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Valdivia compact Abelian groups
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Abstract. Let R denote the smallest class of compact spaces containing all metric compacta and closed
under limits of continuous inverse sequences of retractions. Class R is striclty larger than the class of
Valdivia compact spaces. We show that every compact connected Abelian group which is a topological
retract of a space from class R is necessarily isomorphic to a product of metric compacta. This completes
the result of Uspenskij and the author, where a compact Abelian group outside class R has been described.

Grupos abelianos compactos de Valdivia

Resumen. Sea R la clase minima de espacios compactos que contiene a todos los espacios com-
pactos métricos y que es cerrada para la operacion de tomar limites de sucesiones continuas inversas de
retracciones. La clase R es estrictamente mayor que la clase de los espacios compactos de Valdivia.
Demostramos que todo grupo abeliano compacto conexo que es un retracto topoldgico de un espacio de
la clase R es necesariamente isomorfo al producto de espacios métricos compactos. Este resultado com-
pleta el de Uspenskij y el autor, en el que se describe un grupo compacto abeliano que no pertenece a la
clase R.

1 Introduction

In the last years there has been some significant interest in the theory of Valdivia compact spaces [1, 4], i.e.
those compact spaces K which are embeddable into a Tikhonov cube [0, 1]* in such a way that K N (k)
is dense in K, where X(x) denotes the 3-product of « copies of [0, 1]. The main motivation comes from
the fact that every Valdivia compact K has a resolution consisting of retractions onto Valdivia compacta
of smaller weights. Consequently, the Banach space C(K) has a projectional resolution of the identity, a
useful property with several important consequences. For details we refer to [2], [4], [5, Chapter VI] and [7,
Chapter 6]. Several interesting results on Valdivia compacta were proved by Ondiej Kalenda [11, 12, 14, 15]
(see also his survey article [13]).

One of the questions, left open in [13], asked whether the class of Valdivia compacta was stable under
open images. Typical examples of open surjections are epimorphisms of compact groups. Since every
compact group is an epimorphic image of a product of metric compact groups and every product of metric
compacta is Valdivia compact, it is natural to ask whether all compact groups are Valdivia compact. A coun-
terexample has been found by Vladimir Uspenskij and the author [18] —a compact connected Abelian group
whose Pontryagin dual is indecomposable, i.e. not representable as a direct sum of two proper subgroups.

The purpose of this note is to complete the result of [ 18]. Namely, we show that every connected Abelian
group G which is Valdivia compact must be isomorphic (as a topological group) to a product of metrizable
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compact groups. In fact, we prove a stronger result involving class R, introduced in [2] and defined to be
the smallest class of spaces containing all metric compacta and closed under limits of continuous inverse
sequences whose bonding maps are retractions. The study of class R has the same functional-analytic
motivations as for the (strictly smaller) class of Valdivia compacta, see [2] and [16]. It has been proved
in [18] that the mentioned above Abelian compact group does not belong to class R.

We show that a connected Abelian group which is a topological retract of some space from class R
must be isomorphic to a product of metric groups and consequently is Valdivia compact. We also deduce a
similar statement for disconnected Abelian groups, using a well known topological product decomposition.
In fact, we prove the first cohomology group of a retract of any space from class R is isomorphic to a direct
sum of countable groups. Let us admit that it is not known whether class R is stable under retractions.

2 Preliminaries

A topological group is a group endowed with a Hausdorff topology for which the group operations are
continuous. Given a locally compact Abelian group G, the Pontryagin dual G of G is the group of all
continuous homomorphisms x: G — T endowed with the pointwise convergence topology, where T is
the circle group. It is well known that the Pontryagin dual of the Pontryagin dual of an Abelian group G is
isomorphic to G and Gis compact (and connected) iff G is discrete (and torsion-free). For more information
on Pontryagin duality we refer to [10] and [9].

All topological spaces under consideration are assumed to be compact Hausdorff. By a retraction we
mean a continuous map f: X — Y which is right-invertible, i.e. fj = idy for some continuous map
j:Y — X. A retractive inverse sequence is a continuous inverse sequence S = (K, rg, 0) in which
all bonding maps r are retractions (equivalently: each 2% is a retraction). Recall that a sequence S is
continuous if K, together with maps {r§}a<, is the limit of S [ ¢ := (K¢, 7/, o) for every limit ordinal
0 <.

Recall that a compact space K is Valdivia compact if K can be embedded into a Tikhonov cube [0, 1]* so
that KNX (k) is dense in K, where X(k) = {z € [0,1]": | suppt(z)| < Vo } and suppt(z) = { a: z(a) #
0}. Class R is defined to be the smallest class of spaces containing all metric compacta and closed under
limits of retractive inverse sequences. It is well known (see e.g. [16]) that class R is strictly larger than the
class of Valdivia compacta. There is a natural ordinal rank rkz on class R. Namely, we define rkz (K) =0
iff K is a metric compact and we declare kg (K) < Sif K = lim S, where S = (Ke, 7"2, K) is a retractive
sequence such that rkg (K¢) < § for every { < k. Finally, we set rkg(K) = ( if tkgr(K) < (3 and
rkr (K) € a forany a < .

The key tool needed to obtain our result is a continuous contravariant functor from the category of
compact spaces to the category of discrete Abelian groups. Namely, as in [18], we use the first cohomology
functor H', in the sense of the theory of sheaves [8] or the Cech theory [19, Chapter 6]. More precisely,
we let H(X) = H'(X,7Z), i.e. we use the integers as the coefficient group. Functor H*! has the following
properties:

(1) H'(X) is countable whenever X is second countable.
(2) H'(f)is a monomorphism whenever f is a continuous surjection.

(3) If X = lim(X¢,p{, x) then H'(X) is the inductive limit of the sequence (H'(X¢), H'(p}), x) in
the category of groups.

For the proofs we refer to [19] or [18]. Another important feature of the above functor is that H 1(G)
coincides with the Pontryagin dual of G, whenever G is a compact connected Abelian group (see [18] for
more details).

We use standard notation concerning sets, ordinals and cardinals. Given a cardinal y, we denote by
H () the class of all sets which are hereditarily of cardinality < x, i.e. whose transitive closure has car-
dinality < x. It is well known that H(x) is actually a set and every set belongs to some H(x). In the
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proof of Lemma 2 below, we apply the technique of elementary substructures of (H (), €). For details and
explanations we refer to [6] or [17].

3 Decomposing Abelian groups into direct sums

We need two statements concerning discrete Abelian groups. Let us denote by H the class of all Abelian
groups which are isomorphic to a direct sum of countable groups. It turns out that H has a very simple
structure. The following two lemmas perhaps belong to the folklore of group theory, we present their
proofs for the sake of completeness.

Lemma 1 Assume that {G,}a<r is a continuous increasing chain of subgroups of an Abelian group G
such that G = Go, Go =0and Goy1 = G, & H, for every a < k. Then

G:@Ha.

a<k

a<k

In particular, if { Hy,: o < k' } C 'H then also G € H.

PROOF. Denote by G’ the algebraic sum ) _, H, C G, i.e. G’ consists of all elements of the form
xo+ -+ xp_1, where z; € Hy,, i < k. Then Gy C G’ and G¢ C G’ implies G¢41 C G'. Thus, by
induction and by the continuity of the chain, we deduce that G’ = G.

Now suppose zg + - -+ + z = 0, where x; € H,, fori < k. Assume 0 < ap < a3 < --- < aj and
«; is a minimal ordinal « such that x; € H, (i < k). By the continuity of the chain, we have a, = £ + 1
and hence g + - -+ + z1—1 € G¢ and x, € He. Thus x, = 0, because G¢ N Hy = 0. This shows that
H, ﬁzainHa =0foreveryn <x. N

Lemma 2 Class 'H is closed under direct summands. That is, if G = H & K € H then H € H and
K eH.

PROOF. We use induction on the cardinality of the group. Of course, the claim is true for countable groups.
Fix £ > Ny and suppose that the statement holds for all groups of cardinality < . Fix G = @, ,. Ga»
where each GG, is a countable Abelian group. Let H be a direct summand of G and let h: G — H be a
group epimorphism such that h | H = idy. Fix a regular cardinal x big enough so that h € H(x) and
G C H(x). Fix an increasing continuous chain { M, } o<, of elementary substructures of (H(x), €) such
that h € Mo, H C |J,.,. M and |M,| < & for every a < k. Let Hy, = H N M. Then {H }o<r is an
increasing continuous chain of subgroups of H and H = J,,,. Ha.
Fix a < k and let M = M,,. Observe that

GNM= P G

EernNM

Indeed, if £ € k N M then G¢ C M, because |G¢| < Xg. Thus @&enﬁM G¢ € M. On the other hand, if
€ GNM and x = zo+- - -+x)_1, Where z; € Ge,,then {&;: ¢ <k} C M andhence z € GafemﬂM Ge.

Let p,: G — G N M denote the canonical projection. By elementarity, g, = hp,, is a homomorphism
of G onto H,, which is identity on H, C GN M. Thus H,4+1 = H, ® K, where K, = H, 1 Nker(gq)-
Applying Lemma 1, we get

H:HOEB@K(X.

a<k

By inductive hypothesis, Hy, K, € H, because both of these groups are direct summands of G N M4
and |G N My41| < k. Hence H € 'H, which completes the proof. W
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4 Main results

Theorem 1 Assume that X is a retract of a space from class R. Then H'(X) is isomorphic to a direct
sum of countable groups.

PROOF. By Lemma 2, it suffices to show that H'(X) € H whenever X € R. We use induction on rkx.
By property (1) of the functor H?, the statement is true for spaces of R-rank 0. Fix an ordinal 8 > 0 and
assume ' (X) € H whenever kg (X) < (. Fix X € R with tkg(X) = fand let S = (X¢, 7, )
be a continuous retractive sequence with X' = lim S and such that tkr (X¢) < B for every £ < k. Let
G = H'(X) and let G¢ = H'(X,). By properties (2) and (3), we may identify each G¢ with a subgroup
of G so that {G¢}¢<, becomes a continuous increasing chain with G = U£ <, Ge. Further, each G¢ is
a direct summand of G. By the inductive hypothesis, { G¢: £ < k} C H. By Lemma 1, we have that
G=Gyd @&ﬂ H¢, where H¢ is such that Ge4q = G¢ ® He, £ < k. Since He is a direct summand of
G, we deduce, using Lemma 2, that { He: { <k} CH. ThusGeH. R

Theorem 2 Assume that G is a compact connected Abelian group which is at the same time a topological
retract of some space from class R. Then G is isomorphic, in the category of topological groups, to a
product of metrizable compact groups.

PROOF. Let H denote the Pontryagin dual of G. Since G is connected, H is discrete and torsion-free,
therefore isomorphic to H'(G) (see [18, Proposition 2.5] for a proof of this well known fact). By Theo-
rem 1, H can be decomposed into a direct sum of countable groups. Thus G is a product of metric groups,
because G is the dual of H and Pontryagin duality turns direct sums into products. W

It is well known that every compact group is a Dugundji space (i.e. an absolute extensor for the class of
0-dimensional compacta). It has been proved in [17] that O-dimensional Dugundji compacta (equivalently:
retracts of Cantor cubes) are Valdivia compact. In the case of compact groups this result becomes trivial:
every infinite O-dimensional compact group is homeomorphic to a Cantor cube 2" for some cardinal k > Ry,
see [9, Theorem 9.15]. In general, every compact group G is homeomorphic to Gy x H, where Gy is the
component of the identity and H is a 0-dimensional group isomorphic to G/Gy, see [10, Corollary 10.37].
Thus, using the above theorem, we conclude the following:

Corollary 1 Let G be a compact Abelian group. The following properties are equivalent:
(a) G is atopological retract of some space from class R.
(b) G is Valdivia compact.
(¢) G is homeomorphic to a product of metric compacta.

(d) The identity component of G is isomorphic to HE <x He, where X is a cardinal and H¢ is a compact
metric group for every & < \.

We finish with the following natural

Question 1 Does there exist a (non-commutative) Valdivia compact group G which, as a topological
space, is not homeomorphic to any product of metric compacta?

Added in proof. The above question has been recently answered by Alex Chigogidze [3]: every compact
group which is a retract of a Valdivia compact is necessarily homeomorphic to a product of metric compacta.
It remains open whether this holds for all compact groups in class R (or, more generally, groups which are
retracts of spaces from class R).

Acknowledgement. This research was supported by the Ministry of Science and Higher Education of
Poland, grant No. N201 024 32/0904.

196



Valdivia compact Abelian groups

References

(1]

(2]

(3]
(4]

(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

[13]

(14]
[15]
[16]

(7]

(18]

[19]

ARGYROS, S., MERCOURAKIS, S. AND NEGREPONTIS, S., (1988). Functional-analytic properties of Corson-
compact spaces, Studia Math., 89, 3, 197-229.

BURKE, M., KUBIS, W. AND TODORCEVIC, S., (2006). Kadec norms on spaces of continuous functions,
Serdica Math. J., 32, 2-3, 227-258. (Preprint available at http://arxiv.org/abs/math.FA/0312013)

CHIGOGIDZE, A., (2008). Valdivia compact groups are products, Topology Appl., 155, 6, 605-609.

DEVILLE, R. AND GODEFROY, G., (1993). Some applications of projective resolutions of identity, Proc. London
Math. Soc., (3) 67, 1, 183-199.

DEVILLE, R., GODEFROY, G. AND ZIZLER, V., (1993). Smoothness and Renormings in Banach Spaces. Pit-
man Monographs and Surveys in Pure and Applied Mathematics, 64. Longman Scientific & Technical, Harlow;
copublished in the United States with John Wiley & Sons, Inc., New York.

Dow, A., (1988). An introduction to applications of elementary submodels to topology, Topology Proc., 13, 1,
17-72.

FABIAN, M., (1997). Géteaux differentiability of convex functions and topology. Weak Asplund spaces, Canadian
Mathematical Society Series of Monographs and Advanced Texts. A Wiley-Interscience Publication. John Wiley
& Sons, Inc., New York.

GODEMENT, R., (1964). Topologie algébrique et théorie des faisceaux, Hermann, Paris.

HEWITT, E. AND RoOSS, K., (1963). Abstract Harmonic Analysis, Vol. I, Academic Press, Inc., Publishers, New
York; Springer-Verlag, Berlin-Gottingen-Heidelberg,

HOFMANN, K. H. AND MORRIS, S. A., (1998). The structure of compact groups. A primer for the student—a
handbook for the expert, de Gruyter Studies in Mathematics, 25. Walter de Gruyter & Co., Berlin.

KALENDA, O., (1999). Embedding of the ordinal segment [0, w1] into continuous images of Valdivia compacta,
Comment. Math. Univ. Carolin., 40, 4, 777-783.

KALENDA, O., (1999). Continuous images and other topological properties of Valdivia compacta, Fund. Math.
162, 2, 181-192.

KALENDA, O., (2000). Valdivia compact spaces in topology and Banach space theory, Extracta Math., 15, 1,
1-85.

KALENDA, O., (2000). A characterization of Valdivia compact spaces, Collect. Math., 51, 1, 59-81.
KALENDA, O., (2003). On the class of continuous images of Valdivia compacta, Extracta Math., 18, 1, 65-80.

KuBIS, W., (2006). Compact spaces generated by retractions, Topology Applt., 153, 18, 3383-3396. (Preprint
available at http://arxiv.org/abs/math/0511567)

KuBIS, W. AND MICHALEWSKI, H., (2006). Small Valdivia compact spaces, Topology Appl., 153, 14, 2560~
2573. (Preprint available at http://arxiv.org/abs/math/0507062)

KuUBIS, W. AND USPENSKIJ, V., (2005). A compact group which is not Valdivia compact, Proc. Amer. Math.
Soc., 133, 8, 2483-2487. (Preprint available at http://arxiv.org/abs/math/0311015)

SPANIER, E., (1966). Algebraic Topology, McGraw-Hill, New York et al.

Wiestaw Kubis

Instytut Matematyki

Akademia Swigtokrzyska,

ul. Swigtokrzyska 15

25-406 Kielce, Poland
http://www.pu.kielce.pl/strony/Wieslaw.Kubis/
wkubis@pu.kielce.pl

197



	Introduction
	Preliminaries
	Decomposing Abelian groups into direct sums
	Main results

