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Basis of homology adapted to the trigonal automorphism of a
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Abstract A closed (compact without boundary) Riemann surf&cef genusg is said to be trigonal if
there is a three sheeted covering (a trigonal morphism) fscim the Riemann spherg,: S — C. If
there is an automorphism of period three,on S permuting the sheets of the covering, we shall &all
cyclic trigonal andyp will be called trigonal automorphism.

In this paper we determine the intersection matrix on the fiesnology group of a cyclic trigonal
Riemann surface on an adapted bdsi® the trigonal automorphism, that is, the matrix of thedrigl
automorphism is as simple as possible. We use the Baighe topological classification of actions of
automorphism groups on Riemann surfaces.

Base adaptada al automorfismo trigonal de una superficie de Ri emann

Resumen. Una superficie de Riemanficon génerg; se dice que es trigonal si existe una cubierta de
tres hojas (un morfismo trigonal) d&sobre la esfera de Riemanpf; § — C. Si, ademas, existe un
automorfismo de periodo treg, de S que permuta las hojas de la cubierta, entonces diremos egse
trigonal ciclica y¢ sera llamado el automorfismo trigonal.

En este articulo determinamos la matriz de intersecabnesel primer grupo de homologia de una
superficie de Riemann trigonal ciclica con respecto a usa &ddaptada al automorfismo trigonal, es decir,
la matriz del automorfismo trigonal es lo mas sencilla desifambién usamos la base anterior para la
clasificacion topolbgica de acciones de grupos de autiisnmars sobre superficies de Riemann.

1 Introduction

Cyclic trigonal Riemann surfaces appear in the study of dexwalgebraic curves. More precisely a curve
with equationy® = f(z), f(z) € C[X], give rise to a Riemann surface of such type. The trigonahien
surfaces constitute a subject that have been recentlyestsiée [1], [2] and [4]).

Let S be a cyclic trigonal Riemann surface of gemuand f : S — C be the trigonal morphism. Let
p1, ..., Pgt+2 be the set of branched points of the coverjhgS — C. Considering some special loops
in C — {p1,...,pg+2} we define, in section 3, a basis Hf (.S, Z) adapted to the trigonal morphism of a
Riemann surface and we present the matrix of the intersefdion on such a basis.

In [5], there is a direct way to deal with the topological sifisation ofZ;" actions on surfaces, where
pis prime number, based on the fact that the classes of stoprigaéence of a fixed point free action 4§
on a surface provide a bilinear antisymmetric fornZift. In section 4, using this method, we present one
application to the topological classification of group ant on cyclic trigonal Riemann surfaces.

The detailed proofs and some more applications will appegs]i

Presentado por José Maria Montesinos.

Recibido 28 de junio de 2007Aceptado 10 de octubre de 2007.

Palabras clave / KeywordfRiemann Surfaces; Automorphisms; Period Matrices
Mathematics Subject Classificatiorrimary 30F10; 30F20; Secundary 32G20
(© 2007 Real Academia de Ciencias, Espafia.

167



Helena B. Campos

2 Cyclic Trigonal Riemann surfaces

Let S be a closed cyclic trigonal Riemann surface of gepus 2. The surfaces can be represented as a

quotientS = D/T of the complex unit dis@® under the action of a Fuchsian surface gréyphat is, a

discrete subgroup of the groudput(D) of conformal automorphisms @ without elliptic transformations.
The grouf is a Fuchsian surface group with signatuge[—]), and canonical presentation

g
—1;—-1
<a17b17"'aagabg:Haibiai bz =1>.
=1

A finite groupG is an automorphisms group 6fif and only if, it exists a Fuchsian grouph, and an
epimorphismg : A — G whose kernel id", see [6]. This Fuchsian grouj is the lifting of G to the
universal covering of.

If S =D/T"is a cyclic trigonal Riemann surface then the theory of ciogespaces yields, see [4], that
there is a Fuchsian group, with signature(0, [3 912 3]) wherel is contained as a subgroup of index
three, and so there is an epimorphigm A — Z3 such thakerw =T'.

We note thatA has a canonical presentation with generators:

Zi, i=1,...,9+2 Q)

and relations
==y =1 @
1T Tgpz) = 1 3)

3 Computing the intersection matrix of cyclic trigonal Rie-
mann surfaces on an adapted basis

Suppose tha$ is a trigonal Riemann surface of gengsiniformized byl', f : § — C is the trigonal
morphism and is the trigonal automorphism.

AssumeZ; =< o : 0® = 1 > and letA be an NEC group with signatur@®, [3 92 3]) and let
w : A — Zs3 be as constructed in the previous section. Considering anieal presentation o\ we
assume thab(z1) = o.

We are going to construct a basisidf (S) from the canonical presentation far.

The trigonal morphisnf : § — C hasg + 2 points of ramificationp ....pg+2. Each generator;,
i=1,...,9+ 2, has a fixed point ifD projecting on a branched point ¢f p;,. Among them there are
points withw(z;) = o andy points withw(z;) = o~!. Using automorphisms & andA we can assume
thatw is as follows:

U)(SCZ):U, 7::13"'777_#
w(z) =0, wxin) =01 i—(n—p)=1 mod2and(n—p) <i<g+2

Sincew is an homomorphism — = 0 mod 3 and to simplify the notations let= “=~. Let us
consider the curves;, i =1, ...,%60;,j=1,....,t —landv,, k = p+ 1, ...,t + p as shown in the
Figure 1.

For the remainde2,, points we will consider curves;, j =t, ...,t +u—1,andvy,, k=1, ...,u, as
we can see on the Figure 2.

Globally we have the union of the two schemes (Figure 1 andrEi@) so we obtairt curvesa;,
t + p — 1 curvess;, andt + i curvesyy, as show in the Figure 3.
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Y3+ Y2+ Vi+p

EEOEDOED >

Figurel.p —u=9

Figure3.g =8,n=8,u=2

LetO be apointinC — {p1, ..., pgs2}, andf (=1 (0) = {01, Os, O3}. Each one of the curves;;, d;,
~¢ represents a conjugacy class of elements in the fundantgoigb (C —{p1,.--,pg+2},0). Hence
lifting by the universal covering of, in A, we have

o =[5, 23i-1] ifi=1,...,¢
5; = (352354123 12] ?fj =1,...t—1
[$27+3$27+4] ifj=t,...,t+pu—1
-1 .
{ [z, g+4 2kLg13 12k] » !f k=1,...,n @)
[I +pu+5— 3kxq+u+4 3kxq+u+3 Bk] if k= M + 1, N S 12

where[a] denote the conjugacy class af

In each conjugacy class there are three elemenmspbjecting to three closed curves®fepresenting
three different cycles aoff; (S). The elements oA that we are considering are in factlinwe shall denote
thenby:z;;,i=1,...,9+1;j = 1,2, 3. This elements will be a set of generators of the subgioupA
uniformizingS. From the curves; we get:

—1
Ti1l = Tg;_oT3i—1
-1 -1
Ti2 = Ty Tgz; _oT3i—1T1

-1 -1
Tig = T1T3; oT3i—1T, 5)
wherei =1, ...,¢; from §,; we have:

Tjl = T3(j—t)T3(j—t)+1L3(j—t)+2
-1
Tj2 = T T3(j—t)T3(j—t)+1T3(j—t)+2T1

Tj3 = I1$3(j—t)$3(j—t)+1Is(,j—t)+2117fl (6)
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if j=t+1,....,2t—1,0rifj=2t....2t+pu—1

Tj1 = T2j—tL2j—t+1
-1
Tj2 = T T2j—tL25—t+1T1
-1
Tj3 = T1T25j T2 t4+1T] (7

and the curves; give rise to:

-1 -1
Tkl = To(gy2)+t—2kT2(g+2)+t—2k—1
-1 -1 -1
Th2 = T1 LTo(gyo)+t—2kT2(g+2)+t—26—171
_ -1 -1 -1
Tk3 = T1%9 (g1 9y +t—2kT2(g+2)+t—2k—171 (8)

ifk=2t+p,...,2t+2u—1o0r

o1 1
1 = T3(942)—3kT3(g+2)—3k—1T3(g+2)—3k—2

Tk

S . | -1 -1
Th2 = 1 T3(542)-3kT3(g+2)—3k—1T3(g+2)—3k—271

| —1 —1 -1
Tk3 = T1%3(g49) 3k T3(g+2)—3k—1T3(g+2)—3k—2T1 ()

whenk =2t +2u, ...,9+ 1.

Let(-,-)s be the intersection form of the Riemann surféce

The projection ofc;; to S,i =1, ...,9 +2; j = 1, 2, 3, represents an elemeRt; in H: (S, Zs).

The cyclesX;;,i =1, ...,9+ 1;j = 1, 2, 3 generated; (S, Z3) and we can compute the number of
intersection between them.

The curvesy;, i = 1, ...,t do not cut themselves and each one ofdheurvesj =1, ..., ¢t +p — 1,
cuts the curves, 4+ andvy,;.—;, as we can see on Figures 1, 2 and 3.
To have a basis off;(S) we need to consider a subset{oX;;}, ¢ = 1, ...,9+1;j =1, 2, 3:

B=((X;1;Xu),i=1,...,9),wherel =2if i =1,...,tori =2t +2u,...,gandl =3if i =t + 1,
...,2t +2u — 1. The intersection form of, respect ta3, has the following expression:

A ifj=1,...tandi=j
Xiw, Xi)s) = _ 10
(X, X)) {O otherwise (10)
wherei =1, ...,t; k,l = 1,2, 3 and A is the following matrix
0 1 -1
-1 0 1
1 -1 0
In the next two cases we have, wher g +t + 2 — i that( X, Xj1)s = (Xig, X(j—1)1)s»
B ifj=2t+u....g+landj=g+t+2—i
Xir, Xi1)g) = : 11
(X, X50)s) {O otherwise (11)
wherei =t +1,...,2t+p—1; k1 =1, 2,3 andB is the matrix
-1 0 1
0 1 -1
1 -1 0
Finally
(X @t rs X@tu-11)s) = (X (g+1)6> X(e41y1)s) = =B (12)
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and
fj=t+1,....2t+pu—landj=g+t+2—i

. (13)
otherwise

— Bt
((Xik, Xj)s) = {O
ifi=2+pu+1,...,9:k1=1,23.
In the basid3 the expression of the automorphigm: H,(S,Z) — H,(S,Z) is given by the fact that
?+(Xij5) = Xi(o(;))- The automorphism matrix is@x g-matrix of blocks that ar@ x 2-matrices, where
the generic block;;,4,j =1,...,gis:

0 -1 .
) ) fi=jandi=1,...,t0ri=2t+pu,...,g
bij) = -1 1 . 14
(big) . ifi=jandi=t+1,...,2t +pu—1 (14)
0 otherwise

We have proved the following theorem:

Theorem 1 Let S be a trigonal Riemann surface of gengs> 2. There exists a basis of homology,
B=((Xa;Xa),i=1,...,9), adapted to the trigonal automorphism$fin such a way the intersection
form onS is given by(10), (11), (12), (13)and the action of the trigonal automorphism (dy).

4 Applications

An action of G on a Riemann surfac§ is a pair(S‘ f), wheref is a representation af in the group
automorphisms of. Two actlons(S 5 and(S’ f') are called strongly topologically equivalent if there
is a homeomorphlsm/; betweenS andS’ sending the orientation &f to the orientation of’, such that
f'(h) = Yof(h)oy~!, forall h € G. Let S be a Riemann surface and (gtbe a group isomorphic t@}”,
acting without fixed pomts ol Let us suppose tha/G S is a cyclic trigonal Riemann surface with
genusy and let beG = G x, Z3, whereg is an non trivial action oZs in G, given by

¢U:Z§—>Z§
a — b

b — —(a+0b)

wherea andb are the generators @ ando is the generator dofs.
Let A be a Fuchsian group with signatu® [z1, . .., z4+2]). We assume that+ 2 = 0 mod 3 and

w(z;) =0,i=1,...,9+ 2. Letus consider the epimorphisms
0,: A — G 0y: A — G
Tk — (0,0)ifk=1,3,...,9 . xp +— (0,0)ifk=1,4,...,9+1
x —  (byo)ifl=2g+1 ' x; — (byo)ifl=2,9g+2
Tgro +—— (a,0) x3 — (—a—1b,0)

Let D/ker 6, be S, andD/ker 62 be Se. The projectionsS; = D/ker§; — D/A, i = 1, 2, provide
actionsf; of GonS;,i=1,2. Using the basis in section 3 we can compute the interseatiatnices
of S;/f:(G), and to conclude that the actiofis i = 1, 2, are not topological equivalent. Remark that in
the above example the trigonal automorphisn$'of f1(G) defines a topologically equivalent action to the
trigonal automorphism afs/ f2(G).

Theorem 2 Let G be the semidirect produ@3 x, Zs whereZ; =< a > @& < b > and¢(a) = b;
¢(b) = —(a+b). For eachg > 2 there are two topologically non-equivalent actiornfs @nd f>) of G
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on surfaces of genug such thatf;|¢ and f»|¢ are actions without fixed points)/ f1(G), S/ f2(G) are
spheres and the action of the trigonal automorphisns of; (Z3) is topologically equivalent to the action
of the trigonal automorphism &/ f2(Z32).

Other application: we are able to compute periods matri€egdic trigonal Riemann surfaces using
the basis of section 3, we present an example for genas4 where the epimorphismy sends all the
generators ofA to the generator dfs.

The periods matrix depending on 32 parameters is as follows:

ay —b; az —ba a3 b13 as —bs

b1 ap — by by a2 —by a3+ b3 —a13 bs as — bs
as —b3 a4 —by a14 b14 ag —be

b3 az — bz by as — by a14 + b1 —aiq be as — be
aip —aio—big a1 —ai —bu a6 b1s a2 —aiz — b1z
b1o —aig b1t —ai —bie ais +bis  bi2 —ajo
a7 —br asg —bs ais b1s ag —byg

b7 a7 — by bs ag —bs a5+ bis —ais bg ag — by
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