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Separating Maps between Spaces of
Vector-Valued Absolutely
Continuous Functions

Luis Dubarbie

Abstract. In this paper we give a description of separating or disjointness preserving linear bijections
on spaces of vector-valued absolutely continuous functions defined on compact subsets of the real
line. We obtain that they are continuous and biseparating in the finite-dimensional case. The infinite-
dimensional case is also studied.

1 Introduction

V. D. Pathak obtained a characterization of linear isometries between spaces of scalar-
valued absolutely continuous functions defined on compact subsets of the real line
[16]. In this paper, we are interested in obtaining a complete description of maps that
preserve disjointness on spaces of vector-valued absolutely continuous functions also
defined on compact subsets of the real line. These maps are usually called separating
or disjointness preserving.

It is well known that separating linear maps between spaces of scalar-valued con-
tinuous functions defined on compact or locally compact spaces are automatically
continuous and that there exists a homeomorphism between the underlying spaces
[8,13,14]. In a more general context, J. J. Font proved that a separating linear bi-
jection between regular Banach function algebras which satisfy Ditkin’s condition is
continuous and their structure spaces are homeomorphic [7].

For spaces of vector-valued continuous functions, it is necessary to require that the
inverse map be also separating to obtain a similar characterization. If a bijective map
and its inverse are separating, we call it biseparating. There are several papers that
deal with such maps on spaces of continuous functions and results about automatic
continuity and topological links between the underlying spaces are obtained (see [1,
3-5,10,11]). Nevertheless, we do not know much about separating maps on spaces
of vector-valued continuous functions. Namely, in spaces of continuous functions
vanishing at infinity, just one result of automatic continuity was given by J. Araujo
for spaces with finite dimension [2, Theorem 5.4].

In this paper, we study bijective and separating linear maps between spaces of ab-
solutely continuous functions defined on compact subsets of the real line and taking
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values in arbitrary Banach spaces. We obtain a description of such maps which allows
us to prove that their inverses are also separating and to deduce their automatic con-
tinuity in the finite-dimensional case. Besides we show with an example that it is not
possible to obtain an analogous result when we deal with Banach spaces of infinite
dimension. For this reason, we consider biseparating maps in that case.

Preliminaries and Notation

From now on, X and Y will be compact subsets of the real line and E and F will be
arbitrary K-Banach spaces, where K denotes the field of real or complex numbers.

If A is a subset of X, then int(A) denotes the interior of A in X, cl(A) denotes its
closure and bd(A) its boundary. On the other hand, x4 denotes the characteristic
function on A. Finally, we define a partition of A C X to be any finite family {x;}" ,
of points of A which satisfy xy < x; < - -+ < x,,.

Given a function f: X — E, we define the cozero set of f as ¢(f) := {x € X :
f(x) # 0}. Also, for any x € X, we denote by d, the functional evaluation at the point
x, and finally, if e € E, then é will be the constant function from X to E taking the
value e.

Throughout this paper the word “homeomorphism” will be synonymous with
“surjective homeomorphism”

Definitions and Previous Results

The space of absolutely continuous functions has usually been studied in the scalar
context, that is, when the functions take real or complex values (see [12, Section
18]). In this part of the paper we study it when the functions take values in arbitrary
Banach spaces.

Definition 1.1 A function f: X — E is said to be absolutely continuous on X if,
given any € > 0, there exists an 6 > 0 such that

ST - f@)ll <<
i=1
for each finite family of non-overlapping open intervals {(a;, b;)}"_, whose extreme

points belong to X with
n
> (b —a) < 6.
i=1

Then AC(X, E) will denote the space of E-valued absolutely continuous functions on
X. When E = K, we will consider AC(X) := AC(X, K).

Definition 1.2 Given f € AC(X, E), we define the variation of f on X as

V(f;X) = sup{z IIf (i) — flxiz1)| = {xi}iy is a partition of X, n € N}

i=1
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Throughout the paper we will consider AC(X, E) endowed with the norm || - || ac
defined by || f|lac := ||fllcc + V(f;X) for each f € AC(X, E), where || - ||oc denotes
the supremum norm.

The next lemmas, whose proofs are straightforward, show some properties of the
space of absolutely continuous functions which are the key tools to prove some fur-
ther results. In particular, Lemma [[.5] proves for AC(X) the existence of a partition
of the unity (see [9, Lemma 1]).

Lemma 1.3 (AC(X,E), | - |lac) is a Banach space.
Lemma 1.4 Let f € AC(X) andg € AC(X,E). Then f - g € AC(X, E).

Lemma 1.5 Let {V;}!| be an open covering of X. Then there exist { f;}!, C AC(X)
with0 < fi <landc(f;) C Vifori=1,...,nsuchthaty ., fi = 1.

2 Separating Maps
Definition 2.1 Amap T: AC(X,E) — AC(Y, F) is said to be separating if it is linear
and ¢(Tf) N ¢(Tg) = @ whenever f,g € AC(X, E) satisty c¢(f) N c(g) = @. Equiv-
alently, a linear map T: AC(X, E) — AC(Y, F) is separating if | T f(y)||[| Tg(»)|| = 0
forall y € Y whenever f,g € AC(X, E) satisfy || f(x)||||g(x)|| = 0 for all x € X. Also,
T is said to be biseparating if it is bijective and both T and T~ are separating.

From now on we will assume that T: AC(X,E) — AC(Y, F) is a separating and
bijective map unless otherwise stated.

Definition 2.2 For each y € Y, we define the map J, o T: AC(X,E) — F as
(0, o T)(f) :== Tf(y) for each f € AC(X, E). Therefore, the support set associated
with d, o T is defined by supp(d, o T) := {x € X : VU open neighborhood of x,
3f € AC(X,E) with ¢(f) C U and Tf(y) # 0}.

For more details about the next three lemmas see the references [9, 13].

Lemma 2.3 The set supp(d, o T) is a singleton for every y € Y.

Definition 2.4 The previous lemma allows us to definea map / : Y — X such that
h(y) is the only point that belongs to supp(d, o T), for each y € Y. We call k the
support map of T.

Lemma 2.5 Given f € AC(X,E) such that f = 0 on an open subset U of X, then
Tf=0onh 1(U).

Lemma 2.6 The support map h is continuous and onto.

Proposition 2.7 Let f € AC(X,E) such that f(h(y)) = 0. Then the following
statements hold:

@) Ifbd(h1(h(y))) = @, then Tf = 0 on k= (h(y)).
(ii) Ifbd(h='(h(y))) # @, then Tf = 0 on bd(h~' (h(y))).
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Proof Fix yo € Y and suppose that f(h(y,)) = 0.

(i) If we assume that bd(h~!(h(yy))) = @, we deduce that h='(h(y;)) is an open
and closed set (see [6, p. 24]), and by continuity of h, so is h(y,). Then applying
Lemmal23l Tf = 0 on k= (h(yo)).

(ii) In this case, we suppose that bd(h~ ! (h(yy))) # @. We must see that Tf(y) =
0 for every y € bd(h~!(h(yy))).

We consider the following functions in AC(X, E):

* fa:=f xawithA = (—o00,h(yy)) NX,
e fg:= f-xpwithB= (h(yp),00) NX,

which satisfy f = fa+ f,s0 Tf = T fa+T fz. On the other hand, taking into account
the definitions of A and B, it is not hard to see that

(B AD\ETH )] U (B (B)\h ™ (B)] = bd (h ™" (h(y0))) ,

so we need to prove that Tf(y) = 0 for each y € c(h™'(A))\h™'(A) and y €
d(h~Y(B))\h~1(B).

We next prove that if y € cl(h™'(A))\h™'(A), then y € h™'(h(yp)) and Tf(y) =
0. Since y € cl(h™!(A)), there exists a sequence (y,) in h~!(A) converging to y. By
continuity of h, we obtain that h(y,) converges to h(y). Besides cl(A) \ A = {h(yo)},
so h(y,) converges to h(y,) and then h(y) = h(yo). In order to show that Tf(y) = 0,
we will prove that Tf4(y) = 0 and Tfg(y) = 0. By Lemma 23] it is obvious that
T fg(y,) = 0 for each n € N, and by continuity of T fz we deduce that T fz(y) = 0.
We now see that Tfy(y) = 0. Suppose that T f4(y) # 0. Let (z,) be a sequence in
h~1(A) converging to y and such that || f4(h(z,))|| < 1/n® for each n € N. Taking a
subsequence if necessary, we can consider disjoint open neighborhoods U, of h(z,)
for each n € N, such that || fa(x)|| < 1/n’ forallx € U, and V(fa;U,) < 1/n’. Also,
we take compact neighborhoods K, of h(z,) with K, C U, for every n € N. As each
K, is a compact subset of the real line, we can consider the least compact interval
[m,, M,] in R such that K,, C [m,, M,,] for each n € N. Then since each K,, C U,
and U, is an open set, there exists £, > 0 satistying that (m, —e,, m, +¢,) C U, and
(M, — €4y, M, + €,) C U, for every n € N. Finally, we define g, € AC(X) for each
n € Nin the following way:

e g, =mnon[m,,M,]NX,

* g =0onX\(m, — 3,M,+3)NX,

* gy islinear on (m, — 5, m,) U (M,, M, + 3).

Each function g, satisfies g, = n on K, c(g,) C Uy, ||gullcc = 1, and V (g,; X) = 2n.
Now we define the function gy := Y~ fags and we are going to see that g, belongs
to AC(X, E).

It is enough to see that || fag,||ac < 4/n* for each n € N. Notice at this point that
c(fagn) C Uy, so we just need to study || fagn||ac on U, for every n € N. It is obvious
that || fagu|lco < 1/#* on U, for each n € N. On the other hand, if we consider
{xi}", any partition of U,, we have that
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> N fagn) @) = (faga) (xio1)]|

i=1

<Y N fag) () = faledga(xim D)l + D 1 faxi)gnCxio1) = (faga) (i)

i=1 i=1

<l fayy, lloo D 18n(x) = gnlxi D]+ llgalloo Y 1falx) = falxiz)|
i=1

i=1

3
S HfA|U,, ||ooV(gn: Un) + ||gn||ooV(fA) Un) < ﬁv

and then V (fug,;U,) < 3/n?* for each n € N.

Now let V,, be an open neighborhood of h(z,) with V,, C K,, for every n € N. It
is obvious that gy = nf on V,,, and by Lemma 2.5 we deduce that Tgy = nT fs on
h=1(V,). Consequently, Tgy(z,) = nT fa(z,) for each n € N. Taking into account
that T'f4(y) # 0 and the fact that T f4(z,) converges to T f4(y), we can conclude that
ITgo(z,)|| converges to oo. This behavior implies that Tgy is not continuous, which

is absurd.
In a similar way, we can see that y € h~'(h(y,)) and Tf(y) = 0 whenever y €
d(h~'(B)\h~'(B). |

3 The Finite-Dimensional Case

In this section, we study separating bijections between spaces of absolutely continu-
ous functions that take values in finite-dimensional normed spaces. We suppose that
the spaces E and F are both n-dimensional and {ey, ..., ¢, } is a basis of E.

Lemma 3.1 Let f € AC(X,E) such that f(h(y,)) = 0. Then there exists y; €
h=Y(h(yo)) such that {Te;(y1) :i = 1,...,n} is a basis of F.

Proof By Proposition 2.7] we know that there exists y; € h™!(h(yq)) such that
Tf(y1) = 0. We will prove that {Té;(y;) : i = 1,...,n} isabasis of F. As Eand F
have the same dimension, it is enough to show that they are linearly independent.

Suppose that Te;(y1), ..., Te,(y1) are linearly dependent. Therefore, we can take
f € Flinearly independent with them and consider the non-vanishing function T~ f.
Now as {e1,...,e,} is a basis of E, there exist ay, . .., a, € K, not all of them equal
to zero, such that T_l?(h( ¥0)) = Z?Zl «;e;. For this reason, if we define the function
g = >." aje; € AC(X,E), we obtain that (T-'f — 2)(h(y)) = 0, and then (f—
Tg)(y1) = 0 applying Proposition 2.71again. This implies that f = >"" | «; Tei(y1),
which is a contradiction. ]
Theorem 3.2 his a homeomorphism.

Proof We know that h is a continuous, onto and closed map. We only need to prove
that h is injective. Suppose that there exist two distinct points yo, y; € Y such that
h(yo) = h(y:) and we will study the three possible situations.
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Assume that yo, y; € bd(h™'(h(yo))). If {fi,...,f,} is a basis of F, since T is
an onto map, we know that there exist g,...,8, € AC(X, E) such that Tg; = E
for each i. We claim that g1 (h(y0)),...,2:(h(y0)) are linearly independent. Sup-
pose that it is not true. Therefore, there exist ay,...,a, € K, not all of them
equal to zero, such that Z?zl aigi(h(y0)) = 0. By Proposition 2.7] we obtain that
TY !, aigi(yo) = 0, and this implies that >}  a;f; = 0, which is not possi-
ble. Then for each f € AC(X, E) we have that f(h(y,)) = ZLI Bigi(h(yo)) for
Bi,--., 0, € K not all of them equal to zero. Applying Proposition 2.7] we ob-
tain that Tf(yo) = TZ?:lAﬂigi(yo) = Z?:lﬂifi(}’o) = Z?q Bifi and Tf(y,) =
Ty Bigiln) = 320, Bifiyr) = X0, Bifi, thatis, Tf(yo) = Tf(y1) for each
f € AC(X,E). This behavior implies that T is not onto, in contradiction with our
assumption.

Suppose now that bd(h~!(h(y,))) = @. With similar reasoning as in the previous
situation we obtain the same contradiction.

Finally, we assume that yy € bd(h=!(h(yo))) and y; € int(h='(h(yo))). Let g €
AC(Y, F) be a non-zero function with ¢(g) C int(h~!(h(y))) and consider T~'g. We
are going to prove that there exists an open subset V of X satisfying that VN {h(y,)} =
@and T~ 'g(x) # O forallx € V. Ifitis not true, T~'g is equal to zero on X\ {h(y¢)}.
Besides, we know that h(y;) is not an isolated point, so we deduce that T~!g = 0 on
X, which is a contradiction since g is a non-zero function. Therefore, if we consider
x; € Vandabasis {¢; : i = 1,...,n} of E, we have that T'g(x;) = >_"_| a;ei(x;)
for ay,...,a, € K not all of them equal to zero. Applying Proposition [2.7] and
Lemma[3.T] we can deduce that g(y,) = Y i, a;Téi(y,) # 0 for some y, € h™'(xy),
which is not possible since c(g) C int(h~!(h(yp))). [ |

Corollary 3.3 Let f € AC(X,E) such that f(h(y)) = 0. Then Tf(y) = 0.

Proof It is an obvious application of Proposition2.7land Theorem[3.2] ]

Remark 3.4 For any y € Y fixed, we define the function g := f — fﬁ(y\)) €
AC(X,E) for each f € AC(X,E). It is obvious that g(h(y)) = 0, and by the pre-
vious corollary, we deduce that Tg(y) = 0. For this reason, we obtain Tf(y) =
Tfm)(y) forall f € AC(X,E) and y € Y. Therefore, we define the map J, for
each y € Y in the following way:

Jy:E—F
e J,(e) == Té(y).

Lemma 3.5 Themap ], is linear, bijective and continuous for every y € Y.

Proof Obviously each J, is linear. We next see that ], is a bijective map.

First, we will prove that J, is injective. Ife # Oand {¢; : i = 1,...,n}isa
basis of E, then there exist ay, ..., o, € K, not all of them equal to zero, such that
e =Y ., e, and this implies that é(h(y)) = >, @& (h(y)). By Lemma[3.Iland
Corollary B3] we deduce that Té(y) = >." | «;Te;(y) # 0, and by definition of J,
we conclude that J,(e) # 0.
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Secondly, we will see that ], is an onto map. Given f € F, since T is surjective,
there exists g € AC(X, E) such that Tg = f, in particular, Tg(y) = f. We define
e := g(h(y)) € E. It is obvious that (é — g)(h(y)) = 0, and by Corollary B.3] we
deduce that T'(é — g)(y) = 0. This implies that J,(e) = f.

Finally, it is trivial to see that each J, is continuous, since it is a linear map and E
is a finite-dimensional normed space. ]

Theorem 3.6 Let T: AC(X,E) — AC(Y,F) be a separating and bijective map with
E and F n-dimensional normed spaces. Then there exist a homeomorphism h: Y — X
and a map J,: E — F linear, bijective and continuous for each y € Y, such that

Tf(y) = J,(f(h(y)))
forevery f € AC(X,E) and y € Y. Also, T is continuous and biseparating.

Proof The representation of T follows by Remark [3.4land from the definition of J,
above. To see that T is a continuous map we apply the closed graph theorem, so we
just need to prove that T is a closed map (see [15, Theorem 7.3.2]). Therefore, it is
enough to see that if we take ( f,) in AC(X, E) converging to 0 and (T'f,) converges to
g theng = 0.

First, we are going to prove that §, o T is a continuous map for each y € Y. Fix
y € Y. Itis obvious that J, o T is linear, and, by the representation of T, we have that
16, o T(HII < [Tyl flloo for each f € AC(X, E). From this inequality, we obtain
that , o T is continuous and consequently that (4, o T(f,)) converges to 0.

Onthe other hand, || Tf,(y) =gl < ITfa—glloo < || Tfu—g|lac foreachn € N,
and since we assume that (T f,,) converges to g, we deduce that (T f,(y)) converges to
g(y) for each y € Y. Combined with the above, we conclude that g(y) = 0 for all
y € Y and this completes the proof that T is continuous.

Finally, we prove that T is a biseparating map. It is enough to see that
T~': AC(Y,F) — AC(X,E) is separating. Suppose that T~! is not separating. Then
there exist f,g € AC(Y, F) with ¢(f) Nc(g) = @ such that (T~ f) Ne(T™'g) # 2.
For this reason, there exists x, € X with T~!f(x) # 0 and T !g(xo) # 0. As
{e1,...,e,} is a basis of E, we can take «,...,«, € K, not all of them equal to
zero, such that T~ !f(x)) = Z?:l aiéi(xp) and B1,...,0, € K, not all of them
equal to zero, such that T~ !g(x) = Z?:l Biei(xg). Applying Lemma and
Corollary B3} we can deduce that f(h~'(x))) = Y., a;Tei(h ' (x9)) # 0 and
g(h™(xg)) = Y, B;iTe;(h~'(xp)) # 0, which contradicts the fact that f and g
have disjoint cozeros. u

4 The Infinite-Dimensional Case

The next example shows that it is not possible to obtain a similar result as in the
previous case when we deal with infinite-dimensional Banach spaces. For this reason,
we study biseparating maps instead of separating in this case.

Example 4.1 Let ¢, be the space of all scalar-valued sequences that converge to zero

and let T': AC([0, 1], cy) — AC([0,1] U [2, 3], ¢o) be a bijective, separating and con-
tinuous map defined by T f(x) = (A1, A3, As, ... ) and Tf(2+x) = (A2, Ay, Asy - -+ )»
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when f(x) = (A1, A\, A3,...) € ¢ for each x € [0, 1]. It is easy to see that T~! is
not a separating map.

Remark 4.2 Similarly to the previous example, a separating bijection from
AC([0,1],R?) to AC([0, 1] U [2,3],R) can be constructed that is not biseparating.
This fact allows us to conclude that Theorem[3.6lis not true if we do not suppose that
E and F have the same dimension.

Remark 4.3 In this final section, T: AC(X,E) — AC(Y, F) will be a biseparating
map and E and F will be Banach spaces of infinite dimension. Since T is biseparating,
we obtain two different continuous support maps h and k asociated with T and T—1,
respectively.

Theorem 4.4 his a homeomorphism.

Proof It is not difficult to see that & and k are inverse maps. The proof given in
[9, Theorem 1(8)] for group algebras can easily be adapted to our context. [ |

Corollary 4.5 Let f € AC(X,E) such that f(h(y)) = 0. Then T f(y) = 0.
Proof It is clear applying Proposition 2.7 and previous theorem. ]

Remark 4.6 With the same construction as in Remark [3.4] we obtain Tf(y) =

Tf@(\y))(y) forall f € AC(X,E) and y € Y, and we define the map J, for each
y €Y, asin the previous case.

Lemma 4.7 ], is linear and bijective for every y € Y.

Proof We obtain that each J, is linear and onto in a similar way as in the finite-
dimensional case. We next prove that J, is injective. Suppose that it is not true. Thus
we consider e € E with e # 0 such that J,(e) = 0. We have proved that k is a
homeomorphism, so there exists x € X such that y = k(x), and then Ji(e) = 0.
Since Té(k(x)) = 0, applying Corollary 3] to the separating map T~ !, we obtain
that T~1(Té)(x) = 0, which implies that é(x) = 0 in contradiction with e # 0. [ |

Theorem 4.8 Let T: AC(X,E) — AC(Y,F) be a biseparating map with E and F
infinite-dimensional Banach spaces. Then there exist a homeomorphismh: Y — X and
amap J,: E — F linear and bijective for each y € Y, such that

Tf(y) = J,(f(h(»)))

forevery f € AC(X,E) and y € Y. Also, if Y has no isolated points, then T is continu-
ous.

Proof By Remark[4.6]and the definition of J, we deduce the representation of T. We
only need to prove that T is continuous if Y has no isolated points. We will prove that
d, o T is continuous for every y € Y, and then applying the closed graph theorem in
a similar way as in Theorem [3.6] we will deduce that T is a continuous map.
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Suppose that there exists yo € Y such that §,, o T is not continuous. Then we
consider a sequence (e,) in E such that ||e,|| < 1/#° and || Te,(yo)|| > 1foralln € N.
In this way, we can find a sequence (y,) in Y, strictly monotone and converging to
0, such that || T€,(y,)|| > 1 for each n € N.

We now take disjoint open neighborhoods U, of h(y,) for each n € N, and define
fn € AC(X) such that f,(h(y,)) =1, 0 < f, < landc(f,) C U, foralln € N.
Finally, we consider the function f := > f,&, that belongs to AC(X, E).

It is obvious that f(h(y)) = 0 and, by Corollary[3] T f(yo) = 0. On the other
hand, (f — €,)(h(y,)) = 0 and then Tf(y,) = Te,(y,) for all n € N. This implies
that ||Tf(y,)|| > 1 for each n € N, and we obtain a contradiction, since Tf is
continuous. |
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