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The Two Weight Problem for Operators
in the Upper Half-Plane

LUZ M. FERNANDEZ-CABRERA - JOSE L. TORREA

0. - Introduction

Let f — f denote the conjugate function operator on the torus T ~
[-1/2,1/2), and consider the weighted L-inequality

0.1) /|f(z)|2u(z)dz§Cf |f(:c)|2v(z)d:c.
T T

The question, raised for the first time by Muckenhoupt, is the following:

Find all v(z) (resp. all u(z)) such that (0.1) holds for some u(z) (resp. all
v(z)).

Using complex-variable methods the following simple answer was given
by Koosis: (0.1) holds for some non-trivial u(z) if and only if v~! € L'(T), and
it holds for some non-trivial v(z) if and only if u € L'(T); see [K].

A more systematic study of this kind of problem was made later on by
different authors. The general setting is the following.

Let (E, Al,m1>, <E, Az,m2> be two measure spaces and T be a linear
1 2

operator. Find conditions on v(z) (resp. u(z)) such that

1/q 1/p

0.2) / |Tf(@)|*u(x)dma(z) | < C / |f (@) [Pv(z)dm (z)
Py >

2 1

is satisfied for some u(z) (resp. v(z) where u and v are positive measurable
functions).

Pervenuto alla Redazione il 15 Luglio 1992.
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Essentially two methods are used to deal with this problem. The first
one is a constructive method, which means the following: given a weight v a
new weight u is constructed such that (0.2) is satisfied. The second one uses
non-constructive techniques of factorizarion of operators and then the existence
of a certain u satisfying (0.2) is proved. The first method together with the
A,-weights theory was used in [C-J] in order to prove the following results.

0.3 THEOREM. Let M be the Hardy-Littlewood maximal operator on R"
and assume 1 < p < oo. The following conditions are equivalent:

(i) There exists u # 0 such that

/ |M f(2)|Pu(z)dz < O'/ |f(@)|Pv(z)dz.
Re Re

(i) v belongs to the class Dy, i.e.

sup v P/P(z)dz < +oo.

np/
r>1 r

[a|<r

0.4 THEOREM. Let 1 < p < oo, on R* the following conditions are
equivalent:

(i) There exists uw #Z 0 such that

/ |S f(z)]Pu(z)dz < C’/ |f(@)|Pv(z)d
Re Re

for all singular integral operators S.

(ii)) v belongs to the class D,, i.e.

v P/P(z)dz

Z e . .

A+ [z < C < +co
Rr

The following theorems were also proved using the constructive method.

0.5 THEOREM. ([G-G]). Let 1 < p < oco; on R* the following conditions
are equivalent:

(i) There exists v # 0 such that

/ |M f(@)|Pu(z)dz < C’/ |f(@)|Pv(z)dz.
R R
(ii)) w belongs to the class Z,, i.e.

u(z)

W dz < +00.
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0.6 THEOREM. ([H-M-S]). Let I, denote the fractional integral operator

L f(z) =/ f@)z —y|""dy, 0<y<m
Rr

> a
n

and assume 1 < p,q < oo, . Then the following conditions are

SRR

1
. q
equivalent:

(i) There exists u # 0 such that

1/q 1/p
(/ |I7f(z)|qu(x)da:) <C (/ |f(z)l”v(a:)dz) .
R Re

(i) v belongs to the class D}, i.e.

v(z) PP

_— < .
T+ a7 dr < C < +o0
R

0.7 THEOREM. Let M., denote the fractional maximal operator

1
Mi@=swp = [ @iy, 0<q<n
r>0 r
[z—y|<r
1 1 . .
and assume 1 < p,q < oo, a > 5— —. Then the following conditions are
n

equivalent:

(i) There exists u # 0 such that

1/q 1/p
(/ |M.7f(m)|qu(x)dz) <C (/ |f(z)|”v(m)dz) .
Re Re

(i) v belongs to the class Dy, i.e.

/ v(z) ?/Pdz < C < +o0.

sup ———
>11’ e~
|z|<r

The non-constructive method was developed by Rubio de Francia and with
this method he proved Theorems 0.3, 0.4, 0.5, 0.6 and 0.7 for p = q (see [GC-R
de F], Chapt. VI] for a complete description of the method). The method of
Rubio cannot be applied in the cases p#g but, being non-constructive, it can
be applied to a huge class of operators and measure spaces; in particular the
Ap-theory is not needed.

This paper grew out of an effort to understand better the two methods
mentioned above, and, as a consequence, to solve the general problem (0.2)
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for operators acting on the upper half-plane (see Section 1), in which case the
Ap-theory is not available. We also look at both methods from the point of
vew of vector-valued function theory: then maximal operators can be handled
as £*-valued linear operators.

The organization of the paper is as follows. In Section 1 we introduce
the operators in the upper half-plane for which we want to solve problem
(0.2); we also prove some estimates (see Proposition 1.7) that have interest in
themselves and that we shall use later. Section 2 contains the basic lemmas that
are needed for the methods mentioned above; both methods have a common part
of strategy: given a function f, decompose it as f; + f», where f, = fxp and B
is a certain ball, while T f, is estimated in both methods with a local L*-bound.
In this estimate, when working in Banach lattices X, it is natural to consider a
new class D7 0. X of weights (see (2.15)); the class D; x solves problem (0.2) for
fractional max1ma1 operators acting on lattice-valued functions; the classes Dy,
D}, 0 < v < n, solve the problem for the Poisson integral and the fractional
integral operator in the upper half-plane (even with Banach-valued functions),
whereas the class D, solves the problem for the generalization of the Riesz
transform with U.M.D.-valued functions. All these results are proved in Section
3 (Theorems 3.5, 3.9, 3.1 and 3.7). In Section 4 we see that the class D;X is
an intermediate class between D] and Dp”7.

1. - Notation and background

We shall consider the following operators:

M, f(z,t) = / |f()|dy, (z, ) eRY', 0<~y<n,
r>t B(z,r)
_ f(y) n+1
T, /@0 = / o @HERY, 0<y<n,
R

Qif(z,t) = cn / @{%ﬂy)dw @HERM, i=12,.. .m,
Rr

Pf(:v,t)=cn/ %f(y)dy, (z,t) eRY!
g (z—yP+H™
where R%*! denotes the upper half-plane R” x [0, 00), ¢, is a constant depending
on the dimension and B(z,r) is the ball {y e R": |z —y| < r}.

The operator P is the Poisson-Integral, Mo was introduced in [F-S] and
M, and T, were studied in [R-T].

Given a measure du on R%! we shall say, as usual, that du is a Carleson
measure if there exists a constant C such that for any ball B = B(z,r) in R*
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we have u(B) < C|B| where B={(@y,t)eR%" : |z —y|+t < r} and |B| stands
for the Lebesgue measure of B.

1.1 REMARK. It is known (see [R-T]) that if x is a Carleson measure
then M, and T, map L'(R*,dz) into weak—LﬂLﬂ(RTl,du) and P and Q; map
L'(R*, dz) into weak-L!'(R™!, du).

Moreover if a weight v belongs to D, then there exists a weight u such
that Mo maps LP(v) into LP(u,dy) (see [F-T]).

On the other hand it is known that if for an open set § C R® one defines

T®) = {(z,t) € R%" : B(z,t) C 0}

then du is a Carleson measure if and only if w(T(9)) < C|0| (see [A-B] and
ID.

1.2 REMARK. The operators defined above generalize several known
operators. In particular:

. the fractional maximal operator of order ~

/ 1 @ldy = M, f(z,0),
>0 B(z,r)

(observe that M, = M is the Hardy-Littlewood maximal operator);

° the fractional integral

Li@ )—/i IO 4y -7 5z, 0;

y|"
. the Riesz transforms

Rif(z) = pov. [ T Wy = Quf w0

Now we shall consider vector-valued extensions of the above operators.

We observe that T, and P are positive (f > 0= T,f >0 and Pf > 0)
and linear operators. Therefore given any Banach space E we can consider the
vector-valued extensions T, and P such that

(T, f(z,b),€") = To({f, ")z, t)

(1.3) .
(Pf(:l:,t), e*> = P((f’ e*))(z)t)

where f is an E-valued strongly measurable function and e* € E*. It
is well known (see [L-T]) that the extensions T, and P have the same
boundedness properties as T, and P.In partlcular if du is a Carleson measure,
T maps LL(R",dz) into weak- L" T(R%, dp) and P maps LL(R",dz) into
weak LL®R%! dp) for any Banach space E.
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We recall that the class of the Banach spaces E such that the
Riesz transforms R; are bounded from L%(R",dz) into L%;(R",dz) has been
characterized by Burkholder and Bourgain (see [Bk] and [B]) ant it is denoted
by U.M.D. Therefore choosing the Carleson measure du(z,t) = dz ® d(t), where
8o is Dirac’s delta, it is clear that if the Q,’s are bounded from L}E(R",dz) into
weak-LL(®R™ du) then E must be in the UM.D. class. On the other hand

n+l

{@,t): |Qif(z, )|z > A} C Tz : ||Rif @)z > 27 A})

and therefore if E is U.M.D., using Remark 1.1, for any Carleson measure du
we have

p{(@,t) : |1Qif @, )|z > A}) < wT{z : |Rif@)||g > 2T A})

n+l

- C
< CHz: [Bif@llp > 27 M < + £l

1.4 DEFINITION. Let (Q, A,v) be a complete o-finite measure space. A
Banach space X consisting of equivalence classes, modulo equality almost
everywhere, of locally-integrable real-valued functions on Q is called a Kothe
function space if the following two conditions hold:

() If |[fw)] < |gw)| a.e. on Q with f measurable and g € X, then f € X
and || £ < lgl|-

(2) For every E € A with v(E) < +oo the characteristic function xg of E
belongs to X.

Every Kothe function space is a Banach lattice with the obvious order
(f>0if f(w)>0 ae.).

Given a measurable function g on Q such that gf € L'(v) for every f € X,
one defines an element zj in X* by

z,(f) = / fw)g(w)dv(w).
Q

The linear space of these zj is denoted by X'. Tt is known (see [L-T]) that
X' is a norming subspace of X* if and only if whenever {f,}, and f are
non-negative elements of X such that f,(w) 1 f(w) a.e. we have ||f.|| — |||
Let X be a Banach lattice and let J be a finite subset of the set Q. of
positive rational numbers. Given a locally-integrable function f:R® — X (this
means, of course, that f is strongly measurable and that the R-valued function

y — ||f(y)||x is locally-integrable) we define

1
rn

(1.5) M. 7 f(z,t) = sup
redJ
r>t

/ |/ ()| dy,

B(z,r)
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where the sup is taken in the lattice X.
When X is a Kothe function space, as it will be the case in the sequel,
it is clear that M, ;f(z,t) is a function of w given by

. 1
Saf@t@=sp - [ lwwld,
reJ r
r>J B(z,r)

where the sup is now taken with respect to the order of R.
In this situation we can consider f and M., ;f as functions on R* X Q and
R% x Q respectively. If v > 0 we have

M, f(z,t) < T,f(z,t), (z,t) €RY!

and therefore for any Banach lattice X and any finite subset J of Q., we have
Mysf@ ) ST, f2t),  (z,t) €RY

where now the inequality holds with respect to the order of the lattice X. By

the above results about T, we have that given a Banach lattice X, a Carleson
measure dp and ~ > 0, the inequality

n

_ 1 =
{05 1 a0l > W <€ (3 [ N7@lede)

holds with the constant C depending on du and ~ but not on J.

1.6 DEFINITION. We shall say that a Banach lattice X satisfies the
Hardy-Littlewood (H.L.) property if the inequality

. C
{z e R : M f@llx > A} < / 1/ (@)l|xd=

Re

holds, with C independent of J (see [GC-M-T]); M; is defined by

- 1
MJf(z)=suP,r_n / |f(y)|dy,

redJ Bz,

the sup being taken with respect to the lattice order.

It is easy to check that for every for any finite subset J of Q. we have

{@,t): | Mogf(z,Dllx > A} C Tz : ||Msf(@)||x > A}),
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therefore if X has the H.L. property, using Remark 1.1, we have for any
Carleson measure du

p{(z,t) : | Mos f(z,t)]|x > A})
< wT{z: || M1f@)|x > A} < Cl{z: | Msf(@)]lx > A}

< Sl

On the other hand, choosing du(z,t) = dx ® 6y(t), it is clear that if for a
Banach lattice X we have the inequality

_ C
W0 [Rosf@ollx >} < [ Ir@ilxds
R

with C independent of J, then, Definition 1.6, X must have the H.L. property.
Now we collect the above results for further reference.

1.7 PROPOSITION.

(1.8) Let E be an arbitrary Banach space and TAV P be the E-valued extensions
defined in (1.3); then for any Carleson measure du in R%!, we have

n

. 1 -
w{(@,t) : [Ty f(z,)]|lg > AD < C (X / IIf(Z)IIEdI)
Rr

and

~ C
W@t 1Sl > ) < 5 [ 17@sd
R®

(1.9) Let X be an arbitrary Banach lattice and M,\/’J be the operator defined
in (1.5); then for any Carleson measure dy in R%! and any v > 0 we
have

. -
n—y

_ 1
WA, | S llx > M) < © (X / Ilf(m)llxdz)
R®

with C independent of J.

(1.10) Let E be a Banach space and Q; be the vector-valued extension of Q.
For any Carleson measure du in R%' we have

N({(ma t): ”Q,f(il),t)“E > ’\}) < % / ”f(z)“Ed-T 1=1,2,...,n
R

if and only if E is UM.D.
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(1.11) Let X be a Banach lattice and Mo, j be the operator defined in (1.5).
For any Carleson measure dy in R%! we have

_ C
W@ 0 IRoaf@ollx > < T [ 17@llxda
R

with C independent of J, if and only if X has the H.L. property.

2. - Technical lemmas

2.1 LEMMA. Assume that dy is a Carleson measure in R%. Let 1 < p < oo,
By ={z: |z| <1} and let v be a non-negative measurable function in R* such

that Mo(v“"/l’xgl)(z,t) < +0o a.e. in (z,t) and / v P/Pdg > 0. Under these

B,
conditions the weight w(z,t) = [Mo(v‘l"/l’)(j_:,1 )z, t)]7? with B > p — 1 satisfies

B

(2.2) For any v > 0 and 12 l——20
q p n
1a 1/p
f M’Y(fXB[)(zy t)qw(z,t)q/pdl“(z’ 1) < Ofy,p,q (/ |f(z)|pv(a:)dz) .
B, B,
1.1 ~
23) Forany y>0and - > -—-—2>0
q p n
1/q l/p
/ T, (fxB,(z, ) w(z, )Pdu(z,t) | < Cypg ( / | f(a:)|”v(z)dz) :
B] Bl

PROOF. If 1 > L 1, by Hoélder’s inequality, we have
r p mn q
1/r
| Mot oy, tduca,
B
1/q

< B / M, f(z, ) w9P(z, t)dp(z, t)
B,
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. 1 1
Then we need to consider only the case — = — — T Let
q n

3

Ey = {(z,t) € R : Mo(w™?/Pxp)(z,t) < 2¥},
k=0,1,2,.... We define
Tif(z,t) = My(fo™PPx5)(@, )X, (2, t);

as the operator M., maps L'(R",dz) into Weak—Lﬂ"Tr(R’fl,d/t), see Remark 1.1,
we have

n

Q4 @t Tef@t) > A< C (i / f(m)v”'/"(w)dm) _
B

On the other hand, for any r > 0, Hélder’s inequality gives

/ |7 W) |xz @) P Py)dy
B(z,r)

1—q/n v/n
< ('rnl—"/ / XBI,UP'/sz) (/ lf’n/'yv—p’/pdx) 5
B,

B(z,r)

rn=

therefore, by the definition of Ej, we obtain

v/n
(2.5) I Tk f |loo < C2FA—/™ ( / 1 fln/wp’/sz) .
B,

Applying Marcinkiewicz’s interpolation theorem to (2.4) and (2.5) we

obtain
1/q

1/p
[ irertan| < o2t ( / Ifl‘”v‘p'/”dz) ,
Re

R
for ! = 1_ 7.
p n ,
Replacing, in the last inequality, fo=?/? by f it follows that

1/q
(2.6) ( / Mq(fXBl)”du) < C2H? ( / Ifl"vdw)
Ey B,

1/p
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The assumption that Mo(v?/Pxp )(z,t) < +oo a.e. in (z,t) implies that
p(R%1\ U Ey) = 0; therefore:

en [ Mgxe)wrids /+E [ |

B1 BlﬂEo Bln(Ek\Ek i)

On the other hand if (z,%) € B, then

, 1 ,
/v—P /P(y)dy < C sup = / v~ P /P(y)XBl (y)dy;
B, =t B

therefore, as / v P/P > 0, we have that w(z,t) is bounded for (z,t) € Bi N E,.
B
Then, using (21.6) and (2.7), we get

/ Mo (fx3,) w™?dp < E 2*halp / Mo (fxB,) dp
B

a/p
< Cyp (/ |f|”vdz) E 2—kPa/p/pka/¥ .

k=0

since B > p — 1, the above geometric series is convergent and this completes
the proof of (2.2).

In order to estimate T.,(fxp,) we shall use the following inequality, see
[R-T], valid for € > 0 small enough

(2.8) T, f(, )| < CIMy—ef (2, ) Mase f(z, )]/

where C depends on ¢ and 7.
Lete > 0, 41 = v—e¢ and v, = y+¢; if € is small enough we get 0 < ; < —

1 1 1 . . 1 1
Let q; and ¢ be such that — —+— and — —E; in particular -2
| | qgq q n ¢ gqn qQq p n
and — =~ — 2,
9@ P n

By (2.2) we have

1/q

/p
/ Mo (fxB)¥w?/Pdp <C (/ |f|"vdz) , 1=1,2.
B

B
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. 2q; .
Then applying (2.8) and Holder’s inequality with exponents “% we obtain
p

1/q
/ T,(fxs) ' w"Pdp
By
( 2 1/2q,
<C| | My(Fxp)"w"/Pdy / Mo (f XB)2w®/Pdp
5, B

1/p
<C / |f|p'vdz) . O
By

Now we state the vector-valued version of Lemma 2.1.
2.9 LEMMA. Assume that du is a Carleson measure in R"!. Let
1 < p < oo and let v be a non-negative measurable function in R* such

that Mo(v™?/Pxp )(z,t) < oo a.e. in (z,t) and / v ?/Pdg > 0. Under these

B
conditions the weight w defined in Lemma 2.1 satilvﬁes the following properties:

(2.10) For cfny Kothe function space X, any finite subset J of Q., any v >0
1
and — > — — J

q p n

l/a 1/p
/ 1B s £ @, D[, DPdu(z, © scq,p,q( / ||f<z)||5’fv(z)dz)

B] B

with C,p 4 independent of J and X;

1 _ 1
(2.11) For any Banach space E, any v > 0 and p > - - 7
Y4 n
1/q 1/p
/ 1T, £ )| S, D dp(z, ) | < Copg ( / llf(z)ll’};v(w)da:)
B,

By
with C,p 4 independent of E.
PROOF. Since ||T,f(z,t)||g < Ty(|f]lz)(z,t), (2.11) is a direct conse-

quence of (2.3). On the other hand if X is a Banach space of classes of equiva-
lence of measurable functions on (Q, A,v) we have for any w € Q and v >0

/ @, w)ldy < CTy(7(, o)), 8

B(z,r)

M, f(z,t)(w) = sup

n—y
>t T
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and therefore, by definition (1.4), we have

|Myf,Dlx < |1 T(f D, Dllx < Tyl Flllx)(, &) = To(|| fllx)(, 8);
now (2.10) follows from (2.11). O

The following Lemma can be found in [F-T], Theorem 1. We state if here
for further reference.

2.12 LEMMA. Let (Y, dv) be a measure space, F and G be Banach spaces and
{Ax}2, be a sequence of disjoint sets in' Y such that |J Ay =Y. Assume that

k=0
0 < s < p < oo and that (Ty)jcr is a family of sublinear operators which satisfies
1/p 1/p
(E IITffjil’}) < Ck (E IIijI’é) , keN
J J

where, for each k € N, Cy, is a constant depending on G, F, p and s. Then
there exists a positive function u(z) on Y such that

L#(Ag,dv)

1/p
(/ ||Tif(93)||l;~u(z)d1/(w)) <Clflle e
Yy

where C is a constant depending on G, F, p and s.

2.13 DEFINITION. Given 0 < v < n and a finite subset L of Q. N[1,00)
we define the function @, on R* X Q as

XB, (%)
Bl

PqL(z,w) =

where B, is a ball centered at the origin with radius r, € L.

2.14 DEFINITION. Let v be a weight in R* (ie. a real-valued,
locally-integrable function with v(z) > 0 a.e. in R*). Let X be a Kothe function
space with X' norming and 1 < p < oco. We shall say that v belongs to the
class D, x if the inequality

/ ||a<p,,,L(z)]|plw(z)_”'/”dz <C
ke

holds for any a € X' with ||a|
Pq,L-

x+ < 1 and with the constant C independent of

2.15 LEMMA. Assume 0 < v < n. Let X be a Kithe function space with
X' norming and let 1 < p < co. For a weight v in R" the following properties
are equivalent:
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i wve D;,X.
(i) Given a ball B = B(O,R) = {z : |z| < R}, R > 1, and a X-valued

locally-integrable function f with support in the complement of 2B =
B(0,2R), inequality

sup ([ My sf(@,0lx < Cllf g
(z,t)eB

holds with the constant C independent of J.

PROOF. (i) = (ii) Let f be a locally-integrable function with support in
R™\B(0,2R). Given (z,t) € B and a rational number r, the integral / |f()ldy

B(z,r)
is equal to zero unless B(z,r) NR*"\B(0,2R))#@; in this case r > R and then

B(z,r) C B(0,2r). Hence if J C Q, we have

1
Moy.gf (@, t)w) = sup —— / £y, w)ldy
reJ
>t B(z,r)
=C sup g / |f(y, w)|dy
redJ
r>max(t,R) Bn
<C sup |f(y,w)|dy
red
r>max(t,R) B.2n)
SC s —— |f(y, w)|dy
reJ
r>max(1,t) B©,2r)

=C / lf(ya U))"P'\/,Lt(y, w)dy’
R

where
XB,(¥y)

—~
ro Y

L, ={2r : r € J,r > max(l,t)}, O (Y, w) =

and for each w, r, =s € L; if

1 1
S Gy / @y, wldy = —= / |/ (y, w)|dy.
r>max(l,¢) B(0,2R) B(0,s)

In the last equality we have used the hypothesis that J is finite and the
consequence that for each (w,t) the sup is in fact a maximum.
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As X' is norming, we have

Moy f@,Blx < C sup [ / 1 @, )]0,y w)a(w)dydoo.

acX'
laj<1 ¢ ¥

Now we observe that for each y, the function w — ¢, 1,(y,w) is a step function

and therefore the function w — a(w)p, r,(y,w) is an element of X'; therefore
by duality and Holder’s inequality, we have

1/p
IMq,sf(z,t)||x < C sup (/ Hf(y)llé}v(y)dy)
acX' e

llali<1

1/p
X (/ ”“SOmLt(y)lli‘v(y)pl/"dy) < Cllfllzg -
g

@ii) = (i) Let By = {z : |z] < 1} be the unit ball in R*. By duality we
have

/ a2 )| vw) 7 /2y
Re

geLll
llgll<1

Y4
= sup ( / / a(w)<p~,,L(y,w)g(y,w)v(y)‘l/"dudy)
R Q

< sup / [ (W), LY, w)g (Y, w)xr\28, Y)V(y) " /Pdwdy
R

/

p
+ / / a(w)soq,L(y,w)g(y,w)Xm(y)v(y)‘l/”dwdy)
R Q

< sup / a(W) Moy, 1(gXRr\ 28,0 /P)(0, t, w)dw
geLlly o
llgll<1
pl
+ / / a(w)wq,L(y,w)g(y,w)v(y)‘l/”dwdy>
Q

2B,

where 0 <t < 1.
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To estimate the first summand we observe that (0,¢) € B, and therefore
we have

||M~,,L(QXR'-\2BIU_1/")(0, Dlx < C”gX]R"\2B.'U_1/p”LP w <C
X

On the other hand since @, 1(y,w) < 1 we have

/ | o010, 0000) Py
2B, Q

S//|a(w)l lg(y, w)|v(y)~Pdwdy

2B, Q
1/p'
gllz, ( f v(yrf”/"dy) <c.

2B,

< [laf

X*

This completes the proof. O

2.16 LEMMA. Let 0 < v < n, E and F be Banach spaces and v be a
weight in R* such that v € D} (see 0.6). Assume that r, is an operator from
LE(R*, dz) into LEL(R%!, dp) such that

lryfz,t)||F < C / 0 I/ @lle dy = CT,(|| f||)(z, ).

—y|+t)m

Then given a ball B = B(O,R), R > 1, and a E-valued locally-integrable
function f with support in the complement of 2B, inequality

sup 7y f (2, )llF < C’V”f”Lg(v)
(z,t)eB

holds with C independent of 7.

PROOF. It is sufficient to prove that

sup T([|£lle)(z, ) < Cyll fll -
(z,t)eB
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If (z,t) € B, we have

lf @) e

(Jz —y|+t)"

T, (| fl| e)z, 1) =
|z|[+t<R<2|y|

liwle_,, - lf@lle_,

< —_—
|z —y[" (Jy| + =
R

lal<R<2ly|

1/p'
v(y)""/"

< CIIf!ILgm- O

3. - Main results

In this section we shall state and prove the main results of the paper. We
recall that in the Introduction (0.3 and 0.6) we have defined the classes Dj and
D3.

p

3.1 THEOREM. Let E be a Banach space, du be a Carleson measure in
R*! and v be a weight in R".

(B32)Ifve D;, 1 <p< oo, then there exists a weight u in R%*! such that

[ 12s@ vl vauen < © [ @l

R Re

(3.3) v belongs to D] with 1 < p < oo and 0 < v < n, if and only if there
exists a weight u in R*%! such that

1/q

1/p
/ ||T @, || Lu(z, t)du(z, t) <Cy (/ If @)% v(z)da:)

Rrwl

1
with—Z——land1<q<oo.
qQ p n

3.4 COROLLARY. Let 0 < v < n, E and F be Banach spaces, du be a
Carleson measure in R%*' and v be a weight in R* such that v € D}. Assume
that 7, is a bounded sublinear operator from L (R*,dz) into LL,(R%", du) such
that

||T7f(I, t)”F S CT’y(”f”E)(xa t)
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Then there exists a weight u in R*! such that
g +

1/q 1/p
( / |7 f (2, O)||Fulz, t)du(z, t)) <C, ( / I f(z)||’,;u(z)dx)
Re

R+l

1 1
with—z——j— and 1 < q < oo.
q p n

3.5 THEOREM. Let X be a Banach lattice, du be a Carleson measure in
R*! and v be a weight in R"; then v belongs to D;X, (see 2.14) 0 <y < mn
and 1 < p < oo, if and only if there exists a weight u in R such that

1/q

1/p
66 | [ IFss@blute tdu, v scﬁ( / ||f(z)ll§cv(z)dz)
Rr

+1
R*

where the constant C is independent of the finite set J,
1<g< oo

Q| =

3.7 THEOREM. Let E be a Banach space with the U.M.D. property, du be
a Carleson measure in R%! and v be a weight in R*. Then v belongs to D,
with 1 < p < oo, if and only if there exists u in R%! such that

(3.8) / 10/ (2, OBz, t) < C / I @Bo@ds,  i=1,...,n.
R

+1
R

3.9 THEOREM. Let X be a Banach lattice with the H.L. property, du be
a Carleson measure in R%! and v be a weight in R*. Then v belongs to D, x
(see 2.14) with 1 < p < oo, if and only if there exists u in R such that

610 [ IRus ol w0 < © [ 1@l
Re

R

where the constant C is independent of the set J.

PROOF OF 3.1. We first observe that for every (z,t) € R%! we have

|1Pf @, )z < P(|f|le)z,t)

and 3
T, f(z, ||z < Ty(|fIDE(, D).

Therefore it is enough to prove the result for the special case E =R and f > 0.
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In order to see that condition Dj is sufficient we observe that, by Remark
1.1 there exists a weight u satisfying

/ Mo f(z, t)Pu(z, t)du(z,t) < C / | f(@)[Pv(z)dz
Re

Rn+l

and then (3.2) follows since
Pf(z,t) < Mof(z,t),  (xz,t) R

Now we shall show that condition Dj is sufficient in (3.3). We assume

1 . . o
first that — — 2 > 0. Without loss of generality we may assume that v=7/? is

p n . . .
not equal to zero a.e. on B(0, 1). Given a function f we write f = f; + f,, where
fi= fXB(O,Z)- To deal with f;, remark that

/ w(y) PPy < C / 7 v(y) P/
Rt

+ [y =
B(0,1)

Therefore as Mo maps L'(R",dz) into weak-L'(R™%!, dy), see [F-S], we have
that

Mo(v_p’/pXB(O,l))(z, t) < +oo a.e. in (z,t)

and then we are in the hypothesis of Lemma 2.1. Therefore, if u is defined as
uPle = MO(v_pl/pXBl)_ﬂ’XBl
we get by (2.3)

1/q

1/p
/ T, £1(2, Dz, Ddu(, ) | < Copg ( / |f1(m)|"v(z)dz)
B

B
1/p
< Chpyg (/ |f(a:)|"v(z)d:c) .
R
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In order to consider f, we apply Lemma 2.16 and get
1/q
/ |T, f2(z, t)| ulz, t)du(z, t)
B
1/q

( 1/p
S C79P7q k / |f2(z)|pv($)dz) / u(‘T’ t)dll’(z) t)
Rt

B

f 1/p
< Copa | [ lf(w)i"v(z)dx)
&

where for the last inequality we have used the hypotheses that » is a bounded
function and that p is a Carleson measure.

A < 0. As before we write f = f; + f, where

1
Suppose now that 1—) -

f1=IxBo2)-
To deal with f; we first remark that there always exists § with 0 < § < n,

1 1 6
such that — > — — — > 0. It turns out that § < ~; then D} C Dg and hence we
q p n

can apply the previous case obtaining a weight u supported in B; = B(0, 1) and
satisfying

1/q
1/p
/ |Ts f1]%(z, tyu(z, t)du(z, t) SC< / lfl(z)l”v(z)dz> .
B,

Then the desired estimate for T, f; follows from inequality

Xﬁl (13, t)T'yfl(my t) < CTﬁfl(za t)

The estimate for f, is proved using the same method as in the previous case.
We finally show that condition Dj is necessary in (3.3).
Given (z,t) € B(O, 1) we have

f@ )
T. W)= ————dy > I
i / (e—yl+0r V= ) Q@+ r
e Re
Therefore, using the hypothesis, we have

1/q

l/p
f@)
L G+ % / u(z, Odu(z,1) SC( R[ |f(y)lpv(y>dy) .

B©,1)
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Now, if we take f(y) = g(y)v~'/P(y), we can conclude that

1/p
) ]
———="dy<C P(y)d:
/ 9(y) Qv S 9" (y)dy
R* R

and this implies that

-P/p(
v P/P(y)
R A— < (C.
T+ e W =C
1
This concludes the proof of Theorem 3.1. O
PROOF OF 3.5. Assume that v € D;,x and suppose that 1 > 1.2 > 0.

. . . p n
Given a function f, write f = fi + f, where fi = fxBo_2), and remark that

v @)z = [ flapru@)|fevio) PPz < ©
B(0,1) R

_XxBon(®) _
| B(O, 1)|1—/n
of (3.3), since Mo maps L'(R",dr) into weak-L!(R"',du), we have that
Mo(v‘P'/PxB(o,l))(a:,t) < +oo a.e. in (z,t) and then we are in the hypothesis
of Lemma 2.9. Therefore, if u is defined as

where ¢, 1(z,w) = and ||a||x» = 1. Therefore, as in the proof

w?? = Mow ™ Px,) P x5,
we get
1/q \p
/ | My g fir(z, )] uia, )du(z,t) | < Crpg ( / Ilfl(z)||§v(z)dz)
Bl B]
1/p
< Chpq (/ ||f(17)||§(v(a:)dx> .

In order to consider f, we apply Lemma 2.15 and get

1/q

/ | M5 fo(, t)(z, )| S u(z, tdp(z, 1)
B

1/q

< Crpall fllgw - / u(z, t)dp(z,t)
B

< Crpall fllzgws
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for the last inequality we have used the hypotheses that u is a bounded function
and that p is a Carleson measure.

1 .
-2 < 0 we continue as in the corresponding proof of (3.3).
n

In grder to see that condition D;’ x 18 necessary we shall prove that (3.6)
implies (ii) of 2.15. We first observe that if f is a X-valued locally-integrable
function with support in the complement of a ball 2B = B(0,2R), then for any
(z,t), (z,t) € B=B(0,R), we have

Myaf(@,t) < CMypf(O,R) < C' My f(2,)
where the sets L and K are defined by
L={2r:reJ,r>R}, K={3r:reJ,r>R}.

Then if » is the weight whose existence is given by the hypothesis we
have

sup || My, f(z,t)llx < O My f (O, R)|Ix
(z,t)eB
-1 1/q

- / w(z, Hdu(z, ) / 19,170, B, )dp(z, ©

B B

-t 1/q

S C / u(zat)dp'(z’t) (/ ”M%Kf(m,t)“g(u(z,t)dﬂ(z’ t))

B©,1) Re
< C|lfllzy - O

PROOF OF 3.9. The necessity of condition D,x can be proved as in
Theorem 3.5. In order to see that condition D, x is sufficient, we shall apply
Lemma 2.12. We consider the following sequence of subsets of R*%:

So = {(z,t) e RY! : |z| +t < 1},
Sp={(z,t) eR™ : 2k ' < |z|+t < 2¥}  k=1,2,...
Given k > 0 we decompose each function f as f'+ f", where f' = fxp,,,

and By, = {z : |z| < 2F}.
Using Lemma 2.15 we have

sup || My f"(z, Dl < CIlf" 5w

(z,t)ESk
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with the constant C' independent of J. Thus

1/p

1/p
sup (E IIMJf]’-’(x,t)IIS’() <c (E ||f”||’£;<v>)
j J

(z,t)ESk

Therefore, the vector-valued inequality of the hypothesis of Lemma 2.12 for
the functions ( f]’~’) follows immediately with G = L% (v), F = X and Aj = S.

On the other hand we use Cotlar’s inequality (see V.2.8 in [GC-R de F)),
and (1.11) to obtain for 0 < s < 1

1/p
(E IWJf;"H?()
! L3(Sk,dp)

< C".;;L(.S'k)l/s_1 sup Au ({(z, t): E ”MJf]::(fE, 0|5 > )\p})
7

A>0

J

1/p
< Cy|8k] /5! / (E ||ff($)||§<) dz
|$|<2k+1 j

( 1/p 1/
1 /
< Cs|Sk|1/s / Z ||f](a;)||‘)’{v(z)dz) I—B—k‘? / ’U(;L')'P/Pd.’li
Rr J |$|<2k+1
( 1/p
<GS [ D0l |
\ J
for the last inequality we have used the fact that
1 _ ' _
W /v Pl/":/ llaw (@)% v(z) Pirgr < C
By R
. XB,(T) _
with pp(z,w) = and ||a||x- = 1.
| B
Now a direct application of Lemma 2.12 shows the existence of a function
u satisfying (3.10). O

PROOF OF 3.7. Sufficiency of condition D, can be established as in
Theorem 3.7.
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For necessity, we remark that if du(z,t) = dz ® 6(t) then inequality (3.8)
becomes

/ |R: f (@)||zu(z)dz < C / I/ @)zv(z)dz
Rt R

and in this case it is known (see [GC-R de F], p. 561 for a proof) that v € D,,.
For a general Carleson measure p the mentioned proof can be easily adapted.
|

3.11 REMARK. Given a Carleson measure du in R*%! we define for
1 <p<ooand 0 <~ <n the following classes of weights in R

D,(dp) = v : sup RO / v(z, t)_p’/"du(z,t) < 400 ¢,

R>1
|z|+t<R

DIdp) =3 v: / v(z, t) PPz + t + DOV du(z, t) < +oo

Ry

Then we have the following result.

3.12 THEOREM. Let du be a Carleson measure in R%! and v be a weight
in R%L

(3.13) v belongs to D,(du) with 1 < p < oo if and only if there exists a weight
u in R® such that for any Banach space E

/ |1P*g(z)|5u(z)dz < C / llg(z, || 5v(z, t)du(z, t)

+1 +1
R™ R

where P* is the vector-valued extension of the positive operator

P*g(z) = / 9(y, t)du(y,t)

(jo -yl +%
(3.14) v belongs to Dj(dp) with 1 <p < oo and 0 <~ < n if and only if there
exists a weight u in R* such that for any Banach E

l/p

1/q
/ ”T*g(z)”Eu(z)dz) <C, [ llg(z, O||5Gv(z, du(z,t) |

Rrwl

2
-, 1 .
" < g < oo

2

Q| =
Y-

(3.15) Let 0 <y < n, E and F be Banach spaces and suppose that v € D}(dp).
Assume that 7} is a bounded sublinear operator from L} LR du) into
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L%L(R", dx) such that

. llg(y, O)||edp(y, )
Imyg@)||lF < C RO

R

Then there exists a weight u in R* such that
1/q /e
(/ ||Tj:g(z)||‘11,~u(z)dz) <C, / llg(z, O)||Gv(z, Hdulz, t)
Re R

(3.16) Let E be a Banach space with the U.M.D. property. The weight v belongs
to Dy(dp) with 1 < p < oo if and only if there exists u in R* such that

[ |1Q;9()|5u(z)dz < C / llg(z, t)||5v(z, tdu(z, t)
Rr

R

where Q;‘ is the vector-valued extension of the operator

- Yi — T
ig\Z) = n+ ( ’t)d )t)
Qi9(2) / o oPsy® Y H(y
Ry

PROOF. Technical results analogous to P£op0§ition 1.7 and Lemmas 2.1,
2.9 and 2.16 hold also for the operators P*, Q;, T} and 7, and this theorem
is therefore established following the lines of the proofs of Theorems 3.1, 3.4
and 3.7. O

4. - Duality of the two-weight problem

Let (Y,dy) and (Z,dv) be measure spaces, E and F' be Banach spaces
and assume that T is a linear operator such that for some pair of exponents
(»,9), 1 <p g<oo, T is bounded from L% (dv) into L{.(dw) and there exists a
pair of weights (u,v) such that

1/q
4.1) ( / ||Tf(y)|l%U(y)du(y)) <C ( / IFi (z)ll%v(z)dV(z))
Y zZ

Then can consider the traspose operator T* from L%',(du) into (L% (dv))*
defined by

1/p

(T*g, 1) = [ (TFw), o)) du).

Y
If we know that T*g is a E*-valued function then we actually have that
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T* maps L%:.(du) into L%',(dz/) and moreover the following inequality holds:
/¢ 1/q

(4.2) f |T*9(2)|[5.0' P (2)dv(z) | <C / lg(@)||%. u(y)' ¢ du(y)
Z Y

In this case we also have that the pair (u,v) satisfies (4.1) if and only if
the pair (v' %, u!~7) satisfies (4.2).

In other words finding necessary and sufficient conditions for a weigth
u to satisfy inequality (4.1) is equivalent to finding necessary and sufficient
conditions for a weight u!~¢ to satisfy (4.2).

4.3 DEFINITION. Let du be a Carleson measure on R%'. We shall say that

a weight u in R%! satisfies condition Z)(dp) with 1 <p < oo and 0 <y <mn,
if and only if

u(z,t)

(|z] +t + D)n=p
R

du(z,t) < C < +oo.

4.4 THEOREM. Let E be a Banach space, du be a Carleson measure in
R*! and u be a weight in R%'. The following conditions are equivalent for
I <p<oo:

i) u'"? e Dyldp);
(i) There exists a weight v in R* such that

/ 1P (@, D|Bu(z,t) < C / 17 @)Lz,
Rr

Rrw]
+

4.5 THEOREM. Let du a be Carleson measure in R and u be a weight
in R Assume 1 < p < oo. The following conditions are equivalent:

() e Zdpy
(ii)) For any UM.D. Banach space E there exists a weight v such that

[ 1as@biue tdun <6, [Ir@iua@ds,  i=12.
R Re
(iii) For any Banach lattice X with the H.L. property there exists a weight v
such that
[ 1oss@lrue e < ¢ [ I1@lPoads
R Re
with the constant C independent of the finite set L.

4.6 THEOREM. Let du be a Carleson measure in R%' and u be a weight in

1_1
R%!. Assume 0 < y<n, — > — — Y and 1< g < oo. The following conditions
q9 p n
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are equivalent:

@) ue Z)(dp);
(ii) For any Banach space E there exists a weight v such that
l/a 1/p
/ T, f(z, t)| Sulz, Hdu(z, t) | < C, ( / ||f(z)%v(z)dz) ;
R Re
(iii)) For any Banach lattice X there exist a weight v such that
l/q l/P
/ | My f (2, t)|Sule, hduz,t) | < C, (/ ||f(z)’}3||v(:r)dm)
R Re
with the constant C independent o) the finite set L.

PROOF OF 4.4, 4.5 AND 4.6. The results for the operators P, T, and Q;
follow directly using duality and (3.13), (3.14) and (3.16).
For the operator )%,,L we consider the ¢°°(X)-valued linear operator

- 1
T»Y,Lf<z,t>={rn_7 / f(y)dy} :
reL

B(z,r)
We have
M’y,Lf(m; t) = IT'V,Lf(xa t)|:
where | - | denotes the absolute value in the lattice

£2(X) = {(&n) € X : ||(zn)|| = || sup |zn] ||x},
and
| Ma,Lf @, t)]|x = || Ty, (@, D)l x)-

Therefore statement (iii) is equivalent to the following:
There exists a weight v such that

1/a 1/p
/ 7,15 (@, )| oz, ), 1) | < C ( / ||f(z)||§(v(z)d1) :
Rr

RY!

But this fact can be obtained in a standard way using duality and Theorem 3.5.
This completes the proof of Theorems 4.4, 4.5 and 4.6. O
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S. - Properties of the classes D)

5.1 PROPOSITION. Let X be a Kothe function space with X' norming and
1 < p < oo. The following relations hold:
() DycDicDffor0<é<n.
(i) Dy C D)y C Dy for 0 <~ <n.

PROOF. (i) is obvious.
In order to show (ii) we remark that for every ball B = B(0,r) (with

r=1)
XB(@) _ C i
|B|'=2/m = (L4 [an
then if a € X' and ¢, 1, is a function of the type defined in 2.13 we have

Ca(w)

a(W)py,L(z,w) < Rk

Therefore ||ap, 1(z)|

x+ < Clla]|x v e which implies that D} C D] x

Now we shall see that D? ox C D*’”/ Given a ball B(0, R) with R > 1 we

consider
xB(z)

Bl
where L = {R}; then for a € X' with ||a||x- = I, we have

go’y,L(z) w) =

xB(z)
||a‘P($)”X |B|1 'y/n
Therefore
1 / 1 J
- -7/ =C ——— -p'/p
R / v(@) FFde =C [B|0—/w7 / v(z)FPdz
|lz|<R B
=C / llap(@)|/%v(z) PPz < C. O
R
In case X =¢" with 1 < r < co we denote D? e DY Dp . For this case we

have the following result.

5.2 COROLLARY. Assume 1 < p < oo and 0 <~ < n. Then D}, =D} and
D} ., = Dy.
oo

PROOF. It is clear that v € D], with 1 <r < oo if and only if

(EF

]:

( ) NPT
X ,
7 ) o(y) Py < C

J
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for any sequence (a;) € £ with ||(a;)||l» < 1 and any sequence of balls (Br))
centered at the origin with rational radii r; bigger than one.

If v € D; using Minkowski’s inequality, we have

~____D v(a:)_p'/"da:

1/
XB (z) -y
E ‘(n pow v(z) P /Pdx a;
j

—O(? ]

Therefore Dy C Dy,
On the other hand v € D, if and only if

/ sup
j

R

/

p

(y)

ot v(y) PPy < C

J'

for any (a;) € £ with ||(a;)|le~ < 1 and any sequence of balls (Br,) centered
at the origin with rational radii (r;) bigger than one.

Now if v € D}, and if we denote by By the ball centered at the origin
with radius 2* for k = 0,1,2,... then

(@) P'/p / v(z) P /Pdz E [ v p/p s
(1 + |z|)n—rP 7 & (1 + |z )P (1 + |z|)e—P
R

'/
( [t S [ )

<C / sup XD vy < ¢,
R k

2km—p

Therefore D), C Dj. O
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[A-B]

[B]

[Bk]

[C-]]

[F-S]

(F-T]

[GC-M-T]

[GC-R de F]

[G-G]

[H-M-S]

(]

[K]

(L-T]

[R-T]
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