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ABSTRACT

The purpose of this paper is to relate several generalizations of the notion of
the Heegaard splitting of a closed 3-manifold to compact, orientable 3-manifolds
with nonempty boundary.
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1. Introduction

Throughout this paper we work in the piecewise-linear category, consisting of simpli-
cial complexes and piecewise-linear maps.

We call a compact, connected, orientable 3-manifold M with nonempty bound-
ary OM a bordered 3-manifold. A bordered 3-manifold H is said to be a handlebody
of genus g iff H is the disk-sum (i.e., the boundary connected-sum) of g copies of
the solid-torus D? x S! (see Gross [3], Swarup [16], etc.). A handlebody of genus g
is characterized as a regular neighborhood N(P;R?) of a connected 1-polyhedron P
with Euler characteristic x(P) = 1—g in the 3-dimensional Euclidean space R? and as
an irreducible bordered 3-manifold M with connected boundary whose fundamental
group w1 (M) is a free group of rank ¢ (see Ochiai [10]).

It is well-known that a closed (i.e., compact, without boundary), connected, ori-
entable 3-manifold M is decomposed into two homeomorphic handlebodies; that is,
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Proposition 1.1 (Heegaard Splittings; see Seifert-Threlfall [14], etc.).

(i) For every closed, connected, orientable 3-manifold M, there exist handlebodies
H, and Hs in M such that

(a) Hy = Hs, that is, genus(H;) = genus(Hz) = g,
(b) M = H1 UHQ, and
(¢) HHN Hy = 0Hy NOHy = 0Hy = O0Hs = F, the Heegaard surface.

(ii) For every bordered 3-manifold M, there exist a handlebody Hy and a disjoint
union of 2-handles (i.e., 3-balls) Hy = hy U---U hg such that

(a) genus(Hy) =g,
(b) M = H1 UHQ, and
(¢) each h; attached to Hy at OHy; = F, the Heegaard surface.

We call such a (M;Hy,Ho; F') a Heegaard splitting (or H-splitting) for M of
genus ¢, and call the minimum genus of such splittings for M the Heegaard genus
(or H-genus) of M and denote it by Hg(M).

For an H-splitting for a closed orientable 3-manifold, Haken [4] proved the following
fundamental theorem (see Hempel [5], Jaco [6], and also Ochiai [11]):

Proposition 1.2 (Haken [4]). If a closed orientable 3-manifold M with a given
Heegaard splitting (M; Hy, Ha; F') contains an essential 2-sphere, then M contains a
2-sphere which meets F' in a single circle.

Since Hs of an H-splitting for a bordered 3-manifold M is a disjoint union of 3-balls
and so 0Hs # F, a Haken type theorem cannot be formulated for a H-splitting for M.
Casson-Gordon [1] introduced the concept of compression bodies as a generalization
of handlebodies, and for a bordered 3-manifold they defined a new Heegaard splitting
using compression bodies, and formulated and proved a generalization of Haken’s
theorem.

On the other hand, in 1970 Downing [2] proved that every bordered 3-manifold
can be decomposed into two homeomorphic handlebodies, and Roeling[13] discussed
on these decompositions for bordered 3-manifolds with connected boundary. The
purpose of the paper is to report the Downing’s results [2] and Roeling’s results [13]
in slightly modified and generalized forms, and formulate a Haken type theorem for
these decompositions in the way of Casson-Gordon [1].

2. Handlebody-splittings for bordered 3-manifolds

For a bordered 3-manifold M, let 0M = By U B, U---U B,,, here B; is a connected
component for i = 1,2,...,m, and let g; = genus(B;).
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Theorem 2.1 (Downing [2]). For every bordered 3-manifold M, there exist handle-
bodies Hy and Hs in M which satisfy the following:

(i) Hy & H,, that is, genus(H;) = genus(Hs) = g,

(i) M = Hy U Hs,

(iil) Hy N Hy = 0Hy NOHy = Fy is a connected surface, the splitting-surface,
)

(iv) H;NB; = 0H; N B; = Kj; is a disk with g; holes, and Ki; = Ky (j = 1,2,
z—l 2,. m)

(v) the homomorphism induced from the inclusion
m (Kjisz;) — m(Hj; ), x; € 0Kj; (i=12,i=1,2,....,m)
18 injective.

We call such a (M; Hy, Ho; Fy) a Downing splitting (or D-splitting) for M of
genus g, and call the minimum genus of such splittings for M the Downing genus (or
D-genus) of M and denote it by Dg(M). By the way, Roeling [13] has pointed out
that 7 (Kj;; 2;) in Theorem 2.1 (v) injects not only into 7 (H;;x;) but also onto a
free factor of w1 (H;;x;), when the boundary OM is connected. In fact, it holds the
following:

Theorem 2.2. For every bordered 3-manifold M, there exists a D-splitting
(M; Hy, Ho; Fy) which satisfies the following:

(v) the homomorphism induced from the inclusion
(Kﬂ,xz)—>ﬂ'1(H]‘;xi), $i€8K1i:6K2i (j:1,2,i=1,2,...,m)

is injective, and every image umi(Kji;x;) is a free factor of the free group
m1(Hy3 ) of rank g ,

(vi) there exists a tree T in Fy connecting x1,22, ..., Ty such that the homomor-
phism induced from inclusion

t:m(KjpU--- UK, UT;2) —» m(Hj;z), €T (7=1,2)
is injective, and the image is a free factor of m (Hj;x).

By Zieschang [18, §3, Satz 2 and Korrollar], the above conditions (v) and (vi) are
equivalent to the following geometric condition:

Theorem 2.3. For every bordered 3-manifold M, there exists a D-splitting
(M; Hy, Ho; Fy) which satisfies the following (see figure 1):
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Kij> III//////// '
D @ ///O/
D;zl D};nlD}mz Djmg,,, Eljl
Figure 1
(vi*) there exist systems of meridian-disks Dj; = {Dju,...,Djig,} (i = 1,2,

i=12,...,m) and & = {Ej1,...,Ejy}, where ¢ = g — (g1 + - + gm)
of Hj satisfying the following:

(a) Dj1U---UDjy, UE; forms a complete system of meridian-disks of Hj ,

(b) DjirN(K;1U---UKjp,) = 0D} NKj; consists of a single simple arc, and
Ejkaji :@ (j:1,2,i:1,2,...,m, k= 1,2...,gi), and

(C) CI(K]Z — N(Djil U--- UDjigi§Hj)> 1s a disk (_] = 1,2).

According to Roeling [13], we call a D-splitting for M satisfying the conditions (v)
and (vi) in Theorem 2.2 or the condition (vi*) in Theorem 2.3 a special Downing split-
ting (or SD-splitting) for M of genus g, and call the minimum genus of such splittings
for M the special Downing genus (or SD-genus) of M and denote it by SDg(M).

It will be noticed that for a closed, connected, orientable 3-manifold, the three
splittings, an H-splitting, a D-splitting and an SD-splitting, are considered as the
same one.

In order to prove Theorems 2.1 and 2.2, we need a lemma which is a generalization
of Lemma 1 of Downing [2]. In proving the lemma, the notation and definitions of
Downing [2] will be helpful. If ¢g is a nonnegative integer, let Y (g) be the set of all
points (z,y) in the plane R? which satisfy

xze{0,1,...,9} and —-1<y<1

or
0<zx<g and |yl =1

We put

X(9) =A{(=,y) €Y(9) | y > 0},
90X (g) = {(z,0) € X(g)},
Z(g) ={(x,y) e R® |0 <2 <g, 0<y <1}

Let H be a handlebody with X a copy of X (¢) embedded as a PL subspace of H. X is
said to be proper in H if X NOH = 0X, and X is said to be unknotted if X is proper
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in H and the embedding of X(g) can be extended to an embedding of Z(g). Let
X1U---UX,, be acopy of X(g1)U---UX(gy,) properly embedded as a PL subspace
of H. We say that X; U---UX,, is unknotted if the embedding of X (g1)U---UX (gm)
can be extended to an embedding of Z(g1) U---U Z(gm).

Lemma 2.4 (Downing [2]). Let M’ be a closed, connected orientable 3-manifold, and
(M'; Wy, Wi F) be an H-splitting for M'. Let S be a 1-dimensional spine of Wi.
We suppose that Y1 U---UY,, is a copy of Y(g1)U---UY (g,n) embedded in S. Then
there exists an ambient isotopy {m} of M' satisfying the following:

mY1U---UY,)NW; = X5 U~ UXjnmis a copy of X(g1)U---UX(gm)
which is proper and unknotted in W; for j =1,2.

Proof. The case m = 1 is Lemma 1 of Downing [2], and the proof of the case m > 2,
which is omitted here, is the same as that of the case m = 1. ]

Proof of Theorems 2.1 and 2.2. The proof of Theorems 2.1 and 2.2 is almost similar
to that of Theorem 1 of Downing [2] except for obvious modifications, but for future
reference, we record it here.

Let V; be a handlebody of genus ¢g; (i = 1,2,...,m). We sew V; into the
boundary component B; of M to form a closed, connected, orientable 3-manifold
M = MUVLU---UV,. LetY; be a copy of Y(g;) which is embedded as a 1-
dimensional spine of V; and we triangulate M’ so that Y; U---UY,, is contained in
the 1-skeleton S.

Let W7 = N(S;M’), a regular neighborhood of S in M’, and let Wy =
CY(M'" — W1;M’). Then these form an H-splitting (M'; W1, Wa; F) for M’, where
F = 0W; = 0W,. By Lemma 2.4, there exists an ambient isotopy {n;} of M’ so that

mYiU---UY,)NW,; =X;1U---UX,, is a copy of X(g1)U---UX(gm) *)
which is proper and unknotted in W; (j = 1,2).
We put

N=NmMu---UYy,); M),
Ni=N(X11U---UX1y; Wh), Nop=N(Xo U---UXopm; Wa).

Then, N = Ny U Na, and CI(M’ — N) is homeomorphic to M because {n;} is an
ambient isotopy. From the unknotted condition (*),

Hy = CI(W; — Ny), Hy=Cl(Ws — Ny)

are homeomorphic handlebodies decomposing CI(M’ — N) = M, and it is easily
checked that this splitting satisfies the conditions (ii)—(vi) in Theorems 2.1 and 2.2,
completing the proof. O
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Proof of Theorem 2.3. Let 0K j; = Jjio U Jji1 U Jjia U+ -+ U Jjig,, and we assume z; €
Jjio, j=1,2,i=1,2,...,m. Now, we can choose points z;; € Jjr (k=1,2,...,9;)
and mutually disjoint simple proper arcs d;;; in Kj; which span z; and x;, so that
JiinUdjin UdjiaUdjin U - U Jjig, Udjsg, is a strong deformation retract of K;;. Then,
from the conditions (v) and (vi) in Theorem 2.2, the system of simple loops

U5 Jiizs s Ty, }

i=1
satisfies the condition of Satz 2 in Zieschang [18, §3], and we have the required
systems of meridian-disks D;; = {Dji1, -+, Djig,} (j = 1,2, ¢ = 1,2,...,m) and
& ={Ej1, -+ ,Ejy}, where ¢ = g — (91 + -+ gm) of H; of the condition (vi*) in
Theorem 2.3.

It is easy to check that the condition (vi*) implies the conditions (v) and (vi) in

Theorem 2.2, and we complete the proof. O]

3. Genera of bordered 3-manifolds

From the definitions and the proofs of Theorems 2.1 and 2.2, we know:
Proposition 3.1. For every bordered 3-manifold M, it holds the following:
(i) SDg(M) = Dg(M).
(ii) SDg(M) > g1+ -+ gm = the total genus of OM.

The following two theorems were proved by Roeling [13] when m = 1, and the
proofs of the general case are almost the same as that of m = 1 under the condi-
tion (vi*).

Theorem 3.2 (Roeling [13, Theorem 1]). If a bordered 3-manifold M has an SD-
splitting (M ; Hy, Ha; Fy) of genus g , then M has an H-splitting of genus g.

Proof. To make our notation consistent with Roeling [13], we will use the following
notation in this proof and the proof of Theorem 3.4. If D is a disk, then N(D)
will denote a space homeomorphic to D x [—1,1] where D corresponds to D x {0}.
We denote the 2-handles hq,...,hs by N(D1),...,N(Ds), where Dy is a disk for
each k, N(Dy) N N(Dyp) =0 if k # h, and N(Dy) N Hy = 0Dy, N JH; corresponds to
aDk X [—1, ].] in N(Dk)

From the condition (vi*), we can choose a complete system of meridian-disks

Do U-+-UDg,, UEs
of Hj also satistying the conditions (b) and (c). Then,

Cl(HQ — U N(Dgil J---u D2ig¢;H2)>

i=1
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is a handlebody of genus ¢ =g — (91 + -+ + gm ), and
X = C1<H2 — U N(Dgil U--- UDQigj) 7N(E21 U--- UEQg/))
i=1

is a ball. We choose a system of properly embedded disks D’ = {D},..., D} _;} of Hy
so that D’ is disjoint from the complete system of meridian-disks and
Y =Cl(X —N(DjU---UD, _,))

m—1

consists of m — 1 balls. Now,
Hi = Hy U J(N(D2i1) U+ UN(Dyy,))
i=1

is a handlebody of genus g by the condition (b). Now we conclude that
M 2 H} UN(Ey) U+ UN(Esy) UN(D}) U+ UN(D,_,),
because each ball of Y meets this in a disk on their common boundary. O]
Corollary 3.3. For every bordered 3-manifold M, it holds that
Hg(M) < SDg(M).

Theorem 3.4 (Roeling [13, Theorem 2|). If a bordered 3-manifold M has an
H-splitting (M; Hy, Ha; F) of genus g, then M has a D-splitting of genus g .

Proof. If m = 1, the result has been proved in Roeling [12, Theorem 2], so we assume
m > 2. We suppose that Hy = N(Dy)U---U N(Dyg). Then,

Cl<aH1 -U N(Dk))
k=1
consists of m connected orientable surfaces, say, S1, ..., S, where
S
S;=B;N Cl<6H1 -U N(Dk))
k=1

Here, B; is a connected component of OM. Let ay U B = 0Dy, x {—=1} U9Dy, x {1}
be simple closed curves for k = 1,...,s. Then, 2-handles can be classified into two
types as follows:

(type I) ay and i are contained in some S;, or
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Figure 2

(type II) oy is contained in a S; and [, is contained in a S; with ¢ # j.

We can choose m — 1 handles, say, N(Dy) = Dy x [-1,1],...,N(Dp—1) =
D,,—1 x [-1,1], so that

S=8U-USmUdD; x [-1,1]U--U8Dp_1 x [~1,1]

is connected, because OH, = F' is connected.
Now we choose simple, properly embedded, pairwise disjoint arcs vy, Ym-+1,- - -, Vs
in S so that

(i) each 7 joins ay, to O,

(ii) if the 2-handle N(Dy) is of type I, and «aj and (5 are contained in S;, then
Yk C S;, and if N(Dyg) is of type II, then 7 crosses some of ODq,...,0D,,_1
transversally, and

(iii) 7" = CU(S—Uj_,, N(vk; S)) is connected orientable surface of genus g—s+m—1.
See figure 2.

Now, we can check that
x(8)=2-29, x(I')=2-2g+(s—m+1).

As indicated in figure 2, we choose properly embedded, pairwise disjoint simple
arcs 01,02, ...,0s_my, in T" so that

(iv) each dj joins some v; to v, (j #r),
(v) T =CHT" —U;_" N(6;;T")) is connected.

Then, we know that
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(vi) Sf = CUS; — Upey N(vi3 Si) — Ui—1' N (63 S;)) is a disk with g; holes for

i=1,---,m.
(vii) the inclusion induced homomorphism f, : 71 (S}) — 71(S;) is an injection.
[type I]: We assume that the inclusion induced homomorphism
v; »m(S]) — mi(Hy)

is not injective for some i € {1,...,m}. Then, v;u. : m1(S}) — w1 (Hi) is not injective.
We find by Dehn’s lemma (see [5,6]) a simple closed curve J in S} that does not
contract in S} but bounds a disk £ in H;. Cutting along E, either we separate M
into manifolds M; and My with H-splittings of genuses g(1) > 0 and g(2) > 0 so
that g(1) 4+ g(2) = g, or we remove an 1-handle from M to get a manifold M; with
an H-splitting of genus ¢ — 1. Hence, by induction on g and the fact the theorem is
trivial if g = 1, we are finished.
[type IT]: We assume that the inclusion induced homomorphism

v; . 7'('1(51*) — 71'1(H1)

is an injection for every ¢ = 1,...,m. Then, v;p. : m1(S}) — m1(H;) is an injection.
Let B
H} = (U N(Dk)) U ( U N(’yk;Hl)) U ( U N((Sk?Hl))7
k=1 k=m k=1
where
[( U N(yk;H1)> U ( U N(dk;Hl)ﬂ ns; = ( U N(vk;Si)> U ( U N((Sk;Si))
k=m k=1 k=m k=1

Let Hy = Cl(Hy — Hj}). Then, Hf and Hj are handlebodies of genus g and
M = Hj U Hj. Since the pair (Hy,Hy N B;) is homeomorphic to (Hy,S)), we
have that m (H; N B;) injects to 7y (H;). On the other hand, from our construction,
we know that

S

;08 = (Jwex (1) u (U vews))u (U vos))

k=1 k=m k=1
is a disk with g; holes for every i = 1, ..., m, and the inclusion induced homomorphism
m(H3 N B;) — w1 (Hy) is injective. Hence, M has a D-splitting of genus g. This
completes the proof. ]

Corollary 3.5. For every bordered 3-manifold M, it holds that

Dg(M) < Hg(M) < SDg(M).
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Closed 3-manifolds of H-genus 0 are characterized as the 3-dimensional sphere S3.
Corresponding to this fact, it holds the following:

Proposition 3.6. Let M be a bordered 3-manifold with m boundary components.

SDg(M) =0 <= Hg(M)=0
— M =S?* with m holes
<= M is the connected sum of m copies of the 3-ball D3.

Two H-splittings (M; Hy, Ha; F) and (M; Hy, Hy; F') for a 3-manifold M are said
to be equivalent, if there exists a homeomorphism ¢ : M — M with ¢(F) = F'. Let
(M; Hy, Hy; F) be an H-splitting for M of genus g, and let (S®; Uy, Us; T?) be an H-
splitting for the 3-sphere S? of genus 1. Remove a 3-ball from M and a 3-ball from S3,
choosing these 3-balls so that they meet the respective Heegaard surfaces in disks.
Then, if we use these 3-balls to form the connected sum M#S3 2 M of M and S?, we
shall obtain a new H-splitting for M with Heegaard surface F#T? of genus g+ 1, and
we denote this splitting by (M; Hy, Ha; F)#(S3; Uy, Ua; T?). This process is called sta-
bilizing; it may be iterated to obtain H-splittings (M; Hy, Ha; F)#n(S3; Uy, Us; T?) of
any genus g+n > g. Two H-splittings (M; Hy, Hy; F) and (M; Hy, H}; F') are said to
be stably equivalent, if there exist integers n, n’ with h = g+n = ¢’+n’ so that the sta-
bilizations (M; Hy, Ho; F)#n(S3; Uy, Uy; T?) and (M; Hy, Hby; F))#n/ (S3; Uy, Ug; T?)
of genus h are equivalent as H-splittings. The following is known as the stabilization
theorem:

Proposition 3.7 (Reidemeister [12], Singer [15]). Arbitrary H-splittings for a 3-
manifold M are stably equivalent.

Similarly, we define, on D-splittings for a bordered 3-manifold, equivalence and
stable equivalence relations. Two D-splittings (M; Hy, Ho; Fy) and (M; Hy, H); F{)
for a bordered 3-manifold M are said to be equivalent, if there exists a homeomorphism
Y M — M with ¢(Fy) = F}. Let (D?; A) be a pair of the 3-ball D* and a properly
embedded, boundary parallel annulus A in D3, see figure 3. The boundary dA divides
D3 into two disks, say, D4, D_, and an annulus, say, Ag. We choose a disk D3 C 9D?3
so that DZ N Dy is a disk, D3 N D_ is a disk, and D3 N Ay is also a disk. Let
(M; Hy, Ho; Fy) be a D-splitting for a bordered 3-manifold M, and we choose a disk
D? C OM so that D2 N OH; is two disks and D? NOHy is a disk (or D? N OH, is two
disks and D? N 9H; is a disk). Then, if we use these disks D? C M and D3 C oD?
to form the disk-sum MAD? = M of M and D3, we shall obtain a new D-splitting
for M with the splitting-surface FyU A of genus g(Fp)+1, and we denote this splitting
by (M; Hy, Ho; Fy)/A(D?; A). This process is called stabilization; it may be iterated
to obtain D-splittings (M; Hy, Ho; Fy)An(D?; A) of any genus g(Fp) + n.

It will be noticed that

(i) (M; Hy, Hy; Fy)A(D3; A) depends on a disk D? C M,
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Figure 3

(ii) (M; Hy, Ho; Fo)#(S?; Uy, Ua; T?) is equivalent to some (M; Hy, Ha; Fo)A(D3; A);
however (M; Hy, Ho; Fy) A(D?; A) is not always equivalent to any (M; Hy, Ho; Fp)
#(S% U1, Uy; T?).

Two D-splittings (M; Hy, Ho; Fy) and (M; Hy, HS; F) are said to be stably equiva-
lent, if there exist integers n,n’ with h = g(Fp) + n = g(F}) + n’ and stabilizations
(M; Hy, Hy; Fo)An(D3; A) and (M; Hy, Hy; F}))An/(D3; A) so that these stabilizations
are equivalent.

The following is a corollary to Theorem 3.4 and Proposition 3.6:

Corollary 3.8. Arbitrary D-splittings for a bordered 3-manifold M are stably equiv-
alent.

4. Haken Type Theorem (1)

A 2-sphere in a 3-manifold M is essential if it does not bound a 3-ball in M. A
3-manifold M is irreducible if it contains no essential 2-sphere.
The following corresponds to the Haken Theorem 1.2.
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Theorem 4.1. Let (M; Hy, Hy; Fy) be an SD-splitting for a bordered 3-manifold M.
If there exists an essential 2-sphere in M, then there exists an essential 2-sphere ¥
in M such that XN Fy consists of a single loop.

Proof. We will give a mild generalization of this theorem in Theorem 4.3 below, and
so we will not include a proof of Theorem 4.1, but simply refer the reader to Jaco’s
account of Haken’s proof [4, chapter II] or the proof of Theorem 4.3 below. O

Corollary 4.2. Suppose that a bordered 3-manifold M has a decomposition
M = M7 - - #M,
as a connected sum. Then it holds that
SDg(M) = SDg(M;) + - - - + SDg(M,,).

Let Fj be a compact orientable surface, and let J; and J5 be proper 1-dimensional
submanifolds in Fy. We shall say that [J; and J5 are in reduced position, if J1 N Jo
consists of a finite number of points in which [7; and J5 cross one another, and there
is no disk on Fy whose boundary consists of an arc in /; and an arc in J5 .

Let M be a bordered 3-manifold and let (M; Hy, Hy; Fy) be an SD-splitting for M.
We call the complete systems of meridian-disks Dy of H; and Dy of Hs which satisfy
the condition (vi*) a special complete systems of meridian-disks. These special com-
plete systems of meridian-disks D; of H; and Dy of Hs are said to be irreducible if
J1 = D1 N Fy and Jo = Dy N Fyy are in reduced position in Fjy.

Theorem 4.3. Let (M; Hy, Hy; Fy) be an SD-splitting for a bordered 3-manifold M,
and let D; = {Dj1,...,Djz} be a special complete system of meridian-disks of H;
(7 = 1,2), and we suppose that Dy and Ds are irreducible. Let ¥ be a disjoint
union of essential 2-spheres in M. Then there exist a disjoint union of essential
2-spheres ¥* and a complete system of meridian-disks D5 of Ho such that

(i) X* is obtained from X by ambient 1-surgery and isotopy,
(ii) each component of L* meets Fy in a single loop,

(111) DlﬂZ* = @, D;mZ* = @ B and D;ﬂ(FﬂUUF]m) = Dgﬁ(FleJ' "Uij),
where Fj; is the planar surface 0H; N B;, B; a connected component of OM.

Proof. We choose a 1-dimensional spine Sy; of the planar surface Fy; so that So; con-
sists of simple loops based at the point z; and each loop intersected with Dy at a
single point (¢ = 1,2,...,m). Then we can choose a 1-dimensional spine Sy of Hj so
that So M Dy, consists of a single point (i = 1,2,...,m) and SoNIHy = So1U- - -USa,,.
We may suppose that So intersects transversally with ¥ at a finite number of points.
Since H, is a regular neighborhood of S; , we may assume that ¥ intersects with Ho
at a finite number of disks, say, o1, ,0p.
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Let 39 = CI(X — (01 U---U0y,);X). Then ¥o N (D11 U---U Dq,) consists of a
finite number of simple loops and proper arcs. Since H; is irreducible, we can remove
all simple loops by cut-and-paste, and so we may assume that g N (D11 U---UD1y)
consists of a finite number of proper arcs, say, aq,...,ag. Since Xg N Fy; = 0 for
i=1,2,...,m, we can choose an innermost arc, say, a;, on one of Dyq,..., D1y, say,
D11, if 3o N (D11 U---UDyq,) # 0. Let A C Dyy be the disk cut off by ay so that

AﬁEozﬁAﬁEO:al, Aﬂ(FllLJ"'UFlm):@.

Now, we may apply the same argument as that of Jaco [6, II7-119]; that is, we can
deform ¥ along A (by isotopy of type A) so that the new ¥* does not meet at a;.
By the repetition of the procedure, we can get rid of all intersections aq, ..., a of
¥* N D;. Now, it is easy to see that the new X* satisfies the conditions (i) and (ii),
and the condition Dy N'X* = from (iii).

Since Hy N X* consists of a finite number of disks and X* N (Fyy U--- U Fy,,) = 0,
we can choose, if necessary, a complete system of meridian-disks D; of Hs so that D3
satisfies the other conditions in (iii), completing the proof. O]

5. Haken type theorem (2)

A proper disk in a bordered 3-manifold M is said to be essential if it does not cut
off a 3-ball from M. Using essential disks, Gross[3] and Swarup [16] have formulated
another prime decomposition theorem under disk-sum (i.e., boundary connected sum)
for a bordered 3-manifold.

Now the following question immediately comes to mind:

Question and Example 5.1. Let (M; Hy, Ho; Fy) be an SD-splitting for a bordered
3-manifold M. If there exists an essential proper disk in M, then does there exist an
essential proper disk A in M such that A N Fy consists of a single arc?

The answer is NO in general. The following counterexample is due to Dr. Kanji
Morimoto. Let K be a simple loop on the boundary S* x S* of the solid torus D? x S*
such that K N D? = K N9dD? consists of two crossing points, where D? is a standard
meridian-disk of D? x S*. Let J C D? be a simple proper arc joining the two points.
Let Hy = N(K U J; D? x S'), and Hy = C1(D? x S — Hy; D? x S'). Then we have
an SD-splitting (D? x S1; Hy, Ho; Fy) for D? x S* of genus 2, where F} is the surface
Cl(0H; NInt(D? x S'); D? x S'). The meridian-disk D? is an essential proper disk
in D? x S' which is unique up to ambient isotopy of D? x S', and D? N Fy consists
of two arcs. It will be noticed that D? x S' has an SD-splitting of genus 1, and the
above splitting is of genus 2. O

Proposition 5.2. Let (M; Hy, Hy; Fy) be an SD-splitting for a bordered 3-manifold M.
If there exists an essential 2-sphere in M which is not boundary parallel, then there
exists an essential proper disk A in M such that AN Fy consists of a single arc.
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Proof. By Theorem 4.1 (or 4.3), we have an essential 2-sphere ¥ in M such that
3N Fy consists of a single loop. Using this X, we can easily obtain a required essential
disk A. O

The following lemma corresponds to Theorem 4.3.

Lemma 5.3. Let (M;Hy, Ho; Fy) be an SD-splitting for an irreducible bordered 3-
manifold M. If there exists an essential proper disk in M, then there exist an es-
sential proper disk A in M and a special complete system of meridian-disks D; =
{Dj1,...,Dj,} of H; (j=1,2) satisfying the following:

(i) AN Fy consists of a finite number of proper arcs,

(i) AN H; consists of a finite number of proper disks, and each component is es-
sential in H; (j=1,2), and

(i) AN Dy = 0.

Proof. We choose a 1-dimensional spine S of Hs in the same way as that of the proof
of Theorem 4.3. Then, we may consider Hy as a regular neighborhood of Ss.

Let [0 be an essential proper disk in M. We may assume that [J intersects with S
transversally in a finite number of points, and so [JN Hy consists of a finite number of
proper disks, which are regular neighborhoods of [1N S5 in [J. Now [JN F{y consists of
a finite number of proper arcs and loops. We can remove the loops in the same way
as in the proof of Theorem 4.3 (see Jaco [6]), and let A be the new disk. It is easy
to see that A satisfies the conditions (i) and (ii). If we cut Hs along A then we have
some handlebodies, and so we can choose a complete system of meridian-disks Dy
of Hy with the condition (iii). This completes the proof. O

Using this Lemma, we can prove the following:

Proposition 5.4. Let (M; Hy, Hy; Fy) be an SD-splitting for an irreducible bordered
3-manifold M with connected boundary B of genus g. If there exists an essential
proper disk in M and SDg(M) = g, then there exists an essential proper disk A
i M such that AN Fy consists of a single arc.

Proof. Let A C M be an essential proper disk, and D; be a special complete system of
meridian-disks of H; (j = 1,2) that satisfy the conditions of Lemma 5.3. We cut H,
along Dj; we have a 3-ball D?. On the boundary dD?, Fj; appears as a disk from
the condition (vi*)-(b). Using A we construct the required disk by the condition (iii).
The proof is not so hard but fairly complicated, and we omit it here. O]

As a corollary to this Proposition, we have the following characterization of han-
dlebodies by SD-splittings.
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Corollary 5.5. Let M be an irreducible bordered 3-manifold with connected bound-
ary B of genus g, and we suppose that M contains an essential proper disk. Then it

holds that
SDg(M) =g < M is a handlebody of genus g.
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