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On a functional-analysis approach to orthogonal sequences
problems

V. P. Fonf, A. M. Plichko and V. V. Shevchik

Abstract. LetT be a bounded linear injective operator from a Banach spaago a Hilbert spacéd
having dense range and let a sequefice} C X be such thafT'z, } is orthogonal. We study properties
of {Tz,} depending on properties §f,, }. We also study the “opposite situation”, i.e. the action of an
operatorl’ : H — X onto orthogonal sequences.

Una aproximaci 6n a problemas de sucesiones ortogonales por an  alisis
funcional

Resumen. SeaT un operador lineal acotado e inyectivo de un espacio de Bakaeh un espacio
de HilbertH con rango denso y sda,,} C X una sucesin tal que{T'z,} es ortogonal. Se estudian
propiedades dé€T'z,, } dependientes de propiedades{de }. Tamben se estudia la “situami opuesta”,
es decir la acéin de un operaddf : H — X sobre sucesiones ortogonales.

1. Introduction

There are numerous investigations in the theory of orthogonal sequences connected with the following
problem of Banach ([11], Problem 86):

Given an orthonormal and uniformly bounded sequence of measurable funftipfig}, can one always
complete it, using functions with the same bound, to a sequence which is orthonormal and complete?.
Consider the case when infinitely many functions are necessary for completion.

This problem was first solved by S. Kaczmarz [7] in 1936. Later other solutions were found (see [8]).
In [15] an “abstract” approach to this problem was proposed. Namely, in [15] a c&ispié!, whereH is
a separable Hilbert spac¥, is a Banach space densely, non-compactly embeddHd was considered. It
was proved that then there exists an orthonormal sequiengeC H such that it is bounded i, admits
no extension to a complete orthonormal sequendé,insing elements fronX', and the closed linear span
of {e,} in H has an infinite codimension iff. This gives, in particular, a negative answer to Banach'’s
question.

We can describe our approach to orthogonal sequences problems (like Banach’s problem) in the follow-
ing way. LetX be a Banach spacél be a separable Hilbert space. Consider a bounded, injective operator
T : X—H having non-closed, dense rarigéX) in H. Following [4] we callT with these propertie&a
dense embedding operatorSuppose{Tz,} is an orthonormal sequence . We study properties of
{T'z,} in H depending on properties §%,, } in X.
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We also consider the “opposite situation” in the following sen$eis a dense embedding operator
acting from a separable Hilbert spalleinto a Banach spac¥. In the last case we start from the following
result in the theory of orthonormal sequences in the couple of sgagesl)— L1 (0, 1) (see [19]): There
exists an orthonormal sequence which is a (Schauder) babign1), but notinL,(0,1).

2. Extension of orthonormal sequences

We start with some definitions and notations. DenoteSkythe unite sphere of a Banach spakeThe
distance of an element € X to a subsetd C X will be denoted byd(z, A) ; [x,]$° denotes the closed
linear span of a sequenée,, }. Let{e, } be an orthonormal sequence in a Hilbert spHcaNe say that an
orthonormal sequendgy,, } is an extensiomnf {e, } if there exists an orthonormal sequereg } such that

{yn} = {en} U {Zn} s

The following proposition shows, in particular, that we can find an orthonormal seqfigneen 7'(X)
such that it cannot be extendedAhto an orthonormal sequence even adding only one elementfi(or).

Proposition 1 LetT be a dense embedding operator acting from a Banach spaaeto a separable
Hilbert spaceH. Then there exists an orthonormal sequefigg} C 7'(X) such thatcodim [y,,]3° = oo
and

([ya)i*)* N T(X) = {0} 1)

Proor Let{v,} C T(X) be a complete sequencefihsuch that each element is repeated infinitely
many times and let,, | 0. By [14] there exists a closed infinite dimensional subspéade H such that
ZNT(X) = {0} . We proceed by induction. For elemedts;,y;}!", C H we will denoteH,, =
span (z;, y;)™_, . Onthe first step we takg € S . By Lemma 6 from [15] there exists € T(X)mszf_,
such thati(vy, Hy) < 1. On then-th step we take,, € Sz N H,f_l, and by Lemma 6 from [15] choose
yn € T(X)NHE | N S.. such thatd(v,, H,) < £,. So we obtain a complete orthonormal sequence
{20, yn 2, Wherez,, € Z, y, € T(X). By the construction{[y,]5°)* = [2,]$° C Z. The proof is
complete.®

If T: X—H is a non-compact dense embedding operator we can ask whether there bxistalad
sequencgz, } C X suchthay, = Tz, possesses the properties described in Proposition 1. The following
proposition, the proof of which actually coincides with the proof of Proposition 3 from [15], holds.

Proposition 2 LetT be a non-compact dense embedding operator acting from a Banach Xpite a
separable Hilbert spacél. Then there exists a bounded sequeficg} C X such that{T'x,, } is orthonor-
mal, codim [T'z,]° = oo and fory,, = Tz, the property(1.1) holds.

Now let{T'z,,} C T(X) be a given orthonormal sequence. How “fa"x,,} may be extended to an
orthonormal sequence iH by using elements frorfi’'(X)? In order to investigate this problem we put:
Y = [T, Xo=T"%Y"+)and

m = codimy.1T(Xp), me€ {0} UNU{c0} . (2)

Theorem 1 a) If the restrictionT’| x,, is non-compact then there exists an orthonormal extensi¢@of, }
by imageg{ z;} of some bounded sequenceXnsuch that

(Y, {z;})= N T(X) = {0} and codim g[Y, z;]3* =m . (3)

b) If T'| x, is compact then it does not exists a complete orthonormal extens{@nqf} by images of some
bounded sequence .
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PROOF To prove a) we consider two cases:
1) m < oo. Then the restrictioff’| x, is an isomorphism. Lefz;} be any orthonormal basis #fi(X,) (au-
tomatically infinite, becous®| x, is non-compact). Sinc€| y, is an isomorphism, the sequent&—"z,}
is bounded. Next we havg, {z;})* N T(X) = ({z;})* N T(Xo) = {0} andcodim Y, z;]3° =
codim y 1 T(Xy) = m, and (3) holds.
2) m = oo. Here we also consider two cases:

(i) T'| x, is an isomorphism. Lefz; } be an orthonormal basis fi(X,). The condition (3) is verified in
the same manner as in the case 1).

ii) T|x, is not an isomorphism. In view of Proposition 2 there exists a bounded seq{tejice- X
suchthat; = Tz; € YL NT(X,) is orthonormal inH,

({Tz;})* N T(Xp) = {0} and dimY~*/[z]} = .
It is clear that{z; } is the desired extension.

To prove b) notice that the existence of a bounded sequendeC X, such that{T'z;} is orthonormal,
contradicts the compactnessBfx, .
The proof of the theorem is comple®.

Recall that an operatdf : X — Y is calledstrictly singularif the restriction of1" to any infinite-
dimensional subspace &f is not an isomorphism.

Corollary 1 LetT : X—H be a strictly singular operator. Suppose tHat, } is a bounded sequence in
X such tha{T'z,, } is orthonormal andl’| -1 {7, }+) is non-compact. Then there exists an orthonormal
extension(Tz,} U {Ty,} of {Tx,} with dim({Tx,} U {Ty,})* = oo, sup ||ly,|| < oo and such that it
has no extension to an orthonormal basis in the whole spaby elements df'(X).

PROOF PutY = [Tz, , Xo = T~H(Y1). SinceT is strictly singularcodim . T'(X() = oo and the
application of part (a) of Theorem 1 concludes the pr@bf.
A classical example of strictly singular operator is the natural embedding

Cla,b] — La(a,b) .
Thus by Corollary 1 we have

Corollary 2 Let {e,(t)} be the normalized trigonometric sequencelig0, 27) and let{u,} be any
subsequences whith infinite complementation. Then there exists an orthonormal extepsion {y,, }3°

such thatdim({u,, } U {y,, })* = oo, every functiony, () is continuoussup,, max;e|o,2] [yn (t)| < 00

and there is no any orthonormal extension{ef,} U {y,,} by using elements &[0, 27].

3. Disjointness of orthonormal sequences and operator ranges

Let T : X—H be a dense embedding operator and{{gt} C H be an orthonormal sequencelih We
say that{e,,} andT(X) aredisjointif

[en]?° NT(X) = {0} . (4)
The disjointness of an orthonormal sequence and the operator range is not a rare property (see [1],

where some examples are given). We ask about a possibility of extefwingvith property (4) keeping
this property for the extended sequence.

Theorem 2 Let{e,} be an orthonormal sequence with the propgrty. Then there is an orthonormal
basis{z,} of H such that

() {z2n} D {en}, card({za,}\{en}) = 0,
(i) [2n—1]° NT(X) = [22,]° NT(X) = {0}.
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This theorem follows from Corollary 3.4 of [3] (for a similar but weaker result see [2]). We give a proof
for the sake of completeness. The proof is based on

Lemma 1l LetU be a linear subspace of a Hilbert spaée such that:U \ {0} = US> ,U,,, whereU,
are convex closed bounded sets and there exists a countable dimensional déreagbispaceZ for which
Z NU = {0}. Then there are closed infinite dimensional subspacé¥ in H so thatV & W = H, and
VnU=WwWnU = {0}.

PROOF Let{z,} be an algebraic basis &f. We construct by induction sequendes, } and{w,} in Z
so that for every::

1°. 2z, € Z;L‘_ll andvgn_lLZS,j_lz , whereZ! = span (vy,. .., vk, wi,...,w).

2°. wnLZQ,L‘_ll and(w,, U,) > 0, where the last formula denote,,, u) > 0 Vu € U,,.

3°. ven L 2%, 1 and(vay, Uy,) > 0,

On the first step we:

1. Putv; = 2.

2. Choose, by Hahn-Banach theorem, an elemgrt Z such thatv, Lv; and({wq,U;) > 0.
3. SinceZ{ N U, = @, there exists an element € Z such that, | Z{ and(vs, U;) > 0.

Let the collection(vy, . . ., ve,, w1, . .., w,) With the propertied® — 3° is constructed. Then on the
n + 1 step we

1. Choose an element,, 1 € Z suchthat,, , € Z3, ,; andvy, 1 123,

2. Choose an element, ; € Z such thatw,, 1 L 73, ; and(wy,41,Upq1) > 0.

3. Choose an element,, . » € Z such tha'rz%JrQLZQ‘,jjl and(vap42,Upy1) > 0.

PutV = [v,]%° andW = [w,]5°. By the construction, alb,, andw,, are orthogonal, hendé L. By
1°, Z Cc U+ V, henceV + W = H. The item2° guarantees that N U,, = &, the item3° guarantees
thatWW N U,, = o for anyn.
PROOF OF THEOREM 2. Let P be the orthogonal projection df onto ({e,})*. Then the rangé/ =
PT(X) satisfies all conditions of Lemma 2.2. (see [14]). Hence there exist (infinite dimensional) subspaces
V andW suchthal/ oW = ({e, })* and VNU = WNU = {0}. Itis easy to check thafNT(X) = {0}
and(W @ [e,,]3°) NT(X) = {0}. The rest of the proof is cleall

Example 1 Let0 < a; <as <...<1.Put

e (lf) — (an-‘rl - an)_l/Q te [a"ru a'n-i-l]y
" 0 otherwise.

Clearly,{e, } is an orthonormal sequencein (0, 1) and
[en]?® N C[0,1] = {0} .
So we can apply Theorem 2. It follows that there exists an orthonormal pasjsof L2 (0, 1) such that
{zan} D {en} and [r2,-1]7° NC[0,1] = [22,]5° N C[0,1] = {0} .
Example 2 TakeH = I,. Let {i, } be the sequence of prime numbers di¢u,,)> =1, > a,, = oco.
Pute, = (0...0,a1,0...0,a2,0...) wherea; is located at the, -th place,a, is located at théi,, )2-th

place,...a,, is located at thé:,,)™-th place, and so on.

It is easy to verify thafe,|3° N{; = {0} . Therefore we can apply Theorem 2. It follows that there
exists an orthonormal basfs:,, } of I such that

{zan} D {en} and [x2,-1]° NI = [22,]7° N1 = {0}.
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4. The image of orthonormal sequence under the action of
dense embedding operator

In this section we prove a generalization of the main result from [16].

Theorem 3 Let7 be a dense embedding operator acting from a separable Hilbert sainéo a Banach
spaceX. Let{z, } C X be an arbitrary sequence ar{d,, } be arbitrary positive sequence numbers. Then
there exists an orthogonal sequereg, } C H such that

Tn —ley|| <€p ana codim ey =00.
[2n — Ten | d  codim [en ]

PROOF We denote by7 the canonical isometry ol onto H*, i.e. (Jz)(y) = (z,y). Itis easy to see
that the adjoint operatdf* is a dense embedding froXi* into H*. We construct sequencés,} C H ,
{fn} C H* such that for every,
(I) fi(ej) =014j5=1...,n, fn ¢ Span (T*(X*)v {jel ) fl}?_l) 5
(i) (en,€;) =0fori <n; Je, ¢ T*(X*)+ F, ,

whereF,, = span ({Jei}?fl, {ith;
(iii) ||zy, — Tenll < en -

To construct these sequences we use an inductive process. Ghaodé* \ 7*(X*). Then the linear
subspacd’ 7! (fi") is dense inX. It follows that there exists; € J!(fi), Je1 ¢ T(X*) + F, for
which

Hl‘l — T€1|| <éqp.

It is easy now to check that properties (i) — (iii) hold.
Now suppose that we have construcfegd f;}~" with properties (i) — (iii). Sincelim H*/T*(X*) =
oo we can choose an elemefit € ({Je;}7 )+ ¢ H*, f, & span(T*(X*),{Tei, fi}7™'). Be-
causeF,, N T*(X*) = {0}, the linear subspac&J (F) is dense inX. There existe, € J(Fyi),
Jen ¢ T(X*)+ F, such that
lzn — Ten|l <en -

We only need to check condition (ii). Sineg € J(F),
(en,e;) = Tei(en) =0 for i<n.

This means that (ii) holds.
By the construction{e, } is orthogonal. In view of (i{e,} C ({J(f.)})*. It follows from (i) that
dim[f,,]$° = co. So we haveodim [e,,]$° = co and the proof is completd

Recall that a complete minimal sequeres,} C X with the biorthogonal functional§f,,} C X* is
calledan M-basisof a Banach spac¥ if {f,} is total overX (i.e. for eacht € X, = # 0 there is am
such thatf,, (z) # 0).

It is well-known that each separable Banach space hdg-dmasis and that eacl/ -basis has stability
subsequencee. positive sequencg,, } so that||z,, — y,| < €, implies that{y,, } is anM-basis inX too.
From Theorem 3 it follows

Corollary 3 Suppose thdl’ : H— X satisfies the conditions of Theor@dm. There exists an orthonormal
sequencéde, } C H such that{Te, } is an M-basis ofX andcodim [e,]° = co.

PROOF To use Theorem 3 we can take ahftbasis{x,,} C X and its stability sequende,,} . B

Corollary 4 ([16]) Supposd’: H— X satisfies the conditions of the Theorarh. If X has a basis then
there exists an orthonormal sequeneg, } C H such that{Te,,} is a basis ofX andcodim [e,,]3° = oo.

Recall that a sequender,,} in a Banach spac& is said to bea deficiently minimalf it becomes
minimal after deleting some finite set of elements.
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Corollary 5 LetT : H—X satisfies the conditions of Theoredri. Then there exists an orthonormal
sequencée, } C H such that{Te,} is not deficiently minimal ifX andcodim [e,,|$° = oo .

PROOF Itis proved in [4] that there is a decompositibh= H; & H, such thafl'|y, : H;—X and
T|u, : Hy—X, are dense embedding operators.

By using Corollary 3 find orthonormal sequendes, } C H, and{v,, } C H, possessing the properties
() {Tu,} and{Tv,} are M-bases inX ,
(i) codim g, [u,]3° = oo.

Put{e,} = {u,} U {v,}. ltis easy to see thdk,, } satisfies the conditions of corollarii

Remark 1 Itis interesting to compare Corollary 5 with the following result [13]:

LetT be a bounded linear operator acting from a separable Banach s@gdn& a separable Banach space
X withdim Ker T' = co. There is anM -basis inZ such that its image by is an overcomplete sequence
in X (i.e. each its subsequence is complet&in

Now we show how to apply Theorem 3 for the construction of special orthonormal sequences in the
whole scalel, = L,(0,1) , 1 < p < 2 (see [17]).

Corollary 6 Letl < r < 2 be a fixed number. There exists an orthonormal sequénge)} C Lo which
is a basis in every spadk, , 1 < p < r butitis not complete itL,, if r < p < 2.

ProoOF From [2] it follows that there exists a function Banach spHo@epending om) such that:
1)L, is densely embedded (by the identity embedding)iif < p < 2.
2)Y is densely embedded (by the identity embedding).in

By using a method of [4] we construct a subspate_ L, which is dense irl,. and whose closure in
Y has infinite codimension (ifr).

Now let{z, } be a sequence which is a basis simultaneously ib,a{take for example the Haar system)
and let{¢,, } be a stability sequence ¢, } in all spaced.,,, 1 < p < r. Inview of Theorem 3 there exists
an orthonormal sequende,,} C N such that|z,, — e,||., < &, . Thus{e,} is a basis in every space
L,, 1 <p <r. Clearly,{e,} is incomplete int”, hence in an\_,, for r < p < 2.

5. Properties of the sequence {Te,}

Let T" be a dense embedding operator acting from a separable Hilbert Bpate a Banach spac¥ .
ThenT* : X*—H* is a dense embedding operator too. Take a complete seq{iep¢én H* such that
{¢n} C T*(X™). By using Gram-Schmidt’s orthogonalisation process pass f{ion} to the orthonormal
basis{g,} C T*(X*). LetJ be the canonical isometry which mafisonto H* as follows:

jy(x)z(y,x>,x,y€H. (5)

Pute, = 7 (gn) , n = 1,2,.... We claim that{Te,} is a complete minimal sequence ¥. The
completeness ofTe,, } is clear. Check the minimalityl*~1g,,(Te,,) = (T*T* 1g,)(em) = gn(em) =
gn(jgm) = <gn7g’m,> - 6n’m, .

Thus we have found an orthonormal baig } in H such that{Te, } is a complete minimal sequence
in X. Our aim is to construcfe,, } such thaf{7T'e, } would have a stronger property. Namé[ye,, } is an
M-basis inX. Let us consider the following problems:

(i) Does there exist for ever§y > 0 an orthonormal basi§e,, } in H such that{Te,} is an M-basis in
X, ||Ten|| < éand
Jim_[Te, | = 07 (6)
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(i) Suppose that” is non-compact. Does there exist an orthonormal biasj$ in H such that{Te,, } is an
M-basis inX and
inf | Tey| > 07

Let us notice that similar problems to (i) and (ii) were investigated in [12], [6], [5] and [18].

The problems similar to (i) for operators in a Hilbert space, were investigated by L. Gurvits in eighties.
As far as we know those results of L. Gurvits were not published.

Actually we will investigate (i), (ii) in an even more general form.

Let us recall that an operat@t acting from a Banach space into a Banach spack is said to behe
& operatorif the imageT'(X) is a closed subspace ¥ anddim(Ker T') < co. It is well known thatl’
is a®_ operator if and only if its restriction to some finite codimensional subspace is an isomorphism.

Lemma 2 LetT be a nond_, operator acting from a separable Hilbert spaékinto a Banach spac’.
Supposdy,, } is a complete sequence H. Then for every positivés,, } there exists an orthonormal basis
{zn} in H such thaspan {z, } = span {y,, } and for everyn

||T22n,1|| < éEp .

PROOF PutL = span{y, }. We construcf z,, } using an inductive process. Sirifas a nond_ operator
it follows that there exists &; € Sy, such tha{|Tz;|| < ;. There are two possible cases:
a)y1 ¢ span z;. We orthogonalizey, y; and obtairs.
b) y; € span z;. Take an arbitrary element € z;- N Sy,.

On the next step we choosg € (z1,22)* N St such thal]| Tz3|| < ea. If yo & span (21, 22, 23) We
orthogonalize(zy, 22, 23, y2) and obtainz,. If yo € span (21, 29, 23) we take an arbitrary elemenj in
(21, 22, 2z3)= N Sz. Continuing in the same way we constrdet, } with desired propertiedll

Proposition 3 Let7 be anon® . operator acting from a separable Hilbert spagkinto a Banach space
X. Then for every > 0 there exists an orthonormal basfs,,} C H such that for every.

[|Ten|| <e and lim ||Te,| =0. (7)

PROOFE We use the sequende,,} from Lemma 2. Let{u,} be an orthonormal basis il obtained
as a permutation ofz, } by the following way: uor = 201, , Vk ; next we writeN \ {28} = {n;}
(n1 < ng < ...) and putu,, = 29,1 (K = 1,2,...). Construct an orthonormal basfs,,} in H as
k
follows: pute; = u; ,e2 = ua,..., e, = Zikflﬂamui , 261 < p <28 Kk =2.3,..., where
(ani)ikiZQk_lJrl is the unitary Olevskii's matrix (see [10], p.45). In particular the following property holds

max  ||Ten| < (1+v2) max |[Tul|+2° "7 ||Tusrl.
2k—1<n<2k 2k—1<i<2k

It is clear that for sufficiently smal{e,,} the sequencée,,} has the desired properties. The proof is
complete @

It turns out that for a dense embedding oper&tcan orthonormal basige,, } can be chosen in such
manner tha{T'e,, } possesses minimality properties and (7) holds.

Recall that an\/-basis{z,,} C X with the biorthogonal sequendd,,} C X* is called1-normingif
the subspacepan { f,,} € X* is 1-norming, i.e. for every € X

|l = sup{f(x) = f €span{fu}, [[f]| =1} .

Theorem 4 LetT be a dense embedding operator acting from a separable Hilbert sainéo a Banach
spaceX ande > 0. Then there exists an orthonormal basis,}C H such that{Te, } is 1-norming
M-basis inX ,

[|Ten|| < e and ||Ten||—0 as n—oo .
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PROOF First we construct an orthonormal bagis, } in H such that{T'z, } is a 1-normingM-basis in
X andlim,,_, || T225—1]|| = 0. For this aim we choosgf,} C X* such thaspan { f,,} be a 1-norming
subspace ik *. Let.J : H—H* be acanonical map: far,z € H, (Jz, 2) = (z,2). Puty, = J ~'T* f,.
Apply Lemma 2 with the complete sequenfgg, } and construct an orthonormal basis, } in H such that
span{z,} = span{y,} and ||Tz2,-1]|| < €,. Check tha{T 'z, } is a 1-normingM -basis inX.

1) Clearly,{T 'z, } is complete inX.

2) Putg, = (T*)"'J z,. Then

<Tzn7g’m> - <TZ7L, (T*)_1j2m> - <Z’VL7T* (T*)_ljzm> =

<Zn7jzm> = <vazm> = 6nm

3) Sincespan {z,, } = span {y,, } we havespan {7 z,, } = span {7y, }. It follows thatspan {(T*)"17z2,} =
span {(7%) ' Tyn}. BUt ()" ' 72, = g, and(T*)~' Ty, = f,. Thereforespan{y,} = span{f,}
and{T'z,} is 1-norming)/-basis.

To finish the proof we apply the method of construction of the orthonormal asisfrom Proposi-
tion 3. The orthonormal basiz:,, } has all desired properties. The proof is compl@e.

In order to investigate problem (ii) we make use of the measure of non-compactness (see [BlpeLet
an operator acting from a Banach spacénto a Banach spacg. DefineC(T') = inf{||T|u]| : Misa
finite codimensional subspace }}. It is known (see [9]) thal” is compact if and only i”(T") = 0.

Lemma 3 LetT be a non-compact operator acting from a separable Hilbert sgddeto a Banach space
X. Suppose thatz,} is a complete sequence fi. Then there exists an orthonormal basis, } in H
such thaspan {z,, } = span {y, } and

lgf ||T22n71H >0.

PROOF We use an inductive process. Hut= span {y,}. On the first step we take € S;, such that
|z > % As it was done in the proof of Lemma 2 we consider two cases:
a)lf yo & span z; we orthogonalize, ¢, and obtaires.
b)If y» € span z; we choose an arbitrary elemente zi- N Sy.
On the second step we take € (21, z2)* N S, such that| 23| > @
We continue the construction in the same manner as it was done in the proof of Lemma 2. The proof is
complete @
Now we are ready to prove the following

Theorem 5 LetT be a non-compact dense embedding operator acting from a separable HilbertBpace
into a Banach spac&. Then there exists an orthonormal basis, } in H such that{Te,,} is 1-norming
M-basis inX and

irrllf ITen] >0.

PrOOF By using Lemma 3 and the method of the proof of Theorem 4 construct an orthonormal basis
{zn} in H such thafTz,} is a 1-normingM -basis inX , and

inf ||T22n_1|| =6>0.

Enumerate the sequenge,,, } in such away thafzs,, } = {u,} U {v,}, |[Tu,| < §/4 and||Tv,| >
0/4. Put

{en} = {vn}t U{(22n-1 — un)/2} U{(22n—1 +un)/2} .
It is clear that|Te,,|| > §/4 and that{e,, } has all desired properties.
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