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A new characterization of generators of differentiable
semigroups

I. I. Vrabie

Abstract. Let �����	�
���������� be the infinitesimal generator of a ��� -semigroup of contractions��� ��������� �"!$# . We prove that
��� �������%� �&!$# is differentiable if and only if, for each ')(*�
!,+.-/� , there

exists 0212354$6879�):<;�=?>4 �A@CB 4 in the norm topology of �D�FEG'H+I-KJK'ML
�FN8���O�F� . A consequence concerning
analytic � � -semigroups of contractions is also included.

Una nueva caracterización de generadores infinitesimales de semigrupos
diferenciables

Resumen. Sea �P�$�	�
�Q�R9�S�T� el generador infinitesimal de un ��� -semigrupo de contracciones��� �������U���)!V# . Se muestra que
�/� �����W�U�X��!V# es diferenciable si y sólo si, para cada 'Y(Z�
!,+.-K� , existe021[354C6879� : ;Q=?>4 � @ B 4 en �D�FEF'H+I-KJK'ML
�FN8���O�F� equipado con la norma supremo. Una consecuencia

sobre � � -semigrupos de contracciones analı́ticos es también considerada.

1. Introduction

Let \ be a Banach space and let us denote by ]_^
\)` be the space of all linear continuous operators from \
into itself. We endow ]_^
\)` with the operator norm aQbcaCdHegf h , i.e. with the norm defined by aKijaCdHekfAhAlmonqp%r a/i5sHa�t�aKsHa_lvuxw for each i in ]_^
\)` . Let yvzc{Y^|y}`M~�\���\ be the infinitesimal generator of a� �

-semigroup of contractions r$� ^<�o`�tR� �P�cw . We recall that r$� ^<�o`�tR� ���Ww is called :

(i) differentiable at ���P� if, for each sY�j\ , the mapping ���� � ^<�o`�s is differentiable at �}t
(ii) differentiable if it is differentiable at each �j��^<�c�.�_�P`�t

(iii) uniformly differentiable at ���P� if the mapping ���� � ^<�o` , from ^|�q�I�_��` into ]}^|\)` , is differentiable
at �}t

(iv) uniformly differentiable if it is uniformly differentiable at each ����^|�c�.�_�P`Ut
It is known that a

� �
-semigroup is differentiable if and only if it is uniformly differentiable. See Hille,

Phillips [4] the first corollary on p. 311, or Pazy [7], Corollary 4.4, p. 53.
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Our goal here is to prove two new characterizations of infinitesimal generators of differentiable (and
thus uniformly differentiable)

� �
-semigroups of contractions. As a consequence we obtain a new char-

acterization of infintesimal generators of analytic
� �

-semigroups of contractions. We note however that,
with slight modifications, our arguments can be adapted to handle arbitrary

� �
-semigroups. The complete

characterization of infinitesimal generators of differentiable
� �

-semigroups is due to Pazy [6]. See also
Pazy [7], Theorem 4.7, p. 54. While Pazy’s characterization relies on the spectral properties of the infinites-
imal generator described by means of the complex values in the resolvent set, our results are expressed
only in terms of the type of convergence in some exponential-like formulae, by using only real values in
the resolvent set, and are of interest in approximation theory. We emphasize that while the interesting part
of Pazy’s Theorem 4.7 just mentioned is the suffciency, the interesting part of each of our results is the
necessity. More precisely we will prove :

Theorem 1 Let yTz�{Y^|y}`_~�\���\ be the infinitesimal generator of a
� �

-semigroup of contractionsr$� ^<�o`�t������Ww . Then r$� ^<�o`�t��8���Ww is differentiable ^ and thus uniformly differentiable ` if and only if for
each sZ�j\ and each �&�)^<�c��u$` there exists��� � ,¡5¢ yS£c¤5¥ �¦ y�§}¨   s
uniformly for � ��©o� �/u$ªx�_« .
Theorem 2 Let yTz�{Y^|y}`_~�\���\ be the infinitesimal generator of a

���
-semigroup of contractionsr$� ^<�o`�tX�Q�¬�Ww . Then rV� ^|�o`�t��Q���cw is differentiable ^ and thus uniformly differentiable ` if and only if, for

each ����^|�c��u$` , there exists
�k� � ,¡¢ y £ ¤5¥ �¦ y § ¨  

in the norm topology of
� ^®©o� �/uVªV�_«�to]_^|\)`o` .

Concerning analytic semigroups we have :

Theorem 3 Let y¯z_{Y^<yD`"~°\±� \ be a ² -linear operator which generates a
� �

-semigroup of
contractions r$� ^<�o`�tR� �P�cw . Then, r$� ^|�o`�tH�³���Ww is analytic if and only if, for each �"��^|�c��u$` , there exists�k� � ,¡5¢ y £ ¤¥ �¦ y § ¨   l�´^|�o`
in the norm topology of

� ^®©o� �/uVªV�_«�to]_^|\)`o` , and there exists
�Sµ � such thataK´^|�o`/a/dHekfAh�¶ � �

for each � µ � .
We notice that there exists a very definite relationship between our Theorem 3 and the main result of

Crandall-Pazy-Tartar [1], i.e. Theorem 5.5, p. 65 in Pazy [7]. We notice that the necessity part of our
Theorem 3 is strictly stronger than the corresponding one in Theorem 5.5 loc.cit. Moreover, from the latter
result and Theorem 3, we easily deduce z
Theorem 4 Let y¯z_{Y^<yD`"~°\±� \ be a ² -linear operator which generates a

� �
-semigroup of

contractions r$� ^|�o`�tH�³���Ww . If there exists
�?µ � such that····· y £ ¤5¥ �¦ y § ¨   ¨�¸ ····· dHekfAh ¶ � � �
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for each � µ � and each ¦ ��¹ , then there exists�k� � ,¡¢ y?£c¤5¥ �¦ y�§ ¨  
in the norm topology of

� ^®©o� �/uVªV�_«�to]_^|\)`o` .
2. Proof of Theorem 1

We assume familiarity with the basic concepts and results concerning
�Q�

-semigroups and we refer the
reader to Davies [2], Hille, Phillips [4] and Pazy [6].

The proof of the next lemma which is essentially based on the well-known Stirling’s Formula is incor-
porated in that of Theorem 8.3 in Pazy [7], p. 33. See also Lemma 1 in Vrabie [8].

Lemma 1 For each º»��^|�q�/uV` and each ¼M�)^ou,�I�_��` we have��� � ,¡5¢ ¦  ,½ ¸¦�¾À¿&Á� ^
Â�Ã ¨UÄ `  WÅ Â	l�� and

�k� � ,¡¢ ¦  x½ ¸¦�¾À¿ ½Æ¢Ç ^|ÂÈÃ ¨�Ä `  cÅ Â	l��qÉ
Lemma 2 For each ¦ �j¹ we have ¦  x½ ¸¦�¾À¿ ½Æ¢� Ê ÂÈÃ ¨UÄ$Ë   Å ÂÌl�u�É
PROOF. Let us observe that by a simple integration by parts we get¦  ,½ ¸¦�¾À¿ ¢Ç Ê Â�Ã ¨UÄ Ë   Å ÂÌl�Ã ¨   Ç  ÍÎ.Ï � ^ ¦ ¼�` ÎÐ ¾ �

for each ¦ ��¹ and ¼8��� , and so the conclusion follows by taking ¼�l�� in the equality above. Ñ
The lemma below is a consequence of Lemma 2 in Dunford, Schwartz [3], p. 566 combined with

Hille-Yosida’s Theorem (see Pazy [7], Theorem 3.1, p. 8) and with Lemma 2 above.

Lemma 3 Let y�z�{Y^|y}`Ò~T\Ó�Ô\ be the infintesimal generator of a
���

-semigroup of contractionsr$� ^<�o`�t��Õ���Ww , let Ö µ � and let ×ÈØ�lÙ^|¤Ì¥�Öqy}` ¨�¸ . Then, the mapping Ö���Ú×�Ø is of class
� ¢

from^|�q�I�_��` into ]_^
\)` . In addition, for each ¦ �j¹ Û , each � µ � and each sY�j\ , we have£c¤5¥ �¦ y�§_¨   ¨�¸�s»¥ � ^|�o`Fsjl ¦  x½ ¸¦�¾À¿ ½R¢� ^
Â�Ã ¨UÄ `   © � ^|��Âc`�sÒ¥ � ^|�o`�sq« Å ÂÜÉ (1)

We may now proceed to the proof of Theorem 1.
PROOF. Sufficiency. Let s*�Ò\ and �"��^|�q�/uV` . From Hille’s Exponential Formula (see [7], Theorem 8.3,
p. 33) we have

�k� �  ,¡¢ Ê ¤5¥TÝ  y Ë ¨   s�l � ^<�o`�s uniformly for �*��©®�³��u$ªV�_« . As y is closed, from
this remark and from hypothesis, it follows that

��� �  ,¡5¢ y Ê ¤5¥ Ý  y Ë ¨   s�lÞy � ^|�o`Fs uniformly for �ß�©o� �/uVªV�}« . But this means that, for each � µ � and each s���\ , � ^|�o`Fs���{Y^|y}` , and this completes the
proof of the sufficiency.

Necessity. Using once again the closedness of y , Hille’s Theorem 3.7.12 in Hille, Phillips [4], p. 83,
and Lemma 3, we gety?£c¤5¥ �¦ y�§5¨   ¨�¸�s»¥�y � ^<�o`�sjl ¦  x½ ¸¦�¾À¿ ½Æ¢� ^
Â�Ã ¨�Ä `   © y � ^|��Âc`�sÒ¥)y � ^|�o`Fsc« Å Â�� (2)
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for each � µ � and each sY�Ò\ . Let �"��^|�q�/uV` , and let us fix à���^<�c�á�X` . As rV� ^|�o`UtU� ���Ww is differentiable,
it follows that, for each sY�Z\ , the mapping ����°y � ^<�o`�s is continuous on ^<�c�.�_�P` . Then, for each â µ �
there exists ãW^�â�` µ � such that aKy � ^|�o`FsZ¥&y � ^<äV`�sXaj¶�â for each �I�Iä���©oà��/uVª$àD« , with å �³¥Pä�åH¶æãW^�â�` .
Moreover, for the same â µ � , there exist ºjl�ºU^�â�`M��^|�c��u$` and ¼}l?¼V^
â�`M�P^�u��I�_��` , such that, for each�	�S©o� �/uVªV�}« and Â��S©oº��á¼Ü« , we have ��Â��S©oà��/uVª$àD« and å � ¥���Â%å ¶ÞãW^�â�`IÉ As a consequence, for each�³��©o� �/uVªV�}« and Â»��©®ºÜ�I¼Ü« , we conclude thataKy � ^|��Âc`�sO¥)y � ^|�o`FsHa}¶&â�É (3)

From ^<ç�` we deduce that ····· y £ ¤5¥ �¦ y § ¨   ¨%¸Us»¥)y � ^|�o`Fs ····· ¶ èÍÎ.Ï ¸ a.é   Î ^|�o`/aV� (4)

for each ¦ ��¹ and each �³��©®�³��u$ªV�_« , whereé   ¸ ^|�o`�l ¦  x½ ¸¦�¾À¿&Á� ^
Â�Ã ¨�Ä `   u � ÅÅ Â ^ � ^|��Âc`o`Fs Å ÂDté  ê ^|�o`�l ¦  x½ ¸¦�¾À¿&Á� ^
Â�Ã ¨�Ä `   y � ^<�o`�s Å ÂMté  ë ^|�o`�l ¦  x½ ¸¦�¾À¿ ÇÁ ^
Â�Ã ¨UÄ `   ^<y � ^<��ÂW`FsO¥�y � ^<�o`�sU` Å Â}té  ì ^|�o`�l ¦  x½ ¸¦�¾À¿ ½Æ¢Ç ^|ÂÈÃ ¨�Ä `   y � ^<��ÂW`Fs Å ÂMté  è ^|�o`�l ¦  x½ ¸¦�¾À¿ ½Æ¢Ç ^|ÂÈÃ ¨�Ä `   y � ^<�o`�s Å Â��
for each ¦ ��¹ and each � �)©®�³��u$ªx�_« . Next, we shall evaluate each of the five terms on the right hand side
of ^|í�` . To this aim let us observe that, for each î µ � , and for each �j��©oîÜ�.�P` , we havea/y � ^|�Ü`�sHa_¶�aKy � ^
îc`�sXaVÉ (5)

Indeed, since the semigroup is differentiable, the mapping �)��ïy � ^
�Ü`Fs is a
� ¸ -solution of the equationð�ñ l¬y ð on the interval ^<�c�I�_��` and then, by the dissipativity of y , we deduce ^<ò�` .

We begin to evaluate é   ¸ ^<�o` . Integrating by parts, observing that å Ã ¨UÄ ¥�Â�Ã ¨�Ä åÜ¶�u for each Â��P^|�q�/uV` ,
and taking into account that the mapping Âß��óÂÈÃ ¨�Ä is nondecreasing on ^<�c��u$` , we deducea.é   ¸ ^<�o`Ka8l ···· ¦  x½ ¸¦�¾À¿"Á� ^|ÂÈÃ ¨�Ä `   u � ÅÅ Â ^ � ^|��Âc`o`Fs Å Â ···· ll u � ···· ¦  x½ ¸¦�¾ ^|º�Ã ¨ Á `   � ^|�Fºc`Fs»¥ ¦  ,½ ¸¦�¾À¿ Á� ¦ ^|ÂÈÃ ¨UÄ `   ¨%¸ ^|Ã ¨UÄ ¥)ÂÈÃ ¨�Ä ` � ^|��Âc`�s Å Â ···· ¶¶ aKsHa� ô ¦  x½ ¸¦�¾ ^|º�Ã ¨ Á `   � ¦  x½ ¸^ ¦ ¥�u$` ¾ ^<ºÈÃ ¨ Á `   ¨%¸.õ �
for each ¦ ��¹ and each �³��©®�³��u$ªV�_« . Clearly we have¦  x½ ¸¦�¾ ^|º�Ã ¨ Á `   l ¦  ¦�¾ Ã ¨   b ¦ Ê º�Ã ¸I¨ Á Ë   and¦  x½ ¸^ ¦ ¥�u$` ¾ ^|º�Ã ¨ Á `   ¨%¸ l ^ ¦ ¥�u$`   ¨%¸^ ¦ ¥PuV` ¾ Ã ¨ e   ¨%¸ h b ¦ ê £ ¦¦ ¥�u §   ¨�¸ Ê ºÈÃ ¸.¨ Á Ë   ¨%¸ É
300



A new characterization of generators of differentiable semigroups

In view of Stirling’s Formula (see Nikolsky [5], p. 393), we have

�k� �  ,¡¢  ,ö �÷ Ã ¨   l�� . In addition, sinceºÌ��^|�q�/u$` , we have º�Ã ¸.¨ ÁÕø u . Therefore, we deduce both��� � ,¡5¢ ¦  ,½ ¸¦�¾ ^<ºÈÃ ¨ Á `   l�� and

�k� � ,¡5¢ ¦  ,½ ¸^ ¦ ¥�u$` ¾ ^<ºÈÃ ¨ Á `   ¨�¸ l��qÉ
So, we conclude that

�k� � ,¡¢ a.é   ¸ ^<�o`Ka8l¬�
uniformly with respect ot � �)©®�³��u$ªV�5« . Next, from ^<òÈ` , we haveaKé  ê ^|�o`/aD¶�aKy � ^|��`�sXa ¦  x½ ¸¦�¾À¿&Á� ^
Â�Ã ¨UÄ `   Å ÂÜ�
for each ¦ ��¹ and each �³��©®�³��u$ªV�_« . From this inequality and Lemma 1, we get

�k� � ,¡¢ a.é  ê ^<�o`Ka8l¬�
uniformly for � �)©®�³��u$ªV�5« . In order to evaluate é  ë ^|�o` , let us observe that, from ^<ùÈ` and Lemma 2, we havea.é  ë ^<�o`KaD¶ ¦  ,½ ¸¦�¾À¿ ÇÁ ax^|ÂÈÃ ¨UÄ `   aKy � ^|��Âc`�sO¥)y � ^|�o`FsHa Å ÂO¶&â ¦  ,½ ¸¦�¾À¿ ÇÁ ^|ÂÈÃ ¨�Ä `   Å ÂÒ¶¶"â ¦  x½ ¸¦�¾À¿ ¢� ^
Â�Ã ¨�Ä `   Å Âßl�â
for each ¦ ��¹ and each �³��©®�³��u$ªV�_« . Consequently

�k� � m®ncp ,¡¢ a.é  ë ^<�o`KaD¶Pâ�É
As concerns é  ì ^|�o` , let us remark that, in view of ^<ò�` , we havea/y � ^<��ÂW`FsHaD¶�aKy � ^|�X¼/`�sXa
for each � ��©o� � ¸ú « and each Â»��^<¼$�.�_�P` . ThereforeaKé  ì ^|�o`Ka8l ···· ¦  x½ ¸¦�¾À¿ ¢Ç ^|ÂÈÃ ¨UÄ `   y � ^|��Âc`�s Å Â ···· ¶�aKy � ^|�X¼/`FsHa ¦  ,½ ¸¦�¾À¿ ¢Ç ^
Â�Ã ¨�Ä `   Å ÂÜ�
for each ¦ ��¹ and each �³��©®�³��u$ªV�_« . From this relation, and Lemma 1, we get

��� � ,¡5¢ aKé  ì ^|�o`/a�l��qÉ
Furthermore, from ^Gò�` , we haveaKé  è ^|�o`/aD¶�aKy � ^|��`�sXa ¦  x½ ¸¦�¾À¿ ¢Ç ^
Â�Ã ¨UÄ `   Å ÂÜ�
for each ¦ ��¹ and each �³��©®�³��u$ªV�_« . Accordingly

�k� �  ,¡5¢ a.é  è ^|�o`Ka8l¬�cÉ Summing up, we deduce��� � moncp ,¡5¢ ····· y?£c¤5¥ �¦ y�§_¨   ¨�¸�s»¥�y � ^<�o`�s ····· ¶PâWÉ
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Since â µ � is arbitrary, we conclude that, for each �"��^<�c��u$` , we have�k� � �¡5¢ y?£q¤5¥ �¦ yM§}¨   ¨�¸�sjl�y � ^<�o`�s (6)

uniformly for � �)©®�³��u$ªx�_« . To complete the proof, we have merely to show that�k� � ,¡¢ y?£c¤5¥ �¦ ��u yM§ ¨   ¨%¸ sÒl¬y � ^|�o`�s (7)

uniformly for ���û©o� �/uVªV�}« . To this aim, let us observe that, from ^<üÈ` and the infinite dimensional
version of Arzelà-Ascoli’s Theorem (see Vrabie [9], Theorem 1.3.1, p. 7), it follows that, for each se-
quence ^|º   `  �ýVþ of functions from ÿ Û½ ı̂n ÿ Û½ satisfying

��� �  ,¡5¢ º   ^<�o`*l � uniformly on every com-

pact subset in ÿ�Û½ , we have

�k� �  ,¡5¢ y � ¤5¥ Á ö e Ý h  y�� ¨   s�l y � ^|�o`Fs uniformly on every compact sub-
set in ÿ�Û½ . Indeed, this follows from the remark that, for each sÞ��\ and � � ^|�c��u$` , the family of

functions �������y Ê ¤5¥ÞÝ  y Ë ¨   ¨%¸ sRt ¦ �j¹�Û�� is equicontinuous on ©o� �/u$ªx�}« being relatively compact in� ^o©®�³��u$ªV�5«Gt®\)` . See ^<üÈ` and Arzelà-Ascoli’s Theorem 1.3.1, loc.cit. We complete the proof by observing
that the choice º   ^|�o`�l   Ý x½ ¸ , for ¦ �j¹ , leads to ^��,` . Ñ

Since the proof of Theorem 2 follows exactly the same lines as that of Theorem 1, we do not give
details. Moreover, Theorem 3 is a direct consequence of Theorem 2 and the equivalence between (a) and
(d) in Hille’s Theorem 5.2 in Pazy [7], p. 61.
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