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A note about a theorem by L. H 6rmander

A. Garcia del Amo, M. Maldonado and J. Prada

Abstract. We point out that the tempered distributions that appear in the characterizations of translations-
invariant operators ii.” spaces are elements of the dual of a Sobolev space.

Una nota sobre un teorema de L. H o6rmander.

Resumen. Observamos que las distribuciones temperadas que aparecen en la carametizacs
operadores invariantes por trastatien los espacias?, son elementos del dual de un espacio de Sobolev.

In 1960, L. Hhrmander in a paper published in Acta Math. proved the following characterization of
bounded translations invariant operators betweespaces.

Theorem 1 If A is a bounded translation invariant operator frob? to L4, then there is a unique distri-

butionT € S’ such that
Au=T xu,u € S.

For the proof he needs the following lemma which is a very special case of Sobolev’s lemma

Lemma 1 If a functionv in R™ and its derivatives of ordex n are in L? locally, the definition of) may
be changed on a set of measOre®® make it continuous. Then we have witb'a

p

i< S| [ peay

lal<n \jy—z|<1
In the proof of Theorem 1, he claims that
D (Au) = A(D%u)

in the distribution sense and after proving it, using the previous lemma, he finds the inequality

[AW)(0)] < C ) 1D,

le|<n
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from which he deduces thatlu)(0) is a continuous linear form of so that it may be written
(Au)(0) = T(u) = (T *u)(0),

whereu(z) = u(—z) andT € S'.

In this note we just want to point out that the above inequality implies (tHat)(0) is a continuous
linear form onS taken as a subspace of the Sobolev spageR™) .

Assume thap < oo; asS is a dense subspacelof? (R™), then(Aw)(0) can be extended to a continuous
linear form on the mentioned Sobolev space, that is, an elementof?’ (R") = (W2 (R™))' (p andp’
are conjugate exponents).

Thereforel can be written

T = Z Daf(u f(x ELP/(RH)

la|<n
and so
Au=Txu = Z fax D%, uweS

le|<n
or, taking Fourier transforms,

T = Z (27ri)|°“xo‘ﬁ,é.

la|<n

Whenp = ¢ = 2, Theorem 1.5 of the mentioned paper reads
Theorem 2 With equality also of the norms, we have
M3 = L>.
Note that in this particular case we have

L™ C {f; f=> D% fa 6L2(R")}.

la|<n

If f € L>°(R), then it can be written ag(z) = f1(z) + 27wiz fo(z), wherefy, fo € L*(R) are

fi(z) = f(z) * X[-1,1] (z),

2mix
In general, iff € L>*(R™), n > 1, itis easy to see that

n [2]+1
@) = fie) + <2m~>zzxi] o),
k=1

wheref;, fo € L?>(R"™) are
fi(z) = f(x)XBl(U)(x)
f(z) = fi(@)
n [5]+1
{(27”')2 > x%}
k=1
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