RACSAM

Rev. R. Acad. Cien. Serie A. Mat.
VoL. 101 (1), 2007, pp. 99-111
Matemdtica Aplicada / Applied Mathematics

Sharp and weighted inequalities for multilinear integral
operators

Liu Lanzhe

Abstract. In this paper, we prove some weighted inequalities for the multilinear operators related to
certain integral operators on the generalized Morrey spaces by using the sharp estimates of the multilinear
operators. The operators include Littlewood-Paley operator, Marcinkiewicz operator and Bochner-Riesz
operator.

Desigualdades ajustadas y ponderadas para operadores integrales
multilineales

Resumen. En este trabajo demostramos algunas desigualdades ponderadas para operadores multi-
lineales relacionados con ciertos operadores integrales en los espacios generalizados de Morrey usan-
do estimaciones ajustadas de los operadores multilineales. Los operadores incluyen los operadores de
Littlewood-Paley, de Marcinkiewicz y de Bochner-Riesz.

1 Preliminaries and statement of main results

Throughout this paper, ¢ will denote a positive, increasing function on R* and there exists a constant
D > 0 such that
©(2t) < Dep(t) fort > 0.

Let w be a non-negative weight function on R™ and f be a locally integrable function on R™. Define that,
for 1 < p < oo,

1/p
1
fllere@) = sup 7/ f)[Pw(y) dy ;
1712 () zern,d>0 \ (d) B(r,d)‘ W)Pul)

where B(z,d) = {y € R" : |x — y| < d}. The generalized weighted Morrey spaces is defined by
LP#P(R"’IU) = {f € Llloc(Rn) : HfHLT’*‘P(w) < OO}

If p(d) = d’, § > 0, then LP%(R",w) = LP%(R™, w), which is the classical Morrey space (see [16, 17]).

In this paper, we study some integral operators as following. Suppose m; are positive integers (j =
L,...,0), my +--- +my = m and b; are the functions on R"” (j = 1, ..., ]). Let F}(z,y) be defined on
R™ x R™ x [0, +00), we denote

FD)@) = [ File.)f ) dy
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and

l'f Rm b'; )
R = | Lt o fyj(,,f 29 o) 10

for every bounded and compactly supported function f, where

Ry (gs0,9) = by0) = 3 D% () — 9)"

|| <my

Let H be the Banach space H = {h : ||h|| < 0o} such that, for each fixed = € R", Fy(f)(x) and F?(f)(z)
may be viewed as a mapping from [0, +00) to H. Then, the multilinear operators related to F} is defined
by

T (f)(@) = |F () @)ll,
where F; satisfies: for fixed £ > 0,

(2, y)l| < Cle —y|™"

and
| F(y, z) — Fi(z,2)|| < Cly — 2[|w — 2| 7"7F

if 2ly — 2| < |x — z|. We also define that T'(f)(x) = || F:(f)(x)|| and assume that T is bounded on
LP(R™, w) forl < p<ooandw € Aj.

Note that when m = 0, T? is just the multilinear commutator of 7" and b (see [13, 14,23]). While when
m > 0, T? is non-trivial generalizations of the commutator. It is well known that multilinear operators are
of great interest in harmonic analysis and have been widely studied by many authors (see [2-5]). In [7],
the LP (p > 1) boundedness of the multilinear singular integral operator are obtained; In [11] and [12], a
variant sharp estimate for the multilinear singular integral operators are obtained; In [18-20], the authors
prove some sharp estimate for the multilinear commutator. As the Morrey space may be considered as an
extension of the Lebesgue space, it is natural and important to study the boundedness of the multilinear
integral operator on the Morrey spaces. The purpose of this paper is two-fold. First, we establish a sharp
estimate for the multilinear operator related to F}, and second, we prove the weighted inequality for the
multilinear integral operators on the generalized weighted Morrey spaces by using the sharp inequality. In
section 3, we will give some applications of the theorem in this paper.

Now, let us introduce some notations. Throughout this paper, () will denote a cube of R™ with sides
parallel to the axes. For a ball B or a cube @), kB or k(@ will denote the ball or cube with the same center
as B or () and k times radius or edges of B or () for & > 0. For any locally integrable function f, the sharp
function of f is defined by

T _
7 (z) sup |Q|/Q|f(y) foldy,

where, and in what follows, fo = |Q|™* fQ f(x) dz. It is well-known that (see [10,21])

1
#(z) = sup inf — — .
#(z) = sup f|Q|/Q|f(y) ¢ dy

Q>z c€C

We say that f belongs to BMO(R™) if f# belongs to L>°(R"™) and || f|gmo = || f#]|z. For 1 < p < oo,
we know || fllemo = || fllBmo, p (see [21]), where

B i 3 » 1/17
||f||BMo,p—sgp<Q|/Qf<y> fal dy) .

Let M be the Hardy-Littlewood maximal operator defined by

M(f)(a) = supje| /C;If(y) dy,
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we write that M, (f) = (M (fP))/? for 0 < p < co. We denote the Muckenhoupt weights by A, that is
(see [10]):
Ay ={0<we L, (R"): M(w)(z) < Cw(z),ae.}.

We shall prove the following theorem.

Theorem 1 Let1 < p < 00, 0 < D < 2™, w € Ay, D*b; € BMO(R") for all o with || = m; and
j=1,...,1 Then

l

1T (P lrecr < CTL| 30 1D Bsllmo | I llreean.

5=1 \Jay|=m;

2 Proof of Theorem

To prove the theorems, we need the following lemmas.

Lemma 1 ([4]) Let b be a function on R"™ and D*b € L1(R™) for all a with || = m and some q > n.
Then, for x # v,

. - 1 . , 1/q
uts ) < Claml” 32 <|Q<y> LA dz) ,
where Q is the cube centered at x and having side length 5v/n|x — y|.
Lemma2 Let1 <p<oo,0<D<2" we Ay. Then, for f € LP?(R™, w),

@ [|M()llee) < CNf#Lee )

®) [[My(f)llzeew) < CllfllLrew) for 1 < q<p.

PROOF. (a) Let f € LP¥?(R™, w). For aball B = B(x,d) C R", note that M (wxp) € A; and by the
following inequality (see [6]): for any u € A,

M (F)@)Puly) dy < C / P )IPu(y) dy,
R™ Rn

we get

[P iy

. IM(f)(y)IP M (wxs)(y) dy

<C \f#(y)IpM(wa)(y) dy

=C /|f# )PM(wxg)(y derZ/H -
1B\2kB

<c /|f# )P M (w dy+2/k+13\2k3 (Zgz |Q\/ ) ]

1
< # Y|P M (w )P
=C / 7w d“Z/ — (|2k+1B|/B“’(Z)dz> dy]

|f# ()P M (wx ) (y) dy]
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sc|fjrwre de/mB e )
<C /|f# ) [Pw(y dy—i—Z/ ;Li)dy]

< CIHI e Zr%(z’““d)

oo

< OUF* N oy 227" D) p(d)

k=0
< C”f#HLP w(w So(d)a

thus,
||M(f)||L1”’“’(w) < C”f#”Lp,«p(w).

A similar argument as in the proof of (a) will give the proof of (b), we omit the details. W

Lemma 3 (Main Lemma) Ler D“b; € BMO(R") for all o with |a| = mj and j =1, ..., l. Then there
exists a constant C > 0 such that for any f € C°(R"), 1 < ¢ < oo and x € R™,

l

(T*(f) CII D_ I1D%0bjllsmo | My(f)(2).

J=1 \laj|=m;

PROOF. It suffices to prove for f € C5°(R"™) and some constant Cj, the following inequality holds:

CAKS )~clas =TT X 10%blovo | M (6e)

J=1 \laj|=m;

Without loss of generality, we may assume | = 2. Fix a cube @ = Q(xo,d) and & € Q. Let Q= 5v/nQ
and bj(l') = b](x) - Z|o¢\:mj %(Dabj)éita, then ij (bj;x, y) = ij (bj; CL’,y) and Dabj = Dabj -
(Db;j)g for || = m;. We write, for f1 = fxg and fo = fxpm\ 6

H?:l ijJrl(Bj;mvy)
R |z —y[™

HQ’: ij-?—l(gl;xay)
= L : Fy(x,y) f2(y) dy

R |z — y|™

2_7 Rm B, ’
Hg—l J(Tjn T y)Ft(xvy)fl(y) dy

F(f)(z) = Fy(z,y)f(y) dy

+

R™ |z —y

S L[ B Gsw )@ =) pasg () i () dy

1! Jgn |x — y|™

[or|[=ma

_ Z %2' R, (bl; x, y)(x — y)a2 DQQBg(y)Ft(l‘, y)fl (y) dy

R |z —y[™

|z |=m2

(x — )™ +o2 Dby (y) D2 by (y)
i Z al'a2 / — = 2 Fu(a,y) Fuy) dy.

|z —y|™

o |=
|a2\—7n2
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then

T (1) @) = T (f2)(@0)| = [IFF (D@ = IF(f2) (o) |

< |EY(f)(x) — F2(f2) (o)

i Dby (y) Fy(,y) f1(y) dy

: Dby (y) Fy(z, ) f1(y) dy

H2': Rm4(67x7y)
< L B, y) f(y) dy
R™ \33 - y|
1 Ry, (bo; 2, y) (z — y)°
+ R
PRI
1 Rin, (b1;2,9)(z — y)°
+ N
N Z 1 / (l‘ _ y)a1+a2Da151 (y)DryQBz(y)
[ar |[=ma artas! Jen |x7y|m
| |=ma
+ TP ) @) = T () o)
thus
1 ~
o [ 0@ - T o) do < 1+ 1y
Q[ Jo
where

1
Ik:—/fk(x)dx, k:].,
@l Jq

Fy(x,y)fi1(y) dy

+ I3+ 1y + I5,

5.

(= L(2))
(= Ix(2))
(= I3(2))
(= La(2))
(= Is(x))

Now, let us estimate 1, I, I3, I and I5, respectively. First, forz € QQ and y € Q, by Lemma 1, we get

Ry (bj;,y) < Cle—y[™ Y [[DYb;|smo,

laj|=m

thus, by the L2-boundedness of 7" for 1 < ¢ < oo, we obtain

2
n<cl[| Y. IDbllemo

321 \Jag=m,
2

<cII| Y. IDYbllemo
=1 \Jag|=m;
2

<cII| > IDYbllemo
J=1 \ley|=m;
2

<CIIl > Ip*bilsmo | My(f)(&).
J=1 \lej|=m;

1
ol /Q IT(f1) ()] de

(31 /. IT(fl)(x)qu>1/q

(| Ifl(w)quw>1/q
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For I, denoting ¢ = prforl < p < 00,1 < r < ooand 1/r + 1/ = 1, we get, by Holder’s
inequality,

L<C S ID%blso 3 |Q|/ITD°‘1b1f1)( 2)|de

|az|=m2 |ar [=my
1/p

<0 X Ipetlmo X (i [ @)

oz |=mo ot |[=ma "

. 1/p

<0 Y ID%blsvo Y lQIV ( / Dalbmm)fl(x)vwac)

|ag|=ma |or |[=ma "

, 1/pr’ 1 1/pr

< Y ID%blevo Y (|Q|/|Dalb< >|de) (mffwmdx)

|z |=m2 |ar [=ma Q

2
gCH Z [1D*bj|lBmo | My (f) (7).

=1 \lal=m;

For I3, similar to the proof of I, we get

I3 < CH Z [D“bjllBMO | Mg(f)(T).

i=1 \Jal=m,

Similarly, for I4, denoting ¢ = pr3 for 1 < p < oo, r1, 79,73 > land 1/ry + 1/ro + 1/r3 = 1, we
obtain

n<c Y |Q|/|T DBy Dby f1) ()| da

lai|=m1
|aa|=m2

1/p
<Cc > <|Q| R"|T Dalblp%bel)(x)de)

|ai|=m1l
|aa|=m2

<o Sl ([ DM b @D >|pdx)l/p

i |=m1
|ag|=m2

1/107"1 1 B 1/1””2
<c Y <|Q|/|D%1 j[er dm) (@/Qw%bz(x)vm dx)

Jai|=m1l

1 prs l/pTS
x (m /Q /@) dx)

> IID%blsumo | My(f)(E).

1 \|a|=m;

—

<C

J

For I5, we write

i i B Fy(z,y)  Fi(wo,y 2 - D)
R - P = [ N D ) NG A P )

|z —y[™ \xo —ym

Jj=1
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7 7 RW’LQ B ;x7
+ /R (Rnu (bl,x,y) - Rm1 (51;£07y)) |x0(_2y|my)Ft(1‘Oa y)f?(y) dy (I: IEEQ))
7 7 le 6 ;x ’ :
+/ (Rmz (b2;2,y) — Rim, (52;$0ay)) Wﬂ(ﬂcmy)ﬁ@) dy (:= IéS))
[ Ry, (b 2, y) (x — y)™ Ron, (b2 o, y) (g — y)™ ]
allz aq! /n | |z —y|™ File.) lzo — y|™ Ft(xmy)_
X Dbi(y) faly) dy (=1Y)
le (b1;2,9)(x — y)°2 R, (b1; 0, y) (z0 — y)*2
F, - F,
e g L | R ) o~y oY)
D“2A2< ) f2(y) (= 1)
(x _ y)a1+az (xo _ y)a1+a2
+ Fi(z,y) — 2= F,(x,
2z, g o |l e = S )
\Oézl—mz
x Dby (y) D2ba(y) fo(y) dy (= I£%)

By Lemma 1 and the following inequality (see [21])

bQ, — bq,| < Clog(|Q2|/|Q1])[[bllBMmo  for @1 C Qo

we have, for z € Q and y € 2571Q \ 2¢Q,

1/a
Rfr2,)] < Cla =™ 3 (M A )|D%<z>—<D°‘b>@|qdz>
) T,y

|a]=m
<Clz—yl™ Y <~1 o (D%6(2) = (DB) g | + 1D b)Q(m,y)_(Dab>Q|qu>q
iz \Q@ V)] V@)
< Clz—y™ Y (ID"bpymo + log(|Q(x,y)/Q1) | D*bllzmo)
|al=m
< Cklz —y|™ Z |l D*b||BMmo-
|a]=m

Note that |z — y| ~ |zo — y| for z € Q and y € R™ \ Q, we obtain, by the condition on F},

1
iPI<e [ |2
|z — o] |z — zo|®

2
]RW\Q (|l‘0 — y|m+n+1 |J;0 _ y‘m—‘rn-},—g E[ _7 ] Y | |f( )| Y

Ft ) Ft(m7y) Ft($7y) F :EOa

ylm lzo —yl™  |zo—yl™ |z ylm

m; (03 2,9)| 1 f2(y)| dy

e}

2 |z — xo] | — xol®
< 1D llovo | > ¢ (o e ) 1wl
j[[l a|z—7:n' ! kZ:o 2KH19\2KO lzo —y["t1 |xg — y|ntE |
2 [e%e] 1
<CIIl >C 1D%bjllsmo | Y K22 7F +27F) 250
= la|=m; k=1
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K227F + 270 My (f)(@)

[M]8

=
Il

1

( Z ||D“b ||BM0>
o=
( > ||Dabj||BMO> My (f)(@);

lee|=

2
2
For 1. 5(2), by the formula (see [4]):
- - 1 -
Rm(bvl.vy) - Rm(b7 xOvy) = Z ERm—\[ﬂ(DﬁbvxaxO)(x - y)ﬁ

[Bl<m

and Lemma 1, we have

| R (b2, y) — R (b0, )| < C > Z |z — o™ PNz — y[ 1P| Db||pro,
[B]l<m |a|=
thus
P)<c Db, / r 2=l a
|| || H (alz || ||BMO> Z k+1Q\2k ‘LEO —y|n+1| (y)‘ Yy
2
H Z ||Dabj||BMo My (f)(2);
J=1 \|a|=
Similarly,

1) < CH ( > ||Dabj||BMO> My (f)(2);

la|=m;
For 1, é4), we get

1 <c Y /

la1|=m1gn

+C Z / Mo bg,.’L‘ y) mz(EQ;any”'

la1|=mign

x—y) F(x y) (o —y)** Fi(xo,y
|z —y[™ lzo —y|™

(w0 — y)** ||| Fi(z0,y)
lzo — y|™

H Ry (B 2.9) | DB ()| Fa )]y

L Doty )11 20)

|z — 2o |z — 20]° Py Py
<C g + R, (bo; x, DD d
- /Rn\é (|9€0 — y|mAntd |zg — y|mrnte HFoms (b2 2, 9| 1wl dy

|1 [=ma

1 1/q
<C D%b k(@27F +27¢°F) . 44
> | 2||BM02 ¥ (m| [ s /)

lee|=

1 - , 1/‘1/
> (g [0~ @bt )

[aer|=m1

( Z HD bj HBMO) o(1)(@);

lee|=

n:]m
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Similarly,

2
PN < T Y2 I1D%bllemo | My(£)(3);

=1 \Jal=m,

For I§6), taking r1, ro > 1 suchthat 1/g + 1/r1 + 1/r2 = 1, then

1) < ¢ Z | Dby (y)]| D2ba (y)]] fo ()|

R!L
la1|=

|a2|:m2

(@ —y)FeF(zy) (2o —y)* T2 Fy(20,y)
|z —y|™ lzo — y™

r—x T —xo|® o T .
<0 X [ (et e ) 1D B 0y

[0 =yl " Jag

X

|-

|ar|=m
[az|=m2

. —k —ck 1 q Y
> ket (s [ i)

|y |=mq k=1

[az|=m2
1 B 1/7"1 1 B 1/T2
X ~ Dby (y)|™ dy) <~ D2 Ay (y)|™? dy)
(m' [ Db el Lt

<CII{ X ID%lismo | My(f)(3);

i=1 \Jal=m,

Thus

> ID%bsllBmo | My(f)(&).

7=1 \|a|=m;
This completes the proof of Main Lemma. W
PROOF OF THEOREM 1. Taking 1 < ¢ < p in Main Lemma, by Lemma 2, we obtain

IT°(F)l e oy < CIUMT ()l Love ()
< CITAUN | e )

H( Z HD“b ||BMO>||M( M zeee (w)

=1 Mal=

2
H( Y| |Dabj||BMo)||f|Lp,w<w>~

|a|=m;

This finishes the proof. W

3 Applications

In this section we shall apply the theorem of the paper to several operators such as the Littlewood-Paley
operator, Marcinkiewicz operator and Bochner-Riesz operator.
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3.1 Application 1: Littlewood-Paley operator

Let € > 0 and %) be a fixed function which satisfies the following properties:
1. [on () dx =0,
2. [Y(@)] < O+ [a])=0*D,
3. [z +y) — ()| < Clyl*(1+ [a])~"+1F=) when 2[y| < |zl;

The multilinear Littlewood-Paley operator is defined by

oo 1/2
s =([TIrn@E )
where .
j=1 ij 1 b],(E,
F(f)(z) = . ;- z _+y(m y)wt(r—y)f(y)dy

and ¢ (z) = t7™p(xz/t) for t > 0. Set Fy(f) = 11 * f. We also define that

0@ = ([TEnerd) "

which is the Littlewood-Paley operator (see [22]).
Let H be the space H = {h: IR = (fooo|h(t)|2dt/t)l/2 < oo}, then, for each fixed z € R™,
FA(f)(z) may be viewed as a mapping from [0, +-00) to H, and it is clear that

go(N)(@) = F(NH@)|  and gy (f)(x) = [[F}(f)(@)]]-
We know that gy, is bounded on L?(R™, w) for 1 < p < co and w € A; (see [21]). Thus
l
1) (g(N)* (@) < CH > D% bilsmo | Mo(f)()

i=1 \Jay|=m,

forany f € C§°(R™) and 1 < ¢ < o0;

1
@ NN <CTL [ 5 10051880 | 111200

i=1 \Jay|=m,

for0 < D <2"andany w € Ay, 1 < p < oo.

3.2 Application 2: Marcinkiewicz operator

Letd > 0,0 < v < 1 and Q2 be homogeneous of degree zero on R™ with fS'H Q(a’)do(2’) = 0.
Assume that ) € Lipv(S”_l), that is there exists a constant M > 0 such that for any z, y € S"!,
|Q(x) — Q(y)| < M|z — y|”. The multilinear Marcinkiewicz operator is defined by

e = ([Crwwe )",

where

1o Rony1 (b5 2.9) Q(z — )
F = 2 . d
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set

We also define that

which is the Marcinkiewicz operator (see [23]).
Let H be the space H = {h Rl = (57 R())? clt/753)1/2 < oo}. Then, it is clear that
po(f)(@) = F(H@)  and  pg(f)(@) = [[F(f)(@)].

We know that pq is bounded on LP(R™, w) for 1 < p < oo and w € A; (see [22]). Thus

W W@ <c]]

l
j=1

( > ||D%'bjBMo) M, (f)(x)

levj|=m;

forany f € C§°(R™) and 1 < ¢ < o0;

@) EbDleew <CTT{ D IDYbslBM0 | I1£] Lo w)

l
j=

1 \laj|=m;

for0 < D <2%andany w € Ay, 1 < p < oo.

3.3 Application 3: Bochner-Riesz operator

Let§ > (n— 1)/2, BS(£)(€) = (1 — £2[¢[?)2 £(€). Denote that

L Ry y1(bj;,
B = | e " fylfm] 9 B3 — ) ) .

where B{(2) = t " B’(z/t) for t > 0. The maximal multilinear Bochner-Riesz operator is defined by

B; . (f)(x) = sup |B34(f)(@)];

We also define that

Bs(f)(x) = fglgIBf(f)(x)l

which is the Bochner-Riesz operator (see [15]).
Let H be the space H = {h : ||h|| = sup,~o|h(t)| < oo}, then it is clear that

B(f)(@) = 1B} (H)(@)l  and  BF.(f)(x) = 1B, (f)(@)].

We know that B . is bounded on LP(R", w) for 1 < p < oo and w € A; (see [14]). Thus

1) BLF@<CII| > ID%bllsmo | My(f)(x)

l
j=

L \lay|=m;
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forany f € C§°(R™) and 1 < ¢ < o0;

2)  IBL.(Dllrew) <CTI | Do 1D%b5llBM0 | I1f]lL04 ()

l
Jj=

1 \Jagl=m,

for0 < D <2%andany w € A;,1 < p < 0.
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