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Regularity of the solutions for a Robin
problem and some applications

Regularidad de las soluciones para un problema de Robin y algunas
aplicaciones
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ABsTrRACT. In this paper we study the regularity of the solutions for a Robin
problem, with a nonlinear term with sub-critical growth respect to a variable.
We establish the Sobolev space H*(f2) as the orthogonal sum of two subspaces,
and we give the first step to demonstrate the existence of solutions of our
problem.
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RESUMEN. En este articulo estudiamos la regularidad de las soluciones de un
problema de Robin, con término no lineal con crecimiento subcritico respecto
a una variable. Expresamos el espacio de Sobolev H'() como la suma de
dos subespacios dando el primer paso para la demostracién de existencia de
soluciones de nuestro problema.
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128 RAFAEL A. CASTRO T.

1. Introduction
We examine the regularity of the solutions to the problem

uw € HYQ,-A),
(]P)) —Au = f(I,U(I)) ) in Qv
yiu+ayu = 0, on 0,

here —A is the Laplacian operator, € is a bounded domain in R™(n > 2)
simply connected and with smooth boundary 9€2. The function f : @ x R — R,
satisfies the conditions:

fy) The function f is continuous.
fi) There exists a constant ¢ > 0 such that

If(z,8)] <c(l+]s]7), Vre€Q and VseR,
where the exponent ¢ is a constant such that

l<o< 2 §f n>3,

n—2

l<o<oo if n=2.
The boundary condition v1u + avyyu = 0 involves the trace operators:
v : HY(Q) — HY2(0Q), and -~ : HY(Q,—A) — HY2(5Q),
where H1(Q, —A) = {u € H(Q) : —Au € L?(Q2)} with the norm

1/
el oy = (lullf @) + 1Aul3a))

for each u € HY(Q, —A), yiu € H-Y2(9Q), and you € HY?(99). Identifying
the element you with the functional yju € H~1/2(99) defined by

Ojuu) = [ Goupuds, v e HY2(09),
o0

the boundary condition makes sense in H~'/2(9Q) (Theorem 2.3), and it ap-
pears in the functional of the problem (P), see Theorems 3.1, 3.2 and 3.3 in
section 3.

This work was motivated by Arcoya-Villegas [1], who proved the existence
of nontrivial solution of the nonlinear Neumann’s problem

—Au = f(z,u), in Q,

g—“ = 0, on Of.
n

We study the existence of solutions of the problem (P) in [4]. We write
this paper to separate the regularity conditions of the additional existence

conditions.
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 129

2. Preliminary results

In this section, we introduce some notations and known theorems to familiarize
the reader with the boundary condition v;u+ayou = 0. We also remember that
—A is an isomorphism between some spaces, properly enunciated in Theorem
2.5. Using the Trace Theorem, Theorem 2.5 and the bootstrapping we prove
that the weak solutions of Problem (P) belong to the space H?(Q2). (Theorem

3.2).
||u||2:/u +/ |Vul?, (2.1)

The norm
is the usual norm of the Sobolev space H(

Theorem 2.1. Suppose 2 bounded with boundary 0 of class C*. Then, there
exists a continuous and linear function o : HY(Q) — L*(0Q) such that:

a) You=ulpe, ifueWH2(Q)NC(Q),
b) oulr2a0) < allull, Yu e HY(Q),

here the constant c1 depends on Q. The value you is called trace of u on 0S).
Proof. See [7, Theorem 1, p. 258]. o]

Theorem 2.2 (Trace Theorem). Let Q@ C R™ be open, bounded, and with
smooth boundary 0X2. Then the trace operators ; can be extended to continuous
linear operators, mapping H™(Q) onto H™I=Y/2(99Q), for 0 < j < m — 1.
Moreover, the opemtor V= (Y0, V15« -3 Vi - s Ym—1) maps H™(2) onto the pro-
duct space ]}, Hm I=1/2(0Q). Finally, the space HJ*(Q) is the Kernel of
the operator ~y.

Proof. See [2, Theorem 3.1, p. 189] or [5, Theorem 5, p. 905]. o

Theorem 2.3 (Green Formula). There exists a unique operator v; mapping
HY(Q,—A) into H='/2(0Q) such that Green Formula holds:

(’ylu,”yov>:/vAu+/Vu~Vv, ue HY(Q,-A), ve HY(Q). (2.2)
Q Q

Remark. The space C* () is dense in H'(2, —A).
Proof. See [2, Theorem 2.1, p. 174]. o

Theorem 2.4 (Compactness of the trace operator). Let Q C R™ be an open
set, bounded, and with boundary C%', m > 1 an integer and 1 < p < +o0.
Then the next claims are true :

a) If mp <nand1 < g < Z;(_m) then there exists a unique mapping 7o :
WmP(Q) — LU0N), linear and continuous, such that if u € C (Q) then
You = ulgq. If p > 1 then g is compact.

b) If mp = n, then the affirmation (a) is valid for every q > 1.
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130 RAFAEL A. CASTRO T.

¢) If mp > n, the trace you of u € W™P(Q2) C C (Q) is the classic restriction
u|39.

Proof. See [10, Theorem 6.2 p. 107], [8, Theorem 6.10.5] or [3]. ™

For the reader’s convenience, we recall some notation and definitions of
“normality” and “covering”.
Ife = (z1,29,...,2,) E R"and a = (a1, ..., a,) an n —tuple of nonnegative

integers «;, then z® denotes the monomial x7*x5? ... 2%, which has degree

la| = Y27, a;. Similarly, if D; = % for 1 < j <n, then D* = D ... D%
is the differential operator of order |a|.
Let A be a partial differential linear operator of order 2m, defined by

Au = Z (—1)/kI Dk (axn D) | (2.3)
k|, || <m
where ayp, € C™ (ﬁ), with real values.
Let By,..., Bym—1 be m boundary operators defined by
Bju= Y bjpD"u, j=01,....m—1, (2.4)
|h|<m;

where 0 < m; < 2m—1 and the functions b;; are infinitely differential functions
over 0f).

m—1

Definition 2.1. We say that the set {B; }J:_o is normal according to Aron-
szajn and Milgram, if for j # 4, m; # m;, © € 09, and normal vector n # 0 to
0 in x, then

Qilwm) = > bun"#0, j=0,1,...,m—1

|h[=m;

Definition 2.2. The set {Bj};-”:_ol “covers” the operator A defined in (2.3),
if for each z € 9Q and every pair of real non-null vectors £, £ tangent and
normal to OS2 in x respectively, then the polynomial in the variable 7,

Pc+re)= > am(E+r)",
|k[=|h|=m;

has m roots: 71(§,&'), -+, (&, £’), with positive imaginary parts, and the m
polynomials in 7

Qi(r) = Qi(x, &+ 7&) = D bl +7E)",

|h[=m;
are linearly independent module the polynomial [/~ (7 — 7:(&,£')).

Definition 2.3. We say that the set of operators
{Au BO7 Blu e 7Bm—l} 5
satisfies condition (N R) if:
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 131

a) The set of boundary operators B = {B; : j =0,1,--- ,m—1} is normal
according to Aronszajn and Milgram, and
b) The set B “covers” operator A.

Proposition 2.1. The operators

ou

n 2 =

j=1
where n(z) = (N1, ,Nn) s a unit normal vector field over O and external
to Q, satisfies Condition (NR).

Proof. a) Let x € 09 and v(z) = (v1,--- ,vn) # 0 a normal vector field to 09,

Zm )=n-v#0,

therefore, the operator { By} is normal according to Aronszajn and Milgram.

b) Now, the operator By “covers” the operator —A. In fact, let & =
(&1, ,&) and & = (&, -+, &) be tangent and normal vectors respectively
to 002 at the point z. By the ellipticity of the operator —A we have

P(z,€ + 7€) = —|lg + 7€' = —[I€])* = 7€'l

then P(z,£ 4+ 7&’) has 2 roots: 7 = %i, and 75 = —77. On the other hand,
the polynomial in 7 '

=

Qo(x,§ +7¢) Z 2)(&5 +785) = (n(x) - &) = [nllli€'llT,

is not multiple of the polynomial 7 — 5. o

Let 1 <p < oo, r>0and n(x) = (m, - ,n,) be a real vector normal field
over 02 and external to 2. We define :

N=SuecW?PQ): -Au=0, Bou:an(x)g—uzo ,
- €

N* = {u e WP (Q) : (~A)'u=0V, Biu= o} ,

where p’ = -E5 and ((—A)*, Bp) is the formal adjoint operator of (—A, By). It
is easy to see that (—A, By) is self-adjoint. Spaces N and N* are subspaces of
Cc> (ﬁ) , and thus they neither depend on p nor on p’. If Q is simply connected
then N = N* is the space of the constants. In this work, the set {2 is simply
connected.
We will consider the sets:
W) = {ue W2+W(Q) Bou =0}, and
{wrr(Q); N*} = {ueW™P(Q): [,u(z)ds =0}.
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132 RAFAEL A. CASTRO T.

Theorem 2.5. The operator —A is an isomorphism on {W"P(Q); N*} of
Wéjr’p(Q)/N for all real r >0 and 1 < p < +00.

Proof. See [9, Theorem 3.1]. o]

3. Regularity results

In Theorem 3.1 we establish the derivative of the functional ® : H(Q) — R,
corresponding to our problem (P). In Theorem 3.2 we show that the critical
points of @ belong to the space H?(£2). Finally in Theorem 3.3 we obtain the
variational formulation of the problem (P). Thus Theorem 3.2 is a regularity
result for weak solutions of the problem (P).

Theorem 3.1. The functional ® : H* () — R, defined by

o) =5 [ [VuP+§ [ oufds - [ P,
2 Ja 2 Jog Q
where o € R, F(x,s) = [; f(z,t)dt belongs to class C*'(H*(Q),R) and its

derivative is

(@' (u),v) = / Vu - Vo + a/ (You)(yov)ds — | f(z,u)v, Yu,ve€ HY ().
Q o0 Q (3.1)

Proof. 1f

@ (u),o) = fig PR [ () g0

t—0 t

Using Theorem 2.1, the Gateaux derivative of ®; is continuous; indeed,
(@ (u), ) | < Ilvoullz2(ae) [Yovllz2(a0) < Cllull [lv]l-
Hence, ®1 € C1((Q),R). It is well known that the functional

®a) = 3 [ 1VuP = [ P,

belongs to the class C*(H(Q2),R) whose derivative is

@) = [

VuVv— | f(z,u)v.
Q Q

Then we obtain (3.1). ™
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 133

Theorem 3.2. Let Q C R", n > 2 be a bounded and simply connected domain
with smooth boundary 09, f: Q x R — R a function satisfying (fo) and (f1),
and o a real number.

If ue H'(Q) satisfies

(@' (u),v) = /Q Vu-Vu+ a/a“(’you)(”yov)ds -, flz,u)v =0, (3.2)

for all v € HY(Q), then u € H?().

Proof. Since v, : H*(Q) — H/?(99) is onto (Trace Theorem), and —ayou €
H'/2(99), there exists w € H?(Q) such that

ow
an = —ayu. (3.3)
From (3.2), (3.3) and the Green formula we obtain
/Vh-Vv:/gv, Yo e HY(R), (3.4)
Q Q
where
h=u—w, and g(z)= f(z,u)+ Aw(z). (3.5)
(i) First we prove that
g € {WOPH(Q); N*} , where 1<p; <2. (3.6)
Using Condition (f1) in the cases:
a) If n =2, then
felL*Q), andso ge L*Q). (3.7)
b) If n > 2, taking into account that
1<U<n—+2, and 2% = 2n .
n—2 n—2
If p1 = 27 then
2n 2n
1< —— —_—. 3.8
Sht2 Pt (3:8)
Consequently
fap <0 [ (L 1P) < oo, (39
Q Q

thus, f € LP*(), then g € LP*(€2) for 1 < p; < 2. From (3.4) with v =1 over

Q, we have
/ g(x)dz =0.
Q

Thus, g € {WP1(Q); N*}.
(ii) Now, we will prove that

u€ WP (Q). (3.10)
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134 RAFAEL A. CASTRO T.

By virtue of Theorem 2.5 , there exists a unique h € Wé’op '(Q)/N such that

~Ah = g, in Q,
7 3.11
{ % = 0, on 99. ( )
n
Inthecasenz?),vvehavepl,zl—pi1 > —"2—';2:2%,thenp’1 < 2*, and
1
hence H'(Q) C LP1(Q). If n = 2, H'(Q) C L¥ ().
From (3.11) we get
_/ vAh = / vg, Yve HY(Q). (3.12)
Q Q
Integrating by parts, the first integral of (3.12) gives
/v%-vv:/gv, Yo e HY(Q). (3.13)
Q Q
Subtracting (3.13) from (3.4) we obtain
/V(h—%)-w:o, Vo e HY(). (3.14)
Q

Let us sce that h € W12(Q). Since h € WP if p; = 2 then h € W2(Q);
if p1 < 2, then we have the cases: n =2 and n > 2. If n = 2, given that p; > 1

then 2 < 22717;1; ifn>2 asp; > nz—fQ, then 2 < n’i—p;l. Therefore, in both cases

W2P1(Q) C WE2(Q), then h € Wh2(Q).

Making v = h — h in (3.14) we obtain [, [Vv|[*dz = 0. By the Poincaré
inequality we have that v(z) = v = |_§12\ Jovdz, z € Q. Then h(z) = h(z)+vg,
thus D®h = Dh for any index a, with |a| < 2. Since h € W2P1(f), then
h € W2P1(Q), therefore u € W2P1((Q).

(iil) Finally we will prove that

u € W22(Q). (3.15)

If n = 2, by (3.7) and case (i), g € {W»2?(Q); N*}, and by case (i), u €
W?22(Q). If n > 2, we have the following cases:

a) 2p1 >n,

b) 2p1 =n,

c) 2p1 < m.

In case a), WP (Q) C C () C L>=(Q), thus u € L9(),Vq € [1,+00), and on
the other hand, we have

|f(z,u)|* < c/ (1+ [u[*) < 400, (3.16)
Q Q

then f € L3(), g € L*(9), thus by cases (i) and (ii), u € W22(Q).
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REGULARITY OF THE SOLUTIONS FOR A ROBIN PROBLEM 135

In case b), W2P1(Q) C LI(Q), Yq € [p1,0), 20 > 2 > p; and by (3.16), then
f € L*(Q). Similarly to the last case u € W22(Q).

: 2, * k.
In case c), we use bootstrapping. As W=P1(Q) C LP1(Q), where p] = 25—,
thus u € LP1(Q). Let p» = & be, and

fawP <7 [ (L4l < +oo.
Q Q

Then, f € LP2(Q), g € LP2(Q), thus u € W*P2(Q). If ps < 2 and 2ps < n then
u € LP2(Q), py = ;25— Considering p3 = 2 then f € L™, g € LP*(Q), thus
u € W2P3(Q). Therefore, we obtain the sequence {p;}, such that

1<pr <p2 <--- < ps,

where ps; > 2. In fact, since p; > there exists ¢ > 0 such that p; =

2n
n+2’
n+2(1 + ) and we obtain
P2 _ pi/o _ (n—2)(1+¢)
p1 2%/o n—2-—4e
then po —p1 >e. f 1 <p1 <pa < - < pi_1 < pi,
7 =2,3,---,1, then

piv1 _ p; _ pi(n—2pi1) S P
pi  Piq  pi—i(n—2p) " piaa
Hence {p;} is an strictly increasing sequence, therefore, there exists ps > 2 and
u € LPs=1(Q), then f € LP+(Q), g € LP+(Q) and by case (i) u € WP+ ().
Therefore u € W22(Q). vf

Theorem 3.3. Based on the conditions in Theorem 3.2 on Q, f and «, the
problems (P) and (Q) are equivalent:

>1+4¢,

l) u € Hl(Q, _A) ’
(P) ii) —Au = f(z,u(x)), x €,
iii) mu+ayu = 0, on 0f,
and
Q) { i) u € HY(Q)),
i) [ Vu-Vv = [, flz,u)v—a f,o(ou)(ywv)ds, YveH'(Q).

Proof. Let u be a solution to problem (P), then

/ Auv—/fxu o, Yve HYQ).

Using the Green Formula (2.2) we obtain

/Vu~Vv— (1w, yov) = / f(z,u)vde, Yove HY(Q).
Q Q

Now, taking the boundary condition, u is a solution to problem (Q).
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If w is a solution to the problem (Q) then

/ VuVv= [ f(z,u)v— a/ (You)(yov)ds, Vve HY(Q), (3.17)
Q Q o9
thus
/ Vu.Vv = / flz,uw)v, Yve CX(R). (3.18)
Q Q

By Theorem 3.2 u € H?(2), and using the Green formula, we obtain

—/UAu: flz,u)v, Yve CX(Q),
Q Q

then —Au = f(z,u(x)).
Changing f for —Aw in (3.17) and using the Green formula, we obtain

Y1u + ayou = 0.

4. Applications

The purpose of this section is to give the first step for the proof of the existence
of solutions of our the problem (P) (see [4]), which consists in expressing the
Sobolev space H'(Q2) as the orthogonal sum of two subspaces. To achieve this
goal we consider the problem (P) with f(z,u(x)) = pu(z) where u is a parame-
ter. Making use of spectral analysis of compact symmetric operator, we obtain
the existence of eigenvalues and by virtue of theorems 3.2 and 3.3, we establish
some properties of the first eigenvalue and its associated eigenfunctions.

4.1. Existence of eigenvalues.

Theorem 4.1. Let « be a real parameter, o« # 0. The eigenvalue problem

{ —Au = pu, in Q,

yu+ayu = 0, on 00, (4.1.1)

has an increasing sequence of eigenvalues. In the case a < 0 the first eigenvalue
is negative, and in the case o > 0 the first eigenvalue is positive.

Proof. 1) Case a < 0. In this case, to establish the existence of the eigenvalues
of the problem (4.1.1) first we introduce an scalar product (.,.); in H'(Q2). To
make this, first we have that given € > 0, there exists a constant C'(¢) > 0 such
that

a/ (you)?*ds > aa/ |Vul® + aC(a)/ u?, Yue HY(Q). (4.1.2)
aQ Q Q
Choosing k and e such that

1
0<e<—— and k>-aC(e), (4.1.3)
a
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we define the symmetric bilinear form in H'(Q) in this way for u,v € H(Q):

ax[u,v] = / Vu- Vv + a/ (vou)(vyov)ds + k/ uv . (4.1.4)
Q X9) Q
This defines an scalar product and we denote it by (.,.);. In fact, the form
ak[., ] is coercive: using (4.1.2) we have ay[u, u] > d|jul|?, Vu € H'(Q2), with § =
min{14+ae, k+aC(e)}. On the other hand, using the inequality ||you| £2(50) <
ci|lull, Vu € HY(€2), and the Schwarz inequality we have |ay[u, v]| < es|ul] ||v]],
where c3 = 1+ |a|c? + k, i.e. agl[.,.] is continuous.
We define for each u € H'(Q) a norm ||ul|x = \/(u, u)g. Then

Sllul® < llull < esllull®,  Vue HY(Q), (4.1.5)

i.e., the norm | - || is equivalent to the usual norm of H'().
With our k chosen in (4.1.3), the problem (4.1.1) is equivalent to

{ —Au+tku = (p+ku, in Q, (4.1.6)

7u+ayu = 0, on Of).

We prove that the eigenvalues p + k are positive. Let u be a weak solution of
(4.1.6), then

(u,v)p = (u—l—k)/ﬂuu, Yo e HY(9). (4.1.7)

If moreover, u # 0 and v = w in (4.1.7) we get that u+ k > 0.
For fixed v € H'(Q), the map v — [, uv is a bounded linear functional in
HY(Q),

‘/U’U
Q

So, by the Riesz-Frechet Representation Theorem, there is an element in H' ()
that we denote by T'u, such that

1
SA}MMSMMWSEMMMh Yoe H'(Q).  (418)

/uvz(Tum)k, Yo e HY(9). (4.1.9)
Q

Thus (4.1.9) defines the operator T : H*(Q) — H'(Q) that is linear and sym-
metric: (Tu,v), = (u, Tv)g, Yu,v € H(Q). By virtue of (4.1.8) and (4.1.9)
we have || Tullx < lullk, Yu € H'(Q), i.e. T is bounded. Now, we are going
to prove that the operator T is compact. Let {u,} be a bounded sequence in
H'(Q). By the theorem on compact imbedding of H'(Q) in L?(£2) there exists
a subsequence {u,,} and a element u in H'(2) such that

Up, ~u in H'(Q), and wu,, —u in L*(Q), when j— oco.

J
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By (4.1.9) and the definition of the operator T', we have

| Tun, — TuHi = /Q(un] —u)T (Un,; —u)

<y = ullp2@) 1T (wn; —u)|lL2(0)

< lun; — ull 2@l T (un,; —w)]|
1
< %HUW = ull 21T (un,;) = T'(w)k -

Then
lim HTunj — Tqu =0.

J—o0

Let us see that the eigenvalues of problem (4.1.6) are the inverse eigenvalues
of the operator T. In fact, if u is a weak solution of (4.1.6), then by (4.1.7)

and (4.1.9) we obtain
1
Tu=|——|u. 4.1.10
‘ <u+ k) h ( )

Reciprocally, if u satisfies (4.1.10) then wu verifies (4.1.7) by (4.1.9).
Our next step is to establish the existence of eigenvalues of operator T
Since,

e = sup{(Tu,u)y : |Jullx =1} >0, (4.1.11)

then by [6, Lemma 1.1, p. 36], there exists ¢; € H'(Q) with |¢1||x = 1 such
that

1 1
(To1, 1)k = ik Ty = < ) ) o1 (4.1.12)

On the other hand, we have

= sup {(Tw, u)y, : [Jully = 1}

p1+k
= sup (TL, L) (4.1.13)
wzo \ |ulle” lulle /4
2
Jou
=sup =,
wo ||ulli
hence
2
u1+ k= inf ||u_||,€2 (4.1.14)
A
Then
Vul? + o u)?ds
= i JaVUEE 0 Jo (ou)ds. (4.1.15)
w0 f u2
weHL(Q) Q
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in particular, for the constant function p(x) = b, Vo € Q, b # 0, we have

< Jo V|2 +afasz(7090)2d5 _ ab®|0Q] 1 <0,

Jo¥? Y]
where [09)],,—1 denotes the (n — 1)-dimensional Lebesgue’s measure 9€) and |}
the Lebesgue’s measure n-dimensional of ).
Let ¢1,--+ ,¢;—1 be the j — 1 eigenfunctions that correspond to the j —1
eigenvalues of T'. We define

s=sup{(Tu,uw) : ||lullk =1, uler, - ,9j—1} >0, 4.1.16
P p{(Tw, w)x : [lulle e1 pi-1} ( )
then by [6, Proposition 1.3, p. 37|, there exists ¢; € H'(Q) with ||, = 1

such that
1 1

— . Toi=——0..
kT R

Thus, the eigenvalues of Problem (4.1.6) are positive and form the sequence
0<p+k<pus+k<---, then the eigenvalue problem (4.1.1) has a sequence

(T(pj,(pj)k = (4117)

—k<p Spe<pug <o (4118)

2) Case ae > 0. In this case, the bilinear form

ag[u,v] = / Vu-Vv—l—k/ uv+a/ (you)(yov)ds, w,v € HY(),
Q Q o9

is coercive for every value of the constant k£ > 0. In fact

agu, ul Z/ |Vu|2—|—k/ u? 2m|\u|\2,
Q Q

where m = min{1, k}.

On the other hand, ay[., .| is continuous, hence |ay[u, v]| < ma||ul| ||v||, where
mo =1+ k + ac}. This implies
mlull® < flull§ < ma|lul®, Yue H'(Q), (4.1.19)

i.e., the norm ||.||. is equivalent to the usual norm of H'((2).

The procedure to determine the existence of the eigenvalues of Problem
(4.1.1) with & > 0 continues in analogous form to the case o < 0. Considering
the eigenvalue problem (4.1.6) with an arbitrary positive constant k, we find
that it has a sequence of eigenvalues 51 + k < B2 +k < B3+ k < ---. Hence

Pr<Pa<fP3<--- (4.1.20)

are the eigenvalues of problem (4.1.1).
The first eigenvalue 1 is positive. In fact, by virtue of (4.1.15) we have

b= inf Jo IVul? + o [, (ou)?ds

w#£0 u2
uweH1(Q) ‘[Q

>0, (4.1.21)
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if 51 =0, let ¢ be an eigenfunction associated to #;. Then
fQ |VS"|2 +a faQ (’7090)2d5

Jo¥? 7
thus vop = 0, ¢ € H}(Q) and |Vi| = 0. Then ¢ = 0 which is absurd because
lelle = 1.
o

0=

4.2. The first eigenvalue and its associated eigenfunctions.

Theorem 4.2. If ¢ is an eigenfunction of problem (4.1.1) associated to the
first eigenvalue A1, then ¢ € C* (ﬁ)

Proof. By Theorem 3.3 ¢ verifies

th-Vv—l—oz/ *yo<p~~yov:,u1/ ov, Yve HY Q). (4.1.22)
Q o0 Q

Using Theorem 3.2 with f(z,¢(x)) = Ae(z) we have ¢ € H?(Q), ¢ €
H?71/2(9Q). Then there exists w; € H3(Q) (Trace Theorem) such that y;w; =
—ayop. By the Green formula (2.2) we have

/ch.Vv:/{)\lgo—i—Awl}v—i—/le-Vv.
Q Q Q

Making h = ¢ —w; and G = A1 + Aw;, we obtain

{fQVh-Vv = fQGv, Yo € HY(Q),
Vl(h) = 07

thus, G € {H'(Q); N*}. By Theorem 2.5 there exists h € H3(Q) such that

(4.1.23)

{‘Ah = G i &, (4.1.24)

G~ 0 on 0Q.

Multiplying the first equality in (4.1.24) by v and integrating we obtain

/ Vh.Vu = / Gv, Yve HY(Q). (4.1.25)
Q Q
Subtracting (4.1.25) from the first equation in (4.1.23) we have

/Vh h)-Vo=0, YveH(Q).

~ ~ 12 ~ ~
Making v = h—h we obtain [, ‘V(h - h)‘ — 0, then V (h - h) —0, h—h=M

for some constant M, then ¢ = wy + h + M € H3(Q). Since ¢ € H3() then
Yo € H371/2(9Q). Using again Trace Theorem there exists wy € H*() such
that yywe = —avyye and proceeding as in the above case, we conclude that
© € H*(2). Continuing on this way we obtain that ¢ € H™(Q) for any integer
m > 0. Thus, for DPy there exists an integer mg such that 2mg > n and
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DPy € H™5(Q). Then by the inclusion of Sobolev and smoothness of the
boundary, D¢ € C (ﬁ) o

Theorem 4.3. The first eigenvalue of problem (4.1.1) is simple.

Proof. 1) We claim that if ¢ is an eigenfunction associated to the first eigenvalue
A1, then ¢ does not change sign. Looking for by contradiction, suppose that ¢
changes sign. Then ¢ verifies the equality

(@, ) = (M1 + k)/ o (4.1.26)
Q

Writing the function ¢ in the form p(x) = ¢t (z) + ¢~ (x), where ¢T(x) =

max, 5{¢(x),0} and ¢~ (z) = min, g{¢(x),0}, the left member of (4.1.26)

can be written

(<Pa @)k - (90+7 <P+)k + (wia 907)]@ )
because p* and ¢~ are orthogonals, i.e.

(sﬁwp’)k:/Vw*-Vs0*+k/<p+-s0*+a/ Yot - o ds
Q Q o0
=0.

Indeed, we have [, Vo™ Ve~ = 0 and [,¢"p~ = 0. Furthermore, by

Theorem 4.2, ¢ € C (ﬁ) Then vop+ and vpp~ are restrictions of p* and ¢~
on 0f), so

/ Yo Yo~ ds =/ et o ds=0.
o0 o0

Let by = (¢, "), and by = (¢, "), then by > 0 and by > 0. On the other

hand,
/<p2 =/ (<p+)2 +/ (907)2 = a1 + as.
Q Q Q

Then using the above notation we can write (4.1.26) in the following way:

b1 + bQ = (Al + k)(al + ag) . (4127)
From (4.1.27) and (4.1.14) we have
1 a1 + as fQ u?
= =su . 4.1.28
PO S AT (129
For the numbers ‘;—I, ‘;—;, and ‘;iig;, we have the unique possibility “biigj =
Z—ll = ‘;—;. So
1 182 2

MAk et e 7
Using (4.1.13), the previous equalities imply that ¢ and ¢~ are eigenfunctions
corresponding to A;. Then Vv € H'(Q2) we have

)\1/ et v = / Vo' - Vo + Oz/ Yo 00, (4.1.30)
Q Q oQ
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By Theorem 4.2, we have that o™ € C* (Q0).
On the other side we observe that:

At + kot =M\ +k)pt >0, in Q.

Since ¢ changes sign in €, there exists zg inside of Q such that ¢ (zg) = 0
which is its minimum value in Q. Then by the Strong Maximum Principle ¢
is constant in Q, thus ¢ = 0 in Q, which is absurd. Therefore ¢ can not
change sign in Q.

ii) Next we prove that the geometric multiplicity of A\; is one. Let ¢; and
2 be two eigenfunctions associate to the eigenvalue A\;. By step i), for each
t € R the eigenfunction @1 + tps has definite sign in €2, so the sets A = {t €
R:pp+tps>0,inQ} and B={t € R: ¢ +tps <0, in} are non empty,
closed and AU B = R. Since the set of real number R is connected, there exists
te AN B, t#0such as o1 +tps =0, i.e. p1 and @, are linearly dependent.
Therefore, the eigenspace associate to the eigenvalue A; is generated by a single
eigenfunction, that we denote by ¢;.

iii) The algebraic multiplicity of A; is one, (A1 is simple). Let

NMI+A)={u: Mu+Au=0 and ~yu+ ayu=0},

NI +A)? ={u: (MT+A)Nu+Au)=0 and ~yu+ayu=0}.
It is clear that N (A I+A) C N(A I+ A)2 Next we show that N(A\ 1+ A)? C
N(MI + A). Indeed, let ¢ € N(A I+ A)? be, then A\jp + Ap € N(\ I + A),
A1+ Ap = tp; for some real t.

By the other side, we have

t(p1, 1)k = (te1, 1)k = (M@ + Ap, 1)k
= Ai(p, 1)k + (A, 1)k

= A, o1)k + (M1 + k)/ ©1Ap,  (by (4.1.7))
Q
= (M = A)(p, 1) = 0.
Hence t(p1,¢1)r = 0, thent = 0. Thus \ypo+Ap =0and p € N(AMT+A). o

4.3. Orthogonal sum. Finally we express the Sobolev space H'(f2) as the
orthogonal sum of two subspaces, where an addend has finite dimension. In
the case av < 0, from (4.1.18) and Theorem (4.3), the sequence of eigenvalues
has the form

—k<pr <pe<pz<--- (4.2.1)

Let X; be the space associated to the first eigenvalue p; and X, = Xi
the orthogonal complement of X; with respect to the inner product of (-, )
defined in (4.1.4). Then we have

HI(Q) =X ® Xo, (4.2.2)
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and

/ Vel* + a/ (Yop)?ds = A1 / ©?, VpeEX;. (4.2.3)
Q a0 Q
In the case o > 0, from (4.1.20) and Theorem (4.3), the sequence of eigen-

values has the form
P <P2< P (4.2.4)

Let Y) be the space associate to 3; and Ya = Y;* the orthogonal complement
of Y1 with respect to the inner product (-,-)x, but here & > 0 is an arbitrary
constant. Then

H'(Q) =Y, &Y, (4.2.5)

and

/ IVs0|2+0</ (Yop)?ds =61/ *, YoeY. (4.2.6)
Q o0

Q
by virtue of Theorem 4.3, the subspaces X7 and Y7 have dimension one.
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