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Abstract

In this paper we study the planar relative equilibria for a system of three point
particles with only two equal masses moving under the action of a Lennard—Jones
potential. A central configuration is a special position of the particles where the
position and acceleration vectors of each particle with respect to the center of mass
are proportional, and the constant of proportionality is the same for all particles.
Since the Lennard—Jones potential depends only on the mutual distances among the
particles, it is invariant under rotations. In a convenient rotating frame the orbits
coming from central configurations become equilibrium points, the relative equilib-
ria. Due to the form of the potential, the relative equilibria depend on the size of
the system, that is, depend strongly of the momentum of inertia I of the system. In
this work we characterize the symmetric planar non—collinear relative equilibria and
we give the values of I depending on the parameters of the Lennard—Jones potential

for which the number of relative equilibria changes.
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1 Introduction

In order to get an accurate model to study the action of the intermolecular and grav-
itational forces at the same time, many authors from physics, astrophysics, astronomy
and chemistry have introduced new kinds of potentials, with a structure different from
the classical Newtonian and Coulombian potentials. In this way, one potential that has
been used very often in those branches of science is the Lennard—Jones potential, which
is the one studied in this paper. For instance, it is used to model the nature and stability
of small clusters of interacting particles in crystal growth, random geometry of liquids,
or in the theory of homogeneous nucleation, see [4] and [8]. This potential also appears
in molecular dynamics to simulate many particle systems ranging from solids, liquids,
gases, and biomolecules on Earth. Also it appears in the study of the motion of stars and
galaxies in the Universe among other applications.

This work is based on the previous work [2]. In [2] the authors studied the equilibria
and the relative equilibria of the planar Lennard—Jones 2—- and 3-body problem when all
the particles have equal masses. A relative equilibrium solution is a solution such that the
configuration of the three particles remains invariant under a convenient rotation. This
configuration is central, this is equivalent to say that the position and acceleration vectors
of each particle with respect to the center of mass are proportional with the same constant
of proportionality. Since the Lennard—Jones potential is invariant under rotations but it is
not invariant under homothecies, the relative equilibria depend on the size of the system,
that is, depend on the momentum of inertia I of the system. This does not happen in
other planar problems, like for instance the planar Newtonian 3-body problem (see for a
definition [3] or [6]).

In this paper we consider the planar Lennard—Jones 3-body problem with masses m;,
mso and mz when we have only two particles with equal masses. Without loss of generality
we shall take m; = ms. In particular, we find the planar non—collinear equilibrium points
(see Theorem 2), we analyze the symmetric planar non—collinear central configurations
and we give the bifurcation values of I, depending on the parameters of the Lennard—Jones
potential, for which the number of central configurations changes (see Theorems 6 and 9).
When we say a symmetric planar non—collinear central configuration we mean that the
triangle formed by the three particles of a central configuration has an axis of symmetry
passing through ms. In [2] it has been proved that when the three particles are equal, all
planar non—collinear central configurations are symmetric. Here we show that when the

three particles are not equal there exist also non—symmetric central configurations.
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2 Equations of Motion

We consider two particles m; and moy with the same mass and a third one mg with different
mass that are moving in the Euclidean plane. The forces between every pair of particles
are given by a Lennard-Jones potential energy. Let q; € R? denote the position of the

particle 7 in an inertial coordinate system, and let q = (q1, g2, q3).

The Lennard—Jones potential is a spherically symmetric non-bounded interaction be-

(372

where r is the distance between the particles, Ry is the equilibrium separation of two

tween two particles given by

7 (1)

interacting particles and it corresponds to the minimum of ¢(r), and Dy = —¢(Ry) is
sometimes called the well depth. The function (1) is equivalent to the following one by

using the relationships Ry = 2'/0 and Dy = ¢

o =1¢|(7)" - (7]

where ¢ is the arithmetic mean of the two van der Waals radii of the two interacting
particles.

Let 017 and €17 be the parameters of the Lennard-Jones potential corresponding to
interactions between the two particles m; and ms with equal masses; and let 99 and &9
be the parameters corresponding to interactions between a pair of particles with mass ms.
Cross interactions between particles of different masses are computed using the Lorentz—

Berthelot combining rules: (see [1])

1
012 = 5(011 +092) , €12 = V/E11€22 -

Choosing the units of mass, length and time conveniently we can think that the par-
ticles with mass m; = msy have mass 1, radius o = 1/(2'/%) (which corresponds to take
an equilibrium separation equal to 1), and an interaction energy ¢ = 1; and the particle
ms has mass m, radius ¢ (equilibrium separation equal to Ry), and an interaction energy

. Using the Lorentz—Berthelot combining rules we have that

1/ 1 Ry
012:§<W+W)’ e12 = Ve .

Then, denoting by p the Ry corresponding to (1) for an interaction between a pair of
particles with masses 1 and m, we get that p = (1 + Rp). In short, from (1), the
potential energy of the three particles is given by

1 1 P 12 P 6 p 12 p 6
o= () @A) ()]
12 12 713 713 723 723
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where r;; = |q; — q;| is the distance between the particles ¢ and j.

The Newton’s equations of the planar motion associated to potential (2) are
M§=-VU(q) , (3)

where M =diag(1,1,1,1,m,m) is a 6 x 6 diagonal matrix, and the dot denotes derivative
with respect to the time ¢. Equations (3) are only defined on the configuration space
A ={(q1,q92,93) € R® : q; # q;}.

The center of mass of the particles is R = ﬁ(ql + q2 + mqs) . In what follows we

will assume that the center of mass of the particles is fixed at the origin.

3 Equilibrium Solutions

The simplest type of solutions of system (3) are the equilibrium points; that is, when the 3
particles are at rest for all £ € R. Then, an equilibrium point of (3) is a solution satisfying
the equation VU(q) = 0.
We denote by Ry = r1a, Ri3 = r13/p and Rag = 793/p, then the potential energy (2)
becomes
U(R12’R13’R23):RL%%_RL?Q+\/E<RL%§_RL?3>+\/E<RL%§_RLS3> . (4)
We note that Ri5, Ri3 and Rsg are functions of the variables q;, for ¢« = 1,2, 3.

In order to solve equation VU(q) = 0 we will use the following lemma proved in [2].

Lemma 1 Let u = f(x) be a function with x = (x1,Z2,...,2Z,), T1 = g1(y), T2 =

92(¥)s - @0 = gn(¥), ¥ = (W1, 42, -, Ym) and m = n.
If rank (A) = n being

81‘1 aﬂfn
A= T ;
8%1 al’n

then V f(x) = 0 if and only if Vu(y) = 0.

Using Lemma 1 we have that if rank (A) = 3 being

OR12 ORi3 ORas q11 — 21 Lgun —gn 0
Oqi1 Oqi1 Oqu T12 p T3
OR15 ORi3 ORos q12 — q22 Lqiz — g3 0
Oq12  Oqi2  0qi2 12 p T3
OR15 ORj3 ORos3 _qu— g2 0 Lgo1 — g

A—| 9w Og1  Ogn | _ 12 p 723

| ORi2 ORi3 ORy3 | | 12 —q22 0 Lgo — g3 ’

Oqz2  Oqa2  Oqo2 r12 P T23
OR12 OR13 ORy3 0 _l qi11 — 431 _l g21 — 431
Ogz1 Oqz1 0gs1 p T3 pT23
OR12 ORi3 OR23 0 lg2—ag2 1ga—g3
Oqz2  Ogqz2  0q32 P T3 0 T3
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then
VU(q) =0 if and only if VU(Ri2, Ri3, Ra3) = 0 .

Herev q; = (Qib QZ2) for i = 17 2a 3.

After some computations we see that rank (A) = 3 if and only if

g1 qi2 1
det | g1 g2 1 | #0.
31 q32 1

This determinant is twice the oriented area of the triangle formed by the 3 particles.
In short, if q;, q2 and qs are not collinear, then VU (R1s, Ri3, Re3) = 0 if and only if
VU(q) = 0. In this paper we do not consider the collinear case. Therefore, the planar
non—collinear equilibrium points of the Lennard—Jones 3-body problem (3) are given by

the solutions of the equation
12(Rp" = Ryy)
VU(Riz, Ri3, Ro3) = | 122 (R3® —Ryy) | =] 0
12V (Ry3” — Rag) 0

We solve the equation R~'% — R™7 = 0 obtaining a unique positive real root R = 1. So,
VU(Ry2, Ri3, Rog) = 0 if and only if R15 = Ry3 = Ro3 = 1. Therefore, we have infinitely
many planar non—collinear equilibrium points of the Lennard—Jones 3-body problem (3)

which are characterized by the following result.

Theorem 2 The planar non—collinear equilibrium points of the Lennard—Jones 3—body

problem (3) are given by the set

1
(a1, q2,q93) €ER® @ |q1 —qa| =1, |q1 —q3| = a2 —aq3| =p, @3 = ——(q1 +q2) ¢ -
m

We note that in a planar equilibrium point of the Lennard—Jones 3-body problem (3),

the three particles are at the vertices of an isosceles triangle, equilateral if p = 1.

4 Relative Equilibrium Solutions

Another simple type of solutions are the relative equilibrium solutions; that is, solutions
of (3) that become an equilibrium point in a uniformly rotating coordinate system. These

solutions are characterized as follows.
Let R(6) and J denote the 6 x 6 block diagonal matrices with 3 blocks of size 2 x 2 of

the form
cos@ —sinf 0 -1
, and ,
sin 0 cos 1 0
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respectively, over the diagonal of the 6 x 6 matrix. We define a new coordinate vector
x € RS by q = R(wt)x, where the constant w is the angular velocity of the uniform
rotating coordinate system. In this new coordinate system the equation of motion (3)
becomes

M% + 2wIM%x = —VU(x) + w’Mx . (5)

Then a configuration x is central if and only if x is an equilibrium point of system (5).
That is, if and only if
~VU(x) +w*Mx =0,

for some w. If x is a central configuration, then q = R(wt)x is a relative equilibrium
solution of system (3). Moreover q = R(wt)x, is a periodic solution of system (3) with
period T = 27 /|w|.

The study of central configurations can be seen as a problem of Lagrange multipliers
where we are looking for critical points of the potential U on the “ellipsoid” {x € A :
(1/2)x" Mx = I} where I > 0 is a constant. Thus, x is a central configuration if it is a
solution of system

VF(x)=0, i(x)—1=0, (6)

where F(x) = —U(x) + w?(i(x) — I) and i(x) = 3x" Mx is the moment of inertia of the
configuration.

Since we have chosen the origin of the coordinates at the center of mass of the three
particles, i(x) can be written in terms of the mutual distances 75, i.e.

(o) = 1 1

2 2 12 2 12
22+ m) 202+ m) (Riy +mp”Ri3 +mp°R33) .

(rfy + mris +mrys) =

The potential U depends on x through the mutual distances r;;, and it is given by (4).
Therefore, we can think that ' depends on x through R;;.

Proceeding as in Section 3 we can see that if x;, X, and x3 are not collinear, then
VF(Rys, Ri3, Reg) = 0 if and only if VF(x) = 0. Therefore, from (6), the planar non—
collinear central configurations of the Lennard—Jones 3-body problem (3) are given by

the solutions of system

1 1 1 1 1 mp?
12( =5 — = | + =——Riw?® =0, 1206 (=2 — — | + —2 Rysw® =0,
(Rg R32>+2+m - ﬁ(R%% R;3)+2+m o -
1 1 mp? 1
12 =5 — = | + =——Ra3w? =0, —(R%, +mp®R3; + mp?R3,) =1 .
f(Rgg RgS> 24+m 2@ 4 ) L2 P B mp”Ryg)

From the first three equations of (7) we have
P VE(L Y WE(1 .
Rerm R R, m \RE RS T me R RS
We set s1o = R%,, s13 = R%5, so3 = R3;, a = mp? and C = 2(2 + m)I, then using (8) a

solution of (7) is a solution of the system

1 1 € 1 1 1 1 € 1 1
T_T:£<T_T)v T_T:£<7_T>’ s12 +asiy +aspy =C, (9)
S12 Si2 @ \S513 Si3 S12 S12 @ \Sg3  So3
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satisfying that w? > 0. Next we analyze the solutions of (9) depending on C, a and e.
We consider the first two equations of (9). Let f(a) = a7 — a™*. We note that
lim f(a) =00, lim f(a) =0, f(1) =0, f(a) < 0 when a > 1, and f(a) has a minimum

a—0t

at the point @ = a* = (1)"* = 1.20507. .. with 8 = f(a*) = =22 (£)"/* = —0.203222. ..
(see Figure 1).
f(a)
2,
1,
a1« G2 a
Kor—r— =35 2.5
g
-0.5
Figure 1: Plot of f(a).
We note that the first two equations of (9) can be written as
f(s12) = %K, f(s13) = f(s23) = K, (10)

for some K € R. Since in order to have a solution of (7) we need that w? > 0, we are
only interested in values of s;; such that f(s;;) < 0. Then, the solutions of (7) come
from solutions of (10) such that K € [3,0) (see Figure 1) and additionally %K € [5,0).
Therefore, if /¢ < «, then we can take values of K € [3,0). Whereas if /¢ > «, then
we can take values of K € [ 3/4/¢,0). Fixed an admissible value of K, we can find two
values a1 < ay satisfying that f(a;) = K (see Figure 1), and two values a@; < a5 satisfying
that f(a;) = %K . Combining these values we obtain eight types of solutions of (10)
which are detailed in cases (1)—(8) of Table 1.

We note that the case w = 0 corresponds to the equilibrium points of the planar
Lennard-Jones 3-body problem (3) given by Theorem 2. These equilibrium points have

c 1420

moment of inertia [ = 5Gtm) — 304m)”

The planar non—collinear central configurations of the Lennard—Jones 3-body problem

(3) are triangles with sides r19, 713 and re3 that could be equilateral, isosceles or scalene.
In Table 1 we give the solutions of (10) in the variables rio = Ri2 = /512, 113 = p Ri3 =
py/S13 and ra3 = p Rog = py/S23. We see that if the solutions of (10) define a triangle
(i.e. the mutual distances r;; satisfy the conditions rijy < 113 4 723, 113 < 712 + 723 and
T93 < T12 + 713), then the solutions of types (1)—(4) give central configurations that are
isosceles triangles, whereas the solutions of types (5)—(8) give central configurations that

are scalene triangles, except perhaps for a particular set of values of m, p and e.
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In the variables s12, s13, So3 In the variables rq9, 713, 723

(1) si2 = a1, s13=s23 =0y T2 = a1, T3 =73 =pyal ,
(2) s12 = a2, S13 = S23 = a1 T2 = a2, T13 =723 = py/a1 ,
(3) s12 =1, 513 = S23 = a2 T2 =@, T3 =723 = py/az ,
(4) 512 = @2, 513 = S23 = a2 T2 = /a2, T13 =723 = py/az ,
(5) s12 =a1, S13=a1, S23 = a2 T2 = /@1, 713 =py/a1, T3 = pyaz ,
(6) s12 = a2, s13=ai, S23=a T2 = A2, T13 = py/a1, T3 = py/az ,
(7) s12 = a1, S13=az, s33=a1 r12 = Va1, 113 = py/az, 13 = pyal,
(8) S12 = Gz, S13 = a2, S23 =ai 2 = @7 3 = P\/@a 23 = P\/a .

Table 1: Types of solutions of (10).

In this work we consider only symmetric planar non—collinear central configurations
given by solutions of (7) of the form 713 = 7y3, or equivalently solutions of (9) with
S13 = So3. System (9) when s;3 = s93 becomes

1 1 1 1
_:\/g< > , s12 + 2as13 = C' . (11)

7 4 7T A
S12 S12 @ \S13 Si3

5 Symmetric Planar Non—Collinear Central Configurations When /z = «

The case € = @ = m = 1 has been studied in [2]. Here, we analyze the case /¢ = a and
m # 1. The results that we obtain in this case are similar to the results obtained when
e=a=m=1.

It is easy to see that if /¢ = «, then @ = a; and @ = ay. Then, the types of

symmetric solutions of (10) given in Table 1 when /¢ = « are the ones in Table 2.

(1) 512 = 513 = 523 = a1 — Ce (14 2a,(1+2a)a*],
(2) s12=as, S13=S833=a1 = C € (a* +2a,00) ,

(3) s;2=a1, s13= 823 =as — C € (14 2aa*,00) ,

(4) s12 = S13 = S23 = ag = C e [(1+2a)a*, ) .

Table 2: Symmetric solutions of (10) when /¢ = a.

From Figure 1 we see that a; € (1,a*] and as € [a*,00). Then we can find lower and
upper bounds for the value of C' for each type of solutions, which are specified in Table 2.
We note that the lower bounds given in Table 2 are not necessarily the infima.

It is easy to check, from Table 2, that for any admissible value of C' there are at most
3 different central configurations. On the other hand, from Figure 1, we see that a; as

a function of K is a decreasing function, whereas as as a function of K is an increasing
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function. Therefore, for each C' € (1 + 2¢, (1 + 2a))a*] we have a solution of (11) of type
(1) and for each C' € [(1+4 2a)a*, 00) we have a solution of (11) of type (4). We note that
as — oo when K — 0. Then we can find C* > max (a* + 2a, 1 + 2aa*, (1 + 2a)a*) =
(1 4+ 2a)a* such that there exist three different solutions of (11) for all C' > C*. On
the other hand if C' € (1 + 2a, C,) with C, = min (a* + 2a, 1 4 2aa®, (1 + 2a)a*) there
exists only one solution of (11). For values of C' € (C,, C*) we can have one, two or three
different solutions of (11) depending on the value of C', ¢ and «a. It is not difficult to see
that C, =1+ 2aa* for 0 < @ < 1/2 and C, = a* + 2« for o > 1/2.

Now we analyze the bifurcation values of C' for which the number of solutions of (11)

changes. From the above discussion we know that there exists at least one bifurcation
value C' € (C,, C").
From the second equation of (11) we have that
s129=0C—2s13 . (12)
Substituting si2 into the first equation of (11) with /¢ = «, we obtain the equation
g1(s13,,C) g2(s13,,C) =0, (13)
where ¢1(s13,,C) = C — (1 4+ 2a) 513 , and
g2(s13,0,C) = —C% + 513 (—05 +120C° a) + $13°2 (—C4 +10C*a —60C* a2) +
s13° (—C*+ 0% +8C3a —40C% a? + 160 C° o) +
C?+C%+6C*a—120%a —24C%*a? +80C%a® — 240 C2 o) +
C+C'"+4Ca—10C"a-12Ca®+60C"'a® +32C o’ —80Ca’ +192Ca°) +
1+C*+2a-8C%a—4a”+40C%a® +80° —160C° o — 160 4+ 320” — 64a°) +
6C%a+24C*a® —80C%a® + 240 C% ) +
8 (12Ca®>—32Ca+80Ca* —192Ca°) + s13° (—8a® +16a* — 320a° + 64a°) .

4

s137 (
s13° (
s13° (
s13" (
s13° (

7

Solving equation g;(s13, a, C') = 0 with respect to s13 we get s13 = H% Then, from (12)
we have that s15 = H% We note that the solution s;9 = s13 = H% is either of type (1)

or of type (4) in Table 2. We can see easily that the solution of (11) 12 = s13 = 1+L2a’

satisfies that w? > 0 if and only if C' > 1 + 2a. Moreover, in order to have a symmetric
planar non—collinear central configuration of the Lennard-Jones 3-body problem (3) we

need that ro5 < 273, or equivalently, we need that si5 < %813. We note that for the

C
142«

solution s19 = S13 = this condition is satisfied only when m < 4a (i.e. when

p > 1/2). In short, we have proved the following result.

Proposition 3 Fized p > 1/2, there exists a symmetric planar non—collinear central
configuration x = (x1,X2,x3) of the Lennard-Jones 3—body problem (3) for each C >
1+ 2mp? satisfying that

|x1 — x2| = _C¢ |x1 — x3| = |x2 — x3| = _ ¢ x——i(x + x2)
1 2| = 1+ 2mp?’ 1 3| = X2 3=P 1+ 2mp?’ 3= X 2) 5
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c

and having moment of inertia I = STeremE

Next we analyze the bifurcation values C'(«) for which the number of positive real
solutions s13(C, ) of equation gs(s13,C, ) = 0 changes. We have seen that there exists
at least one bifurcation value C'(a) € (C,,C*). In particular, this bifurcation value
satisfies that C'(«) > 1 + 2c. In order to simplify the computations we will take 1 + 2«

as a lower bound for the bifurcation values C'(«).

Proposition 4 For every o > 0 there is a unique bifurcation value Cy(«) for the number

of positive real solutions s13 of the equation go(s13,C, ) = 0.

Proof: The number of positive real solutions of g(s13,C, ) = 0 changes either when a
negative real solution is transformed into a positive one, by passing through the solution
s13 = 0, or when a pair of complex conjugate solutions are transformed to a pair of positive
real solutions, by passing through a double positive real solution.

Since the coefficient of the independent term of gs(sy3, C,a) is always negative for
C' > 1+ 2a, there is no bifurcation value C}(a) > 1 4 2 coming from passing a negative
real solution of gs(s13,C, ) = 0 to a positive one. On the other hand, a solution s13(C, )
of ga(s13,C, @) = 0 is a double solution if it is a solution of system

d
92(513705 Oé) =0 ) 93(51370’ Oé) = d 92

(s13,C,a) =0 . (14)
513

Therefore, the bifurcation values Ci(«), coming from passing a pair of complex conjugate
solutions to a pair of positive real solutions, are given by the solutions C' = C'(«) of system
(14).

In order to solve system (14) we compute the resultant (see [5] and [7] for more
information about resultants) of g2(s13, C, ) and g3(s13, C, &) with respect to s;3 obtaining

the polynomial
P(C,a)=-512C0"a" (-1 +2a) (1+40?) P(C,a),

where P;(C, «) is a polynomial of degree 30 in the variable C'. We note that if @ = 1/2,
then P(C,«) = 0, so, this case is treated aside. The solutions C(«) of P(C,a) = 0
are possible bifurcation values. We know that P;(C,«a) = 0 has at least one solution
Ci(a) € (Cy,C*). Now we shall see that, for all « > 0, P(C,«) = 0 has a unique real
solution C(«) satisfying that Cy(a) > 1+ 2av.

First we analyze the case @ = 1/2. If we compute the resultant of g5(s13,C,1/2) and

g3(s13, C, 1/2) with respect to s;3 we obtain the polynomial
P(C) =8C% (—14+ C%) (—49 + 2016 C* + 2322 C0 + 432 C? + 27 C'2)*,

This polynomial has a unique positive real solution with C' > 1 4+ 2a = 2 which is given
by C' = () = 145. Analyzing the solutions of g2(s13,C,1/2) = 0 for C near C}, we see
that C) is a bifurcation value for the solutions of gs(s13,C,1/2) = 0.
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Now we analyze the bifurcation values « for which the number of real solutions C («) >
1 4+ 2a of equation Pi(C,«a) = 0 changes. As above, the number of real solutions of
P (C,a) = 0 with Ci(a) > 1 + 2a changes, either when a solution C}(a) < 1+ 2«
is transformed to a solution Cj(a) > 1 4 2a by passing through the solution C4(a) =
1 + 2a, or when a pair of complex conjugate solutions are transformed to two positive
real solutions by passing through a double positive real solution with C(a) > 1+ 2a.

We see that Pi(1 + 2a,«) < 0 for all @ > 0. Then, there is no bifurcation values «
coming from passing a solution Cj(a) of P;(C,a) = 0 through the value 1 + 2a in the
positive sense. The bifurcation values o coming from passing a pair of complex solutions
of P(C,a) =0 to two positive real solutions through a double positive real solution are

given by the a’s solutions of the system

dP,
P (C,0) =0, d—cl(c, o) = 24C2 Py(C,0) = 0 . (15)

As above we solve system (15) by computing the resultant of P,(C,«) and P»(C, «) with

respect to C' (we note that we are not interested in solutions of (15) with C' = 0). We

obtain a polynomial G(«) of degree 762 in the variable a,, whose real positive roots are

a1 = 0.0185509..., as=0.333133..., a3=0.33395..., a4=0.5,
a5 = 0.748615...,  ag=0.750450..., a7 =13.4764... .

We have analyzed the solutions of P (C, «) = 0 near the bifurcation values «; and we have
seen that for all & > 0 there exists a unique real solution Cy(a) of P(C, ) = 0 satisfying
that Ci(a) > 1+ 2a. Moreover, this solution corresponds to a bifurcation value for the
solutions of equation go(s13,C, ) = 0.

O

Up to here, we have analyzed the number of solutions of g;(s13, C, @) = 0 and go(s13, C,
«) = 0 separately. Since we are interested in the bifurcation values of (13), we must find

also the values of C' for which the solutions of those two equations coincide. We can see

1
that there exists a unique value C' = Cy(a) = % satisfying this condition. This
3

value is obtained by substituting the solution s13 = 14-% into gs(s13, C, a) and solving the
resulting equation gy (H%a, C, a) = 0 with respect to C.

Analyzing the solutions of (13) near the bifurcation values C}(«) and Cy () we obtain

de following result.

Proposition 5 Suppose that \/e = a. Fized o > 0, we can find two bifurcation values
C1 = Cy(a) and Cy = Cy(a) = %, with Cyp = 1+2a < Cy(a) < Cy(w), at which the
number of positive real solutions of equation (13) changes. Fized o > 0, the number(#)
of solutions C' > Cy of equation (13) is given in Table 3. We also give their type (T),
according to Table 2, and their multiplicity (M).
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Ce (Co,cl) C = Cl C e (01,02) C = 02 Ce (CQ,OO)
4 T | M
Oé>1/2 #| T | M #‘T‘M #’T’M #‘T‘ 1 (2) 1
S Lo ol rfe el ] o
1 (2) 2 2 (2) 1 1 (4) 2 ] (4) 1
06(00,01) 0201202 C>CQ
4| T | M
a=1/2 #| 1M | #|T|M | 1]
Ll | 1l@w|s | 1@
1] @1
Ce (C(),Cl) C = Cl Ce (01702) C = C2 Ce (CQ,OO)
AEEY
a<1/2|| #| T |M™ #|T M| #|T M| #|T|M 121
1 (1) 1 1 (1) 1 1 (3) 1
LI N2 2/@) 1] 1]@] 2 L@
( 1 (4) 1

Table 3: The number (#), type (T) and multiplicity (M) of solutions C' > Cj of (13).

The solutions of (13) give planar non—collinear central configuration of the Lennard—
Jones 3-body problem (3) if s15 < %813; that is, if ¢(s13,C,a) < 0 with ¢(s13,C,a) =
C —2as13 — %313. We have analyzed previously the central configurations coming from
solutions of equation g;(s13, C, @) = 0, now we analyze the central configurations coming
from solutions of equation gs(s13, C, @) = 0. We see that there is a unique value of C' for
which the solution of equation ¢(s;3, C, ) = 0 is a solution of equation gs(s;3, C, ) = 0.

This value is given by

Cma =

1
(24 m) <m6 +4m® a+16m* a? +64m3 o + 256 m? o + 1024 m o +4096a6>3
2m ’

(m+4a) (m?+16a?)
and it corresponds to a collinear central configuration. So, if s13(C,«) is a solution of
equation go(s13, C, ) = 0 such that ¢(s13(Cha, @), Crna, @) = 0, then the number of planar
non—collinear central configurations coming from solutions of go(s13, C, &) = 0 changes at
C = Cha-

Fixed a > 0, we can see that C,,, — oo when m — 0 and when m — oo, and C,,, has
a minimum at m = p and C,, = Cj(a). The number of central configurations coming

from the solutions of (16) given by Proposition 5 is summarized in the following result.

Theorem 6 Suppose that /e = a.. Let Cy = Cy(a) and Cy = Cy(ar), with Cy = 1+ 2a <
Ci(a) < Cy(a), be the bifurcation values given in Proposition 5; and let p = u(a) be the
mainimum of Cpo. Fized oo > 0 and m > 0, the number of symmetric planar non—collinear

central configurations of the Lennard—Jones 3—body problem (3) having moment of inertia
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I = % changes at C = C; = Cy(«), C = Cy = Cy(a) and C = Cp, = Cpo. The
number (#) of symmetric planar non—collinear central configurations for fized o > 0,
C > Cy and m > 0 is summarized in Table 4. In this table, i = pij(a) < p and

wy = ps(a) > p are values such that Cyro = Co.

« C | (Cp,C1) | C1 | (C1,C2) | C2 | (C2,Cm) | [Cm,0)
m € (0, u7) % 1 2 3 2 3 2
C | (Co,C1) | C1 | (C1,C2) | C2=C,x | (C2,00)
m = pj s
# 1 2 3 2 2
m= (k) C | (Co;C1) | C1 | (C1,Cm) | [Cm,C2) | C2 | (C2,00)
L # 1 2 3 2 1 2
C Cp, C C1=0Cp Cq, C C Ca,
a>1/2 S— < ( 01 1) 1 = w | ( 12 2) 12 ( 2200)
= (s pd) C | (Cp;C1) | C1 | (C1,Cm] | (Cm,C2) | C2 | (C2,00)
2 # 1 1 1 2 1 2
C | (Co,C1) | C1 (C1,C2) | C2=0Cx (C2, 00)
m=p} o)
# 0 0 0 1 1
s C | (Co,C1) | C1 | (C1,C2) | C2 | (C2,Cm] | (Cm,o0)
m = (13, 00) # 0 0 0 0 0 1
C Cp, C C C1,Cm Cm,
m e (0, 1) - ( 01 1) 11 ( 13 m) | | m2°°)
C Cp, C c, =¢C C1,
a=1/2 m=p < ( o0 1) 10 | ( 1100)
C | (Cp,C1) | C1 (C1,Cm] (Cm, )
™ € (i, ) # 0 0 0 1
" C | (Co,C1) | C1 | (C1,C2) | C2 | (C2,Cm) | [Cm,00)
m € (0. 11) # 1 2 3 2 3 2
. C (Co,C1) (&) (C1,C2) Co =C, % (C2, 00)
m = pj 1
# 0 1 2 1 1
m = (u‘,{‘u) C (CO)Cl) C1 (Cl)c’ﬂb> [CnLaCQ) Ca (02100)
# 0 1 2 1 1 1
C Cp, C Cci=C C, C C C
o< 1/2 m=p - ( o;) 1) 10 u | ( 1»1 2) 12 ( 21»00)
= () C | (Co,C1) | C1 | (C1,Cm] | (Cm,C2) | C2 | (C2,00)
2 # 0 0 0 1 1 1
C | (Co,C1) | C1 | (C1,C2) | C2=Cpx (C2, 00)
m:u; 2
# 0 0 0 0 1
m = (uh, 00) C | (Cp,C1) | C1 | (C1,C2) | C2 | (C2,Cm] | (Cm,0)
2 # 0 0 0 0 0 1

Table 4: The number (#) of central configurations for /¢ = a.

6 Symmetric Planar Non—Collinear Central Configurations When /= # «

Now we analyze the case /¢ # a. We start giving some preliminary results, and then
we will find the bifurcation values of C' for which the number of central configurations
changes for a fixed value a = 2. From numerical experiments, it seems that the bifurcation
pattern for C' is qualitatively the same for all a > 0, but this problem is still open.
When /e < a, let aj < @} be the values satisfying that f(a}) = %ﬁ, let a; < asg
denote the values such that f(a;) = K for some K € [(3,0), and let @; < @y denote the
values of a, such that f(@;) = YEK . Since Ve < «a it is easy to see that a; € (1,a"],

«

as € [a*,00), a; € (1,a;] and as € [@;, 00) with @; < @s.
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When /e > «, let a} < a} be the values satisfying f(a¥) = =0, let ay < ap denote the
values such that f(a;) = K for some K € [%6, 0), and let @; < @y denote the values such
that f(a@;) = %K. In this case a; € (1,a}], ag € [a},0), @; € (1,a*] and @y € [a*, 00).

Finding lower and upper bounds for the value of C' for each type of symmetric solutions
of Table 1, we obtain Table 5.

Ve < a VE>
C e (1+42a,a; +2aa* Ce(l1+2a,a"+2aai],
C € (a5 + 2a,00) C e (a"+2a,00) ,
C e (14+2aa*, 00) Ce(l+2aab,00),
C € [as +2aa*,00) C e la*+2aa3,00) .

812 = a1 813 = S23 = ay
812 = G2 813 = S23 = a1

S12 = a1 S13 = S23 = A2

FEi

S12 = G2 813 = S23 = a2

Table 5: Symmetric solutions of (10) when /& # a.

As in the case /2 = «, a; and @, are decreasing functions as functions of K, whereas as
and @y are increasing functions as functions of K. Therefore, when /= < a, for each C' €
(14 2«, @} 42 a*] we have a solution of (11) of type (1), and for each C' € [a}+ 2a a*, 00)
we have a solution of (11) of type (4). When /e < «, for each C' € (1 + 2, a* 4 2 aj]
we have a solution of (11) of type (1) and for each C' € [a* + 2 a}, 00) we have a solution
of (11) of type (4).

On the other hand, if K — 0, then ay — oo and @, — oo. Therefore, we can
find C* > max (a} 4+ 2aa*,al + 2a,a5 + 2aa*) when /e < a, and C* > max (a* +
2cval, a* 4+ 2,1 + 2ca}) when /e > « such that there exist three different solutions of
(11) for all C' > C*. Let C, = min (a} + 2aa*,a; + 2a, a5 + 2aa*) when /e < «, and
Cy = min (a* 4+ 2aaf, a* + 2a,1 + 2acal) when /e > «. If C' € (1 + 2, C,), then there
exists only one solution of (11). For values of C' € (C,, C*) we can have one, two or three

different solutions of (11) depending on the values of C, ¢ and «a.

6.1 Bifurcation values for \/e # a and o = 2

Now we analyze the bifurcation values of C' for the solutions of (11) fixed the value o = 2.
Proceeding in a similar way that in the case \/¢ = o we know that there exists at least
one bifurcation value C(e) € (C,,C*). Moreover, this bifurcation value satisfies that
C(e) > 1+ 2a =5, and 5 is taken as a lower bound for C'(e).

In order to simplify the computations, we set ¢ = /. From the second equation of
(11) we have that s;5 = C' — 2513 . Substituting s;5 into the first equation of (11), for
o = 2 we obtain equation

hi(s13,€6,C) =0, (16)

where

hi(s13,6,C) = —C" e+ 28 COs13¢ — 336 C° 5137 € + s13° (2240C* e + C€) +
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s13t (—8960C% e — 28 CO€) + s13° (21504 C% € + 336 C° €) +
s13° (—28672C € — 2240C% €) + 5137 (2—2C? + 16384 € + 8960 C% €) +
s13° (24C* — 21504 C% €) + s13” (—96 C + 28672 C'€) + 5130 (128 — 16384 ¢) .

Next we will analyze the bifurcation values C'(¢€) for which the number of positive real
solutions of equation (16) changes. We will proceed in a similar way as in the proof of
Proposition 4.

The number of positive real solutions of hi(si3,C,e) = 0 changes, either when a
negative real solution is transformed to a positive one, or when a pair of complex conjugate
solutions are transformed to a pair of positive real solutions.

Since the coefficient of the independent term of hy(s13, C, €) = 0 is always negative for
C' > 5 and € > 0, there is no bifurcation value C(e) > 5 coming from passing a negative
real solution of hq(s13,C,€) = 0 to a positive one. On the other hand, the bifurcation
values C'(€) coming from passing a pair of complex conjugate solutions to a pair of real
solutions are given by the values of C as functions of € of the solutions of system

dhy

hi(s13,C,€e) =0, ha(si3,Cl€) = ds1s

(813,6,0) =0. (17)

In order to solve system (17) we compute the resultant of hy(s13,C,€) and ha(si3, C,€)

with respect to s13 obtaining the polynomial
Q(C,e) = —2147483648 C*2 €8 (—1 +128¢€) Q1(C,e) ,

where Q1(C, €) is a polynomial of degree 36 in the variable C. We note that if e = 1/128,
then Q(C,€) = 0, so, this case is treated aside. The solutions C'(¢) of Q1(C,€) = 0 provide
the bifurcation values C'(e).

When e = 1/128, the resultant of the polynomials hq(si3,C,1/128) and hs(s13, C,
1/128) is a polynomial Q(C) of degree 77 in the variable C. This polynomial has a
unique real root satisfying that C' > 5 which is C' = 10.5853.... Analyzing the solutions
of equations (16) with € = 1/128 for C' near 10.5853... we see that C' = 10.5853... is a
bifurcation value where one positive real solution of (16) bifurcates to three real positive
solutions of (16).

We analyze the bifurcation values e for which the number of real positive solutions
C(e), with C(e) > 5, of equation Q1(C,€) = 0 changes. We see that Q1(5,¢) < 0 for all
€ > 0, then there is no bifurcation value € coming from solutions C'(¢) < 5 which pass
to solutions C'(¢) > 5. The bifurcation values ¢ coming from passing a pair of complex
solutions of Q1(C, €) = 0 to a pair of real solutions of Q)1(C,€) = 0 are given by the values

of € solution of system

QO1(Coe) =0, ‘Z—%(C, €) = 24C2 Qy(Ce) = 0 . (18)

107



We solve system (18) by computing the resultant of Q;(C,¢) and Q2(C,€) with respect
to C'. We obtain a polynomial H(e) of degree 357 in the variable €, whose real positive
roots are

€1 = 0.0000155637 ..., €2 =0.0000223661..., €3 =0.00024942..., €4 =0.00232545...,
€5 = 0.0169526. . ., s = 0.043392.. ., €7 =2, €g =2.2494 ... .

Analyzing the solutions of @Q1(C,e¢) = 0 for values of € close to ¢;, we obtain the

following result.

Lemma 7 Fized ¢ > 0, we have the following number of solutions C(€) of equation
Q1(C,€) =0 such that C(e) > 5.

(a) For e < 2 there exists a unique solution, Cy(€), with multiplicity 1.

(b) For e = 2 there exist two different solutions, Cy(e) < Cy(€); Cy(€) with multiplicity
1 and Cy(€) with multiplicity 2.

(c) For e € (2,2.2494...) there exist three different solutions, Ci(€) < Csy(e) < Cs(€),
with multiplicity 1.

(d) For e = 2.2494 ... there exist two different solutions, Cy(e) < Cs(e); Ci(€) with
multiplicity 2 and Cs(€) with multiplicity 1.

(e) For e > 22494 ... there exist a unique solution, Cs(€), with multiplicity 1.

Analyzing the solutions of equation (16) near the bifurcation values C;(e) given in

Lemma 7 we obtain the following result.

Proposition 8 Suppose that « =2 and € = \/e. Let C; = C;(€) be the bifurcation values
gwen in Lemma 7. Fized € > 0 the number(#) of solutions of equation (16) for C > 5 is
given in Table 6.

€< 2 C (5701) Cy (01,00)
# 1 2 3
ce=2 c (5’ Cl) C1 (Ch CQ) Cs (CQ, OO)
# 1 2 3 2 3
C| (5,0 | CL| (CLCy) | O | (Ce,C5) | Cs | (C
€€(2,2.2494. ) (5,C1) | C1 | (C1, () | Gy | (C2,C5) | C | (C3,00)
# 1 2 3 2 1 2 3
€ =2.2494 . . C|(5.C) | G| (C1,C5) | C5 | (C5,00)
i 1 1 1 2 3
C
€>2.2494 . . (5,C3) | C3 | (C3,00)
# 1 2 3

Table 6: The number (#) of solutions of equation (16) with C' > 5.
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In order to count the number of planar non—collinear central configurations of the
Lennard—Jones 3-body problem (3) that come from solutions of (16), we proceed in a
similar way as in Section 5.

The solutions of (16) give planar non—collinear central configuration of the Lennard—
Jones 3-body problem (3) if s1o < Zsy5; that is, if ¢(s13,C) < 0 with ¢(s13,C) =
C — 4s13 — %313. We see that there is a unique value of C for which the solution of

equation ¢(s13,C') = 0 is a solution of equation (16). This value is given by

1
24 m (m7 - 10485766)§

Cme = 2m mi — 2048 €

and it corresponds to a collinear central configuration. So, if s13(C,€) is a solution of
equation (16) such that ¢(s13(Cine), Cime) = 0, then the number of planar non—collinear
central configurations coming from solutions of (16) changes at C' = C,..

Fixed € > 0 and € # 2, we analyze the properties of the function C,. as a function of
m (see Figure 2 for details). When e = 2 we have that /¢ = o = 2, and this case has

been studied in Section 5.

H2

Figure 2: Plot of C,,..
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If € € (0,2), then C),c — oo when m — 07; C,,. has a minimum at a point m =
w1 = pi(e) with C,,,c = Ci(€), where Cy(€) is the bifurcation value given in Lemma 7;
Cine — 00 when m — py with s = ps(e) = 421 ¢t. For m > pa, Cpe is an increasing
function such that C,,. — —oco when m — pu3; C,,c = 0 when m = 4927 e%; Chme < 5 when
m € (ug, pg) with pg = 8; and C,,, — 0o when m — oo (see Figure 2 a)). We note that
w1 < po < 427 €7 < 143

If € € (2,2.2494...) where ¢ = 2.2494 ... is the bifurcation value for e given in
Lemma 7, then C,,. — oo when m — 07; C),, has a minimum at a point m = u; = p(€)
with C,,,c = C1(€); Cpe has a maximum at a point m = py = pe(e) with Cp,e = Ca(e);
Cime = b when m = uz = 8; Cpe = 0 when m = 42$6%; Cme — —00 when m — p,
with py = py(e) = 421 ei; Cpe — 00 when m — pj; Cpe has a minimum at a point
m = ps = ps(e) with Cy,c = Cs(e); and Cp,e — 00 when m — oo (see Figure 2 b)).
Here Cy(€), Cs(e) and Cs(e) are the bifurcation values given in Lemma 7. We note that
H1</~02<M3<42$€% < g < s

If ¢ = 22494..., then C,,, — oo when m — 0%; C,,. has an inflection point at
m = p(e) = p(e) with Cpe = Ci(e); Crpe = 5 when m = 3 = 8; Cpe = 0 when

m = 42% 6%; Cime — —o00 when m — py with ps = po(e) = 4921 ei; C,,. — oo when

™M

m — puy; Cpe has a minimum at a point m = uz = ps(e) with C,,c = Cs(e); and
Ce — 00 when m — oo. Here Cj(€) and Cs(€) are the bifurcation values given in
Lemma 7. We note that p < puy < 427 €7 < o < 3.

If € >2.2494 ..., then, for C € (0, pg) with s = 427 €1, C,,. is a decreasing function
such that C,,, — oo when m — 0%; C,,. = 5 when m = pu; = 8; C,,, = 0 when
m = 427 e%; Cme — —00 when m — p5, with e = 427 ei. Moreover, C,, — oo when
m — p3; Crme has a minimum at a point m = pz with C,,,c = Cs(€) where Cj(e) is the
bifurcation value given in Lemma 7; and C,,. — oo when m — oo (see Figure 2 ¢)). We
note that p; < 427 €7 < Lo < 3.

The number of central configurations coming from the solutions of (16) given by Propo-

sition 8 is summarized in the following result.

Theorem 9 Let Cy = Ci(€), Cy = Cy(e) and C3 = Cs(e), with 5 < Ci(e) < Cay(e) <
Cs(e), be the bifurcation values given in Proposition 8; and let u; = p;(e) be the values
defined above. Fixed € > 0 and m > 0, the number of symmetric planar non—collinear

central configurations of the Lennard—Jones 3-body problem (3) having moment of inertia
I = L) changes at C = Cy = Ci(e), C = Cy = Cy(e), C = C3 = Cs(e) and

2(24+m

C =C, = Che.

(a) Fized € € (0,2), the number (#) of symmetric planar non—collinear central configu-
rations for C > 5 and m > 0 is summarized in Table 7. In this table, u* = p*(e) >

w3 s a value such that Cpc = Ch.
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¢ ‘ (5,C1) ‘ C ‘ (C1,Crm) ‘ [Cip, 00)
me(OMU’l) #‘ 1 ‘ 5 ‘ 3 ‘ 5
_ ¢l 6.y | =6y | (Croo)
m = H1
#) 1 | 1 2
= (o ia) ¢ | (.0 | | (1,0 | (Cunyoo)
) #‘ 1 ‘ 1 ‘ 1 ‘ 2
m = [z, ] ¢ | 6.0 a0
| #) 1 | 1| 1
m = (3, u*) ¢ ‘ (5, Crm] ‘ (Cm, C1) ‘ Cy ’ (C1,00)
7 #) o | 1 1] 1
- C ‘ (5,C4) ‘ Cy=Cp | (Cy,00)
m=p
# 0o | o | 1
m = (u*, 00) C ‘ (5,C1) ‘ C1 ‘ (C1, Cpy] ‘ (Cpny 0)
| #) 0o Jo| o | 1

Table 7: The number (#) of central configurations fixed € € (0, 2).

(b) If e = 2, then /e = a = 2. Therefore the number (#) of symmetric planar non—
collinear central configurations for C' > 5 and m > 0 is given by Theorem 6 (see

Table 4).

(c) Fized € € (2,2.2494...), the number (#) of symmetric planar non—collinear central
configurations for C' > 5 and m > 0 is summarized in Table 8. In this table,
wi = pile), ph = us(e) and pi = wi(e) are values such that py < py < pe < pg <
py < pa < ps and Cpze = C3, Cpze = Cy and Cu;;e = (.

(d) Fized ¢ > 2.2494 ..., the number (#) of symmetric planar non—collinear central
configurations for C° > 5 and m > 0 is summarized in Table 9. In this table,

= p*(e) < py is a value such that Cyxe = Cs.
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e (0,u) cl o) | el (@) o0 | Cnx)
i #| 1 |2 3 [2| 1 2| 3 | 2
. C| (5,0 0| (01,0) | G| (Co,Cs) | C3=Cry | (C3,00)
m =

#lov 2 s 2] 1 [ 1 ] 2
() C | 3.0 | 6| (C1.00) | Co | (Co.Cm) | [CmiCs) | G5 | (Cs.00)
Ho iz # 1 2| 3 2] 1 | o 1] 2
. C|G,e)|C|(01,6) | Ca=0Cuy | (C2,C3) | Cs | (C3,00)
m = 3
#\1\2\3\1\0\1\2
(i 1) C" (5,C1) ‘01 ‘ ‘ Cm, C2) ‘ Co ‘ (Co,C3) ‘ Cs ‘ (C3,00)
Hath #| 1 2| 3 ]2\1\0\1\2
C|(.0) ] =G | (€10 | Ca| (C2.Co) | Cs | (Cs00)
m= 1
#\1\1\2!1\0\1\2
(11, 12) C"(5,C1)‘C’1‘ M Cp, C2) ‘02‘(02,03)‘03‘(03,00)
’ #\1]1]1\2\1\0\1\2
B clGey|a| o | =0, 0|l (o0
m = a2
#] 1 \1\ 1| 0 ] o 1] 2
gy | _C LB [ 0] (€10 [ 10nCo) | G [ (€209 | €5 | (Co00)
e A \0\0\0\1\2
. C|(.0) | Ci=Cy | (L) | G| (C2,0) | 5| (C5,0)
m= 3
# 1 | o | o Jo| o 1] 2
= (48 ) C | (5,Cn) | [Cn.C1) | O | (C1,C0) | Co | (C2,C) | Cs | (C5,00)
S #) 1t | o Jol o Jo] o 1] 2
= (o ] c|lGoy|al o] el

- el #[ o Jo| o o 0\1\2
o) ClG.o)| o] o) | el (@,cs)]| 0| (0500 | Cn )
e o e e T e

c|lGoy|al| o] el @] a=c.,| (5w

m = s

#| o Jo| o o o | o | 1
1t = (s, 00) ClG.o)|a| e |l @,c)]| | (50| Cno)
" #l o Jof o Jof o Jof o [ 1

Table 8: The number (#) of central configurations fixed € € (2,2.2494 ..
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* C ‘ (5,Cs) ‘ Cs ‘ (C3,Cn) ‘ [Cyn, 00)
m € (0, 1) #‘ ; ‘ . ‘ ; ‘ ;
_ C ‘ (5,Cs) ‘ C3 = Cy | (C3,0)
m=p
# 1 | 1 | 2
m = (p*, p1) ¢ ‘ (5, Cm) ‘ [Crm, Cs) ‘ Cs ’ (C5,00)
, #‘ 1 ‘ 0 ‘ 1 ’ 2
m = [p1, p2) ¢ ‘ (5.C5) ‘ Cs ‘ (Cs, 00)
| #] 0o 1] 2
m = ( ) c ‘ (5,C3) ‘ Cs ‘ (C3,Cp) ‘ [Cpn, 00)
M2, 143 #‘ 0 ‘ 1 ‘ 2 ‘ 1
m C‘(5’C3)‘C3:M3‘(03a00)‘
- # 0o | o | 1 |
m = (u3,00) C ‘ (5,Cs) ‘ Cs ‘ (C3,Ch) ‘ (Cyp, 0)
) #) 0o Jo| o | 1

Table 9: The number (#) of central configurations fixed € > 2.2494 . . ..

Acknowledgements

The first two authors are partially supported by the grants MCYT number BFM2002—
04236-C02-02 and CIRIT number 2001SGR00173.
The third author was partially supported by CONACYT-México Grant number 32167-E.

References

[1] Allen, M.P. and Tildesley D.J.: 1989, Computer Simulation of Liquids. Oxford Uni-

versity Press, New York.

[2] Corbera, M., Llibre, J. and Pérez—Chavela, E.: 2003, ‘Equilibrium points and central
configurations for the Lennard—Jones 2— and 3-body problems’, submitted to Celestial

Mechanics and Dynamical Astronomy.
[3] Hagihara, Y.: 1970, Celestial Mechanics, Vol. 1. MIT press, Cambridge.
[4] Hoare M.R. and Pal P.: 1971, ‘Statics and stability of small cluster nuclei’;, Nature

Physical Science 230.

113



[5] Lang, S.: 1993, Algebra, 3rd. Edition, Addison—Wesley, Massachusetts.

6] Meyer K.R. and Hall G.R.: 1991, An Introduction to Hamiltonian Dynamical Systems.
Springer—Verlag, New York.

[7] Olver, P.: 1999, Classical Invariant Theory, London Math. Soc. Student Texts, Vol.
44, Cambridge Univ. Press, New York.

[8] Wales D.J. and Doye J.P.K.: 1997, ‘Global optimization by basin-hopping and the
lowest energy structures of Lennard—Jones clusters containing up to 110 atoms’; J.
Phys. Chem. A 101, 5111-5116.

114



