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1. Introduction

Let w be an integrable (nonnegative) weight function on the interval (—1,1), n € N and s € Np. It is well known that
Gauss-Turan quadrature formula with multiple nodes,

1 n 2s
[ row©de =373 hi ) + Rast), (11)
e v=1i=0

is exact for all algebraic polynomials of degree at most 2(s+ 1)n — 1. The nodes t,, in (1.1) must be zeros of the correspond-
ing s-orthogonal polynomials 7w, = 7, s satisfying the following orthogonality conditions

1
/nn(t)ZS“t"w(t)dt:o, k=0,1,...,n—1.
-1

Gauss-Turan quadrature formulae, or quadrature formulae with the highest degree of algebraic precision with multiple
nodes, have extensively been studied in the last decades from both an algebraic and numerical point of view. Numerically
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stable methods for constructing nodes 7, and coefficients A; , can be found in [12] and [17]. Some interesting theoretical
results concerning this theory have recently been obtained (see [16] (and references therein), [7,15]).
Let I' be a simple closed curve in the complex plane surrounding the interval [—1,1] and let D be its interior. If

integrand f is analytic on D and continuous on D, then the remainder term R, in (1.1) admits the contour integral
representation

1
Rus(h =5 yﬁ Kns(2)f (2)dz. (12)
I

The kernel is given by

. _ On,s(z; w) B
Kns(z, w) = 7[71”’5(2)]25_,'_] . z¢[-1,1], (1.3)
where
1
25+1
Pns(z; w) = MW(U dt.

z—t
-1

The modulus of the kernel is symmetric with respect to the real axis, i.e., | Ky s(2)| = | Ky s(2)|. If the weight function w
is even, the modulus of the kernel is symmetric with respect to both axes, i.e., |Kns(—2)| = |Kns(2)| (see [8, Lemma 2.1]).
The integral representation (1.2) leads to a general error estimate, by using Holder’s inequality,

1/

1 . 1/r y
<E<?§\Kn,s(2)\ IdZI) (?glf(Z)! IdZ|> , (1.4)
r r

1
|Rn.s(f)] = EV Kn,s(2) f(2)dz
r

1
[Rns(N)] < E”Kn,s”r”f”rh (1.5)
where 1 <r < +o0, 1/r+1/r' =1, and

(fr 1 f @I 1dzDVT, 1< 1 < 400,
maxzc r | f(2)], r=-+00.

||f||ri={

The case r = +o0o0 (I’ =1) gives

1
[Ras(H)] < 5 (max|Kn s ) 111 (16)

whereas for r =1 (r' = +00) we have
1
[Rus(1)] < 5 ( $lis@| |dz|> 1 lle- (17)
r

It is possible to obtain error bounds of the type (1.6) and (1.7) analytically (i.e., to calculate max,ecr |Kns(z)| or
551_ |Kn.s(2)| |dz|) only for weight functions which admit explicit Gauss-Turdn quadrature formulae, i.e., in the cases when
explicit formulae for corresponding s-orthogonal polynomials are known. There are only a couple of them.

In 1930, S. Bernstein [1] showed that the monic Chebyshev polynomial Tot) = Tn(t)/2"~! minimizes all integrals of the
form

1
|7 ()1
————dt (k>0).
/1 J1—¢2 -
This means that the Chebyshev polynomials T, are s-orthogonal on (—1, 1) for each s > 0. Ossicini and Rosati [14] found

three other weight functions wy(t) (k=2,3,4),

1+ t)l/ZJrS 1- t)1/2+s
—a Wil =—=75,
a-pl? (1 +012

for which the s-orthogonal polynomials can be identified as Chebyshev polynomials of the second, third, and fourth kind:
Un, Vy, and Wy, which are defined by

wa)=(1-22)""" wy) =
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sin(n + 1)6 cos(n + 1)0

. 1
sin(n + 5)60
- , Vn(cost) = s +2)0
sind

Un(cosO) = , Wn(cosb) =

cos 36 sinlg
respectively. These weight functions depend on s. It is easy to see that Wy (—t) = (—1)"Vy(t), so that in the investigation it
is sufficient to study only the first three Jacobi measures wy(t), k=1, 2, 3.

Recently, Gori and Micchelli (see [4]) have introduced for each n the class of weight functions defined on [—1, 1]
for which explicit Gauss-Turan quadrature formulae of all orders can be found. In other words, these weight func-
tions do not depend on s, but depend on n. This class includes certain generalized Jacobi weight functions wy ,(t) =
|Un_1(t)/n|?*+1(1 — t2)#, where > —1. In this case, Chebyshev polynomials T, appear as s-orthogonal polynomials.

Gauss-Turan quadratures with respect to the first four weight functions (including the case s = 0) are considered in
[2,3,8,13] (error bounds of the type (1.6)), [6,9] (error bounds of the type (1.7)).

Error bounds on Gauss-Turan quadratures with respect to the weight functions

2041
Wi, (©) = [Un—1 @ /0|77 (1= 22)"
are considered only in the particular case u = 1/2 (cf. [10, Section 3; 11]). In this paper we consider more general case

nw=€—-1/2,LeN,ie,

SN ()

a0 (1-2)""? (e (1.8)

w(t) = wn () =

The paper is organized as follows. The explicit representation of the kernel of the remainder term in Gauss-Turan
quadrature formulae with respect to the weight functions of the class (1.8) on elliptic contours is given in Section 2. Error
bounds of the type (1.7), i.e., bounds on % fr |Kn,s(2)| |dz| are derived in Section 3. Error bounds of the type (1.6), ie.,
bounds on maxzer |Kns(z)| are derived in Section 4.

2. The modulus of the kernel on elliptic contours

Let contour I" be an ellipse with foci at the points +1 and a sum of semi-axes ¢ > 1,
1 )
egz{ze@zzz(us*l),gzge"’,ogegzn}. (2.1)

As it is mentioned above we have that 7y, s(t; wp ¢) = Tn(t). We use the following facts (see [14, Eqgs. (4.1) and (4.2)])

s _ *. /2 1
[Tn(0]*"" =2 232( o )Tn<zk+1>(r),

s—k
k=0

N
25+1 _ 2s+1
(1-2) U] =272 Z(—l)"( Ck )Un<zk+n+2k(t),
k=0
and

g

0 2m
f O g = £ neNo.
Z—cosf g—¢-1

0
T
sinnd sin(2p + 1)nd cos(2j + 1)nd
Ijip= de
zZ—cosf
0
1 r 2 2j+ 1no r 2j—2 1)no
:_|:/cos( p+2j+Dn d9+/'cos( J—2p+Dn o
4 z—cosf z—cosf
0 0
r 2 2j+3)nb T 2j—2 1)né
_/cos( p+2j+3)n de_/cos(]— p—1n d0:|
z—cosf z—cosf
0 0

2 1 1 1 1
£ —&-1| g@p+2jtin + g12i=2p+1in - £Q@p+2j+3)n - g12i-2p—Tin

1
4
T 1 sign(p — j)
SE e g
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Denoting k =¢ — 1, we get

Un t Tn t 25+1
Pn,s(Z; Wpe) = #( ) \/7#[ i)—]t
4

dt

B /1 Un_1(0) V1 =2 {(1 = tH U (T[T (01!

n2¢ z—t
5

Un— 1(t)~/1—t 1 2541
—f n20(z — |:22k > (-1 ( )Un<2p+1)—1(t)} [225 j_ZO < S—j >Tn<21+1)(t)}
f -

By substituting t = cos6, we have, in view of T,(cos#) =cosné and U,_1(cosf) =sinnb/siné,

4 k s .
1 sinn® 2k + 1\ (2s+ 1\ sin(2p + 1)nd . .
. _ P
Pn.s(z; wp o) = nze4k+s/ cose[ E E (-1 < )(S_ > Sing cos(2j + 1)nf | sind do
0

p=0j=0 J
2k +1\ /25 +1
n2€4k+s ZZ( -1)p< )(S_j>lj,p
p=0 j=0
T 2k +1\ /2s+1 1 sign(p — j)
() s +
2n2£4k+s En(s 5 D) ]ZOI;) _ g2(+p+Dn £2li-pln
%-211
nskW Vis k().
where
T
Ansk =5 otaghrs’
s+k
Vask® =Y Fsx(0) 52*"
=0

and
2k +1\ /25 +1 . (2k+1\ [2s+1
Fa)= Y (- 1)1’( )(5 .>+ 3 (—l)"SIgn(p—J)( )(S )
—p/\s—] = k—p)\s—j
j+p=~ Ip—jl=A+1
j=0,1,...,s; p=0,1,... k.
According to (1.3) and well-known fact Tp(z) = (6" +&7)/2 we get

E"-¢&™

EM(E —EI)(EM £

with By s = 221 Ay s = 7 /(n?*+24K). Further, using the well-known equalities

Kpn,s(z; Wn,¢) = B sk

Visk(§),

_ 1/2 _ 1/2
|&" + £7"| = [2(agn + cos2n0)]%,  |g" —&"| = [2(azn — cos2n6)]"
where
1, . . .
aj=a;(@)=5(’+07). jeN,
we get an explicit representation of Kj s(z; wp,¢) in the form

(azn — cos2no)1/2

}Kn,s(zi Wn,Z)| =Cnsk (@ — co

where
T
n2k+2 25+2/<+1/2Q2n ?

Cn,s,k =

(2.2)

(2.3)

(2.4)

(2.5)
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Fig. 1. The function 6 — |K; 3(z; wy2)| (z € £1.1) when n =15, 20, 25, 30.

and (see [9, Lemma 4.1]),

s+k 1/2
’Vn,s,k(QeiG)| = |:Q—2n(s+k) Z Aj cos 2jn9:| ,

j=0
1 s+k )
A v _ A4n
AO—WZ[FS,IC(S+I<_V)] X, X=0",
v=0
2 s+k—j
A.— NV i —
Aj= i ;‘) Fsr(s+k—v)Fsp(s+k—v—jx’, j=1,...,s. (2.7)
v=|

Since wp is an even function, we have that |K;s(2)|, z € &, is symmetric with respect to both axes. The graphs
0+ |Kn,s(z; wno)| (z € &) for certain values of n, s, £ and o are displayed in Fig. 1.

3. Error bounds of the type (1.7)

In this section we study the quantity % fsg |Kn,s(z; wn )| |dz|, where integrand |Ky s(z; Wy )| is given by (2.6). We use
the following integral from [5, Eq. 3.616.7]

cos jo ~ (—1)I 225 +1xs—(G-D/2 2s 2s+ v\ [(2s+ ] (x—1)>""
(@+cosf)s+1 =" (x — D v vt |

T

Jj@) =
0

(3.1)
v=0

where a = (x+1)/(24/x) and x > 1.
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Theorem 3.1. If a;, Aj and ] j are defined by (2.5), (2.7) and (3.1), then we have

1 n]/z
E%’K”’S(‘Z; wi,0)|1dz] < 25212l pn(s+E+T)
&o
s+e—1 172
- 1
X [ Z Aj[a2n]j(azn) - 5(]j+1 (azn) + ]j1(612n))” . (3.2)
=0

Proof. Since z= (¢ + &), £ = gel’, we have |dz| =27/2,/a; — cos26 d¢ and

2

+k
dyp — Cos2nf = .
7{|1<n,s(z; Wno)| ldz| = Dn,s,k/ (a2n—ril—c052n9)25+1 ZAj cos2jnf do, (33)
& 0 =0
where
C s,k 4
Dn,s,k = L =

ﬁgn(s+k) T p2k+29s5+2k+1 Qn(s+k+2) )

Using the fact

21 T
/g(ZnG)d@:ng(@)dG
0 0

and applying Cauchy’s inequality, we get

4 1 s+k 1/2
7{|1<n,s,k(z)| ldz| < 2«/nDn,s,k(/ O s >~ Ajlag cos jo — cos6 cos j6] d@)
n R
& 0 j=0

s+k 1/2
- 1
=2 ﬁDn,s,k[ Z Aj|:azn]j(f12n) - E(jj-H (azn) + J\j—ll(a2n)):| } ,
j=0
where

2\/;Dn,s,k =

7.[3/2
n2k+225+2an(s+k+2) )

O

For k =0, the bound (3.2) coincides with the bound (2.10) from [11]. As is seen from Figs. 2 and 3, the bound (3.2) is
very sharp, especially for larger values of n, s and p.

Completing the examples corresponding to Figs. 2 and 3, we explicitly include the connected quadrature formulae.
Namely, it is well known that the nodes in the quadrature formula (1.1), in the cases under consideration, are given by

Qv -Nrm
T, =C0s———, v=1,...,n.
2n
The coefficients A; , are given by (see [18, Eq. (3.5)])
Qo
Aoy = —,
0,v n

and, fori=1,...,n, by

XS: (1 —12)Ibyj_iv2j XJ:( 2j )Ql
e i—112%jn pr Y, k

)\i,v =

gl

where

1 N .
bkqujzﬁ(Lv(t) J)£=)rv’ keNg, v=1,...,n, jeN,

ont®) on® =[] - ).

Ly(t) = ————,
© wp(Ty)(t — ) i1
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Fig. 2. Logo of 1/(27)||Kn s(z; Wy ¢)|l1 (solid line) and Log;q of the bound (3.2) (dashed line) as functions of o, whenn=38,s=1, £ =2.

4+

-8+

_12 | | | | | | |
1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4

Fig. 3. Logo of 1/(27)||Kn,s(z; Wy ¢)|l1 (solid line) and Log;q of the bound (3.2) (dashed line) as functions of o, when n=5, s=4, £ =3.



G.V. Milovanovic et al. / Applied Numerical Mathematics 60 (2010) 1-9

Table 1
The coefficients A;, from (1.1) whenn=38,s=1, £ =2.
v i=0 i=1 i=2
1 3.59526747160697(—05) 4.59138725945918(—08) 1.78172812946410(—09)
2 3.59526747160697(—05) 3.89239017023565(—08) 1.44493370787881(—08)
3 3.59526747160697(—05) 2.60081196219861(—08) 3.23640414577609(—08)
4 3.59526747160697(—05) 9.13283709335839(—09) 4.50316504070851(—08)
5 3.59526747160697(—05) —9.13283709335839(—09) 4.50316504070851(—08)
6 3.59526747160697(—05) —2.60081196219861(—08) 3.23640414577609(—08)
7 3.59526747160697(—05) —3.89239017023565(—08) 1.44493370787881(—08)
8 3.59526747160697(—05) —4.59138725945918(—08) 1.78172812946410(—09)
Table 2
The coefficients A;, from (1.1) when n=5, s=4, £ =3.
i v=1 v=2 v=3 v=4 v=>5
0 1.25663706143592(—05) Aot Aot MA@ Aot
1 3.37024752990368(—08) 2.08292752398086(—08) 0 —A2 A1
2 3.48844458545855(—09) 2.31538143400258(—08) 3.53076812496826(—08) A2.2 A2
3 2.36970846458994(—11) 9.90357058373093(—11) 0 —A32 —A31
4 4.90753754611256(—13) 1.85460459978200(—11) 4.26753946063638(—11) A4 Aa1
5 3.58661614290293(—15) 9.82393244205083(—14) 0 —As52 —As5.1
6 3.32887129769973(—17) 7.43617507016751(—15) 2.58308729295161(—14) e A6.1
7 1.44536614395942(—19) 2.87635125610980(—17) 0 —A72 —A7.1
8 5.18296467575908(—22) 1.14388006909791(—18) 6.23331875712263(—18) g2 Ag.1

Table 3

The values of oo for certain values of n when s =1 and

£=3.

n Qo n Qo

3 2.24 7 138

4 1.79 8 133

5 158 9 1.29

6 1.46 10 1.26

and gy are the coefficients from Fourier-Chebyshev series of the form
[e.¢]
W (V1 —t2 = Z Ok Takn (1),
k=0

where convergence holds with respect to the weighted L'-norm

1
dt
/1 ol ==

The prime on the summation indicates that the first term is halved.
The values of %;, corresponding to Figs. 2 and 3 are displayed in Tables 1 and 2.

4. Error bounds of the type (1.6)

In this section we study the quantity max;eg, |Kn s(z; Wn,¢)|, where |Kps(2)| is given by (2.6). Computation shows that
|Kn,s(z; Wn,e)l, Z € &, attains its maximum on the real axis (z=%(0 + Q—l)/2) if 0 > po(n, s, £). Numerical values of gg
for certain values of n, s and ¢ have been determined by MATLAB and are shown in Tables 3 and 4. Displayed values are
optimal in the sense that |Kj s(z; wy ¢)| does not attain its maximum at 6 =0 when ¢ = gg — 0.01.

This empirical observation can be verified asymptotically as 0 — oo. A lengthy calculation reveals that

7 Fs 1 (0) 1 2c0s26\ 2
n2k+24k g2n(s+ )+ + 02 » @00

}Kn,s(zi Wn.Z)‘ ~
Using the facts |V s k()] < 45tk and (ay — c0s26)(az, 4 cos2n0) < (@ — 1)(az, + 1) we obtain the following crude, but
very simple inequality
w4’ 1
2o (0 — o H(e"— 0™’

}Kn,s(zi Wn,€)| < n (4.1)
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Table 4

The values of gg for certain values of £ when s =2 and
n=>5.

L Q0 L Qo
1 1.64 5 1.70
2 1.66 6 1.71
B] 1.68 7 171
4 1.69 8 1.72

We conclude with some remarks about quadrature formulae studied here. In general, the nodes of Gauss-Turan quadra-
ture formulae vary both with n and s, whereas in this case they are independent of s. This allows one to get higher precision
by increasing s, without recalculating nodes. The convergence of (1.1) with respect to wy ¢(t), when s — oo, immediately
follows from (1.6) and (4.1). See also [4, Theorem 4.3].
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