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1. INTRODUCTION

We write B for the closed unit ball of a real Banach space F and the dual
space of F is denoted by E*; x € Bp is called an extreme point of Bg ify, z €
Bg with z = %(y—l—z) implies x = y = z; x € Bp is called an exposed point of
Bpgifthereisa f € E* sothat f(z) =1 =|f]| and f(y) < 1 for every y € Bg\
{z}; x € B is called a smooth point of Bp if there is a unique f € E* so that
f(z) =1=f]. Itis easy to see that every exposed point of Bg is an extreme
point. We denote by exp B, ext Bg and sm Bg the sets of exposed, extreme
and smooth points of Bp, respectively. We recall that a bilinear function
L : E x E — R is a symmetric bilinear form if L(z,y) = L(y,x) for every
z,y € E. We denote by L,(2E) the Banach space of all symmetric bilinear
forms from £ into R endowed with the norm ||L| = sup=jy=1 |L(z,y)]-
A mapping P : E — R is a continuous 2-homogeneous polynomial if there
exists a unique continuous symmetric bilinear form L on the product E x E
such that P(x) = L(z,z) for every x € E. We denote by P(2E) the Banach
space of all continuous 2-homogeneous polynomials from E into R endowed
with the norm [|P|| = supj,|=; [P(z)]. For more details on polynomials and
symmetric bilinear maps, see [6]. It is well-known that there is an isomorphism
between Ls(2E) and P(*E). If E is a (real or complex) Hilbert space, then
there is an isometric isomorphism between £,(2E) and P(2E) via L — L,
where L(z) = L(z,) for every # € E. Thus L is an extreme (exposed,
smooth, respectively) point in the unit ball of £,(*E) if and only if L is an
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18 S. G. KIM

extreme (exposed, smooth, respectively) point in the unit ball of P(2E). Some
work has been done in analyzing the geometry of spaces of polynomials on
real Banach spaces ([1]—[5], [7] —[10]). Note that there is no isometry between
L(%12)) and P(%12,). Thus it is natural to consider the problem of analyzing
the geometry of spaces of symmetric bilinear forms on real Banach spaces. In
this paper, we classify the extreme, exposed and smooth points of the unit
ball of the space Ls(?12,).

2. THE RESULTS

THEOREM 1. Let L € L4(%1%) with L((ml,xg), (yl,yg)) = azr1y) +brays +
c(z1y2 + way1) for (w1, 22), (y1,y2) € [%,. Then we have

IL|| = max {|a + b + 2|c|, |a — b|}.

Proof. By symmetric bilinearity of L, we have

|L|| = max {|x|£,a;j|§1 IL((1,2),(1,9))], o 0% |L((1,2), (y, 1)),

max |L((z,1), (y, 1))|} .

|z<1,]y[<1

It follows that

max _|L((1,2),(1,y))]

|z|<1,|y|<1
=max {|a — b, |a+ b| + 2|c|}.
Similarly,
g |L((L ). (v D)| = max  [L((z 1), (4, 1))]

= max {|a —b|, |a+ b| + 2|},
which completes the proof. |

THEOREM 2. We have

1
eXtBﬁs(ngo) = {ifplyla ix2y27 + 2

5 [z1y1 — @22 £ (7132 +$2y1)]}-
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Proof. Let L € 553(2530) with L((a;l,xg),(yl,yg)) = ax1y1 + brays +
c(r1y2 + z211) for (z1,72), (y1,y2) € I%. By Theorem 1, we have |a| < 1,
CESATESS

Claim 1: If ¢ = 0 and L € ext B, (22 ) then L((ml,xg), (yl,yg)) =+ x191
or £ x2ys.

Otherwise ab # 0. Put

A((;vl, x2), (y1, yg)) := (a + sign(a)eg)z1y1 + (b — sign(b)eg)xays ,
B((w1,22), (y1,92)) := (a —sign(a)eo)z1y1 + (b + sign(b)eo)z2ys -

Clearly, we have A, B € S (22 ) and L = %(A + B), which is a contradiction
of the hypothesis that L € extBg 22 ). Thus a = 0 or b = 0, which shows
the claim 1.

Claim 2: If |c| = , then

1
L((z1,22), (y1,42)) = +5 [z1y1 — 2y2 £ (T1Y2 + 211) |

and L € ext B (22 ).

By Theorem 1, we have b = —a, |a] = % For simplicity, we may assume
that a = ¢ = %, b= —%. Suppose that L = 5(A+B) for some A, B € Seo@i)-

We may write

A((z1,32), (y1,42)) == aziy1 + Brayz +v(z1y2 + z21)
B((z1,22), (y1,52)) := @ z1y1 + B w2y2 + 7 (x192 + 211 ,

for some a, o', 3,3 ,7,7 € R. Since %(7+7,) =1, 7/ <3 and Y| < 3, we

have y =~ = 1. By Theorem 1, we have § = —a, g =—a, (o + o) = z.
Since |a| < 3 and la'| < 3, we have a = 1 = o, which show A = B = L, so
L € ext By (212 ). Thus we may that 0 < [c| < 1.

Claim 3: If [a + b + 2[c| < 1, then L ¢ ext B (22 )

Indeed, put

A((z1,22), (y1,42)) = az1y1 + brays + (¢ + €0)(w1y2 + T2y1) |
B((w1,22), (y1,y2)) := az1y1 + bxayz + (¢ — €0)(z1y2 + 22y1) ,

where

1- 2
eo:zmin{]c|, (Ja+ 5]+ |C|)}>0.
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By Theorem 1, we have A, B € Sy 2.y, A # L, L = %(A + B),so L ¢
ext B (22 ). Suppose that [a + b + 2|c[ = 1.

Claim 4: If [a — b] < 1, then L ¢ ext B (22 ).

Indeed, put

A((z1,32), (y1,92)) == (a+ €0)z1y1 + (b — €0)w2y2 + c(z1y2 + T2y1)
B((z1,22), (y1,42)) = (a — €0)z1y1 + (b + €0)z2y2 + c(x1y2 + 2y1)

where
_1—la—b -
N 2

By Theorem 1, we have A,B € Sp 2.y, A # L, L = 2(A+B),so L ¢
eXtBﬁs(ngo)'

€ : 0.

For simplicity, we may assume that a > 0.
Claim 5: If |a — b| = 1, then

L((z1,22), (y1,42)) = aziy1 + (=1 4 a)zays + (1 — a)(z1y2 + z2y1)

for 3 <a<land L ¢ ext B (22 )-
By Theorem 1, we have

L((z1,22), (y1,y2)) = aziyr + (=1 + a)zays + (1 — a)(z1y2 + z211)

for%<a<1. Put

A((21,22), (y1,42)) = (a+ €0)z1y1 + (=1 + a + €0) T2y

+ (1 —a—eo)(z1y2 + 2251) ,
B((z1,%2), (y1,92)) == (a — e0)z1y1 + (=14 a — €)z2y2

+ (1 —a+eo)(z1y2 + 2291) s

where
1
€0 ::min{l—a, a—2} > 0.

By Theorem 1, we have A,B € S 22y, A # L, L = %(A + B),so L ¢
ext By (22 ). Therefore we complete the proof. 1

Remark. We note that ext B (22 ) C extBr (21,)-
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Indeed, by Theorem 2, it’s enough to show that z;y; and %a:lyl — %xng +
%(xlyg + x9y1) are extreme points of Br i)

Claim 1: L := z1y; is an extreme point of By (2.

Suppose that L = %(A + B) for some A, B € S (2;). We may write

A((l'n)a (yn)) = Zajjfnjyj + Z aks(l‘kys + ZL'syk) )

j=1 1<k<s

B((2n), (yn)) ==Y _bjjajyj+ D bes(Tts + 2syr) -

j=1 1<k<s

It suffices to show that a1; = 1 and aj; = ags = 0 for every j > 1, 1 < k <.
Since 1= L(el,e1) = %(Gu +b11), ‘an’ S 1, |bn‘ S 1, we have all = 1= bu.
Let 7 > 1 be fixed. Note that

1> |A(z1er + xjej, yrer + yje;)| = |zyn + ajjejy; + ayy(eryy + i)

for every x1e1+xje5,y1e1+yje; € By . By Theorem 1, we have a;; = 0 = ay;.
Suppose that 2 < k < s. Since

1> |A(e1 +ex +es,e1 Lep £es)| = |1 £ 2aks,

we have aps = 0.

Claim 2: L := %xlyl — %xgyg + %(:Jclyg + x9y1) is an extreme point of
Bﬁs(zloo)'

Suppose that L = (A + B) for some A, B € Sr, 1) We may write

S
A(($n), (yn>) = Z Aj5T5Y5 + Z aks(xkys + wsyk) s
=1 1<k<s

B((zn), (yn)) = Z bjjxjy; + Z bis(TkYs + TsYk) -

j=1 1<k<s

Since L € extBp (2j2), we have a;n = ajg = %, oy = —%. It suffices to
that aj; = 0 = a1; = ag; for every j > 3. Let j > 3 be fixed. Since
1 > |A(e1 + e2,e1 + e2 £ ¢j)| = |1 £ (a1 + az;)|, we have a1; + az; = 0.
Since 1 > |A(e1 + e2 + ej,e1 + e2 £ ¢5)] = |1 £ ajj|, we have aj; = 0.
Since 1 > |A(e1 + e2 + ej,e1 — ea £ ej)| = |1 £+ 2a14|, we have a;; = 0,
so agj = 0.
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THEOREM 3. expBp (22) = extBr (212

Proof. It suffices to show that every extreme point of B 22 2 is an ex-

posed point. Note that {x1y1, x2y2, 1y2 + z2y1 } is a basis for ESO(O lgo)

Claim 1: £x1y1, £22y2 € exp B (212 )-
Let f € Ls(%1%)* be such that

flziy) =1, f(w2y2) = 0= f(x1y2 + 2201) -

By Theorem 1, we have ||f|| =1 = f(z1y1). It is easy to show that f exposes

T1Y1-
Claim 2: :l:% [xlyl — zoys + (T1y2 —|—£L’2y1)] € eXpBLS(2lgo).

Let f € Ls(%1%)* be such that

2

f(z1y1) = ; = f(21y2 + 2271) , f(way2) = 3

Clearly f(%a:lyl — %xgyg + %(a:lyz + .CCle)) = 1. We will show that ||f|| =1
and f exposes x1y;1. By Theorem 1, it follows that

£ = sup {!f(axlyl + bzoys + c(x1y2 + 22y1))| -

az1y1 + brays + c(x1y2 + x2y1) € BES(ngO)}

IN

2
§sup{]a—b\—|—]c| : (%)

az1y1 + brays + c(r1y2 + T201) € Bcs(%go)}

2 1
< |(1+=-)=1.
<3(1+3)

Suppose that f(az1y; + brays + c(x1y2 + 22y1)) = 1 for some ax1y; + broys +
c(x1y2+r2y1) € Br,(212.)- By the argument in (x), we have [a—b| = 1, |¢[ = 3.

By Theorem 1, we have |a +b| = 0, so a = %, b= —%, c= % We complete

the proof. 1

THEOREM 4. Let f € Ls(*12,)*. Then we have
1
171 = max 3 |al, 18], 5 (=Bl + )¢,

where o = f(x1y1), B = f(x2y2), v = f(x1y2 + 2291).
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Proof. By Theorem 2, we have

Ifll = max{|f(L)| : Le eXtBLS(%gO)}

= max {\f(anw)\ s | f(z2y2)],

1 1 1
f (2x1y1 — 52y + 5(551?42 + 372y1)> ‘}

= max{\a|, 18], %(|Oé - Bl + |’Y|)}

THEOREM 5. We have

SIIlBES(ngO) =
{ + [az1y1 + (a — Daaye] (0<a < 1),

1—(a+0)

5 (T +aayn)| (a>0,0>0,a+b<1),

+ |:a$1y1 + b:1:2y2 +

+ [amlyl + (a — 1)xoys + c(z1y2 + xgyl)} (|2a — 1| + 2|¢| < 1, ¢ # 0)} .

Proof. Claim 1: £[az1y1 + (a — 1)z2y2] € sm By 22y (0 <a <1).
Let L := ax1y; + (@ — Daoyz (0 < a < 1) and f € Ls(?%)* satisfying

f(L) =1=|fll. Let a = f(ziy1), B = f(z2y2), v = f(z1y2 + w2y1). It
follows that

1= f(L)=aa+(a—1)8 < alal+(1-a)fl Sa+(1—a)=1,
soa =1, 8= —1. Since

1

L= = max {1 5@+ D} 2 5@+ b,

so v = 0. Thus f is uniquely determined.
Claim 2: £[azi1y1 + (1 — a)z2y2] ¢ smBﬁsglgo) (0<a<1l).
It follows that if we choose f,g € L4 (%1%)* satisfying f(x1y1) = 1 =
f(zay2), f(z1y2 + 22y1) = 0 and g(x1y1) = 1 = g(x2y2) = g(@1Y2 + T21)-
Claim 3: L = + [am1y1 + bxoys + %‘H’)(myg + x2u1)| € sm B 22 )

(a>0,b>0,a+b<1).
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Let L := ax1y1 +bxoys = #(l’ﬂﬂ + moy1) and f € L,(212)* satisfying

f(L) =1 =[fl. Let a = f(ziy1), B = f(z2y2), v = flz1y2 + 22p1). It
follows that
1—(a+0)
2
1—(a+Db)
2
1—(a+b)
2
soa=1=0,~v==2. Thus f is uniquely determined.
Claim 4: +[az1y1 + (@ — 1)z2y2 + c(@1y2 + T2y1)] ¢ sm By 212y (|2a — 1| +
2|cl =1).
| |Clea)rly ab < 0. We may assume that a > 0, b < 0,¢>0. If a+b >0,
the claim follows that if we choose f,g € Ls(%1%)* satisfying f(x1y1) = 1,

f(x2y2) = =1, f(z1y2+x2y1) = 0 and g(z1y1) = 1 = g(x2y2), g(T1y2+T231) =
2. If a + b < 0, the claim follows that if we choose f,g € L4(%12,)* satisfying
flxiy1) =1, f(zay2) = —1, f(z1y2 + x2y1) = 0 and g(z1y1) = —1 = g(x2y2),
g(z1y2 + 22y1) = 2.

Claim 5: *laz1y1 + (a — 1)w2y2 + c(z1y2 + 22y1)] € sm B 22y (|2a — 1] +
2lc| < 1, ¢ #0).

Let L := az1y1+(a—1)zaye+c(x1ya+xoyr) for 0 < a < 1, [2a—1|+2|c| < 1
and f € £,(212,)" satisfying f(L) = 1 = |[f]. Let a = f(aiy), 8 = f(zapo),
v = f(z1y2+x2y1). We will show that « = 1, f = —1, v = 0. We may assume
that v # 0. Then we will get a contradiction.

Case 1: 0<a§%.

Note that |c| < a. First, we claim that § < 0. Otherwise. Assume that
G > 0. It follows that

1= f(L)=aa+(a—1)B+cy < alal+ (a—1)|B] +[c]]]
< ala|+ (a—1)|8] +aly| (because |c| < a, v # 0)

1
ajal+ (1= )18+ hl)
a(le| — |8 + |7])  (because 1 — 1 < —1)
al— ] + 1)
2a (by Theorem 4)
L,

1= f(L) = aa + b3 +
< alal +b|3] + ol

<(a+b)+2 =1,

IN

IAN AN A

IA
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which is a contradiction. Thus 6 < 0. If 3 = 0, it follows that

1=f(L)=aa+cy
< alal +|e|lv|
< ala|+aly| (because |c| < a, v # 0)
= afla =Bl + 1)
< 2a (by Theorem 4)
<1,

which is a contradiction. Thus § < 0. We claim that a > 0. Otherwise.
Assume that o < 0. If || > |3, it follows that

l=f(L)=ax+ (a—1)B+cy
< —ala| + (1= a)[B] + [e[[y[  (because § > 0)
< —ala|+ (1 —a)|B| +aly| (because |c| < a, v #0)
< —alal + (1 = a)|B] + a2 — |a +|A])
(because |a — B + [y = |a] = 8] + |7 £ 2)
= 2a — 2ala| + |3

<1 (because |a| > |3]),
which is a contradiction. Thus a > 0. If & < 0 and |a| < |5], it follows that

1=f(L)=ax+(a—1)3+cy
< —alo| + (1= a)|f| +|cll7] (because 3> 0)
< —alal+ (1 —a)|B] +aly| (because |c| < a, v #0)
< —alo] + (1— )|8] + a2 + Jo] — |8]
(because [a — B[+ |y| = |8] — |a] + |y < 2)
=2a+ (1-2a)|0]
<1,
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which is a contradiction. Thus o > 0. If a = 0, it follows that

=) =(a-1)B+ey

< (1 =a)lBl + lell]

(1 —a)|pl+aly|  (because |c| < a, v #0)
(1—a)[Bl+a(2—[8]) (because [a — G|+ [v] = [B] + |7 <2)
<2a+ (1-2a)|g|

A

IN

IN

L,

which is a contradiction. Thus a > 0. By Theorem 4,

171 =1= 3 (ja— 81+ 1) = 5 (lad + 181 + ).
It follows that
l=f(L)=ac+(a—1)B+cy
< alal + (1= a)|B] + |e[l]
< ala|+ (1 —a)|B| +aly] (because |c| < a, v #0)
=ala|+ (1 —a)|f]+a2—|af —|B]) (because |af + |8 +[y] = 2)
<2a+ (1—2a)|f
<1,
which is a contradiction. Thus v = 0. It follows that
l1=f(L)=aa+ (a—1)F <ala|+ (1 —-a)|f| <1,

which implies that o = 1, 8 = —1, which complete the proof of Case 1.
Case 2: %<a<1.

Note that || < 1 —a. First, we claim that 8 < 0. Otherwise. Assume that
6 > 0. It follows that

= f(L) = a0+ (a- D + e
< alal = (1 —a)|B] +[cll]
<ala]—(1—a)|fl+ (1 —a)ly] (because |c| <1—a, v#0)
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< ala] — (1 - a)|B] + (1 - a)(2 — |a — 6]
< ala] — (1 - a)(|8] — 2+ |a — A

(1= a)(1B] — 2+ o] — 3]
=alal — (1 —a)(—2+ |a|)
=alal+2(1 —a) — (1 —a)|of
= (2a — 1)|a| 4+ 2(1 — a)
<(2a—-1)+2(1—-a)
L,

<ala] — (1

which is a contradiction. Thus 6 < 0. If 3 = 0, it follows that

1=f(L)=aa+cy
< alal +[c[[]
<alal+ (1 —a)ly| (because |c|] <1—a, v+#0)
= (2a = Dlal+ (1 —a)(la] + 7))

(2a — 1)|a| +2(1 — a)

L,

IN

which is a contradiction. Thus § < 0. We claim that @ > 0. Otherwise.
Assume that o < 0. If |a| > |3, it follows that

1=f(L)=ax+(a—1)B+cy
< —alaf+ (1 = a)[B] +|clly]  (because § > 0)
< —alal+ (1 —a)|Bl+ (1 —a)ly| (because |c|] <1—a, v#0)
< —alal+ (1 =a)|f]+ (1 —a)(2— |af +[5])
(because |a — B[ + [y] = |a] = [B] + |7 £ 2)
=2(1—a)—[a|+2(1 - a)|f]

<1 (because || > |3]),

which is a contradiction. Thus o > 0. If &« < 0 and || < |3], it follows that



28 S. G. KIM

1=f(L)=aa+(a—1)f+cy

< —ala|+ (1 —a)|B] +]c||y| (because 3> 0)

< —ala|+ (1 —a)|f]+ (1 —a)|ly] (because |c| <1—a, v#0)

< —ala| + (1 =a)|f|+ (1 —a)(2 + |af - [B])

(because [a — B[+ || = |8] — la] + |y < 2)

2(1 —a)+ (1 —2a)|af
2(1—a)
1,

IN

IN

which is a contradiction. Thus a > 0. If o = 0, it follows that
I=f(L)=(a=1)B+ey
< (1 =a)|B] + [ell]
< (1—=a)|B]+ (1 —a)|y| (because |c|] <1—a, v+#0)

< (1=a)(I8l+ 1)
=1 =a)(la =B+ 1)
<2(1-a)

<1,

which is a contradiction. Thus a > 0. By Theorem 4,

I1£1=1= 3 (a8 + i) = £ (jal + 18] + ).
It follows that
1=f(L)=ax+(a—1)3+cy
< alal+ (1= a)[B] + [e]l]

<alal+ (1 - a)|8l+ (1 - a)ly] (because |e| <1 —a, v#0)
— (1= a)(Ja] + 18] + ) + (20— 1)[a
— (1 - a)(ja— Bl + 7)) + (2a - Do

<2(1—a)+(2a—1)|al
17

IA
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which is a contradiction. Thus v = 0. It follows that
1=f(L)=aa+(a—-1)f <alal+(1—-a)|f] <1,

which implies that &« = 1, f = —1, which complete the proof of Case 2.
Therefore, we complete the proof. |
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