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Mixed intersections of non quasi-analytic classes

Jean Schmets and Manuel Valdivia

Abstract. Given two semi-regular matrices 9 and 9’ and two open subsets € and Q' [resp. two
compact subsets K and K'] of R™ and R? respectively, we introduce the spaces £ xan’) (2 x Q') and
D xonry (2 X ') [resp. Dian xom/y (K x K')]. In this paper we study their locally convex properties
and the structure of their elements. This leads in [10] to tensor product representations of these spaces
and to some kernel theorems.

Intersecciones mixtas de clases no casi-analiticas

Resumen. Dadas dos matrices semi-regulares 9 y 9" y dos subconjuntos abiertos Q y Q' [respec-
tivamente dos subconjuntos compactos K y K'] de R” y R® respectivamente, introducimos los espa-
cios Egmxa) (2 X Q') y Deon xomry (@ x Q') [respectivamente Doy wom/y (K % K')]. En este articulo
estudiamos sus propiedades localmente convexas y la estructura de sus elementos, lo que nos ha permi-
tido en [10] obtener representaciones de estos espacios en productos tensoriales y algunos teoremas de
ntcleos.

1 Introduction

Intersections of non quasi-analytic classes have first been investigated by Chaumat and Chollet in [3] in the
case M, , = M’ where (M,)pen, is a sequence with moderate growth and (a;) ;en a sequence of positive
numbers strictly decreasing to 0. They obtained a Whitney extension theorem, a L.ojasiewicz theorem on
regular situation, some theorem of division and preparation and a Whitney spectral theorem.

Later on Beaugendre studied extensively such intersections in [1] and [2] when the numbers M, are
defined by means of a convex and increasing function ® on [0, +o00[ such that lim; o, ®(t)/t = co. In
particular he obtained extension results for Whitney jets and an explicit continuous linear map for Whitney
jets.

We considered such intersections for general matrices 9 = (M; ) jen pen, and obtained analytic and
holomorphic extensions of Whitney jets in [6] and an explicit continuous linear extension map for Whitney
jetsin [7].

In [9] we investigated locally convex properties of these intersections.

In [8] we introduced mixed non quasi-analytic classes, i.e. given two increasing normalized and non
quasi-analytic sequences M and M’ of positive numbers as well as two open subsets 2 and Q' [resp.
two compact subsets K and K'] of R” and R® respectively, we consider the spaces &M /)(Q x Q)
and DM-M) () x Q') [resp. DM-M") (K x K')]. We studied some of their locally convex properties,
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approximation and denseness properties and the structure of their elements. This lead to tensor product
representations and kernel theorems.

In this paper we investigate the case of intersections of mixed non quasi-analytic classes: locally convex
properties and structure of their elements. We present tensor product characterizations of them and develop
some kernel theorems in [10].

2 Notations

All functions we consider are complex valued and all vector spaces are C-vector spaces. The euclidean
norm of x € R™ is denoted |z|. If f is a function defined on A C R™, then we set || || 4 := sup,c4 | f(2)].

If E is a Hausdorff locally convex topological vector space (in short: a locally convex space), E’
designates its topological dual endowed with the strong G(E’, E) topology. We refer to [4] and [5] for
properties of the locally convex spaces.

Whenever m is a sequence (m,)pen, of real numbers, the notation M designates as usual the sequence
(Mp)pen, Where M, = mq ... m, for every p € Ny. Such a sequence is

(a) normalized if mg = 1 and m,, > 1 for every p € N;

(b) non quasi-analytic if Z;O:O 1/m, < co.

A semi-regular matrix m is a matrix of the type

m = (M, p)jeN peNo

such that, for every j € N, the sequence m; = (m; p)pen, is normalized, increasing, non quasi-analytic
and such that

(a) mj,p > mjy1p forevery p € Ny,

(b) limp*)oo mjﬂ,p/mj,p =0.
Then, of course, M ; designates the sequence (M, ,,)pen, forevery j € N and 9t the matrix (M; ;) jen pen,
and, for every open subset €2 and compact subset K of R™ as in [8], one can introduce

a) the (FS)-space €y () as the projective limit of the spaces £(M3)(Q), i.e. the space of the C*-
functions f on 2 such that

Hf”H,h,j ‘= sup M <

o
aeng MM o

for every compact subset H of 2, h > 0 and j € N, endowed with the fundamental system of semi-norms
W-llgp,: HEQh>0,j€Nk

b) the (FS)-space Dy (K) as the topological subspace of Exgn)(R™) of the elements having their
support contained in K;

¢) the (LES)-space D9y ({2) as the inductive limit of the spaces Dgy)(H) where H runs through the
family of the compact subsets of (2.

From now on, unless otherwise stated,

(a) r and s are positive integers;

(b) Q and Q' are non empty open subsets of R” and R* respectively;

() m = (m;p)jen,pen, and m" = (m ) jen pen, are semi-regular matrices.

Then Egnyxom) (2 x ) is the vector space of the C>°-functions f on © x €’ such that, for every
compact subset K of Q and K’ of ', h > 0and j € N,

171 B | i ey
KxK'h,j —

x I (a,8)eNs xN; hla\+\ﬁ|MJ~’\a|M]’z7w|
endowed with the fundamental system of the semi-norms ||-|| ;¢ ¢/ j, ; Where K (resp. K') runs through the
non void compact subsets of €2 (resp. '), h > 0 and j € N. As it coincides with the projective limit of the

(FS)-spaces E(Mj’M;')(Q x ) (cf. [8)), it is a (FS)-space.
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Given a compact subset H of R" x R®, we designate by Dgn o) (H) the topological subspace of
Donxonry (R” x R?), the elements of which have their support contained in H. It clearly is a (FS)-space.

Finally D g on/) (€2 x ') designates of course the inductive limit of the Fréchet spaces Do on/) (H)
where H runs through the non void compact subsets of 0 x Q’. It is a (LFS)-space. In particular we
consider it as the inductive limit of the spaces Dgn o) (K, x K,,) where (K, )nen and (K7, )nen are
compact exhaustions of {2 and €’ respectively, such that K,, C K, and K|, C K,°,, forevery n € N.

3 First properties
Proposition 1 The bilinear map

A: Egnwann (2 X ) = Egreanny (2 x Q) (f,9) — 9,
is well defined and continuous.

PROOF.  Given sequences (fm)men and (gm)men converging to 0 in gy anr) (2 x Q'), Proposition 3.1
of [8] tells us that, for every j € N, the sequence ( f,,gm )men converges to 0 in E(Mj’M;')(Q xQ). 1

Definition 1 By £('?)(R" x R*), we designate the space of the C®-functions f on R" x R® such that,
for any h > 0 and any non void compact subsets K of R" and K' of R®,

||D(a’5)f||KxK/

= Su PR I m.
lrexrrn (pers  BIETHAIlB] ’

endowed with the system {HKxK/’h : K € R",K' € R*,h > 0} of semi-norms. It clearly is a Fréchet
space.

We also denote by H(C"™) the Fréchet space of the holomorphic functions on C" endowed with the
topology of uniform convergence on the compact subsets of C". Classical holomorphy arguments easily
provide that the restriction map

[: H(C) = EPIR" x R®);  f — flrrts
is a well defined isomorphism.

Proposition 2 The vector space £P'1)(R" x R®) is a vector subspace of Emxomy (R x R?®) and the
corresponding canonical injection is continuous.

PROOF. For every j € N, (m;p)pen, and (m] ,)pen, are increasing sequences of positive numbers
which are non quasi-analytic. This implies lim,_,o, p/m; , = 0 and lim,_, o p/ m})p = 0. Therefore there
is po € Nsuch that p < m; , and p < mém for every integer p > po hence a constant B; > 0 such that

p' < Bij’p and p' < Bng/',;ﬁ Vp S N().

The conclusion is then immediate since this leads to

Hf”KXK',h,j S B‘]Q ‘f|K><K’,h’ Vf S g(p!q!)(Rr X RS)7
for all h > 0, 7 € N and compact subsets K of R” and K/ of R*. H

By Proposition 5.3 of [9], we know that, for every compact subsets H and K of ) such that H C K°
[resp. H" and K’ of Q' such that H" C K'°], there is f € D(gn)(K) identically 1 on a neighbourhood of
H [resp. g € D(gny(K') identically 1 on a neighbourhood of H'], so it is a standard matter to obtain the
following results.
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Lemma 1 a) For every compact subsets H and K of Q) x ' such that K C H®, there is a positive function
© € Diomxonry(H) which is identically 1 on a neighbourhood of K.

b) If {Q;: j € J} is a finite open cover of the compact subset K of Q0 x V', then there are positive
functions ¢ € Danxonr)(Q x ) such that supp(p;) C €2 for every j € J and ; ; p; is identically 1
on a neighbourhood of K.

¢) For every open cover O of Q x ¥, there is a Doy comry (2 x Q')-partition of unity subordinate to O.

Proposition 3 The set Doy oy (2 x V') is a dense vector subspace of E gy xon) (2 X Q).

Definition 2 A 0-open set of the M x M -distribution u on Q x Q' [i.e. a continuous linear functional on
Dimxony (2 x Q)] is an open subset w of Q x Q' such that {u, ¢) = 0 for every ¢ € Dgnxom)(w).

Proposition 4 Every union of 0-open sets of a M x M’ -distribution u on Q X ' is a 0-open set of u.

Definition 3 The support supp(u) of the M x M -distribution u on Q0 x ' is the complement in Q0 x
of the 0-open set of u, i.e. the union of all the 0-open sets of u.

Proposition 5 A 9t x 9V -distribution has a compact support if and only if it has a continuous linear
extension on &y om) (2 x ).

4 Approximation

Notation 1 Given b € R™ and a function f defined on R™, 7, f designates the function defined on R™ by

nf() = f(. =)

Proposition 6 Forevery b € R" x R®, the map T, is a well defined continuous linear map from the space
Emxon) (R” x R?) into itself.
Moreover we have limy o 7o f = f for every f € Egnxon)(R” x R?).

PrROOF. This is a direct consequence of Proposition 7.3 of [8] stating that, for every 7 € N, the analogous
result is valid for £€Mi-Mi)(R™ x R*). W
Notation 2 For every m € N, 1, designates the function defined on R” x R* by

¢m(u,v) _ m(r+s)ﬂ_f(r+s)/2€7m2|u‘2e,m2‘v|2, V(u, U) cR" x R®.

Proposition 7 For every m € Nand f € Dignxon) (R x R?), the function f x 1, has a holomorphic
extension on C™+* and therefore belongs to £'?") (R” x R?).

Proposition 8 For every element f of the space D(gnyxon)(R" x R?), the sequence (f * 1m)men con-
verges to f in Egpxon) (R” x R?).

PROOF. Clearly (f * thm)men is a sequence of £P'?)(R™ x R?) hence of Egnxan) (R x R*) by Propo-
sition 2.

The conclusion then follows directly from Proposition 5.2 of [8] saying that, for every j € N, the
sequences (f * thm )men converges to f in EMiMi)(R” x R%). W

Proposition 9 The ser of the restrictions of the polynomials to @ x Q' is a dense vector subspace of
g(gﬁxgm/)(Q X Q/)

PROOF. This follows directly from Proposition 5.3 of [8] saying that, for every 7 € N, the set of the
restrictions of the polynomials to  x Q' is dense in EM5Mi) (Q x V). W
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Proposition 10 The vector space D gy (Q2) @ Dop) (') is dense in

(@) Emxanr) (2 x ),
(b) D(gmxgm/)(Q X Q/)

PROOF. (a) By Corollary 9, it suffices to establish that the set of the restrictions to {2 x €’ of the polyno-
mials on R™ x R® is contained in the closure of Do) (2) @ Dgnry (') in Emxomry (2 x Q).

This is a standard matter. We choose fundamental sequences (K, )nen and (K,),en of compact subsets
of Q2 and Q' respectively, such that K,, C Ky, ; and K, C K/?,, for every n € N. Next, for every n € N,
we let f, (resp. g,,) be an element of D(gy) (K, 11) (resp. of Dgnry (K, ;) identically 1 on a neighbourhood
of K, (resp. K,). Then, for every polynomial P on R" x R®, we have

(fn ®gn) - P € Dion)() @ Diamry (), Yn €N,

and the sequence ((f,, ® gn) - P)nen converges to P in oy xon) (2 x Q).

(b) Let h be an element of Doy onry (2 x Q') and (P, )nen be a sequence of polynomials converging
to b in Egnyonr) (2 x Q). Let moreover K, H (resp. K', H') be compact subsets of (2 (resp. 2) such that
supp(h) C K x K’ and K x K' C H°® x H'. Then we choose f € Dyp)(H) and g € Dgnry(H')
identically 1 on a neighbourhood of K and K’ respectively. Then the sequence ((f ® ¢).P,)nen of
Do) (£2 x Q) converges to (f®g).h = hin Egnyxom) (2 x Q). As we have supp(f®g)-P, C HxH'
for every m € N, we conclude at once. W

Definition 4 A subset B of R™ has the local displacement property if every x € B has a neighbourhood
W such that, for every € > 0, there is a € R™ such that |a| < e and a + BNW C B°.

If By, ..., By are closed balls in R™ in finite number and such that B; N By, # () implies B; N By, # @,
one can check that their union has the local displacement property. Moreover if the compact subsets K of
R" and K’ of R® have the local displacement property, it is clear that K x K’ also has this property.

Therefore, from now on, we agree that the exhaustions (K, ),en of © and (K/,),en of € consist of
compact sets having the local displacement property and such that K, C K, ,, and K], C K?,, for every
n € N.

Proposition 11 If the compact subsets K of R™ and K’ of R® have the local displacement property, then
Do) (K) @ Doy (K") is a dense vector subspace of D sy xon) (K x K').

PROOF. One has just to adapt the proof of Proposition 8.1 of [8] which provides a similar result for each
of the spaces DM Mi) (K x K'). R

5 Structure of the elements of
g(gmxgml) (Q X Q/) and D(mefm’)(Q X Q/)

Definition 5 Let us say that m' (or equivalently ) is regular if, for every j € N, there are constants
A(j), H(j) > 1 such that
Mg 1 < A(G)H(5)P M

J 7P’

Vp € N.

Proposition 12 a) For every f € Eonxon)(Q x Q') and y € V', the function f(-,y) belongs to & ay) ().

b) If O is regular, then, for every 3 € N*, D°P) is a continuous linear map from Emxom) (2 x Q)
into itself.

PROOF.  a) is straightforward: f(-,y) is a C*°-function on {2 and, for every continuous semi-norm ||| . ;, -
on o) (2), Il - {y3,5,; 15 @ continuous semi-norm on &Eanxan) (2 x ') such that

||D(a’0)f||Kx{y}
1£( y)”K,h,j = QS;\II)S W < ||f||K><{y},h,j .
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b) Let |- , » . be any continuous semi-norm on £ N (Q x Q). As M is regular, it is a direct
KxK’,h,j y (MM’ g
matter to get constants A, H > 1 such that

/ 18] /
My 151 pyip) < AHPP M, Vp € No.

Therefore we get

D(e:B+7) ,
IDOD fllsrrn; =  sup I fllxxx

< AV Fll i seiermymion
(c7)ENE XN h|oz\+|’Y|Mj"a|Mj{7 XK' ;h/HIPLj+|6|

[v]

for every f € Eanxon) (2 x Q) and we conclude at once. W

Proposition 13 [f 90 is regular, then, for every f € Eanxon) (2 x Q'), the function
9: QY = Em(Q); vy fhy)
is C> and, for every (3 € N, one has DPg(y) = D) f(-,5) for every y € .

PROOF. Up to considering the real and imaginary parts of f separately, we may suppose f real.
We first prove that, for every 3 € N, the function

95: Q' — Eamy(Q); y DO f(y)

is continuous. Consider any continuous semi-norm |-/ ;, ; on &) (§2) and point y of €. There is d > 0
such that {v € R*: |y —v| < d} C € and, for every v € R?® such that |y — v| < d, the limited Taylor
formula leads to

IDOD £ ) = DOD FC0) kg

S
DS f (2, y + (v — y))|
< sup sup sup Yk — Vk
a€eN? zeK 0€(0,1] ;' | hlelM; o

1
<sly—v| AT Mf,‘,\ﬁ|+1 ||f||K><{z€]RS: ly—z|<d},h.j
and the conclusion of this part of the proof is immediate.
To conclude, it is now sufficient to establish that, for every 3 € N§ such that | 3| = 1, we have D’ g(y) =
D(O’ﬁ)f(~, y) for every y € Q. Let us consider for instance 3 = €1 and y € '; we need to prove that

gy + key) — g(y)
k

lim
k—0

D(O’“)f(-,y)H =0
K,h,j

for any continuous semi-norm ||-|| ¢ ,, ; on Eeon) (2). There is d > 0 such that K := {v € R*: [y —v[ <
d} C Q. Given e > 0, we first choose m € N such that

—7 € 13
27 hM] DO £l ke 2 < 5

For any k£ € R such that 0 < |k| < d, acting as in the first part of the proof leads to

+ ker) — .
K,h,j

k
D(eer) _ pDlaer) D(eer)
< s o DS G2) @Dy o g DS @2
la|<m z€K RN |4 la|>m ek MM o
z2EK' T zeK'
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Now on one hand we note that we have

D) f(z, 2)
sup sup ————-—

ja|>m zek M)
zeK

<27 hMY ||D(0’61)f||KxK',h/2,j

hence the second term of the second member in the previous inequality is < /2. On the other hand, the
set of functions {D(*) f: o € N4, |a| < m} is uniformly equicontinuous on K x K; this provides the
existence of 6 €]0, d] such that

D<) f(z, z) — D@ f(z,y)|

€

sup sup < -

lal<m _w€K hleIM; 4 2
ly—=z]<é

Hence the conclusion. W

Proposition 14 Let 9 be regular. If u belongs to g(g_’n)(Q)/,
(a) the function (u, f(-,y)) belongs to Egnr) (') for every f € Eonxon)(Q x Q). Moreover one has

D (u, f(-,y)) = (u, D' f(-,y)) for every B € Nj.
(b) the linear map
Az Egnxony (2 X Q) = Ean(Q); [ = Af(y) = (u, f( )

is continuous. More precisely, if u verifies |(u, )| < C ||| , n, ., o1 Em) (), then we have

AN e ns < Ol kg i g
on Egnxonr)(Q x Q) for every h €]0, ho[ and j > jo.
PROOF. From the previous two propositions, we obtain that (u, f(-,y)) is a C°°-function on ' such that
D (u, f(,y)) = (u, D@ f(,y)) for every 3 € N.
Moreover if u € 5(m)(Q)/, is such that |(u, )| < C||' x, 4,50 ©0 E(o) (€2), then, for any continuous
semi-norm [|-[| g/ 5, - on Eanr) (') with 0 < h < ho and j > jo and every 3 € Nj, we get

D(Otﬁ)f Kox K
sup [D%(u, f(-,9))| < C sup ”M#
yeK' €Ny hy ' M,

< Chlﬁlel-Jm 11l k¢ kg -

0,]c]

Hence (u, f(-,y)) belongs to Egn/)(€2') and we have
||Af||K/,h,j <C ”f”KOxK’,h,j , Vfe 5(W3X9ﬁ’)(9 x Q/)~

Proposition 15 If 9V is regular, the bilinear map
At Eamxany (2 x Q) x Eay () = Eanny (V) (fu) = (u, f(,y))
is hypocontinuous.

PROOF. By [5, I1.5.2] and part b) of the previous Proposition, we only need to prove that, for every
I € Emxonr) (2 x ), the linear map

Ag: Eamy () = Eann () u e (u, f(y))
is continuous. This is direct since for every continuous semi-norm |[-[| ¢/ 5, ; on Eay) (') and every u €
Eemy (), we have
s FC 9Dl aer s = sup [, 9)
geB

with B = {DO2) f(. ) /(RIFI M

1181 B €NG,y € K'}, abounded subset of Eoy) (€2) indeed. M
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Proposition 16 a) For every ¢ € Dpyxon)(2 x Q') and y € SV, the function ¢(-,y) belongs to
Doy ($2).

b) If M is regular, then, for every 3 € N3, the map DP) is a continuous linear map from the space
Dimxom) (2 x Q') into itself.

) If M’ is regular, then, for every ¢ € D(anxon) (2 x Q'), the function

9: Q' = Dony () y+— o(-y)
is a C*®-function and, for every 3 € N§, one has DP g(y) = D(O’ﬁ)f(-, y) for every y € ).
d) Let N be regular. If u belongs to D sy (), then

(i) for every ¢ € Dgnyxon) (2 x Q), (u, (-, y)) belongs to D9pr (') and one has DP(u, o(-,)) =

<u,D(0’ﬁ)<p(~, y)) for every 5 € N§;
(ii) the linear map

L: Dignxonr) (2 x Q) —= Donry (Q); @ = To(y) = (u, ¢(-,y))

is continuous.
e) If M is regular, the bilinear map

A Dy (2 % Q) x Doy ()" — Diomry ()5 (0, u) = (u, 0(,))
is hypocontinuous.

PROOF. In all cases, ¢ belongs to Egnxan) (2 x ') and we may apply the previous results.

a) and c) are then clear.

b) In fact, the proof of the corresponding result for &gy o) (€2 x ') establishes that the linear map
D(#) is continuous from D(anx o) (K) into itself for any compact subset K of £ x €)',

d) The part (i) is clear. For the part (ii), we note that the restriction of the map A to D gy xon/) (€2 x ')
is of course continuous from D gy o) (€2 X ') into E9nr) (') and coincides with I". So I' is a linear map
with closed graph from an ultrabornological space into a (LF)-space hence is continuous.

e) Here again by [5, I11.5.2], we only need to prove that, for every element  of D gy o+ (€2 x €2'), the
linear map

Ay Diamy () = Dowy (V) = (w0(-)
is continuous. As there are compact subsets K of 2 and K’ of Q' such that supp(¢) C K x K’, we obtain
that the map A, : Doy Q) — Doy (K') is continuous since, for every continuous semi-norm ||| . ;, ;

on Dgpry(K') and every u € Doy, (Q)’, we have

1w, 9 (o)) iy < sup [, 9)|
geB

with B = {D(O’ﬁ)ap(-,y)/(hW'M]'.’w': B € N§,y € K'}, abounded subset of Doy (K') hence of Doy (2).
]

Remark 1 Of course, instead of fixing y in Q)', we may fix x € Q and, up to having M regular instead of
M’ when necessary, we get analogous results.

6 The maps [u,v), (u,v]and u ® v

Definition 6 Let u and v be continuous linear functionals on D ay) () and Doy (SY') respectively. If I
is regular, the Proposition 16 tells us that

[, 0): Doy (2 x ) = C; - 0= (v, (u, (- y)))
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is a continuous linear functional.

If moreover u and v have compact supports, they have continuous linear extension on sy (§2) and
Eomr) (') respectively. Therefore by the Proposition 14, [u,v) has a continuous linear extension on
Emxoy (Q x Q') hence has a compact support.

Proposition 17 If M’ is regular, u € Doy ()’ and v € Dgnry (), then
(a) D’[u,v) = [u, DPv) for every 3 € N§;
b) (f @ g)[u,v) = [fu, gv) for every [ € Ean) () and g € E) (V).

PROOF. This is clear since these continuous linear functionals coincide on Doy (22) @ Doy (€2'), a dense
subspace of Dgpyon) (2 x ). N

Proposition 18 If 9V is regular, the bilinear map
BZ D({)ﬂ) (Q)/ X D(m/)(ﬂ/)/ — D(WXW’)<Q X Ql)/; (U, U) — [U, U)
is hypocontinuous.

PROOF.  As D(gn)(£2) and D gy (') are (LFS)-spaces, their duals are ultrabornological. Therefore by [5,
I11.5.2], we only need to prove that B is separately continuous.

On one hand, if u belongs to D gy, (©)’, we know by part d(ii) of Proposition 16 that T' is a continuous
linear map. Therefore its transpose ‘I" from D gy (€') into Doy seonry (2 x ')’ is continuous with

<trva $0> = <’07F<p> = <U7 <’LL, QD(, y)>>

for every ¢ € Dignyxon) (2 x '), ie. 'Tv = [u,v).
On the other hand, let v be an element of D(gn/y(€Y')'; of course V = {¢) € Do) () (v, )| < 1},

a 0-neighbourhood in D(gy/)(2'). Now let W be any 0-neighbourhood in D gy oy (€2 % Q). There is
then a bounded subset A of D(gyxon) (2 x Q') such that A° C W. As the bilinear map A of part e) of

Proposition 16 is hypocontinuous, there is a 0-neighbourhood U in D) (2)" such that A(A x U) C V,
i.e. suchthat B(-,v)U Cc A°cW. R

Proposition 19 If 9 is regular; the bilinear map
B: Eony(Q) x Eany () — Egmxonn (2 x Q)5 (u,v) = [u,v)
is continuous.

PROOF.  As Eon)(2) and E(gy) (') are (FS)-spaces, it suffices to prove that 3 is separately continuous.
For this purpose, one has just to proceed as in the previous proof replacing on one hand part d(ii) of
Proposition 16 by part b) of Proposition 14 and on the other hand part e) of Proposition 16 by Proposition 15.
|

Remark 2 If 9 is regular, one gets similar results for (u,v] defined as follows
(U,’U]Z D(WZXEIW)(Q X Q/) _>(C; Y= <u7 <’U,(P(£C,'>>
for every u € Dony() and v € Dignr (')

Proposition 20 If 9t and 9 are regular, then we have [u,v) = (u,v] for every u € D(m)(ﬂ)/ and
NS ’D(gm/)(Q/)/.
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PROOF. Indeed the continuous linear functionals [u,v) and (u, v] on the space D gy o) (2 x ') coin-
cide on the dense linear subspace D(gn)(2) ® Dony (/). W

Definition 7 If 9 and O’ are regular; the previous result allows us to define the tensor product u @ v of
u € Do) () and v € Dyonry () by u @ v = [u,v) = (u,v].

Proposition 21 [f 90 and 9 are regular; then, for every u € Doy (Q) and v € D (onry (), we have
(a) supp(u ® v) = supp(u) x supp(v);
(b) D' (u @ v) = (D*u) @ (Dv) for every o € Njj and 3 € N,
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