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VORONOVSKAYA TYPE ASYMPTOTIC FORMULA FOR
LUPAS-DURRMEYER OPERATORS!

NAOKANT DEO?

ABSTRACT. In the present paper, we study some direct results in simultaneous
approximation for linear combinations of Lupas-Beta type operators.

1. Introduction

The Bernstein-Durrmeyer M,,,n € Ny (the set of non-negative integers), were
introduced by Durrmeyer [2] and independently by Lupag [B]. For a function f €
L'[0,1] they are defined by

n

(My.f) () = (n + 1)an,k($)/0 Pk(t)f()dt, x €10, 1],

k=0

where
Pnk(T) = ( Z ) mk(l — m)"‘k, 0<k<n.

Later, starting with this integral modification of Bernstein polynomials, Heil-
mann [3] first defined modified Lupag operators (see also Heilmann and Miiller [4]
as well as Sinha et al. []). More recently the present author [I] studied another
modification of Lupag operators. Now we consider Beta operator as a weight func-
tion on C]0, 00) namely,

(Lnf) (@) = 3 vns() /OO bt (1)dt, z € [0, 50), (1.1)
k=0 0

_ k
where v, k(z) = ("H,z 1) (H:ﬁﬂ and

b k(t) = ! tk =n ntk L—nv (x)
TR T B+ L,n) (1+ fn R k T
B(.,.) denoting the Beta function. Therefore
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(Lof) (x) =0 vnn(z) /OO U1 k() f()dL, z € [0,00).
k=0 0

Let us remark that many years ago W. Meyer-Konig and K. Zeller [6] have in-
troduced, in order to approximate functions g from C0, 1], the so-called Bernstein-
power series M, g defined as

o k

kgomn,k(z)g (m), z€10,1)
g9(1), z=1,

n+k—1

with my, x(2) = ( i ) 2F(1 — 2)™. Because vy, (Tl_Ly) = my, 1 (y), we see
that

(Mpng) (2) =

oo 1
y O\ T
(Lnf) (m) = nkz_:omn,k(y)/o Mok (T) f (ﬁ) dr, ye|[0,1].
The main object of this paper is to establish a Voronovskaya type asymptotic

formula and an error estimate for the linear combination of the operators ([l).

2. Auxiliary Results

In this section, we shall give certain definition and lemmas which will be used
in the sequel.

For every n € N and n > (r 4+ 1) we have

> vn(@) =1, / b (t)dt =1
k=0 0

(2.1)
k o E+r+1
E’Un7k(l‘) = .13’Un+17k_1($), /O tbn_r7k+7~(t)dt :m
Lemma 2.1. Let m,r € Ny (the set of non-negative integers), we define
e o0
b2 = 3 @) [ b0t~ 2)"de
k=0 0
then
1+r+2(1+2r
MT;TI,O(‘CC) =1, Hrn1(z) = ( ) (22)

n—r—1)

22 +4r +n+1)22 +2(2r° +5r + 2+ n)z + (r® + 3r 4 2)

i 2 () = D) . (2.3)

and there holds the recurrence relation:
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(== = Vi s1(2) = 62(2) [ (2) + 2001 ()]
+[(m+r+1)1+22) — ] porn,m(2), (2.4)

where ¢(x) = \/x(1 + x). Consequently, for each x € [0, 00)

Mr,n,m(x) =0 (ni[(m+1)/2l) : (25)
Proof. We can easily obtain [Z2) and @3) by using the definition of t,. . m ().
For the proof of Z4l), we proceed as follows. First

¢2( Mr n, m Z ¢2 n+r k ) /O bnfr,kJrr (t) (t - x)mdt_¢2 (x)mMT,n,mfl ({E)

Now, using relatlons

¢*(x)oy, () = (k — nz)vr(z) and ¢*()by, (1) = [k — (n + 1)t by (),

we obtain

¢2(x) [u’;,n,m(x) + mﬂr,n,mfl(xﬂ

oo

— kzzo[k — (n+7r)x]vptrk(x) /0 bp—r ogr (B) (t — )™ dt

= 3 tnens@) [0 = 0 M (00— )
k=0 0
+z —r(1+22)] pirnm(2) + (0 + 1 = 7)ptrnmt1(z)

) /0 t(L+ )by oy () — 2)™dE + [x = 7(1 + 22)] prn,m (%)
+(n+1—7)tyrpmy1(x)

= > vera@) [ [k -0+ (=2 ok Da] ¥ (O - )"
k=0 0

+ [z = r(1 4+ 22)] prrp,m () + (0 + 1 = 7) iy p,mr1 ()
= —Q2z+1(m+ Dpgrnm(x) — (M + 2)ptrnmy1(z) — m¢2(x)ur’n7m,1(x)
+z =71+ 22)] pirnm(2) + (0 + 1 = 7)trpmt1(2).
This leads to 3). The proof of [ZH) easily follow from Z) and 3. O

Lemma 2.2. If [ is differentiable r times (r = 1,2,...) on [0,00), then we get

( r)f) B(n,r) Zvnﬂ,k / bp—r jotr (t) f()dE, z € [0,00)  (2.6)
where
_Pl n+l  (n+r—1ln—-r—1)
ﬁ(””)_gn—(ZH) - ((n—1)1)? '
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Proof. By using the Leibniz theorem, we obtain

(L<r ) ZZ< )n—i—kik).r( 1—1)})'(1(113)3)%21_ /()oobm]c(t)f(t)dt

=0 k=1
(n+r—1)!
S Zvnw AP SIS () DYSCHCES

using again Leibniz theorem, we get

() (n—1)!
bnfr,kJrr(t) - n —r— 1 ' ( . ) nk-i—i(t)-
Thus
n4r—Dn—r—1) e (r)
L0 f) (2) = & TS () / (—1)700) o (D F ().
( ) ((TL - 1)') k=0 0
On integrating r times by parts, we get the required result. O

3. Voronovskaya Asymptotic Formula

Theorem 3.1. Let f integrable in [0,00), admits its (r +1) —th and (r +2) —th
derivatives, which are bounded at a fived point x € [0,00) and f)(t) = O(t*) as
t — oo for some o > 0, then

im n L (1 z)—f"(x)| = r+z O (2 2z) fr+D (z
Jim g (E05) @)= @)] = (12420} 0D @) 4262w ) (0),
where

_Pl n+l  (n+r—1Yn—-r—1) .

Proof. Using Taylor’s formula, we have
1) = 10@) = (=)0 @)+ E e+ L 0y 3

where

(r) (M () — (f — ) FO+D) () — =2 r(r+2)
C(ta) = FU) = () = (¢ ft)_fx):l(w) 5= [ (x) i oa At

2

=0 if x=t.

Now, for arbitrary e > 0, A > 0 there exists a § > 0 such that

|C(t,x)| <e for |t—a| <4, < A (3.2)
Using the value of [0 in @&II), we get
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- (10f) () - 1O Zvnm ) [ b (0700t~ 1)

= Z Vnroi () / ba—retr (8) [F (1) = F1 ()] dt
k=0 0
= trna fH (@) + EE2 f0 D (@) 1 R, (@)
where

= % Z Un+r, k / bnfr,kJrr (t) (t — x)2§(t, x)dt

In order to completely prove the theorem, it is sufficient to show that

nRy () =0 as n — oo.

Now
an,r(x) = Qn,r,l(x) + Qn,r,2(x)
where
Qn,T,l(x) = g Z UnJrr,k(x) / bnfr,kJrr(t)(t - x)Qf(t, x)dt
k=0 |t7x|§6
and
n
Qnr2(z) = 5 Z Utk () / b e (1) (t — 2)2E(t, 2)dt
2 k=0 |t7x|>6
Using B2)) and Z3).

‘Qn,r,l(l‘” < %6 Z ’Un-l—r,k(x) /|t Un—r,k-}-r(t)(t _ J))th
k=0

7z‘§6

< 2e¢*(x) as n— oo (3.3)
Finally we estimate @y, 2(z), using the assumption of theorem,
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Qurale) =05 ]ivw,k(x) /}”M I
~o(4 gvnm(m) /‘HM S (g (3) =)
(; ((Z)‘) (t— x)zxaz)dt>
~0(35 évw,km I bn_r,kw(t)(g (%)t ar)
) <%> . in view of [EZ3) (3.4)

Thus, from B3) and B, we have

lim ‘anr(x)| < 2e¢?(x).

n—oo

Since € is arbitrary, therefore

lim (nR, (z)) =0.

n—oo

This completes the proof. O

Theorem 3.2. Let f("1) € C[0,00) and [0,A] C [0,00) and let w (f"1);.) be the
modulus of continuity of f+tY) then for r =0,1,2, ...

s ()7

clo,A]

_lra Ao
- (n—-r-1)

L0 4 0 (vt Dw (5049 000,m)
where the norm is sup-norm over [0, A],

n=22r +4r+n+ DI +22r2 +5r + 2+ )X+ (r* + 3r +2)

and
1

m—r—1)n-—-r—-2)

C(n,r) =

Proof. Applying the Taylor formula
t

FO) = (@) = (¢ —2) fOH () + / {(f" D (y) = (@) }dy.

x
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Thus

—/3(; - (L&I’f) (x) — [ () Zvnm / b (8) (fO () — £ () dt

=3 tuens@) [ b 00— )£ )

k=0
/ { f(r+1) f(’“"‘l)(m)}dy} dt.

Since,

FOHD () — pOD ()| < 1+‘y—x‘ w (F.5) .
1)

Hence, by Schwartz’s inequality

! Mr n,2
s (1) @ = 9@ < [l 700+ (IyAral + 52 Yo (7050:9).
Further, choosing 6 = C(n,r) and using Lemma 2.1, we get the required result. [
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