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On copies of ¢; in some function spaces

Juan Carlos Ferrando

Abstract. If (Q,3, 1) is a probability space an® a Banach space, a theorem concerning sequences
of X-valued random elements which do not converge to zero iseapph show from a common point

of view that theF-normed spacéd. (1, X) of all classes ofX-valued random variables, as well as the
p-normed spacé., (u, X) of all X-valuedp-integrable random variables with< p < 1 and the space

Py (u, X) of the u-measurableX -valued Pettis integrable functions, all contain a copyif and only

if X does. We also show that § is a noncompact hemicompact topological space, then thaddan
spaceC (2) of all scalarly valued continuous functions defined@manishing at infinity, equipped with

the supremum-norm, contains a norm-one complemented dapy o

Sobre copias de ¢, en algunos espacios de funciones

Resumen. Si (92, X, 1) es un espacio de probabilidad¥/ un espacio de Banach, aplicamos un teo-
rema sobre sucesiones de variables aleatorias con valorégjee no convergen a cero para demostrar,
desde un punto de vista comln, que el espa&tioormadoLo(u, X) de todas las clases de variables
aleatoriasX -valoradas, asi como el espapimormadoL, (1, X) de las variables aleatoripsntegrables
X-valoradas, cof < p < 1, y el espacioP; (i, X) de las funciones{-valoradasu-medibles y Pettis
integrables, todos ellos contienen una copiagg y solo siX también la contiene. Asimismo probamos
que si2 es un espacio topologico hemicompacto no compacto, etiesga BanachCy(2) de las fun-
ciones continuas con valores escalares definidés@ure se anulan en el infinito, equipado con la norma
supremo, contiene una copia @denorma-uno complementada.

1 Preliminaries

ThroughoutA denotes the produgt-1, 1}N, I" theo-algebra of subsets @&f generated by the-cylinders
of A for eachn € N, andv the Borel probability®2 ,v; onT, wherey,: 2= — [0, 1] is defined by
vi (0) =0,v; {—1}) = v; ({1}) = 1/2andy; ({—1,1}) = 1 for eachi € N. Coordinate mappings ofy
are denoted by;, as well as its values when considered as mappingginto1}. In the sequel$2, %, i)
will be a nontrivial complete probability spac&l a Banach space over the fied of real or complex
numbers and o (1, X) will stand for theF-space of all [classes of]-measurable functiong: Q@ — X
equipped with the (continuoug)-norm
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of the convergence in probability. We shall represenLhy, X') with 0 < p < 1 the complete-normed
topological vector space of altmeasurabl& -valued [classes of]-Bochner integrable functions equipped
with the (continuousp-norm

1, = /Q @I d ().

We shall shorten by wuC the sentence ‘weakly unconditigr@diuchy’. We stand foP; (1, X) the normed
space of all those [classes @fimeasurableX -valued Pettis integrable functiorfsdefined o) provided
with the semivariation norm

1l y = sup{ [l r@an) et e x o <1 }

If Ais a subset of a Banach spa&ethen[A] will represent the closed linear span 4fin X. If Q is
endowed with a Hausdorff topology, the Banach space &verf all continuous functiong: 2 — K
vanishing at infinity (that is, for each > 0 there is a compact sét; C Q such that/f(w)| < e for

w € O\ K;.) equipped with the supremum-norm will be denoted®y2) and the linear subspace of
Co(92) consisting of all those functionsof compact support(ipp f) will be represented bg'(£2).

2 Copies of ¢qin Ly(p, X)with 0 <p <1

As is well known, a classic conjecture of Hoffmann-Jgrgerjskon the X -inheritance of copies afy in

the Banach spacg,(u, X) with 1 < p < oo was established by Kwapien i8][ Later on Hoffmann-
Jagrgensen conjecture was shown also to be trug fer0 [10, Theorem 2.11] (se€’[ Theorem 9.1]) and
for0 < p < 1[2, Theorem 10.4]. In this section a theorem concerning cedaguences ok -valued
random elements which do not converge to zero (The@#beiow) is used to provide an independent proof
of these facts. The following result is contained in the piafd 9, Proposition].

Theorem 1 (Kwapie ) Let X be a Banach space afd:,, } a sequence iX . If

Lemmal Let{f,} be asequence of-valued random variables fq2, 3, 11). If the seriesy " | ¢ fn
converges inLy(u, X ) for every¢ € ¢y, then for eactd € X with 1 (A) > 0 there isw4 € A such that the
seriesy >~ | fn (wa) has awuC subseries.

n

v e€ A:su
<{ negz

i=1

i

then the serie§ "~ | ,, has a wuC subseri€s, ;- | .

PROOF If we setyp, (c,w) = e,fs (w) for each(s,w,n) € A x @ x N and putS, = >, ¢
for eachn € N, it suffices to show that the sequeng®,} -, is stochastically bounded, that is, that
{S, :n € N}isaboundedsetihy(r®p, X). Infact, since{y; } .-, is a symmetric sequence of ® y)-
measurable functions, if this property holds the sequéisgeé >, is (v ® p)-almost surely bounded (see
for instance [, Theorem 2.4]). This means that the set

e } |

Z gifi (W)
neN
verifies that(v ® ) (Q) = 0. Hence, ifQ,, denotes the-slice of @, the fact that

Q{(s,w)EAxQ:sup

=1

(vow(Q) = /Q v (Qu) du ()
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implies that (Q.,) = 0 for p-almost allw € Q. Sinceu (A) > 0, thereisanwy € Awith v (Q.,,) = 0,

that is
€ A:su gifi(w =0.
({een mm|Senen] -=})

So by Theoreni there exists inX a wuC subseries o>~ f,, (wa).
Let us show that the sequen¢s,,} -, of the partial sums of the sequenge; };-, is bounded in
Lo(v @ p, X). Since} .2 | (e, fi convergesinLo(u, X) for each(¢, ) € ¢o x A, setting

chelft delft

for (¢, k) € co x N, thenh (¢) — 0 for everys € A with fixed ¢ € ¢y ask — oo. Due to the fact thak,
is v-measurable anhli < 1forevery((, k) € ¢y x N, Lebesgue’s dominated convergence theorem implies
thath hc )dv (¢) — 0 for each¢ € ¢y. Hence givere > 0 there isko (¢) € N such that

m

/. S dezft

for everym, n > ko (¢) and Fubini’s theorem shows th{azle Cigaz}n , is a Cauchy sequence (v ®
X)forall ¢ € ¢o. SinceLy(v ® p, X ) is a complete linear space, we conclude that the s&figs ¢;;

converges inLo (v ® u, X) for every( € ¢y. Therefore an application of Banach-Steinhaus’ theorgm [

15.13.(3)] shows that the linear mappifig co — Lo(v®pu, X) defined byl'¢ = 377, (;; is continuous.

SoT ({ X1, e; : n € N})is abounded subset @ (v @ ., X)) and consequently the sequedc®, }, -,

is bounded inLy (v ® p, X), as stated. W

h< = sup
m,n>k

dv (e

Theorem 2 Let{f,}, ., be a sequence of -valued random variables fqi2, 3, 1.). If the two following
conditions hold

1. Y0 Gufn converges inly(p, X) for every¢ € ¢
2. {fn},, does not converge almost surely to zero
thenX contains a copy ofy.

PrROOF LetAd = {we: f,(w)=»0}. If p(4) > 0, Lemmal yields anws € A and a strictly
increasing sequender;} C N such that the seri€s. .-, f,, (wa) is wuC in X. So there exists > 0 and
a subsequendier; };o, Of { fn, (wa)};=; With [|z;]] > eforall i € N. Sinceinf;cy ||z, > 0and} ;2 x;
is wuC in X, the selection principle along with.[ Chapter V, Corollary 7] assures th&tcontains a copy
of ¢g. On the other hand, jf. (A) = 0 thenf,, — 0 almost surely, contradicting conditi@above. B

Corollary 1 Ly(u, X ) contains a copy ody if and only if X does.

PrROOF  If Jis an isomorphism fromy into Ly(x, X)) andf,, = Je, for eachn € N then ingﬂfn”o > 0.
ne

Otherwise there is a subsequende, } of { f,} such thatf,,, — 0in J (cy), considered as a subspace of
Lo(p, X). Soe,, — 01n ¢y, a contradiction.

If a sequencé f,, } of representatives of the original sequence of classesofifans verifies thaf,, — 0
almost surely, therf,, — 0in Lo(u, X), contradicting the fact thahf,cy || f»]|, > 0. Thus conditior2
of the preceding theorem holds f@f,,}. On the other hand, if € o, sincezzozo (nen converges (to
¢) in ¢o thend>_>7 ¢, fn converges (to/¢) in Lo(u, X). Consequently the sequengg, } -, satisfies
condition1 of the preceding theorem as well. Hence TheoBguarantees thaX” contains a copy ofy.
For the converse note that is isomorphic to a linear subspacelf(u, X). B
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Lemma 2 LetJ be anisomorphism fromy, into L, (x, X) with0 < p < 1. If f,, = Je,, for eachn € N,
where {e,, }>° | stands for the unit vector basis ef, then the sequencg|f. (-)||”}.—, is uniformly
integrable.

PROOF.  Assuming by contradiction that the sequedté, (-)||”},—, is not uniformly integrable, there
aree > 0, a sequenc¢A, } -, of pairwise disjoint elements af and a subsequence 6f,, }, which we
denote in the same way, with, |/, (w)||” du (w) > € for everyn € N. Since|[>",_, &rexl,, < 1 for
eachn € N and¢ € / with [[£ ., < 1, there iK' > 0 such thaﬂ|2f=1§ifi||p < K for eachn € N
and¢ € ¢ with ||¢]|, < 1. Hence, choosing: € N such tha{m — 1) e > K, classic Rosenthal’s lemma
provides a strictly increasing sequer{eg } ;- ; of positive integers satisfying that

Ujen,jzi An;

for eachi € N. Since(a + b)? < a? +b? for a, b > O then|z + y|” > | [z| — |y||” > | |2|” — |y|"|, which
applies to get

m m P
an > Z / o (@) o (e Z / S fu @) ).
=t i Il =157
So the fact thatr + y|” < |z|” + |y|” yields
K>Z/ Hfm )P dp (w ZZ/ ||fnJ )" dp (w
=
> Z / U @I Z / i @ e,
lEN z;ﬁ]

which implies thatK' > (m — 1)e > K, a contradiction. W

Corollary 2 The spacd., (1, X)) with 0 < p < 1 contains a copy ofy if and only if X does.

PROOF  Assume thay is an isomorphism fromy into L,, (1, X) and setf,, = Je,, for eachn € N. Asin
the proof of Corollaryl one may show thahf,en || f» ||, > 0. By Lemma2 the sequenc§]| f, (- ]
is uniformly integrable. Hence if a sequence of represemmiverifies thatf,, — 0 almost surely, an
application of Vitali's lemma$, Theorem 4.10.9] yield§f, ||, — 0, a contradiction. Thugf,},~, does
not converge almost surely to zero. As in addition the se¥ies , ¢, f, converges inL,(u, X), so in
Lo(u, X), for each( € ¢y, Theoren? assures thak' contains a copy of,. B

Remark 1 The same argument can be applied to show g, X), 1 < p < oo, contains a copy of
co if and only if X does since, if f,,},-, is a normalized basic sequencelll}l(u, ) equivalent to the
unit vector basis ofy, it can be easily shown that the sequefitié, (-)||”} —, of L1 (u) is also uniformly
integrable. So Vitali's lemma together with Theor2rmassure thatX contains a copy of.

3 Copies of ¢in P(u, X)

Theorem?2 also applies to get the following well known result concagntopies ofcy in the space of
u-measurableX -valued Pettis integrable functions.

Theorem 3 (Ferrando [ 4], Freniche [ 6]) P;(u, X) contains a copy of, if and only if X does.
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PROOF  Assume by contradiction tha contains no copy of, and let{f, } -, be a normalized basic
sequence irP; (i, X) equivalent to the unit vector basis @f. Since for eachx* € X* andE € X the
mappingf — [, z*fdu is a bounded linear functional of; (1, X') and the serie$"" , f, is wuC

in P (u, X), then the serie$"" | [, fndpiswuC inX forall E € ¥. If [, f,du - 0 for some

F ¢ ¥ then for sure thaK contains a copy ofy, a contradiction. Henc¢,, f,du — O forall E € X.
Consequently, if we assume that there is a sequence of espatises verifying thaf,, — 0 almost surely,
then [, Lemma 3] assures thWanl(u,X) — 0, another contradiction. So we must conclude that no
sequence of representativiel, } converges almost surely to zero.

Since the canonical inclusion mdpfrom P; (1, X) into Lo (i, X) has closed grapts] Lemma 4], the
closed graph theorem for topological vector spa¢ed5$.12.(3)] guarantees that the restrictiowof 7" to
the copy/(f,] of ¢y in Py (1, X) into Lo(u, X) is continuous. Sincd_ >~ , ¢, f,, converges in?; (u, X ) for
every( € ¢, it follows that>~ >, ¢, f,, convergesirLy(u, X) for every¢ € c.

Since{f, } does not converge almost surely to zero &1, ¢, f. converges inLo(u, X ) for every
¢ € ¢, Theorem2 applies to show thak contains a copy ofy. This last contradiction completes the
proof. H

4 Complemented copies of ¢y in Cy(Q2)

Throughout this sectiof will stand for a non-empty Hausdorff topological space. Tolowing result
adapts some ideas df][to show that ifQ2 is a noncompact hemicompact topological space thg(§?)
contains a norm-one complemented copypfLet us recall that for compa€t thenCy(2) = C(Q2) may
contain no complemented copy @f, which happens for instance(i is extremally disconnected.

Theorem 4 If Qis a non compact hemicompact space, then the Banach gj&€¥8 contains a norm-one
complemented copy of

PROOF  Since2 is a noncompact hemicompact space there is a strictly istrgasequencé K, } of
compact subsets satisfying the property that every congudistet’s” of €2 is contained in a member of this
sequence. For everye N, setA,, := K11 \ K,

Given thatA,, is a relative open subset of the compact spaGe 1, choosew,, € A, and apply
Urysohn’s lemma inK,, ;1 to getf, € Cc (K,41) with 0 < f,, < 1 such thatf, (w,) = 1 and
supp fn C A,,. Assuming eaclf,, extended to the whole spaQdn a trivial way, then{ f,, } is a normalized
basic sequence i@y (£2) equivalent to the unit vector basfs,,} of cy. In fact, if f = >°°° | a,, fn € [fi]
with a,, — 0, givene > 0 choosen € N such thata, | < € for eachn > m. ThenK := |J;", supp f; is
a compact set ang(w)| < e for eachw € 2\ K, hencef € Cy(£2).

1 . . . " .
If =51, 55%, since eaclf € Cy(Q?) is u-integrable, the conditional expectation valig  (f)
of the random variabl¢ relative to the evend\,,, given by

1
EA“(f):u(An) /Anfdu,

is well-defined for each € N. Moreover, it must be pointed out that

1

/ f'rLdM:/J(An) = 2_n (1)
An

for everyn € N. Givenf € Cy((2), for eache > 0 there exists a compact st . C 2 suchthatf(w)| < e

forallw € Q\ Ky .. SinceQ is hemicompact, there jse N such thatk; . C K. Hence|f(w)| < e for

eachw € A,, with n > p, which implies that

Bau(NI< gy [ F@lan@) < swp el <e
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whenevem > p. This assures th&a , (f) — 0 and, consequently, that the linear operatorCy(Q2) —
Co(Q) givenbyPf =3"> | Ea, (f) [ is well-defined as well.

Givenw € Q, since (i) f(w) = 0if w & Ay, (i) [[fnll, = 1 and (iii) [Ea, (f)| < ||| for each
feCuQ),ifwe A, then

[(Pf)w)| = ‘(Z Ea,(f) f) W) < [Ba, (N < £l -

This shows thaf is a bounded linear operator witf?|| < 1. Finally, as a consequence df @nd of the
fact that thef,, are disjointly supported it follows th&x, (f;) = d;;, So that

Pfi=Y "Ea, (f) fa=Ff

n=1

for everyi € N. So we conclude tha® is a norm-one bounded linear projection operator fé2) onto

[f:]. =
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