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Abstract We study the dynamical behaviour of composition operators defined on spaces
of real analytic functions. We characterize when such operators are power bounded, i.e. when
the orbits of all the elements are bounded. In this case this condition is equivalent to the com-
position operator being mean ergodic. In particular, we show that the composition operator
is power bounded on the space of real analytic functions on €2 if and only if there is a basis
of complex neighbourhoods U of 2 such that the operator is an endomorphism on the space
of holomorphic functions on each U.
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1 Introduction and notation

The purpose of this paper is to study the behaviour of orbits of composition operators
Cy(f) == f o @, ¢ areal analytic self map, on spaces of real analytic functions defined
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70 J. Bonet, P. Domarski

on an open subset of RY or, more generally, on a real analytic manifold. There are three
interesting notions describing different dynamical behaviour of a continuous linear oper-
ator: power boundedness (i.e. all orbits are bounded), mean ergodicity (i.e. all orbits are
Cesaro convergent, see [29,41]) and hypercyclicity (i.e. there exists a dense orbit). We com-
pletely characterize when C, is power bounded in terms of the self map ¢. In particular
we prove that in this context C, is power bounded if and only if it is mean ergodic. Our
results provide a new, rather surprising, necessary condition for a composition operator to be
hypercyclic.

A systematic investigation of composition operators on spaces of real analytic functions
have been undertaken by Langenbruch and the second author; see the series of papers [15-17].
However, these papers concentrate on aspects different form the dynamical behaviour of the
operator.

There is a huge literature about the dynamical behavior of various linear continuous oper-
ators on Banach, Fréchet and more general locally convex spaces; see the survey paper by
Grosse-Erdmann [21] and the recent books by Bayart and Matheron [4] and by Grosse-
Erdmann and Peris [23]. Composition operators on different function spaces have been also
extensively investigated. See, for instance, [5,6,22,38]; for general theory of composition
operators on Banach spaces of holomorphic functions see [11,37].

The space o7 (2) of real analytic functions, i.e. analytic complex functions with real argu-
ment in @ € R? or Q being a real analytic manifold, is a natural function space, which has
attracted much attention recently in connection with its topological structure (for example the
space is separable, complete and has no Schauder basis [18]), global analysis, the splitting
of short exact sequences, composition operators, and surjectivity, existence of continuous
linear right inverse and parameter dependence of linear partial differential operators. See,
e.g. [30,31,33,39], the authors’ papers [7,8,13,15-17] and the survey [12].

Let T : E — E be a continuous linear operator on a Hausdorff locally convex space E.
The iterates of T are denoted by 7" := T o--- o T, n € N. If the sequence (T"),cn is equi-
continuous in the space L(E) of linear operators from E to E, T is called power bounded. In
case the space E is barrelled, for example if £ = 2/ (£2), one can apply the uniform bound-
edness principle to conclude that 7' is power bounded if and only if the orbit {7" (z) : n € N}
is bounded for every x € E.

A continuous linear operator T on E is called mean ergodic if the limits

1
Px:= lim —ZT":I:, r €E, (€))

existin E. A power bounded operator 7 is mean ergodic precisely when X = ker(I — T) &
im(/ — T). Moreover,imP = ker(/ —7T) and ker P = im(I — T). If the space E is barrelled
and T is mean ergodic, the sequence % z,]lvzl T" converges pointwisely to a continuous lin-
ear projection P; see [41, Ch. VIII, Sect. 3]. If the convergence is uniform on bounded sets
we call T uniformly mean ergodic. There is a classical theory of mean ergodic operators
which goes back to fundamental papers of Yosida and Hille especially in the Banach case;
cf. [20] and [29]. For more details on the locally convex theory see [2,3,41] and the references
therein.

Let ¢ : U — U be a continuous self-map on a topological space U, we say that ¢ has
stable orbits on U if for every compact subset K of U there is a compact subset L € U such
that ¢" (K) <€ L for n € N. This concept plays an important role in the characterizations
below.
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Power bounded composition operators on spaces of analytic functions 71

Main Theorem Let Q2 be a real analytic manifold (compact or non-compact) and let ¢ :
Q — Q be a real analytic map. The following assertions are equivalent:

(@) Cy: o (2) — /() is power bounded.

(b) Cy : A () — () is (uniformly) mean ergodic.

(¢) The manifold Q2 has a basis of complex neighbourhoods consisting of sets V such that ¢
extends as a holomorphic self-map of V.

(d) There is a complex neighbourhood V of Q2 such that ¢ extends to V as a holomorphic
self map and ¢ has stable orbits on 'V, or equivalently Cy, : H(V) — H(V) is power
bounded; see [9].

In particular, if Cy : o/ (2) — /() is hypercyclic, then (c) does not hold.

In Corollary 2.6 we get a precise description of ¢ such that Cy : & () — () is
power bounded, which gives a very strong necessary condition. A neat description is obtained
for real analytic functions on intervals of the real line in Theorem 2.8.

A description of the natural topology on 27 (€2) (going back to Martineau) is given, for
instance, in [12] or [18]. The space ./ (€2) has very good properties: it is nuclear, separa-
ble, complete, barrelled and even ultrabornological, satisfies the closed graph theorem, but
surprisingly it has no Schauder basis by [18].

To be precise, the space <7 (2) is equipped with the unique locally convex topology such
that for any U C 4 open, RY N U = , the restriction map R : HU) — «/(2) is
continuous and for any compact set K C €2 the restriction map r : &/(2) —> H(K) is
continuous. We endow the space H (U) of holomorphic functions on U with the compact-
open topology and the space H (K') of germs of holomorphic functions on K with its natural
locally convex inductive limit topology:

H(K) = indpen H*(Un),

where (U,,);cn is a basis of (Cd—neighbourhoods of K. Martineau (see [12]) proved that there
is exactly one topology on </ (2) satisfying the condition above. Endowed with this topology
one has the following description as a countable projective limit:

A (2) =projyey H(KN).

Here (Ky)n is a fundamental sequence of compact subsets of 2. Analogously one defines
the topology on 7 (2) when Q is a real analytic manifold [40]. A long survey on the space
of real analytic functions with very precise description of its topology is contained in [14].

It is known that every real analytic manifold €2 has a complexification 2 [24, Th. I11.3.3]
and it has a fundamental system of Stein open neighbourhoods in 2 [24, Th. II1.3.6]. Clearly,
if @ C R is just an open subset then Qisan open subset of C? and a complex neighbourhood
of Q. By a complex neighbourhood of a subset S of a real analytic manifold 2 we mean a
neighbourhood of S in a complexification 2 of 2. Again in case of open sets @ € R? a
complex neighbourhood of § €  is just a neighbourhood of S in C?. Moreover, without
loss of generality we may assume that the complexification Q of  is embedded as a Stein
manifold into some C¥ such that @ NR? = Q see [24, Th. VI.1.1]. Recall that every Stein
manifold embeds via a proper map into C¢ for suitable d € N [26, 5.3.9].

We will use Kobayashi semi-distance ky (-, -) on a complex manifold V C C4. Here the
beautiful book [27] is a standard reference. Every holomorphic map ¢ : V — V is always
non-expansive with respect to ky . The manifold V is called hyperbolic if ky is a distance (and
then it induces the standard topology of V). Every domain biholomorphic to a bounded set is
automatically hyperbolic [27, Cor. 4.1.10, Prop. 3.2.2]. The manifold V is called Kobayashi
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complete if (V, ky) is a complete metric space, or equivalently, if every ball in this space
is relatively compact [27, Prop. 1.1.9]. Every bounded open set V C C¢ such that every its
boundary point admits a weak peak function is Kobayashi complete [27, Cor. 4.1.11]. Both
hyperbolicity and Kobayashi completeness are biholomorphic invariants.

By B(x, r) and By, (z, r) we denote, respectively, euclidean and Kobayashi balls of center
2 and radius r. The notation K € U means that K is a compact subset of the open set U.
By R we denote the extended real line R U {oo} U {—o0}. For non-explained notions from
functional analysis we refer to [35]. For complex analysis of several variables see [25] and
for real analytic manifolds see [24]. For dynamics of holomorphic maps see [1,36].

2 Proof of the main theorem

Theorem 2.1 Let Q2 be a real analytic manifold (compact or non-compact) and let ¢ : Q —
Q be a real analytic map. The following assertions are equivalent:

(@) Cy: (2) — /() is power bounded.

(b) Cyp : A (2) — /() is uniformly mean ergodic.

(c) Cy: () — /() is mean ergodic.

(d) Forall K € Q2 there is L € Q2 such that for every complex neighbourhood U of L there
is a complex neighbourhood V of K such that

VneN ¢" isdefinedonV and ¢" (V) C U.

(e) For every complex neighbourhood U of Q2 there is a complex (open!) neighbourhood
V C U of Q such that ¢ extends as a holomorphic functionto V, o(V) C V, and ¢ has
stable orbits on V.

(f) The manifold Q has a basis of complex neighbourhoods consisting of sets V such that ¢
extends as a holomorphic self-map of V.

Proof Recall that the manifold €2 and its complexification €2 are embedded as submanifolds
into C such that Q NRY = Q.

(a) = (b): Follows from [2, Prop. 2.4] since <7 (£2) is Montel and all its bounded subsets
are metrizable; see also [10].

(b) = (c): Obvious.

(c) = (d): By [2, Prop. 2.2], the sequence (%C(pn) tends to zero, so it is bounded and
equicontinuous on &7 (£2) , since </ (2) is barrelled. Now, it is a standard argument that for
every K € € there is L € 2 such that each Cyn acts continuously from .7 (2) equipped
with the topology of H (L) into </ (2) equipped with the topology of H (K) and, moreover,
(%C(ﬂn) is an equicontinuous family with respect to these topologies. Since </ (2) is a dense
subspace of the complete spaces H (K) and H (L), each Cy» extends to continuous operators
E’w\n :H(L) — H(K)and (%E—(/)T) is an equicontinuous family. Let us emphasize thatz:(;
is just an extension via density so, a priori, there is no reason why it can be defined as a
composition operator on H(L).

We first show that, for every n € N,

¢"(K) S L.

Of course, if € is compact we can take K = L = Q. In the general case assume that
¢"(K) € L, thus thereis u = (uy, ..., uq) € ¢"(K) such thatu ¢ L. Let
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1

(2) i= .
et Z’;:l(z,'—uj)z—i—si

Clearly for every ¢ > 0 the function f; € &/ (Q2) .Ase — 0, f:(2) — m € H(L)
on a complex neighbourhood of L but | f; o ¢" (v)| — oo forany v € Kj, ¢"(v) = u; acon-
tradiction.

Let U be a complex neighbourhood of L. We may assume without loss of generality that
U is a polynomial polyhedron, or more precisely an intersection of a polynomial polyhedron
in C? with § see [26, Lemma 2.7.4], comp. [19, Proof of Th. 1.6]. Since %E;;: H(L) —
H (K) are equicontinuous, for every U; € U a complex neighbourhood of L there is V a
complex neighbourhood of K such that

Cyr : H(U)) — H®(V)

is continuous for every n € N. The reason for that is that any equicontinuous family of oper-
ators between LB-spaces maps a fixed step-space into some fixed step-space continuously.
We consider U € U suchthat U isa complex neighbourhood of 2 such that ¢ : U—>Cd
is defined and holomorphic and, without loss of generality, we may assume that V C U.
Since ¢(K) C L, we may also assume without loss of generality that ¢(V) € U. Now,
assume that 7 is the smallest natural number k such that the following does not hold:

gak is definedon V' and (pk(V) cUu.

We have chosen U, V in such a way thatn > 1. Since <p"_1 is defined on V and (p”_l (V) C
U C U so ¢" is defined on V. Therefore ¢" (V) ZU.

Let u € ¢"(V)\U. Since U is assumed to be a polynomial polyhedron, there is a non-
constant polynomial p such that for every w € U, |p(w)| < 1 but p(u) > 1. On the other
hand, there is 0 < § < 1 such that |p(w)| < § for all w € U;. Define the function

1

9Q =

This function belongs to H*°(U}), thus
Cyn(g) € H®(V).

Recall that, by definition, the operatorf(p\n acts as a composition operator on <7 (€2) , but on
other elements it is defined via extension from a dense subspace. Since g is defined on some
polynomial polyhedron containing U as a relatively compact set there is a sequence (g;)ieN
of polynomials (so elements of <7 (£2) ) tending uniformly on Uj to g. Thus
Cyr(g) = lim Cyr(gy) = lim gy o ",
[—00 [—00

The limit is taken in H°°(V'), which implies that g; o ¢", n € N, are holomorphic functions
defined on V which uniformly tend to Cyn (g). Without loss of generality we may assume
that K and V are connected. Since ¢"(K) C L C U; we get, on a neighbourhood of K,

gog' — gog" asl — oo,

therefore g o ¢" andEW\n(g) coincide on some complex neighbourhood of K as holomorphic
functions.
Set

W:={z:po¢"@)=pw}, WnV£4.
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The function g o ¢" is defined on V\ W and, since W is analytic, the set V\ W is connected.
Thus on V\W
Cpr(9) = go¢".

Choosing (vg)ken in VAW such that limg_, o vy = v € V with ¢" (v) = u we get
lim [go¢"(v)| =00 and lim Cyn(g)(vx) = Cyn(g)(v);
k—o00 k—o00

a contradiction.

(d) = (e): First we show that U contains a complex neighbourhood V such that ¢ extends
on V and ¢(V) C V. In case Q2 is compact, this is obvious. For non-compact 2 assume that
(d) holds. For any compact set K we find a suitable compact L and then for this L we find
another compact set L such that for every open neighbourhood U of L there is a neigh-
bourhood U of L such that ¢" are defined on U and ¢" (U + B(0, ¢)) C U; foreveryn € N
and some fixed ¢ > 0. Here U + B(0, £) means in fact the intersection of 2 with the al gebraic
sum of U and B(0, &) in C¥. Let us take a bounded complex neighbourhood U. It is easily
seen that (¢™) are equicontinuous complex maps on U (use Cauchy estimates). Thus

V6>030<n@®) <8 VneN: zyeU, llz—yl<n® = l¢"@ —¢" @] <3

Let us consider a complex neighbourhood W of K, W C U, such that for every n € N
¢" (W) + B(0,¢) C U.
Define
Woi= W, Wii=gWin+B(0.n(5))-
We prove inductively that
00 k
@"(Wy) S (U so’(W)> +B(0.> 2 and W, CU. )

2]
=1 j=1

Clearly this is true for k = 0. Now, assuming (2) for k — 1 we get

k—1

= (Wi 1)+B(0 n( )) (Uw(W))+B 0, 2’% (,n(;—k))gU_

j=1

Moreover, we get

o'W =" | oW + B (0.1 (57)) [ S o Wi+ B (0. )

k
&
+B(0,> >
j=l1
Since Wy are open, o(Wy) € Wi, thus W= U,fio Wy is an open set with (p(W) CW.
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We have proved that for every complex neighbourhood U of €2 and every compact set
K C Q there is a complex open neighbourhood Wk of K such that

p(Wg) S Wg CU.

The set V := [Jgcq Wk is a complex neighbourhood of 2, ¢(V) C V.

Now we show that there is a fundamental sequence of compact sets (K ;) in €2 such that
(K ;) € K forevery j € N. Again for £ compact this is trivial. In the general case, by (d),
for every compact set K € 2 there is a compact set L € 2 such that ¢" (K) € L for every
n € N. Define

o0
M:=KU|Je"K)
n=1
which is a compact set and K € M, ¢(M) € M C L. Therefore we can construct (K ;)
easily.
Without loss of generality we may assume that U is biholomorphic to a bounded set since

z + (arctanzy, ..., arctan zy)

is a diffeomorphism of R? onto (—m/2, 7/2)¢ which maps biholomorphically a complex
neighbourhood of the first set onto a complex neighbourhood of the second set. Thus U
and V are hyperbolic and, by [27, Cor. 4.1.10], the Kobayashi pseudodistance ky on V is a
distance and generates its standard topology. Define

Uje) ={zeV:ky(z,K;) <&}

Since every holomorphic map is non-expansive with respect to the Kobayashi distance
@(Uj(e)) € Uj(e). For every j € N there is ¢; > 0 such that U (¢;) is relatively compact
in W. Then (V) C V for

Uj (Bj).

=
i
NG

~
Il
—_

Let K be a compact set in V, then

kclJ U uie

j=10<e<g;
and therefore
n
kK c|Ju;E)
j=1
for some 0 < &; < g;. On the other hand, L := U’}-zl Uj(gj) D K is compact and

(L) € L.

(e) = (f): Obvious.

(f) = (a): Again for compact Q2 this is immediate. Assume that €2 is non-compact,
(Cyn) are not equicontinuous and (f) holds. As usual € is a real analytic manifold con-
tained in a complexification 2 C C¢, QNRY = Q. By the Tubular Neighbourhood Theorem
[34, Th. 10.19], there is a neighbourhood T of 2 in €4 and a smooth retractiononto R : T —
Q2. Therefore there is a complex neighbourhood V of € such that ¢(V) € V and R(V) = ;
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in particular, all ¢" are defined on V. In case £ is an open set of R then the smooth retraction
R can be assumed to be the standard projection from C? onto R?.
Proceeding with the proof, first we show the following:

Claim There is K € 2 such that for every complex neighbourhood U € V of K we have

U R(¢"(U)) is not relatively compact in 2

neN

Obviously, ¢" is well defined on U for every n € N. Assume that the claim does not hold,
ie.,

YV KeQ 3 UxCV acomplex nbh. of K : U R(¢"(Ug)) is relatively compact in 2.
neN

Clearly, U= Ukea Uk isa complex neighbourhood of €2 such that ¢" are all defined on
U and for every compact subset M of U the set Unen R(@" (M) is relatively compact in €.

For every complex neighbourhood V C U of S there is another complex neighbourhood
W(V) C V such that for every K € 2 the set

{ze W:R(z) € K}

is relatively compact in V. We choose Vo a complex neighbourhood of € such that Vo
W(U) and ¢(Vy) € Vp [it exists by (f) and the remarks above]. Analogously, we choose
inductively a basis of complex neighbourhoods (V;) of €2 such that

Vigst S W), o(Vign) € Vig
(again by (f) and the remarks above). Clearly,
e"(V)S Vi VYneN,i

andsince V;1 C U and Viyl C W(Vi) forevery compactset M C V; theset UneN " (M)
is compact in V;. Thus for every f € H(V;), the sequence (Cyn (f)) is bounded in H (V1)
and thus in &/ (€2) . We have proved that for every f € «/(2) the sequence (Cyn(f)) is
bounded in %7 (€2) which contradicts our assumption that the sequence (Cyn), is not equi-
continuous on <7 (£2) . This completes the proof of Claim.

By the claim we have just proved, K has a complex neighbourhood basis (Uy) such that
for every k there is a sequence of points (2, )nen in Ui such that R(¢" (xk ,,)) are arbitrarily
close to the boundary of Q2 as n — co. We may assume that ¢" (¢ ,) ¢ R4, since taking
Zk p close to zx , we get " (T, ) close to ¢ (zk ,) and since ¢" cannot be real on a complex
open set. Let (£2,,)men be an open relatively compact exhaustion of €2. Then there is an
open complex neighbourhood W,, of ©2,, contained in R~!(2,,) which does not contain any
element of {¢" (zx.n) : n € N,k < m}. Let W := |J,,cy Wi then for any k € N there are
infinitely many ¢” (xx ) not contained in W. Therefore there is no complex neighbourhood
V C W of Q such that (V) C V. A contradiction with (f). O

Remarks 1. The condition (f) of Theorem 2.1 is equivalent to the condition that for every
Fréchet space E continuously embedded into </ (2) there is another Fréchet space F
continuously embedded into .27 (£2) such that Cyn(E) C F for every n € N. This is
a consequence of the fact that for every Fréchet space F each continuous linear map
T : F — o/(Q2) factorizes through some H (U) for some complex neighbourhood U of
2, as was proved in [15, proof of Prop. 5.2]. In fact, the Fréchet space F can be chosen
satisfying that Cyn : E — F, n € N, form an equicontinuous sequence; see Theorem 2.1.
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Power bounded composition operators on spaces of analytic functions 77

2. By the result above, there is a fundamental sequence of compact subsets (K ;) of €2 such
that (K;) C K.

Theorem 2.1 shows that power boundedness of C, on .27 (§2) is equivalent to existence of
many complex neighbourhoods of €2 such that ¢ extends to them as a self map even with good
behaviour of orbits. It turns out that it suffices to have one sufficiently small neighbourhood
whenever orbits behave well.

Theorem 2.2 Let @ C R? be a real analytic connected manifold and let ¢ : Q@ — Q be a
real analytic map. Then Cy, : o/ (Q2) — &/ (S2) is power bounded if and only if any one of
the following conditions hold:

(a) There is a complex neighbourhood V of 2 such that ¢ extends to V as a holomorphic
self map and ¢ has stable orbits on V.

(b) There is a hyperbolic complex neighbourhood V of 2 such that ¢ extends to 'V as a ho-
lomorphic self-map, V is contained in a Stein neighbourhood U such that the inclusion
Q < U is a proper map (i.e. the inverse image of every compact set is compact) and
Cy : H(V) — H(V) is power bounded.

(¢) There is a hyperbolic complex neighbourhood V of Q2 such that ¢ extends to V as a
holomorphic self-map and ¢ has stable orbits on <.

(d) There is a complex neighbourhood V of Q2 such that ¢ extends to V as a holomorphic
self-map, V is contained in a complex Kobayashi complete hyperbolic neighbourhood
U of Q2 such that the inclusion Q2 < U is a proper map and ¢ has at least one orbit
relatively compact in .

First, we need a lemma.

Lemma 2.3 Every real analytic manifold has a basis of neighbourhoods in its complexifi-
cation consisting of Kobayashi complete hyperbolic manifolds.

Proof By [24, Th. VL.1.1] every real analytic manifold €2 embeds into R¢ as a submanifold.
Taking W = RY\(Q\), then Q is embedded via a proper map as a submanifold into W. By
[32, 2.2], there is a real analytic map & : W — R such that h(z) — 0 as v — dW. Thus
the map

z = (z,1/h(x))

is a proper embedding of W into R4*!. Of course, there is a complexification W contained
in C4*!. On the other hand, R?*! has a basis of Kobayashi complete hyperbolic neigh-
bourhoods S in C4*+!: just take products of Kobayashi complete hyperbolic one-connected
neighbourhoods of R in C, see [27, Prop. 3.2.3]. Since the complexification & of Q in W
is closed in sufficiently small neighbourhoods S, the intersections S N € form the required
basis of complex complete hyperbolic neighbourhoods of 2. O

Proof of Theorem 2.2 Necessity of all conditions follows from Theorem 2.1 since every real
analytic manifold has a basis of complex neighbourhoods in its complexification consisting
of Stein neighbourhoods [24, Th. II1.3.6] or consisting of Kobayashi complete hyperbolic
neighbourhoods, see Lemma 2.3.

We show that each condition is sufficient.

Sufficiency of (a): Condition (a) implies condition (d) in Theorem 2.1 by an argument
similar to the one given in the proof that (d) implies (e) in Theorem 2.1. We omit the details;
compare with [9, Proposition 2.2].
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78 J. Bonet, P. Domarski

(d) = (a) [and (d) is also sufficient]: Let the orbit of z € 2 be relatively compact in 2
and let K be an arbitrary compact set in 2. Since V is hyperbolic (as a subset of a hyperbolic
set),

supky(z,x) = R < oo.
zeK

Thus for every n € N, z € K, we have:

ku(¢"(2), ¢" (@) < kv (9" (2). ¢"(2)) < kv(z,2) < R.
As the orbit of x is relatively compact in U we have

supky (2, ¢" (2)) = C < 00
neN

and for every n € Nand z € K we get
ky(@"(2),z) < R+ C.

Since U is Kobayashi complete, all its balls are relatively compact in U, hence |,y ¢" (K)
is relatively compact in U and contained in 2. Since dr€2 € dc U, the set is also relatively
compact in 2. We have proved that for every compact set K C 2 there is a compact set L in
€ such that 9" (K') C L for every n € N. We easily construct a fundamental family (K ;) of
compact sets in €2 such that (K ;) € K forevery j € N.

Now, we can repeat the last part of the proof of (d) = (e) in Theorem 2.1 to get that there
is complex neighbourhood W C V of Q2 such that there is a fundamental family of compact
sets (L ;) in W with (L ;) C L; for every j € N. The set W plays the role of V in (a).

Sufficiency of (c): As in the proof of (d) = (e) in Theorem 2.1, we find a fundamental
family (K ;) of compact sets in €2 such that ¢ (K ;) € K forevery j € N. For every sequence
(&) of positive numbers the set

W:={zeV: 3jeN ky(z K)) <¢j}

whenever ky denotes the Kobayashi distance of V satisfies (W) € W.Every neighbourhood
of 2 in V contains a set of the form W. This completes the proof by Theorem 2.1 ().

(b) = (c) [and (b) is also sufficient]: Assume that C, : H(V) — H(V) is power
bounded. -

Forevery K compactin V we find L compactin V such that Cy» extendsto Cyn : A(L) —
A(K) as a continuous map, where K, L has non-empty interiors and A (K) denotes the com-
pletion of H (V) with respect to the sup-norm on K. Let us denote by L the holomorphic
hull of L in U, i.e.,

A~

L= [weU:lf(w)l =sup|f(x)| V feHU)

zZeL

If thereisa € ¢ (K)\L then there is a function f € H(U) € H(V) such that f(a) = 1
but sup_.; |f(@)] <e&,e € (0,1). Since fk tends uniformly to zero on L D Lask - o©
but does not tend to zero at a, the map Cyn is not continuous from A(L) to A(K). Since
¢(R2) € Q, for every compact set K in V the set UZO:1 P"(KNQ) C LNQ = Mis
relatively compact in 2 (since M is compact in U and 2 is closed in U). Thus we have
proved that for every compact set K C €2 there is a compact set L in 2 such that " (K) € L
for every n € N. This completes the proof of (c). O
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Remark Examples of hyperbolic neighbourhoods are arbitrary complex manifolds biholo-
morphic with submanifolds of bounded open sets see [27, Cor. 4.1.10, Prop. 3.2.2]. Ford = 1
every domain with complement in C consisting of two points is hyperbolic. If €2 is a real line
then ¢ is real on the whole real line and then V in (d) or (b) can be assumed symmetric with
respect to the real line. If it has one point outside it has automatically two such points.

Problem 2.4 Is it true that power boundedness of Cy, : &7 (2) — &/(2) implies that there
exists a complete hyperbolic complex neighbourhood V' of €2 such that ¢(V) € V or such
that this set V is a domain of holomorphy? Does there exist a fundamental family of such
neighbourhoods?

Slightly more can be said if the relatively compact orbit in Theorem 2.2 (d) reduces to
one point. We have the following consequence of Carathéodory-Cartan-Kaup-Wu Theorem
[28, 10.2.15]; see also [27, Th. 5.5.1].

Corollary 2.5 Let 2 be a real analytic connected manifold and let ¢ : Q — 2 be a real
analytic map with a fixed point u € Q. If Cy, : o/ (2) — /() is power bounded then
either | det ¢’ (u)| < 1 or ¢ is a biholomorphic automorphism of a (fundamental) family of
hyperbolic complex neighbourhoods of 2. In the latter case, if ¢’ (u) is the identity map then
@ is the identity.

Remark Even if the first case holds orbits of ¢ need not converge to a fixed point and there
could exist many fixed points. Consider the map

1
o(x,y,z):=| (xcosz —ysinz) - { 0.5+ ——),
( 2 /mz + yz
1
(xsinz+ycosz) - 0.5+ —— ).z
2 /xz + y2
defined on a cylinder with basis in x-y plane being an annulus (z € (—1, 1)). It is easily seen

that the only fixed points are of the form (z, 7, 0) where > 442 = 1 but orbits starting from
(x, y, z) tend to the circle {(z, y, z) : 2% + y* = 1}.

By Theorem 2.1 (e) and [9, Theorem 2.5] we get immediately the following consequence.

Corollary 2.6 Let 2 be a real analytic connected manifold and let ¢ : Q — Q be a real ana-
Iyticmap. If Cy : o/ (2) — &/ (2) is mean ergodic then there is a real analytic submanifold
M C Q and a real analytic surjective retraction p : Q2 — M such that ¢ restricted to M is a
real analytic diffeomorphism such that the smallest closed group containing ¢ is a compact
abelian group G, every g-orbit tends to some G-orbit of elements of M (convergence is
uniform on compact sets of starting points of orbits) and

1 N
P(NH@ = lim 3 Cor())) = / F(y o p@)dH (),
n=1 G

where H is the Haar measure on G and
im P={f:f isconstanton ,o_1 {yopk):yeG}) zeU}

Remark By Theorem 2.2 (c), if there is a hyperbolic complex neighbourhood V of Q such
that (V) C V then the condition in Corollary above is also sufficient for power boundedness
of Cy 1 H(Q) — A (Q).
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Observe that all criteria for power boundedness of C, : &/ (Q2) — /() contain
conditions on the behavior of ¢ outside Q2.

Problem 2.7 Give a characterization of power bounded composition operators Cy, : &7 (£2)
— &/(£2) in terms of the behavior of ¢ solely on €.

In case €2 is an interval, we have always a fixed point and part (c) of the result below
solves the problem above in that case.

Theorem 2.8 Let a,b € R and let ¢ :la, b|—>la, b[ be real analytic. The following are
equivalent:

(@) Cy : “(la, b)) — 4 (la, b)) is power bounded.

(b) There exists a complex neighbourhood U of la, b[ such that o(U) C U, C\U contains at
least two points, and ¢ has a (real) fixed point u, or equivalently, there is a fundamental
Sfamily of such neighbourhoods of la, bl.

(c) @ is of one of the following forms:

(1) ¢ =id;
2) ¢* =id;
(3) ¢" tends in </ (la, b[) to a constant function=u €la, blasn — oo and |¢'(u)| < 1.

If u is the fixed point of ¢ then the above cases in (c) correspond to:

D ¢’ =1;
2 ') =-1
3) l¢'w] < L

Moreover, Cy is uniformly mean ergodic and the projection P := lim;,_, % 25:1 Cyn is
of the following form:

() P=id;
@ P(H=LH2L imP={f:f=fophker P={f:f=—fopk
(3) P(f) = f(u), im P = the set of constant functions, ker P = {f : f(u) = 0}.

Proof (a) = (b): First, we show that there is a compact subinterval [A, B] of ]a, b[ such
that ¢([A, B]) C [A, B]. Indeed, by Theorem 2.2 (c), for any compact interval [C, D] of
la, b[ there is a compact interval [E, F] Cla, b[ such that ¢"([C, D]) C [E, F] for every
n € N. We define

K :=[E,F1U | ¢"(E. F])

n=1

It is easily seen that ¢(K) C K. It is connected since ¢" ([E, F']) is connected and [E, F] N
¢"([E, F]) contains ¢"([C, D]). Compactness of K follows by the statement on [C, D]
applied to [E, F]. Thus K = [A, B] for suitably chosen A, B € (a, b). Since ¢ is continu-
ous and ¢([A, B]) € [A, B], ¢ has a fixed point in [A, B] Cla, b[. The rest of the statement
follows from Theorem 2.1 (e). See also Theorem 2.2 and the remark after its proof.

(b) = (a): Use Theorem 2.2.

(b) = (c): Part of (c) follows from Corollary 2.5 but we prefer to give a simple direct
proof.

Let U be a set satisfying (b) (without loss of generality we may assume that U is con-
nected), contained in {z € C : d(z, ]a, b]) < 1,Re (z) €]a, b[}. Since ¢ is real on the real

@ Springer



Power bounded composition operators on spaces of analytic functions 81

line () = ¢(z) for z € U and thus we may assume that U is symmetric with respect to
the real line. Let U be the union of U and all its compact components of the complement.
Therefore there is a Riemann (biholomorphic) map ¥ : U — D, D the unit disc, such that
Y(a,bl) =] — 1, 1[, ¥y (u) = 0, u the fixed point of ¢ and let W := ¢ (U). The maps
Cu/—l : HU) - H(W) and Cy : H(W) — H(U) are isomorphisms and under these
isomorphisms the map C,, corresponds to C;;, where n := ¢ o o iy

Summarizing, we can assume that U is bounded, contained in the unit disc and u = 0.

Define

n(2) 1= 0 itz
T @y o) ifz=o0.

These functions are well defined on U and by the maximum principle and the Cauchy esti-
mate |g,(z)| < 1/dist(0, dU) =: C. Hence |(¢")'(0)| < C but (¢")'(0) = (¢'(0))" and we
get ¢/ (0)] < 1.

Since ¢ is real on the real line ¢’(0) must be real. If ¢’(0) = 1 then, by [28, Prop.
10.1.1], ¢(z) = z. If ¢’(0) = —1 then Cp2 satisfies the same assumptions on U as C, but
(gz)z)’(O) = 1. Thus goz =id. If |¢’(0)| < 1 then u is an attracting fixed point thus, by [36,
Th. 5.2], ¢" tends uniformly on compact subsets of U to u.

By Theorem 2.1, C, is mean ergodic and % Z}’ILVZI Cyn —> P, where P is a projection
onto ker (id —C,) with kernel im (id —Cy). Calculating P is easy on the basis of the above
data.

(¢) = (a): Cases (1) and (2) are obvious. In case (3) there is a neighbourhood A of u
where ¢ is moving all points towards u. For every compact subset of ]a, b[ there is a complex
neighbourhood B of it mapped by some ¢" into A. The result follows by Theorem 2.1 (d).

O

Remarks 1. The equivalences of (b) and (c) with (a) in Theorem 2.8 do not hold ford > 1.
For instance take € an annulus in R? and ¢ a rotation.

2. If U = C then the condition (b) is not sufficient for (a) in Theorem 2.8, since ¢(z) := 2z
has zero as a fixed point but there are plenty of unbounded orbits.

3. In the case of several variables, power boundedness of C, does not imply the existence
of a fixed point for ¢.

Example 2.9 Evenif¢ :]—1, 1[—]—1, 1[ maps all bounded sets in ] — 1, 1[ in one compact
set it does not follow that ¢ is power bounded.

Indeed, take

2 . 1—iz
¥o(2) = - n(] +iZ).

Clearly, ¢, maps the unit disc onto the vertical strip with Re z € (—é, é). Moreover
9o (i) = oo, and ¢, maps the real line into the real line and the imaginary line into the
imaginary line. The imaginary part of converse map ¢, L(it) treated as the function of the
real variable t €] — 1, 1[ has a derivative with maximum at zero equal to % thus if the latter
is < 1 the zero point is an attractive fixed point on the imaginary line for ¢, !, This implies
that ¢ (i) — 0 asn — oc. Since on this sequence ¢/**! is not defined there is no common
neighbourhood of zero such that all ¢} are defined forall » € Nand fixedo, ¢ < I, 5% < 1.
Thus Cy, : &7 (] — 1, 1) — #/(] — 1, 1]) is not power bounded.
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Here is another example: ¢ :] — 1, [[—] — 1, 1[, p(x) = H% By Theorem 2.8, C, is
not power bounded since ¢’(0) = 1 and ¢" — 0. Observe that (] — 1, 1[) =] — 1/2, 1/2[.
By Theorem 2.2, there is no hyperbolic complex neighbourhood V such that (V) C V. Of
course, since ¢ has two singularities i and —i so there is no complex neighbourhood V' of
1 —1, 1[ at all such that ¢ is a self-map of V.

For purposes of comparison with our results above, we conclude here with the following
result about hypercyclic composition operators on spaces of real analytic functions. Part (2)
below is a consequence of our Main Theorem. Part (1) is elementary.

Corollary 2.10 Let Q2 be a real analytic connected manifold and let ¢ : Q — Q2 be a real
analytic map. If C, is hypercyclic, then

(1) @ is injective, its derivative ¢'(z) at arbitrary point 7 € Q is never a singular linear
map and ¢ runs away, i.e., for every compact set K C S there is n € N such that
" (K)NK =4¢.

(2) There is a complex neighbourhood U of 2 such that for every complex neighbourhood
V C U of Q2 the map ¢ does not extend as a holomorphic self map on V.

Proof (1) If ¢(z) = ¢(w) then every function in the image of Cyn has the same values
in z and in w, thus Cy» cannot be hypercyclic. If ¢'(z)v = 0 for a tangent vector v, then
inductively (¢")’(z)v = O for every n € N and every function in im Cy» has a derivative at z
vanishing on the vector v. Again C,, cannot be hypercylic. If " (K) N K #  foreveryn € N
then for any function f € «/(2) with f(K) € B(0,r) the function Cyn(f) takes some
values in B(0, r) and so it cannot approximate any function with all values bigger than r.
Parts (2) follows form our Main Theorem. m}
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