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On the ultradistributions of Beurling type

Manuel Valdivia

Abstract. Let Ω be a nonempty open set of thek-dimensional euclidean spaceR
k. In this paper, we

show that ifS is an ultradistribution inΩ, belonging to a class of Beurling type stable under differential
operators, thenS can be represented in the form

P

α∈Nk
0

Dαfα, wherefα is a complex function defined
in Ω which is Lebesgue measurable and essentially bounded in each compact subset ofΩ. Other structure
results on certain ultradistributions are obtained, too.

Ultradistribuciones de tipo Beurling

Resumen. SeaΩ un conjunto abierto no vacı́o del espacio euclı́deo . En esteartı́culo se demuestra
que si S es una ultradistribución enΩ, perteneciente a una clase de tipo Beurling que sea estable frente
a operadores diferenciales, entonces S se puede representar en la forma

P

α∈N
k
0

Dαfα, dondefα es una
función compleja definida enΩ que es Lebesgue medible y esencialmente acotada en cada subconjunto
compacto deΩ. También se obtienen otros resultados de estructura de ciertas ultradistribuciones.

1 Introduction and notation

Throughout this paper all linear spaces are assumed to be defined over the fieldC of complex numbers. We
write N for the set of positive integers and byN0 we mean the set of nonnegative integers. IfE is a locally
convex space,E′ will be its topological dual and〈· , ·〉 will denote the standard duality betweenE andE′.
Given a Banach spaceX , B(X) denotes its closed unit ball andX∗ is the Banach space conjugate ofX .
Given a positive integerk, if α := (α1, α2, . . . , αk) is a multiindex of orderk, i.e., an element ofNk

0 , we
put |α| for its length, that is,|α| = α1 + α2 + · · · + αk, andα! := α1!α2! · · ·αk!.

Given a complex functionf defined in the pointsx = (x1, x2, . . . , xk) of an open subsetO of the
k-dimensional euclidean spaceRk, and being infinitely differentiable, we write

Dαf(x) :=
∂|α|f(x)

∂xα1
1 ∂xα2

2 . . . ∂xαk

k

, x ∈ O, α ∈ N
k
0 .

We consider a sequenceM0,M1, . . .,Mn, . . . of positive numbers satisfying the following conditions:

1. M0 = 1.

2. Logarithmic convexity:
M2

n ≤Mn−1Mn+1, n ∈ N.
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3. Non-quasi-analyticity:
∞
∑

n=1

Mn−1

Mn
<∞.

Let us take a nonempty open setΩ in Rk. A complex functionf , defined and infinitely differentiable inΩ,
is said to beultradifferentiable of class(Mn) whenever, givenh > 0 and a compact subsetK of Ω, there is
C > 0 such that

|Dαf(x)| ≤ Ch|α|M|α|, x ∈ K, α ∈ N
k
0 .

We put E(Mn)(Ω) to denote the linear space overC formed by all the ultradifferentiable functions of
class(Mn) defined inΩ, with the ordinary topology, [2]. By D(Mn)(Ω) we denote the linear subspace
of E(Mn)(Ω) formed by those functions which have compact support.

We now choose a fundamental sequence of compact subsets ofΩ:

K1 ⊂ K2 ⊂ · · · ⊂ Km · · ·

If K is an arbitrary compact subset ofΩ, we useD(Mn)(K) to denote the subspace ofE(Mn)(Ω) formed by
those functions which have their support inK. We then have that

D(Mn)(Ω) =

∞
⋃

m=1

D(Mn)(Km).

We considerD(Mn)(Ω) as the inductive limit of the sequence(D(Mn)(Km)) of Fréchet spaces. The ele-
ments of the topological dualD(Mn)′(Ω) of D(Mn)(Ω) are calledultradistributions of Beurling typein Ω.
We assume thatD(Mn)′(Ω) has its strong topology.

By K(Ω) we mean the linear space overC of the complex functions defined inΩ which are continuous
and have compact support. IfK is any compact subset ofΩ, K(K) is the subspace ofK(Ω) formed by the
functions with support contained inK. If f is inK(K), we put

|f |∞ := sup
x∈Ω

|f(x)|,

and assume thatK(K) is endowed with the norm| · |∞.
We considerK(Ω) as the inductive limit of the sequence(K(Km)) of Banach spaces. A Radon measure

in Ω is an element of the topological dualK′(Ω) of K(Ω). Given a Radon measureu in Ω and a compact
subsetK of Ω, we put‖u‖(K) for the norm of the restriction ofu to the Banach spaceK(K).

In [2, p. 76], a structure theorem for ultradistributions of Beurling type inΩ is given. It can be stated as
follows:

Result a) If S is an element ofD(Mn)′(Ω) andG is an open subset ofΩ which is relatively compact, for
eachα ∈ Nk

0 , we may find an elementvα in the conjugate of the Banach spaceK(G), whose norm we
represent by‖vα‖, such that, for someh > 0,

sup
α∈Nk

0

h|α|M|α|‖vα‖ <∞

and
S|G =

∑

α∈Nk
0

Dαvα.

The above result is of local character, for the elementsvα, α ∈ Nk
0 , depend onG. In [4], we give a

structure theorem of global character for the ultradistributions of Beurling type inΩ. This theorem contains
result a) as a particular case and can be stated as follows:
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Result b) If S is an element ofD(Mn)′(Ω), then there is a family(uα : α ∈ Nk
0 ) of Radon measures inΩ

such that
〈ϕ, S〉 =

∑

α∈Nk
0

〈Dαϕ, uα〉, ϕ ∈ D(Mn)(Ω),

where the series converges absolutely and uniformly on every bounded subset ofD(Mn)(Ω). Also, given a
compact subsetK of Ω, there ish > 0 such that

sup
α∈Nk

0

h|α|M|α|‖uα‖(K) <∞.

We now putL∞
loc(Ω) for the linear space overC formed by the complex functions defined inΩ, which

are Lebesgue-measurable and essentially bounded in every compact subset ofΩ. The elements of this space
are considered as Radon measures onΩ in the usual way. Iff is in L∞

loc(Ω) andK is a compact subset of
Ω, we write|f |K,∞ for the essential supremum of|f | in K.

We say that the sequenceM0,M1, . . . ,Mn, . . . satisfies the stability condition for differential operators
provided there areA > 0 andh > 0 such that

Mn+1 ≤ AhnMn, n ∈ N0. (1)

In this paper, we give a structure theorem for ultradistributions of Beurling type inΩ, which contains
the following result as a particular case:

Result c) If M0,M1, . . . ,Mn, . . . satisfies condition(1) andS is an element ofD(Mn)′(Ω), then there is a
family ( fα : α ∈ Nk

0 ) of elements ofL∞
loc(Ω) such that, given an arbitrary compact subsetK of Ω, there is

h > 0 with
sup

α∈Nk
0

h|α|M|α||fα|K,∞ <∞

and
S =

∑

α∈Nk
0

Dαfα.

2 Basic constructions

LetX be a Banach space. We put‖ · ‖ for the norm ofX and also for the norm ofX∗. Givenr ∈ N and
α ∈ Nk

0 , we put, for eachx ∈ X ,

|x|r,α :=
r|α|‖x‖

M|α|
.

We denote byXr,α the linear spaceX provided with the norm| · |r,α. ByX∗
r,α we mean the Banach space

conjugate ofXr,α with | · |r,α as its norm. Clearly, ifu is inX∗, then

|u|r,α =
M|α|

r|α|
‖u‖.

We putZr for the linear space overC of the families(xα : α ∈ Nk
0 ) of elements ofX , which we shall just

denote by(xα), such that

‖(xα)‖r := sup
α∈Nk

0

r|α|‖xα‖

M|α|
<∞.

We assume thatZr is provided with the norm‖ · ‖r It then follows thatZr ⊃ Zr+1 and that the canonical
injection fromZr+1 intoZr is continuous.

We writeZ to denote the Fréchet space given by the projective limit ofthe sequence(Zr) of Banach
spaces. We assumeZ ′ endowed with the strong topology.
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Givenβ in Nk
0 , we putZβ for the subspace ofZ whose elements(xα) satisfy thatxα = 0 whenα is

distinct fromβ. We then have thatZβ is topologically isomorphic toX and, consideringZβ as a subspace
of Zr, then it is isometric toXr,β .

If u is an arbitrary element ofZ ′ andr ∈ N, we put

‖u‖(r) := sup
{ ∣

∣〈(xα), u〉
∣

∣ : (xα) ∈ B(Zr) ∩ Z
}

.

For eachu ∈ Z ′ and eachβ ∈ Nk
0 , we identify, in the usual manner, the restriction ofu to Zβ with an

elementuβ of X∗.
If (xα) is an element ofZ andβ is in Nk

0 , we write

xβ
α :=

{

xβ , if α = β,

0, if α 6= β.

Clearly,(xβ
α) belongs toZ and, for eachr ∈ N,

‖(xβ
α)‖r ≤ ‖(xα)‖r.

The next proposition unifies Proposition 1 and the Note in [4].

Proposition 1. If M is a bounded subset ofZ ′, then there isr in N such that

sup
α∈N

k
0

u∈M

r−|α|M|α|‖uα‖ ≤ 1

and
〈(xα), u〉 =

∑

α∈Nk
0

〈xα, uα〉, u ∈M, (xα) ∈ Z,

where the series converges absolutely and uniformly whenu varies inM and (xα) varies in any given
bounded subset ofZ.

PROOF. If M◦ is the polar set ofM in Z, we findr ∈ N such thatB(Zr) ∩ Z is contained inM◦. Then,
for eachu ∈M , we have, if we fixβ ∈ Nk

0 ,

1 ≥ ‖u‖(r) = sup
{ ∣

∣〈(xα), u〉
∣

∣ : (xα) ∈ B(Zr) ∩ Z
}

≥ sup
{ ∣

∣〈(xβ
α), u〉

∣

∣ : (xα) ∈ B(Zr) ∩ Z
}

= sup
{
∣

∣〈(xβ), uβ〉
∣

∣ : |xβ |r,β ≤ 1
}

= |uβ|r,β

=
M|β|

r|β|
‖uβ‖

from where we deduce
sup

α∈N
k
0

u∈M

r−|α|M|α|‖uα‖ ≤ 1.

We take(xα) in Z and we see that
(

(xβ
α) : β ∈ Nk

0

)

is summable inZ to (xα). Let s, q be inN. We then
have

∥

∥

∥
(xα) −

∑

|β|≤q

(xβ
α)
∥

∥

∥

s
= sup

|α|>q

s|α|‖xα‖

M|α|

= sup
|α|>q

(2s)|α|‖xα‖

2|α|M|α|

≤
1

2q
sup

α∈Nk
0

(2s)|α|‖xα‖

M|α|

=
1

2q
‖(xα)‖2s
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and the conclusion follows. From
(xα) =

∑

β∈Nk
0

(xβ
α)

in Z, we obtain
〈

(xα), u
〉

=
∑

β∈Nk
0

〈

(xβ
α), u

〉

=
∑

β∈Nk
0

〈xβ , uβ〉, u ∈ Z ′.

We consider now a bounded subsetB of Z. We findb > 0 such thatB ⊂ bB(Z2kr). We choose arbitrary
elements(xα) ∈ B andu ∈M . We fix β ∈ Nk

0 . Then

∣

∣〈xβ , uβ〉
∣

∣ ≤ ‖xβ‖ · ‖uβ‖

=
(2kr)|β|‖xβ‖

M|β|
·
M|β|‖uβ‖

(2kr)|β|

≤
1

(2k)|β|
‖(xα)‖2kr sup

α∈N
k
0

u∈M

r−|α|M|α|‖uα‖

≤
1

(2k)|β|
b

and, since
∑

β∈Nk
0

1

(2k)|β|
= 2,

the conclusion follows. �

The following proposition may be found in [4].

Proposition 2. Let{ vα : α ∈ N
k
0 } a family of elements ofX∗ such that there ish > 0 with

sup
α∈Nk

0

h|α|M|α|‖vα‖ <∞.

Then, there is a unique elementu ∈ Z ′ such thatuα = vα, α ∈ Nk
0 .

3 The space D
(Mn)
(Lp) (Ω)

We putLp(Ω andLp(Ω), 1 ≤ p ≤ ∞, for the classical Lebesgue spaces. Iff ∈ f̃ ∈ Lp(Ω), 1 ≤ p < ∞,
we write

‖f‖p = ‖f̃‖p =

(
∫

Ω

|f |p dx

)1/p

,

and, iff ∈ f̃ ∈ L∞(Ω), then

‖f‖∞ = ‖f̃‖∞ = supess{ |f(x)| : x ∈ Ω }.

DLp(Rk), 1 ≤ p <∞, is the classical L. Schwartz’s space, [3, p. 199]. We putBLp(Ω) for the linear space
overC of the complex functionsf defined inΩ which are infinitely differentiable and such thatDαf is in
Lp(Ω), α ∈ Nk

0 . We assume thatBLp(Ω) is endowed with the metrizable locally convex topology suchthat
a sequence(fn) in BLp(Ω) converges to the origin if and only if(‖Dαfn‖p) converges to zero for each
α ∈ N

k
0 . We then have thatBLp(Ω) is a Fréchet space. Clearly,BLp(Rk) coincides withDLp(Rk).
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Given r ∈ N and1 ≤ p < ∞, we putB(Mn),1/r
Lp (Ω) for the linear space overC of the functions

f ∈ BLp(Ω) which satisfy:

‖f‖p,1/r := sup
α∈Nk

0

r|α|‖Dαf‖p

M|α|
<∞.

We assumeB(Mn),1/r
Lp (Ω) provided with the norm‖·‖p,1/r. Given a Cauchy sequence(fm) in B

(Mn),1/r
Lp (Ω),

it is immediate that(fm) is a Cauchy sequence inBLp(Ω) and hence it converges in this space to a function
f . Givenε > 0, there is a positive integerm0 such that

‖fm − fs‖p,1/r < ε, m, s ≥ m0.

Then, for those values ofm ands, and for eachα ∈ Nk
0 , we have that

r|α|‖Dαfm −Dαfs‖p

M|α|
< ε

and therefore, form ≥ m0,
r|α|‖Dαfm −Dαf‖p

M|α|
≤ ε,

from where we deduce thatf belongs toB(Mn),1/r
Lp (Ω) and that‖fm−f‖p,1/r ≤ ε,m ≥ m0. Consequently,

B
(Mn),1/r
Lp (Ω) is a Banach space.

It is plain thatB
(Mn), 1

r+1

Lp (Ω) is contained inB(Mn),1/r
Lp (Ω) and also that the canonical injection from

B
(Mn), 1

r+1

Lp (Ω) into B
(Mn),1/r
Lp (Ω) is continuous. We denote byB(Mn)

Lp (Ω) the projective limit of the se-

quence(B(Mn),1/r
Lp (Ω)) of Banach spaces. We assume that the topological dualB

(Mn)′

Lp (Ω) of B(Mn)
Lp (Ω) is

endowed with the strong topology.
In this section we substitute the Banach spaceX of the previous section byLp(Ω). Then, every element

of Zr is a family( f̃α : α ∈ Nk
0 ) of elements ofLp(Ω) such that

‖(f̃α)‖r = sup
α∈Nk

0

r|α|‖f̃α‖p

M|α|
<∞.

If f belongs toB(Mn)
Lp (Ω), we putD̃αf for the element ofLp(Ω) to whichDαf belongs,α ∈ Nk

0 . By Vr we

represent the linear subspace ofZr formed by those families( D̃αf : α ∈ Nk
0 ) such thatf ∈ B

(Mn),1/r
Lp (Ω).

Let
Φr : B

(Mn),p,1/r
Lp (Ω) −→ Vr

be such that
Φr(f) = (D̃αf), f ∈ B

(Mn),1/r
Lp (Ω).

Then,Φr is a linear onto isometry. We putV := ∩{Vr : r ∈ N } considered as a subspace ofZ. Let

Φ: B
(Mn)
Lp (Ω) −→ V

be such that
Φ(f) = (D̃αf), f ∈ B

(Mn)
Lp (Ω).

Clearly,Φ is a topological isomorphism fromB(Mn)
Lp (Ω) ontoV .

In the following, we fix1 ≤ p < ∞. By q we denote the conjugate ofp, i.e.,q = ∞ whenp = 1, and,
if p > 1 then 1

p + 1
q = 1.
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Proposition 3. For eachj in a setJ , let ( fα,j : α ∈ Nk
0 ) be a family of elements ofLq(Ω) such that

there ish > 0 with
sup

α∈N
k
0

j∈J

h|α|M|α|‖fα,j‖q <∞

Then, there is a bounded subset{Sj : j ∈ J } ofB(Mn)′

Lp (Ω) such that

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofB(Mn)

Lp (Ω).

PROOF. We identify in the usual fashionfα,j with a continuous linear functional onLp(Ω) whose norm
is ‖fα,j‖q. We apply Proposition2 to obtain, for eachj in J , a unique elementuj in Z ′ whose restriction
to Zα coincides withfα,j, α ∈ Nk

0 . If we fix j in J , we apply Proposition1 for M = {uj} and so obtain
that

〈

(g̃α), uj

〉

=
∑

α∈N
k
0

∫

Ω

gα · fα,j dx, gα ∈ g̃α, (g̃α) ∈ Z. (2)

We findr ∈ N such that1/r < h. We fix (g̃α) in Z. We then have

∣

∣

〈

(g̃α), uj

〉∣

∣ ≤
∑

α∈Nk
0

∫

Ω

|gα| · |fα,j | dx

≤
∑

α∈Nk
0

‖gα‖p · ‖fα,j‖q

≤
∑

α∈Nk
0

(2kr)|α|‖gα‖p

M|α|

1

(2k)|α|
r−|α|M|α|‖fα,j‖q

≤
∑

α∈Nk
0

‖(g̃α)‖2kr ·
1

(2k)|α|
sup
γ∈N

k
0

j∈J

h|γ|M|γ|‖fγ,j‖q

= 2‖(g̃α)‖2kr · sup
γ∈N

k
0

j∈J

h|γ|M|γ|‖fγ,j‖q

and thus
sup
j∈J

|〈(g̃α), uj〉 <∞.

Applying now the Theorem of Banach-Steinhaus, we obtain that { uj : j ∈ J } is a bounded subset ofZ ′.
Proposition1 yields that, forM = { uj : j ∈ J }, the series in (2) converges absolutely and uniformly
whenj varies inJ and(g̃α) varies in any given bounded subset ofZ.

We putw for the mappingΦ considered fromB(Mn)
Lp (Ω) intoZ. Let tw be the transpose ofw. We write

Sj :=t w(uj), j ∈ J.

Then{Sj : j ∈ J } is a bounded subset ofB(Mn)′

Lp (Ω). On the other hand, for eachϕ ∈ B
(Mn)
Lp (Ω), we

have
〈

(D̃αϕ), uj

〉

= 〈w(ϕ), uj〉 = 〈ϕ,t w(uj)〉 = 〈ϕ, Sj〉.
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Consequently, for eachϕ of B(Mn)
Lp (Ω) and eachj ∈ J , it follows

〈ϕ, Sj〉 =
〈

(D̃αϕ), uj

〉

=
∑

α∈Nk
0

Dαϕ · fα,j dx.

Finally, whenϕ varies in a bounded subset ofB(Mn)
Lp (Ω), (D̃αϕ) varies in a bounded subset ofZ. The

conclusion is now obvious. �

Proposition 4. If {Sj : j ∈ J } is a bounded subset ofB(Mn)′

Lp (Ω), there areh > 0 and, for eachj ∈ J ,
a family( fα,j : α ∈ Nk

0 ) of elements ofLq(Ω) such that

sup
α∈N

k
0

j∈J

h|α|M|α|‖fα,j‖q <∞

and

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofB(Mn)

Lp (Ω).

PROOF. We have
tw : Z ′ −→ B

(Mn)′

Lp (Ω)

is onto. It is easy to verify that there is a bounded subset{ uj : j ∈ J } in Z ′ such that

tw(uj) = Sj , j ∈ J.

We putfα,j for the element ofLq(Ω) given by the restriction ofuj to Xα. We apply Proposition1 for
M = { uj : j ∈ J } and so obtainr ∈ N such that

sup
α∈N

k
0

j∈J

r−|α|M|α|‖fα,j‖q <∞

and

〈

(D̃αϕ), uj

〉

=
∑

α∈Nk
0

〈D̃αϕ, f̃α,j〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofB(Mn)

Lp (Ω). Finally, for eachj ∈ J , we have

〈

(D̃αϕ), uj

〉

=
〈

w(ϕ), uj

〉

=
〈

ϕ,t w(uj)
〉

= 〈ϕ, Sj〉

and the conclusion follows. �

Given a compact subsetK of Ω andr∈ N, we putD(Mn),1/r
(Lp) (K) to denote the subspace ofB

(Mn),1/r
Lp (Ω)

whose elements have their support inK. If (fm) is a sequence inD(Mn),1/r

(L)p
(K) which converges tof in

B
(Mn),1/r
Lp (Ω), there is a subsequence(fmi

) of (fm) which converges tof almost everywhere. Since

fmi
(x) = 0, x ∈ Ω \ K, we have thatf belongs toD(Mn),1/r

(Lp) (K), from where we get that this space is

a Banach space. We putD(Mn)
(Lp) (K) for the projective limit of the sequence(D(Mn),1/r

(Lp) (K)) of Banach
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spaces. It is immediate thatD(Mn)
(Lp) (K) coincides with the subspace ofB(Mn)

Lp (Ω) formed by the functions
with support inK. We now write

D
(Mn)
(Lp) (Ω) :=

∞
⋃

r=1

D
(Mn)
(Lp) (Kr)

and assume thatD(Mn)
(Lp) (Ω) is the inductive limit of the sequence

(

D
(Mn)
(Lp) (Kr)

)

of Fréchet spaces. We also

assume that the topological dualD
(Mn)′

(Lp) (Ω) of D(Mn)
(Lp) (Ω) is endowed with the strong topology.

If g ∈ Lp1(Rk) andl ∈ Lp2(Rk), with 1 ≤ p1, p2 ≤ ∞ and1/p1 + 1/p2 ≥ 1, then the convolution
of g andl exists almost everywhere. We extend this convolution to thewhole ofRk by assigning the zero
value for the points where it is not defined. Thusg ∗ l belongs toLs(Rk), where1

s = 1
p1

+ 1
p2

− 1 and we
then have

‖g ∗ l‖s ≤ ‖g‖p1 · ‖l‖p2. (3)

This property will be used in the proof of the next result.

Proposition 5. The linear spaceD(Mn)(Ω) is dense inD(Mn)
(Lp) (Ω).

PROOF. We may assume that
◦

K1 6= ∅ and thatKm ⊂
◦

Km+1,m = 1, 2, . . .. Givenρ > 0, we writeB(ρ)

for the closed ball inRk with center in the origin and radiusρ. We takef in D
(Mn)
(Lp) (Ω). We find a positive

integerm such thatf ∈ D
(Mn)
(Lp) (Km). We choose a sequence(ψi) in D(Mn)(Rk) satisfying:

(i) ψi(x) ≥ 0, x ∈ Rk.

(ii)
∫

Rk ψi(x) dx = 1.

(iii) suppψi ⊂ B(ρi), ρ1 > ρ2 > · · · > ρi > · · · ,

lim
i
ρi = 0

andKm +B(ρ1) ⊂ Km+1.

We extendf to Rk by puttingf(x) = 0, x ∈ Rk \ Ω. We setfi := f ∗ ψi, i ∈ N. We see next that(fi)

is a sequence inD(Mn)(Km+1) which converges tof in D
(Mn)
(Lp) (Km+1). For eachα ∈ Nk

0 , we have

Dαfi(x) =

∫

Rk

f(y)(Dαψi)(x− y) dy, x ∈ R
k,

and hencefi is inD(Mn)(Km+1).
Let us takeε > 0 andr ∈ N. We find a positive integers0 such that

(

r

r + 1

)s0

‖f‖p,1/r+1 <
ε

4
.

Givenα ∈ Nk
0 , we have, forx ∈ Rk,

|Dαfi(x) −Dαf(x)| ≤

∫

Rk

|(Dαf)(x− y) −Dα(x)|·ψi(y) dy

≤ sup
{

|(Dαf)(x− y) −Dαf(x)|: y ∈ B(δi)
}

and so, ifµ is the Lebesgue measure inRk, we may findi0 ∈ N such that

|Dαfi(x) −Dαf(x)|<
ε

2rs0µ(Km+1)
, i ≥ i0, x ∈ R

k, |α|≤ s0.
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Then
‖Dαfi −Dαf‖p ≤

ε

2rs0
, i ≥ i0, |α| ≤ s0.

Applying (3) for p1 = p, p2 = 1, g = Dαf andl = ψi, we obtain

‖Dαfi‖p = ‖(Dαf) ∗ ψi‖p ≤ ‖Dαf‖p · ‖ψi‖1 = ‖Dαf‖p.

Therefore, fori ≥ i0, we have that

‖f − fi‖p,1/r = sup
α∈Nk

0

r|α|‖Dα(f − fi)‖p

M|α|

≤ sup
|α|≤s0

r|α|‖Dα(f − fi)‖p

M|α|
+ sup

|α|>s0

r|α|‖Dα(f − fi)‖p

M|α|

≤
ε

2
+ sup

|α|>s0

(

r

r + 1

)|α|
(r + 1)|α|(‖Dαf‖p + ‖Dαfi‖p)

M|α|

≤
ε

2
+

(

r

r + 1

)s0

sup
α∈Nk

0

2(r + 1)|α||Dαf‖p

M|α|

=
ε

2
+

(

r

r + 1

)s0

· 2‖f‖p,1/r+1

< ε,

from where the conclusion follows. �

The previous proposition tells us that the elements ofD
(Mn)′

(Lp) (Ω) may be considered as ultradistribu-
tions.

Proposition 6. If ϕ ∈ B
(Mn)
(Lp) (Ω) andg ∈ D(Mn)(Ω), thengϕ is inD

(Mn)
(Lp) (Ω).

PROOF. The support ofgϕ is a compact subset ofΩ. We take a positive integerr. We find a constantCr

such that
|Dαg(x)| ≤ Cr(2r)

−|α|M|α|, x ∈ Ω, α ∈ N
k
0 .

We have that, for eachα ∈ Nk
0 ,

‖Dα(gϕ)‖p ≤
∑

β≤α

α!

β!(α − β)!
‖Dβg ·Dα−βϕ‖p

≤
∑

β≤α

α!

β!(α − β)!
Cr(2r)

−|β|M|β|‖D
α−βϕ‖p

≤ Cr

∑

β≤α

α!

β!(α − β)!
(2r)−|β|M|β|‖ϕ‖p,1/2rM|α−β|(2r)

−|α−β|

≤ Cr

∑

β≤α

α!

β!(α − β)!
(2r)−|α|M|α|‖ϕ‖p,1/2r = Cr‖ϕ‖p,1/2rr

−|α|M|α|

and thus

sup
α∈Nk

0

r|α|‖Dα(gϕ)‖p

M|α|
≤ Cr‖ϕ‖p,1/2r

and the conclusion follows. �
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In what follows, before stating our next lemma, we shall givethe details of a previous construction. We

take a bounded subset{Sj : j ∈ J } of D(Mn)′

(Lp) (Ω) so that there is a compact subsetH of Ω with

suppSj ⊂ H, j ∈ J.

LetK be a compact subset ofΩ with H ⊂
◦

K. We choose an elementη of D(Mn)′(Ω) which takes value

one in a neighborhood ofK and whose support is compact. For eachϕ ∈ B
(Mn)
Lp (Ω), we have that, after

the previous proposition,ηϕ is inD
(Mn)
(Lp) (Ω). We put

〈ϕ,Wj〉 := 〈ηϕ, Sj〉, j ∈ J, ϕ ∈ B
(Mn)
(Lp) (Ω).

It is easy to see that{Wj : j ∈ J } is a bounded subset ofB(Mn)′

Lp (Ω). We apply Proposition4 to obtain
h > 0 and, for eachj ∈ J , a family( fα,j : α ∈ Nk

0 ) of elements ofLq(Ω) such that

sup
α∈N

k
0

j∈J

h|α|M|α|‖fα,j‖q <∞

and

〈ϕ,Wj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω).

Let g be an element ofD(Mn)(Ω) which takes value one in a neighborhood ofH and whose support is

contained in
◦

K. Then, on account of the previous proposition, we have

〈gϕ, Sj〉 = 〈ηgϕ, Sj〉 = 〈gϕ,Wj〉 =
∑

α∈Nk
0

∫

Ω

Dα(gϕ) · fα,j dx

=
∑

α∈Nk
0

∫

Ω

(

∑

β≤α

α!

β!(α − β)!
Dβg ·Dα−βϕ

)

· fα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω). (4)

We now take a positive integerr > 4k
h . LetCr be a positive constant such that

|Dβg(x)| ≤ Crr
−|β|M|β|, x ∈ Ω, β ∈ N

k
0 .

We then have that

∑

β≤α

α!

β!(α − β)!

∫

Ω

|Dβg| · |Dα−βϕ| · |fα,j| dx

≤
∑

β≤α

α!

β!(α− β)!
Crr

−|β|M|β|

∫

Ω

|Dα−βϕ| · |fα,j | dx

≤
∑

β≤α

α!

β!(α− β)!
Crr

−|β|M|β|‖D
α−βϕ‖p · ‖fα,j‖q

≤
∑

β≤α

α!

β!(α− β)!
Crr

−|β|M|β|‖ϕ‖p,1/rr
−|α−β|M|α−β|‖fα,j‖q

≤
∑

β≤α

α!

β!(α− β)!
Crr

−|α|M|α|‖ϕ‖p,1/r‖fα,j‖q

= Cr‖ϕ‖p,1/r

( r

2

)−|α|

M|α|‖fα,j‖q
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≤ Cr‖ϕ‖p,1/r
1

(2k)|α|
h|α|M|α|‖fα,j‖q

≤ Cr‖ϕ‖p,1/r
1

(2k)|α|
sup
δ∈N

k
0

j∈J

h|δ|M|δ|‖fα,j‖q

and, noticing that
∑

α∈Nk
0

1

(2k)|α|
= 2,

we have that the series (4) converges absolutely and so we may write, puttingγ := α− β,

∑

α∈Nk
0

∑

β≤α

α!

β!(α − β)!

∫

Ω

Dβg ·Dα−βϕ · fα,j dx

=
∑

γ∈Nk
0

∑

β∈Nk
0

(β + γ)!

β!γ!

∫

Ω

Dβg ·Dγϕ · fβ+γ,j dx. (5)

Lemma 1. Let{Sj : j ∈ J } be a bounded subset ofD(Mn)′

(Lp) (Ω) such that there is a compact subsetH in
Ω with

suppSj ⊂ H, j ∈ J.

LetK be a compact subset ofΩ such thatH ⊂
◦

K. Then there areh > 0 and, for eachj ∈ J , a family
( gα,j : α ∈ Nk

0 ) of elements ofLq(Ω) such that

sup
α∈N

k
0

j∈J

h|α|M|α|‖gα,j‖q <∞

supp gα,j ⊂
◦

K, j ∈ J, α ∈ N
k
0 ,

and

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · gα,j dx, j ∈ J, ϕ ∈ D
(Mn)
(Lp) (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

(Lp) (Ω).

PROOF. We chooseh > 0 and, for eachj ∈ J , the family( fα,j : α ∈ Nk
0 ) of elements ofLq(Ω) with

the properties above cited. We fixγ ∈ Nk
0 and takeρ ∈ ρ̃ ∈ Lp(Ω). We chooser ∈ N, r > 4k/h. Then

∣

∣

∣

∣

∣

∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg · ρ · fβ+γ,j dx

∣

∣

∣

∣

∣

≤
∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

|Dβg| · |ρ| · |fβ+γ,j| dx

≤ |
∑

β∈Nk
0

(β + γ)!

β! γ!
Crr

−|β|M|β|‖ρ‖p · ‖fβ+γ,j‖q

≤
Cr‖ρ‖p

M|γ|

∑

β∈Nk
0

2|β+γ|r−|β|M|β+γ|‖fβ+γ,j‖q
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≤
Cr‖ρ‖pr

|γ|

M|γ|

∑

β∈Nk
0

(r/2)−|β+γ|M|β+γ|‖fβ+γ,j‖q

≤
Cr‖ρ‖p

M|γ|
r|γ|

∑

β∈Nk
0

(2k/h)−|β+γ|M|β+γ|‖fβ+γ,j‖q

≤
Cr‖ρ‖p

M|γ|
r|γ|

(

sup
α∈N

k
0

j∈J

h|α|M|α|‖fα,j‖q

)

∑

β∈Nk
0

1

(2k)|β|

from where we get that there isAγ > 0 such that

∣

∣

∣

∣

∣

∣

∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg · ρ · fβ+γ,j dx

∣

∣

∣

∣

∣

∣

≤ Aγ‖ρ̃‖p. (6)

If we put, for eachρ ∈ ρ̃ ∈ Lp(Ω),

vγ,j(ρ̃) :=
∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg · ρ · fβ+γ,j dx,

we then have thatvγ,j is a complex function defined inLp(Ω), clearly linear, such that after (6) is also
continuous. Then there isgγ,j in Lq(Ω) such that

vγ,j(ρ̃) =

∫

Ω

ρ · gγ,j dx, ρ ∈ ρ̃ ∈ Lp(Ω).

If M is the support ofg, then it is clear that

supp gα,j ⊂M ⊂
◦

K, j ∈ J, γ ∈ N
k
0 .

For eachϕ ∈ B
(Mn

Lp (Ω), we have

∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg ·Dγϕ · fβ+γ,j dx =

∫

Ω

Dγϕ · gγ,j dx

and, by (4) and (5),

〈gϕ, Sj〉 =
∑

γ∈Nk
0

∫

Ω

Dγϕ · gα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω). (7)

We now fixγ ∈ Nk
0 andj ∈ J . We choosẽρ ∈ Lp(Ω) such that‖ρ̃‖p < 2 andvγ,j(ρ̃) = ‖gγ,j‖q. We take

r ∈ N with r > 4k/h. If we put
C := 2 sup

α∈Nk
0

h|α|M|α|‖fα,j‖q,

we have obtained above
∣

∣

∣

∣

∣

∣

∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg · ρ · fβ+γ,j dx

∣

∣

∣

∣

∣

∣

≤
Cr‖ρ̃‖p r

|γ|

M|γ|
· C.
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Consequently,

r−|γ|M|γ|‖gα,j‖q = r−|γ|M|γ|vγ,j(ρ̃)

= r−|γ|M|γ|

∣

∣

∣

∣

∣

∣

∑

β∈Nk
0

(β + γ)!

β! γ!

∫

Ω

Dβg · ρ · fβ+γ,j dx

∣

∣

∣

∣

∣

∣

≤ r−|γ|M|γ|
Cr‖ρ‖pr

|γ|

M|γ|

= 2CrC

and so
sup
γ∈N

k
0

j∈J

r−|γ|M|γ|‖gα,j‖q ≤ 2CrC.

We apply now Proposition3 to the families( gα,j : α ∈ Nk
0 ), j ∈ J , and so obtain, for eachj ∈ J , an

elementTj in B
(Mn)′

Lp (Ω) such that

〈ϕ, Tj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · gα,j dx, j ∈ J, ϕ ∈ B
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofB(Mn)

Lp (Ω). On the other hand, we have

〈ϕ, Sj〉 = 〈gϕ, Sj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · gα,j dx = 〈ϕ, Tj〉.

The conclusion is now obvious. �

We now putLq
loc(Ω) for the linear space overC of the complex functions defined inΩ such that, for

each compact subsetK of Ω, f|K belongs toLq(K). We write|f |K,q := ‖f|K‖q.

Theorem 1. For eachj in a setJ , let ( fα,j : α ∈ N
k
0 ) be a family of elements ofLq

loc(Ω) such that, given
any compact subsetK of Ω, there ish > 0 such that

sup
α∈N

k
0

j∈J

h|α|M|α||fα,j |K,q <∞.

Then, there is a bounded subset{Sj : j ∈ J } in D
(Mn)′

(Lp) (Ω) such that

〈ϕ, Sj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ D
(Mn)
(Lp) (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

(Lp) (Ω).

PROOF. For eachm ∈ N, we put

fm
α,j := f

α,j|
◦

Km

, α ∈ N
k
0 , j ∈ J.
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We apply Proposition3 and thus obtain a bounded subset{Sm
j : j ∈ J } of B(Mn)′

Lp (
◦

Km) such that

〈ϕ, Sm
j 〉 =

∑

α∈NK
0

∫

Ω

Dαϕ · fm
α,j dx, j ∈ J, ϕ ∈ B

(Mn)
Lp (

◦

Km),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded

subset ofD(Mn)
(Lp) (

◦

Km).

For a given elementϕ of D(Mn)
(Lp) (Ω), we findm ∈ N such that

suppϕ ⊂
◦

Km

and set
〈ϕ, Sj〉 := 〈ϕ, Sm

j 〉.

It is easy to see thatSj is well defined and that{Sj : J ∈ J } is a bounded subset ofD(Mn)′

(Lp) (Ω), which
leads us to the desired result.�

Theorem 2. If {Sj : j ∈ J } is a bounded subset ofD(Mn)′

(Lp) (Ω), then there is, for eachj ∈ J , a family

( fα,j : α ∈ Nk
0 ) in Lp

loc(Ω) such that, given any compact subsetK of Ω, there ish > 0 with

sup
α∈N

k
0

j∈J

h|α|M|α||fα,j|K,q <∞

and

〈ϕ, Sj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · fm
α,j dx, j ∈ J, ϕ ∈ D

(Mn)
(Lp) (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

(Lp) (Ω).

PROOF. Let {Om : m ∈ N } be a locally finite open covering ofΩ such thatOm is relatively compact
in Ω, m ∈ N. Let { gm : m ∈ N } be a partition of unity of class(Mn) subordinated to that covering.

It follows that { gmSj : j ∈ J } is a bounded subset ofD(Mn)′

(Lp) (Ω) whose elements have their supports
contained in a compact subset ofOm. Applying the previous lemma, we obtain, for eachj ∈ J , a family
( fm

α,j : α ∈ N
k
0 ) of elements ofLq(Ω) such that there ishm > 0 with

sup
α∈N

k
0

j∈J

h|α|
m M|α|‖f

m
α,j‖q <∞,

supp fm
α,j ⊂ Om, j ∈ J, α ∈ N

k
0 ,

and

〈ϕ, gmSj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · fm
α,j dx, j ∈ J, ϕ ∈ D

(Mn)
(Lp) (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

(Lp) (Ω). We put, for eachx ∈ Ω, α ∈ Nk
0 , j ∈ J ,

fα,j(x) :=

∞
∑

m=1

fm
α,j(x).
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Given any compact subsetK of Ω, there is a positive integerm0 such that

K ∩Om = ∅, m ≥ m0,

and thusfα,j is well defined and belongs toLq
loc(Ω). Besides, we have

|fα,j |K,q ≤
m0
∑

m=1

|fm
α,j |K,q ≤

m0
∑

m=1

‖fm
α,j‖q

and so, if
h := inf{ hm : m = 1, 2, . . . ,m0 },

we have that

sup
α∈N

k
0

j∈J

h|α|M|α||fα,j |K,q ≤
m0
∑

m=1

sup
α∈N

k
0

j∈J

h|α|
m M|α|‖f

m
α,j‖q <∞.

We now apply the previous theorem to obtain a bounded subset{Tj : j ∈ J } of D(Mn)′

(Lp) (Ω) such that

〈ϕ, Tj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ D
(Mn)
(Lp) (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

(Lp) (Ω).

We next chooseϕ in D
(Mn)
(Lp) (Ω). We findm0 ∈ N for which

Om ∩ suppϕ = ∅, m ≥ m0.

Then

〈ϕ, Tj〉 =
∑

α∈NK
0

∫

Ω

Dαϕ · fα,j dx

=
∑

α∈Nk
0

∫

Ω

(

m0
∑

m=1

Dαϕ · fm
α,hj

)

dx

=

m0
∑

m=1

∑

α∈Nk
0

∫

Ω

Dαϕ · fm
α,j dx

=

m0
∑

m=1

〈ϕ, gmSj〉

= 〈
m0
∑

m=1

ϕ · gm, Sj〉

= 〈ϕ, Sj〉.

Consequently,Sj = Tj, j ∈ J , and the conclusion follows. �

Proposition 7. If Mn, n = 0, 1, . . ., satisfies condition(1), then the canonical injectionζ fromD(Mn)(Ω)

intoD
(Mn)
(Lp) (Ω) is a topological isomorphism.
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PROOF. Clearlyζ is well defined linear and continuous. It is also plain that there existb > 0 andl > 0
such that

Mn+k ≤ b lnMn, n ∈ N0.

We take now an arbitrary elementϕ of D(Mn)
(L1) (Ω) andr ∈ N. Let s be an integer greater thatrl.We extend

ϕ to Rk such thatϕ(x) = 0, x ∈ Rk \ Ω. Givenα ∈ Nk
0 andx ∈ Rk, we have that

Dαϕ(x) =

∫ x1

−∞

∫ x2

−∞

· · ·

∫ xk

−∞

∂|α|+kϕ(t)

∂α1+1t1∂α2+1t2 . . . ∂αk+1tk
dt1 dt2 . . . dtk

and hence

|Dαϕ(x)| ≤

∫

Ω

∣

∣

∣

∣

∂|α|+kϕ(t)

∂α1+1t1∂α2+1t2 . . . ∂αk+1tk

∣

∣

∣

∣

dt1 dt2 . . . dtk

≤ ‖ϕ‖1,1/ss
−|α|−kM|α|+k

≤ ‖ϕ‖1,1/ss
−|α|−kb l|α|M|α|

≤ ‖ϕ‖1,1/sb s
−k
(s

l

)−|α|

M|α|

≤ b s−k‖ϕ‖1,1/sr
−|α|M|α|

and so
ϕ ∈ D(Mn)(Ω).

Thusζ is onto. The conclusion now follows by applying a theorem of Grothendieck’s, [1, p. 17]. �

Theorem 3. If Mn, n = 0, 1, . . . satisfies condition(1) and {Sj : j ∈ J } is a bounded subset of
D(Mn)′(Ω), then there is, for eachj ∈ J , a family( fα,j : α ∈ Nk

0 ) of elements ofL∞
loc(Ω) such that, given

a compact subsetK of Ω, there ish > 0 such that

sup
α∈N

k
0

j∈J

h|α|M|α||fα,j|K,∞ <∞

and

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ D‘(Mn)(Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)(Ω).

PROOF. It is an immediate consequence of the previous propositionand Theorem2. �

We put nowD(Mn)
Lp (Ω) for the subspace ofB(Mn)

Lp (Ω) given by the closure ofD(Mn)(Ω) in that space.

D
(Mn)′

Lp (Ω) will be the strong dual ofD(Mn)
Lp (Ω). The two theorems that follow next are not difficult to prove

by following a similar procedure to those in the proofs of Proposition3 and Proposition4, respectively.
Those theorems constitute characterizations of certain ultradistributions of Beurling type inΩ.

Theorem 4. For eachj in a setJ , let ( fα,j : α ∈ Nk
0 ) be a family of elements ofLq(Ω) such that there

is h > 0 with
sup

α∈N
k
0

j∈J

h|α|M|α|‖fα,j‖q <∞.
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Then there exists a bounded subset{Sj : j ∈ J } of D(Mn)′

Lp (Ω) such that

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ D
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

Lp (Ω).

Theorem 5. If {Sj : j ∈ J } is a bounded subset ofD(Mn)
Lp (Ω), there areh > 0 and, for eachj ∈ J , a

family ( fα,j : α ∈ Nk
0 ) of elements ofLq(Ω) such that

sup
α∈N

k
0

j∈J

h|α|M|α|‖fα,j‖q <∞

and

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · fα,j dx, j ∈ J, ϕ ∈ D
(Mn)
Lp (Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)

Lp (Ω).

4 Structure of the ultradistributions of Beurling type

Given h > 0, we putE(Mn),h
0 (Ω) to denote the space overC of the complex functionsf , defined and

infinitely differentiable inΩ which vanish at infinity, as well as each of their derivativesof any order, that
is, givenǫ > 0, andβ ∈ Nk

0 , there is a compact subsetK in Ω for which

|Dβf(x)| < ε, x ∈ Ω \K,

satisfying also that there isC > 0, depending only onf , such that

|Dαf | ≤ Ch|α|M|α|, x ∈ Ω, α ∈ N
k
0 .

We put

|f |h := sup
α∈N

k
0

sup
x∈Ω

Dαf(x)

h|α|M|α|

and assume thatE(Mn),h
0 (Ω) is endowed with the norm| · |h. We set

E
(Mn)
0 (Ω) :=

∞
⋂

m=1

E
(Mn),1/m
0 (Ω)

and considerE(Mn)
0 (Ω) as the projective limit of the sequence(E

(Mn),1/m
0 (Ω)) of Banach spaces.E(Mn)′

0 (Ω)

will be the strong dual ofE(Mn)
0 (Ω). By C0(Ω) we represent the linear space overC of the complex func-

tionsf defined and continuous inΩ which vanish at infinity. We put

|f |∞ := sup
x∈Ω

|f(x)|

and assume thatC0(Ω) is provided with this norm.
If we replace the Banach spaceX of Section2 by C0(Ω), following a argument similar to that of

the previous section, and also using results of [4], we may obtain the next two theorems, which are a
generalization of resultb) .
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Theorem 6. For eachj in a setJ , let (uα,j.α ∈ Nk
0 ) be a family of Radon measures inΩ. If, given an

arbitrary compact subsetK of Ω, there ish > 0 such that

sup
α∈N

k
0

j∈J

h|α|M|α|‖uα,j‖(K) <∞,

then there exists a bounded subset{Sj : j ∈ J } of D(Mn)′(Ω) such that

〈ϕ, Sj〉 =
∑

α∈Nk
0

〈Dαϕ, uα,j〉, j ∈ J, ϕ ∈ D(Mn)(Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)(Ω).

Theorem 7. If {Sj : j ∈ J } is a bounded subset ofD(Mn)′(Ω), there is, for eachj ∈ J , a family
(uα,j : α ∈ Nk

0 ) of Radon measures inΩ such that, given a compact subsetK of Ω, there ish > 0 with

sup
α∈N

k
0

j∈J

h|α|M|α|‖uα,j‖(K) <∞,

and
〈ϕ, Sj〉 =

∑

α∈Nk
0

〈Dαϕ, uα,j〉, j ∈ J, ϕ ∈ D(Mn)(Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded
subset ofD(Mn)(Ω).

We put
◦

E(Mn)(Ω) for the subspace ofE(Mn)
0 (Ω) given by the closure ofD(Mn)(Ω).

◦

E(Mn)′(Ω) will
denote its strong dual. The elements of this last space may beconsidered as Beurling ultradistributions in
Ω. We characterize those ultradistributions in the following two theorems. Their proofs may be obtained
by conveniently adapting the proofs of Proposition3 and Proposition4, respectively.

Theorem 8. For eachj in a setJ , let (µα,j .α ∈ Nk
0 ) be a family of complex Borel measures inΩ such

that there ish > 0 with
sup

α∈N
k
0

j∈J

h|α|M|α||µα,j |(Ω) <∞.

Then there exists a bounded subset{Sj : j ∈ J } of
◦

E(Mn)′(Ω) such that

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · dµα,j , j ∈ J, ϕ ∈
◦

E(Mn)(Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded

subset of
◦

E(Mn)(Ω).

Theorem 9. If {Sj : j ∈ J } is a bounded subset of
◦

E(Mn)′(Ω), there ish > 0 and, for eachj ∈ J , a
family (µα,j : α ∈ Nk

0 ) of complex Borel measures inΩ with

sup
α∈N

k
0

j∈J

h|α|M|α||µα,j |(Ω) <∞,
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and

〈ϕ, Sj〉 =
∑

α∈Nk
0

∫

Ω

Dαϕ · dµα,j , j ∈ J, ϕ ∈
◦

E(Mn)(Ω),

where the series converges absolutely and uniformly whenj varies inJ andϕ varies in any given bounded

subset of
◦

E(Mn)(Ω).
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