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ANALYTICALLY TRREDUCIBLE POLYNOMIALS
WITH COEFFICIENTS IN A REAL-VALUED FIELD

A. GRANJA, M. C. MARTINEZ, AND C. RODRIGUEZ

(Communicated by Bernd Ulrich)

ABSTRACT. In this paper, we show a criterion of analytic irreducibility for
polynomials with coefficients in a real-valued field. This generalizes previous
criteria of Abhyankar as well as those of Granja.

1. INTRODUCTION

Throughout this paper, K will be a field and v will be a non-trivial valuation
of real rank one on K. We will denote by K the completion of K with respect
to the topology defined by v, by 7 the unique extension of v to K and by T an
indeterminate over K.

Let L be an algebraic extension of K. A natural question is: when does a
valuation of finite real rank on K have a unique extension to L?

Since an arbitrary algebraic field extension is a direct limit of finite extensions,
we may assume that L is finite over K. Moreover, it is sufficient to solve the
problem when v has real rank one. The general case can be reduced to the real
rank case by means of composition of valuations. (See [ZS, Corollary 1, p. 55].)

Furthermore, since for purely inseparable extensions, v has a unique extension,
we can also assume that L is a separable extension of K and write L = K(«) for
some algebraic and separable element o over K. In this case, let P € K[T] be the
minimal monic irreducible polynomial of a. Then v has a unique extension to K («)
if and only if P is irreducible in K [T] (i.e. P is analytically irreducible). (See [E|
Theorem (2.12), p. 16].)

In [HOS| an algorithm is given to determine the extensions of a real valuation to
a simple algebraic extension. In particular, Corollary 66 of [HOS| gives a charac-
terization of when v has a unique extension to K («). Thus, the algorithm of [HOS]
tests when a polynomial of K[T] is irreducible in K[T].

Here, we shall show a criterion of analytic irreducibility for polynomials of K[T.
(See Theorem HE3] below.) In particular, if v is discrete and K is complete, our
criterion is nothing but Theorem 4.7 of [G]. Moreover, if K = F((X)) is the field
of the Laurent power series with coefficients in an algebraically closed field F' and v
is the usual order valuation on X, then our criterion also generalizes Abhyankar’s
criterion in [A].
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The paper is organized in four sections including this introduction. Section 2
is devoted to reviewing some concepts about valuations on rings. In section 3, we
associate to each monic analytically irreducible polynomial f € K[T] a valuation
vy on K[T] such that vy is the unique extension of v to K[T| with v¢(f) = oc.

We show that v,(g) = v(R(f.9)) for each g € K[T], where R(f,g) denotes the

deg(f)
usual resultant of the polynomials f and g. (See Proposition BIl) The objective of

the last section is to show the above-mentioned criterion of analytic irreducibility
(Theorem [.3]).

2. VALUATIONS ON RINGS

In this section we review some concepts about valuations on rings.

Let R be a commutative ring with unit and I" be a totally ordered abelian group.
We extend I' to an ordered monoid I' U {oo} by the rules co + x =  + 0o = oo for
all z e T'U {oo} and = < oo for all x € T

A waluation on R with values in I" is a map v : R — I" U {00} such that

(V1) v(zy) = v(z) +v(y) for all z,y € R,

(V2) v(z +y) > min{r(z),v(y)} for all x,y € R,

(V3) v(1) =0 and v(0) = co.

If v(R) = {0,000}, v is said to be trivial; otherwise v is called non-trivial or
proper. Moreover, the prime ideal v~!(c0) of R is called the support of v and when
I' = R is the additive group of real numbers, v is called a real valuation on R. In
any case, the group of values T', of v is the subgroup of I generated by v(R) — {oc}.

On the other hand, v is called a Krull valuation on R when v~1(c0) = {0}.
In this case, R is necessarily a domain and v extends to a Krull valuation (also
denoted by v) on the quotient field K(R) of R such that I', = v(K(R) — {0})
is the group of values of v. Furthermore, V, = {z € K(R); v(z) > 0} is the
valuation ring associated to v, which is a local ring with maximal ideal M (V,) =
{z € K(R); v(z)>0}.

We also point out that any valuation v on a ring R induces a Krull valuation 7
on R/v~!(c0). We say that V,, = V4 is the valuation ring associated with v and
we have '), = I'y.

We recall that for a Krull valuation v on a local domain R, the real rank, or simply
the rank of v (denoted rank(v)), is the Krull dimension of the ring V,, and that if this
dimension is finite, then rank(v) is the least integer ! so that I', = v(K(R) — {0})
can be embedded as an ordered group into (R!, +) endowed with the lexicographic
order. Hence, rank(v) depends only on the group of values of v. For details about
the rank and other numerical invariants of Krull valuations, we refer to [ZS, Vol. 11,
Chapter VI, p. 50].

3. VALUATION ASSOCIATED TO ANALYTICALLY IRREDUCIBLE POLYNOMIALS

Let K be a field and v be a non-trivial real valuation on K. Let us denote by K
the completion of K with respect to the topology defined by v and by 7 the unique
extension of v to K. Let T be an indeterminate over K.

We say that a polynomial f € K[T] is analytically irreducible if f is irre-
ducible in K [T]. Note that any analytically irreducible polynomial of K[T] is an
irreducible polynomial, but the converse is, in general, false.
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Now, we shall introduce some notation for monic analytically irreducible poly-
nomials.

Let f € K[T] be an analytically irreducible monic polynomial and let « be a
root of f in some algebraic closure of K. Since K is complete, there exists a unique
extension, which we will denote by 7y, of ¥ to K(a). (See [RL A, p. 127].) We shall

also denote by Uy the valuation on K[T] given by Uy(g) = 0 if g € K [T] and by
_ _ K[T
Us(g) = vs(9) if g ¢ fK[T), where g is the class of g in 7 ,\[ ] . We point out that

R[T]

vi(g) = vs(g(a)). o

Finally, we will denote by 77 (resp. by vy) the restriction of Uy (resp. of Uy) to
K (o) (resp. to K[T]). Then 7y (resp. vy) is the unique extension of v to K(«)
(resp. to K[T] such that v,(f) = 00).

We can reduce the computation of Uy (resp. vy) to ¥ (resp. v) by means of the
usual resultant of two polynomials R(P, Q) (see [Li p. 200]). Namely, we have the
following:

Proposition 3.1. With the above assumptions and notation, let f € K[T] be a
V(R(f.9))

monic analytically irreducible polynomial. Then Vy(g) = ——-=—= for all g €

deg(f)

I?[T], where R denotes the usual resultant ([L, p. 200]). In particular, v¢(g) =
v(R(f.9))
—————= for all g € K[T].

des() .
Proof. Let a1, ..., be the roots of f in an algebraic closure of K (r < deg(f)).
Since K is complete, there exists a unique extension ﬁ} of Uto K(aq,...,a). (See
[Rl A, p. 127].)

For 1 <14 <, let 0; be a K-automorphism of K(aj,...,q,.) such that o;(a;) =
;. Then V00, is a valuation of K (az, ..., a,) extending v (see [R} I, (a), p. 118]).
Therefore, 77 = 7 o 0, and 7}(g(en)) = j(o1(a(e))) = P(ga)). L <i < 7.

G

We point out that if I/f) denotes the restriction of Z to I/(\'(ai), then ﬁj(f) is

the unique extension of ¥ to I/(\'(al-), 1 < i < r. Hence, ﬁ](cl)(g(al)) = ﬁj(f) (9()),
1<i<r.

On the other hand, we can write f = [[._, (T — ;)% where s; is the multiplicity
of the root a;, 1 <4 < r. (Note that, in fact, s; = 1, if f is a separable polynomial
and s; = p°, otherwise, 1 < ¢ < r, where p is the characteristic of K .) We have
R(f,9) = ITi—;(g(c))* (see [L], Proposition 8.3, p. 202). Thus,

T

4. ANALYTIC CRITERION OF IRREDUCIBILITY

With the assumptions and notation as in the above section, we shall reduce the
analytic irreducibility of polynomials of K[T] to that of monic polynomials of V,, [T,
where V,, is the valuation ring associated to v.
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Let f € K[T] be an analytically irreducible polynomial with deg(f) > 2 and
a # 0 be a root of f. Without loss of generality we can assume that f is a monic
polynomial and write f = T¢ + aq1T% 1 + -+ +ag € K[T).

If f € V,[T], then v¢(T) = Ds(a) > 0. Otherwise, D¢(a) < 0 and Dp(a™t) > 0.
Since o + ag—1 + ag_sa~t + -+ ag(a"1)? = 0, we have Us(a) > 0, which is a
contradiction.

If vi(T) = Dy(a) < 0, then v(ag) < v(a;), 1 < i < d—1 and v(ag) < 0.
Otherwise, there exists 0 < s < d such that v(as) < v(ap) and v(as) < 0. (Note
that f € K[T] — V,[T].) Since K is a Henselian field and f is an irreducible
polynomial of K[T], then v(ay) > ((d — s)/d)v(ao). (See [R, Theorem 1, p. 128].)
Therefore, v(ag) < 0 and since v(as) < v(ag), we get v(ag) > ((d — s)/d)v(ao),
which is a contradiction. _

Finally, we note that if v¢(T) = Ds(a) < 0, then f = ay 'T?f(1/T) € V,[T] is
a monic analytically irreducible polynomial. In fact, fis the minimal irreducible
polynomial of a~! over K (and K ). In this form, we must only give a criterion of
analytic irreducibility for monic polynomials of V,,[T].

Now, we shall introduce some more notation. Let f € V,[T] be a monic analyt-
ically irreducible polynomial. We denote by

Qu(vs) = {vs(9); g € Vi[T) monic with deg(g) = I}

and by wi(vy) = sup(;(vy)), 0 < I < deg(f). Note that w;(vy) € RU {oo} and
0=wo(vy) <wi(vy) <wz(vy) <o < Wheg(p)—1(vy) < 00

Lemma 4.1. With the above assumptions and notation, let f € V,[T] be a monic
analytically irreducible polynomial. Then vy(¢) < v(bp) +wh(vy) < v(bp) +ws(vyf),
for each mon-zero polynomial ¢ = >;_ b;T" € V,[T] with 1 < deg(¢) = s < deg(f),
where h is the non-negative integer 0 < h < s such that v(bp) < v(b;), h <i <'s
and v(by) < v(bj), 0 < j < h; de., h is the greatest index for which v(by) =
min{v(by),...,v(bs)}.

Proof. Since by, # 0, it is sufficient to show that v¢((by) @) < wy(vf). Therefore,
we can assume by, = 1 and v(b) = 0.

Now, we proceed by induction on s.

Assume s = 1. Then we have the following possibilities:

a) h = s = 1. In this case ¢ = T + by with v(by) > 0 and vf(¢) < wi(vy) by
definition of wy (vy).

b) h =0 < 1. In this case, ¢ = b1T + 1 with v(b1) > 0 and v(¢) = 0 < w1 (vy).
(Note that v¢(¢) = Uy(¢(a)) = 0, where « is a root of f.)

Assume that the result is true for each ¢ € V,[T] with deg(¢) <s—1, s> 2.

If h = s, then v¢(¢) < wp(vy) by definition of wy(vy); and if h = 0, then
vi(¢) = 0 = wo(vy). (Note that vy(¢) = Ur(¢p(a)) = 0, where « is a root of f.)
Therefore, we can assume 0 < h < s, so v(bs) > 0.

Since wy(vy) = sup(Qs(vy)) and v(bs) > 0, let us fix a monic polynomial g €
V,[T] such that deg(g) = s and v(bs) + vf(g) > ws(vy) (for example, if w,(vy) is
reached, we may take g to be such that v¢(g) = ws(vy)).

Let us write ¢ = byg + cs_1T° 4+ -+ + ¢o. Since v(bs) > 0 and f,g € V,[T],
0=v(cp) <v(g), h<i<s—1and 0=wv(c) < rv(c), 0<j < h. Therefore,
vi(es—1 TS 4+ 4+ ) < wp(vf) < ws(vy) by the induction hypothesis. Hence,
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since v¢(bsg) > ws(vf), we have vs(¢) = vf(cs—1T5 1+ +co) <wp(vy), and the
proof is complete. O

Lemma 4.2. With the above assumptions and notation, let f € V,[T] be a monic
analytically irreducible polynomial. Then the set Q;(vy) is bounded above for 1 <
i < deg(f), t.e. wi(vy) < oo for 0 < i < deg(f) — 1. In particular, the set
{v(R(f,9)); g € V,[T] monic with deg(g) = i} is also bounded above for 1 < i <
deg(f).

Proof. Assume that Q;(vy) is not bounded above for some i < deg(f) and that
Q(vy) is bounded above for 0 <[ < . In particular, w;—1(vf) < oo.
Let us consider a sequence {¢,}n,>1 C V,[T] such that v¢(¢,) > n and ¢, =

T + a?_llTi’1 +o- 4 aén), n > 1. By Lemma 1] we have

. n+1 n
n < vi(dnt1 — ¢n) < og?lgl?fl{'/(a; ) a;- DY+ wisa (vg).

Therefore, n — w;—1(vy) < I/(al(n'H) - al(")) for0 <l <i—1andn > 1. So,
{al(n)}nzl is a Cauchy sequence on K with respect to v, 0 <1 <i—1. Let us write
ar=lim, o a™ € K,0<1<i—1land ¢ =T +a; T +---+ag € K[T].
We have v(a; — al(")) >n—wi—1(vp), 0 <1 <s—1,n>1. Since vy(T) =
vp(T) = 0, then vy (¢ —dn) = n—w;—1(vy) and Vg (¢) = min{Vs (¢ — ¢n), vs(dn)} =
V(R(f,¢))

— Wi >1. H v =" = d7v(R =o0. Th
= winalu). > L Henee, 57(9) = = = 00 and D (RIS, ) = o Thus,
f and ¢ must have a common irreducible factor in K [T, and since f is analytically
irreducible, ¢ € fK[T] and deg(f) < deg(¢), which is a contradiction. O

Next, we give our criterion of analytic irreducibility.

Theorem 4.3 (Criterion of Analytic Irreducibility). With the above assumptions
and notation, let P(T) € V,[T] be a monic polynomial. Then the following state-
ments are equivalent:
(a) P is analytically irreducible.
(b) The set {v(R(P,Q)); Q € K[T]| monic with deg(Q) =i} is bounded above
for 1 <14 < deg(P).
(¢) Theset{v(R(P,Q)); Q € K[T] monic with deg(Q) = [deg(P)/2]} is boun-
ded above.
Here [deg(P)/2] denotes the greatest integer s such that s < deg(P)/2.

Proof. (a) = (b) follows from Lemma 2] and obviously (b) = (c).

To see (¢) = (a), let us assume that P is not analytically irreducible. We can
write P = P P,, where P, P, € I?[T] are monic polynomials, hy = deg(P;) <
[deg(P)/2] and Pl(T) =Th +ah1_1Th1—1 + -+ ag with aj € I?, 0<j<h—1

For each integer n > 0 and for each 0 < j < hy — 1, let us consider ag-") e K

such that U(a; — ag-n)) > n and write Pl(") (T)=Th + agl?llThl_l +-- a(()n).
We recall that if Uy, ..., Uy, are indeterminates over K[T7], then
R(P,U) = R(P,UyT" + UyT" = .- 4 Up,)

is a homogenous polynomial on Uy, ..., Uy, of degree deg(P).



3454

A. GRANJA, M. C. MARTINEZ, AND C. RODRIGUEZ

Therefore, R(P, Pl(")) = R(P, P1) + A, such that A,, € (a(") 1= Qhy—1, aEZlQ —

h1—
(n)

Ahy—2,. .. a5 — ag)Vy, where V5 is the valuation ring associated with 7. Hence,
U(Ap) > n,n>1.
Since R(P, Py) = 0, then v(R(P, P{™)) = D(R(P, P'™)) = D(An) > n, n > 1.
In particular, V(R(P,T[deg(P)/zl_hlPl(n))) >n for n > 1 and the set

{v(R(P,Q)); Q € K[T] monic with deg(Q) = [deg(P)/2]}

is not bounded above, which is a contradiction. O

Remark 4.4. We point out that the irreducibility criterion given in Theorem 4.7
of [G] is a particular case of our Theorem [£3 In fact, in [G], the valuation v is
assumed to be discrete and the field K to be complete with respect to the topology
defined by v. Moreover, if K = F((X)) is the field of the Laurent power series with
coefficients in an algebraically closed field F' and v is the usual order valuation on
X, then our criterion also generalizes Abhyankar’s criterion in [A].
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