Available on line atvww.rac.es/racsam REVISTA DELA REAL ACADEMIA DE CIENCIAS
Applied Mathematics EXACTAS, FISICASY NATURALES.

1

SERIE A: MATEMATICAS
Madrid (Espafa / Spain)

RACSAM 104 (1), 2010,115-127. DOI:10.5052/RACSAM.2010.11

Weighted boundedness for multilinear singular integral
operators with non-smooth kernels on Morrey spaces

Zhou Xiaosha and Liu Lanzhe

Abstract In this paper, we prove some weighted boundedness for thelimedr operators related to
some singular integral operators with non-smooth kernelthe generalized Morrey spaces by using a
sharp function estimate of the multilinear operators.

Acotaciones ponderadas para operadores integrales singul ares
multilineales con nicleos no suaves en espacios de Morrey

Resumen. En este articulo se utiliza una funcion de estimaciorcipeede operadores multilineales

con la que se prueban algunas acotaciones ponderadas paadaps multilineales relacionados con
operadores integrales singulares con nicleos no suaespanios de Morrey generalizados.

Preliminaries and Main Result

As the development of the Calderon-Zygmund singular irdlegperators, their commutators and multilin-
ear operators have been well studied ($e€,[7, 11]). In[14], Hu and Yang proved a variant sharp function
estimate for the multilinear singular integral operatdns[18-20], C. Pérez, G. Pradolini and R. Trujillo-
Gonzalez obtained a sharp weighted estimates for the Isinguiegral operators and their commutators.
The main purpose of this paper is to study the multilineagsiar integral operators with non-smooth
kernels as follows.

Definition 1. A family of operatord;, t > 0 is said to be arapproximation to the identitif, for every
t > 0, D, can be represented by a kerng(z, y) in the following sense:

D) = [ arle)f(5)dy
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foreveryf € LP(R™) withp > 1, anda,(z, y) satisfies:
las(z,y)| < he(z,y) = Ct2s(je —yl? /1),
wheres is a positive, bounded and decreasing function satisfying

lim 7" *¢s(r?) =0
rT—00

for somee > 0.

Definition 2. A linear operator? is called a singular integral operator with non-smooth kelsif 7" is
bounded on.?(R™) and associated with a kernéf (x, y) such that

T(f)(z) = A K(z,y)f(y)dy
for every continuous functiofiwith compact support, and for almost allnot in the support of .

(1) There exists an “approximation to the identiy3;, ¢ > 0} such thafl’ B, has the associated kernel
k:(z,y) and there exist;, co > 0 so that

/ ) | K (z,y) — ke(z,y)| de < o forall y € R".
|[z—y|>cit1/2

(2) There exists an “approximation to the identify4;, ¢t > 0} such thatd,T has the associated kernel
K;(x,y) which satisfies
|Ky (2, )| < cat™™/? if |z —y| < est!/?,

and
K (2,y) — Ki(2,y)| < cat®?|a—y| 770 if |z —y| > est'/?,

for somecs, ¢4 > 0,9 > 0.
Let m; be the positive integerg (= 1, ...,1), m1 + --- + m; = m andb; be the functions ofR™
(j=1,...,0). Set, forl <j <m,

1 « «
Ry (b ,9) = by(a) = Y0 D% (0) (& — )"
o <my

The multilinear operator associatedfas defined by

1 o
Ty = [ Wiz O5o) ey,

Rn |z — y|™

Note that whenn = 0, T is just the multilinear commutator generated Byandb (see [L9, 20]).
While whenm > 0, T? is a non-trivial generalization of the commutator. It is lk@lown that multilinear
operators are of great interest in harmonic analysis and begn widely studied by many authors (s&e |
5]). In[12, 15], the boundedness of the singular integral operator with-srmooth kernel are obtained.
In [8], the boundedness of the commutator associated to thelamigtegral operator with non-smooth
kernel are obtained. Our works is motivated by these papers.

Now, let us introduce some notations. Throughout this papet Q(z,r) will denote a cube oR™
with sides parallel to the axes and center aind edge is. For any locally integrable functiofi, the sharp
function of f is defined by

#(x) = su i — d
(@) = sup |Q|/Q|f(y) foldy,

116



Weighted boundedness for multilinear operators

where, and in what followsf, = |Q|~* fQ x) dz. Itis well-known that (seel[d)

# sup inf — / fly) —cld
)~ s inf o [ 17) el dy
and

||b — kaQ”BMO < Ck”b”BMO fork > 1.

We say thatf belongs toBMO(R") if f# belongs toL>°(R") and|f|smo = |f#|r~. Let M be the
Hardy-Littlewood maximal operator defined by

M(7)@) = swplel [ 1fw)lay

and we write thaf\Z,(f) = (M (fP))'/? for 0 < p < co. The sharp maximal functiod 4 (f) associated
with the “approximation to the identity{ 4;, ¢ > 0} is defined by

M) = sp o [ 156) — A (D)l d

whereto = 1(Q)? andl(Q) denotes the side length ¢f. We denote the Muckenhoupt weights Ay, that
is (see [L3)):
Ay ={0<we€ LL.(R") : M(w)(z) < Cw(z), a.e.}.

Throughout this papery will denote a positive, increasing function @i~ for which there exists a
constantD > 0 such that
p(2t) < Do(t) fort > 0.

Letw be a weight function oRR™ (that isw is a non-negative locally integrable function) ghtie a locally
integrable function ofR™. Set, forl < p < oo,

1 1/p
f e () — SUp —/ Puw dy .
11| Lo ) s\ o Q(z,d)| ()[Pw(y)
d>0

The generalized weighted Morrey spaces are defined by
LP?(R™ w) = { f € Lige(R™) : [|fll 1) < 00}

If p(d) = d°, & > 0,thenLP#(R" w) = LP(R", w), which is the classical Morrey space (segl[6, 17]).
As the Morrey space may be considered as an extension of thestae space (the Morrey space?
becomes the Lebesgue spacdewhen A\ = 0), it is natural and important to study the boundedness of
the multilinear singular integral operator on the MorrepesgsLP* with A > 0 (see [, 9, 10])). The
purpose of this paper is twofold. First, we establish a si@puality for the multilinear singular integral
operatorT"® with non-smooth kernels, and second, we prove the boundsdaethe multilinear operator
on the generalized weighted Morrey spaces by using the ghegpality.

We shall prove the following theorem.

Theorem 1. Supposél is the singular integral operator with non-smooth kernetsZefinition2. Let
1<p<o0,0<D<2%we Ay, D*b; € BMO(R") for all a with |o| = m; andj =1, ...,1. ThenT®
is bounded or.?>¥ (R", w), that is

l
IT*(F)llzre o H( > IDC”bj|BMO> 11l e ()

laj|=m;
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2 Proof of Theorem

To prove the theorem, we need the following lemmas.

Lemma 1 (2]). Letb be a function oR™ and D*b € L4(R™) for all « with |a| = m and some; > n.
Then, forz # vy,

1/q
| R (b52,9)| < Cla —y|™ > < o |qu> ;
la|=m (@y)

whereQ is the cube centered atand having side lengthy/n |z — y|.

Lemma 2 (12, 15]). LetT be the singular integral operator with non-smooth kernedsDafinition?2.
Then, for everyf € LP(R"), 1 < p < o0,

IT(H)llee < C|l fllLe-
Lemma 3 (8]). Let{A,;, t > 0} be an “approximation to the identity” and € BMO(R™). Then, for

every locally integrable functiofi, 1 < r < o0 andz € R",

wp 1o / A, (b= bo) ) (9)] dy < Cllbllaro M, (£)(2),

wheretg = [(Q)* andl(Q) denotes the side length f

Lemma4 (12, 15]). Let{A,, t > 0} be an “approximation to the identity”. For any > 0, there exists
a constanCC' > 0 independent of such that

{z € R": M(f)(x) > DA ME(f)(@) < 1A} < Cyl{z € R" - M(f)(z) > A}

for A > 0, whereD is a fixed constant which only depends:enThus, forw € A; and f € LP(R™),
1 <p<oo,
IM (Pl rwy < CUME ) Lo

Lemmab5. Let{A;, t > 0} be an “approximation to the identity”} < p < 00,0 < D < 2" andw € A;.
Then, forf € LP#(R™, w),

@) M) rreqwy < CIME ) Lo (w);
(b) [My(f)llzro(uwy < CllflLrequ) forl <gq<p.

PROOF (a)lLet f € LP¥(R", w). For a cub&) = Q(z,d) C R™, note thatM (wxq) € A; (see B])
and by Lemmal, we get

LM dvs [ M@ @rM e o d

<C IM#( DI M(wxq)(y) dy

<C /|M# y)|P M (w d“Z/WQ\QkQ (N)y <Zg1; |Q|/ > ]
<c| [ MEmrme dy+Z by L (GO (g [ v)2) dy]
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<C

L wrat viﬁ/wl )P
< C”MA ( ) L w(w) 22 n 2k+1d)

< C”MA pvz(w)z

S C”MA ( )”LF w(w)(p( )
thus
1M ()| zree () < CUME ()| o).
A similar argument as in the proof ¢&) will give the proof of(b), we omit the details. B

Key Lemma. Supposd’ is the singular integral operator with non-smooth kernelefinition2. Let
D*b; € BMO(R™) for all e with |a| = m; andj =1, ...,l. Then there exists a constafit> 0 such that
forany f € C5°(R™),1 < s < oo andz € R”,

M (TY()(@) < OH ( > |D“J‘bj|BMo) M,(f)(#).

laj|=m;

ProoOF It suffices to prove fof € C§°(R™) and some constanl, the following inequality holds:

|@|/ [T (D) = A T'(f) @) de < H( > ||D%‘bj||BMo) M) (@),

laj|=my

Without loss of generality, we may assuine 2. Fix a cubel = Q(zo,d) andz € Q. LetQ =5ynQ
andb; () = bj(x) = X0 j2pm, a1(Dbj)ga®. ThenRy,, (bj;z,y) = R, (bj; 2, y) andD®b; = Db, —
(D%b;)g for [af = m;. We write, forf = fxg + fxgn\g = f1 + fo

2 N",T
(@) = [ L ﬁ”j’*yfﬁ” Y o) dy
2'71 m; Bj;'rv
[ iz B y>K(x,y)f1(y)dy

Rn |z —y|™

E: 1 Rmﬁ@wryﬂx— Y“Dawﬂ)
041 |z —y[™

K(z,y)fi(y)dy

la1|=

-y Rm(Bl;x,y)(x—y)azD”Bz(y)

K(z,y)fi(y)dy

as! |z —y[™

[z |=ma
T —y 041+042Da1b Da2b
- Z a'a / : : |z — |:n() 2() K(z,y)f1(y)dy
|041|_m1, 1-¢62. n Y
[aa|=m2
[15-) Bon,1(bj5 2, )

S K () fa(y) dy
R" lz -yl
11 Bon, (bjs, ) 1 Ry, (bos 2, )(x — ) DD

_T< J 1|:v_'|m fi](x) =T ||Z — 2 (b2 |x)(_.|m) L @)
&1 |=m1
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-T ( Z %le (bl;xi;.c)%.Fn.)QZDasz fl) ()

Z 1 (x _ .)O¢1+a2Da1 BlDazgz

atlas! |$—|m

fi] (@)

[ |=ma,
|z |=m2

o=

and
152 B, (bjs 2, y)
R™ W—Mm

Z al /n mo b27fE Yy (ZE - )alDOtlbl(y) Kt(l',y)fl(y) dy

|z — y|™

A, TP (f) () = Ki(z,y) f1(y) dy

[ar|=m1

Z a2 /n mi bl, €T,y (I - )042Da2b2(y) Kt(x,y)fl (y) dy

|z —y|™

|az|=m2

— a1+azDa15 DOQB
" Z 041'062/ oy |:17—y|:”(y) z(y)Kt(xay)fl(y)dy

[ |=ma,
|az|=mo

HQ’: ij+1(l~)';'r7y)
= - Ki(x,y)f2(y) dy
R" lz =yl

2 ~"ZZT .
— Ay, T (H’"l o, 055 )f1> (2)

o=

+

Z 1 Rm2 (52’ z, )(ZC — ,)061 Dall;l

|ay |[=ma 04_1' |$ — .|m fl) (I)

— Ay, T

A T G i 9

— A, T
fo 062! |(E— |m

fi] (2)

§ _L (z=gmrepehDel,

A, T
e aqlas! |z — -|m™

[ar|=ma,
|z |=m2

2 ~,. .
+U%QT<H*4RM”“%““)ﬁ>(@.

o=

Then
IQI/ [T8()(@) = A T(F) (@) da
<HJ 1 F iz ) f1> @

|l — ™

dz
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1 / 1 Ry, (bos,-)(z — ) Dby
+— [ |r e fi

Q| Q allz_ml ! |z — -|m

1 1 R, (51;1' )(,T — ,)azDazi)z
+ — T —

QI Jo Z as! |z — ™ f

1 / 1 (x—-)te2porp Daep,
+—= [ |T fi
1Ql Jg 2

2._ R,,. l;-;a:,-
+|7;|/Q AtQT<H‘7I|x _],(|,§ )f1> (z)

i)
+ — AT
Q|

aqlag! |l — ™
| |=ma,
|z |=m2

dz

> 1 Ry (bo;, ) (w — )*1 D1y
aq! | — ™

o=

1 / 1 Ry, (b;,-)(z — -)*2 Dby
+— [ |A,T —
Ql Jo | 2 o

i)
+ — AT
Q|

1
+@/Q (T—AtQT)< Z— "

h

dz

2 b
szl ij+1(b477 ) )f2> (CL‘)

::Il+Ig+]3+[4+]5+[6+I7+Ig+[g.

Z 1 (z—-)te2pDorp DY)y
aqlas! |l — ™

[ar|=ma,

|z |=m2

|
|

1

dz

dz

(z)|dx

(z)|dx

(x)|dx

Now, let us estimatdy, 1o, I3, Iy, I5, Ig, 17, Is and Iy, respectively. First, for € Q andy € Q by

Lemmal, we get

Ron(bj;x,y) < Cle —y[™ Y [ID*bjBumo-

lovj|=m

Thus, by the thd.*-boundedness &f (Lemma2), we obtain

I

IN

IN
Q

IN
e

Q

IN
Q

C

<.

<.

IS

IS

S 1D% b, svo ﬁ /Q IT(h) (@)ldz

laj|=m;

Il
-

QI Jrn

Il
-

laj|=m;

1 1/s
S 1D%b; mo (— |f1<x>|5dx>
ok — Q| Jrn
J=1 \|aj|=m;
2 1 1/s
I S 1000 (—~ / If(:c)lsd:c)
3=t \la|=m; @l /e

1/s
Z [Db;]|BmO (i |T(f1)(:17)|sdx)
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2
H( Z ||Dajbj|BMO) M (f)(T).

laj|=m;
For Iy, denotings = pgfor1 < p < oo, ¢ > landl/q+1/¢ = 1, we have, by Lemmaand Holder’s
inequality,

L<CY ID%blso 3 |Q|/|T Dby f1)(@)] da

|z |[=m2 |y |=m1

1/p
<C > ID*bslemo Y <|Q| |T( Dalblfl)(:c)|pd:c)
|az|=m2 las |[=m R
1/p
<CY 10mhlbvo 3 (7 LI i@ a)
|ag |=m2 |ar |[=ma
1/pq 1/pq
<Y [ID%blso 3 <|Q|/|Da1b1 (D%, da:> <|Q|/|f Pt d )
|z |[=m2 |1 |[=ma

< CH ( Z |Dabj||BMO) M(f)(Z).

lee|=

For I3, similar to the proof off, we get

H ( > ”DaijBMo) M(f)(2).

lee|=

Similarly, for I, denotings = pgs for 1 < p < o0, q1, g2, g3 > 1 and1l/q1 + 1/g2 + 1/q3 = 1, we
obtain

~ ~ 1/p
I, <C Z (|Q| Rn|T(DO‘1b1D"‘szfl)(:cﬂpdx)

lai|=ma1,
\azlzmz

c > (|Q|/ | Dby (x a252($)f1($)|pd$>l/p

|t [=ma
\042|—m2

°Z H<|Q|/ ) (& /Q|f<:c>|msdx)”p‘“

|ay |=mq, =1
|z |[=m2

_H ( > |D“bjIIBMo) M (f)(E).

lee|=

IN

For Iy, I, I7 andlg, by Lemma3 and similar to the proof ofy, I», I35 andl,, we get

2
) 1
15+16+17+18gcn( > ||Daﬂbj|BMo) @/ | A, T(f1) ()| da
]Rn

i=1 \Jas|=m;
+C 3 0o 3 [ T 0" h A @l4s
|aa|=m2 \041|
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+C X D" hlevo Y i [ 14 T0 b)) s
[a1[=m \azl_m

+C Y |Q|/ | Ao T(D*by Dby f1) ()| d
[a1[=ma,
|a2\:m2

_H ( > |D%j|BMo) M,(f)().

le|=

For Iy, we write

(T—A,,T) (H?—l ﬁmj’jf“ o) f2>
= [ BB O ey ) ot
- H3‘1|fij(fﬁx’y)<f<<x,y>—Kt<x,y>>f2<y>dy
- X4 L[ e o o G 0) (1, K 0,00 o)
- > ol Dbl 0 Hon 00 11— K (0,0 ol0)
© Y [ DD I ) s
ez |=ms

=1$" + 1P + 1Y+ 1.
By Lemmal and the following inequality (se€ f])
ba, — b, | < Clog(|Q2|/lQu]) IbllBMo — for @1 C @,

we know that, for: € Q andy € 2Ft1Q \ 2*Q,

|[Bon(b;2,9)| < Cle = yI™ Y (ID°blsymo + (D) g, — (D*B)g])

la|=m

< Cklz —y|™ Z [ D*bl|BMo-

la|=m

Note thatlz — y| > d = t'/2 and|z — y| ~ |zo — y| for z € Q andy € R™ \ Q. By the conditions on
K and K, we obtain

j= 1|ij (l;j§17ay)|
E K — K d
| /2k+1Q\2kQ | (l',y) t($7y)| |f(y)| Y

|z —y[™

V)

d6
SOH Z ||D bjllBmo Z/ WU(?J)M?J

i=1 \Ja|= 2HH1Q\28Q
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2 —0k
( > I, ||BMO) T /

lee|=

( Z IID bj ”BMO) s(N)(@)-

lee|=

I /\

ForIéQ), we get

§
(2) a d a7,
1 <C D% ——|D“b d
15| ( > || 2|BMO) > /MQ\M 7o —y|n+5| 1) f(y)|dy

|al= al=mq k=0

B , 1/r!
<c| Y IID%llemo Z 27" ( o D™ i (y)|" dy)
|ar |=mq k=1 | Q' 2kQ

[a|=m2

1

( 1
X -
12¢Q

[ av)
I_T( > ||Dabj||BMo>
{

/s
M (f)().

lee|=

Similarly,
2

157 < H

ForI§4), takingqi, g2 > 1suchthatl/s + 1/¢1 + 1/¢2 = 1, then

e >

lai|=m1, k=0
|z |=m2

oo 1 ~ 1/‘11
C D) @ q
<0 Y Z <|2kcz| [ D) y> <

1 1/s
ook (—M| / k@lf(y)lsdy)

H( Z (B8 b|BMo) (N)(@).

J=1 \la|=

Z ||Dabj|BMO) M(f)(@).

o=

6

- DO(IB DO{QI; d
e gnang oo — g D @D bl ()] dy

~ 1/q2
2

Thus

2
H ( > ”DaijBMo) M(f)(2).

o=
This completes the proof of Key Lemma.ll

PROOF OFTHEOREM1. Takingl < s < pin Key Lemmaand by Lemméd, we obtain

1T ()l oo (wy < NIMTP) e ()
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< CIME (TP ()] Lo (w)
2

< CH ( Z ||D0‘bj|BMO) [ Ms(f)| Lo ()

i=1 \lal=m,

<ol

2
1

( > ||Dabj|BMO) | £ Il Lo () -

J la|=m;

This finishes the proof. B

3 Applications

In this section we shall apply Theorehof the paper to the holomorphic functional calculus of lingliptic
operators. First, we review some definitions regarding thlerhorphic functional calculus (seéZ, 15)]).
Given0 < 6 < «. Define

Sy ={z€C:larg(z)| < 0} J{0}

and its interior byS9. SetS; = Sy \ {0}. A closed operatof. on some Banach spadgis said to be of
typed if its spectrumo (L) C Sy and for every € (60, 7], there exists a consta@t, such that

mlll(nI = L) < Coy ¢ So.
Forv € (0,7, let
Hoo(S)) ={f: Sy — C: fisholomorphicand f|| 1~ < oo},
where|| f|| L = sup{ |f(z)| : z € S}, }. Set

|2°

0y _ 0y .
v(s,) = {g € Hoo(S),) : 3s > 0,3c > 0 such thatg(z)| < CW } .
If L is of typed andg € Ho.(S})), we defineg(L) € L(E) by

o(L) = —(2mi)™! / (nI — L) g(n) dn.

wherel is the contou ¢ = re®™ : r > 0} parameterized clockwise arousg with 6 < ¢ < p. If, in
addition, is one-one and has dense range, thenfferH..(S}),

F(L) = [MD)] 7 (fR)(L),
whereh(z) = z(1+ z) 2. L is said to have a bounded holomorphic functional calculuthersectorS,,, if
lg(D)Il < Nligll~
for someN > 0 and for allg € Hoo(S)).

Now, let L be a linear operator oh?(R™) with § < 7/2 so that(—L) generates a holomorphic semi-
groupe*L, 0 < |arg(z)| < 7/2 — 6. Applying Theorem 6 of {2 and Theoreni, we get
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Theorem 2. Assume the following conditions are satisfied:

(i) The holomorphic semigroup **, 0 < |arg(z)| < 7/2 — 6 is represented by the kernels(z, y)

(ii)

which satisfy, for alv > ¢, an upper bound
|az (,T, y)' < th|z|(x7 y)

for z, y € R™, and0 < |arg(z)| < 7/2 — 6, whereh,(x,y) = Ct~"/?s(|z — y|>/t) ands is a
positive, bounded and decreasing function satisfying

lim 7" ¢s(r?) = 0.
T—00

The operator. has a bounded holomorphic functional calculugifiR™), that is, for allv > 6 and
g € Hy(S)), the operatory(L) satisfies

lg(L)(Nz2 < evllglzell fllze.
Then, for0 < D < 2", w € Ay, D*b; € BMO(R") for all o with || = m; andj =1, ...,l, the
multilinear operatorg(L)" associated tg/(L) is bounded or.?#(R™, w), that is
l
||9(L)b(f)||Lw(w) < OH Z 1D bjllemo | 1f]ee(w)-
=1 \lay|=m;
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