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Some properties of the tensor product of Schwartz <b-space

Belmesnaoui Aqzzouz, M. Hassan el Alj and Redouane Nouira

Abstract. We define the e-product of an eb-space by quotient bornological spaces and we show that
if G is a Schwartz eb-space and E|F is a quotient bornological space, then their .-product Ge.(E|F)
defined in [2] is isomorphic to the quotient bornological space (GeE)|(GeF).

Algunas propiedades del producto tensorial de cb-espacios de Schwartz

Resumen. Definimos el e-producto de un eb-espacio por un cociente de espacio bornolégico y demos-
tramos que si G es un eb-espacio de Schwartz y E|F es un cociente de espacio bornolégico, entonces su
ec-producto Ge.(E|F) definido en [2], es isomorfo al cociente de espacio bornolégico (GeE)|(GeF).

1 Introduction and notations

It is well known that the e-product by a Banach space is always a left exact functor on the category of
Banach spaces, but it is not right exact in general. To solve this problem, Kaballo [9] introduced the class
of e-spaces, they are locally convex spaces G such that the e-product of the identity map of G with any
surjective continuous linear mapping between Banach spaces is surjective. He proved that a Banach space
is an e-space if and only if it is an £..-space. As a consequence, if G is an L, -space, the left exact functor
Ge. : Ban — Ban, E — GeF is exact, where Ban is the category of Banach spaces and bounded
linear mappings. Since each b-space is an inductive limit of Banach spaces [15] and the inductive limit
functor is exact on the category of b-spaces [7], it follows that the functor Ge. : b — b, E — GeE
is exact whenever G is a b-space which is an inductive limit of £, -spaces, where b is the category of
b-spaces [15]. Now, by [17, Theorem 4.1], the last functor admits an exact extension Ge. : q — q,
E|F — Ge(E|F) = (GeE)|(GeF), where q is the category of quotient bornological spaces [17].

In [4], we have introduced the class of eb-spaces that we have used to establish some isomorphisms in
the category of b-spaces. The objective of this paper is to define the e-product of the class of eb-spaces
in the category of quotient bornological spaces. It is the same as the e-product defined in [2] for the class
of L..-spaces. But also, we will prove that if a Schwartz b-space G is a bornological inductive limit of
Loo-spaces and E|F is a quotient bornological space, then (GeE)|(GeF') = Ge (E|F). Conversely, we
will show that if G is a Schwartz b-space such that for each quotient bornological space E|F, we have
(GeE)|(GeF) = Ge.(E|F), then G is a Schwartz eb-space.

To prove our results, we need to recall some definitions and notations. Let EV (resp. Ban) be the
category of vector spaces and linear mappings (resp. Banach spaces and bounded linear mappings).
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1. Let (E,||-||g) be a Banach space. A Banach subspace F of E is a vector subspace endowing with a

Banach norm ||-|| 7 such that the inclusion map (F, ||-||r) — (E, ||-||£) is bounded. Observe that the
norm ||-||  of F is not necessarily the same as the norm induced by ||-|| g on F’, and then the Banach
subspace F' is not necessarily closed in E. A quotient Banach space E|F is a vector space E/F,
where FE is a Banach space and F' a Banach subspace. It is clear that F|F is not necessarily an object
of the category of Banach spaces Ban, but is one if F' is closed in E. If E|F and F;|F} are two
quotient Banach spaces, a strict morphism v : E|F — E1|F} is a linear mapping v : « + F —
u1(z) + F1, where u; : E — Fj is a bounded linear mapping such that u; (F') C Fy. We shall say
that u; induces u. Two bounded linear mappings w1, ue : E — E; both inducing a strict morphism,
induce the same strict morphism if and only if the linear mapping u; — us : £ — F} is bounded. Let
E|F be a quotient Banach space and E, a Banach subspace of E such that F' is a Banach subspace
of Ey. Then the natural injection Ey — FE induces a strict morphism FEy|F — E|F, and the identity
mapping Idg : E — E induces a strict morphism E|F' — E|Ej.

We call gBan the category of quotient Banach spaces and strict morphisms, it is a subcategory of
vector spaces EV and contains the category of Banach spaces Ban (any Banach space E will be
identified with the quotient Banach space F|{0}, moreover if u; : E — Ej is a bounded linear
mapping, then u; induces a strict morphism F|{0} — FE1|{0} and every strict morphism E|{0} —
E4]{0} is inducing by a unique bounded linear mapping u; : E — Fj). The category GBan is not
abelian, in fact, if £ is a Banach space and I a closed subspace of F, it would be very nice if the
quotient Banach space F|F where isomorphic to the quotient (E/F)|{0}. This is not the case in
gBan unless F' is complemented in E.

In [16] L. Waelbroeck introduced an abelian category gBan generated by qBan and inverses of
pseudo-isomorphims, i.e. has the same objects as gBan and every morphism u of gBan can be
expressed as u = v o 1, where s is a pseudo-isomorphism and v is a strict morphism. For more
information about quotient Banach spaces we refer the reader to [16].

. Let E be a real or complex vector space, and let B be an absolutely convex set of E. Let Ep be the

vector space generated by B i.e. Ep = UysoAB. The Minkowski functional of B is a semi-norm
on Ep. Itis a norm, if and only if B does not contain any nonzero subspace of F. The set B is
completant if its Minkowski functional is a Banach norm.

A bounded structure § on a vector space E is defined by a set of “bounded” subsets of E with the
following properties:

(1) Every finite subset of E is bounded.

(2) Every union of two bounded subsets is bounded.

(3) Every subset of a bounded subset is bounded.

(4) A set homothetic to a bounded subset is bounded.

(5) Each bounded subset is contained in a completant bounded subset.

A b-space (E, (3) is a vector space E with a boundedness 3. A subspace F' of a b-space E is bornolog-
ically closed if the subspace F' N E'p is closed in E'g for every completant bounded subset B of E.

Given two b-spaces (E,8g) and (F,3F), a linear mapping v : E — F' is bounded, if it maps
boundeds of E into boundeds of F'. The mapping u is bornologically surjective if for every B’ € S,
there exists B € O such that u(B) = B’. A Schwartz b-space G is a b-space satistying the following
condition: for each completant bounded disk A of G is there exists a completant bounded disk B of
G such that the inclusion mapping iz 5 : G4 — G p is compact. We denote by b the category of
b-spaces and bounded linear mappings. For more information about b-spaces we refer the reader to
[6], [7], and [15].

Let (E,Bg) be a b-space. A b-subspace of E is a subspace F' with a boundedness (r such that
(F, Br) is ab-space and Br C . We note that the boundedness G of F is not necessarily the same
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as the boundedness induced by g on F, and then the b-subspace F' is not necessarily bornologically
closed in E. A quotient bornological space E|F' is a vector space E/F', where F is a b-space and F
a b-subspace of E. Observe that E|F' is not necessarily an object of the category of b-spaces b, but it
is one if F' is bornologically closed in E. If E|F and E|F) are quotient bornological spaces, a strict
morphism u : E|F — E;|F} is induced by a bounded linear mapping u; : E — FE; whose restriction
to F'is a bounded linear mapping ' — Fj. Two bounded linear mappings uq,v1 : £ — FEj, both
inducing a strict morphism, induce the same strict morphism E|F — E|F} if and only if the linear
mapping u; — v : £ — F} is bounded.

We call q the category of quotient bornological spaces and strict morphisms. A pseudo-isomorphism
u: E|F — E1|F} is a strict morphism induced by a bounded linear mapping w; : £ — FE; which is
bornologically surjective and such that u; ' (Fy) = Fi.e. B € 8 if B € 8 and u;(B) € Br,.

The category q is not abelian because it contains the category gBan. In [17], Waelbroeck introduced
an abelian category q generated by q and inverses of pseudo-isomorphims i.e. has the same objects
as g and every morphism u of q can be expressed as u = v o s~ 1, where s is a pseudo-isomorphism
and v is a strict morphism.

3. The e-product of two Banach spaces F and F' is the Banach space EeF’ of linear mappings £/ — F
whose restrictions to the unit ball of £’ are o(E’, E)-continuous, where FE’ is the topological dual of
E. Tt follows from Proposition 2 of [14], that the e-product is symmetric. If E; and F; are Banach
spaces and u; : F; — F; is a bounded linear mapping, ¢ = 1, 2, the e-product of u; and us is the
bounded linear mapping.

ureuy : B1eBy — FieFy, f — ug o fou)

where u] is the dual mapping of ;. It is clear that if G is a Banach space and F is a Banach subspace
of a Banach space F, then GeF' is a Banach subspace of Ge E. For more detail about the e-product
we refer the reader to [8] and [14].

4. A Banach space E is an L. x-space, A > 1, if and only if every finite-dimensional subspace F' of I/
is contained in a finite-dimensional subspace F} of E such that d(F7,I°) < A, where n = dim F7,
152 is K™ (K = R or C) with the norm sup; <;<,, |;/, and

d(X,Y)=inf{||T|| |T7"||: T :X — Yisisomorphism}

is the Banach-Mazur distance of the Banach spaces X and Y. A Banach space F is an L..-space if
itis an L, x-space for some A > 1. For more information about £.,-spaces we can see [12].

2 The =-product of cb-spaces

Kaballo [9] defined the class of e-spaces in the category of locally convex spaces and proved that it coincides
with the class of L..-spaces in the category of Banach spaces. In [2], we defined the .-product of an Lo.-
space by a quotient Banach space.

Recall from [4] that the e-product of the b-space G and the Banach space F is the space GeE =
Up (GpeE), where B ranges over the bounded completant subsets of the b-space G. On GeE we define
the following bornology of b-space: a subset C' of GeF is bounded if there exists a completant bounded
disk A of G such that C' is bounded in the Banach space G4cE. It is clear that if F' is a bornologically
closed subspace in G, the subspace FecF is a bornologically closed subspace in GeFE.

Finally, if G and E are two b-spaces, the e-product of G and FE is the space GeE = Ua g (GacER),
where A (resp. B) ranges over the bounded completant subsets of the b-space G (resp. ). We endow
GeFE with the following bornology of b-space: a subset C' of Ge E is bounded if there exists a completant
bounded disk A of G (resp. B of E) such that C' is bounded in the Banach space G 4cE'p.
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Now, we define the class of eb-spaces.

Definition 1 A b-space G is an eb-space if the bounded linear mapping Idgeu : GeE — GelF is
bornologically surjective whenever v : EE — F' is a surjective bounded linear mapping between Banach
spaces.

Example 1 All the b-spaces (X, E) studied in [1] are the e-product of the corresponding space of scalar
Sunctions (X)) and the range space E. It follows from the results of the paper [1], that each one of those
b-spaces 3(X) is an eb-space. But there exist b-spaces which are not eb-spaces. In fact, if U is an
open subset of R™ and v € N*, we design by C"(U) the space of r-continuously differentiable functions
ie. C"(U) = {f € C""Y(U) : Df existsand Df € C(U)} where Df denote the derivative of f and
C°(U) = C(U) is the Banach space of continuous functions on U. Khenkin proved in [10] that if n > 2,
C"(U) is not an eb-space.

On the other hand, let U be a compact manifold. For each r € R*\N, we consider the Banach space
C™ (U) of functions of class CI") on U such that for all k € N”, |k| < [r], the function D* f is continu-
ously o-Holderian of exponent » — [r]. By [5], it is an Lo-space. If ¥’ > r, we have a natural mapping
C™ (U) — C7(U). Then we define the b-space C™ (U) as the projective limit of the system (C” (U)), in
the category b. Recall that for each r € R*T\N, the functor C" (U)e. : b — b is exact. But the left exact
functor C*° (U)e. : b — b is not necessarily right exact, and it follows that the b-space C*° (U) is not
necessarily an eb-space.

Recall that a complex F - E = G of the category b is exact if v o . = 0 and if for all bounded B in
E such that v (B) = {0}, there exists a bounded A of F such that u (A) = B.

It is clear that if

0—-F—-E—-G—0

is a short exact complex of the category b, then the b-space F' is bornologically isomorphic to a bornologi-
cally closed subspace of £ and G ~ E/F.
We start by recalling some basic results on eb-spaces that are proved in [3].

Proposition 1 ([3]) 1. If G is an eb-space, then the functor
Ge.:b—Db: E — GeFE
is exact.

2. If the b-space G is an inductive limit of L.-spaces in the category b, then G is an ¢ b-space. In
particular, every nuclear b-space is an eb-space.

The next Theorem gives a characterization of eb-spaces in the category q.

Theorem 1 A b-space G is an eb-space if and only if the functor G€. : @ — q : E|F — (GeE)|(GeF)
can be extended to an exact functor Ge. : q — q.

PROOF. Let E1|F; and Es|F, be two quotient bornological spaces and u : E1|F; — Es|F5 a pseudo-
isomorphism induced by a bounded linear mapping uv; : E; — FEs which is bornologically surjective.
Then

Idgeu : Ge(Eq|F1) — Ge(E2|Fy)

is a strict morphism induced by the bounded linear mapping
Idgeuy : GeE1 — GeFEs.
Since G is an eb-space the mapping I dgeus is bornologically surjective. We have to show that

(Idgeur) ™" (GeFy) = GeFy.
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Let A be a bounded subset of GeFy such that (Idgeuq) (A) is a bounded of GeF5. There exists a comple-
tant bounded subset B in F; such that (Idgeuy) (A) is bounded in GeFy ;. Also there exists a completant
bounded subset C' of E; such that uy (C) = B and A is bounded in GeF;,. Then necessarily A is
bounded in Ge F'; . This shows that the strict morphism /dgew is an isomorphism of q, and it follows from
Theorem 4.1 of [17], that the functor G€. can be extended to an exact functor Ge. : q — q.

Conversely, let u; : X — Y be a surjective bounded linear mapping between Banach spaces. It induces
a pseudo-isomorphism

w: X|uyt(0) — Y] {0}.

If the strict morphism
Idgeu : (GeX) | (Ga(ufl (0))) — (GeY) | {0}

is an isomorphism, then it is epic (Theorem 7.4 of [17]) and is induced by the bounded linear mapping
Idgeuy : GeX — GeY. Then necessarily Idgeu, is bornologically surjective. This proves that G is an
eb-space.

Finally, we give the following definition

Definition 2 The e-product of an eb-space G and a quotient bornological space E|F is the quotient
bornological space Ge(E|F) = (GeE)|(GeF).

3 On the ¢.~product of a Schwartz =b-space

Recall from [2], that a C'(K)-resolution of a Banach space G is a sequence

0-G2ox)%ow)

in the category Ban such that Ker(¥) = Im(®) and the range of U is closed in C'(Y").

In Proposition 3.2 of [2], it is shown the existence at least of a concrete C' (K )-resolution for G which
we shall name as canonical C'(K')-resolution of G.

Given an arbitrary C'(K)-resolution of a Banach space G

0-G3cx) S o)

and a quotient bornological space E|F, since C(X) and C(Y') are L..-spaces, we define C'(X, F|F) and
C(Y,E|F)as C(X,E)|C(X,F)and C(Y, E)|C(Y, F) respectively. Then a strict morphism

Veldgp: C(X,E)|C(X,F) — C(Y,E)|C(Y, F)
exists, it is induced by the bounded linear mapping
Veldg : C(X,E) — C(Y, E).

As the category q is abelian, the object Ker(Weldp ) exists, and then we obtain the following left exact
sequence in q:

Deldp p Veldgp
—_—

0 — Ker(Weldgp) — = C(X)e (E|F) C(Y)e (E|F)

where
Ker(\IfeIdE‘F) = (\IJeIdE)_l (C(Y)eF)| (C(X)eF).

and the subspace (Weldg) " (C(Y)eF) of C(X)eE is a b-space for the following boundedness: a subset
Bof (Weldp)~" (C(Y)eF) is bounded if it is bounded in C'(X )¢ E and its image (¥eldp) (B) is bounded
in the b-space C'(Y')eF'. It is also a b-subspace of C'(X)eE.
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Let
Geges (BE|F) = (Weldp)™ " (C(Y)eF) | (C(X)eF),

then each C' (K)-resolution of G defines an object Geges (E|F). In general, this object depends on C(K)-
resolutions of G. However, if G is an L..-space, we can show that the strict morphism (GeE) | (GeF') —
Gepes(E|F) is an isomorphism, and then it follows that the object Geg.s(E|F) is independent from
C (K)-resolutions of G. To do this we need the following two Lemmas:

Lemma1 [f0 — Gy — Gy — G3 — 0 is an exact sequence in Ban such that G; is an L..-space,
i =1, 2, 3, then for each quotient bornological space E|F, the sequence 0 — G1¢(E|F) — Gae(E|F) —
Gse(E|F) — 0is exact in q.

PROOF. It follows from Proposition 2.5 and Example 2.4(i) of [9] and Proposition 6.2 of [2], the
exactness in b of the following sequences:

0 — Gi1eE — GoeE — G3eE — 0

0 — G1eF — GoeF — G3eF — 0.

Since 1, G5 and G are L .-spaces, the sequence
0 — GieF — GieE — Gie(E|F) —» 0, i=1,2,3,
is also exact in q (Theorem 1.2 of [2]). These exact sequences induce the following commutative diagram:

0 0 0

0 —— G1eF Goel ————> G3eF —— ()

0

G1€E

GQ&E

G3eE ——0

0 — G1e(E|F) — G2e(E|F) — G3e(E|F) —=0

0 0 0

where the two first lines and the three columns of the above diagram are exact. It follows from Lemma 4.3.6
of [13], that the third line is exact.

Lemma 2 Let G be a Banach space, 0 — G > C(X) 2 C(Y) a C(K)-resolution of G and u :
E|F — E1|F\ a pseudo-isomorphism between quotient bornological spaces. Then the strict morphism
IdgeRest : Gepes(E|F) — Gepges(F1|F1) is an isomorphism.
PROOF. By applying the functors .(E|F), .€(E1|F1) : Ban — q at the C'(K)-resolution
0-G20X)3 o)

we obtain the following commutatif square:
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C(X, E|F) —— C(Y, E|F)
J/Idc(x)su lldc(y)gu
C(X, Er|F1) ——= C(Y, Ex|F1).

Let u; : E — E; be a bounded linear mapping which induces . The restriction of Idg(x)eu; to the
b-space (Veldg) 1 (C(Y, F)), is a bounded linear mapping

(Veldg) Y (C(Y,F)) — (Yeldg,) " (C(Y, FY)).

This restriction defines a strict morphism Geges(E|F) — Gepges(E1|F1) that we design by Idgeresu, it
makes commutative the following diagram:

0 —— Geges(E|F)

\leGEResu i]dC(X)Eu i[dc(y)é‘u
0—— GERES(E1|F1) e C(X, E1|F1) e C(Y, E1|F1)

C(X,E|F)

C(Y, E|F)

Since the strict morphisms Id¢(x)eu and Idc(y)eu are isomorphisms (Theorem 1.2 of [2]), the strict
morphism Idgegesu is also an isomorphism (Lemma 4.3.3 of [13]).

Now, we are in position to prove that if G is an L,-space, then the quotient bornological space
Gepes(E|F) is independent on C'(K)-resolutions of G. In the same way, this result gives a new char-
acterization of the class of £.-spaces.

Theorem 2 A Banach space G is an L-space if and only if for each C(K)-resolution of G and for each
quotient bornological space E|F, we have (GeE) | (GeF) = Gepges(E|F).

PROOF. Let
0-GZox)% o)

be a C'(K)-resolution of G. This C'(K)-resolution was constructed from the following exact sequence:
0-G20oX)8oX)/G—0

where ¥ : C(X) — C(X)/G is the quotient mapping. Since the Banach spaces C' (X) and G are L-

spaces, it follows from [11, Proposition 5.2 (c), p. 346]) that the cokernel of the mapping G 2 (X),
which is C'(X)/G, is an L.-space. Now, by Lemma 1, the sequence

0 — (GeE) | (GeF) — C(X, E|F) — (C(X)/G)e(B|F) — 0

is exact.
On the other hand, the sequence

0 — Gepes(E|F) — C(X, E|F) — C(Y, E|F)

is left exact. And since the bounded linear mapping ¥ : C(X)/G — C(Y) is injective and of closed
range, the strict morphism

Ureldpp : (C(X)/G)e (E|F) — C(Y, E|F)
is injective (Proposition 2.2 of [2]). As ¥ = W5 o Uy, then

Ker(Veldg p) = Ker((¥ 0 Wy)eldg p) = Ker(Vieldg p)
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This shows that for each quotient bornological space E|F’, we have
(GeE) | (GeF) = Geges(E|F).

Conversely, let u; : X — Y be a surjective bounded linear mapping between Banach spaces, the
mapping u; induces a pseudo-isomorphism  : X|u; *(0) — Y| {0}. Since the morphism

IdGe pestt : Gepes(X|uy ' (0) — Gepea(Y]{0})
is an isomorphism (Lemma 2) and since
Gepes(Xup ' (0)) = (GeX) | (Geuy '(0))
and
Geres(Y[{0}) = (GeY)[{0}

the bounded linear mapping uicldg : GeX — GeY is bornologically surjective and then G is an Lo.-
space.

Recall that a b-space G is said to be of Schwartz if all bounded completant subset B of G is included
in a bounded completant A of G such that the inclusion i 45 : Gp — G 4 is a compact mapping. For more
information about Schwartz b-spaces we refer the reader to [6].

In [2] it is shown the existence of the .-product of a Schwartz b-space G and a quotient Banach space
E|F as the quotient bornological space

Gpec(E|F) = Up(Gperes(E|F))

where Up designs the inductive limit and G geg.s(FE|F') is an object of the category gBan such that the
following sequence

‘~I>B€Id5|p \I/BEIdE”:
—_— _—>

0 — Gpepes(E|F) C(Xp)e(E|F) C(Yg)e(E|F)

is left exact and where o .
0— GB =5 C(XB) =5 C(YB)

is the canonical C (K )-resolution of the Banach space G .
As an application of Theorem 2, we study some properties of Schwartz eb-spaces.

Theorem 3 1. If a Schwartz b-space G is a bornological inductive limit of L-spaces and E|F is a
quotient bornological space, then (GeE)|(GeF) = Ge (E|F).

2. Let G be a Schwartz b-space. If for every quotient bornological space E|F, we have (GeE)|(GeF') =
Ge.(E|F), then G is a Schwartz eb-space.

PROOF. 1. Since G = UgGp, where each Banach space G g is an L, -space, it follows from Theorem 2,
that for each C(K)-resolution of G, we have

(GB€E)|(GBEF) = GBgRes(E|F)-

On the other hand, the quotient bornological space (GpeFE)|(GpeF’) defines the following exact se-
quence
0— GBEF — GBEE — (GBEE)KGBEF) — 0.

By applying the exact functor Up(.) to the above sequence, we obtain

0 — Up (GpeF) — Up (GgeE) — Up ((GgeE)|(GpeF)) — 0.
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It follows that
UB(GBEE)| Up (GBEF) = UB((GB&:E)KGB{:‘F)) = UB(GB{:‘C(E‘F))

and hence
(GeE)|(GeF) = Ge (E|F).

2. Letu; : X — Y be a surjective bounded linear mapping between Banach spaces, it induces a
pseudo-isomorphism

w: X|uyt(0) — Y]{0}.

As G =UgGp, let
0— Gp 28 C(Xp) 22 C(V3)

be a canonical C' (K )-resolution of the Banach space G 5. By applying the left exact functors
ERes(X|u;'(0)) : Ban — q

and
£Rres(Y{0}) : Ban — q

to the above C' (K)-resolution of G g, we obtain the following commutative diagram:

0 —= Gperes(X|u; 1(0)) —= C(Xp)e(X|uy ' (0)) —= C(Yr)e(X|ui (0))
J(IdGBEReSu iIdC(XB)Qu \Lfdc(ys)é‘u

0 GpeRes(Y{0}) —— C(Xp)e(Y[{0}) C(Yg)e(Y[{0})

Since the Banach spaces C'(X) and C(Y") are L..-spaces, then the strict morphisms Id¢(x ,)eu and
Idc(yy)eu are isomorphisms. It follows from Lemma 4.3.3 of [13], that the strict morphism

Idg  eRest GBSRBS(X|uf1(O)) — Gperes(Y){0})

is an isomorphism.
Now, by applying the exact functor Ug(-) to the system of isomorphisms (/d¢ € gestt) 5, We obtain the
following isomorphism:

UB(IdGBEResU) : UB(GBERSS(X|UI1(O))) — UB(GBERQS(YHO}))
- Idge.u : Geo(X|upt(0)) — Ge (Y]{0})

is an isomorphism. As
(GeX) | (Ge(uy'(0))) = Gee(X|uy '(0))

and
Ge(Y[{0}) = (GeY)[{0}

the bounded linear mapping Idgeu : GeX — GeY is bornologically surjective, and hence G is an eb-
space. This ends the proof. W
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