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Summary. Cell fission process consists of the division of a cell into two new cells such
that the contents of the initial cell is distributed between the newly created cells. This
process is modelled by a new kind of cell separation rules in the framework of Membrane
Computing. Specifically, in tissue-like membrane systems, cell separation rules have been
considered joint with communication rules of the form symport/antiport. These models
are able to create an exponential workspace, expressed in terms of the number of cells,
in linear time. On the one hand, an efficient and uniform solution to the SAT problem by
using cell separation and communication rules with length at most 8 has been recently
given. On the other hand, only tractable problems can be efficiently solved by using
cell separation and communication rules with length at most 1. Thus, in the framework
of tissue P systems with cell separation, and assuming that P # NP, a first frontier
between efficiency and non-efficiency is obtained when passing from communication rules
with length 1 to communication rules with length at most 8.

In this paper we improve the previous result by showing that the SAT problem can be
solved by a family of tissue P systems with cell separation in linear time, by using com-
munication rules with length at most 3. Hence, we provide a new tractability borderline:
passing from 1 to 3 amounts to passing from non—efficiency to efficiency, assuming that
P # NP.

1 Introduction

Membrane Computing is a young branch of Natural Computing initiated by Gh.
Paun in the end of 1998 [16]. It is inspired by the structure and functioning of
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living cell, as well as from the organization of cells in tissues, organs, and other
higher order structures. The devices of this paradigm, called P systems, provide
models for distributed, parallel and non-deterministic computing.

Membrane Computing has received an important attention from the scientific
community since then, and many applications have been reported ([3], [21]). It
was selected by the Institute for Scientific Information, USA, as a fast Emerging
Research Front in Computer Science, and [19] was mentioned in [25] as a highly
cited paper in October 2003.

Roughly speaking, the main ingredient of a membrane system is a cell-like
membrane structure (a rooted tree), in the compartments of which one places
multisets of symbol-objects. The objects evolve in a synchronous maximally parallel
manner according to given evolution rules, also associated with the membranes (for
introduction see [18] and for further bibliography see [26]).

Several different models of cell-like P systems have been successfully used to
solve computationally hard problems efficiently, by trading space for time: an ex-
ponential workspace is created in polynomial time by using some kind of rules,
and then massive parallelism is used to simultaneously check all the candidate so-
lutions. Inspired by living cell, several ways for obtaining exponential workspace in
polynomial time were proposed: membrane division (mitosis) [17], membrane cre-
ation (autopoiesis) [9], and membrane separation (membrane fission) [14]. These
three ways have given rise to the following models: P systems with active mem-
branes, P systems with membrane creation, and P systems with membranes sepa-
ration.

A new type of P systems, the so-called tissue P systems, was considered in [12].
Instead of considering a hierarchical arrangement, membranes/cells are placed in
the nodes of a virtual graph. This variant has two biological justifications (see
[13]): intercellular communication and cooperation between neurons. The common
mathematical model of these two mechanisms is a net of processors dealing with
symbols and communicating these symbols along channels specified in advance.
The communication among cells is based on symport/antiport rules, which were
introduced to P systems in [19]. Symport rules move objects across a membrane
together in one direction, whereas antiport rules move objects across a membrane
in opposite directions. From the seminal definitions of tissue P systems [12, 13],
several research lines have been developed and other variants have arisen (see,
for example, [1, 2, 6, 10, 11, 24]). One of the most interesting variants of tissue P
systems was presented in [20], where the definition of tissue P systems is combined
with the one of P systems with active membranes, yielding tissue P systems with
cell division. In this kind of models [20], there exists cell replication, that is, the
two new cells generated by a division rule have exactly the same objects except
for at most a pair of different objects.

In the biological phenomenon of fission, the contents of the two new cells
evolved from a cell can be significantly different, and membrane separation in-
spired by this biological phenomenon in the framework of cell-like P systems was
proved to be an efficient way to obtain exponential workspace in polynomial time
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[14]. In [15], a new class of tissue P systems based on cell fission, called tissue P
systems with cell separation, was presented. Its computational efficiency was inves-
tigated, and two important results were obtained: (a) only tractable problems can
be efficiently solved by using cell separation and communication rules with length
at most 1, and (b) an efficient (uniform) solution to the SAT problem by using cell
separation and communication rules with length at most 8 was presented. Hence,
in the framework of recognizer tissue P systems with cell separation, the length of
the communication rules provide a borderline between efficiency and non-efficiency,
that is, a frontier is there when we pass from length 1 to length 6, assuming that
P £ NP.

In this paper we present an improvement of the previous borderline of the
tractability. Specifically, we propose a (uniform) family of tissue P systems with
cell separation and communication rules with length at most 3 which solves the
SAT problem in linear time. Hence, a new borderline is provided in this paper:
passing from 1 to 3 amounts to passing from non—efficiency to efficiency, assuming
that P # NP.

The paper is organized as follows: first, we recall some preliminaries, and then,
the definition of tissue P systems with cell separation is given. Next, recognizer
tissue P systems and computational complexity classes in this framework, are
briefly described. In Section 5, an efficient (uniform) solution to the SAT problem
by using cell separation and communication rules with length at most 3 is shown.
Section 6 is devoted to present a detailed formal verification of the main result.
Finally, conclusions and further works are presented.

2 Preliminaries

An alphabet, X, is a non—empty set whose elements are called symbols. An ordered
finite sequence of symbols is a string o word. If u and v are strings over X, then so
is their concatenation uv, obtained by juxtaposition, that is, writing u and v after
one another. The number of symbols in a string u is the length of the string, and it
is denoted by |u|. As usual, the empty string (with length 0) will be denoted by A.
The set of all strings over an alphabet X' is denoted by X*. In algebraic terms, X*
is the free monoid generated by X under the operation of concatenation. Subsets,
finite or infinite, of X* are referred to as languages over X.

The Parikh vector associated with a string u € X* with respect to the alphabet
Y =Aay,...,a,} is ¥s(u) = (|u|ay,-- -, |t]|a,), where |ul,, denotes the number of
ocurrences of the symbol a; in the string uw. This is called the Parikh mapping
associated with X'. Notice that in this definition the ordering of the symbols from X
is relevant. If X1 = {a;,,...,a;,} C X then we define ¥s, (v) = (|ula,,,- - - [Ula;, ),
for each u € X*.

A multiset m over a set A is a pair (A, f) where f : A — Nis a mapping. If m =
(A, f) is a multiset then its support is defined as supp(m) = {x € A| f(z) > 0}. A
multiset is empty (resp. finite) if its support is the empty set (resp. a finite set). If
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m = (A, f) is a finite multiset over A, and supp(m) = {a1, ..., a} then it will be
denoted as m = {af (@) ai(a’“)}. That is, superscripts indicate the multiplicity
of each element, and if f(z) = 0 for x € A, then the element z is omitted.

A finite multiset m = {a{(al),.

a{(al) . ai(a’“) over the alphabet {aj,...,ar}. Nevertheless, all permutations of

this string precisely identify the same multiset m. Throughout this paper, we speak
about “the finite multiset m” where m is a string, and meaning “the finite multiset
represented by the string m”.

If my = (A4, f1), me = (4, f2) are multisets over A, then we define the union
of my; and mg as m; +me = (4, g), where g = f1 + fa.

For any sets A and B the relative complement A\ B of B in A is defined as
follows:

..,ai(a’“)} can also be represented by the string

A\B={zecA| z¢B}

In what follows, we assume the reader is already familiar with the basic notions
and the terminology of P systems. For details, see [18].

3 Tissue P Systems with Cell Separation

Let us recall that the model of tissue P systems with cell separation is based on
the cell-like model of P systems with membranes separation [14]. The biological
inspiration is the following: alive tissues are not static network of cells, since new
cells are generated by membrane fission in a natural way. In these models, the cells
are not polarized; the two cells obtained by separation have the same labels as the
original cell, and if a cell is separated, its interaction with other cells or with the
environment is blocked during the separation process. In some sense, this means
that while a cell is separating it closes its communication channels.

Definition 3.1 A tissue P system with cell separation of degree ¢ > 1 is a tuple
I = (valaFQagaMla"'anvRaiout)7

where:

1. I' is a finite alphabet whose elements are called objects;

2. {I, 1%} is a partition of I, that is, I =Ty U Iy, I, 1% # 0, I'1 NIy = 0;

3. £ C I is a finite alphabet representing the set of objects initially in the environ-
ment of the system, and 0 is the label of the environment (the environment is
not properly a cell of the system); let us assume that objects in the environment
appear in arbitrary copies each;

4. Muq,..., Mg, are strings over I, representing the finite multisets of objects
placed in the q cells of the system at the beginning of the computation;
1,2,---,q are labels which identify the cells of the system;

5. R is a finite set of rules of the following forms:
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(a) Communication rules: (i,u/v,j), for i,j € {0,1,2,...,q},i # j, u,v €
I'*, |luv| > 0. When applying a rule (i,u/v,j), the objects of the multiset
represented by u are sent from region i to region j and, simultaneously,
the objects of the multiset v are sent from region j to region i;

(b) Separation rules: [a]; — [I1]i[I2]i, wherei € {1,2,...,q} and a € T, and
i % Gout- In Teaction with an object a, the cell i is separated into two cells
with the same label; at the same time, object a is consumed; the objects
from I'y are placed in the first cell, those from Iy are placed in the second
cell; the output cell i, cannot be separated;

6. iout € {0,1,2,...,q} is the output cell.

A communication rule (i,u/v,j) is called a symport rule if u = X or v = A. A
symport rule (i,u/\, j), with ¢ # 0,5 # 0, provides a virtual arc from cell i to cell
j. A communication rule (i,u/v,j) is called an antiport rule if u # X and v # .
An antiport rule (i,u/v,j), with ¢ # 0,5 # 0, provides two arcs: one from cell ¢
to cell 7 and another one from cell j to cell 7. Thus, every tissue P systems has
an underlying directed graph whose nodes are the cells of the system and the arcs
are obtained from communication rules. In this context, the environment can be
considered as a virtual node of the graph such that their connections are defined
by the communication rules of the form (i,u/v, j), with ¢ =0 or j = 0.

The length of the communication rule (i,u/v,7) is defined as |u| + |v|.

The rules of a system like the above one are used in the non-deterministic
maximally parallel manner as customary in Membrane Computing. At each step,
all cells which can evolve must evolve in a maximally parallel way (at each step
we apply a multiset of rules which is maximal, no further rule can be added being
applicable). This way of applying rules has only one restriction: when a cell is
separated, the separation rule is the only one which is applied for that cell at that
step; thus, the objects inside that cell do not evolve by means of communication
rules. The new cells resulting from separation could participate in the interaction
with other cells or the environment by means of communication rules at the next
step — providing that they are not separated once again. The label of a cell precisely
identify the rules which can be applied to it.

An instanstaneous description or a configuration at any instant of a tissue P
system with cell separation is described by all multisets of objects over I associated
with all the cells present in the system, and the multiset of objects over I' — &
associated with the environment at that moment. Bearing in mind the objects from
£ have infinite copies in the environment, they are not properly changed along the
computation. The initial configuration is (My,---, Mg;0). A configuration is a
halting configuration if no rule of the system is applicable to it.

Let us fix a tissue P system with cell separation II. We say that configuration
C yields configuration C5 in one transition step, denoted Cy; = Cs, if we can
pass from C to Cs by applying the rules from R following the previous remarks.
A computation of I is a (finite or infinite) sequence of configurations such that:

1. the first term of the sequence is the initial configuration of the system;
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2. each non-initial configuration of the sequence is obtained from the previous
configuration by aplying rules of the system in a maximally parallel manner
with the restrictions previously mentioned; and

3. if the sequence is finite (called halting computation) then the last term of the
sequence is a halting configuration.

All computations start from an initial configuration and proceed as stated above;
only halting computations give a result, which is encoded by the objects present
in the output cell i,,; in the halting configuration.

We denote by Comp(IT) the set of computations of the tissue P system IT.
If C = {Ci}icr41 of IT (r € N) is a halting computation, then the length of C
is r, that is, the number of non-initial configurations which appear in the finite
sequence C. We denote it by |C|. We also denote by C;(j) the contents of cell j at
the configuration C;.

In the framework of tissue P systems with symport/antiport rules, it is interest-
ing to highlight some differences between a division rule of the type [a]; — [b]; [,
and a separation rule of the type [a]; — [I1]; [I2]::

1. The object a triggers both rules and it is consumed. Nevertheless,
% Division rule: Produces an object (b or ¢) in each new cell.
*  Separation rule: Does not produce any new object in new cells.
2. The remaining objects in cell i:
*  Division rule: Are replicated in each new cell.
* Separation rule: Are distributed between the new cells, according to sets
Fl and FQ.
3. If there is n objects in the cell ¢ where the rule is applied:
*  Division rule: The total number of objects in the cells created is 2n, each
of them contains n objects.
* Separation rule: The total number of objects in the cells created is n — 1.
4. If the rules are consecutively applied during k transtition steps in a cell ¢ which
contains n objects:
% Division rule: 2F new cells are created, and the total number of objects is
n -2k
*  Separation rule: 2 -k new cells are created, and the total number of objects
isn—k.

Hence, division and separation rules have the ability to produce an exponential
number of new cells in linear time, but only division rules are able to simultaneously
produce an exponential number of objects.

3.1 Recognizer Tissue P Systems with Cell Separation

Let us recall that a decision problem is a pair (Ix,0x) where Ix is a language over
a finite alphabet (whose elements are called instances) and 0x is a total boolean
function over I'y. Many abstract problems are not decision problems, for example,
in combinatorial optimization problems some value must be optimized (minimized
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or maximized). In order to deal with such problems, they can be transformed into
roughly equivalent decision problems by supplying a target/threshold value for the
quantity to be optimized, and then asking whether this value can be attained.

A natural correspondence between decision problems and languages over a
finite alphabet, can be established as follows. Given a decision problem X =
(Ix,0x), its associated language is Lx = {w € Ix : 0Ox(w) = 1}. Con-
versely, given a language L over an alphabet X, its associated decision problem is
X = (Ux,,0x,), where Iy, = X* and 0x, = {(x,1) : z € L} U{(x,0): = ¢ L}.
The solvability of decision problems is defined through the recognition of the lan-
guages associated with them, by using languages recognizer devices.

In order to study the computational efficiency of membrane systems, the no-
tions from classical computational complexity theory are adapted for Membrane
Computing, and a special class of cell-like P systems is introduced in [23]: recog-
nizer P systems (called accepting P systems in a previous paper [22]). For tissue
P systems, with the same idea as recognizer cell-like P systems, recognizer tissue
P systems is introduced in [20].

Definition 3.2 A recognizer tissue P system with cell separation of degree ¢ > 1
is a tuple
I = (F7F17F2727€7M17 cee qu7R7iin7iout)

where:

1. (I, I, E, My, .., Mg, Ry iout) 1S a tissue P system with cell separation of
degree ¢ > 1 (as defined in the previous section).

2. The working alphabet I has two distinguished objects yes and no being, at

least, one copy of them present in some initial multisets My, ..., Mg, but

none of them are present in .

X is an (input) alphabet strictly contained in I', and € C I'\ X.

Ma, ..., My are strings over I' \ X;

iin € {1,...,q} is the input cell.

The output region oy s the environment.

All computations halt.

If C is a computation of II, then either object yes or object no (but not both)

must have been released into the environment, and only at the last step of the

computation.

o RS S o

For each w € X*, the computation of the system II with input w € X* starts from
the configuration of the form (Mq, Ma,...,M;, + w,...,M,;0), that is, the
input multiset w has been added to the contents of the input cell i;,. Therefore,
we have an initial configuration associated with each input multiset w (over the
input alphabet X) in this kind of systems.

Given a recognizer tissue P system with cell division, and a halting computation
C ={Ci}icrs1 of IT (r € N), we define the result of C as follows:
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yes, if Yiyesno}(Mro) = (1,0) A
N lp{yes7no}( i 0) (0, O) fOr 1= O, , T — 1

Output(C) = no,  if ¥iyes,noy(Mro) = (0,1) A
W{yesvno}(Muo) (O 0) fOr 1= 5 , T — 1

where ¥ is the Parikh function, and M, o is the multiset over I"\ £ associated with
the environment at configuration Cj, in particular, M, ¢ is the multiset over I"\ £
associated with the environment at the halting configuration Ci..

We say that a computation C is an accepting computation (respectively, reject-
ing computation) if Output(C) = yes (respectively, Output(C) = no), that is, if
object yes (respectively, object no) appears in the environment associated with the
corresponding halting configuration of C, and neither object yes nor no appears
in the environment associated with any non-halting configuration of C.

For each natural number k& > 1, we denote by TSC(k) the class of recognizer
tissue P systems with cell separation and communication rules of length at most k.
We denote by TSC the class of recognizer tissue P systems with cell separation and
without restriction on the length of communication rules. Obviously, TSC(k) C
TSC for all kK > 1.

3.2 Polynomial Complexity Classes of Tissue P systems with Cell
Separation

Next, we define what means solving a decision problem in the framework of tissue
P systems efficiently and in a uniform way. Bearing in mind that they provide
devices with a finite description, a numerable family of tissue P systems will be
necessary in order to solve a decision problem.

Definition 1. We say that a decision problem X = (Ix,60x) is solvable in a uni-
form way and polynomial time by a family I = {II(n) | n € IN} of recognizer
tissue P systems with cell separation if the following holds:

1. The family II is polynomially uniform by Turing machines, that is, there exists
a deterministic Turing machine working in polynomial time which constructs
the system II(n) from n € IN.

2. There exists a pair (cod, s) of polynomial-time computable functions over Ix
such that:

(a) for each instance u € Ix, s(u) is a natural number and cod(u) is an input
multiset of the system II(s(u));

(b) for each n € IN, s~1(n) is a finite set;

(c) the family II is polynomially bounded with regard to (X,cod,s), that is,
there exists a polynomial function p, such that for each u € Ix every com-
putation of
II(s(w)) with input cod(u) is halting and it performs at most p(|u|) steps;

(d) the family II is sound with regard to (X, cod, s), that is, for each u € Ix,
if there exists an accepting computation of II(s(w)) with input cod(u), then
Ox (’U,) = 1;
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(e) the family I1 is complete with regard to (X, cod, s), that is, for eachu € Ix,
if Ox(u) = 1, then every computation of II(s(u)) with input cod(u) is an
accepting one.

From the soundness and completeness conditions above we deduce that every P
system II(n) is confluent, in the following sense: every computation of a system
with the same input multiset must always give the same answer.

Let R be a class of recognizer tissue P systems. We denote by PMCpg the set
of all decision problems which can be solved in a uniform way and polynomial time
by means of families of systems from R.

4 Computational Efficiency of Tissue P Systems with Cell
Separation

It is well known that tissue P systems with cell division are able to solve computa-
tionally hard problems efficiently. Specifically, NP—complete problems have been
solved in linear time [5] by using families of tissue P systems with cell division and
communication rules of length at most 3.

In [15] two important results related to the computational efficiency of tissue P
systems with cell separation were obtained. On the one hand, only tractable prob-
lems can be efficiently solved by using families of tissue P systems with cell separa-
tion and communication rules of length 1, that is, P = PMCrg¢(1). On the other
hand, an efficient solution to the SAT problem has been given by means of a uniform
family of tissue P systems with cell separation and communication rules of length
at most 8, that is, SAT € PMCrgc¢ (), hence NP U co — NP C PMCrgcs)-
Therefore, passing the maximum length of communication rules of the systems
from 1 to 6 amounts to passing from non—efficiency to efficiency, assuming that
P # NP. An interesting challenge is to refine that efficiency borderline, that is,
to provide new efficient solutions to computationally hard problems by means of
tissue P systems with cell separation by using communication with length under
6.

In the next Section, we improve the result from [15] by giving a family of tissue
P systems with cell separation and communication rules of length at most 3 which
solves the SAT problem in linear time.

5 Solving the SAT Problem by using TSC(3)

Let us recall that the SAT problem is the following: given a boolean formula in con-
Junctive normal form (CNF), to determine whether or not there exists an assign-
ment to its variables on which it evaluates true. This is a well known NP-complete
problem [7].

In this Section, we propose a solution following a brute force algorithm imple-
mented in the framework of recognizer tissue P systems with cell separation. The
solution consists of the following stages:
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e Generation Stage: All truth assignments associated with the input formula are
produced by using cell separation in an adequate way.

o Checking Stage: In each cell, it is checked whether or not the formula is satis-
fiable by the truth assignment encoded by that cell.

o Qutput Stage: The system sends to the environment the right answer according
to the results of the previous stage.

Let us consider the polynomial-time computable function (the pair function)
(m,n) = ((m+n)(m+n+1)/2)+m

which is also a primitive recursive and bijective function from IN x IN to IN.
Next, we define a family IT = {II(¢) : t € IN} of recognizer tissue P system
with cell separation from TSC(3), such that each system I7(t) will process all
instances ¢ of SAT with n variables and m clauses, where t = (m,n), provided
that the appropriate input multiset cod(y) is supplied to the system.
For each (m,n) € IN x IN, we consider the recognizer tissue P system with cell
separation from TSC(3),

H(<m7 ’I’L>) = (Fa F17F2a Zag7M17M2;M3;Ra iinaiout)

defined as follows:
e The input alphabet is

e The working alphabet is I' =% U I} U Iy, where:

Flz{Ai7Bi: 1§Z§n+]‘} U {aiabian7p‘i7yiavi7wi: ]-Slén}u
{ci,ti,fi,si,zi: 1§z§n—1} @] {Ejl 1§j§m+1}u
{a;: 0<i<3n+2m+1} U {f;: 0<i<3n+2m+2} U
{gijrijuij: 1<i,j<n—1}U
{mi,j,fﬁj7ei,j7€i,j: 1§i§n,1§j§m}u
{dijkdijr: 1<i<n,1<j<m, 1<k<n} U {q,S, yes,no}
L={A,B: 1<i<n+1}U{d b, T F : 1<i<n)

/2l AR 2R

e The alphabet of the environment is:

€= {S} U {AuBLALB: 2<i<n+1} U {T, FyFloyiwi: 1<i<n} U
{as,a3,0;,0;,v; - 2<i<n} U {T{, ci,ti, fi,s,2i: 1<i<n—-1} U
{Ej: 1<j<m+1} U{a;: 1<i<3n+2m+1} U
{ﬁl 1§i§3n+2m+2}u
{Gij rijsuij: 1<i<n—-1,2<j<n-1}U
{@',jyéi,j: 1SZ§TL,1S_]§7TL}U
{di,j,k,di,j,k 1<ik<n,1<j< m}

e Initial multisets:
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M1 = A1 Bl
My = aq a) by b v1 11 2 yesno
M3z = By

e The set R of rules consists of the following rules:

yAiJagal, 2), for 1 <i<n,and (1, Apt1/ E1, 2).
,A’/al a;,2),for 1 <i<mn,and (1, 4;,,,/E,2).
, B/ bib}, 2), for 1 <i<n.

, Bl /b b}, 2), for 1 <i<n.
yTi/ti,2),for 1 <i<n-—1.
yTH/t,2), for 1 <i<mn-—1.

JFi/ fi, 2),for1<i<mn-—1.

JF ) fi,2),for1<i<n-—1.

t; ) T; T}, O) for1<i<n-1L1

1, fi /F;F,0),for1<i<n-—1.

l,bz/BZHS 0), for 1 <i<n,and (1, Bpy1/ A, 0).
1,0;/Bj.,,0),for1<i<mn,and (1, B, ,/X,0).

1,a;/T; Aj41,0), for 1 <i<n.

L, a;/F{ Aj,,,0), for 1 <i<n.
2,4;,/¢,0),for1<i<n-—1,and (2, 4, /A, 0),forn<i<n+1.
2,A/¢;,0),for1<i<n-—1,and (2, A, /A, 0),forn <i<n+1.
9, Bi/c;,0), forl<i<n—1,and (2, B, /A, 0).
2,B}/ci,0),forl1<i<n-—1,and (2, B, /X, 0).

2

2

,cl/bZHb;_H,O),forlgign—l.

,vi/y2,0), for 1 <i<n.

2,y;/ziw;, 0),for 1 <i<n-—1,and (2, y, /wy, 0).

2,2z [viy1,0), for 1 <i<n-—1

2, w;/aip1a;,,,0),for 1 <i<n-—1,and (2, w,/E1, 0).
2 Q11/7"11, 0).

2, qw/r”7 0),for1<i<n-1,2<j<n-1.

2,75/ Siu;,0), for 1 <i,j<n-—1

231/tf1, 0),for 1 <i<mn-—1.

2, u1;/q1+1G2,5+1,0), for 1 <j<n-—2.

2,5/ Giv1,541,0), for 2 <4,j <n—2.

2uln 1/2,0),for1 <i<n-—1.

2, T; /X, 0),for1<i<n-—1.

2,T’//\ O) for1<i<n-—1

2,F; /A, 0),for1<i<n-—1.
2,F//X,0),for1<i<n-—1.

Sh— [Tt [I2h

2 Oél/al+17 0), for 0 < i < 3n+ 2m.

3, Bi/Bit+1,0), for 0 <i<3n+2m—+1.

3x”/d”1, 0), (3, a:w/dul, 0),for1<i<n,1<j<m

CO J O Ul WNHFHF O OO Ui WNHFE O W©WOWNO U WN H O

(1
(2
(3
(4
(5
(6
(7
(8
(9
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(2
(2
(2
(2
(2
(2
(2
(2
(2
(2
(3
(3
(3
(3
(3
(3
(3
(3
(3
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(39) 3. digk /47 jyp1s )y (B, digjae /&4y, 0), for 1< i <my 1< j < m,
1<k<n-1. )
(3, dijn/€i;,0), (3, dijn/€ij,0),for1<i<n, 1<j<m.
) (17 T’lE] /ei,j ) 3)7 (17 FZEJ /éi,j7 3), (]., T;,/EJ /ei’j R 3)7
F{Ej/éi)j,?)), fOI‘lSiS’I’L, 1< <m.

(

(

(1,

(42) (1, ei,j /TiEj+1 5 0), (1, éi,j /FiEj+1, 0), fOI‘ 1 S 7 S n, 1 S] S m — 1.
(43) (1, ei,m/Em+1 s O), (1, éi,m/Em+1 s O), for 1 S ) S n.

(44) (3, T: / X,0), (3, F; /X, 0), (3, T/ /X, 0), (3, FZ-//A, 0), for 1 <i<n.
(45) (3, Ej /X, 0),for 1 <j<m.

(46) (1, Emt1/yes azntitam, 2)-

(47) (1, yes / Bant1+2m+1, 3).

(48) (27 OZ3n—&-1—&-2m//83n+1+2m-',-1 ) 3)

(49) (2, no Bntit2m+1 /A, 0).

(50) (3, yes/ A, 0).

e The input cell is i;, = 3.
e The output cell is the environment, 4., = 0.

5.1 An Overview of the Computation

A family of recognizer tissue P systems with cell separation is constructed above.
For an instance of the SAT problem ¢ = Cj A --- A C),, consisting of m clauses
Cj =1V Vi, 1 <j<m, where Var(¢) = {z1, - ,z,}, [jr € {zi, 24 |
1<i<n}, 1<j<m1<k< rj. Let us assume that the number of variables,
n, and the number of clauses, m, of the input formula ¢, are greater or equal to 2.

The size mapping on the set of instances is defined as s(¢) = (m,n), and the
encoding of the instance is the multiset

cod(p) ={z;;: z; € C;} U {Z;;: —~a; € C}}

That is, x;; (respectively, T; ;) denotes variable x; (respectively, —x;) belongs to
clause C;. Then the formula ¢ will be processed by the system IT(s(¢)) with input
multiset cod(y).

Next, we informally describe how system IT(s(¢)) with input multiset cod(y)
works, in order to process the instance ¢ of the SAT problem.

At the initial configuration we have objects Ay, By in cell 1, objects a1, a}, b1, b},
V1, 41,1, Qo, yes,no in cell 2, and cod(y), Bo in cell 3.

Let us start with the generation stage. This stage spends 3n+1 steps and has,
basically, two parallel processes. On the one hand, n loops are executed, each loop
spends 3 steps involving cells 1 and 2. After the loops are finished, an additional
step goes on. On the other hand, in cell 3 there is a counter § that evolves from
Bo to Bani1 by applying rules of the type (37), and cod(y) produces ((cod(y))?"
after the 3n + 1 steps at this stage.

At the first step of the i—th loop (0 < < n) involving cells 1 and 2, objects

Ais1, A1, Bigt, By Ty, TL Fy, FL

7
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in cell 1 exchange objects
/ / / /
@it 1515 Bi1054 9, bi+1bi+17 bi+1bi+17 tja tj7 fj7 fj

with cell 2, where also v; 1 produces yi2+1, and ¢1i4+1,---Gi+1,i+1 (q1,1 at step 1)
produce objects 77, 1,... 77,1 ;11 (11,1 at step 1).
At the second step of the i—th loop (0 < i < n), objects

! /
@it1, iy, 0001, 051,15, f;
in cells 1 produce objects
/ / !/ / /
Tit1Aiya, Fi+1Ai+2a Bi25, Bi+2aTjij Fij

according to the rules (9), (10), (11), (12), (13), (14). Simultaneously, at this step
objects

A ! !/ !
Aiv1, Aiprs Bivr, B Ty, T Fy F yi1, i1y - Ti i1

in cell 2 produce objects

Ci+1,Ci+1,Ci+1,Cit1, )\, >\, /\, >\, >\, Zi41Wi41, S1UL 541 - - - SiH1Ui41 541

respectively, according to the rules (15), (16), (17), (18), (21), (26), (31), (32),
(33), (34).

At the third step of the i—th loop (1 < ¢ < n — 1), object S triggers the
separation of objects of cells 1 in two new cells 1 by applying the separation rule
(35), according to Iy (objects without primes) and Iy (objects with primes). At
this step, objects

Cit1,Zi41, Wit 1,81y« 5Si41, Ul i1+ 5 Uit1,i+1

in cell 2 produce objects

/ /
bi+2bi+27 Vi+2, Ai4+20; 1 2, fiti, ..., fi+1ti+17 q1,i42 -+ - Qit1,i4+2, §i+2,i+2

according to the rules (19), (22), (23), (27), (29), respectively.
After 3(n — 1) transition steps, we have

(a) 2771 cells 1 such that 2772 cells contain objects T,,_1, A, B, and a differ-

ent truth assignment of o,_s ; of the set {z1,...,2,_2}, and 272 cells con-
tain objects F),_;, Al, B), and a different truth assignment of 7,,_» ; of the set
{{Eh e 71'71,—2}-

(b) A cell 2 that contains objects

271—1 /2n71 2n71 /271—1 2n71 2n72 2n72 271—2 271—2
a abn 7bn 9

Ay, Y n s J1 s 1 7"'7fn—17n—1

(c) A cell 3 which contains object B3(,_1y and (cod(¢))2".
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By applying rules (1), (2), (3), (4), (5), (6), (7), (8), (20), (36), and (37) at step
3n — 2, and rules (9), (10), (11), (12), (13), (14), (15), (16), (17, (18), (31), (32),
(33), (34),(36), and (37) at step 3n — 1, and rules (1, B, 4+1/X,0), (1,B;,,/A,0)
(2,w,/E1,0), (35), (36), and (37) at step 3n, we reach the following configuration
Cant1:

e There are 2" cells 1 which contain object F; and each of them encodes a
different truth assignment of the set {x1,...,2,}.
e There is a cell 2 which contains objects A%Tll , A;?_ﬁl , Q3p41 , y€S , no.

e There is a cell 3 which contains object 83,41 and (cod())?".

In this way, after the (3n + 1)-th step the generation stage finishes and the
checking stage starts. This stage spends 2m steps and consists of m loops each
of them spending 2 steps.

At the first step of the j-th loop (1 < j < m), objects e; ; and €; ; from cell
3 are traded for objects E; from cell 1, in the case that cell 1 encodes a truth
assignment making clauses Cf,...,C; true. Simultaneously, in cell 2 counter o
continue evolving and objects yes and no remain unchanged. In cell 3, counter
continue evolving, and object E; appears k; times, where k; is the number of cells

labelled by 2 encoding a truth assignment making clauses C1, ..., C}; true.
At the second step of the j—th loop (1 < j < m), rules (41) produce objects
T;, Ejq1 in each cell 1 encoding a truth assignment making clauses Ci,...,C}

true. Simultaneously, in cell 2 counter a continue evolving and objects yes and no
remain unchanged. In cell 3, counter 3, and objects E;;, are removed by applying
rule (5).

At the end of the checking stage, there are 2" cells labelled by 1 at configuration
C3n+1)+2m, and the formula ¢ is satisfiable if and only if there is, at least, one
of such cell which contains object F,,11. Also, there is a cell labelled by 2 which
contains objects yes, no, (3, 41)42m, and a cell labelled by 3 which contains object
B(3n41)+2m and some irrelevant objects of the type e; j,€; 5 with 1 < j < m.
Irrelevant objects are those which remain unchanged at the following computation
steps and do not take part in the application of any rule of the system.

The output stage starts at the ((3n + 1) + 2m + 1)-th step, and spends 3
steps.

— Affirmative answer : If a truth assignment encoded by a cell 1 makes the
formula ¢ true, then an object E,, 1 appears in that cell. By applying rule
(46) one (and only one) object E,,11 is replaced by objects yes and asyn41+2m
from cell 2. At the next step, object yes from cell 1 is exchanged for object
B3n+1+2m+1 from cell 2. Finally, at step 3n + 1 4+ 2m + 3 object yes from cell
3 is sent out to the environment by applying rule (50), and the computation
halts.

— Negative answer : If none of the truth assignments encoded by a cell 1 makes
the formula ¢ true, then object E,, 1 does not appear at any cell labelled by
1. Thus, rule (46) is not applicable at configuration C(3y1)42m, and only rule



Improving the Efficiency of Tissue P Systems with Cell Separation 119

(37) is applicable and produces object S3,+1+2m+1 in cell 3. Then, only rule
(48) is applicable at configuration C(3n41)+2m+1 and replaces object azn142m
from cell 2 by object B3p+1+2m+1 from cell 3. Finally, at step 3n+1+2m+ 3
objects no and (3,4142m+1 from cell 2 are sent out to the environment by
applying rule (49), and the computation halts.

6 A Formal Verification

The aim of this section is to present a formal proof that the family of recognizer
tissue P systems with cell separation constructed in the previous section solves in
a uniform way and polynomial time the SAT problem, according to Definition 1.

6.1 Polynomial Uniformity of the Family

In this subsection, we shall show that the family
I = {II((m,n)) | m,n € N}

defined above is polynomially uniform by Turing machines. To this aim we prove
that II((m,n)) is built in polynomial time with respect to the size parameter m
and n of instances of the SAT problem.

It is easy to check that the rules of a system II({(m,n)) of the family are
recursively defined from the values m and n. The amount of resources to build an
element of the family is of a polynomial order in the number n of the variables
and the number m of clauses, as shown below:

. Size of the alphabet: 2mn? + 5mn + 3n? + 5m + 27n + 12 € O(mn?).
. Initial number of cells: 3 € O(1).

. Initial number of objects: 12 € O(1).

. Number of rules: mn? + 3mn + 3n2 + 5m + 30n + 12 € O(mn?).

. Maximal length of a rule: 3 € O(1).

T W N =

Therefore, there exists a deterministic Turing machine that builds the system
II({m,n)) in a polynomial time with respect to m and n.

6.2 Soundness and Completeness of the Family

Let us start by fixing some notations that will allow us to describe the invariants,
appearing in the computation, in a simpler way.

Let {z1,...,z;} a set of propositional variables. A truth assignment of
{z1,...,2;} will be indistinctly denoted by:

o o0,=(0,...,q;), where a; € {T, F}.
o 7,=(f1,...,5), where 8; € {T", F'}.
b 61:(’}/1,...7’}/7:)7Wh6re Vi E{tvf}
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The 2¢ truth assignment of the set {z1,...,z;} will be indistinctly denoted by
{031,059}, {Ti1, ..., Tigi}, or {€1,...,€; 9i}, respectively. Notice that given
a truth assignment o; ; (1 < j < 2%) of {1,...,2;}, we can briefly write the same
truth assignment with primes as 7; ;, or in lowercase as ¢; ;.

Let o = C1 A+ A Chyy, where Cj =151V -+ Vi, 1 < j <m,and each [
is an element of the set Var(p) = {x;, 7x; |1 < i < n}. We denote

COd((p) —{Jﬂz,g:xz'EOj,lgign,lgjgm}u
{Zij: ~2,€Cy, 1<i<n1<j<m}
(cod(p))e ={€i;: z;€Cj, 1 <i<n,1<j<m}U
{€;: i €Cj, 1<i<n1<j<m}
(cod(p))t ={el;: i€ Cj, 1<i<n,1<j<m}uU
{&t,: ~;€Cj, 1<i<n1<j<m}

For each k (1 < k < n) we denote

(cod(@))e,>k = (cod(p))e — ({esj: i€ Cj, 1<i<n,1<j<m,1<j<k}U
{€i;j: 2,€Cj, 1<i<n1<j<m,1<j<k})

(cod(9))e, i = (cod(@))e — ({ef j+ i€ Cj, 1<i<n1<j<m1<j<k}u
{ei;: €0y, 1<i<n1<j<m1<j<k})

For each 4,4,k (1 <i,k <mn,1 <j <m) we denote

(cod(¢))d, ;. = Adijr: i€ Cj} U {&”k: —x; € Cj}
(cod(p))y —={d.,: z€Cj} U {d -z; € Oy}

The 2™ cells labelled by 1 generated by the system will be enumerated by
(1,1),(1,2),...,(1,2"71) (1,27 1 +1),...,(1,2"), in such a way that cells labelled
by (1,1),(1,2),...,(1,2"1) contain T,, and the values of the truth assignment

dijk i,9,k * zyk

without primes 0y_11,...,0,_12n-1 of the set {x1,...,z,_1}, and cells labelled
by (1,277t +1),...,(1,2") contain F/, and the values of the truth assignment
with primes Tp—1,1,...,Tp—1,2n—1 of the set {z1,...,2,—1}. If C = (Co,C1,...) is a

computation of the tissue P system I7((m,n)) and [ is the label of a cell, then we
denote by C;(1) the contents of cell I at configuration C;.

Theorem 6.1 Let C = (Cy,C1,...) be a computation of the tissue P system
II({m,n)). For every i (1 <i<mn—1), we have the following:

(1) At configuration Cs;:

(a) There are 2° cells labelled by 1 from which:
x  2t7L cells contain objects Ty, , A;11, Biy1. Moreover, each of them con-

tains a different truth assignment o;_ 1 i of the set {x1,...,2;-1}.
x 2071 cells contain objects F!, , Ai, ., Bi,,. Moreover, each of them con-
tains a different truth assignment 7,_1 ; of the set {x1,...,2;—1}.

(b) There is a cell labelled by 2. This cell contains objects as;, yes,no, and



Improving the Efficiency of Tissue P Systems with Cell Separation 121

* Ifi <n—1 then it contains objects

9t 20 9t ,2¢ 9t 9i—1 ,9i-1 9i—1 ,gi—1
i1y @iy by, Vg, vige, Tty f5
i—1 i—1
A1i+15 -+ > Lit1,i+1

* Ifi=n—1 then it contains objects

9 2 9 ,2¢ 9t 9i—1 .gi—1 9i=1 ,gi—1
a’i+lva'i+17bi+17bi+171]i+17t1 1 7~--ati fi

(c) There is a cell labelled by 3. This cell contains object B3;, and
* If 3i <n then it also contains (cod(cp))f;i

i,5,34
x If 3i > n then it also contains (cod(p))?"
2) At configuration Cz;.1:
+
(a) There are 2° cells labelled by 1.
* Fach of them contains objects a;11, @' 411, biv1, biv1.
*  FEach of them contains a different truth assignment €;; of the set
{l‘l,...,l‘i}.
(b) There is a cell labelled by 2. This cell contains objects

9i—1 201 9i—1 201 git1
Ai+1 ;A i+l s Bi+1 , B i+1 5 Yir1 > O3i+1, Y€S, NO

2i71 127:71
Ti O'i_l)]_ N 0'@_1721'—1 Fi 7'7;_171 e Ti_LQi—l

Moreover, if i <n —1 then it also contains objects

T1i+1s -5 Tit1,i+1

(c) There is a cell labelled by 3. This cell contains object B3;4+1, and
* If3i4+1<n then it also contains (cod(<p))in:’i;‘lpr1
x If3i+1>n then it also contains (cod(p))?"
3) At configuration Cs;.5:
+
(a) There are 2° cells labelled by 1.
*  FEach of them contains objects

! I /
Aiyo, Alivo, Bito, Bliyo, S, Tit1, Flia

* Fach of them contains a different truth assignment o;; of the set

{z1,...,2;}, as well as an identical copy, T; ;, but for primes.
(b) There is a cell labelled by 2. This cell contains objects ag;yo,yes,no, and
such that:

* Ifi <n—1 then it also contains objects

27L+1 2i+1 2i+l 21 21 21 21
Cit1 5 Zit1 > Wil 5551 5o+ 5 Si1s U415 -+ 5 Uit 541
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* Ifi=mn—1 then it also contains objects wfrll
c) There is a cell labelled by 3. This cell contains object B3;+2, and such that:
Y +
23i+2
di j3i+2

* If3i4+2 < n then it also contains (cod(p))
x If3i+2 > n then it also contains (cod(p))?"

Proof: By induction on i. Let us start analyzing the basic case i = 1.
At the initial configuration we have:

Co(1) = {Ay, B}
00(2) = {alvallvbla b/17 Ulvql,lva()ayesano}
Co(3) ={Bo} U cod(y)

Then, rules (1) and (3) allow to exchange objects A, By from cell 1 for objects
ay,al, by, b from cell 2. Simultaneously, the application of rules (20), (24) and (36)
produce objects 47,71 1,1 in cell 2. Rule (37) produces object 81 in cell 3, and

rule (38) produce objects d7 ; , if x; ; € cod(p), and objects 83,]471 if 7; ; € cod(yp),
in cell 3. Therefore,

Cl(l) = {alvallﬂblvbll}
61(2) = {A17Blvy%arl,hahyesano} )

Ci(3) ={A1} U {d} 1+ 2y € cod(p)} U {d;;1: Tij € cod(p)}
At configuration Cy:

(a) Rules (11), (12), (13) and (14) produce objects ByS, By, T1 As, F{ A} in cell 1.

(b) Rules (15), (17), (21), (26) and (36) produce objects c1, c1, 23w?, s1u1,1, g in
cell 2. )

(¢) Rules (37) and (39) produce objects ﬁg,dgzg with z; ; € cod(y), and Eim
with Z; ; € cod(yp) in cell 3.

That is,
Co(1) = {Th, As, FY{, A}, Bo, S, B4}
C2(2) = {2, 22, w2, s1,u1.1, 0, yes,no}
C2(8) = {B2} U (a2 i € codlp)} U {50 iy € cod())
At configuration C»:
(a) Object S triggers separation rule (35) creating two new cells 1, one of them

(1,1) containing {As, By, T1}, and the other one (1,2) containing { A}, B}, F|}

(b) If 1 =i =n—1 (that is, n = 2) rules (19), (22), (23), (27), and (36) produce
objects
bobly, v3azas’, t1 f1, s

in cell 2. Rule (30) remove object uy 1.
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* If 1 =14 <n—1 (that is, n > 2) rules (19), (22), (23), (27), (28) and (36)

produce objects
b2b/23v%va%a/22vtlflaq1,2q2,2aa3
in cell 2.
(¢) If 3 = 3i < n (that is, n > 2) rules (37), and (39) produce objects 537d§;73

with z; ; € cod(p), and 85373 with T, ; € cod(yp) in cell 3.

* If 3 =3i > n (that is, n = 2) rules (37), and (40) produce objects fs, 6223‘ with
x;; € cod(y), and E?Z with Z; j € cod(y) in cell 3.

That is,
C3(1,1) = {A2, B2, 11}
63(172) = {Al27Bé7F1I}
C3(2) = {a%,a’g,b%,b’g,vg,tl,fl,ag, yes,no}, if n =2
C3(2) = {agvalgab%abzlgaU%;t17f17Q1,27q2,27a37 QYGSJIO}’ lf n > 2
C3(3) ={Bs} U {e;: zi; €cod(p)} U {e;: Ti; € cod(p)}, if n=2
P _ 03
Cs(3) ={Bs} U {dZ5: miy € cod(p)} U {d; 5 T, € cod()}, ifn > 2

At configuration Cs:
(a) Rules (1), (2), (3), (4), (5), and (8) replace objects
Ag, Al B, BS, T, FY
from cell 1 by objects
az, g, az, g, ba, b, b, b, b1, f1

from cell 2. ,
(b) Rules (20) and (36) produce objects y3 , a4 in cell 2. Moreover, if 1 =i < n—1
(that is, n > 2) then rule (25) produce objects 7 5,73 5.
(¢) Rule (37) produces object f4 in cell 3. Moreover, if 4 = 3i + 1 < n (that is,
Y
3i < n) then rule (39) produce objects d?:;A with x; ; € cod(y), and dijA with
T, ; € cod(p) in cell 3.
* If4=3i+1>nand n =2, then objects 612,2]" éf; in cell 3 do not evolve.
* If 4 =3i4+1 > n and n = 3, then rule (40) produce objects e?; with z; ; €

cod(y), and 6123 with 7, ; € cod(yp) in cell 3.

That is,
C4 171) = {a27al27b27b/25t1}
C4 1 2):{a27a/27b27b/23f1}

(
(. 2
C4(2) = {A27A/27327BéaT17F1/ay§ y 04, yesvno}a ifn=2
C4(2) = {A27A/27BQvBéaleFllay§230447T%23T%2a yesvno}a ifn>2
n ’ g 'ﬁ' p— .
Cas(3) ={Bu} U {ef;: wij €cod(p)} U {62273'4: T;j € cod(p)}, iftn=2,3
(3)

Ca(3) ={Ba} U {2, miy € codlp)} U {d;,,: Tij € cod(p)}, ifn >4
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At configuration Cy:

(a) Rules (9), (11), (12), (13), and (14) produce objects
T\Ty, BsS, B}, Ty A3, Fy, A

in cell (1,1), and rules (10), (11), (12), and (13) produce objects
FF|, B3S, B}, Ty A3, Fyy, A%

in cell (1,2).
(b) Rule (36) produces object as in cell 2. Moreover, if 1 = ¢ < n — 1 (that is,
n > 2) then rules (15), (16), (17), (18), (21), and (26) produce objects

22 922 2 9 2 2
C2,C2,C2,C2,25 Wy ,81U7 9,853U3 o

in cell 2.

* If i =1 =mn—1 (that is, n = 2), then rules (15), (16), (17), and (18) remove
objects Ay, A, By, By from cell 2, and rule (21) produce objects w3. Rules
(31) and (34) remove objects T, F] from cell 2.

(¢) Rule (37) produces object 85 in cell 3. Moreover,

* if 5 =3i+2 < n (thus 3t + 1 < n) then rule (39) produce objects d2235 with

o5

x; ; € cod(y), and d?,j,S with Z; j € cod(y) in cell 3.
* If 5=3i+2 >n and n = 2,3, then objects ef;., Eff;
* If 5 =3i4+2 > n and n = 4, then rule (40) produce objects e?; with z; ; €

in cell 3 do not evolve.

cod(y), and E?;- with 7, ; € cod(yp) in cell 3.

That is,
C5(]—71) = {A37AgaB3’BéaSa T17T1/7T23F2/}
65(172) = {A327 A{3,7337B{/;757 F17F1/7T27F2/}
C5(2) = {w} ,as, yes,no}, if n=2
C5(2) = {c3 7232,8%7ui2,s§,u§’27w§2,a5, yes,no}, if n > 2
Cs(3) = {Bs} U {ef;: xij € cod(p)} U {622]25 T, ; € cod(p)}, if n <5
5 -3 .
C3) = {Bs} U (a5 @y € codlp)} U (@5 : Ty € cod(@)} if n =5

Thus, the result of the theorem hold for 7 = 1.

By induction hypothesis, let ¢ be such that 1 <7 < n — 1 and let us suppose
(1), (2), and (3) hold for 4. Let us see that (1), (2), and (3) also hold for ¢ + 1.
Then we assume that:

C3i+2(1a 1) - {Ai+27 A;+2a Bi+27 B7/;+27 Sv TIH»l; Fi/-i,-la O—’i,lv T’L,l}

03i+2(17 21) = {Ali%7 A;t%7 B’Hf+21a B1/‘+27 S7 Tifla F{-},—la O-i,2i ) Ti_,2i}

Csi+2(2) = {sz+1 721‘2+1 aw¢‘2+1 a5%3_7+~2~ s 5z2+1» U%7i+1v e U22+17i+1a Q3it2,yes,no}
Cait2(3) = {Bsira} U (cod(9)), .., if3i+2<n

Csit2(3) = {Bsit2} U (cod(p))?", if3i+2>n
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At configuration Cs;o:

Object S triggers separation rule (35), creating 2! new cells 1 having a total
of 2711 cells labelled by 1 from which:
e 2% cells 1 contain objects Ao, Biyo,T;y1. Moreover, each of them contains

a different truth assignment o; ; of the set {z1,...,z;}.
e 2’ cells 1 contain objects Aj_ 5, Bj_ 5, Fj, ;. Moreover, each of them contains
a different truth assignment 7, ; of the set {x1,...,2;}.

Rule (36) produces object asg;+3. Objects yes and no do not evolve at this
transition step.

Ifi+1 < n—1 (that is, n > i+ 2) rules (19), (22), (23), (27), and (25) produce
objects

gitl ,20Fl il i1l il g i 9i 9i 9l 9i
bito  blite s Vo s Qiyo Q0 tT L [T ?"'ati+1vfi+17q1,i+2""aqi+2,i+2

in cell 2.
Ifi+1=mn-—1 (that is, n = i + 2) rules (19), (22), (23), and (27) produce
objects

gitl /21-%—1 9i+1 9i+1 /277+1 i i 9t 9
bi+2 N yUigo s Qipo A yyg U] [ a"'ati+1afi+1
in cell 2. Rule (30) erases objects uf ; ,...,u7,;,;; from cell 2.

Rule (37) produces object f3;+3. Moreover,
If 3i + 3 < n (that is, n > 3i + 2) rule (39) produces (cod(yp))
If n < 3i + 2, then objects from (cod(y))?" do not evolve.

€

If n = 3i + 2, then rule (40) produces (cod(y))?" from (cod(go))?lj_m in cell
labelled by 3. ;

93i+3

4 ... incell 3.
i,5,3i+3

Thus, the result holds for configuration Cs(;;1)-

(a)

At configuration Cs(;;1):

Rules (1), (2), (3), (4), (5), (6), (7), and (8) trade objects
Ai+27A'IL‘+2a Bi+27 B7/;+27T1a s 7Ti+1aT{7 s 7717;-',-1’ F17 s 7Fi+1,F{a B Fil-i,-l
from cell 1 for objects

/ /
Ait2, Qi1 9, bit2, b0, f1,01, -0, fiyr, it

from cell 2. Then, we have 2i+! cells labelled by 1 such that each of them con-
tains objects a;42,aj 9, bit2,b; 5 and also contain a different truth assignment
€it+1,5 of the set {I‘l, ey $i+1}~

Rule (36) produces object asg;+s4. Objects yes and no do not evolve at this
transition step. After the interchange of objects with cell 1, cell 2 contains
objects

2° 12 2 2° 2° 72°
Ai+27 Ai+27 Bi+27 Bi+27 Ti+17 i+1004,15-++904285,Tj 1y -+ - T4 20
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* If i+ 1< n—1 (that is, n > ¢ + 2) then rules (20) and (25) produce objects
2i+2 21+1 27,+1 .
Yito sT1iq2s -+ Vig2,ite I cell 2. v
* If i+ 1=mn—1 (that is, n =i + 2) rule (20) produces objects yfr; in cell 2.
(c) Rule (37) produces object B3(;11)+1. Moreover,
* If n > 3(i + 1), then rule (39) produces (cod(@))ijt:i):)“
* If n < 3(i + 1), then objects from (cod(¢))2" do not evolve.
x If n = 3(i + 1), then rule (40) produces (cod(y))?" from (cod(gp))gzj _in cell 3.

in cell 3.

Hence, the result holds for the configuration Cs(j41)41-
At configuration Cs(;11)41:

(a) Rules (9), (10), (11), and (12) produce objects

Tiv2Airs, FlioAlys FLF TV T, Fid Fiyy Tiga Ty Bivs, S, Biys
in cell 1. Specifically, there are 2'*! cells labelled by 1 such that each of them
contains objects A;y3, A}, 3, Biy3, S, Bi 3, Tiyo, Fi 5, and also contains a dif-
ferent truth assignment ;41 ; of the set {x1,... 2,41}, as well as an identical
copy Ti+1,; of the set {z1,...x;41} but for primes.

(b) Rule (36) produces object as;15. Objects yes and no do not evolve at this
transition step. Moreover,

* If i+1 <n—1 (that is, n > i+2) then rules (15), (16), (17) and (18) produce
objects ¢, ,, ¢ o, 715,25 (that is, cf:;) in cell 2. Also, rules (31), (32), (33)
and (34) erase objects T;, T/, F;, F] from cell 2. Rules (21) and (26) produce
objects

i+2 i+2 i+1 i+1 i+1 i+1
Zi2+2 7wi2+2 ,s% a“ii+2v .. ~,512+2 7u12+2,i+2

* If i+ 1=mn—1 (that is, n = i 4+ 2) rules (15), (16), (17), (18), (31), (32), (33)

and (34) erase objects

Ai+27 A;+27 B'H—Za Bql;+27 Tia 1—;'/7 Fia Fz/
from cell 2. Also rule (21) produces object w?,y = w2".

Rule (37) produces object B3(;11)42 in cell 3. Moreover,

If n > 3(i + 1) + 1, then rule (39) produces (cod(¢))2" """

di §,3(i41)+2
If n < 3(i + 1) 4 1, then objects from (cod(¢))?" do not evolve.
If n = 3(i + 1) + 1, then rule (40) produces (cod(y))?" from (cod(gp))ﬁ?]_ _in
cell 3. -

—~
o
~

in cell 3.

* o %

Hence, the result holds for configuration Cs(;y1)42-

Then the proof of the theorem completes. (]

Theorem 6.2 Let C = (Co,Cy,...) be a computation of the tissue P system
II({m,n)). At configuration Cs,, we have the following:

(a) There are 2™ cells labelled by 1 from which:



Improving the Efficiency of Tissue P Systems with Cell Separation 127

x 2771 cells contain objects Ty, , A, 1. Moreover, each of them also contains

a different truth assignment op,_1 ; of the set {z1,...,Tp_1}.
x 2771 cells contain objects F), , Al ... Moreover, each of them also contains
a different truth assignment T,_1 ;, of the set {z1,...,zpn_1}.

(b) There is a cell labelled by 2. This cell contains objects E%n Q3 yes no.
(¢) There is a cell labelled by 3. This cell contains objects Bsy, and (cod(v))?"

Proof: From Theorem 6.1 for i = n—1 we deduce that at configuration C3(,,—1)42 =
Cs,—1 we have:

e There are 2! cells labelled by 1 such that:
(a) Each of them contains objects Ay,41, 4,1, Bni1, By, 1,5, T, Fy,.
(b)Each of them contains a different truth assignment o,_;; of the set

{z1,...,2,_1} as well as an identical copy 7,1 g but for primes.
e There is a cell labelled by 2 which contains objects w? ,G{g(n +2 = Q3n—1,
yes, no.

e There is a cell labelled by 3 which contains object 83(,-1)42 = B3n—1, and
objects from (cod(y))2" (because 3(n — 1) 4+2 > n)).

By applying rules (1, B,41/A,0) and (1,B;,,,/A,0), objects B,41 and B, are
removed from cell 1. By applying separation rule (35), each cell 1 creates two new
cells labelled by 1: one of them containing objects with primes, and the other
containing objects without primes. That is, at configuration Cs,, we have 2" cell 1
such that:

(a) 27! cells contain objects T},, A, 1. Moreover, each of them contains a different

truth assignment 0,1 ; of the set {x1,..., 2,1}
(b) 2"~ cells contain objects F),, A/, . ;. Moreover each of them contains a different
truth assignment 7,1 ; of the set {z1,.. mn,l}

Rule (36) produces object az,, in cell 2. Rule (2,w,/E1,0) produces objects E7"
in cell 2. Neither objects yes or no evolve at this transition step. That is,

C3n(2) = {E]?na Q3pn,yes, no}

Rule (37) produces object B3, in cell 2. Objects from (cod(p))?" do not evolve at
this transition step. That is,

Can(3) = {Ban} U (cod())Z"
O

Theorem 6.3 Let C = (Co,Cy,...) be a computation of the tissue P system
II({m,nrangle). At configuration Cs, 11, we have the following:

(a) There are 2™ cells labelled by 1 which contain object E7. Besides,
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x 2"~ of those cells, enumerated by (1,1),...(1,2"71), contain object Ty,
and each of them contains a different truth assignment o,_1; of the set
{.’ﬂl, . ,l’nfl}.
x  2"7L of those cells, enumerated by (1,271 +1),...(1,2"), contain object
F},, and each of them contains a different truth assignment 7,1 ; of the set
{Q?l, N 7.1‘»,1_1}.
(b) There is a cell labelled by 2. This cell contains  objects
gn—1 42" 1
azpyryesnoAs o AL
(¢) There is a cell labelled by 3. This cell contains objects By i1, and (cod(v))?".

Proof: At configuration Cs,,:

(a) Rules (1, A, +1/E1,2) and (1, A4;,,,/E1,2) exchange objects A,11, A}, | from
cell 1 for objects F; from cell 2. Hence, there are 2™ cells labelled by 2 each of
them containing object F;. Besides:

x 2"~ of those cells, enumerated by (1,1),...(1,2""1), contain object T},
and each of them contains a different truth assignment o,_; ; of the set
{.731, ‘e ,In_l}.

x 2771 of those cells, enumerated by (1,271 + 1),...(1,2"), contain object
F}, and each of them contains a different truth assignment 7,,_; ; of the set
{113'1, . ,$n,1}.

(b) Rule (36) produces object as,11 in cell 2. Objects yes and no do not evolve
at this transition step. That is,

gn—1  ,on—1
C3n+1(2) = {An+1 aA n+1 > ¥3n+1,yeS, IlO}

(¢) Rule (37) produces object Bs,41 in cell 2. Objects from (cod(¢))?" do not
evolve at this transition step. That is,

C3n11(3) = {Bans1} U (cod(p))?"

O

In this way, the generating stage finishes at step 3n+1 and the checking stage
would start at the next step.

Theorem 6.4 Let C = (Cy,C1,...) be a computation of the tissue P system
II({m,n)). At configuration C(s,1)41, the following holds:

(a) There are 2™ cells labelled by 1. Besides,

* If the truth assignment o, s associated with a cell (1,t), where 1 < ¢ <27,
makes the clause C1 true, then
— If1 <t < 27! then it contains e; 1 + (0n,s — {Ti}), for some i such
that x; € Ci, or it contains €;1 + (on,s — {Fi}), for some i such that
-z, € C.
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— If2nTl 4+ 1 <t <27 then it contains e;1 + (Tn,s — {I}}), for some i
such that z; € Cy, or it contains €;1 + (1,5 — {F!}), for some i such
that —~x; € C4.

* If the truth assignment o, s associated with a cell (1,t), where 1 <t < 2™,
makes clause Cy false , then their contents coincide with the corresponding
contents in the previous configuration Csniy1. In particular, that cell does
not contain any object e; 1 nor €; 1.

(b) There is a cell labelled by 2. This cell contains objects o (3p41)+1,yes, no.
(¢) There is a cell labelled by 3. This cell contains:
* k1 copies of object Eq, being k1 the number of truth assignments making
clause Cy of ¢ true.
* (cod(gp))ggl representing 2" copies of the objects e; ; and €;; such that
j > 1 and z; € C; in the first case, and —~x; € C; in the second one.
x Object Bgni1)+1-
*  Some irrelevant objects of the type T;,T!, F;, F! that will dissappear at the
next step.
% Some irrelevant objects of the type e; 1,€;1 that will not be considered any-
more.

Proof: At configuration Csy,41:

(a) Rules of type (41) are applied to cells labelled by 1 trading objects
Ela Ti7 Tilv Fiv Fz/

from cell 1 for objects e; 1, €;,1 from cell 3 according to the following conditions:
if a cell 1 encodes a truth assignment making clause C; true, then it replaces
objects E1T; or EZT! (respectively, objects E1F; or E1F!) by objects e; 1 (re-
spectively, objects €; 1), if z; € C; (respectively, if ~x; € C1). This transition
step is non-deterministic because object E; can choose different truth values
T,T',F or F' from cells labelled by 1 making clause C; true.
Let us suppose that the truth assignment o, s associated with a cell (1,¢)
(I <t < 2™) makes the clause C; true (on the contrary, rule (41) is not
applicable to configuration Czy1, 50 C(3p41)+1(1,t) = C3nt1)(1,1)).
* Casel:1<¢<on 1
If z; € Cy then objects EqT; from cell (1,¢) are replaced by object e; 1 from
cell 3. So, the contents of cell (1,t) is e;1 + (opn,s — {T3})-
If —xz; € Cy then objects EqF; from cell (1,t) are replaced by object €; 1
from cell 3. So, the contents of cell (1,t) is €1 + (opn,s — {Fi}).
* Case2: 2" 14 1<t<om,
If x; € Cy then objects E1T] from cell (1,t) are exchanged for object e; 1
from cell 3. So, the contents of cell (1,t) is e;1 + (7n,s — {7 })-
If —z; € Cy then objects Eq F] from cell (1,¢) are exchanged for object €; 1
from cell 3. So, the contents of cell (1,t) is €1 + (7n,s — {F}}).

(b) Rules (15) and (16) remove objects Airll,A’Z:ll from cell 2. Rule (36) pro-
duces object agp 2. Hence, C3,42(2) = {a3nt2, yes,no}.
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(¢) Rule (37)

produces object 83,42 in cell 3 which also contains:

* A number k; of copies of object E equal to the number of truth assignment
making clause C true.

x (cod(9))251-

*

Garbagge objects T;, T}, F;, F} which will be removed at the next step.

% Garbagge objects e; 1,€;,1 which will not be considered anymore.

Theorem 6.

O

5 Let C = (Co,C1,...) be a computation of the tissue P system

II({m,n)). For every j (1 <j <m —1) we have:

(1) At configuration C(s,1)42;, the following holds:
(a) There are 2™ cells labelled by 1. Besides,

* If
2’ﬂ

* If
2"1

the truth assignment o, s associated with a cell (1,t), where 1 <t <

, makes Cy A --- AN Cj true, then it contains object Ej 1. Moreover,
If1 <t < 2" then it contains object T;, for some i such that x; €
Cj, or it contains object F;, for some i such that ~x; € C;. Besides,
objects T; and F; of that cell 1 at configuration C(z,41)42j—1 remain
at configuration C(3p41)+2;-
If 2=t +1 < t < 27" then it contains T;, for some i such that
x; € Cj, or it contains F;, for some i such that —z; € C;. Besides,
objects T{ and F| of that cell 1 at configuration Cgy1)12;—1 T€main
at configuration C(3p41)+2;-

the truth assignment o, s associated with a cell (1,t), where 1 <t <

, makes Cy A --- A C; false, then their contents coincide with the

corresponding contents in the previous configuration C(z,i1)412j—1- In
particular, that cell does not contain object Ej 4.
(b) There is a cell labelled by 2. This cell contains objects O(3n+1)+2j, yeS, 0O.
(c¢) There is a cell labelled by 3. This cell contains:
* (cod(g&))g;j representing 2™ copies of the objects e; j» and€; j» such that

j/

> j and x; € Cyr in the first case, and —~x; € Cj in the second one.

* Obj€Ct 6(3n+1)+2j'
*  Some irrelevant objects of the type e; ji,€; jr, with 1 < j' < j that will
not be considered anymore.
(2) At configuration C(s,11)42j+1, the following holds:

(a) There are 2™ cells labelled by 1. Besides,

* If
2’ﬂ

the truth assignment o, s associated with a cell (1,t), where 1 <t <
, makes Cy A --- A Cjyq true, then
If 1 <t <21 then it contains e; j11 + (on,s — {T3}), for some i
such that x; € Cjy1, or it contains € j1 + (on,s — {Fi}), for some
i such that —x; € Cj11.
If 27—t +1 <t < 2™ then it contains e; j41+ (Tn,s — {T}}), for some
i such that z; € Cjy1, or it contains €; j41+ (1, s — {F}), for some
i such that ~x; € Cjq1.
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* If the truth assignment o, s associated with a cell (1,t), where 1 <
t <27, makes C1 A --- N Cjtq false, then their contents coincide with
the corresponding contents in the previous configuration Cgpi1)42;- In
particular, that cell does not contain any object e; j 41 nor €; jy1.
(b) There is a cell labelled by 2. This cell contains objects O(3n41)4+2j+1, yes, Ro.
(¢) There is a cell labelled by 3. This cell contains:
* kji1 copies of object i1, being k;j 1 the number of truth assignment
making clauses C1,...,Cj11 of ¢ true.
* (cod(ap))gg(jﬂ) representing 2" copies of the objects e; j» and €; j such

e

that j" > j+ 1 and z; € Cj in the first case, and —x; € Cj in the
second one.

x  Object B(zni1)y2541-

*  Some irrelevant objects of the type T;, T}, F;, F! that will dissappear at
the next step.

*  Some irrelevant objects of the type e; jr,€; j; with 1 < j' < j+ 1 that
will not be considered anymore.

Proof: By induction on j. Let us start analyzing the basic case j = 1.
At configuration C(3,,11)41:

(a) Rule (42) produces objects T;E in a cell 1 which contains object e; 1, and
produces objects F;F5 in a cell 1 which contains object €; ;. So, there are 2™
cells labelled by 1 such that:

* If the truth assignment associated with a cell (1,t) makes clause C; true,
then it contains objects Fo. Moreover, it contains object T; for some i such
that z; € Cq, or object F; for some ¢ such that T; € C;. Besides, the
remaining objects at configuration Cs, 2 stay unchanged at this transition
step.

* If the truth assignment associated with a cell (1,¢) makes clause C false,
then their contents coincide with the corresponding contents of the previous
configuration C(3,,41)41-

(b) Only rule (36) is applicable to cell 2 at configuration Czj,42. So,

Cant3(2) = {a(3n+1)+25yes7no}

(¢) Rule (37) produces object 83,43 in cell 3. Rules (44) and (45) remove objects
E\,T;,T!, F;, F! from cell 3.

At configuration C(3,,1)42:

(a) If the truth assignment o, ; associated with a cell (1,t) makes clause Cs true,
then
x If 1 <t <271 rules (41) replace objects T;FEs from cell 1 by objects e; o
from cell 3, for some ¢ such that x; € Cs3, or objects F;Fs from cell 1 by
objects €; 2 from cell 3, for some ¢ such that z; € Cy. Hence, such a cell 1
contains
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ei2 + (on,s —{T3}), if objects T;E2 have been exchanged
ei2 + (on,s — {Fi}), if objects F;E, have been exchanged

If 2n=1 41 < ¢ < 27, rule (41) either replaces objects T; F or objects T} E
by objects e; o from cell 3, for some ¢ such that z; € Cs, either objects F; Es
or objects F}Es by objects €; o from cell 3, for some i such that Z; € Cs.
Hence, such a cell 1 contains

ei2 + (Tn,s — {Ti}), if objects T; E5 have been exchanged
ei2 + (Tn,s — {I}}), if objects T} E5 have been exchanged
ei2 + (Tns — {Fi}), if objects F;E5 have been exchanged
eio + (Tns — {F}}), if objects F}Es have been exchanged

(b) Only rule (36) is applicable to cell 2 at configuration C(zn41)+2- So,

Canta(2) = {04(3n+1)+3; yes,no}

(c) Also rule (37) is applicable to cell 3 producing object Ssy,+4. Then, cell 3
contains:

ko copies of object Fs, being ko the number of truth assignment making
clauses C4, Cs of ¢ true.
(cod(gp))i?>2 representing 2" copies of the objects e; j» and €; j» such that

j'> 2 and x; € Cj in the first case, and —z; € Cj/ in the second one.
Object Bzni1)+3-

Garbagge objects of the type T;, T/, F;, F} that will dissappear at the next
step.

Garbagge objects of the type e; ;/,€; ;7 with 1 < j* < j+1 that will not be
considered anymore.

By induction hypothesis, let j such that 1 < j < m — 1 and let us the result
holds for j. Let us see that the result also holds for j + 1.
At configuration C(3,,41)42j41:

(a) Rule (42) produces objects T;E;j42 in a cell 1 which contains object e; ;, and
produces objects F; Ej o in a cell 1 which contains object €; ;. So, there are 2"
cells labelled by 1 such that:

*

If the truth assignment associated with a cell (1,¢) makes C1 A--- A Cjqo
true, then it contains objects F; 2. Moreover, it contains object T; for some
i such that x; € C12, or object F; for some i such that T; € Cj 2. Besides,
the remaining objects at configuration C3,,41)42;41 stay unchanged at this
transition step.

If the truth assignment associated with a cell (1,¢) makes C1 A--- A Cjqo
false, then their contents coincide with the corresponding contents of the
previous configuration C(3n+1)+2j+1.

(b) Only rule (36) is applicable to cell 2 at configuration C(3,41)+2j41- S0,

Ciant1)4+2j+2(2) = {3n+1)+25+2, yes,no}
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(c) Rule (37) produces object B(3p41)42;+2 in cell 3. Rules (44) and (45) remove
objects E1,T;, T/, F;, F/ from cell 3.

isLis
At configuration C(3,,41)42j42:

(a) If the truth assignment o, ; associated with a cell (1,¢) makes C; A--- A Cj1o
true, then
x If 1 <t < 2" rules (41) replace objects T;F;j42 from cell 1 by objects
€;,j+2 from cell 3, for some ¢ such that z; € C;12, or objects F;E;,o from
cell 1 by objects €; j4+2 from cell 3, for some ¢ such that z; € Cj12. Hence,
such a cell 1 contains

eij+2 + (on,s — {Ti}) , if objects T; Ej 1o have been exchanged
eij+2 + (on,s — {Fi}) , if objects F;E;1o have been exchanged

x If 2771 41 <t < 27 rules (41) either replace objects T;E; 42 or objects
T!Ej;s from cell 1 by objects e; j1o from cell 3, for some ¢ such that z; €
Cj42, either objects F;Ej4 5 or objects F/Ej, 5 from cell 1 by objects €; ;2
from cell 3, for some 7 such that T; € Cj;2. Hence, such a cell 1 contains

eijt+2 + (Tn,s —{Ti}), if objects T;E; o have been exchanged
€ij+2 + (Tn,s — {T7}), if objects T} E;; > have been exchanged
€ijt+2 + (Tn,s — {Fi}), if objects F; Ej 5 have been exchanged
€ij+2 + (Tn,s — {F}}), if objects F]E; o have been exchanged

(b) Only rule (36) is applicable to cell 2 at configuration C(3n41)+2j42- S0,

Ciant1)+2j+3(2) = {3n+1)+25+3, yes,no}

c¢) Also rule is applicable to cell 3 producing object B(3,,11)42;+3- Then, ce
Al le (37) i licable to cell 3 produci bject B(3n41)+2j+3- Th 11
3 contains:
— kjio copies of object Fj o, being kjio the number of truth assignment
making Cq A --- A Cj42 true.
- (cod(gp))g;j+2 representing 2" copies of the objects e; ;» and €; j such that
j'>j+2and z; € Cj in the first case, and —z; € Cj/ in the second one.
- ObJeCt ﬁ(3n+1)+2j+3'
— Garbagge objects of the type T;, T/, F;, F! that will dissappear at the next
step.
— Garbagge objects of the type e; j/, € ;» with 1 < 5/ < j + 2 that will not be
considered anymore.

Hence, the result is also true for j + 1. Then the proof of the theorem completes.
O

Theorem 6.6 Let C = (Co,Cy,...) be a computation of the tissue P system
II({m,n)). At configuration C(s,1)42m, the following holds:
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(a) There are 2™ cells labelled by 1, and the formula ¢ is satisfiable if and only if
there is, at least, one of such cell which contains object Ep, 1.

(b) There is a cell labelled by 2. This cell contains objects o (3,41)+2m, yes,no.

(c) There is a cell labelled by 3. This cell contains object B(3n41)+2m, and some ir-
relevant objects of the type e; jr,€; j» with 1 < j" < 'm that will not be considered
anymore.

Proof: From Theorem 6.5, at configuration C(3,,41)42(m—1)+1 We have:
(a) There are 2™ cells labelled by 1 each such that:

* Let 0, 5 a truth assignment associated with a cell (1,¢), where 1 <t < 2™,
making Cq A - -+ A C), true. Then
~ If 1 <t < 27! then it contains e; ., + (on,s — {I;}), for some i such

that x; € Cyy, OF € 4 + (00,5 — {F;}), for some i such that —z; € C,,.
— If2"7141 <t < 2" then it contains e€; ,, + (7n.s — {T}}), for some i such
that x; € Cyy, OF €4 + (Tn,s — {F}}), for some i such that —x; € Ch,.

* Let 0y, 5 a truth assignment associated with a cell (1,¢), where 1 <t < 2",
making Cy A --- A C), false. Then their contents coincide with the corre-
sponding contents in the previous configuration C(3,41)42(m—1)- In partic-
ular, that cell does not contain any object e; ,,, nor €; n,.

(b) There is a cell labelled by 2 which contains objects a(3,+1)42(m—1)+1,yes,no.
(c) There is a cell labelled by 3 which contains object BBn+1)+2(m—1)+1, and:

—  k,, copies of object E,,, being k,,, the number of truth assignments making
clauses C1i,...,C), true, that is, k,, is the number of truth assignment
making true the formula ¢.

— Some irrelevant objects of the type T3, 17, F;, F! that will dissappear at the
next step.

—  Some irrelevant objects of the type e; j/,€; j» with 1 < j" < m that will not
be considered anymore.

Then

(a) Rule (43) produces objects E,, 1 in every cell 1 which encodes a truth assign-
ment making the formula ¢ true. Moreover, if a cell labelled by 1 encodes a
truth assignment making the formula ¢ false, then it does not contain object
Em+1.

(b) Rule (36) produces object o3, 41)42m in cell 2. Thus,

C(3n+1)+2m(2) = {a(3n+1)+2m7 yes, IlO}

(c) Rules (44) and (45) remove objects Ey,41, T3, T}, F;, F from cell 3. In addition,
rule (37) is applicable to cell 3 producing object B(35,+1)+2m- Cell 3 also contains

irrelevant objects of the type e; j,€; j-, with 1 < j° < m, that appear at the
previous configuration. 0O

Theorem 6.7 Let C = (Co,C1,...) be a computation of the tissue P system
II({m,n)). At configuration C(s,1)42m+1, the following holds:

(a) There are 2™ cells labelled by 1. Besides,
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* If the formula @ is satisfiable, then there is one (and only one) cell labelled
by 1 which contains objects a(3ny1)42m,yes.
* If the formula ¢ is not satisfiable, then their contents coincide with the
contents in the previous configuration C(zni1)42m-
(b) There is a cell labelled by 2. Besides,
* If the formula ¢ is satisfiable, then it contains objects E,,41,n0.
* If the formula ¢ s mnot satisfiable, then it contains objects
&(3n+1)+2m, y€S,10.
(c) There is a cell labelled by 3. The contents of this cell is the same that in
the previous configuration C3ni1)42m, evcept object B(3,41)+2m that evolves to

Ban+1)+2m+1-
Proof: At configuration C3,41)12m+1:

(a) There are 2™ cells labelled by 1, and
* If the formula ¢ is satisfiable, then there are cells labelled by 1 which contain
objects Ey,+1. Then, one (and only one) of these objects can be used to
apply rule (46), allowing its trade for objects (s, +1)+2m, yes from cell 2.
* If the formula ¢ is not satisfiable, then their contents coincide with the
contents in the previous configuration C(sn41)+2m- In particular, rule (46)
can not be applied to any cell labelled by 1, because any such cell encodes
a truth assignment making the formula ¢ true.
(b) There is a cell labelled by 2 such that
* If the formula ¢ is satisfiable, then

C(Bn,+1)+2m+1(2) = {Em+1,n0}

* If the formula ¢ is not satisfiable, then no rule of the system is applicable
to that cell 2. Therefore,

C(3n+1)+2m+1 = {Of(sn+1)+2m7ye5,n0}

(c) There is a cell labelled by 3. Only rule (37) is applicable at this cell and produces
object 5(3n+1)+2m+1-
O

Theorem 6.8 Let C = (Co,Cy,...) be a computation of the tissue P system
II({m,n)). At configuration C(s,1)42m+2, the following holds:

(a) There are 2™ cells labelled by 1. Besides,

% If the formula @ is satisfiable, then there is one (and only one) cell labelled
by 1 which contains objects a(3py1)+2m and B(ani1)+2m+1-

* If the formula @ is not satisfiable, then their contents coincide with the
contents in the previous configuration C(3,41)42m+1-

(b) There is a cell labelled by 2. Besides,
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* If the formula ¢ is satisfiable, their contents coincide with the contents in
the previous configuration C3p11)4om+1-
* If the formula ¢ is not satisfiable, then it contains objects yes,no,
B(3n+1)+2m+1'
(¢) There is a cell labelled by 3. Besides,
* If the formula ¢ is satisfiable, then it contains object yes.
x If the formula ¢ is not satisfiable, then it contains object a(zp41)42m-

Proof: At configuration C(3,,11)42m+1:

(a) There are 2™ cells labelled by 1, and

% If the formula ¢ is satisfiable, there is one (and only one) such cell 1 which
contains objects a(3n41)+2m, yes. By applying rule 47, object yes from such
cell is traded for object B(3541)+2m+1 from cell 3. Thus, there is one (and
only one) cell 1 which contains objects c(sn+1)12m and Bgp1)+2m+1-

* If the formula ¢ is not satisfiable, then their contents coincide with the
contents at the previous configuration C3,,41)42m+1- In particular, rule (47)
cannot be applied to any cell labelled by 1.

(b) There is a cell labelled by 2. This cell verifies:

* If the formula ¢ is satisfiable, then any rule is applicable to such cell. There-
fore,

C(3n+1)+2m+2(2) = {Em+1,n0}

* If the formula ¢ is not satisfiable, then rule (48) is applicable allowing the
exchange of object a(3,41)42m from cell 2 for object 5(3,,41)42m+1 from cell
3. Hence,

C(3n+1)+2m+2(2) = {B(3n+1)+2m+17yes7no}
(c) There is a cell labelled by 3. This cell verifies:

* If the formula ¢ is satisfiable, then rule (47) produces object yes in this
cell.

x  If the formula ¢ is not satisfiable, then rule (48) produces object a(3,41)+2m
in this cell.

O

Theorem 6.9 Let C = (Co,C1,...) be a computation of the tissue P system
II({m,n)). At configuration C(s,1)42m+3, the following holds:

(a) If the formula ¢ is satisfiable, then yes € Ci3p41)42m+3(0).
(b) If the formula ¢ is not satisfiable, then no € C(gp11)42m+3(0).
(c) The configuration C(sni1)+2m+s is a halting configuration.

Proof:

(a) Let us suppose that formula ¢ is satisfiable. Then no rule is applicable to
any cell labelled by 1 at configuration C(3y,41)4+2m+2- Bearing in mind that
Csnt1)+2m+2(2) = {Emy1,n0}, and yes € C(zn11)42m2(3), only rule (50) is
applicable to configuration C(s;41)+2m+2- Hence, yes € Cizn41)4+2m+3(0)-
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(b) Let us suppose that formula ¢ is not satisfiable. Then no rule is applicable
to any cell labelled by 1 at configuration C(3,41)42m+2- Bearing in mind that

Ciant1)+2m+2(2) = {B3nt142m+1,yes,no}, and azniir2m € Cani1)+am2(3),
only rule (49) is applicable to configuration C(3,41)4+2m+2. Hence, no €
Cian+1)+2m+3(0).

(c) From (a) and (b), it is easy to check that no rule of the system is applicable to
configuration C(3,41)42m+3-

O

Corollary 6.10 The family II is polynomially bounded.

Proof: From Theorem 6.9 we deduce that any computation C of the tissue P
system IT({m,n)) spends (3n+ 1) +2m+3 = 3n+ 2m +4 transition steps exactly.
O

6.3 Computational Efficiency of TSC(3)

The family of tissue P systems with cell separation constructed in Section 5 verifies
the following:

(a) The defined family IT is consistent, in the sense that all systems of the family
are recognizer tissue P systems with cell separation: (1) the working alphabet I”
has two distinguished objects yes and no, at least one copy of them present in
some initial multisets but none of them are present in &; (2) the output region
iout is the environment; (3) all computations halt; and (4) if C is a computation
of a system, then either object yes or object no (but not both) has been released
into the environment, and only at the last step of the computation. Besides,
these systems use communication rules with length at most 3.

(b) The family II is polynomially uniform by Turing machines (Subsection 5.1).

(¢) (cod, s) is a pair of polynomial-time computable functions.

(d) The family IT is polynomially bounded with regard to (SAT, cod, s) (Corollary
5.10).

(e) The family IT is sound and complete with regard to (SAT, cod, s) (Subsection
5.2).

Therefore, according to Definition 1, the uniform family IT of tissue P systems
constructed in Section 5 solve the SAT problem in polynomial time with respect to
the number of variables and the number of clauses.

Hence, we have the following result:

Theorem 6.11 SAT € PMCrgc(3)-
Corollary 6.12 NP Uco — NP C PMCrgc(s)-

Proof: It suffices to notice that the SAT problem is NP-complete, SATe
PMCrsc¢(3), and this complexity class is closed under polynomial-time reduction

and under complement.
O
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7 Conclusions and Future Work

The space-time tradeoff method is used to efficiently solve computationally hard
problems in the framework of Membrane Computing. The efficiency of tissue P
systems with cell division for solving NP-complete problems has been previously
studied [4, 5, 20]. Cell division rules allow the duplication of all objects in the new
created cells except the object that activate the cell division operation. Therefore,
the cell division can be used to generate an exponential workspace, expressed in
terms of the number of cells and the number of objects, in linear time.

In the framework of tissue P systems with cell division, the length of commu-
nication rules provide a frontier for the tractability of decision problems. In [8] the
limitation on the efficiency of tissue P systems with cell division and communi-
cation rules of length 1 it has been established that only tractable problems can
be solved efficiently in that framework. Nevertheless, in [5] a linear time solution
to Vertex Cover problem by using a family of tissue P systems with cell division
and communication rules of length at most 3 has been provided. Hence, in tis-
sue P systems with cell division, passing from communication rules of length 1 to
communication rules of length at most 3 amounts to passing from non—efficiency
to efficiency, assuming that P # NP.

Recently [15], cell separation rules have been introduced into tissue P systems,
inspired by the cellular fission, and its computational efficiency was investigated.
This kind of rules allows the creation of two new cells from one cell although
there is no replication of objects between the new cells, that is, the contents of
the cell is distributed between the new created cells, except the object triggering
the rule which is consumed. Therefore, by using cell separation it is possible to
construct an exponential workspace, expressed only in terms of the number of
cells, in linear time. In [15] two important results were obtained in that framework:
(a) only tractable problems can be efficiently solved by using cell separation and
communication rules with length at most 1, and (b) a uniform and linear time
solution to the SAT problem by using cell separation and communication rules
with length at most 8 was presented.

In this paper, the previous result has been improved by showing a family of tis-
sue P systems with cell separation and communication rules with length at most 3,
solving the SAT problem in a uniform way and linear time. Hence, with regard to
tissue P systems with cell separation, a similar result concerning the frontier of
tractability can be formulated in the new framework: by using families of tissue
P systems with cell separation, passing from communication rules of length 1 to
communication rules of length at most 3, amounts to passing from non—efficiency
to efficiency, assuming that P # NP. It is worth to highlight that separation
rules seem weaker than division rules from the point of view of computational
complexity.

Next, we propose several open problems related to the efficiency of tissue P
systems:
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(a) What is the computational efficiency of tissue P systems with cell separation or
with cell division, and communication rules with length at most 2 are allowed?

(b) What happens if only symport (respectively, only antiport) rules are allowed
in tissue P systems with cell division or cell separation?

(c) In [4] tissue P systems with cell division and without environment were intro-
duced, that is, tissue P systems where the alphabet £ of the environment is
empty. In this kind of P systems there are no objects appearing in the sys-
tem in arbitrary copies each. What is the relationship between the polynomial
complexity classes of tissue P systems with cell division (respectively, with cell
separation) and the corresponding tissue P systems without environment?

Acknowledgements

The work of the first author was supported by Project TIN2009-13192 of the Minis-
terio de Ciencia e Innovacién of Spain and Project of Excellence with Investigador
de Reconocida Valia, from Junta de Andalucia, grant P08 — TIC 04200. The work
of the second author was supported by the Silesian University in Opava under the
Student Funding Scheme, project no SGS/7/2011.

This work was also supported by the European Regional Development Fund in
the IT4Innovations Centre of Excellence project (CZ.1.05/1.1.00/02.0070).

References

1. Alhazov, A.; Freund, R. and Oswald, M. Tissue P Systems with Antiport Rules ans
Small Numbers of Symbols and Cells. Lecture Notes in Computer Science 3572,
(2005), 100-111.

2. Bernardini, F. and Gheorghe, M. Cell Communication in Tissue P Systems and Cell
Division in Population P Systems. Soft Computing 9, 9, (2005), 640-649.

3. Ciobanu, G, Paun, Gh. and Pérez-Jiménez, M.J. Applications of Membrane Com-
puting, Natural Computing Series, Springer, 2006.

4. Christinal, H.A., Diaz-Pernil, D., Gutiérrez-Naranjo, M.A. and Pérez-Jiménez, M.J.
Tissue-like P systems without environment. In M.A. Martinez-del-Amor, Gh. Paun,
I. Pérez-Hurtado, A. Riscos-Nunez (eds.) Proceedings of the FEight Brainstorming
Week on Membrane Computing, Sevilla, Spain, February 1-5, 2010, Fénix Editora,
Report RGNC 01/2010, pp. 53-64.

5. Diaz-Pernil, D., Gutiérrez-Naranjo, M.A., Pérez-Jiménez, M.J., Riscos-Nunez , A.
and Romero—Campero, F.J. Computational efficiency of cellular division in tissue-
like P systems. Romanian Journal of Information Science and Technology 11, 3,
(2008), 229-241.

6. Freund, R., Paun, Gh. and Pérez-Jiménez, M.J. Tissue P Systems with channel
states. Theoretical Computer Science 330, (2005), 101-116.

7. Garey, M.R. and Johnson, D.S. Computers and Intractability A Guide to the Theory
of NP-Completeness. W.H. Freeman and Company, (1979).

8. Gutiérrez-Escudero, R., Pérez-Jiménez, M.J. and Rius—Font, M. Characterizing
tractability by tissue-like P systems. Lecture Notes in Computer Science 5957,
(2010), 289-300.



140

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

M.J. Pérez-Jiménez, P. Sosik

Tto, M., Martin Vide, C. and Paun, Gh. A characterization of Parikh sets of ETOL
laguages in terms of P systems. In M. Ito, Gh. Paun, S. Yu (eds.) Words, Semigroups
and Transducers, World Scientific, Singapore, 2001, 239-254.

Krishna, S.N., Lakshmanan K. and Rama, R. Tissue P Systems with Contextual and
Rewriting Rules. Lecture Notes in Computer Science 2597, (2003), 339-351.
Lakshmanan K. and Rama, R. On the Power of Tissue P Systems with Insertion and
Deletion Rules. In A. Alhazov, C. Martin-Vide and Gh. Paun (eds.) Preproceedings
of the Workshop on Membrane Computing, Tarragona, Report RGML 28/03, (2003),
pp. 304-318.

Martin Vide, C. Pazos, J. Paun, Gh. and Rodriguez Patén, A. A New Class of Sym-
bolic Abstract Neural Nets: Tissue P Systems. Lecture Notes in Computer Science
2387, (2002), 290-299.

Martin Vide, C. Pazos, J. Paun, Gh. and Rodriguez Patén, A. Tissue P systems.
Theoretical Computer Science, 296, (2003), 295-326.

Pan, L. and Ishdorj, T.-O. P systems with active membranes and separation rules.
Journal of Universal Computer Science, 10, 5, (2004), 630-649.

Pan, L. and Pérez-Jiménez, M.J. Computational complexity of tissue-like P systems.
Journal of Complezity, 26, 3 (2010), 296-315.

Paun, Gh. Computing with membranes. Journal of Computer and System Sciences,
61, 1, (2000), 108-143. Also in Turku Center for Computer Science-TUCS, Report
208, November 1998.

Paun, Gh. Attacking NP-complete problems. In Unconventional Models of Com-
putation, UMC’2K (1. Antoniou, C. Calude, M. J. Dinneen, eds.), Springer-Verlag,
2000, pp. 94-115.

Paun, Gh. Membrane Computing. An Introduction. Springer—Verlag, Berlin, (2002).
Paun, A. and Paun, Gh. The power of communication: P systems with sym-
port/antiport. New Generation Computing, 20, 3, (2002), 295-305.

Paun, Gh., Pérez-Jiménez, M.J. and Riscos-Ntiiez, A. Tissue P System with cell
division. In. J. of Computers, Communications and Control, 3, 3, (2008), 295-303.
Gh. Paun, G. Rozenberg and A. Salomaa. The Ozford Handbook of Membrane Com-
puting, Oxford University Press, 2009.

Pérez-Jiménez, M.J., Romero-Jiménez, A. and Sancho-Caparrini, F. Complexity
classes in models of cellular computing with membranes. Natural Computing, 2, 3
(2003), 265-285.

Pérez-Jiménez, M.J., Romero-Jiménez, A. and Sancho-Caparrini, F. A polynomial
complexity class in P systems using membrane division. Journal of Automata, Lan-
guages and Combinatorics, 11, 4, (2006), 423-434.

Prakash, V.J. On the Power of Tissue P Systems Working in the Maximal-One Mode.
In A. Alhazov, C. Martin-Vide and Gh. Paun (eds.). Preproceedings of the Workshop
on Membrane Computing, Tarragona, Report RGML 28/03, (2003), pp. 356-364.
ISI web page http://esi-topics.com/erf/october2003.html

P systems web page http://ppage.psystems.eu/



