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Generalized Lubrification Models Blow-up and Global
Existence Result
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Abstract. We study a general mathematical model linked with various physical models. Especially, we
focus on those models established by King or Spencer-Davis-Voorhees related to thin films extending the
lubrication model studied by Bernis-Friedman. According to the initial data, we prove that, either, blow
up or global existence can be obtained.

Sobre un modelo general de lubricacion, explosion y existencia global

Resumen. Se considera un modelo general de lubricacién que engloba varios modelos fisicos. En
particular nos centramos en los modelos propuestos por King y Spencer, Davis y Voorhees, donde se
generalizan los modelos de lubricacién estudiados por Bernis y Friedman. Dependiendo de los datos
iniciales, se demuestra la explosion de soluciones o su existencia global.

1 Introduction

We are interested in the following class of equations:

1 3
@8 h(t)-periodic on | — 1, +1[, >0,

h(0) = ho,

(KSDV)

witha e R,y > 0,8 > 0.

For g = 0, the model was established by J. R. King [7]. Here, we show that if the initial data hg > 0,
v = (2/3) a then any admissible weak local solution h is necessarily nonnegative. Moreover, there is no
global weak solution on Ry of (K'SDV )40 and the blow up time must occur before Ty = (2hg)/(hd —
(ho)?) provided that hg is non constant.

On the other hand, if hg < 0 then we have a value o, < 5/6 such that if @ > «., for all T' > 0, there is
a non positive global weak solution h on [0, 7] being in particular in L? (0, T;HZ.. (-1, +1)). If o < a,
we show that there is a weak solution, when + is greater than (1 — ). Moreover, adapting the energy
method used by Bernis [1] in the case & = 1 and v = 3 = 0, we can show that all weak solution has a
finite speed propagation.
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The case 5 > 0, « = v = 0, the model was established by Spencer-Davis-Voorhees [11].

If 6 > 0, hg < 0, we show that there exists a global solution h < 0 provided that h( belongs to a class
of functions.

If ho > 0, blow-up should occur. We show this fact under the Dirichlet boundary conditions for the

1 A E—
weak solution of (K.SDV)gos. The blow time Tpnax < W In (1 - = 18 ) = t,, assuming hop1 > A3,
1 0¥1

t
lim /O ()31 (_y 1) do = +o0.

t—Tmax

2 Notations - Functional spaces - Useful Lemmas

The norm in the Lebesgue space L”(—1, +1) is denoted by ||, or [-[,_; ). We define the usual Sobolev
spaces H™(—1,+1) = W™2(—1,+1) = {cp € L*(—1,+1) : o) € L2(—1,+1) forj = o,...,m},
for m > 0. In particular, we will need the following closed subspaces, for m > 1:

Hin (<1, +1) = {p € H™(=1,+1) : p0(1) = pU(=1), j = 0,...,m ~1}.
Here and elsewhere, p(/) = <p(mj ) denotes the derivative of order j. In particular, ¢, = ¢, Yz, =
©?) = ", ... We denote by B the average of ¢ over (—1,+1), i.e.

1 [t _ ,
5/1 plx)de =9, @i =max(p,0),  ¢-=—min(p,0).

The norm on H™ (—1,41) is the same as for H™(—1,+1) or any equivalent norm as

per
+1 2 %
+ (/ ‘Lp(m)(w)‘ da:)
1

The dual space of a Banach space V' is denoted by V.

The other spaces we use, are classical functional spaces, like L”(0,T’; V') where V' is a Banach space.

The following lemmas has been already used in the previous papers (see for instance [4] or Bernis [1]
for Lemma 2).

+1
|90‘H;’;r(*1’+1) = ‘/1 p(z) dx

Lemma1 Letw >0, w € H2, (—1,+1) thenforany s > 0, s # 1,

per

+1 4 +1
9 ;
/ gy < 7/ wiw?, d.
_1 w2s I R

Lemma2 Let o >0, ¢ € Hp, (—1,+1).
ThenVa € R, Ve > 0,

+1 +1
(a—1) / (1 ) °|al* do = 2 / (@ + ' palPas de.

-1 -1

3 Main results
3.1 Case3=0

To study this case we first introduce the notion of weak solution
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Definition 1 (admissible weak solution for (K'SDV').,0) A function h € L*(0,T; HZ,.(—1,41))
is called an admissible weak solution of (K.SDV )a~o if

3
1. 7% € L'((0,T) x (—1,+1)),

2 e 12 (0.7 (1 (-1,+1) )

per

andVp € H2, (—1,+1), we have in D'(0,T):

per

+1 13
f%: dx

+1

plantta) o= [ (oo + (5 - )i2) ouste) o [

-1

d +1
dt J_y

and h(0) = hq (given in L*(—1,+1)).

Theorem 1 Let hg > 0, hg € L?(—1,+1), non constant and v > (2/3) . For any local admissible
weak solution ([O, T.), h) we necessarily have:

iz LT
with hi = 5 hg(x) de.
-1

Lemma 3 Let I be an open interval, ® in C™(R), m > 1 such that ®*)(0) = 0 fork = 0,...,m — 1.
Forany v € H™(I), we have ®(vy) € H™(I).
In particular for m = 2,
d2 2 l !
@@(14)(1)” (vp)vi, + ' (V1) Ve, a.e. and in D'(T).

2(Hp — 1)
(Hy—12+1—Hy

Corollary 1 (of Th. 1) Let Hy > 1, Hy € C[—1,+1], non constant. Let Ty =

There is no global weak solution defined on [0, To] for the problem:

OH 0? .
= = %2 [(H—1)Hxx + 1HY] in (H2,(-1,+1)),
H (t)-periodic,

H(0) = Hy.

In particular, there is no function H, such that H € C(Qﬁ), H%, Hxx in L? (QTO) satisfying the
above problem.

3.2 Case hy < 0: Existence of global solutions for 5 =0

In order to study (K SDV'),-0, we make the change of function v = —h, thus we have to study :

1 3
atv = *<var + ( - Oé> U%) + v (1}1) )
2 ) xx v/,

v(t)-periodic,
v(0) = v = 0.

(Kary)
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Herea € R,y > 0.

We will need the following Sobolev constant: = inf —T
w>=0 w;l
wEHer( 1,4+1) W X
Notice that oo, = 1 — icb'

According to the estimate given in Lemma 1, we have ¢, > 1/3, a. < 5/6.

Theorem 2 Letvg € L2(—1,4+1),v9 >0, T > 0,7 > 0ifa > a.andy > (1 — )%, ifa < .. Then,
there exists at least one weak solution u > 0, of (K, ) in the sense that

ue L2(0 T H2,,(~1,+1)) mC([o,T],B( 1,+1)- weak) Vg € H2,.(—1,+1) and in D' (0, T):

per
1 Tl

(uUzw + ( - Oé) ui)@mm dx + 7/ i@z dr = 0,
2 1 U

d +1 +1

i) ga(x)u(t,x)dx+/

—1

per

u(0) = vg. Moreover, u; € Ls (O,T (H2 (- 17"'1))/)'

3.2.1 Finite speed of propagation in the case where 5 =0

Theorem 3 Assume that « € R, v > (1 — «)% Then any weak solution of problem (K.-) (i.e.
(KSDV)q0) possesses the finite speed of propagation property.

According to Bernis [1, 2] one has:

(PP) Let ug be in H}_.(—1,+1), ug # 0 such that
up = 0 on an open subinternal w =|b — ro, b+ ro[ of ] — 1, +1[.
Definition 2 Let u: Qr — R be a function such that u(0) = ug in | — 1,+1[. We say that u has a
finite speed propagation if all w satisfying (P P) there is a number T, €]0,T[ and two continuous functions
b_(t), by (t) such that b_(t) < by(t) in (0,7*), b_(0) = b — 19, b4-(0) = b+ ro and u(t) = 0 in
(b—(t),b4(t)) forall t € (0,T*).

Proposition 1 Let vy > 0 be in L?(—1,+1). For all a < 1, there exists a function
u¢ e L? (O T;H2,.(—1,41)) N C([0,T]; L*(—1,+1)-weak) satisfying:

Vi € Per( 1 +1)7 uc > O7u€(0) =Y

d +1 +1 +1 +1 ucus
% 1 U6¢d$+/l < mml/}m dl‘+/l ueu;m’lpmm dfoE/l > +r€u§$¢z dr +

+1 (ue>3
7/ wyctedr=0 nD0OT)

-1

This is equivalent to:

= )+ (00),, 9 (35), +2me (SE),.

!/
in (2 (—1,+1)) |
u® >0, u(0) = vp.
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4 Case3>0,a=v7=0

4.1 Local existence and regularity

We start this section with the existence and uniqueness of a maximal solution.

Theorem 4 There exists one and only one maximal solution ( [0, Trax)s h) to the problem

he = (hhyo + 302)_ + 8RS in 10, Tax|*] — 1, +1],
h e L2 (Oa T7 ngr(_lv +1)> n C<[07 T]7 ngr(_lv +1))7

h(O) =hy € ngr(_l’ +1).

Ifho € HE, (—1,+1), then h € L™ (O,T; HE, (1, +1)).
Moreover; if hg € C°.[—1, +1], then h € L™ <O,T; cx -1, +1]), VT < T

per
Lemma 4 There exists only one maximal solution ([O, Tim(ho)), h) in the space

L2 (o,T; HE,(—1, +1)) N C’([O,T};LQ(fl, +1))

and satisfies:

d +1 +1 1 +1
G mopde= [ (et 302)0n -5 [ hOI s, o€ Hi(-L)

inD'(0,T), and h(0) € L?(—1,+1).
4.2 Blow-up for Dirichlet boundary
Theorem 5 There exist at least one local solution ([0, T}], h):
he L*(0,T;V)NC([0,T]; L*(—1,41)), VT < T}.

Vo € V,inD'(0,T}):

d [+ i 1 o

- / hpdr = / (hhm + 7h§) Pog dr — 5/ h(f)<p§:3) dz,

dt —1 1 2 ¢ 1 x x
h(0) = hg € L?(—1,+1).

In particular, if ho € H'(—1,+1) and we consider:

V= {s@ € H*(=1,41): ¢ = @ua = 0},

then there is a unique maximal solution ([0, T?2(ho)), h) satisfying (K.SDW )oog in the weak variational

sense given above. Moreover

he L*(0,T; H*(—1,41)) n C([0, T}, H' (-1,+1)), VT < T?(ho).
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Corollary 2 (of Theorem 5) Let hy € H'(—1,+1), V = {(p € H3(—1,+1): p = @up = 0}.
Let p1 = bcos (%x) such that fjll pr(x)de =1, A\ = (g)Q Assume that hopy > \1 0. Then the weak

maximal solution ([O7 Tinax)s h) blows up at

Moreover lim; 7, |h(t)|L2(—1,41) = +00.

4.3 Global existence on R, for hy < 0and 3 > 0.

We want to prove the existence of a global solution on R, hy < 0 (hy small). We introduce the function
v = —h. The equation becomes :

1
825@ = _(vvmx)xm - 7(vg)xm + 5’057

2
(SDVop) v(t) is periodic,
v(0) = v = 0.

Theorem 6 If > M (3, v0)|vo — To|r2 < (Vo)? then the problem (SDVyg) admits a unique nonnegative
solution in the space
L?(0,T; H3..(—1,41)) N C([0,T]; Hper (=1, +1)).

per per
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