
Cp t>s

Combining (11) and (12) it follows that
17 < (”xn—H Taxpll 4+ 1 Taxn — x21)P

< 2k~ (||xn+l Taxn”p + ”Taxn — Xn ”p)

kP
2P= (— + 1) -inf sup || Tyxg — xo|?, (13)
Cp S ot>s

llxn+1 — X

N

which shows that {x,} is Cauchy. Let z = lim,,_, 4« x,,. Then for each a € J we have

llz — TaZ”p < (lz = xpll + llxn = Taxp |l + | Taxn — aZ”)p
< (A + Bz = xull + llxp — TaxalD?
<227+ )P llz = xall? + 10 — Taxn||”]
<

2PN+ k)P Iz — xa|” + M" - lnfsuplthm—XOII”]—>0
t>s

as n — +o0. Therefore T,z = z foralla € J.
Note that if xo = x is a arbitrary pointin C, then x,, = A”x form = 1, 2, ... and by (13)

kP
A"y — A™x|| < 2P~ M (7 + 1) inf sup || 7,x — x]”
Cp s

rzs
1 kP
<200 M (7 + 1) - (diamC)”?
p
form =1,2,... Thus

sup [[Alx — A"x| < 2771

M (k’7
xeC 1-M

—+ 1) - (diamC)? — 0
¢p
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if i, m — 400, which implies that the sequence {A" x} converges uniformly to a function

Rx = 1lim A"x, xeC.
m——400

It follows from Lemma 3 and Remark 4 that R : C — C is continuous. Moreover

[Rx — T,Rx||” < (|Rx — A"x|| + [|A"x — To A" x| + || Ta A" x — Ty Rx|))?
< ((I+B)IRx — A" x|l + [|A"x — T,A"x|)?
<277 MA+ k)P - || Rx — A™x||P + ||A™x — T, A" x||”]
< 2PN+ k)P - |Rx — A"x||P + M™ ~inf sup | Thx — x[|”] — 0

>

asm — +oo,and Rx = T,Rx foralla € J and x € C. Thus R is aretraction C onto F (7).
O

Corollary 14 Let H be a Hilbert space, C a nonempty bounded closed convex subset of
H and T = {Ty : s € J} be a left reversible semi-topological uniformly k-lipschitzian
semigroup on C with k < /2. Then F(T) # @ and F(T) is a retract of C.

Corollary 15 Let C be a nonempty bounded closed convex subset of L? -space (1 < p < 00)
and T = {T; : s € J} be a left reversible semi-topological uniformly k-lipschitzian semi-

group on C. Suppose k < \/pifl < p <2 andk < (14cp)? if2 < p < 400 (here cp is
as in Theorem 8(b)). Then F(T) # @ and F(T) is a retract of C.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncommer-
cial License which permits any noncommercial use, distribution, and reproduction in any medium, provided
the original author(s) and source are credited.
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