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Abstract. We survey a combinatorial framework for studying subsequences of a given sequence in
a Banach space, with particular emphasis on weakly-null sequences. We base our presentation on the
crucial notion of barrier introduced long time ago by Nash-Williams. In fact, one of the purposes of
this survey is to isolate the importance of studying mappings defined on barriers as a crucial step towards
solving a given problem that involves sequences in Banach spaces. We focus our study on various forms of
“partial unconditionality” present in arbitrary weakly-null sequences in Banach spaces. We give a general
notion of partial unconditionality that covers most of the known cases such as, for example, Elton’s near
unconditionality, convex unconditionality, and Schreier unconditionality, but we also add some new cases.

Incondicionalidad parcial de sucesiones débilmente nulas.

Resumen. Presentamos un marco combinatorio para estudiar subsucesiones de una sucesién dada en un
espacio de Banach, con particular énfasis sobre las sucesiones que son débilmente nulas. Nos centramos
principalmente en varias formas de incondicionalidad, y para ello introducimos una nocién abstracta de
incondicionalidad parcial, que cubre la mayoria de los tipos de incondicionalidad parcial conocidos.

También desarrollamos un marco combinatorio apropiado para el estudio de las subsucesiones, que
trata sobre familias de conjuntos finitos de nimeros naturales. En dicho marco la nocién de barrera
introducida por Nash-Williams es principal.
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1. Introduction

The purpose of this paper is to survey with complete proofs a general framework for studying the structure
of subsequences of a given infinite sequence in a real Banach space X using combinatorics of finite sets of
integers. We focus mainly on weakly-null sequences. The main combinatorial tool is the notion of barrier
so let us introduce this notion. Let FIN denote the family of finite subsets of N. A family B C FIN is a
barrier on an infinite set M C N if no two distinct elements of 13 are comparable under the inclusion and
if every infinite subset of M has an initial part on B. Observe that the two properties that define a barrier B
allows to define a canonical mapping ¢ that assigns to every infinite subset N of M the unique initial part
t5(N) of N that belongs to B. Note that for positive integer &, the family N[*! of subsets of N of cardinality
k is an example of a barrier on N. By Ramsey’s original theorem all these barriers N[*! have something one
can call the Ramsey property, i.e., the property that for every finite coloring of B there is an infinite subset
M of N such that the restriction
BIM={seB:sCM}

is monochromatic. Indeed this is one of the key properties of every barrier.

Let us now only indicate on how this notion may help us to understand weakly-null, or even an arbitrary,
sequences in Banach spaces. Subsequences of such sequences are usually indexed by members of the set
NI of all infinite subsets of N, so that our problem becomes a problem about Borel maps of the form
F : N[>l — X for some metric space X. In fact, most of the maps F will have a countable range in X. We
are going to show (see Subsection 3.5.) that in this case there is a barrier B and a mapping f : B — X such
that F' = f op.

Recall that a sequence (x,,) in a Banach space X is called C-unconditional iff for every finite sequence
of scalars (a,,) and every finite set s it happens that || > - a,2,|[x < C| >, anznl|x. So, if no subse-
quence of (x,,) is C-unconditional, then this means that for every infinite set M there is a finite sequence
of scalars (ay, )nes, supported in s C M and a subset ¢ of s such that

| Zanxn”X > Ol ZanwnHX-

net nes

By continuity of the norm, we may assume that the scalars are rational numbers, so we can naturally define
a mapping with countable range that assigns to each infinite set M the corresponding couple (s, (an)nes)-
By the previous fact, we have a corresponding mapping defined on a barrier.

Our primary focus will be on the study of “partial unconditionality” present in arbitrary weakly-null
sequences of Banach spaces. Our method would reduce the partial unconditionality problem to the under-
standing of mappings of the form

¢ : B — FIN X ¢,

where B C FIN is a barrier, and ¢y is the Banach space of sequences of real numbers converging to zero.
We present several combinatorial results concerning these mappings, starting with simpler ones that would
deal with mappings of the form

¢ : B — FIN.

One of the main results here is that every mapping ¢ : 3 — ¢ has a restriction which is, up to perturbation,
something that we call a L-mapping, which loosely speaking says that ¢ has a kind of Lipschitz property
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with the additional requirement that the support suppp(s) of ¢(s) is included in s for every s € B. To
every such L-mapping one can associate a natural weakly-null sequence that we call L-sequence. Our
approach shows that if for some notion of partial unconditionality § there is a weakly-null sequence with
no §-unconditional subsequence, then there must be a L-sequence with no §-unconditional subsequence.
This gives the desired reduction of studying of the unconditionality problem § to study of mappings of
the form ¢ : B — FIN X ¢g. One of the advantage of this reduction is that one often can manage saying
something about these mapping and this is primarily based on the fact that barriers 3 have already rich
theory on which we can rely.

With the goal to cover a large number of cases of partial unconditionality we introduce an abstract
notion of unconditionality. It is motivated by a similar though slightly less general notion appearing in [10]
pp. 4. Let § be a set of pairs (¢, (a,,)), where ¢ is a finite set of integers and (a,,) a finite sequence of real
numbers. Let w : § — R™ be an arbitrary mapping that we call weight assignment. We say that a sequence
() in a Banach space X is (§., C)-unconditional iff for every couple (¢, (ay,)) in § we have that

| Z antn | x < Cw(t, (an))] Z anTnl|x -
net n

Let
C(Buw, (xn)) =inf{C : (x,) has a (§,, C)-unconditional subsequence}.

We illustrate this definition with two old examples and one new:
(a) (Bessaga-Petczyriski unconditionality) Let

§ ={(t, (an)) : tis aninitial part of the support of (a,)},

w = 1. Then a sequence (z,) is (F, C)-unconditional iff (x,,) is a C-basic sequence. A classical result of
C. Bessaga and A. Pelczyniski [7] states that for every € > 0 every semi-normalized weakly-null sequence
has a 1 + e-basic subsequence, i.e. C(F, (z,,)) = 1.

(b) (Elton unconditionality) For 0 < § < 1, let
3 ={(t,(an)) : |[(an)|loo <1, and |a,| > & for every n such that a,, # 0},

w = 1. Then a sequence (1) is (F3,, C)-unconditional for some C' iff it is J-nearly-unconditional in
the sense of Elton [12]. A well-known result of Elton [12] says that every semi-normalized weakly-null
sequence contains a §-nearly-unconditional subsequence. Moreover Dilworth, Kalton and Kutzarova [8]
has shown that

C(3,, (zn)n) < Klogy(1/6)

for every semi-normalized weakly-null sequence.

(¢) (§-unconditionality) In subsection 4.3. we present the following generalization. Let

§ ={(t, (an)) : tisasubset of the support of (a,)},

and let us consider the following weight assignment on this family

w((t, (an))) =max{1’10g2(nm a4

Then
C(Buw,(zn)) <8

for every semi-normalized weakly-null sequence (x, ).
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We shall show that the problem of estimating the constants C'(§,,, (z,)) is closely related to the struc-
ture theory of mappings defined on barriers (see Subsection 4.1.). Moreover, for semi-normalized weakly-
null sequences (z,,) these constants C(F., (z,,)) are always dominated by the corresponding constant
C(Tw, (yn)) of a L-sequence, that is, a semi-normalized weakly null sequence (y,,) defined by a Lipschitz
mapping on a barrier ¢ : B — cqp, i.e. such that

o(s) [t =¢(u) | t, for every s,u € B such that ¢ is an initial part of s and w.

As explained above, properties of weakly null sequence translate to combinatorial and topological prop-
erties of families 7 C FIN. It turns out that quite analogous theory can be developed for bounded weakly-
Cauchy sequences in Banach spaces. To capture the bounded weakly-Cauchy sequences all one needs to
do is to replace FIN by the family FINs of finite block-sets of doubletons from N. Then the result that
characterizes when a given sequence contains a weakly null subsequence in terms of subfamilies of FIN
translates into a similar characterization for bounded weakly-Cauchy sequences in terms of subfamilies of
FIN3. We shall exemplify this with a proof of the well-known Rosenthal ¢; -theorem.

The paper is organized as follows. In Section 2, we present the basic combinatorial and topological
notions that apply to families of finite sets and that will be useful in the rest of the paper. In particular we
introduce the notion of barrier, and prove that it has the Ramsey property. In Section 3 we develop further
the results of Section 2 and give some application. In particular, in Theorem 2, we present a dichotomy for
families of finite sets, and prove that this dichotomy is closely related to a problem concerning a particular
sort of weakly-null sequences (Proposition 3). In the following subsection 3.2. we show that a variation
of Theorem 2 leads us to the famous Rosenthal’s /;-theorem. In subsection 3.3. we deal with “matching
properties” of members of a given barrier that will be used later in our study of weakly-null sequences. In
Subsection 3.4. we introduce the main technical notions of L-mappings and U-mappings defined on barriers.
We finish this section by giving some consequences to maps defined on infinite-dimensional combinatorial
cubes. In the fourth Section we introduce our notion of partial unconditionality and we use some of the
combinatorial results from Section 3 and give proofs of several partial unconditionality results, some of
them new and some old such as, for example, near and convex unconditionality, Schreier unconditionality,
and the Maurey-Rosenthal unconditionality.

We finish the introduction by saying that this paper is largely a very selective survey article inspired by
a vast variety of papers on this subject found in the literature and in particular by the paper of S. J. Dilworth,
E. Odell, Th. Schlumprecht and A. Zsak [10]. It also can be considered as a natural continuation of our
previous paper [21]. We should note however that all uncredited results except for few trivial observations
due to the authors are either part of the folklore of the subject or are to be found in the papers listed in the
reference list.

1.1. Preliminaries

Let us now explain some of the notation and well-known facts that will be useful for us. We use the boldface
notation for sequences of objects. For example, letters a, b, c, . . . are reserved for sequence of vectors from
co, while x,y, ... are reserved for an infinite sequence of vectors in an arbitrary Banach space. We use
e = (ep) to denote the standard Hamel basis of cqg : e,(k) = 1 if & = n and 0, otherwise. By default,
unless otherwise stated, every infinite sequence x of elements of some Banach space will be indexed in N.
In general, an infinite sequence = (x,,)ne s May be indexed not only by N but by in an arbitrary infinite
subset M of N. We interpret a sequence = (x,,)ncas in a Banach space X as a mapping from M into
X, sofor N C M we denote by & | N the subsequence (x,,)necn of . By default every sequence x will
be indexed in N. Given a sequence * = (2, )necn Of elements of some Banach space X and a sequence
a = (ap)neN € co, we define the product

a-x= g AnTn

neM
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whenever the series converges in X.
A sequence x = (x,,) is semi-normalized if

0 < inf ||z, || < sup ||z,| < 1.
n n

Recall that a sequence x in a given a Banach space X is called weakly-null if the numerical sequence
x*(x) = (x*(x,))n belongs to ¢g for every 2* € X*. Recall also that a subset K of c¢g is called weakly-
compact iff K iff it is compact with respect to the weak-topology, and that in this case is the pointwise
topology of cg € RN. We call a subset W C ¢y weakly-pre-compact, iff its weak-closure is a subset of c;.
This is equivalent to say that every sequence in I¥ has a convergent subsequence whose limit belongs to cy.

Recall that FIN denotes the family of all finite sets of N. The topology on FIN is the one induced from
the Cantor cube 2" via the identification of subsets of N with their characteristics function. Observe that this
topology coincides with the one induced by ¢y with the same identification of finite sets and corresponding
characteristic functions. Thus, we say that a family 7 C FIN is compact if it is a compact space under the
induced topology. We say that 7 C FIN is pre-compact if its topological closure F"P taken in the Cantor
cube 2" consists only of finite subsets of N. For example, given an infinite set M of integers, the family
M=K of subsets of M whose cardinality is at most k is a compact family for every fixed integer k, while
the family M[<>°) of all finite subsets of M is not pre-compact, since for example M is an accumulation
point.

A simple, but useful observation is that if x is a given weakly-null sequence, then the natural mapping
from Bx~ to cg defined by

¥t (x) = Z *(Xn)en.
neM

is continuous, provided we equip Bx~ with the weak™-topology and ¢y with its weak topology. It follows
that its range K () is a weakly-compact subset of ¢g.
Given a € ¢y, and € > 0, we define the e-support of a as

supp.a = {n € suppa : |a(n)| > c}.
Note that supp .a € FIN for every a. For a set W C ¢g, we define
supp . (W) = {supp.a : a € W}.

Note that if W C ¢ is weakly-pre-compact then supp . (W) is a pre-compact subset of FIN. To see this
consider a sequence (sy,),, in supp . (W) with limit A C N. We need to show that the set A is finite. Pick
for each n an element a,, € W such that supp .a,, = s,. As W is weakly-pre-compact, we can find a
convergent subsequence of (a,,) with limit @ € ¢o. It is easy to see that then A C supp .a, so A is finite.

Recall that two basic sequences & = (2, )nen and y = (Yn)nen of Banach spaces X and Y respec-
tively are called C-equivalent (C' > 1) if for every sequence (a,, ), n of scalars we have that

1
5“ Z ananX < || Z aﬂ'(n)xﬂ'(n)HX < CH Z anxn”X-

nenN neM neN

where m : N — M is the unique order-preserving onto mapping.

2. Families of finite sets of integers

That families of finite sets of integers are relevant to any study of sequences in Banach spaces is a well
understood fact, and it is therefore not surprising that the study of such families is a predominant theme in
the literature of this subject. As we shall see later the study of mappings defined on certain families of finite
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sets of integers seems to be a theme that is much more to the point and that is not always explicit in papers
of this area. One of the purpose of this survey is to give a more complete exposition of this theme.

Given X,Y C N we write
(1) X < Y iff max X < minY. We will use the convention } < X and X < { for every X.
QXCYiff XCYand X <Y \ X.

A sequence (s,,) of finite sets of integers is called a block sequence iff s,, < s, for every n < m, and
it is called a A-sequence iff there is some finite set s such that s C s, (n € N) and (s, \ s) is a block
sequence. The set s is called the root of (s,,). Note that s,, —, s iff every subsequence of (s,,) has a further
A-subsequence with root s. It follows that the topological closure F of a pre-compact family F of finite
subsets of N is included in its downwards closure

—C
F-={sCt:teF}

with respect to the inclusion relation and also included in its downwards closure
—C
F-={sCt:teF}

with respect to the relation . We say that a family F C FIN is C-hereditary if F = ?g and C-hereditary

if F = ?g. The C-hereditary families will simply be called hereditary families. We shall consider the
following two restrictions of a given family F of subsets of N to a finite or infinite subset X of N

Fl1X={seF:sCX},
FX]={snX :seF}

The first family F [ M is called the restriction of F on M, while the second one is called the trace of F
on M.

There are various ways to associate an ordinal index to a pre-compact family F of finite subsets of N.
For example, one may consider the Cantor-Bendixson index r(F), the minimal ordinal « for which the iter-
ated Cantor-Bendixson derivative 0*(F) is equal to (). Recall that OF is the set of all proper accumulation
points of F and that

0(F) = [) 0(0°(F)).
{<a
The Cantor-Bendixson index is well defined since F is countable and therefore a scattered compactum so
the sequence 0% (F) of iterated derivatives must vanish. Observe that if  is a nonempty compact, then

necessarily () is a successor ordinal. An important feature of this ordinal index and all other considered
in this paper is that for every n € N, the index of the family

Finy ={s€FIN : n<s, {n}Usc F}

is strictly smaller than the index of F whenever the last nonempty set of the form 6% (F) is equal to {0}.
Let us now introduce the other basic combinatorial concepts of this section. For this we need the
following piece of notation, where X and Y are subsets of N

X=X\{minX}and X/Y ={m e X : maxY < m}.

The set , X is called the shift of X. Given integer n € N, we write X/n to denote X/{n} = {me X :
m > n}. The following notions have been introduced by Nash-Williams [25].

Definition 1 Ler 7 C FIN.
(1) F is called thin if s [Z t for every pair s, t of distinct members of F.
(2) F is called Sperner if s ¢ t for every pair s # t € F.

242



Partial unconditionality

(3) F is called Ramsey if for every finite partition
F=FoU---UFy (1)

there is an infinite set M C N such that at most one of the restrictions F; | M is non-empty.

(4) F is called a front on M if F C P(M), it is thin, and for every infinite N C M there is some s € F
such that s = N.

(5) F is called a barrier on M if F C P(M), it is Sperner, and for every infinite N C M there is some
s € F such that s © N.

Definition 2 Given 7 C FIN, let

FEmax _{se F: (VteF)(sCt—s=t)}
FETMN Zfs e F i (VteF)(tCs—s=t)}

It is clear that both sets are thin.

Definition 3 Given a front B on M, let 15 : Ml — B be the mapping that assigns to every N € M
the unique initial part 1g(N) of N that belongs to B.

Clearly, every barrier is a front but not vice-versa. For example, the family NI*! of all k-element subsets
of N is a barrier. The basic result of Nash-Williams [25] says that every front (and therefore every barrier)
is Ramsey. Since as we will see soon there are many more barriers than those of the form NI¥! this is a
far reaching generalization of the classical result of Ramsey. To see a typical application, let F be a front
on some infinite set M and consider its partition F = Fy U F;, where Fy is the family of all C-minimal
elements of F. Since F is Ramsey there is an infinite N C M such that one of the restrictions F; | M is
empty. Note that 71 [ N must be empty. Since F | NV is clearly a Sperner family, it is a barrier on N.
Thus we have shown that every front has a restriction that is a barrier.

Since barrier are more pleasant to work with one might wonder why introducing the notion of front at
all. The reason is that inductive constructions lead more naturally to fronts rather than barriers. To get an
idea about this, it is instructive to consider the following notion introduced by Pudlak and R&dl (see [26]).

Definition 4 Given a countable ordinal o, the family F is called a-uniform on M provided that:
(a) a = 0 implies F = {0},
(b) a = B + 1 implies that F ) is $-uniform on M /n,
(¢) a > 0 limit implies that there is an increasing sequence {ouy, }nenr of ordinals converging to « such that
Finy is an-uniform on M /n for alln € M.
F is called uniform on M if it is a-uniform on M for some countable ordinal c.

Remark 1 (a) If F is a front on M, then F = F-

(b) If F is uniform on M, then it is a front (though not necessarily a barrier) on M.

(c) If F is a-uniform (front, barrier) on M and © : M — N is the unique order-preserving onto mapping
between M and N, then @ F = {©”s : s € F} is a-uniform (front, barrier) on M.

(d) If F is a-uniform (front, barrier) on M then F | N is a-uniform (front, barrier) on N for every
N C M.

(e) If F is uniform (front, barrier) on M, then for every s € ?E the family

Fs={t:s<tandsUt e F}
is uniform (front, barrier) on M/s. -

(e) If F is c-uniform on M, then 9*(F) = {0}, hence r(F) = a + 1. (Hint: use that 0°(F(,y) =
(85(_7-')){"} for every [ and every compact family F).
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(f) An important example of a w-uniform barrier on N is the family S = {s : |s| = min(s)+1}. Wecall S a
Schreier barrier since its downwards closure is commonly called the Schreier family. Note that unlike to the
case of finite ranks there are many different w-uniform families on N. For example {s : |s| = 2min(s) + 1}
is another such family.

The following is one of the most important results connecting arbitrary families of finite subsets of N
with fronts and barriers. It is also the key result in the development of the topological Ramsey theory of
N[>l (See Subsection 3.5.).

Lemma 1 (Galvin’s Lemma) For every family F C FIN there exists an infinite M C N such that the
restriction F | M is either empty or it contains a barrier. |

The following result based on Galvin’s lemma and Nash-Williams’ extension of Ramsey’s theorem
explains the relationship between the concepts introduced above (see [5] for proofs and fuller discussion).

Theorem 1 The following are equivalent for a family F of finite subsets of N:
(a) F is Ramsey.

(b) There is an infinite M C N such that F |
(c) There is an infinite M C N such that F | M is Sperner.

(d) There is an infinite M C N such that F | M is either empty or a front on M.

(e) There is an infinite M C N such that F | M is either empty or a barrier on M.

(f) There is an infinite M C N such that F | M is either empty or uniform on M.

(g) There is an infinite M C N such that for every infinite N C M the restriction F | N cannot be split
into two disjoint families that are uniform on N. |

M is thin.

In this kind of Ramsey theory one frequently performs diagonalisation arguments that can be formalized
using the following notion.

Definition 5 An infinite sequence (M},)ren of infinite subsets of N is called a fusion sequence of subsets
of M C Nifforall k € N:
(a) My+1 C My, C M,
(b) my < Mmy41, where my, = min Mj,.
The infinite set Mo, = {my }ren is called the fusion set (or limit) of the sequence (My,)ken.

The following are simple fact to prove. We leave the details to the reader.

Proposition 1 Let 7 C FIN.
(a) F is pre-compact iff ?g is pre-compact iff F is pre-compact.
(b) Suppose further that F is either C-hereditary or "-hereditary. Then F is compact iff it is pre-compact.

(¢c) If F is C-hereditary then for every subset M of N we have F[M| = F | M.

(d) F=[M] = F[M]". n

Proposition 2 Suppose that B C FIN is a barrier on M. Then

(a) B =B = B, and hence BSisa compact family.

(b) For every N C M, Wg = Eg [ N.

(c) For every N C M such that M \ N is infinite we have that BIN| = B | N, and in particular B[N] is
downwards closed.
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PROOF. (a): It is clear that B- D B- D B. Let us show that B- CB:Lett G u e B.For N C M, let
sy = tg(t U (N/u)). Then either t T sps or else sps C t. This second alternative is impossible since it
implies that sp; & u, and both are in the Sperner family . Now it is easy to produce a A-sequence (s,,) of
elements of B with root s. c e .
(b): Ttisclearthat B | N~ C B~ [ N. Now suppose thatt € B~ [ N. Let u € B be such that ¢t C u.
Thent C 15(t U (N/t)) € B | N (otherwise t5(t U (N/t)) & u both in the Sperner family B, impossible).
(c): Fix an infinite subset N of M such that P = M \ N is infinite as well. By (a) we have to prove

that BIN] =B | N-. By (b) and Proposition 1 (c),

c =C e

=
=
N
o]

c

Now, let us show that 5 | Ng C B[N]: Fixt € B N~. One can argue as before to show that ¢ C

The next is a well known result. We extract its proof from [5].

Lemma 2 Suppose that B and C are two barriers on M. Then there is some infinite N C M such that
either B N CC [ NorelseC|NCB]|N.

PROOF. Define ¢ : B — FIN by ¢(s) = vc(s U (M/s)),i.e. p(s) € C is such that ¢(s) C s U (M/s).
By the Ramsey property of B there is some N C M such that either
(a) s C p(s) forevery s € B | N, or else
(b) p(s) C s forevery s € B | N. Suppose that the first alternative holds.
We claim that in thiscase B | N CC | N: Fix s € C | N, lett = tc(s U (N/s)). As s C ¢(s) we
have necessarily that s C ¢ (because otherwise ¢ C ¢(s) both in C, a contradiction). So, s € C [ N.
Finally, suppose that the second alternative (b) holds. We claim that in this case we have thatC [ N C
Bl N:Lett € C| N,andlets = 5(tU(N/t)). As ¢(s) C s, we have that necessarily ¢t C s. So,
eB|N. |

~+

Corollary 1 Suppose that B and C are respectively a and [3-uniform some M, and suppose that o < 3.
Then there is N C M such that B | N C C.

PROOF. It follows from Lemma 2 and Remark 1 (d). |

3. Mapping on Barriers

As pointed out in the introduction, many problems about sequences in Banach spaces can be coded as
problems about mappings defined on barriers. In this section we consider the simple particular case of such
mappings with ranges included in FIN. We shall later see that even this case will lead us to some interesting
results (see Theorem 2). We start with the following two natural definitions.

Definition 6 Let 7 C FIN and ¢ : F — FIN.
(a) We say that ¢ is uniform iff

forevery s,u € F and every t C s,u we have that min(s \ t) € ¢(s) < min(u \t) € p(u). (2)
(b) We say that ¢ is Lipschitz iff

forevery s,u € F, ift C s,uthen p(s) Nt = @(u) Nt. 3)
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So, uniform mappings are those ¢ : 7 — FIN such that given s € F and n € N, the value of x5 (n) €
{0, 1} only depends on the initial part s N [0, n) of s, while Lipschitz mappings are those that the value of
©(s) Nt only depends on ¢ for every ¢ C s € F. This notion of lipschitzness has the following metric
interpretation.

Remark 2 Recall that standard metric d on FIN defined by

1
d(S, t) = omin(sAt)”’
where st = (s \ t) U (t\ s) is the symmetric difference of s and t. This metric defines the topology on
FIN we explained in the introduction. With this metric it is easy to see that the Lipschitz notion defined
above coincides with the metric 1-Lipschitz condition associated to d. In subsection 3.4. we will extend
those notions to mappings from F C FIN into cg.

Proposition 3 If ¢ is uniform, then ¢ is Lipschitz.

PROOF. The proof is an easy induction on ||, where t C s,u € F. [ |

Proposition 4 Suppose that B a barrier on M and ¢ : B — FIN is an arbitrary mapping. Then there is
N C M such that ¢ | (B | N) is uniform.

PROOF. Find a fusion sequence (see definition 5) (M) of subsets of M, mj = min M, such that for
every k, and every t € {my, ..., my} the mapping

fe: By | Myyy —{0,1}

defined by fi(u) = X,(tuw) (minu) is constant. Then the fusion limit {my } is our set. |

A consequence of this is that the selection of an initial part of every element of a barrier, defines essen-
tially a new barrier. More precisely,

Corollary 2 Suppose that B is a barrier on M and suppose that ¢ : B — FIN is such that ¢(s) C s for
every s € B. Then there is N C M such that ¢” (B | N) is a barrier on N.

PROOF. Let P C M be such that ¢ is uniform when restricted to B | P. We claim that this implies
that F = ¢” (B | P) is a thin family: Suppose that otherwise that ¢ C ¢ both in F. Let s,5 € B | P be
such that ¢(s) = ¢, p(5) = t. As  is Lipschitz on B | P and min(5 \ t) € t = ¢(5), we obtain that
min(s \ t) € ¢(s) = t, impossible. Now let N C P be such that F [ N is either empty or a uniform
barrier on N. Note that the first alternative is impossible as ¢” (B [ N) C F [ N. We finish the proof by
checking that indeed F [ N = ¢” (B | N): The reverse inclusion is trivial. Suppose thatt € F [ N, and
fix s € B | Psuchthatt = o(s). Letu = tg(t U (N/t)) € B | N. By uniformity of ¢ on B | P we have
that p(u) = t, and we are done. |

Definition 7 We say that a mapping ¢ : F — FIN is internal iff o(s) C s for every s € B.

We prove now that every mapping ¢ : B — FIN defined on a barrier whose range is pre-compact is
“almost” internal. In the next, given a set B C N, we define the mapping x5- : P(N) — P(N) by
XB - A=ANB.

Lemma 3 Let B be a uniform barrier on M, and suppose that ¢ : B — FIN is such that its range is a

pre-compact family. Then there is some infinite subset N C M such that xn - ¢ | (B | N) is internal (i.e.
©(s)NN C s foreverys € B[ N).
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PROOF. Let h : B — FIN be defined by h(s) = ¢(s) \ s (s € B). Itis clear that h” 3 is a pre-compact
family, and, by definition, h(s) N's = (). We are going to show that there is some N C M such that
h(s) N N = () for every s € B | N, that gives the desired conclusion for f. The proof is by induction on
the rank of B. For every m € M, let hy, : By,,) — FIN be naturally defined by

hin(s) = h({m} U s) for every s € Byp,y.

It is clear that h,, : B{m} — FIN fulfills (a) and (b) above, so, by inductive hypothesis, we can find a
fusion sequence (My,)ren, My = M, and such that, setting m; = min My, (k € N), we have that

Py (k) N Myq1 = () for every k € N and every s € By, [ M.
Let Mo, = {my}. It is easy to check that
h(s) N M C {myg,...mg_1} forevery s € B | My,
and where k is such that m; = min s. For m € M, we define
gm : By | Moo — P(M N H{0,...,m—1})
5+ gm(8) = hm(s) N M.

Since the image of g, has only finitely many possibilities, we can find another fusion sequence (Ny),
Ny = M, such that, setting n,, = min Vi, for every k the mapping gy, is constant on B{nk_} [ Ng41 with
value s, < ng. Let Noo = {ny}. Notice that, by the properties of this last fusion sequence, we know that
h(s) N Now C h(s) N Mo, = Smins forevery s € B | N. Since the range of h is a pre-compact family,
there is some infinite set I C N, such that (s;);c1 is a A-sequence with root 7. Take a thinner N C I such

that NN\ Sy, = (0. Then for every s € B | N we have that A(s) N N C spins NN = (), as desired.
|

neN

The next generalizes Lemma 3 and it will be very important in the understanding of mappings from
barriers into cp.

Lemma 4 Suppose that {B,;}en is a collection of uniform barriers on M, and suppose that for every
k € N we have p; : B; — FIN with pre-compact range. Then there is some infinite subset N of M such
that

(pi(s)\ s) NN C NN[0,n] ©)

foreveryn € N,1 <n,andeverys € B; | N.

PROOF. Foreachl € N, Let ¢; : B; — FIN be defined by ¢;(s) = ¢i(s) \ s for every s € B;. Using
previous Lemma 3 we can find a fusion sequence (NN ) of M such that, setting ny, = min Ny (k € N), we
have that for every k € N,

¥i1(8) N Niy1 = 0 forevery l < ny andevery s € B; | ({no,...,ng} U Ngi1). (5)

Then the fusion set N = {ny}, fulfills the desired requirements: Fix n € N, [ € N such that [ <
n,and s € By | N. Let kK € N be such that n = njg. Observe that the fusion set N satisfies that
N C {’rLo, cee ,nk} U Ng41, 80 s € BT {TL07. .. ,nk} U Ng41. Hence, by (9), ¢l(8) N Nggp1 = 0, so
Pi(s) NN C {ng,...,nk}, that is equivalent to (4).

Let us explain how to find this fusion sequence. Suppose we have found N C Ni_; C --- C Ny. For
every t C {ng,...,ng},andl € Nlete, : (8;); — FIN be naturally defined by

Yre(u) = Pi(sUT)

for each u € (By);. Using repeatedly Lemma 3 to each h;, with [ < ny and ¢t C {ng,...,ng} we can
find Niy1 C Nj with the property that for every s € By, | ({no,...,nx} U Ngy1) and every | < ny, the
intersection ¥ (s) N My41 = (0, as desired. [ |
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3.1. Reducing problems about families of finite sets to problems about bar-
riers

As a first result of this section we show that an arbitrary family 7 C FIN is related either to a uniform
barrier on M, or the downwards closure of F includes a family M[<>] of all finite subsets of a given
infinite set M. More precisely, we prove the following:

Theorem 2 For every family F C FIN there is an infinite set M such that either
(a) F[M] is the closure of a uniform barrier on M, or else

(b) MI<>] C F=.

Observe that if (a) holds, then the trace F[M] of F on M is hereditary. Note also that if F is pre-compact
then, (a) must hold. The next readily follows from Theorem 2.

Corollary 3 Suppose that Fy, F1 C FIN are such that
M=l C {sgUsy @ 89 € Fo, 51 € Fi} (6)

Then there is an infinite N C M and i = 0, 1 such that NI<e<] - fg

PROOF. First note that the union mapping FIN x FIN — FIN, (s,t) — s Ut is continuous. So if two
families Fy and JF; are pre-compact, then {so U s1 : s; € F;, ¢ = 0, 1} is also pre-compact. This implies,
by Theorem 2, that there is N C M such that either NI<> C fog or NI<=l C ﬁg. [ |

We are going to link Theorem 2 for pre-compact families with a property concerning a simple family of
weakly-null sequences. We need to introduce two natural semi-norms.

Definition 8 Given an arbitrary family F C FIN we define on cyq the following two semi-norms:
lallz =sup|la I ¢,
teF

lall7 =sup [{a, x¢)|-
teF

Let X7 and X }- be the corresponding completions.

We give some examples to illustrate the previous definition:
(a) The space Xs for the Schreier family S consisting on those finite sets of integers s with |s| < min s,
X is the so-called Schreier space introduced by Schreier [29] to provide the first example of a normalized
weakly-null sequence without Cesaro summable subsequence. In case that F is compact and hereditary
and NOI C F, then e is a normalized weakly-null unconditional Schauder basis of X . We call X the
JF-Schreier space.
(b) It is easy to see that if F is pre-compact, then Hamel basis e of cqq is a weakly-null sequence of both
Xz and X7
(¢) Xrin = {1, and in general, the sequence e | M of X, i< is 1-equivalent to the natural basis of /7.
Also, it is easy to see that the norm on X} is 2-equivalent to the ¢;-norm.

We see now few properties of the two spaces introduced above.

Proposition 5 (a) |la||% < |la| .
(b) If B is a barrier on M, then ||a||z = |la||5 and ||a|g = |al|j for every a € coo | M.
(c) If F is a barrier on M or if F = M<*, then

lallF < 2lalz

foreverya € coo | M.
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PROOF. (a) is trivial. To show (b), use that for every @ € coo | M, and every t € B there is s € 3 such
that suppa N s = supp a N t. Finally, we prove (c): The result for 7 = M[<>l is trivial. So, suppose
that B = F is a barrier on M, and fix @ € ¢op | M. Choose first s € B such that ||a||z = ||a | s||¢-
Now pick ¢ C suppa N s such that a | ¢ has constant sign and 2|la | t|ls, > ||la@ [ s|l¢,. Finally let
u = 15(t U (M/suppa)). Then ¢t C u (otherwise, u C ¢ C s, impossible since both are in the barrier B),
$0 | > ,esa(n)| > 2[la | s|,, and we are done. |

We are ready to present the equivalence we promised.

Theorem 3 The following are equivalent:

(a) For every pre-compact family F C FIN there is an infinite set M such that F[M] is the closure of a
uniform barrier on M.

(b) For every weakly-null infinite sequence x of C(K), K compact, consisting of characteristic functions
there is some infinite set M and a uniform barrier B on N such that the subsequence x | M is I-equivalent
to the natural basis (ey,)nen of the space X j.

Before we give the proof, let us point out, that this Theorem, together with Theorem 2 and Proposition
5 gives the following generalization of a result of Rosenthal stating that every normalized weakly-null
sequence consisting on characteristic functions of C'(K') has a 1-unconditional subsequence (see [22]).

Corollary 4 Suppose that x is an arbitrary weakly-null sequence consisting on characteristic functions of
C(K), K compact. Then there is some an infinite set M and some uniform barrier B on N such that x | M
is 2-equivalent to the natural basis of some Schreier space Xp with B a uniform barrier on N. |

We will present a generalization of previous Corollary in Subsection 4.4.. Let us go now to the proof of
Theorem 3.
PROOF. (a) implies (b): For every £ € K, let

suppé ={neN: z,(§)#0}={neN: z,(§ =1}. @)
As x is weakly-null, (7) implies that the set
F ={supp€ : £ € K}
is a pre-compact family. Let M be such that the C-maximal elements of F[M] is a barrier C on M.

Claim 1 For every a € cq,

la @ M|k = sup |Za(n)l=sgg\2a(n)l- ®)

seF[M] e nes

Before we show this Claim, let us see how it implies (b): Let 7 : N — M be the unique order-preserving
mapping from N onto M, and we set B = 7~ 1"C = {n=!"s : s € C}, then it is easy to show from (8) that

la-ells =sup| > arl =1 D anim)Taimllx-
seC nes neM

We prove now the Claim. First of all we observe that the last equality in (8) follows from Proposition 5 (b).
To show the first one, notice that for a given £ € K and a € cqp

(@ 2 [ M)(E)|=(al (Mnsuppé)-2)E)|=| D au< suwp [ an)
n€supp ENM SEF[M] Jes
Now pick v € F[M] such that
sup [ a(n)| =1 a(n)]. ©)

teF[M] Ty
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As F[M] is hereditary, (9) implies that @ | u has constant sign. Find £ € K such that suppé N M = w.
Then

(@ [ M)(E)]=|(a ! (supp&NM)-z)(€)] =) a(n

neu

because x consist on characteristic functions.
(b) implies (a): Fix an arbitrary pre-compact family F, and let

K = F C FIN.

This is a compact family, because F is pre-compact. Consider the sequence & = (x,,) of C(K) defined for
n € Nand s € K by

zn(s) =1iff n € s, and z,(s) = 0 otherwise.

Observe that z,, = 0 or ||x,||x = 1 for every n. Now if there is some M such that z,, = 0 for every
n € M, then we have clearly that F[M] = {0} that is the closure of the 0-uniform family {0}. So, we
may assume that x is infinite, and hence normalized. By (b) there is an infinite set M such that & | M
is l-equivalent to the natural basis of Xé, where G is the closure of a barrieron N. Letwm : N — M
be the unique order-preserving onto mapping, and set H = n”G. Note that H is hereditary. Since the
corresponding sequences are equivalent, we have that for every a € cog [ M

la-z|x = |7~ (a)ll§ = sup [(m~" (@), x¢)| = sup [(a, xs)|- (10)
teg seEH

Fix s € F[M]. Observe that || x; - ||k = |s|, because s =t N M for some ¢ € F, and so
[s] = lIxs - 2l x = (s - ) (8)] = [s]-

By (10), we can find v € H such that |(xs, xu)| = |s|. This clearly means that s C wu, so, since H is
hereditary, s € H. We have just shown that

FIM] C H. (11)

Suppose now that s € H is non-empty. Let ¢t = 7”7 s € G. Notice that, by (10),

sl= 1 =1 en =3 srerealb =1~ 3 omrrronlic

net né¢t nes neM\s

This means that s € F[M]. So,
H\ {0} C F[M]. (12)

Let N C M be arbitrary such that M \ N is infinite. Note that } € F[N]: Fix n € M \ N. Then
{n} € FIM],s00 = {n} NN € F[M][N] = F[N]. So,

H[N] € FIM][N] = F[N] € H[N].

This gives (a): We know that H is the closure of a uniform barrier B on M, so, by Proposition 2 (c),
F[N] = H[N] is the closure of B [ N. |

We start now the proof of Theorem 2 by analyzing first the case of pre-compact families.

Lemma 5 Suppose that F C FIN is a pre-compact family. Then there is an infinite set M such that F[M]
is the closure of a uniform barrier on M.
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PROOF. We split the proof into two cases:

CASE 1. F is compact and hereditary. Let « = r(F), and let B3 be an arbitrary o + 1-uniform family on
N. Color each s € B by either 0 if there is some ¢ € F such that s C ¢ or 1 otherwise. By the Ramsey
property of B there is some N such that B [ N is monochromatic. Observe that the constant color there has
to be 1 since otherwise B | N C F = F (as F is hereditary) and hence o = 7(F) > r(B| N) = a + 1,
a contradiction. Define ¢ : B | N — F by choosing a C-maximal ¢(s) € F such that ¢(s) C s.
Use Corollary 2 to find M C N such that ¢”(F | M) is a uniform barrier B on M. We claim that
F | M =B ] N: Suppose that t € F | M. Let s = 15(t U (M/t)). As the color of sis 1, ¢t C s, so,
t C o(s), by maximality of ¢(s). Hence t € B | N. The inverse inclusion is trivial.

CASE 2. F arbitrary pre-compact family. By case 1 applied to the compact hereditary family G = ?g there
is some M and some uniform barrier B on M such that G[M] = B. First we have that F[M] C G[M] = B.
Now we show that

B C F[M]:

Fix s € B. Then s € G[M], so there is ¢ € G such that s = ¢ N M. Hence there is u € F such that ¢ C u,
and therefore s C u N M € F[M]. As F[M] C C, there is 5 € B such that s C u N M C 5. This means,
by the Sperner property of B, that s = w N M = 5, and so s € F[M]. Finally, use Proposition 2 to find
N C M such that B [ N = B[N]. Then we have that

B[N =DB[N|C FINJCB[N]=BIN,

as demanded. ||

We are ready to give a proof of Theorem 2.
PrOOF. Fix F C FIN. Let

G =FIN\ 7"
We apply Galvin’s Lemma to it to obtain an infinite M C N such that either
(a) G | M contains a barrier on M, or else,

b G M=0.
Suppose that (a) holds. Then we claim that F[M] is pre-compact. Let N C M be arbitrary infinite

set. Since G | M contains a barrier on M there is s € G | N, ie., s ¢ (F-) | M. Since (F°) | M is
hereditary, we obtain that N ¢ (?g) I M, hence N ¢ F[M]. Now we apply Lemma 5 to find N C M
such that F[N] is the closure of a uniform barrier on N.

If (b) holds, then it is clear that M[<>] C Fe |

Remark 3 (a)

3.2. Rosenthal’s /,-theorem

In this subsection we give a proof of Rosenthal’s ¢;-theorem [27] using the techniques introduced so far.
Indeed we are going to see that this dichotomy is in fact closely related to the dichotomy appearing in
Theorem 2 above, where the only difference is in replacing families of finite sets by ordered families of
finite sets of doubletons. In order to make our approach more transparent we start with a topological
characterization of when a given sequence x is weakly-null. Later on, we shall apply a similar idea to
characterize weakly-Cauchy sequences.

Definition 9 Let x be a sequence in a Banach space X. We define W°(x) C FIN as follows:

s € WO(x) iff there is x* € Bx~ such that |x*(x,,) Sforeveryn € s.

1
| > —
2m1ns
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Proposition 6 (a) W°(z | M) = W°(x))[M],
(b) WO(z) is hereditary, so W°(z | M) = W°(z)) | M.
(c) A sequence x is weakly-null iff W° () is pre-compact.

PROOF. Since (a) and (b) are straightforward, we concentrate on (c). Suppose that x is not weakly-
null. Then there is some z* € Bx~ and ¢ > 0 such that A = {n : |z*(x,)| > ¢} is infinite. Then
{ne€ A : n>ng}is clearly in the closure of W°(z), for ng such that 2"°e > 1. Suppose that x is
weakly-null. Let A be in the closure of W°(x). Fix (s,,) € WO(x) such that s,, — A. Let (23),, C Bx-
be such that |z} (x,,)| > 27 ™" for every m € s, and every n. Since s, — A, we assume that
min s, = min A = ng for every n. We assume also that (z}),, is weak™-convergent with limit z* € Bx-
(by Alaoglu’s Theorem). It is easy to see that |z*(x,, )| > 27™0 for every n € A, so, since x is weakly-null,
A must be finite. |

Definition 10 Ler (NPl C P(NPI) pe the set of block sets of doubletons , i.e. the set of those
A C P(N[Q]) such that for every s,t € A, either s < t ort < s. If we consider N2 with its discrete
topology, then (N1)[=1 is g closed subspace of P(NP), this with its product topology, so (N1)[=>] js g
compact space. Let

FIN, = {A e (NE2h[=T 2 A s finite}.
We say that U C FINy is pre-compact iff U C FINy. We say that U is hereditary iff A C B € U implies
that A € U. GivenUU C FINy and M C N infinite, we define

UM ={AnM3 . Acu}
U M=unpM?)
US ={BE€FIN, : BC AclU}.
Given a sequence x in a Banach space, and U C FIN,, we define the sequence xy, indexed by U by

Ts = Tmins — Tmaxs-

for every s € U. Define now W¢(x) C FINg by

1
A € We(z) iff there is ©* € Bx~ such that |x*(x5)| > Wfor every s € A.
Definition 11 Recall that a sequence x in a Banach space is called weakly-Cauchy iff for every x* € Bx«
the corresponding numerical sequence x*(x) is Cauchy.

We give a characterization of the fact of being weakly-Cauchy in terms of pre-compactness of W¢(x).

Proposition 7 (a) W¢(x | M) = W*(x)[M].
(b) We(z) is hereditary, hence We(x | M) = (W*(z)) | M.
(¢) x is weakly-Cauchy iff W€ (x) is pre-compact.

PROOF. Again, only (c) requires a proof. Suppose that x is not weakly-Cauchy. Then there is A €
(NI2h[<] and ¢ > 0 such that |x,| > ¢ for every s € A. Let ng be such that €2 > 1. Then {s € A :
min s > ng} is infinite and in the closure of G(x). Suppose now that x is weakly-Cauchy. Let A be limit
point of G(x). Fix (A,), € W¢(z), and x¥ € Bx- such that |z} (z,)| > 2~ ™4 for every s € A,
and every n. As A,, — A, we may assume that min A = min A,, for every n. We assume also that (x) is
weak*-convergent with limit 2*. Then |2*(x,)| > 2~ ™4 for every s € A. Since x is weakly-Cauchy,
A is finite, as desired. [ |

The combinatorial theory of FIN, is very similar to that of FIN. We only present here the following
analogue to Theorem 2.
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Lemma 6 For every U C FINy there is M C N infinite such that either
(a) U[M] is pre-compact or else,
(b)FINy | M CU".

PROOF. Let

G={{JA: AcFIN,\U"}.

By Galvin’s Lemma, there is M such that either G | M contains a barrier on M orelse G | M = .
Suppose first that G | M contain a barrier on M. We claim that in this case U[M] is pre-compact. Indeed

we show that U - [M] is compact: Let A € (MZ)[>! and set N = JA € N. As G | M contain a barrier,
there is s € G | M such that s C N. Let B € FIN, \HE such that s = | J B. We note that TS is also

hereditary, so A ¢ Ug, because B C A and B ¢ Ug. -
Suppose now that G [ M = (. It is clear that, by definition of G, we have that FINy | M C U. |

As a consequence we obtain the following. Its proof is very similar to that of Corollary 3.

Corollary 5 Suppose that Uy, Uy C FINy and M C N are such that
FIN, | M C {AoUAl i Ag € Uy, Aq GZ/ll}.

Then there is infinite N C M and i = 0, 1 such that FINy | M C ZZ-Q.

PROOF. The mapping FINs x FINy — FINy, (A, B) — A U B is continuous, so the desired result
follows from Lemma 6. |

Theorem 4 (Rosenthal’s /;-Theorem) Suppose that x is a bounded sequence in a Banach space X.
Then there is infinite M such that either

(a) x | M is weakly-Cauchy or else

(b) | M is equivalent to the natural basis of {1.

PROOF. We apply Proposition 6 to W¢(x) to obtain some infinite set M such that either W¢(z)[M] =
We(x | M) (by Proposition 7) is pre-compact or else W¢(x | M) = FINy | M. In the first case, we
have, by Proposition 7 (c) that [ M is weakly-Cauchy. Now suppose that W¢(x | M) = FIN, | M. Let
N = {my}k>2, where {my, } >0 is the increasing enumeration of M. Notice that for every A € FINy [ N
we have that {{mg,m1}} UA € We(x [ M), so there is z* € Bx- such that |z*(xs)| > ¢ for every
s € A, where e = 27 ™0,

Now we claim that there is infinite P C N and two real numbers dy < d; such that for every A €
FINjy | P there is x* € Bx~ such that

" (Tmins) < po and ¥ (Tmax s) > p1 forevery s € A :
Let D be a finite £/3-net of the interval [— sup,, ||z, sup,, ||z, ||]. We define, for (do,d;) € D, the sets
Uldg,dy) ={A € FINy [ N : thereis 2* € Bx« with 2" (2mins) < do and 2™ (2maxs) > di Vs € A}

Observe thatevery A € FINy | N is the union of elements of /4, 4,)’s, and that each U4, 4,) is hereditary.
By Corollary 5 there is P C N and (do,d1) € D' such that FINy | P = U(g, a4,)[P] = Uag,a,) | P as
desired.

Now set Q = {pak+1}k, Where {pi}i is the increasing enumeration of P. We claim that for every
disjoint s, t subsets of N there is z* such that

z*(zn) < dop and x*(z,,) > d; forevery n € sand m € t:
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This follows from the fact that for every disjoint and finite s, C P there is A € FINy [ N such that
s=PN{minu : u € A} andt = PN {maxu : u € A}.
Finally, the proof will be finished if we show the following: For every a € ¢y | P,

di —do

la-z|x > lalle, : (13)
Fix a € cog | P. Let

so ={n € suppa : a(n) >0}

s1 =suppa \ So.
Since s and s; are disjoint, we can find z§, 7 € Bx~ such that for every i # j =0, 1,

x5(xy) <dg and z{(x,,) > d; for every n € sp and m € $;

zi (zy) <do and z7 (z,,) > d; forevery n € s; and m € sg.
We compute:

|(z1 — a5)(a - 2)| =[(z7 —x5)(a [ s0-®) + (21 —2p)(a | 51 - @) =

=Y am)(zf —a5)(za) + Y a(n)(a] —a5)(z,) 2

neso nes;
>(di —do) Y a(n) + (do —d1) Y a(n) = (dy —do)( Y a(n) = Y a(n)) =
neso nesy neEsg nesy
=(d1 — do)llalfe,-
Since (z} — z()/2 € Bx~, we obtain (13). |

3.3. Matching pairs of finite sets from a given barrier

When trying to solve a given partial unconditionality problem that typically calls for the existence if a
constant that measures the extent of this unconditionality, one is lead to consider a new kind of combinatorial
problems about barrier. Roughly speaking, one typically ends up with an assignment that gives a subset ¢
to every element s of a barrier and one is required to find (among other things) a couple s and v of elements
of the barrier for which we assigned the same subset ¢ and such that the intersection of s and w is t.
In this section we consider this purely combinatorial problem leaving its exact relationship to the partial
unconditionality problem to some later point. We should point out that the first place where a “matching
Lemma” appears explicitly is in [10], where it is used for the similar purpose of getting results about partial
unconditionality. We shall show that, in particular, the matching problem has a positive solution if the
chosen sets ¢ lie in another barrier, while in general the answer is negative, but instead we prove that there
are two elements s, u of the barrier such that ¢ is initial part of ¢,, and the intersection of s and w is ts.

Proposition 8 Suppose that B and C are two barriers on M and ¢ : B — C is an internal mapping. Then
there is an infinite subset N of M and a mapping o : B | N — B such that:

XN o=¢[(BIN)=ypoo.

In particular, for every s € B | N, there is t € B (not necessarily a subset of N) such that
(a) p(s) = (), and
(b) st =p(s).
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PROOF. First of all, color each ¢ € C by 1 iff there is s € B such that ¢(s) = t, and 0 otherwise. By
the Ramsey property of C there is some P C M such that C | P is monochromatic, with color ¢ = 0, 1.
As forevery s € B | P, ¢(s) € C | P is colored by 1, ¢ must be equal to 1. Definenow ¢ : C [ P — B
by ¢ (t) € B is such that p(¢)(t)) = ¢. Apply Lemma 3 to ¢ to get some N C P such that ¢»(t) "N C ¢
for every t € C | N. Observe that this is equivalent to say that ¢(t) " N = t (¢t C 1(t) because
t = p(1(t)) C ¢(¢) by the properties of ). Finally define o : B | N — B by o(s) = 9(p(s)) for each
s € B | N. Then, for s € B | N we have that

e(a(s)) = e(v(p(s))) = ©(s),
and
a(s) NN =(p(s)) NN = ¢(s),
as desired. |
In the next we use the notation f C g, for f, g : B — FIN, to denote that f(s) C g(s) for every s € B.

Corollary 6 Suppose that B is a barrier on M and that ¢ : B — FIN is an internal mapping. Then there
is an infinite subset N of M and o : B | N — B such that

XN -0 =poo L p.

In particular, for every s € B | N there is t € B such that
(a’) p(t) E p(s), and
(b’) sNt=p(t)

PROOF. Let G be the set of C-minimal elements of ¢” B. Observe that G | P # () for every P C M: Fix
such P, and let s € B | P. Then, there must be some ¢ € G such that ¢ C ¢(s). Such ¢ belongs to G | P.
As G is a thin family, by Theorem 1, there is some P C M such that C = G | P is a barrier on P. Now
define ¢ : B | P — C by picking for every s € B | P some v(s) € C such that ¢(s) C ¢(s) (well defined
by minimality of elements of G). Define also @ : B | P — B by choosing for s € B | P some w(s) € B
such that ¢ (s) = ¢(w(s)). Now we apply Lemma 3 to w to obtain R C P such that

w(s)NR C sforevery s € B | R. (14)

Finally we apply previous Proposition 8to ¢ | (B | R) toobtain N C Rand ¢ : B | N — B | R with the
property that
g(s) NN =(s) and ¥(5(s)) = ¢(s) forevery s € B | N. (15)

Define 0 = w o . We claim that ¢ has the desired properties. Fix s € B [ N. Then, by (14) and (15),
p(a(s)) = p(w@(a(s))) = v(a(s)) =1(s) E @(s),
and hence
p(a(s)) Co(s) NN = (w(a(s)) NR)NN Ca(s) NN = 1(s) = p(o(s)),
as desired. |
The dual result of the previous Corollary:

Corollary 7 Suppose that B is a barrier on M and that ¢ : B — FIN is an internal mapping. Then there
is an infinite subset N of M and o : B | N — B such that

XN o=¢[(BIN)Epoo.

In particular, for every s € B | N there ist € B such that
(a’) p(s) E o(t), and
(b’) sNt=p(s).
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PROOF. Let P C M be such that ¢ is uniform when restricted to B | P (Proposition 4). Let G be the set
of C-maximal nodes of ¢” (B | P). This is clearly a thin family. Moreover, G | Q # 0 for every Q C P:
Let sgp € B | Q, then if p(sg) € G we are done. Otherwise, there is tg € G, p(sg) C to. Let 5 € B | P be
such that tg = <p(§1), Setng = min(to\cp(so)). Finds; e B P,s1 C (51 n [O, no)) U (Q N [no, OO)) By
maximality of elements of 53, 51 C s1. By uniformity of ¢, min(s; \ §1) € p(s1), and so ¢(sg) C ¢(s1),
and p(s1) C Q. If p(s1) € G, then we are done; otherwise we can keep producing s1, ..., s such that
©(si—1) T p(s;) and p(s;) C @ (1 < i < k). There must be some & such that s;, € G because otherwise,
we find an infinite set |, ¢ (sx) in the closure of ¢©” B which is included in B C FIN, a contradiction.

Find Q C P suchthat C = B | Q) is a barrier on (). Let
D={sUu:seB|Q,uecCsuchthat p(s) Cuands < (u\ ¢(s))}.

It is easy to see that D is a front on Q. So, let R C @ be such that D [ R is a barrier on R. Observe that
every t € D has attached s(t) € B | Q and u(t) € C | @ such that t = s(t) U u(t) with s(¢) C ¢. Define
w : D | R — Bby picking @w(t) € B such that ¢(w(t)) = u(t). Find S C R such that w(t) N .S C t for
everyt € D [ S. Apply Proposition 8tou : D [ S — C [ StofindT C Sanda : D [T — D | S such
thatuod =w,and 5(¢t) N T = u(t) foreveryt € D [ T.

For each s € B | T choose us € C | T such that ¢(s) C us and s < (us/p(s)), and define
c:B|T—B|Sbyo(s)=d(sUus). Then forevery s € B | T,

p(o(s)) = p(w(a(s Uus))) = u(@(s Uus)) = uls Uus) = us 3 o(s),

$0
o(s) Co(s)Ns=(w(a(sUug)) NN)NsCa(sUus)Ns CusNs=p(s). (16)

Finally, apply Lemma 3 to o to get N C T such that o(s) N N C s forevery s € B | N. Then, by (16),
©(s) Co(s)NN Co(s)Ns=(s).

We finish this subsection, presenting the following well-known structural result of Pudlak-Rodl [26]
concerning mappings defined on barriers.

Definition 12 Suppose that B is a barrier on M, and suppose that f : B — A, A is an arbitrary set. f is
called canonical if there is a barrier C on M, f : C — A and an internal ¢ : B — C such that
(a) fis -1, and

(D) f=foep.

Theorem 5 (Pudlak-Rodl) For every barrier B on M and every f : B — A, A an arbitrary set, there is
N C M such that f is canonical when restricted to 5 | N.

In the next section we will use the following consequence of Pudlak-Rodl’s Theorem. Before we intro-
duce some useful notation: Given f : F — Y, where F C FIN and Y is an arbitrary set, and ¢ € FIN, we
define f; : Fx — Nby fi(s) = f(tUs).

Corollary 8 Suppose that B is a barrier on M, f : B — R. Then for every € > 0 there is an infinite
subset N of M such that one of the following two conditions happens:

(a)osc(f | (BT N)) <e ie |f(s)— f(3)] <eforeverys,§€ B[ N.

(b) For every integer k there is a finite subset t of N such that osc(fy | (B; | N)) < € and |fi(s)] > k|t|
(s€ B, | N).

PROOF. We may assume (by the Ramsey property of B) that f : B — R*. Let (I,,),en be any partition
of R into disjoint intervals I,, = [a,, b,) of diameter at most . Let g : B — N be defined by g(s) = n
iff f(s) € I,,. By Pudlak-Rodl Theorem there is Ny C M such that g restricted to B | Ny is a canonical
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mapping. So, fix a barrier C on Ny, 0 : B | Ny — C (o(s) C s) and a 1-1 mapping g : C — N such
that g = go 0. If C = {0}, then g is clearly constant, and so we obtain (a). Suppose that C # {0}. Find
N C Ny such that the mapping @ : B — cg defined by @(s) = X {maxo(s)} and o (i.e. x,) are uniform
on B | N. We claim that N satisfies (b): Fix an integer k. Let so € B | N and ¢y = sg N [0, max o(sg)).
By definition, w(sp)(max o(sg)) = 1. So, since o and w are uniform we have that

o(to Uu) = (0(sp) \ {maxo(sp)}) U {minu} (u€ By, | N).
Using this and the fact that g is 1-1 we may find ug € By, [ N such that
Ag(o(toUug)) = k(|t0| + 1)~

Finally set ¢t = to U {min ug}. Then, by Lipschitzness of o, we have that forevery u € B; [ N, o(t Uu) =
o(to Uwug), so g(t Uu) = g(to Uug) and hence

f(t U u) 2 ag(tUu) = ag(tOUuo) > k(|t0| + 1) = k|t|

3.4. Mapping from barriers into ¢,

In this subsection we continue with our study of mapping defined on barriers but we make a weaker restric-
tion on the nature of their ranges.

Definition 13 Let 7 C FIN and ¢ : F — cq be given.
(a) ¢ is called semi-Lipschitz iff for every t € FIN

{p(s) |t : tC s, and s € F} is finite. a7
(b) @ is called semi-uniform iff for every t € FIN
{¢(s)(min(s/t)) : t C s, and s € F} is finite. (18)

We extend now the corresponding definitions of the beginning of this section.
(c) @ is called Lipschitz iff for every t € FIN

{e(s) [t :tCs, ands e F}| =1. (19)
(d) o is called uniform iff for every t € FIN
{e(s)(min(s/t)) : tC s, and s € F}| = 1. (20)

(e) @ is called internal iff supp ¢(s) C s for every s € F.
(f) ¢ is called a L-mapping iff it is internal and Lipschitz.
(g) ¢ is called a U-mapping iff it is internal and uniform.

Remark 4 (a) Observe that the above conditions (17), (18), (19), and (20) is non-vacuous if t € ?E.
(b) We have the following implications:

uniform = semi-uniform = semi-Lipschitz, and

Lipschit; = semi-Lipschitz.

—C
(c)If p : F — cg is a L-mapping, then we can naturally extend it to the compact family F— just by
declaring ¢(t) = p(s) | t where s € B is such that t T s. Note that the extension is continuous, so if in

—C
addition F is pre-compact, ©” (F ) is a weakly-compact subset of cqo.
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We have the following reverse implications of (b) before:

Proposition 9 (a) For every barrier B on M and every semi-Lipschitz mapping ¢ : B — cog there is
N C M such that @ is a Lipschitz mapping when restricted to B | N

(b) For every barrier B on M and every semi-uniform mapping ¢ : B — cqg there is N C M such that ¢
is a uniform mapping when restricted to B | N

PROOF. (a): Find a fusion sequence (M}) of subsets of M such that for every k we have that for every

t C{mg,...,mi}, t € B" the mapping

Jt Bt | Miy1 — coo
u fi(u) = @(tUu) [ 1.
is constant. Observe that this is possible because the range of f; is ﬁnite B; is a barrier on M /¢. Then the

fusion set M, of (M},) has the desired property: Fix ¢t € B | M., . Let k be the first integer such that
t C {mo,..., my}. Observe that, by definition of M, we know that Bt I Mo C By | M1, so for every
s,u € B My, ift C s, u, then

e(s) [t = fe(s\t) = fr(u\t) = o(u) I't,

that proves that ¢ restricted to B [ M, is Lipschitz.
(b): The proof is quite similar than for (a), so we only sketch it: Find a fusion sequence (M) of subsets

of M such that for every k we have that for every t C {mq,...,mg},t € EE the mapping
gt:Bt {Mk+1—>R
u— gi(u) = p(t U u)(minu).

is constant. Then the fusion set M, has the desired property. |

Definition 14 Givene | 0, let I,,(e) = {ke,, : k € Z}. We define 7 : co — ¢ by 7(a)(n) = ke, €
I.(e) iff

|klen < la(n)] < |k + 1lep.
We say that o : F — cq is e-Lipschitz iff 7 o o is Lipschitz. We say that o is almost-Lipschitz if for every
€ and every M there is N C M such that o is e-Lipschitz when restricted to F | N

Remark 5 (a) 7. preserves the supports, and 7c(a | s) = 1e(a | s).

(b) If 7e(a) = me(b), then |a(n) — b(n)| < &, for every n.

(c) For every bounded ¢ : F — cg, the corresponding composition T o @ is semi-Lipschitz: Let A =
sup,cr [|¢(8)||co. For everyt € F we have that

{re(p(s)) [t : s€eF} C{a€cy : suppa Ct, and a(n) € I,,(g) N [—\, A] for every n},

and {a € coo : suppa C t, and a(n) € I,(e) N [=A, A] for every n} is a finite set.
(d) If p : F — cq is e-Lipschitz, then for every t € F and every s,u € F such thatt C s,u

l(s)(n) — @(u)(n)| < ey for everyn €t :
As 1 o @ is Lipschitz, 7c(o(s)) [t = 1e(p(w)) | t, so, by (a),
Te(p(s) 1) = Te(p(u)) [t = Te(p(u) [ 1).

And by (b) we are done.

(e) If @ is Lipschitz, then @ is e-Lipschitz for every €, and hence almost-Lipschitz.

(f) If o is almost-Lipschitz then for every ¢ > 0 there is N such that for every t € F | N and every
s,u € F | N witht C s,u we have that

le(s) Tt —o(u) Ity <e.
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Corollary 9 Suppose that B is a barrier on M and ¢ : B — ¢ is bounded. Then

(a) @ is almost-Lipschitz.

(b) For every € | O there is an infinite set N C M and a Lipschitz w : B | N — c¢q such that for every
seB|N

lo(s)(n) —w(s)(n)| < e, for every n.

PROOF. (a) and (b): 7¢ o ¢ is semi-Lipschitz, so, by Proposition 9 (a), there is N C M such that 7¢ o @ is
Lipschitz restricted to B | N, i.e. ¢ is e-Lipschitz when restricted to B | N, and |7 (¢(s))(n) —p(s)(n)| <
ep, for every s € B and every n. |

In the next given an infinite N C Nand n € N, n™" denotes the immediate successor of n in N defined

by nt = min(N/n).

Proposition 10 Let B be a uniform barrier on M and ¢ : B — cq with weakly-pre-compact range. Then
for every € | O there is an infinite set N C M such that xn - (75 o ) is internal i.e., for every s € B | N
andn € N\ s

lp(s)(n)] < bn,

and where ¢ is defined by 0pin N = €0, and 6,+ = €, for everyn € N.
PROOF. For k € N define o : B — FIN for s € B by

@K (s) = supp ., p(s)

which is an element of the pre-compact subset supp ., (©”B) of FIN. So ¢, fulfills the conditions for
Lemma 4 to be applied. So, there is some N C M such that for every n € N andevery s € B [ N

en(s) NN\ s) C[0,n],
po(s) N (N \ s) =0.
Hence for every s € B | N and every n™ € N \ s, nt ¢ ¢,(s), so [o(s)(n")] < &, while if n =

min N ¢ s, [p(s)(n)| < . |

Corollary 10 For every ¢ : B — K with B a uniform barrier on M and K C cq weakly-pre-compact
and every € > 0 there is N C M such that for every s € B | N,

le(s) T (N \s)lle, <e.
PROOF.  Apply previous Proposition 10 to a sequence € | O such that ) e, < €. |

The previous result gives the following consequence concerning weakly-null sequences. The earliest
result of this sort appearing in the literature seems Lemma 4.6 of [28].

Corollary 11 Suppose that x is a weakly-null sequence of a Banach space X, B is a barrier on some

infinite set M, and f : B — Bx~, f(s) = x. Then for every ¢ > 0 there is an infinite subset N of M such
that for every s € B [ N

[z5(@) T (N\ 8)[ley <e. @1

PROOF. Apply Corollary 10 to the mapping s € B — z¥(x) € K(x) C ¢o. |
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Remark 6 By applying the previous Corollary to the simple case of B = NI, we obtain the following:
(a) If for every n we pick x}, € Bx~ then there is N such that

a7 (@) T (N\ {n}le, <e,

foralln € N, i.e, (xn)nen and (x}) are e-orthogonal.
(b) If © is a semi-normalized weakly-null sequence then for every ¢ > 0 there is a subsequence x | M such
that
a2 M| = (1= £)(inf lal)llall
foreverya € coo | M.

We finish with the following approximation result concerning U-mappings.

Proposition 11 Suppose that B is a barrier on M, and ¢ : B — K is a bounded mapping with weakly-
pre-compact range C cy.
(a) Suppose that € = (e,,) | 0 is such that

Z en < &m foreverym € N. (22)

n>m

Then there is N C M and a U-mapping ¢ : B | N — cqg such that for every s € B | N
||1/J(5) - SD(S) T SH& < €mins-
(b) For every € > 0 there is N C M a U-mapping i : B | N — cqg such that for every s € B | N

[¥(s) = (s) [ Nlle, <e.

PROOF. Let A = sup,¢x |/@|/«. Choose for each n a finite subset I,, of [, A] that contains 0 and that
is €,,/2-dense set. Now define an internal 0 : B — ¢po by for s € Band n € s,

5(s)(n) = mins + [s N[0, n)]

Observe that the natural composition € o ¢ defined by (£ o §)(s)(n) = €(6(n)) has the property that for
every s € B

(e 0 8)($)lle, =D e(6(5)(n)) < 2emins- (23)

nes
Define the internal mapping v : B — cqq as follows: For s € Band n € s pick ¢(s)(n) € Ij(s ) such that
|(p(8)(7’l) - w(s)(n” < Ek(s,n)» (24’)

and 1(s)(n) = 0if ¢(s)(n) = 0. Notice that for every t € B and every s, u € B such that ¢ C s, u we have
that
kE(s,min(s\¢)) =mins+ |[s N [0,min(s \ ¢))| = mint + [{| = minwu + |u N [0, min(s \ t))| =
—k(u, min(u \ £)),
s0, by definition of 1,
Y(s)(min(s \ t)), ¥ (u)(min(u \ 1)) € Inint4]¢|-
This implies that 1) is semi-uniform mapping because each I,, is finite. Then we apply Proposition 9 (b) to

1) to obtain N C M such that 1) is uniform when restricted to B [ N. Then, for every s € B [ N we have,
by (23) and (24), that

1
l(s) = ¢(s) I sl < S ll(€00)(5)ller < emins,

as desired.
To show (b), first use (a) for a fast decreasing sequence e such that & < ¢/2, and then apply Proposition
10 to the corresponding restriction of ¢. |
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3.5. Mappings defined on infinite cubes and with countable range

By a “cube” we mean the set M [>] of all infinite subsets of some infinite set M/ C N. In this section we
apply the theory developed so far to treat mappings with domains of the form M[°°! and with countable
range. We start with the following well known notions.

Definition 15 The ropology on NI>®! is the induced by the topology on 2V, i.e. U C NIl s open iff for
every A € U there is a finite s T A such that (s) C U, where

(s) ={AeNPl . sC A}

Every cube M is a closed subset of NI°°. We say that a mapping F : M!>®l — C, where C is an
arbitrary set, is continuous, if it is topologically continuous when M carries its natural topology and C
is with its discrete topology. We say that F' is Borel if F' is a topologically Borel mapping.

We recall the following well-known result of Galvin-Prikry [15].

Theorem 6 (Galvin-Prikry) Every Borel subset of NIl is Ramsey i.e., if X C N[>l is Borel then there
is some infinite set M such that either M=l C % or else Ml N x = 0. |

This was latter extended independently by Ellentuck [11] and Silver [30] to analytic subsets, and in the first
case giving a topological interpretation of the Ramsey property.

Remark 7 The result of Nash-Williams in [25] stating that every barrier is Ramsey (see Definition 1) is
equivalent to the fact that clopen subsets of NI are Ramsey. It is worth to point out that the Ramsey
property for open subsets is equivalent to Galvin’s Lemma.

The following shows that Borel mappings with countable range are, when restricted to some cube,
automatically continuous.

Proposition 12 Suppose that F : Ml — C. is a Borel mapping, C countable. Then there is N € M
such that F is continuous when restricted to N>,

PROOF. Enumerate C' = {c¢y }ren. Find a fusion sequence (M) consisting on subsets of M such that for
every k and every t C {my, ..., my} the coloring

By M) — {0,1}
N — 1iff ®(s UN) = ¢, (25)

is constant. It is clear that this can be done, as F~1{c;} N (t) is Borel. Let M, = {my, }ren be the fusion
limit. We claim that F is continuous when restricted to M/[°°): Fix k € N, and suppose that N € MO[ZO Vis
such that F'(N) = ¢. Sett = N N{my,...,my}. Then N\t € M1, and @, x(N) =1, s0 F(P) = ¢
for every P C M, such thatt C P. ||

Corollary 12 Suppose that F : M!>! — C is a Borel mapping with countable range C. Then there is
N C M, a barrier Bon N and f : B — FIN such that F | NIl = f o.15.

PROOF. First use Proposition 12 to obtain N C M such that F' is continuous when restricted to N [oo],
Let
F ={se N>l . F | ((s) N N)is constant}.

Let G be the set =~ ™" of C-minimal elements of . This is a thin family. So by Theorem 1, there is
P C N such that G [ N is either a barrier on P or empty. The second possibility is impossible since it
implies that F | NN is also empty and this is contradictory with the continuity of F' on P>). Let B=G | P.
Define f : B — C by f(s) = F(sU (P/s)). Itis easy to check now that F' [ P>l = f o 5. |

We can extend now, using previous Corollary, most of the result proved for barriers.
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Corollary 13 Suppose that F : NIl — FIN is Borel. Then there is an infinite set M C N such that
xur - F | M is internal, i.e. F(N)NM C N forevery N € M,

PROOF. Apply Lemma 3 to the corresponding f given by Corollary 12 when applied to F'. |

Corollary 14 @ : M — FIN Borel and internal. Then there is an infinite set M and ¥ : M>®] —
M such that

(a) PoX C @, and

(b) xpr -2 = 9. |

Corollary 15 @ : M — FIN Borel and internal. Then there is an infinite set M and ¥ : Ml —
M such that

(a) P C Dol and

(b) xpr - X =0, |

Corollary 16 Suppose that  is a weakly-null sequence of a Banach space X, ® : NI*°l — Bx. is an
arbitrary Borel mapping with countable range. Then for every € > 0 there is an infinite M such that for
every N C M, Znel\/[\N |®(N)(zn)| < e u

4. Partial unconditionality of weakly-null sequences

In this section we present the main results of this paper. We introduce and study an abstract notion of
partial unconditionality and relate them to some known ones. As we shall see, our abstract notion of partial
unconditionality will cover most the result about partial unconditionality found in the literature.

Definition 16 Following the corresponding notions for families of finite sets, for a given § C FIN X cqq
such that if (t,a) € § thent C suppa and M € NI®l we define the restriction § | M and trace F[IM] of
§ by

1 M={(s,a) € : suppa C M}.
SIM]={(sNnM,a | M) : (s,a) € §}.

The following definition is motivated by a similar definition that appears in [10].

Definition 17 Ler § C FIN X c¢qg be such that t C supp a for every (t,a) € §, and let w : FIN X cgg —
R™T be an arbitrary mapping. A sequence € = (T, )ne v indexed on a set N C N of a given Banach space
X is called (F.,, C)-unconditional (C > 0) iff for every pair (s,a) € § | M we have that

lalt z|x <Cuw(ta)la-z|x. (26)

We call the mapping w a weight. The sequence x is §,-unconditional iff it is (§, C)-unconditional for
some C > (.
Define

C(Bw,x) =inf{C : thereis a (§w, C)-unconditional subsequence of x}

C(Fw) =sup{C Fw,x) : x is a semi-normalized weakly-null sequence}.
Definition 18 Given § C FIN X cqg, a weight w and a sequence x indexed on a set N and C > 0, define

XoFuw,x) ={M € NP Mois (§w, C)-unconditional}.
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Remark 8 (a) It is easy to show that
C(Fw,z) =sup{C : Xc(Fw,z) = 0}. 27

Observe that {C : Xc(§w,x) = 0} is an initial interval of R™ (i.e. if C' < C and X¢(Fuw, ) = 0, then
X (Fw, ) = 0).
(b) For every C, if C(Fy,x) > C, then X¢(Fw,x) = 0. This fact will be used quite often.

We give some examples to illustrate the previous definition of §,,-unconditionality:

Example 1 (/) Let _
3" = {(suppa,a) : a € coo}-
Then clearly C (') = 1. We call this set the trivial set.
(2) Let
F° ={(t,a) € FIN x ¢ : t C suppa and |t| = 1},

and let w = A% with 0 < X\ < 1. Suppose that x is a semi-normalized sequence of X with X =
infpen ||zl Then x is (F5°, C)-unconditional iff

A
la-@lx > Flal.

for every a € coo. So, in Remark 6 (b) we have just proved that C(F5°, ) = 1 for those sequences x with
inf ey |zn] = A
(3) Let ‘

§" ={(t,a) EFIN X ¢gg : t Csuppa}.

Then being F'"-unconditional just means being a basic sequence.
(4) Let ‘
3% = {(t,a) € FIN X ¢ : t is an interval of supp a}.

Then (%, 1)-unconditionality just means that the corresponding sequence is a bi-monotone basis.
(5) Let
4 ={(s,a) € FIN x ¢op : s C suppa}.

Then §-unconditionality just means unconditionality.
(6) Suppose that x and y are two sequences of X and Y respectively. Let

_a-=lx

t = .
vt @) =12y

Then x is (%, C) unconditional iff the linear extension of the mapping y, +— x, defines a bounded
mapping with norm at most C' from the closed linear span of y into the one of x.

4.1. Test of §,-unconditionality

In this section we treat the problem of when a given weakly-null sequence have a subsequence that is §-
unconditional and show how to estimate the corresponding constant C'. First, we start with the following
classical result that will illustrate the strategy we follow.

We give a proof of the classical result of Bessaga and Petczyriski [7] that states that every semi-
normalized weakly-null sequence has a basic subsequence. Observe that this is equivalent to say that
C(J;n,x) < oo for every semi-normalized weakly-null sequence x.

Proposition 13 Suppose that x is a semi-normalized w-null sequence. Then for every € > O there is some
subsequence x | M that is a 1+e-basic sequence such that in addition ||a-x | M| > (1—¢)inf,en |||
llal|so for every a € cop.
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PROOF. Fix a semi-normalized weakly-null sequence « of a Banach space X. The last required property
follows from Remark 6 (b). So, we assume, by going to a subsequence if needed, that for a fixed A,
la - x| > A||lal|s for every @ € cgp. Now, as mentioned before, to be a (1 + ¢)-basic sequence is
equivalent to be (g, 1 +£)-unconditional, where §*" is the set of pairs (¢, a) € FIN x cqq such that ¢ is an
initial subset of supp a. Our goal is to show that the corresponding unconditional constant €(F;,,, x) is 1.
Otherwise, let 1 < C' < €(F™). Then X (§™, ) = 0 (see Remark 8). This means that for every infinite
M C N we can find (tpr,a™) € ™ | M such that

la™ | tar -] > Clla™ - a].

It is clear that we may assume, after normalizing, that ||@™ - || = 1 (the set §" is closed under multipli-
cation by scalars). Let

F ={suppa™ : M e N>},

The family G = F<~ ™" of minimal set of F is clearly a Sperner family (see Definition 1), hence by
Theorem 1, there is an infinite set M such that G | M is either a barrier on M or empty. The last possibility
is impossible since it implies that 7 | M = () and we know that suppa™ C M. Set B =G | M. We have
naturally defined the mapping s — (¢, a®, x%) from Binto § | M x Sx- with the property that

@3(a® [ty @) = la” [ t,- 2] > C,
where t, = t); C s and a® = a™ for some M such that s = supp a™ . The sequence x is seminormalized
and weakly-null, so the mapping s € B +— z¥(x) € ¢y is, by Corollary 9, almost-Lipschitz. Fix then and

infinite subset N C M such that for every ¢t € B | N and every s,u € B [ N such that ¢ C s, u we have
that

les(@) [t =2 (@) [t]e, < (C—=1DA

Now fix s € B, letv € (By,) | (N/s),andsetu =ts; Uv € B | N. Then ||z%(x) | ts — zi(x) [ tslle, <
(C — 1)), and so,

L= lla® - z|| Z|z,(a” - )| = [z(a” [ ts - )| > [25(a” [ 15 - @)| = (C = DAlla” [ ts[oc >
>Clla®-zl| - (C = 1)[la® - z| =1,

hence 1 > 1, a contradiction. ||

The following result is the test of §,,-unconditionality. Again, the kind of assignment in the condition
(b) of the following lemma is modeled after similar ones appearing in [10], Theorem 12.

Lemma 7 Fix § C FIN X cqo, a weight w, an arbitrary sequence x of a Banach space X, indexed on a
set N e NI°°l. The following are equivalent:

(a) X¢(w, ) = 0.
(b) For every P C N there is M C P, a uniform barrier B on M and

p0:B—=F I MxSx-,

o(s) = (ts, a®, x%) such that for every s € B:
(b.1)ts C s =suppa’, and
(b.2) |zt(a® [ ts-x)| = ||a® | ts - x| > Cw(ts, a®)|a® - x|
If in addition the sequence x is weakly-null, then for every € > 0 we can obtain @ with the extra property
that

llz%(x) [ (M\ 8)|le, < eforeverys e B.
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PROOF.  Suppose that (b) holds. Then for every P C N there is (¢,a) € § | P such that
lalt-z||=lalt z|>Cuw(ta)la z|=Cwa)la-z,
sox | P isnot (§,C)-unconditional.

Suppose now that (a) holds. We follow the lines used in the proof of Proposition 13. Fix P C N. Itis
clear that X (S, | P) = 0, so for every infinite subset M C P there is (tar,a™) € § | M such that
la™ |ty - x| > Cw(tar,a)|aM - z|. Define

F = {suppa™ : M e pl*I},

The family G = FE=— ™" is Sperner, so by Theorem 1 there is an infinite set M C P such that G | M
is either a uniform barrier or empty. Observe that this last possibility is not possible as it implies that
F | M = () while suppa™ C M. Call B= G | M. Now for each s € B choose N(s) € M!* such that
supp a™(®) = 5. This leads us to the mapping ¢ : B — § | M x Sx- defined for s € B by

90(3) = (tN(s)v aN(S)7 l‘t),
where 2} € Sx~ is such that
3@ [ty - @) = @O Tt - 2.

It is clear that ¢ has the desired properties.
If in addition x is weakly-null, then we apply Corollary 11 to s — z} to obtain the additional property.
|

In some cases the next is useful.

Corollary 17 Fix § C FIN X cqo, and a weight w with the property that if (to, a), (t1,a) € § are such
that tg C t1, then w(tg,a) < w(ty, a). Suppose that x is a sequence of a Banach space X, indexed on a
set N C N. The following are equivalent:

(a) %C(Swv CB) = 0.

(b) For every P C N there is M C P, a uniform barrier B on M and

@ZBHM[<OO]XCOO{MXSX*,

©(s) = (ts, a®,xk) with the property that for every s € B:
(b.1)suppa® = s, ts C s,
(b.2) ts C ug for some ug such that (us,a®) € §,
(b.3) a® | ts and x%(x) | ts are sequences of constant signs, independents of s, and finally
(b4) |zi(a® [ ts-x)| = |la® [ ts - x| > (C/2)w(ts, a®)||a® - x|
Ifin addition the sequence x is weakly-null, then for every € > O we can obtain p with the extra property
that ||x%(x) [ (M \ 9)||e, < € foreverys € B.

PROOF. Use Lemma 7 to find corresponding B, M and ¢ defined on B. Now fix s € 3, and observe that

[z5(a” Tt - 2)| < max{|z( > an )|, |2 ( > ay )|} (28)

n€ts,asx} (v,)>0 n€ts,a % () <0

nvs nvs

Let ¢, be either equal to {n € t; : adx*(x,) > 0} orto {n € ts : adx*(x,) < 0} and it has the property
that |z¥(a® | ts - x)| < |z%(a® | ts - x)|. Letis = 1, —1 be the sign of a’x*(x,) in 5. Now use that

lzi(a® [t - ®)| < 2max{|y( > anan)|; |25 ( > apzn)l}. (29)
n€ts,ad, isxk (xn)>0 nets,ad, szt (,)<0

Finally choose ty C t, such that both a® | t and xi(x) | t, have constant signs and with the property that
lzi(a® | ts - x)| < 2|zi(a® | ts - x)|. Use the Ramsey property of B to find an infinite subset R C M
such that these two signs are independent of s. The desired mapping is s € B | R — (t5,a%,2%) €
R[<°O]XCOO FRXSX*. |

We present now known results of partial unconditionality.
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4.2. Schreier unconditionality

Recall that § is the family of finite sets s C N such that |s| < min s. This is the closure of the w-uniform
barrier on N consisting on the C-maximal elements of S (i.e. the sets s such that |s| = mins). We are
going to show that for every weakly-null sequence  and every € > 0 there is a subsequence « | M such
that

latt-a M| <@+e)la o M|

foreveryt € S [ M and every a € cyp. This was first announced in [24] and a proof is given in [28].
Finally, observe that the previous result is equivalent to say that C (S, ) < 2, where

6 ={(s,a) : se Sand s Csuppa}.
Proposition 14 C(6) = 2.

PROOF. In the Subsection 4.6. we give a normalized weakly-null sequence with no unconditional subse-
quence. This sequence has the additional property that C(&,x) > 2. This shows that C(&) > 2. Let
us prove now that C (&) < 2. Otherwise, fix a semi-normalized weakly-null sequence « and C' such that
C(6,x2) > C > 2. Fix also ¢ > 0 arbitrary. We assume, by Proposition 13, that « is a (1 + ¢)-basic
sequence such that ||a - || > A\(1 — ¢)||a||« for every a € cyg, and where 0 < A\ = inf,, ||z, ]|

By Lemma 7, there is a barrier /5 on some M, and a mapping s — (s, a®, %) such that for every s € B,
(@) ts €S, ts Cs=suppa’, ||[a®|e <1
(b) [l (@) | (M \ )|le, < <. and
© [23(a* [ t,-@)| > Clla* - a.

As this last inequality is linear (i.e. changing a® by Aa® makes no difference) we assume that ||a®||o, <
1 (s € B). We also assume, by Proposition 4, that s — ¢ is Lipschitz. Now fix arbitrary sy € B and set
k = mint,,, v = s9 N[0, k]. Observe that if w € B, then mint,,, = mints, = k, o0, as t,uw € S,
|tuouw| < k. By the Ramsey property of 13, we can assume that there is some fixed 0 < [y < k such that
[tvuw| = lo for every w € B,,. Let D be a finite e-dense subset of [—1, 1]10 with the ¢;-norm. For each
w € By find (¢;)i<i, € Dinaway that 37, |27, (@n,) — di| < ¢, where {n;}i<y, is the increasing
enumeration of ¢,,,. As D is finite, we assume that it is constant. This implies that if wg,w; € B, are
such that t,uw, = tyuw,. then

||:U2Kva0)(w) rt(UUwo) - szUwO)(w) rt(Ule)”fl < 2e. (30)

Finally, we apply Proposition 8 to the mapping w € B, +— tyuw Nw € Ml to obtain wg, w; € B, such
that
(d) p(wo) = p(w1) and
(e) wo Nwy = p(w).

Set s = v U wp, u =vUwy,and v = v\ {minv}. Then (c) means that t; = ¢,,, while (¢) means that
sNu=vUts.

Using what we know so far, we compute:

lzg(a®) T (w\0)| Z|z5(a®) T ((un )\ 0)] = |z5(a®) T ((u\s)] >
>|zg(a®) I (uns)\0)| = ella|loo = |z5(a”) I E5| = ella”foc >

>z (@) [ tu| = 3¢lla”||e > (C — b\

(1—-¢)

)lla* - ] €2y

Hence, as x is a (1 + ¢)-basic sequence and ¥ C u,

1 ~
la* @l >o——lla” | (u\0) - 2| >

25 (a®) T (u\v)[ >

2+¢ T 2+4¢
1 3e "
>2+€(C— m)”a ~x|, (32)
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SO
3e

C<2 _ 33

tety 19 (33)

As )\ is fix and ¢ is arbitrary, we conclude that C' < 2, a contradiction. |

4.3. Near and convex unconditionality

In this subsection we present applications of our methods to treat Elton’s notion of near unconditionality
[12] and the notion convex unconditionality of Argyros, Mercourakis and Tsarpalias [4]. In fact we are
going to see that there is a single combinatorial results that lies behind both of these two notions of partial
unconditionality. Recall that in the literature these two forms of partial unconditionality are usually treated
differently though sometimes convex unconditionality is referred as the “dual version” of near uncondition-
ality. Our approach will give an explanation of this duality phenomenon as well. Another explanation of this
duality appears in [10] where it is shown that the corresponding unconditional constants behave similarly.

Recall that a sequence x is called d-near unconditional (0 < § < 1) iff there is a constant C' >
1 depending on ¢ such that for every a € coo with ||aljc < 1 and every ¢ C suppa such that § <
min, e, |a(n)| we have that |la | t- || < C|la- z|. A result of Elton ([12]) states that for every 0 < 6 <1
every normalized weakly-null sequence has a §-near unconditional subsequence.

We say that @ is d-convex unconditional iff there is a constant C' > 1 such that for every a € cgg and
every t C suppa with d||a | t|lg, < |la | t- x|, then we have that ||a [ t- x| < C|la - z|. Argyros,
Mercourakis and Tsarpalias ([4]) have shown that for every 0 < § < 1 every normalized weakly-null
sequence has a §-convex unconditional subsequence.

For a real number r > 1 letlog,(r) = min{n € N : r < 2™}. We introduce two notions of oscillation
of vectors of cqg.

Definition 19 Fix a non-zero a € cyg

osco(a) :—Ha||°°
minnEsuppa |an|
al,
e

where x is a fixed semi-normalized weakly-null sequence of a Banach space X.

Two simple observations:

Remark 9 (a) Both notions of oscillation are invariants under multiplication by scalars, i.e. osco(Aa) =
osco(a) and oscT (Aa) = oscT (a) for non-zero a € cop and X € R.
(b) osco(a | s) < osco(a) and oscT (a | s) < oscT(a) for every a € cog and s € FIN.

The aim of this subsection is to prove the following
Theorem 7 (Near and Convex unconditionality) Suppose that  is a semi-normalized weakly-null

sequence of a Banach space X. Then for every € > 0 there is some M such that for every sequence of
scalars a and every finite subset s C M,

la s x| M| <(8+¢)max{1,logy(osco(a | s))}|la-x | M| and 34)
laTs-@ ] M| <(16+¢) (1 +logy(osct(a [ 5))) [la -z | M]|. (35)

Before we give a proof, we need two more combinatorial results.

267



J. Lopez-Abad and S. Todorcevic

Theorem 8 Let 3 be a barrier on M, and let s — (ts, a®,b’) is a mapping such that for every s € B
(a) ts,supp a®,supp b® C s,
(b) ||a8||007 ||b8||oo <1 and

(c) a® | ts and b° | t, have constant signs.
Then for every € > 0 there are s,u € B such that

. @ [ 1.0
~ 4+ e max{1,logy(osco(a® | ts))}

[{a®, b") —e. (36)
PROOF. The proof has two parts depending on the following to functions f,, g,, hy, : B — N defined as
follows

fo(s) =max{1,log, (osco(a® [ £5))}
9o(s) =lla® I ts]loo

f(s)
hy(s) =—=.
9(s)
Notice that g < 1 < fand h > 1. Observe that / is bounded (i.e. sup,cp f(s) < 00)iff f is upper-bounded
and g is lower bounded.
CASE 1. h bounded. In this case we the following stronger result: For every € > 0 there are s, u € B such
that
1 [{a® | ts, b%)]

[{@®, b%)] = 2 + e max{1,log,(osco(a® | t,))}

(37)

As f : B — N is bounded, By the Ramsey property of B, we may assume that f is constant with value
L. Let £ > 0 be such that (2 4+ ¢)(1 — &) > 2. Let 7y € N be such that (1 — &)™ < infsep g(s), and
coloreach s € Bby 1 < r < rgiff (1 —£)" < g(s) < (1 — &)"~1. By Ramsey, we assume also that B is
monochromatic with constant color 7. Observe that this implies that for every s, u € B

s)

<
—

o(0) >1-=c. (38)
Foragivens € Band1 <[ < L, let
9(s) _ o~ 90)
th={net,: o0 <lenl < Sk
Observe that if s,u € Band n € t{ N¢., then
s g(s) =
ay 20 (1 — 5)
pen > o(u) > 5 (39)
n ol—

We color each s € Bby 1 <[ < L iff (I is the first such that)
s 1 s 1 s s
<a ftg»b>zz<a ffs,b >a

(this is well defined because t; = U1L:1 t\). By Ramsey, we may assume that 3 is monochromatic, with
color [.

Now consider the mapping from B into FIN defined by s ~— t'o. By Corollary 6, there are s,u € B
such that
(c) tlo C tlo and
dsnNu= tlso.

We compute:
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u S us 1-¢ S8 1 s s
<a 7b>: Z a‘nbnZ ) Z anbn2m<a fts,a>

netlo netlo

as desired.
CASE 2. h is unbounded. Since by Corollary 9 (a) the mapping s — b® is almost-Lipschitz, we assume,
after restricting to some appropriate subset, that for every ¢t € B and every s,u € B such that t C s,u we
have that

16 [t =B [ ¢, <e.

Now use Corollary 8 to find some N C M and v € B | N such that
(@) |h(s) —h(u)| <eifvC s,u e B[N and
(b) |v| < eh(s) forevery s € B | N such thatv C s.

Notice that this implies that for every s € B [ N such that v C s

[(a® I (ts N0),b°)] < |v]gy(s) < ef(s). (40)

Define @ : B, | N — FIN X cgg X cgo by @(w) = (tyuw Nw,a’™™ [ w,b° | v Uw). This new mapping
fulfills the conditions of Case 1 (i.e Hy is bounded), so, there is w, z € B, | N such that

1 {a®™ ™ | tyuw Nw, b"™)|

vUw vUz
(@ Fw, b7 [ 2)| > 71z o) (41)
From this and (40) we have that
vUw vUz 1 ‘<ava r (tvuw N UJ), vaw>| _
@ w6 ] 2)] 25— ) 5>
1 (@™ T (fouw Nw), b))
22+5( folvUw) —e) (“42)

Finally we consider two cases:

SUBCASE 2.1 [{(@”“*, b"Y*)| > (1/2)|(a"™ | w,b""* | z)|. The desired inequality in Claim 1 follows
immediately from (41).

SUBCASE 2.2 [{a’™™,b""%)| < (1/2)[{(a’™™ | w,b""* | 2)|. This means that

|<ava rv’vaz rv>| > (1/2>|<ava Fw’vaz r2>| (43)

Let u € B be such that v C w and u N's = v. As we are assuming that s — b® is (1 + )-Lipschitz, we
have that
|<ava, bu>| — |<a1)UU) r v, bu>‘ Z |<a1)Uw F v, bUUZH —g, (44)

that together with (41) and (43) Gives the inequality in Claim 1. |

Corollary 18 Suppose that s € B — (ts,a®,b%) is as in Theorem 8. Then for every € > 0 there are
s,u € B such that

1 S 1ty
[{a®,b")| > STe o | ||a,srt5>\||g1
1+logs (i)

—e. (45)

PROOF. Define
[(@®,b° [ t,)]

_ 1
ts={nects : by, > =
S A

).
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Observe that a5 | 1) )
_ a®, b’ |t
a® | (ts \1,),0%)| < 22— a® | tse, = =|(a®,b° | ts)], 46
a® (12 \ )6 < i e Tl = gl b 1) (46)
so|{a® | ts,b°)] > (1/2)[{a® | ts, b%)|. Also, by definition of Z,
1 la® T ts]le
log, (0sco(b® | ts)) < lo (_)Slo <91 + 1. @7
gZ( 0( )) g2 m(b rts) g2 ‘<a57bk [ts>|

We apply Theorem 8 to s — (5, b°,a®) and £ = £/2, to obtain s, u € B such that

1 [(b° I ts, %)

b7, a®)] = 8 + & max{1,log,(osco (b | t5))}

This, together with (46) and (47) give the desired inequality. |

We are now ready to give a proof of Theorem 7.
PROOF. First of all, observe that (34) is invariant under multiplication by scalars, i.e. the corresponding
inequalities for @ and for Aa are the same (A € R). So we may assume that we deal with sequences of
scalars a with ||a||o = 1. Consider

§ ={(s,a) € FIN X ¢go : s Csuppa, |lal]. =1}
w(t,a) =min{max{1,log,(osco(a | t))},2(1 + logy(oscT(a [ t)))}.

We show that C(F,x) < 8. Otherwise, fix C such that 8 < C' < C(§y,x) and work to produce a
contradiction. Fix € > 0. As z is a semi-normalized weakly-null sequence we may assume, by Proposition
13 that ||a- x|| > (1 —¢€)L||al|~ for every a € cqo, and where L = inf, ey ||z, || € (0, 1] is independent of
e. Observe also that w(tg, a) < w(ty,a) if tg C t1, so we can apply By Corollary 17 to obtain an infinite
set M, a uniform barrier B on M and ¢y : B — FIN X cgp X Sx~ such that for every s € B, setting
vo(s) = (ts,a®, x%), we have that

(a)ts C suppa’® = s,

(b) a® | ts and (z¥(xy,))net, have constant signs independent of s,

(© [|a®[|c =1, and ZnG]V[\s |25 (2n)| < €L and

(d)

c
|25 (a® ['ts - @)| = [la® [ ts - 2] > Sw(ts, a®)]la” - . (48)

Also, by the Ramsey property of B we may assume that either
(e) w(ts,a®) = max{1,log,(osco(a® | ts))} for every s € B, or else
() w(ts,a®) = 2(1 + logy(0scT (a | t)) for every s € B.
Define on B the mapping ¢ by ¢(s) = (ts,a®, (x*(zy))nes). We apply to ¢ and & = €L either Theorem
8 if (e) above holds, or else Corollary 18 to obtain s, u € B such that

. , 1 la® [ ts x| _ C , _
_ s * > _ s . _E>
|mu(n§1L anxn)| ‘<a’ 7(xu(xn))nEU>| —_ 4 + {:T w(ts,as) € 8 + 26—”0’ :I:” € —
c . € c € s
szl — —=—la® -zl = — . 49
where we used that ||a® | ts - x| = |(zX(a® | ts - x))| for every s € B, and inequality (48). On the other

hand we have that

la® 2|l 2[5 (Y ahwa)l 2 |2 D ahwa)l = @l D |ai(wa)| =

nes nesNu nes\u
3 ;
=lz7( Z apTn)| — EHC’S -z (50)
nesnu
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So, by (49) and (50),

€ C €
- S > N S
1+ 50l @l > (g - 1o ) la <l

that clearly implies that C' < (8 +2eL)(1 +¢)(1 — £)~L. As ¢ was arbitrary we conclude that C' < 8, a

contradiction. | |

Remark 10 Observe that from Theorem 7 one obtains that for every 0 < § < 1 every normalized weakly-
null sequence has a §-unconditional subsequence with constant C' < 9log,(6~1). It is an open question
if there is a universal constant C (i.e. independent of ) such that for every 0 < 6 < 1 every normalized
weakly-null sequence has a -unconditional subsequence with constant C. This conjecture is closely related
to the corresponding fact for 6-convex unconditionality (see [10] for more details).

4.4. Sequences bounded away from zero.

The intention of this subsection is to generalize the dichotomy concerning sequences of characteristic func-
tions of C'(K) presented in Corollary 4 to sequences & C C'(K') bounded away from zero, i.e.

inf{|z, (§)] : |22 (§)] #0, £ € K} > 0.

More precisely, we have the following result proved independently and in different forms by A. Arvanitakis
[6], I. Gasparis, E. Odell, and B. Wahl in [17] and the authors in [21].

Theorem 9 Suppose that K is a compact space and suppose that x is a semi-normalized weakly-null
sequence of C(K) with the property that

inf{|zn(§)] : [2n(§)] #0,n €N, { € K} =6 > 0. 1)

Then there is some M and a uniform barrier B on N such that © | M is 2/§-equivalent to the natural basis
(en) of the Schreier space Xg. In particular, x | M is unconditional.

PROOEF. First of all, the set
L={x(§) : £ € K} C ¢ is weakly-pre-compact.

So, as we mentioned in the introduction, supp 5L is also pre-compact, but by (51), we have that
supp 5L = supp L = {supp (z,,(§))nen : § € K},

where suppé = {n €N : z,(£) #0}. Use Theorem 2 to find an infinite N C N such that F =
(supp L)[N] is the closure of a uniform barrier C on N. Observe that for every a,

la-xx| <sup{|la ] s|le, : s€F}: (52)
Let ¢ € K be such that |la - zy|| = |(a-xzN)(€)|. As (supp&) N N € F we obtain that |ja - zy]| =
(@ zn)(E)] = 122, coupp enn @nTn(§)], so we are done because ||z, || < 1.

Let

F ={(suppa,a) : a € cy,suppa C N}
w(t, a) :%.
sup,er lla | slle,

Note that, for every M C N the sequence x [ M is (F,, C')-unconditional iff for every a we have that

sup |[la [ s|ly, < Clla-x | M. (53)
seF M
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Claim 2 :{2/5(311,,:131\[) 7& (Z)

Before we give a proof of this fact, let us see how to find the desired subsequence: Let M € X5 /5(Tw, TN ),
ie. x| Mis (Fw,2/d)-unconditional. Let 7 : M — N be the unique order-preserving onto mapping, and
let

B=a"(CI|M)={x"s : seC| M}.

This is a uniform barrier on N (see remark 1). Let e = (e,,) be the natural basis of the Schreier space Xj.
Fix a sequence a = (a, )nen Of scalars. Observe that, by Proposition 5 (b),

sup la [ slle, = sup fla @ slley =sup| Y an-1()| = Y tr-rmeniimlls.  (54)
SEFIM seCIM e =

Now using (52), (53) and (54) we obtain that

2
S” Zaﬂ’*l(n)en”B < || Z anxn”X < H Za‘nfl(n)enHBa

neN neM neN

as desired. Finally, let us prove the Claim: Suppose not, i.e. X5 /5(311;7 xy) = (). The idea is to use, as for
the previous results, Corollary 17. However this is not possible because the weight w we use here does not
satisfy the hypothesis of that corollary. So we use Lemma 7 instead to find M C N, a barrier D on M and
w:B— F | MXcy,s— (ts,a®),such that {5 C suppa® = s, t; € F | M (F is hereditary), and such
that

. 2. .
la® 1 slle > 5lla® -2 [ N (55)

Now let ¢5 C t4 be such that a® | ¢, has constant sign and such that ||a® | ts]l¢, > ||a® | Eslle, -
For each s € D let {; € K be such that (supp &s) N M = ¢, (F is downwards closed). For i = 0, 1, let
£ = {n ety : (—=1)'x,(&) > 0}, and choose now iy = 0,1 such that

) 1 .
lla® 15 ]le, > la Isller- (56)

By the Ramsey property of D, we may assume that s — i € {0, 1} is constant with value k. We have then
naturally defined a new mapping from D into FIN, s — tgk). Use the matching result in Proposition 6 to
find s, u € D such that
(a) tgk) C t&k), and
() sNu =t

Finally, using that (2, (§u)),, 40 have constant sign and conditions (51) and (56), we obtain

|a®-a | N|| >|(a® 2 | N)(&)| = |(a® | (supp&,) -2 [ N)(E)| =|(a® [tH) -z [ N)(&) = (57)

)
= 3" awa€)] = lla® 10, = Slla® 1 sl (58)
netgk)
which is contradictory with (55). u

4.5. Some canonical examples

In this subsection we show that mappings on barriers naturally lead to weakly null sequences in Banach
spaces showing thus that our approach to study weakly null sequences using mappings on barriers is in
some sense necessary.
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Definition 20 Suppose that B is a uniform barrier on M, ¢ : B — cqq is an L-mapping, ||¢]lco < 1 and
0 < X < 1. We define on cog | M the following norm || - ||, x: for a € coo | M, let

lalle = max{flallo, sup l{a, ¢(s))1}-

Let X, » be its completion. It is not difficult to see that the subsequence x(#A) = ey of the Hamel basis
e of coo is a semi-normalized weakly-null basic sequence of X, . We call such sequences L-sequences.
We call a sequence x a U-sequence if it is a L-sequence whose mapping ¢ is a U-mapping and X = 1.

Remark 11 Another interpretation of X, » is the following: Let L be the weak-closure of ©”B (i.e. L =
{@(s) [t : t C supp s}), and let
K«p,)\ =LU {)‘en}neM~

This is a weakly-compact subset of coo, and then X  is the closed linear span of the sequence e C
C(Ky ).

Theorem 10 Let § C FIN X cqp and w be as in Definition 17 with the additional requirement that w is
bounded away from zero, i.e. inf w(t,a) > 0. If there is some semi-normalized weakly-null sequence x
with C(F., ) = 00 (i.e. with no §-unconditional subsequence ) then there is a U-sequence y such that

C(Suw,y) = 0.

PROOF. Fix all the ingredients in the statement. We assume that ||a - || x > Al|a||« for every a € cqyp.
Let Cp, Tpn 00. As X¢, (§w, ) = 0, we can repeatedly use Lemma 7 to find a fusion sequence (M),
uniform barriers By, on M1 and g, : By — § | My, pr(s) = (t(&k),a(s*k)), such that for every k € N
and every s € 3,

(D t(s,x) € supp a5%) = g, and

@) [|aC®) Tty - || > Crnin a0 (E(s 1y, @5F)) [@l5F) - .

Consider the sequence (ay )y of ranks of By’s, and find a subset I C N such that («y)ger is either
constant or strictly increasing, and let o = supc; ay. Let M = {my }rer, where mj = min My, Define
now B C P(M) by s € Biff .s € By, where k € I is such that min s = my,. This is an uniform family on
M (it is a + 1-uniform if () ke is constant with value o and c-uniform otherwise). Let N C M be such
that B [ N is in addition a barrier on V. Define o : B[ N — § | N by

0(5) = (t(s,n), aM)

where k € I is such that min s = my. Set ¢(s) = (ts,a®) for s € B [ N. Then for every s € B [ N, if
k € I is such that min s = my, then we have that,

ts = 1(.s,k) S SUPP atoh) = s Cs
sots C suppa’® C s, and also,
la® [ ts - x| > Cninsw(ts,a’)||a’® - z||. (59)
Now for every s € B [ N pick 2% € Sx~ such that
la® I'ts -zl = |z5(a® | ts - z)].

Define ¢ : B | N — ¢g by ¥(s) = (z%(zn))nen. We are going to “perturb” ¢ to make it uniform: Apply
Proposition 11 (b) to % and A to produce some P C N, and some U-mapping @ : B [ P — ¢ such that

llww(s) — ¥(s) | Pllg, < Awforeveryse B[P, (60)
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and where w = inf(; o) w(t, a). Let y be the U-sequence associated to . First of all, from (60) we obtain
that for every s € B | P and every a € coo [ N,

a,@(s)) — (a,v(s))| < [lallsclle(s) = ¥(s) [ Plle, < Awf|af s (61)
Hence

e’ |lo =max{[[a®||o, sup [(a® @ (u))|} < max{[[a®|o, \w]|la®(|c + sup [(a,(uw))|}
ueEBP ueB|P

1
< max{]|a’lloo, AMD[|a’[loo + [la - @] x} < max{+,1+d}]a-x|x. (62)
Set A = max{\~!, 1+ @}. Using (59), (61) and (62), we get that for every s € B | P

la* Tty gl 21(@” | to @) 2 1(@® | ta ()] — Adlla® T talloc =

et (@ [t -@)] — MDA’ [ telloe > Constw(ts, a*)lla - allx — Mlla® | tylloe >
Cmins tsa s s _ 3 Cmins 5 5
G 00es @ e fla® 11l > (C220 — (r,, %) oo

Since Chin s T o0 if min s T oo, we obtain that

>

C’mins
C(guny) Z sup ( N - >‘) = 00,
seB|P

as desired. | |

Remark 12 (a) In addition, one can get, with similar proof, the following: for arbitraries § and w, and
semi-normalized weakly-null sequence x there is an L-sequence y such that C(§,x) < C(F,y).

(b) Observe that to every unconditionality notion (§,w) such that there is some semi-normalized weakly
null sequence with no unconditional subsequence, we can naturally define a rank as

a(Fw) = min{a(x) : x is U-sequence with C(Fy, ) = 0},

and where o(x) is such that the barrier associated to x is a(x)-uniform. For example, we show in the next
subsection that o(4) = w?, i.e. every U-sequence of rank strictly smaller than w? has an unconditional
subsequence, while there is a U-sequence of rank w?* with no unconditional subsequence (Maurey-Rosenthal

example).

4.6. Maurey-Rosenthal example

Let us return back to an even more basic problem that must be solved before even considering various no-
tions of partial unconditionality: Does every normalized weakly-null sequences has a subsequence which is
unconditional? If not, then by Theorem 10 there must be a U-sequence with no unconditional subsequence.
We present now (as in [21]) the famous example of Maurey-Rosenthal [24] of a normalized weakly-null
sequence with no unconditional subsequence (see also [23]):

Example 2 First of all, for a fixed 0 < € < 1 choose a fast increasing sequence (m;) such that
E E min((—mi)l/z,(fm]’)lﬂ) < = (63)
iy m; m; 2
=0 j#i

Let FINI<*! e the collection of all finite block sequences sy < s; < --- < 8 of nonempty finite subsets
of N. Now choose a 1 — 1 function
o : FIN[<* — {m;} (64)
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such that o((s;)™_y) > sn for all (s;) € FINI<*I Now let Byr be the family of unions so U sy U --- U s,
of finite sets such that

(a) so = {n}.
(b) (s;) is block and, and
(c)|si|l = a(s0,--,8i-1) (1 <i<n).

It is not difficult to see that Byr is a w?-uniform barrier on N. Observe that by definition, every
s € Bur has a unique decomposition s = so U - -+ U s, satisfying (a), (b) and (c) above. Now define the
mapping ¢ : Byr — o,
p(s)=> L e (65)
i=0 ‘31| 2
Observe that ¢ is a U-mapping (i.e. it is internal and uniform). Notice also that for every a € cyo
llall, > ||al|- The corresponding U-sequence x it has no unconditional subsequence. Moreover x has
the property that the summing basis (S;) of ¢, the Banach space of convergent sequences of reals, is finitely-
block representable in the linear span of every subsequence of x (and so the summing basis of cq), more
precisely, for every M, every n € N and every € > 0 there is a normalized block subsequence (yi),’i:Ol of
x [ M such that for every sequence of scalars (ai)?gol,

m n—1 m
max{| Zai| tm<n} < ZaiyiH(p < (1 + ¢) max{| Zai| :m < n}.
=0 i=0 i=0
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