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Generalized Lubrification Models Blow-up and Global
Existence Result

J. Emile Rakotoson, J. Michel Rakotoson and Cédric Verbeke

Abstract. We study a general mathematical model linked with various physical models. Especially, we
focus on those models established by King or Spencer-Davis-Voorhees related to thin films extending the
lubrication model studied by Bernis-Friedman. According to the initial data, we prove that, either, blow
up or global existence can be obtained.

Sobre un modelo general de lubricación, explosión y existencia global

Resumen. Se considera un modelo general de lubricación que engloba varios modelos fı́sicos. En
particular nos centramos en los modelos propuestos por King y Spencer, Davis y Voorhees, donde se
generalizan los modelos de lubricación estudiados por Bernis y Friedman. Dependiendo de los datos
iniciales, se demuestra la explosión de soluciones o su existencia global.

1 Introduction
We are interested in the following class of equations:

(KSDV )αγβ


ht =

(
hhxx +

(1
2
− α

)
h2

x

)
xx

− γ

(
h3

x

h

)
x

+ βh6
x,

h(t)-periodic on ]− 1,+1[, t > 0,
h(0) = h0,

with α ∈ R, γ > 0 , β > 0.

For β = 0, the model was established by J. R. King [7]. Here, we show that if the initial data h0 > 0,
γ > (2/3)α then any admissible weak local solution h is necessarily nonnegative. Moreover, there is no
global weak solution on R+ of (KSDV )αγ0 and the blow up time must occur before T0 = (2h0)/(h2

0 −
(h0)2) provided that h0 is non constant.

On the other hand, if h0 6 0 then we have a value αc 6 5/6 such that if α > αc, for all T > 0, there is
a non positive global weak solution h on [0, T ] being in particular in L2

(
0, T ;H2

per(−1,+1)
)

. If α 6 αc,

we show that there is a weak solution, when γ is greater than (1 − α)2. Moreover, adapting the energy
method used by Bernis [1] in the case α = 1 and γ = β = 0, we can show that all weak solution has a
finite speed propagation.
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The case β > 0, α = γ = 0, the model was established by Spencer-Davis-Voorhees [11].
If β > 0, h0 6 0, we show that there exists a global solution h 6 0 provided that h0 belongs to a class

of functions.
If h0 > 0, blow-up should occur. We show this fact under the Dirichlet boundary conditions for the

weak solution of (KSDV )00β . The blow time Tmax 6
1
λ3

1β
ln

(
1− λ1β

h0ϕ1

)
= t∗, assuming h0ϕ1 > λ1β,

lim
t→Tmax

∫ t

0

|h(σ)|6L1(−1,+1) dσ = +∞.

2 Notations - Functional spaces - Useful Lemmas

The norm in the Lebesgue space Lp(−1,+1) is denoted by |·|p or |·|Lp(−1,+1). We define the usual Sobolev

spaces Hm(−1,+1) = Wm,2(−1,+1) =
{
ϕ ∈ L2(−1,+1) : ϕ(j) ∈ L2(−1,+1) for j = 0, . . . ,m

}
,

for m > 0. In particular, we will need the following closed subspaces, for m > 1:

Hm
per(−1,+1) =

{
ϕ ∈ Hm(−1,+1) : ϕ(j)(1) = ϕ(j)(−1), j = 0, . . . ,m− 1

}
.

Here and elsewhere, ϕ(j) = ϕ
(j)
x denotes the derivative of order j. In particular, ϕx = ϕ′, ϕxx =

ϕ(2) = ϕ”, . . . We denote by ϕ the average of ϕ over (−1,+1), i.e.

1
2

∫ +1

−1

ϕ(x) dx = ϕ, ϕ+ = max(ϕ, 0), ϕ− = −min(ϕ, 0).

The norm on Hm
per(−1,+1) is the same as for Hm(−1,+1) or any equivalent norm as

|ϕ|Hm
per(−1,+1) =

∣∣∣∣∫ +1

−1

ϕ(x) dx
∣∣∣∣ +

(∫ +1

−1

∣∣∣ϕ(m)(x)
∣∣∣2 dx) 1

2

.

The dual space of a Banach space V is denoted by V ′.
The other spaces we use, are classical functional spaces, like Lp(0, T ;V ) where V is a Banach space.
The following lemmas has been already used in the previous papers (see for instance [4] or Bernis [1]

for Lemma 2).

Lemma 1 Let w ≥ 0, w ∈ H2
per(−1,+1) then for any s ≥ 0, s 6= 1,∫ +1

−1

w4
x

w2−s
dx ≤ 9

(1− s)2

∫ +1

−1

wsw2
xx dx.

Lemma 2 Let ϕ ≥ 0, ϕ ∈ H2
per(−1,+1).

Then ∀α ∈ R, ∀ε > 0,

(α− 1)
∫ +1

−1

(ϕ+ ε)−α|ϕx|3 dx = 2
∫ +1

−1

(ϕ+ ε)1−α|ϕx|ϕxx dx.

3 Main results

3.1 Case β = 0

To study this case we first introduce the notion of weak solution
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Definition 1 (admissible weak solution for (KSDV )aγ0) A function h ∈ L2
(
0, T ;H2

per(−1,+1)
)

is called an admissible weak solution of (KSDV )αγ0 if

1. γ
h3

x

h
∈ L1

(
(0, T )× (−1,+1)

)
,

2. ht ∈ L2
(
0, T ;

(
H2

per(−1,+1)
)′)

and ∀ϕ ∈ H2
per(−1,+1), we have in D′(0, T ):

d

dt

∫ +1

−1

ϕ(x)h(t, x) dx =
∫ +1

−1

(
hhxx+ +

(1
2
− α

)
h2

x

)
ϕxx(x) dx+ γ

∫ +1

−1

h3
x

h
ϕx dx

and h(0) = h0 (given in L1(−1,+1)).

Theorem 1 Let h0 ≥ 0, h0 ∈ L2(−1,+1), non constant and γ ≥ (2/3) α. For any local admissible
weak solution

(
[0, T∗), h

)
we necessarily have:

T∗ < T =
2h0

h2
0 − (h0)2

,

with h2
0 =

1
2

∫ +1

−1

h2
0(x) dx.

Lemma 3 Let I be an open interval, Φ in Cm(R), m ≥ 1 such that Φ(k)(0) = 0 for k = 0, . . . ,m − 1.
For any v ∈ Hm(I), we have Φ(v+) ∈ Hm(I).

In particular for m = 2,

d2

dx2
Φ(v+)Φ”(v+)v2

+x + Φ′(v+)vxx, a.e. and in D′(I).

Corollary 1 (of Th. 1) Let H0 > 1, H0 ∈ C[−1,+1], non constant. Let T̃0 =
2(H0 − 1)

(H0 − 1)2 + 1−H0

.

There is no global weak solution defined on [0, T̃0] for the problem:
∂H

∂t
=

∂2

∂X2

[
(H − 1)HXX + 1

2H
2
X

]
in

(
H2

per(−1,+1)
)′

,

H(t)-periodic,
H(0) = H0.

In particular, there is no function H , such that H ∈ C(QfT0
), H2

X , HXX in L2(QeT0
) satisfying the

above problem.

3.2 Case h0 6 0: Existence of global solutions for β = 0

In order to study (KSDV )αγ0, we make the change of function v = −h, thus we have to study :

(Kαγ)


∂tv = −

(
vvxx +

(
1
2
− α

)
v2

x

)
xx

+ γ

(
v3

x

v

)
x

,

v(t)-periodic,
v(0) = v0 > 0.
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Here α ∈ R, γ > 0.

We will need the following Sobolev constant: cb = inf
w>0

w∈H2
per(−1,+1)


∫ +1

−1

w2
xx dx∫ +1

−1

w4
x

w2
dx


1
2

.

Notice that αc = 1− 1
2
cb.

According to the estimate given in Lemma 1, we have cb > 1/3, αc < 5/6.

Theorem 2 Let v0 ∈ L2(−1,+1), v0 ≥ 0 , T > 0, γ ≥ 0 if α > αc and γ > (1− α)2∗, if α ≤ αc. Then,
there exists at least one weak solution u ≥ 0, of (Kαγ) in the sense that

u ∈ L2
(
0, T ;H2

per(−1,+1)
)
∩ C

(
[0, T ];L2(−1,+1)-weak

)
, ∀ϕ ∈ H2

per(−1,+1) and in D′(0, T ):

d

dt

∫ +1

−1

ϕ(x)u(t, x) dx+
∫ +1

−1

(
uuxx +

(
1
2
− α

)
u2

x

)
ϕxx dx+ γ

∫ +1

−1

u3
x

u
ϕx dx = 0,

u(0) = v0. Moreover, ut ∈ L
4
3

(
0, T ;

(
H2

per(−1,+1)
)′)

.

3.2.1 Finite speed of propagation in the case where β = 0

Theorem 3 Assume that α ∈ R, γ > (1 − α)2. Then any weak solution of problem (Kαγ) (i.e.
(KSDV )αγ0) possesses the finite speed of propagation property.

According to Bernis [1, 2] one has:

(PP )

{
Let u0 be in H1

per(−1,+1), u0 6≡ 0 such that
u0 = 0 on an open subinternal ω =]b− r0, b+ r0[ of ]− 1,+1[.

Definition 2 Let u : QT → R be a function such that u(0) = u0 in ] − 1,+1[. We say that u has a
finite speed propagation if all ω satisfying (PP ) there is a number T∗ ∈]0, T [ and two continuous functions
b−(t), b+(t) such that b−(t) < b+(t) in (0, T ∗), b−(0) = b − r0, b+(0) = b + r0 and u(t) = 0 in(
b−(t), b+(t)

)
for all t ∈ (0, T ∗).

Proposition 1 Let v0 ≥ 0 be in L2(−1,+1). For all α < 1, there exists a function
uε ∈ L2

(
0, T ;H2

per(−1,+1)
)
∩ C

(
[0, T ];L2(−1,+1)-weak

)
satisfying:

∀ψ ∈ H2
per(−1,+1), uε ≥ 0, uε(0) = v0

d

dt

∫ +1

−1

uεψ dx+
∫ +1

−1

uε
xu

ε
xxψx dx+

∫ +1

−1

uεuε
xxψxx dx− 2α

∫ +1

−1

uεuε
x

uε + ε
uε

xxψx dx+

γ

∫ +1

−1

(uε
x)3

uε + ε
ψx dx = 0 in D′(0, T )

This is equivalent to:
uε

t = −
(
uεuε

xx + 1
2 (uε

x)2
)
xx

+ α
(
(uε

x)2
)
xx

+ γ
(

(uε
x)3

uε+ε

)
x

+ 2αε
(

uε
xxuε

x

uε+ε

)
x
,

in
(
H2

per(−1,+1)
)′
,

uε ≥ 0, uε(0) = v0.
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4 Case β > 0, α = γ = 0

4.1 Local existence and regularity

We start this section with the existence and uniqueness of a maximal solution.

Theorem 4 There exists one and only one maximal solution
(
[0, Tmax), h

)
to the problem

ht =
(
hhxx + 1

2h
2
x

)
xx

+ βh
(6)
x in ]0, Tmax[×]− 1,+1[,

h ∈ L2
(
0, T ;H4

per(−1,+1)
)
∩ C

(
[0, T ];H1

per(−1,+1)
)
,

h(0) = h0 ∈ H1
per(−1,+1).

If h0 ∈ Hk
per(−1,+1), then h ∈ L∞

(
0, T ;Hk

per(−1,+1)
)
.

Moreover, if h0 ∈ C∞per[−1,+1], then h ∈ L∞
(
0, T ;C∞per[−1,+1]

)
, ∀T < Tmax.

Lemma 4 There exists only one maximal solution
(
[0, T∗m(h0)

)
, h

)
in the space

L2
(
0, T ;H3

per(−1,+1)
)
∩ C

(
[0, T ];L2(−1,+1)

)
and satisfies:

d

dt

∫ +1

−1

h(t)ϕdx =
∫ +1

−1

(
hhxx +

1
2
h2

x

)
ϕxx − β

∫ +1

−1

h(3)
x ϕ(3)

x dx, ∀ϕ ∈ H3
per(−1,+1)

in D′(0, T ), and h(0) ∈ L2(−1,+1).

4.2 Blow-up for Dirichlet boundary

Theorem 5 There exist at least one local solution
(
[0, T 1

∗ ], h):

h ∈ L2
(
0, T ;V

)
∩ C

(
[0, T ];L2(−1,+1)

)
, ∀T < T 1

∗ .

∀ϕ ∈ V , in D′(0, T 1
∗ ):
d

dt

∫ +1

−1

hϕdx =
∫ +1

−1

(
hhxx +

1
2
h2

x

)
ϕxx dx− β

∫ +1

−1

h(3)
x ϕ(3)

x dx,

h(0) = h0 ∈ L2(−1,+1).

In particular, if h0 ∈ H1(−1,+1) and we consider:

V =
{
ϕ ∈ H3(−1,+1) : ϕ = ϕxx = 0

}
,

then there is a unique maximal solution
([

0, T 2
∗ (h0)

)
, h

)
satisfying (KSDW )00β in the weak variational

sense given above. Moreover

h ∈ L2
(
0, T ;H4(−1,+1)

)
∩ C

(
[0, T ],H1(−1,+1)

)
, ∀T < T 2

∗ (h0).
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Corollary 2 (of Theorem 5) Let h0 ∈ H1(−1,+1), V =
{
ϕ ∈ H3(−1,+1) : ϕ = ϕxx = 0

}
.

Let ϕ1 = b cos
(

π
2x

)
, such that

∫ +1

−1
ϕ1(x) dx = 1, λ1 =

(
π
2

)2
. Assume that h0ϕ1 > λ1β. Then the weak

maximal solution
(
[0, Tmax), h

)
blows up at

Tmax ≤ t∗ = − 1
λ3

1β
ln

(
1− λ1β

h0ϕ1

)
.

Moreover limt→Tmax |h(t)|L2(−1,+1) = +∞.

4.3 Global existence on R+ for h0 6 0 and β > 0.

We want to prove the existence of a global solution on R+, h0 6 0 (h0 small). We introduce the function
v = −h. The equation becomes :

(SDV0β)


∂tv = −(vvxx)xx −

1
2
(v2

x)xx + βv6
x,

v(t) is periodic,
v(0) = v0 > 0.

Theorem 6 If c2M(β, v0)|v0 − v0|L2 ≤ (v0)2 then the problem (SDV0β) admits a unique nonnegative
solution in the space

L2
(
0, T ;H3

per(−1,+1)
)
∩ C

(
[0, T ];H1

per(−1,+1)
)
.
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