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Isomorphisms of H*-Triple Systems !

A. CASTELLON SERRANO - J.A. CUENCA MIRA

Let A be a module over the commutative unit ring ¢. We say that A is
a ¢-triple system if it is endowed with a trilinear map (---) of Ax A x A to A.
If =R or C the map * : A — A that to each z assigns z* is said to be a
multiplicative involution if it satisfies (zyz)* = (z*y*2*) for any z, y, z € A and
it is involutive linear if ¢ = R or involutive antilinear if ¢ = C. The ¢-triple
system A is said an H*-triple system if its underlying ¢-module (¢ =R or C)
is a Hilbert ¢-space of inner product (-|-) endowed with a multiplicative
involution z — z* satisfying

((zy2)|t) = (z|(tz"y")) = (y|2"tz")) = (2|(y"z"t))

for any z, y, z € A. A ¢-linear map F' between the triple systems V and V'
is said to be a morphism if F(zyz) = (F(z)F(y)F(z)) for any z, y, z€ V. The
concepts of isomorphism, automorphism between triple systems and *-morphism,
*-isomorphism and *-automorphism between H*-triple systems are defined in
an obvious way. A *-isomorphism F' between the H*-triple systems V' and V'
is said to be an isogeny if there exists a real positive number A, called the
constant of the isogeny, such that (F((z)|F(y)) = A(z|y) for any z, ye V. If F
is a continuous morphism between the H*-triple systems V' and V', we denote
by FU:V' —» V the adjoint operator of F and by F*:V — V' the morphism
given by F* : z — [F(z*)]*. A subspace I of a triple system V is said to be
an ideal of V if it satisfies (IVV) + (VIV) + (VVI) C I. An H*-triple sys-
tem V is topologically simple if the triple product is non-zero and contains no
proper closed ideals. In an H*-triple system V' we define the annihilator Ann(V")
of V to be the set {z € V : (zVV) =0}. We observe that if V is an H*-triple
system, then Ann(V) = {z € V : (VzV) =0} = {z € V : (VVz) = 0}, and the
involution * is isometric if Ann(V) =0 ([3], [4] and [5]). Ann(V) is a closed
self-adjoint ideal of V. The centroid Z(V) of an H*-triple system V is the set of

! This work was partially supported by the “Plan Andaluz de Investigacién y Desarrollo
Tecnolégico”.
Pervenuto alla Redazione il 26 Luglio 1991.



508 A. CASTELLON SERRANO - J.A. CUENCA MIRA

linear maps F : V — V such that F(zyz) = (F(z)yz) = (zF(y)z) = (zyF(z)) for
any z, y, z € V. In [6] we proved that if V is a topologically simple H*-triple
system then (Z(V),o) is (CId,”) in the complex case and either (CId,”) or
(R1Id,Id) in the real case.

PROPOSITION 1. Let V and V' be two H*-triple systems with continuous
involution and F : V — V' a continuous morphism with dense range. Then
F* o FU lies in Z(V").

PROOF. For any z, y, z€V, t € V', we have
(F(zyz)|t) = (zyz)|FO@®)) = (z|(FO@®)2"y*))
and on the other hand
(F(zy2)[t) = (F(@)FF(2))[t) = (F@)|(tF ()" F(y)"))
= (|FO(tF(2)" F(y)")).
Hence F°(tF(2)*F(y)*) = (FO(t)z*y*). Substituting y for y* and z for

z*, we can write FR(tF*(2)F*(y)) = (F"(t)zy), and by applying F* to both
members, we obtain

F*F(tF (2)F"(y)) = (F*FO)F" (2)F" ().

It follows, from continuity of F' and the fact that F* is a morphism, that
F* has dense range. Taking into account the above equality we have

F*F{tuv) = (F*F (t)uv),
for any u, v € V'. Analogously we can prove that
F*FO(tuv) = (tF*F (u)v) = (tuF*F°(v)),

for any u, v € V' and therefore F*F© e Z(V').

PROPOSITION 2. (a) Let V be an H*-triple system with zero annihilator of
norm || - ||. If V is endowed with another norm || - ||\ such that (V,|| - ||)) is a
complete normed triple system, then || - || and || -||1 are equivalent.

(b) Let V and V' be two H*-triple systems with zero annihilator and
F:V — V' an (algebraic) isomorphism. Then F is continuous.

PROOF. (a) Let V; be the triple system V' with the norm || - ||;. For any
z, y €V, we have L(z,y) € BL(V)N BL(). So

L(z,y)"L(z,y) € BL(V) N BL(V}).
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From the Banach inverse map theorem, we obtain
r(BL(V), L(z, y)°L(z,)) = r(BL(V1), L(z, y)"L(z, y)).

So
r(BL(\V1), L(z,y)"L(z,y)) < || L(z,y)"L(z, y)|1,

and therefore

3 1Lz, I* < (| LGz, [l L, il < 2" [lilly* [l llzlh Il

As in [7, (1-2-36)], it can be shown that * is continuous for the topology
induced by the norm || - ||;, hence there exists a positive real k such that
) lz*{lr < ll=]l1,

for any z € V;. Let {z,} be a sequence of elements of V' with lim 2, =0 in
Vi and lim z, =z in V. It follows from (3) and (4) that

| Lz, Il < kll=zl[ly]l1,

and therefore
| LCzn, I < Kllznll1]ly]]1-

The limit of the sequence {L(z,,y)} with the norm || - || is therefore zero.
Since relative to the norm || - ||, we have 1i_{n L(z,,y) = L(z,y), it follows
that L(z,y) =0 and z = 0. The closed map ?heogrem implies that z — z is a
continuous map of V; to V. The Banach inverse map theorem finishes the proof.

(b) We define a new norm || - ||; on V' by means ||z||; = ||F(z)||. Then
W, || - |l1) is a complete normed triple system. Part (a) proves that || - || and
|| - |lx are equivalent and this implies the continuity of F.

COROLLARY 5. Let V and V' be topologically simple H*-triple systems
and G :V — V' a *-isomorphism. Then G is an isogeny.

PROOF. By Proposition 3, G is continuous. It follows from Proposition 1
and [6, Teorema 14] that GG" = AId (A € R). For any z, y € V', we have

(G°()|G®)) = (z|GG°(¥)) = (z|Ay) = A(z|y).

Hence ) is a positive real number and G is an isogeny of constant A.

DEFINITION 6. Let V' be a triple system over K and D : V — V a linear
map. We say that D is a derivation if it satisfies

D(zyz) = (D(z)yz) + (zD(y)z) + (zyD(2)),
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for any z, y, z€ V.

LEMMA 7. Let V be a complex H*-triple system with non-zero triple
product, F' a continuous automorphism of V and D a continuous derivation of
V. Then
(a) there exist A\, u, v € Sp(F), such that Apv € Sp(F);

(b) there exist A\, u, v € Sp(D), such that X + p+v € Sp(D);
(c) Sp(F) cannot be contained in a halfline of origin 0 different from R and

R~
(d) Sp(D) cannot be contained in a line other than for the lines containing

.the origin.

PROOF. Let F be the Banach space of the continuous trilinear maps of
a b ¢ d
VxV xV into V. For any T € BL(V') we define the maps T', T, T, T € BL(F)

by
T(f)z,y,2)=T(f(z,y,2)

b
T(f)(z,y,2) = {(T(z),y, )
T(f)(z,y,2) = f(z,T(), 2)

d
T(f)z,y,2) = f(z,y,T(2)).

a b cd
If fo(z,y,2) = (zyz) then T is an automorphism iff T(fo) =T T T(fo) and
a b c d a
T is a derivation iff T(fo) = (T +T +T)(fo). The map T + T is a continuous

T
morphism which preserves the unity and the maps T — T, z € {b,¢,d}, are
continuous skewmorphisms which preserve the unity. Hence

®) Sp(T) € Sp), =z € {a,b,c,d}.

a b cd
If F is an automorphism then F(fy) = FFF(fy), that is,

a b c d a b cd
(F—FFF) (fo) =0, and therefore 0 € Sp(F — F F F). It follows from the fact

that { ﬁ‘}z clabed) 1S @ commutative set, that 0 € Sp(l‘é‘) - Sp(;F)Sp(ff')Sp(;?)
a b c d
(see [11, p. 280]). So there exist p € Sp(F), A € Sp(F), p € Sp(F), v € Sp(F),
such that 0 = p — Auv. Part (a) now follows from (8). In a similar way part (b)
can be obtained. Parts (c) and (d) are consequence of (a) and (b).
Let V be a Hilbert space and F' € BL(V). We recall that F is a positive
operator if F is self-adjoint and (F'(z)|z) > 0 for any z € V. In the complex

case the self-adjointness follows from the last condition.
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LEMMA 9. Let V and V' be two topologically simple complex H*-triple
systems and F : V — V' an isomorphism. Then either (F*)"'oF or —(F*) o F
is a positive operator.

PROOF. By [6, Teorema 14] and Proposition 1 we have F* o FY = \1d
(A € C). Firstly we prove that A € R — {0}. The fact that A #0 is obtained from
the invertibility of F. So

1
(F*)yloF= yFooF.
Since F"o F is a positive operator

1 . 1,
Sp(AF oF)CAR,

and, by Lemma 7, A € R — {0}. Then we have either (F*)"'oF or —(F*)"!o F
is a positive operator. This finishes the proof.

From the following lemmata we shall prove that the unique positive root
of (F*) 1o F or —(F*)™' o F is also a morphism. Next we generalize a well
know result (see [10, Lemme 8 p. 313]).

LEMMA 10. Let E be a complex Banach space and F' the Banach space
of the continuous multilinear maps ofAE" into E. Let D € BL(E) and F = €P.
We define D' € BL(F) and F' € BL(F) by

(D' Y1525+ +560) = DUG15625 -5 6n)) — F(DS1, 625+ -+ 5 6n))
- f(§17D§2)"‘7§’n) -t = f(§1’§2)"~aD§n)

F' 1,0y n) = FEEFE ¢, F g, F7h)

with ¢1,¢,...,¢n € E, f € F. Then
(@ D'f=0 implies F'f = f.
(b) If F'f=f, and SpD C {zE(C | Im(2)] <

2T
(n+1)

}, then D'f =0.

PROOF. We define maps z,, z1,...,z, € BL(F) by

(z()f)(gl?"'agn) =D(f(§l)"'a§n))’
(@ )15 -5 6n) = —F(1y- oo, Déiy -4 G, 1€ {l,...,n),

n
taking into account that D' = Emi and that the z; pairwise commute, we can

i=0
conclude the proof as in [10, Lemme 8 p. 314].
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LEMMA 11. Let V' be a complex complete normed triple system and F a
continuous automorphism of V such that

Sp(F) C {zE(C  larg(Z)| < g}

There there exists a unique continuous derivation D :V — V such that
e? =F and
T
Sp(D) C {ZGC | Im(2)| < 5}.

PROOF. Let f be the triple product of V' and log the principal determination
of the logarithm. Let D = log(F). Because F' is an automorphism, it follows
that F'f = f, with F' as in Lemma 10. The condition on F' implies that

Sp(D) = log(Sp(F)) C {z €C :|Im(z)| < 7_2r} ,

and by Lemma 10 (b) we have that D'f =0, that is D is a derivation.

PROPOSITION 12. Let V' be a topologically simple H*-triple system and F

a positive automorphism of V. Then there exists a unique positive automorphism
G of V such that G*> = F. Moreover if (F*)"! = F, then (G*)"!' =G.

PROOF. Let V be a complex topologically simple H*-triple system.
Since Sp(F) C R*, by Lemma 11 there exists a unique continuous derivation
D :V — V such that e? = F. Obviously 1 D is a derivation of V, and by Lemma
10 (a) and the spectral mapping theorem, G = ¢!/?P is a positive automorphism
of V such that G? = F. If V is a real H*-triple system with (Z(V),o) = (R Id, Id),
the unique positive automorphism G of C(V), with G2 = C(F) can be obtained
by arguing over the automorphism C(F) of the complexified C(V) of V' given
by C(F) : (a+bi) — F(a)+F(b)i. A direct calculation proves that rGr is another
positive root of C(F'), where 7 is the (real) involutive C-antilinear automorphism
of V given by 7 : (a+bi) — (a — bi). So G(V)CV and G =G|y is the unique
positive automorphism of V' such that G? = F. Finally, if V is a real H*-triple
system with (Z(V),0) = (C1Id,”), that is, V is the realization of a complex
H*-triple system, then as in [1, Lemma 1.4.3] it can be proved that F' is either
C-linear or C-antilinear. But the (real) positivity of F' implies that F' must be
a C-linear automorphism of V. Hence this case follows from the complex one.

Suppose now that (F*)~! = F. By Proposition 1, we obtain (G*)~! = uG,
for some p € Z(V) (Z(V) =R or C), since G and G* are positive operators
> 0. On the other hand, we have

pPF = (uG) o (uG) = (G o (@) I =(F) = F

so u =1 and the proposition is proved.

MAIN THEOREM 13. Let V and V' be two topologically simple H*-
triple systems and F :V — V' an isomorphism. Then either F : V — V',



ISOMORPHISMS OF H*-TRIPLE SYSTEMS 513

or —F :V® V' splits in a unique way
ocF =F, o F, 06{1,—1},

where F| is a positive automorphism, F, is a *-isomorphism and V® is the
twin of V, that is, the H*-triple system with the same Hilbert space and triple
product as V and involution = — —zx*.

In particular if V and V' are isomorphic, then either V or V® is
*-isomorphic to V'.

PROOF. Let H = (F*)"! o F. By Lemma 9 and the proposition above, we
obtain that either H or —H has a unique positive root Fj. First we suppose
that H is a positive operator. A direct calculation prove that (H*)™! = H, and
by Proposition 12 we have (F})™! = Fy. Then F, = FoF,‘l is a *-isomorphism.
Indeed from

Flo(FY 'oFR=Flo(F) 'oFoF '=F'oFloF[' =1d,

we obtain
Fl—l O(F*)—l — Fz_la

or equivalently
F; =FoFy}.

It follows from (F})~!' = F that F; = F>, and F5 is a *-isomorphism. If H
is a negative operator we argue over —Id o H in a similar way, taking into
account that —Id : V — V?® shows that (-Id)* = Id. Finally we prove the
uniqueness of the factorization. Arguing as in the proof of Lemma 9, we have
that G® = A(G)(G*)™! for every automorphism G, where A\(G) is a non-zero real
number. Moreover M\(G) > 0 if G is positive. Suppose that F' = F; o F} with F;
a positive automorphism and F, a *-isomorphism. Then

(F) loF=(F;oF) o FoF =) o(F;) o FoFy
=(F) o Fi = A(F) ' F,
so Fy is the unique positive root of the operator (G*)~' o G with G = A\(F})!/2F

and, by Proposition 12, (F})~! = F, that is A(F}) = 1 and the factorization is
unique. In a similar way, we can obtain the uniqueness in the case —F = F,0 F}.

COROLLARY 14 (Essential uniqueness). Let V' be a topologically simple
H*-triple system over K (K =R or C) and V' another H*-triple system with
the same underlying K-triple system of V. Then either V or V® is isogenic to V'
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