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Abstract. We consider weighted inductive limits of spaces of holomorphic functions which are de-
fined as countable unions of weighted Banach spaces of type H°°. We study the problem of projective
description and analyze when these spaces have the dual density conditions of Bierstedt and Bonet.

Espacios (LB) ponderados de funciones holomorfas

Resumen. Consideramos limites inductivos ponderados de espacios de funciones holomorfas que
estdn definidos como la unién numerable de espacios ponderados de Banach de tipo H°. Estudiamos el
problema de la descripcidn proyectiva y analizamos cuando estos espacios tienen la condicién de densidad
dual de Bierstedt y Bonet.

1 Introduction

Countable locally convex inductive limits of spaces of holomorphic functions arise in linear partial differ-
ential equations, convolution equations, distribution theory and representation of distributions as boundary
values of holomorphic functions, complex analysis in one and several variables and spectral theory and the
holomorphic calculus. The problem of projective description for weighted (LB)-spaces of holomorphic
functions on G is to find out, under which conditions one of the following assertions holds

(1) VoH(G) = HV ((G) algebraically and topologically resp.
(2) VH(G) = HV(G) algebraically and topologically.

A positive answer is important because in that case it is possible to describe the topology of the weighted
(LB)-space of holomorphic functions with help of the system (|| - ||7);7- of weighted sup-seminorms.

The main result of Bierstedt, Meise and Summers [11] yields that projective description holds alge-
braically and topologically if V = (v,,),en has condition

(S) Vn € N 3Im > n such that v,, /v, vanishes at co on G.

Positive results for weighted (LB)-spaces of holomorphic functions on I can also be found in [7]
and [23]. There condition () is not needed, but each weight has to be normal in the sense of Shields and
Williams, see [22].
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In general the answer to the problem of projective description is negative, see [13, 14, 15]. Taylor as
well as Bierstedt, Meise and Summers ([29] or [30] Proposition 2 resp. [11]) showed that HV (G) and
VH(G) coincide algebraically and have the same bounded subsets. VH (G) always is a regular inductive
limit.

In particular, inductive limits arise in connection with distributions and the Paley-Wiener-Schwartz
theorems. Some important examples are listed below:

(1) This example is taken from [11]. We consider the space W = & = £(RY) of all infinitely often
differentiable functions on R”, endowed with its usual (F)-space topology. A suitable version of
the Paley-Wiener-Schwartz theorem yields that the Fourier transform is a topological isomorphism
from the space W’ = £’ of all distributions with compact support, endowed with the strong topology
B(E',E) onto W' = VH(CN), where V = (v, )nen is defined by

vp(z _jzl—(1+|zj‘)n , z2=1(21,...,2N .

In this case we have VH(CN) = VoH(CN) = HV,(CN) = HV(CV).
(2) Let V = (vy,)nen be given by

vn(2) = (1= |zH)", z€eD, neN.

The inductive limit VH(G) is often denoted by .A~° and is a space of Bergman type. We refer
to [18].

(3) The following example was studied in [25]. Given a bounded convex domain G C C as well as
dg(z) = infiepa |2 — t|, 2 € G. Then we define V = (v, )nen by

Up(2) := (min(1, (dg(2))™)), z€G, neN.
In [25] VH(G) is denoted by A~°°(G).

The dual density conditions were introduced by Bierstedt and Bonet in [4]. In case of weighted (LB)-
spaces of continuous functions they showed that projective description is equivalent to VC'(X) having the
dual density condition. It remained open what happens in the case of holomorphic functions. In this article
we show that the result of Bierstedt and Bonet remains true in the framework of the class WV of radial
weights on the unit disk which was introduced by Bierstedt and Bonet in [7].

This article is organized as follows. Section 2 gives the necessary notations and definitions. In Section 3
we study when the projective hulls satisfy the dual density condition(s) and when they have metrizable
bounded sets. Section 4 is devoted to the class W of radial weights on the unit disk. In this framework we
prove that projective description is equivalent to VH (D) having the dual density condition.

2 Definitions and Notations

Our notation on locally convex (l.c.) spaces is standard; see for example Jarchow [19], Kothe [20], Meise,
Vogt [24] and Pérez Carreras, Bonet [26]. For a locally convex space E, E* denotes the space of all linear
functionals on E while E’ is the topological dual and E} the strong dual. If E is a locally convex space,
Up(F) and B(E) stand for the families of all absolutely convex 0-neighborhoods and absolutely convex
bounded sets in F, respectively.

A locally convex space F is called (DF')-space if the following conditions are satisfied:

(1) FE has a fundamental sequence of bounded subsets.
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Weighted (L B)-spaces of holomorphic functions

(2) For every sequence (Up,)nen of closed, absolutely convex 0-neighborhoods in F such that U :=
NnenU, absorbs each bounded subset of F, U is a 0-neighborhood in E.

(DF)-spaces were introduced by Grothendieck in [17]. Main examples of (DF’)-spaces are strong
duals of Fréchet spaces and (L B)-spaces. Conversely, the strong dual of a (DF')-space is always a Fréchet
space.

A locally convex space F is said to satisfy the countable neighborhood property (c.n.p.) if for every
sequence (U, )nen of O-neighborhoods in E there are numbers a,, > 0 such that

U .= n a, Uy,

neN

is a 0-neighborhood in E. The c.n.p. was given implicitly by Schwartz (see [28] on p. 95) and has got its
name by Floret in [16]. By [26] Corollary 8.3.3 and Proposition 8.3.5 each (DF)-space has the countable
neighborhood property.

The dual density conditions were introduced for locally convex spaces and thoroughly studied in the
case of (DF')-spaces by Bierstedt and Bonet in [4].

A locally convex space F is said to satisfy the dual density condition (DDC)) (resp. the strong dual
density condition (SDDC()) if the following holds: for every function A\: B(E) — R;\{0} and for every
A € B(E) there are a finite subset B of B(E) and U/ € U(FE) such that

ANUCT ( U A(B)B) <resp. r ( U A(B)B)) ,
BeB BeB

where I (resp. I') denotes the absolutely convex hull (resp. the closed absolutely convex hull).

In [4] Bierstedt and Bonet showed that the dual density conditions are equivalent in E' if F is the strong
dual of a Fréchet space. Moreover, a (DF')-space E has the dual density condition if and only if the
bounded sets in E' are metrizable (see [4] 2. Remarks and 5. Theorem). Finally a Fréchet space E satisfies
the density condition if and only if its strong dual has (D DC') (or equivalent (SDDC)).

In the sequel G denotes an open subset of CN, N > 1. The space H(G) of all holomorphic functions
on G will usually be endowed with the topology co of uniform convergence on the compact subsets of G.
For a decreasing sequence V = (v, )nen of strictly positive continuous functions (weights) on G we define

Hon(G) :={f € H(G); [If]ln = jlelgvn(z)\f(»%')l < oo},
H(vn)o(G) :={f € H(G); vy,|f| vanishes at oo on G},
VH(G) := ind, Hv, (G) and Vo H(G) := ind,, H (v, )o(G).

By, (resp. By, ) denotes the closed unit ball of Hv, (G) (resp. H (v, )o(G)). By B, and B,, o we denote
the co-closures of the corresponding sets. Note that B,, = B,,. The system V' of weights was introduced
in[11] as o

V :={v: G —]0, oc[; U continuous, Vk Jry, > 0: 7 < ir]if rpv, on G}

The corresponding weighted spaces for V are called projective hulls and are given by

HV(G):={f € HG);|fllz = sug@(zﬂf(z)\ <ocoVo eV},
zE
HVy(G) = {f € H(G); v|f]| vanishes at oo on G Vv € V}.
The system (Cz) 5y (tesp. (Cg,0)5c7) » Where

Cyi= {f € HV(G):||f v < 1} and Cr := {f € HVo(G): || flls < 1},
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gives a 0-neighborhood base of HV (G) (resp. HV o(G)). We write C5 and C5 g to refer to the co-closure.

An important tool to handle weighted spaces of holomorphic functions are the so called associated
growth conditions mentioned by Andersen and Duncan in [1] and studied thoroughly by Bierstedt, Bonet
and Taskinen in [9]. Let v be a weight on G. Its associated growth condition is defined by

0(z) == sup{lg(2)]; g € H(G), lg| <v},  z€G.

A weight v on a balanced domain G C CV, N > 1, is said to be radial if v(z) = v(\z) holds for every
A € C such that [A\| = 1. On a balanced open subset G of CV, N > 1, each f € H(G) has a Taylor series
representation about zero,

) =S mz),  zeq,

where pj, is a k-homogeneous polynomial (k = 0,1,...). The series converges to f uniformly on each
compact subset of G. The Cesaro means of the partial sums of the Taylor series of f are denoted by S,,(f)

(n=0,1,...); thatis,
00 l
1
3 (ne). eo
k=0

=0

[Sn(H)](2) =

Each S,,(f) is a polynomial (of degree < n) and S, (f) — f uniformly on every compact subset of G
(f € H(Q) arbitrary).

3 The dual density conditions in projective hulls

In this section we study when HV (G) (resp. HV o(G)) has the dual density conditions. Moreover we show
that HV (G) has (DDC) if and only if it satisfies (SDDC'). Finally we analyze when these spaces have
metrizable bounded sets. First we need some auxiliary results.

Lemma 1 Let E be a l.c. space with the fundamental sequence (By,)nen of bounded subsets. E has
(DDC) (resp. (SDDC)) if and only if for every sequence (\;);en of strictly positive numbers and for
everyn € N there are m > nand U € U(E) such that

ByNUCY XBj|resp. B,nUC Y \;B; (1)

Jj=1 Jj=1

PROOF. If E has (DDC'), for every sequence () jen of strictly positive numbers and for every n € N
there are m > n and U € U(E) such that B, N U C T (UL, \;B;) C Z;nzl A;jBj.
Conversely, we fix a sequence (11;);ecn of strictly positive numbers and n € N. Put \; := ’2‘—; for every
j € Nand apply (1). Then there are m > n and U € U(FE) with

m m
B.NUCY NBj =Y 5B CT(UfB;).
j=1

Jj=1

Hence, F has the dual density condition.
For the strong dual density condition the proof is analogous. W
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Lemma 2 HV(G) has (DDCQ) if and only if it satisfies (SDDC).

PROOF. The previous lemma and the fact that HV (G) and the regular inductive limit VH (G) have
the same bounded sets imply that HV (G) has the dual density condition if and only if for every sequence
()\ )jen of strictly positive numbers and for every n € N we can find m > n and ¥ € V such that

»NCy C E L AiBj. 3074, A Bj is co-compact, hence closed in HV (G). We conclude 37", A B; =

Z j=1A;jBj. An apphcatlon of Lemma 1 yields the claim. M

Proposition 1 Let G be a balanced open subset of CN, N > 1. Moreover we assume that V = (v, )nen
is a decreasing sequence of strictly positive continuous and radial functions on G such that H(v1),(G)
contains the polynomials. If HV (G) (resp. HV o(G)) has the dual density condition, then the following
condition holds:

(x)  for every sequence (\;);en of strictly positive numbers and for every n € N there are m > n

and T € V such that
(min(5:3)) <Lt

PROOF. By definition, for every sequence (A;);en of strictly positive numbers and every n € N there
are m > n and v € V such that

B,NCsC Z )\ij resp. Bn70 N CE,O C Z /\ij,O . 2)
j=1 j=1

It is enough to show that (2) implies (). We fix f € H(G) such that |f| < (min <%7 %)) on G;
hence |f| < ;- and [f| < £ on G. W.l.o.g. we can choose v € V strictly positive, continuous and radial
(see [8]).

Now, we consider the sequence (S f)ren of the Cesaro means (of the partial sums) of the Taylor series
about 0. We obtain |Sy f| < 1/v, and |Skf| < 1/T on G (see [8, Proposition 1.2.(c)]). Moreover, each
polynomial Sy, f is an element of HV (G) (resp. HV ¢(()) and hence of B,, N Cy (resp. By,0 N C50). (2)
yields Sp.f € 3770 \jBj = Y51, AjBy (resp. Spf € Y270, A\jBjo C Y05, A;By) for every k € N.
Thus, each Sy f can be written as Sy, f = 37", \;g; where g; € B; forevery j € {1,...,m}. We get

| Sk f] <Z—ontoreveryk€N

j=1

Since S f — f pointwise, we obtain that | f| < Z;nzl Aj/v; on G. Taking the supremum over all f
we get (x). W

There are sequences V = (v, )nen Of strictly positive continuous functions on an open subset G of CV,
N > 1, with condition (x) such that VH(G) and HV (G) do not coincide topologically:

In [14] Bonet and Taskinen constructed a sequence V = (v, )nen Of strictly positive continuous func-
tions on an open set G C C? with condition

(M) Vn e NVY not relatively compact in X Im = m(n,Y") > n such that: inf,cy ”(( )) = 0 such

that HV (G) and VH (G) do not coincide. We know that (M) implies
(V2)  for every sequence (\;);en of strictly positive numbers and for every n € N there are m > n
and v € V with
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(see [10] and [2, Proposition 1.2.4]). (x) obviously follows from (V3). Note that (x) differs from (V5) by
using associated growth conditions.

By [4, Theorem 1.5] a (DF')-space has the dual density condition if and only if it has metrizable
bounded sets. The last property can be characterized for HV (G). We need some preparations.

Proposition 2 Ler E be a l.c. space with the c.n.p. and a fundamental sequence (By,)nen of bounded
sets. Then E has metrizable bounded sets if and only if there is U € U(E) such that for every n € N and
every V € U(E) there is a > 0 with

B,naU C V. (3)

PROOF. First we assume that condition (3) is satisfied. Since (%U )m N is a 0-neighborhood base in

B,,, n € N arbitrary, with respect to the topology induced by F, this yields the claim.

Conversely, we assume that E has metrizable bounded sets. We fix n € N and choose a decreasing
sequence (V,, x)ken of absolutely convex 0-neighborhoods in E such that for every V' € U(E) there is
k € Nwith B, NV, ;, C V. We apply the c.n.p. to find numbers a,, ;. > 0 such that U := ﬂn’keN Ak Vi k
is a 0-neighborhood with all the desired properties. W

Lemma 3 HV(G) has the c.n.p.

PROOF. By [12, Theorem 1.6], CV(G) is a (DF)-space, hence satisfies the c.n.p. (see [26, Proposi-
tion 8.3.5]). Since HV (G) is a topological subspace of CV (G), HV (G) also has the c.n.p. W

Proposition 3 Consider the following assertions.
(a) HV(G) (resp. HV o(G)) has metrizable bounded sets.

(b) V = (vn)nen satisfies the following condition: there is & € V such that for every W € V there is

a > 0 with
1 ~ 1
<min (, a)) < —ond. 4)
Up U w

Then (a) implies (b). If we assume in addition that G C CN, N > 1, is balanced and V = (Un)nen
is a decreasing sequence of strictly positive continuous and radial functions on G such that H(v1),(G)
contains the polynomials, then (a) follows from (b).

PROOF. By Proposition 2, HV (G) (resp. HV ¢(G)) has metrizable bounded sets if and only if there
isv € V such that for every n € N and every w € V there is a > 0 with

B, NaCy C Cy (I‘CSp. Bn,O n CLC@O C Oﬁ@) . 5)

To finish the proof we have to show the equivalence of (4) and (5).

(4) = (5): We fix f € B, NaCy (resp. By, 0 NaCy ). Hence f is an element of HV (G) (resp. HV o(G))
with | f] < (min (i, %))N < % on GG. Thus, f belongs to Cy (resp. Cr o).

(5) = (4): Under the additional assumptions we fix f € H(G) such that |f| < (min (ﬁ, %))N on G.
This implies | f| < -& and |f| < £ on G.

W.lo.g. we can ﬁndnﬁ € V strictly positive, continuous and radial. From this point on the proof works
analogously to the proof of Proposition 1. M
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4 The dual density conditions for inductive limits

This section is devoted to the class W of radial weights on the unit disk. We study when the weighted
inductive limits of holomorphic functions have the dual density conditions and analyze the connection
between the dual density conditions and the problem of projective description.

First of all we introduce the class VW of radial weights on the unit disk. Let WV be a class of strictly
positive continuous radial weights v on the unit disc D which satisfy lim,_,;_ v(r) = 0 and for which the
restriction of v to [0, 1) is non-increasing. We suppose that the class WV is stable under finite minima and
under multiplication by positive scalars.

Next, we assume that there is a sequence R,,: H(D) — H(D), n € N, of linear operators which
are continuous for the compact open topology and such that the range of each R,, is a finite dimensional
subspace of the polynomials. It is also assumed that R, R,;, = Ruin(n,m) holds for each n,m with n # m
and that for each polynomial p there is n such that R,p = p, from which it follows that R,,p = p for
each m > n. Moreover, we suppose that there is ¢ > 0 such that supy.|_, [Rnp(2)| < csup,, -, |p(z)| for
each n, each r € (0, 1) and each polynomial p.

Finally, setting Ry := 0, and putting r,, := 1 — 27", n € N U {0}, we assume that the following
conditions are satisfied by the class W:

(P1) There is C' > 1 such that for each v € WV and for each polynomial p:

n |z|=rn

1
Fol sup ( sup |(Rpi2 — Rn—l)p(z)|> v(rn) < [pllo
n |z|=Tn

< C'sup ( sup |[(Rp+1 — Rn)p(2)|) v(rn).

(P2) For each v € W there is D(v) > 1 such that for each sequence (py)nen of polynomials of which
only finitely many are non-zero:

sup D (Rag1 = Ru)pa(2)| 0(2) < D(v)sup (slgp ka(Z)I) o(ry)-

The main example for WV is the set of all the strictly positive continuous radial weights v on D which
satisfy lim,_,1_ v(r) = 0, are non-increasing on [0, 1), and such that there are &g > 0 and k(0) € N with
the following conditions:

L1) inf 2L S
ko v(Tk
U(Tk+k(o))

(L2) limsup

<1-—¢ep.
koo U(Tk) 0

In this case, R, is the convolution with the de la Vallée Poussin kernel, i.e. for a holomorphic function
fonD, f(z) =Y, arz”, we have

2n 2n+1

X 2n+1 —k 5
R, f(z) = Zakz + Z o GkZ
k=0 k=27+1
In fact, R, is nothing but the arithmetic mean of the partial sums of index 27, ..., 2"+! —1 of the Taylor

series of f. The conditions (L1) and (L2) form a uniform version of the conditions introduced by W. Lusky
in [21, 22], and they also appear in the sequence space representations for weighted (L B)-spaces given by
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Mattila, Saksman, Taskinen [23]. Bierstedt and Bonet showed that (L1) and (L2) imply the conditions (F1)
and (P2) (see [7]).

In this section we show that under certain assumptions the dual density condition for HV (D), HV (D),
VH (D) and Vo H (D) is satisfied if and only if V enjoys condition () of Proposition 1. This is equivalent
to the topological equality VH (D) = HV (D). This is similar to the result of Bierstedt and Bonet, [5], in
the setting of continuous functions.

In the sequel we assume w.l.o.g. that v,, > 2v,,41 on G. First we need some auxiliary results.

Lemma 4 Let G be a balanced open subset of CN, N > 1, and V = (v,,)nen be a decreasing sequence of
strictly positive continuous and radial functions on G such that H(v,),(G) contains the polynomials and
such that Vo H(G) is a topological subspace of HV o(G). Then (Cp)nen, Cy := By, N Vo H(G) for every
n € N, yields a fundamental sequence of bounded sets in Vo H (Q).

PROOF.  Obviously, each bounded set B in Vo H (G) is also bounded in HV (G). Hence there is n € N
with B C C),. On the other hand, each Cy, is bounded in HV (G). Each C,, is contained in Vo H (G). Since
Vo H (G) is a topological subspace of HV ((G), C,, is bounded in Vo H(G). A

Proposition 4 Let G and V be as in the previous lemma. The space of all polynomials P (endowed with
the topology induced by Vo H (G)) satisfies the dual density condition if and only if Vo H (G) has the dual
density condition.

PROOF. First, we show that P is large in Vo H(G), i.e. each bounded set in Vo H (G) is contained in
the closure of a bounded set in P with respect to Vo H (G). For this we fix n € Nand f € C,,. The sequence
(Skf)ren converges to f in HV(G) (see [8, Section 1]), hence in Vo H (G) by assumption. Moreover,
each polynomial Sy f belongs to B, N VoH(G) = C,,. We conclude C,, C PN BnVOH(G). It remains
to show that P has the dual density condition if and only if Vo H (G) also satisfies this property. Since
VoH (G) is a (DF')-space and P is large in Vo H (G), from [26, 8.3.24] we know that P is a (DF')-space.
An application of [4, Remark 1.10.(b)] yields that P has the dual density condition if and only if Vo H(G)
also satisfies this property. W

In the sequel we always assume that the sequence V of weights is contained in the class V. In particular,
note that if V = (v, )nen C W is a decreasing sequence of strictly positive continuous functions on ID such
that H (v1),(ID) contains the polynomials, then P has the dual density condition if and only if Vo H(ID) also
enjoys this property (see [7]).

Theorem 1 Let V = (v,)nen C W be a decreasing sequence of strictly positive continuous functions
on D such that H(v1), (D) contains the polynomials. Then the following are equivalent:

(a) VoH (D) has the dual density condition.

(b) VH(D) enjoys the dual density condition.

(c) HV (D) satisfies the dual density condition.

(d) V = (vn)nen satisfies condition (x).

PROOF. By [6, Proposition 4] we have VH(D) = (Vo H(D)});.
(a) = (b): Let Vo H (D) have the dual density condition. Then each bounded subset of Vo H (D) is metriz-
able by [4, Theorem 1.5.(a)]. [3, Theorem 1.4] yields that Vo H (D); has the density condition and is distin-

guished. Thus, VH(D) = Vo H(D);); = VH(D)j, , and VH (D) has the dual density condition.

(b) => (a): Let VH(D) have the dual density condition. Since VH(D) = (VoH(D);); holds, by [27,
Corollary 2], Vo H (D); has the density condition. An application of [3, Theorem 1.4 and Theorem 1.5.(b)]
implies that Vo H (D) enjoys the dual density condition.
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(a) <= (c): By [7, Theorem 1], VoH (D) is a dense topological subspace of HV (D). In particular
HV (D) is a (DF)-space (see [19, Theorem 12.4.8 (d)]). Using [4, 1.10.(a) and (b)] we obtain the desired
equivalence.

(c) = (d): This follows immediately from Proposition 1.

(d) = (c): We assume that (d) is satisfied. By Lemma 1 we have to show:

For every sequence (jux)ken of strictly positive numbers and every n € N there are m > n
and T € V with B,oN C@O C 221:1 kB o.

Since (a) and (c) are equivalent, it suffices to consider only polynomials. We fix n € N as well as a
sequence (pr)ken of strictly positive numbers. The assumption (d) yields m > n and T € V. Now put

HE
(202 + maxi<i<m DZ)C’m

Ak 1= forevery k € N,

where c is the constant from the estimate before condition (P1), C the constant from (P1) and D; = D(v;)
for every 1 < i < m in the sense of (P2).

We fix p € (B0 N Cs,0) NP. Then |p| < min (i, %)N on ID and (d) implies (mjn (L 1))N <

vn’%
S, 2k < max (—“\1 e —“\m) on D.
=1 vk v1

Um

Putting w := min (nfj\l N T ), w is an element of the class W and w|p| < 1 on D.
We write x; := ﬁ forevery i € {1,...,m}, hence w = min(k1v1, ..., KmVm).

Wehave p = 0" ((Rnt1 — Rp)p = Rip+ Y., (Rnt1 — Ry)p, and the sum is finite. We first treat the
term Ryp.
By the condition before (P1) and the estimate on w|p|, we get

w(ry) |sup |R1p(2)| < cw(rq) |sup Ip(2)] < e
z|=r1 z|=r1
We selecti € {1,...,m} with w(r1) = k;v;(r1). From the second inequality in (P1), applied to the
polynomial R;p and v;, and once more the condition before (P1), we conclude

sug v;i(2)|Rip(2)| < Csupv(ry,) ( sup |(Rpq1 — Rn)Rlp(Z)|>

z€ |z|=7n

= Cwv;(r1) sup |(R2 — R1)R1p(2)]

[z|=r1

= C(k;) "w(r1) sup |(Ro — Ri)Rip(z)|

|z|=r1

< 200(111)7111)(7”1) Islup |Rip(2)]

< 2¢%C(ki) 1.

This implies one of the following facts: R1p € 2Cc*>mA1 By, ..., Rip € 2Cc*mA;y, B o.
To treat the other term p — Ryp = >~ (R, +1 — Ry,)p, we first apply the first inequality in (P1) for w
and the estimate for w|p| to get

w(ry) ( sup |(Rnt2 — Rnl)p(2)> <C (6)

for every n € N. We can write N as a disjoint union UjX, J; such that

w(rj) = kvi(rj) forj e J;, 1 <i<m.
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Now put g; = >, ;. (Rny1 — Rp)p fori € {1,...,m}, which is a polynomial; clearly p — Rip =
S gio Wefixi € {1,...,m} and let p, := (Ry42 — R,,—1)p for n € J; and p!, := 0 otherwise. The
properties of the sequence (R, ),en imply

o0

9i =Y (Rps1— Rn)(Rnt2 — Bu-1)p =Y _(Ruy1 — Rn)ph,
neJ; n=1
and all the sums are finite; hence
sup v;(2)|g:(2)| = sup v(2) |3 (Rus1 — Ru)ph |-
zeD zeD p—

Since only a finite number of the pi, are non-zero and all the weights belong to the class W, we can
apply (P2) and the estimate (6) to conclude

supvi(2)|9i(2)| < Disup ( sup Ipi(z>|> vi(Tn)

z€D n |z|=7rn

< D; sup ( sup Ip2(2)|> vi(rn)

neJ; \ |z|=rn,

= D; sup ( sup |[(Rp42 — Rnl)P(Z)|> i (1)

neld; \ |z|=rn,

< Dy(ri) ™" sup ( sup |(Rny2 — Rn—l)p(2)|> w(rn)

ned; \ |z|=rn,
S Di(ni)_lC’.
This yields g; € mA;D;CB,; ¢ for every i € {1,...,m}. Thus we have one of the following inclusions
p=Rip+ Y gi € (2 + D1)Ch\mBio+ Y D;C\imBio C > piBio,. .-,
i=1 i=2 i=1

m—1 m

p=Rip+> g€ > DiCAimBio+ (2¢* + Dyn)CAmBmo C Y _ 11 Bio-
=1 i=1 i=1

Hence HV (D) has the (strong) dual density condition. M
Theorem 2 Let V = (vy,)nen C W be a decreasing sequence of strictly positive continuous functions on
D. The following are equivalent:
(a) HV (D) enjoys the dual density condition (or equivalently the strong dual density condition).
(b) The sequence V = (vy,)nen satisfies condition ().
PROOF. (a) = (b): This is Proposition 1.

(b) = (a): This proof is very similar to the one of the implication (d) = (c) in Theorem 1. Since there
are some technical changes, we give the full proof here. We assume that (b) is true. By Lemma 1 we have
to show:

for every sequence (k) ken of strictly positive numbers and every n € N there are m > n
andv € V with B, N Cy C Y." | B
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We fix n € N and a sequence (i )gen of strictly positive numbers and we apply (b) to find /. > n and

© € V. Now put
Mk

0(202 + maxjy<j<m D])C'm

A = forevery k € N,
where c is the constant from the estimate before condition (P1), C the constant from P1) and D; = D(v;)
for every 1 < j < m in the sense of (P2).

We fix f € (B, N Cy) NP. Then |f| < min (7}, %)N on D and (b) implies (min (%’ %)>~ <
le;\*’; Smax(mv—?l,...,%) on D.

U1
mAy "

Putting w := min ( . T:T’”m) w is an element of the class W.

We write x; 1= #& forevery i € {1,...,m}, hence w = min(k1v1,..., KmUm).

Using the Cesaro means (of the partial sums) of the Taylor series of f about O we obtain a sequence
(Skf)ren of polynomials with w|Sy f| < w|f| < 1 forevery k € Nand Si.f — f in (H(D), co).

We have S, f = > 0" ((Rnt1 — Rp)Skf = RiSkf + > (Rnt1 — Rn)Skf, and the sum is finite.
We first treat the term RSy f.

By the condition before (P1) and the estimate on w|Sy, f|, we get

w(ry) sup |RiSkf(2)| < cw(ry) sup |Skf(2)] <ec.

|z[=r1 [z|=r1

We select i € {1,...,m} with w(r1) = k;v;(r1). From the second inequality in (P1), applied to the
polynomial R;p and v;, and once more the condition before (P1), we conclude

sup v;(2)|R1Sk f(2)| < 2020(/@)_1.
z€D

This implies one of the following facts: RS f € 2Cc?mA By, ..., RiSif € 2Cc®mA, By,.
To treat the other term Sy, f — RSk f = > oo (Rut1 — Ry)Skf, we first apply the first inequality in
(P1) for w and the estimate for w| Sy f| to get

w(rn) < s‘up ‘(Rn+2 - Rnl)Skf(Z)|> § C. (7)
We can write N as a disjoint union U ; J; such that
w(r;) = kivi(r;) for j € J;.

Now put g; = >, s (Rn+1 — Rn)Sif fori € {1,...,m}, which is a polynomial; clearly Sy f —
RiSpf = Yo% 9o Wefixi € {1,...,m} and let (Skf);, := (Ruy2 — Ry—1)Skf for n € J; and
(Skf) := 0 otherwise. The properties of the sequence (R, )ncn imply

gi= Y (Rus1 — Rn)(Rnga — Bu_1)Skf = Y (Rug1 — Rn)(Sk /),

neJ; n=1

and all the sums are finite; hence

sup v;(2)]g;(2)| = supvi(z)
zeD zeD

0 .
Z(Rn-‘rl - R’n)p:z .
n=1

Since only a finite number of the (S )% are non-zero and all the weights belong to the class W, we
can apply (P2) and the estimate (6) to conclude as before

supv;(2)]gi(2)| < Di(ki) ™' C.
z€D
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This yields g; € mA\;D;CB; forevery i € {1,...,m}. Thus one of the following inclusions holds
Sef =RiSkf+ >t 9i € (2¢2 + D1)CAimBy + > ity DiCA\mB; C 30" ;B ...,
Skf = Rls}gf + Z:il gi € Z:Z_ll D;C\;mB; + (262 + Dm)C)\mmBm C ZZL Wi B;.

Finally, each Sy, f belongs to >, u; B;. Every B; is co-compact and Sy, f — f with respect to co.
Now, we can conclude that f is an element fo Z:’;l w; B;. The claim follows. W

Theorem 3 (Bierstedt, Bonet [7, Theorem 7]) Let V = (v, )nen be a decreasing sequence of strictly
positive continuous functions on D in the class W. Then the topological equality VH (D) = HV (D) holds
if and only if for every sequence (\;);en of strictly positive numbers there is U € V such that for every
n € Nand every M > 0 there is m > n with

M 1\\" =
Uy U —
j=1
In the following we want to show the equivalence of the condition (x) and (+). To do this we first prove
that under certain assumptions HV (D) is a (DF')-space. We need some auxiliary results.

Lemma 5 (Bierstedt, Bonet, [5, Lemma A in Section 5]) Let E be a locally convex space with a
fundamental sequence (B,,)nen of absolutely convex bounded sets and Uy a fixed basis of absolutely convex
0-neighborhoods in E. Then E is a (DF)-space if and only if, for every sequence (Ap)nen of posi-
tive numbers and for every sequence (Wy)nen C Uy, the intersection (), (W, + Sor_1 AeBy) is a
0-neighborhood in E.

Lemma 6 Let V = (vy,)nen be a decreasing sequence of strictly positive continuous functions on D in the
class VW such that there is a fundamental system of weights in V contained in WW. Then, for every n € N,
every Wy, € V. NW and every sequence (\y)ren of strictly positive numbers

1 n
EB C (Cw" + Z/\kBk>

k=1

holds, where B := {f € HV(D); |f| < m + ko1 C(Dkillc+262) 2k+11vk on D} and c is the
constant in the estimate before (P1), C the constant in (P2), D1 = D(W,), D;y1 = D(v;) for every
1 <@ < n in the sense of (P2).

PROOF.  This proof is very similar to the one of the implication (d) = (¢) in Theorem 1. Since there
are some technical changes, we give the full proof here. We fix n € N, w,, € V' N W and a sequence
(k) ken of strictly positive numbers and choose f € %B. We have f € HV (D) and

1 1 1 - hy 1
D I —
= 2 <C(D1 + 202> Wy, + ; C(Dk+1 + 202) 2k+1vk>

< ma 1 1 A1 1 1 1
X f— Ty ey T (T
- C(Dy +2c?)w, C(Dy+2c2) vy’ C(Dpt1 + 2¢2) vy,

Put v := min (C’(D1 + 2¢?)w,, C(Diijzg)vh e wvn) u belongs to the class W and

ulf] < 1onD. We write 1 := C(Dy + 2¢?), k; 1= C(D/\Lifg) for2 <i<mn-+1,u; =Wy, u; = Vi_1
for2 <i<n+1.

Using the Cesaro means of the partial sums of the Taylor series of f about 0 we get a sequence (Sk f)ken
of polynomials with u|Sk f| < u|f| < 1forevery k € Nand S, f — fin (H(D), co). By assumption Sy, f
is an element of HV (D).
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We have S f = > 07 ((Rnt1 — Rn)Skf = RiSkf + Y pe(Rnt1 — Ry,)Sk [ and the sum is finite.
We first treat the term RSy f.
By the condition before (P1) and the estimate on u|Sy f|, we get

u(ry) sup |R1Spf(2)] < cu(ry) sup |Skf(2)| <ec.

|z|=r1 |z|=r1

We selecti € {1,...,n+ 1} with u(r;) = k;u;(r1). From the second inequality in (P1), applied to the
polynomial R;Sy f and u;, and once more the condition before (P1), we conclude as before

sup u;(2)|R1 Sk f(2)] < 2¢C (ki) "
z€D
This implies one of the following facts: Ry Sk f € rAeG B, ..., RiSkf € rp2egeas AnBn.

To treat the other term Sy, f — RSk f = > oo (Ryut1 — Ry)Skf, we first apply the first inequality in
(P1) for u and the estimate for u|Sy, f| to get

IZ‘:Tn
for every n € N. We can write N as a disjoint union U:‘j 11 J; such that
u(rj) = kyui(ry) forevery j € J;, i € {1,...,n+ 1}

Now put, for i € {1,...,n+ 1}, gi = >, c; (Rot1 — Ry)Skf, which is a polynomial; clearly

Sif — RlSkf Zn+11 gi- We fixi € {1,...,n+ 1} and let (Sk.f), :== (Rnt2 — Ru—1)Sk.f forn € J;
and (Sy f)?, := 0 otherwise. The properties of the sequence (R,,),cn imply

gi =Y (Rng1— Rn)(Rnya — Rn1)Skf = Z 1 = Ri)(Skf)hs

ned;

and all the sums are finite; hence

o0

supu;(2)|gi(2)] = supwi(2) | Y (Russ — Ru) (S f)l,

z€D zeD ne1

Since only a finite number of the Sy, fi are non-zero and all the weights belong to the class W, we can
apply (P2) and the estimate (6) to conclude as before

supu;(2)|gi(2)| < Dy(k;) " C.
z€D

CD;y1)\;
Cr, and gis1 € Gastd

We obtain g1 € ol C(Dit1+2c2)

D 1 + 2 c2 )
following inclusions holds

B, for every i € {1,...,n}. Hence one of the

] nt1C ]
Skf S %Own + m)\lBl + -+ mAn,Bn C CqT;n + 22:1 )\kBk, ey

C(D, c n
Sﬁe%Cmﬁr--wL%)\ B, C Cg, + 71—, MiBy.

Finally we obtain Sy, f € Cg, + > .p_; \Bi. Cg, and B; are co-compact for every i € {1,...,n}
and Sy, — fin (H(D), co). Thus, f is an element of C;, + > p_; Ay Bp. N

The proof of the following proposition is analogous to the proof of [5] Proposition B in Section 4 with
a slight change. We replace the “Ernst-Schnettler-trick” by the previous proposition.
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Proposition 5 Let V = (vy)nen be a decreasing sequence of strictly positive continuous functions on
D in the class W such that a fundamental system of weights in'V is contained in W. Then HV (D) is a
(DF)-space.

_PROOF.  We fix a sequence (Ak)ken of strictly positive numbers and a sequence (W, )nen of weights
in V. N W. By Lemma 5 we have to show that

W .= ﬂ (Cuxn + Z)\kBk>
k=1

neN

is a 0-neighborhood in HV (D). By Lemma 6 we have 2B C Cg, + >_j_, A\ By,. Now, we put

1 1 1 +z”: Ak 1

(07%% = oy T~ < o~ —
2 C(D1 + 262) W, 1 C(Dk+1 + 262) 2k+1111€
1

v, = —,néeN, andv :=supv,.
Qp, neN

We get
C(Dy + 2¢%)2? c(D, 2¢2)2n+1
o §Zinf{(zj\_c)v1,..., ( “i <) vn,C(Dl—i—Zcz)wn} ©)
1 n

for every n € N. Hence v, : G — R belongs to the Nachbin system V= ?(V) associated with V on G
with respect to the discrete topology. (9) yields w € V such that

{f e HV(D):w|f| <1onG} C Cg, + Y MiBi
k=1

for n € N. By [10] section 4.2, there is v € V with w < 7 and {f € HV(D); v|f| < 1onD}is a
0-neighborhood in HV (D) and contained in . The claim follows. W

Proposition 6 Let V = (v,)nen be a decreasing sequence of strictly positive continuous functions on D
in the class VW such that a fundamental system of weights in V' is contained in W. Then the conditions (+)
and (%) are equivalent.

PROOF. Obviously, (+) implies ().
(¥) = (+): By Theorem 3 () yields that HV (D) has the dual density condition. Moreover HV (D) is a
(DF)-space by Proposition 5. We obtain the topological equality VH (D) = HV (D) (see [8]) and finally
(+) (see Theorem 3). M

Corollary 1 Let V = (vy)nen be a decreasing sequence of strictly positive continuous functions on D in
the class W such that a fundamental system of weights in V is contained in V. Consider the following
assertions:

(a) HV (D) = VH (D) holds algebraically and topologically.
(b) HV (D) has the dual density condition (or equivalently the strong dual density condition).
(c) HV (D) has metrizable bounded subsets.

(d) HV (D) enjoys the dual density condition.
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(e) VoH (D) satisfies the dual density condition.

The assertions (a) to (d) are equivalent. If we assume in addition that H (v1)o(D) contains the polyno-
mials, then all conditions are equivalent.

We finish this article by providing examples which satisfy the assumption that a fundamental system of
weights in V' is contained in W.

Proposition 7 Let V = (v, )nen be a decreasing sequence of strictly positive continuous functions on D.
We assume that there are €9 > 0 and ko € N such that the following conditions are satisfied:

(L1) infy M > gq foreveryn € N.

Un(rk)
(L2) There is ki € N with

Un(Thtko) < (1 —€0)on(rr)
foreveryk > ki andn € N.

Then there is a fundamental system of weights in' V contained in V.

PROOF. We fix¥ € W. There is w € W with ¥ < w such that there is a sequence (3, )nen of positive
numbers such that for every r > 0 there is k(r) € N with

gl

— i U 10
(2) = _min Brvn(2) (10)
for every z € D with |z] < r.

We have to show that there are ¢5 > 0 and k5 € N such that

(L1) infy, % > ey

W(rk4ksy)
w(rk)

(L2) limsup_, <1—e.

We choose €2 = ¢ and k2 = k¢ and prove (L1). For a fixed k£ € N it remains to show

eow(ry) < W(rg41)-

We select 0 < 7,41 < s < 1 and get by (10)

gl

(Z) = 1§£Ln%%(s)ﬁnvn(z)

for z € D with |z| < s. We distinguish the following cases:

(i) We have w(ry) = B,v,(ry) and W(rg11) = Bv;(rg+1). This yields
e2w(ry) = €2;v;(rk) < Bjvj(rit1) = W(Tg41)-
(i) We assume wW(ry) = B;v;(rx) and W(rg+1) = Bog(re+1)- It follows
e2W(rg) = €200, (rr) < e2Bvi(ry) < Boy(ris1) = W(rg41)
. w(ry)
Thus infy, ﬁ(rkil) > eo.

It remains to show (L2). As before we choose €2 = ¢ and k3 = ky. We have to prove that there is
Ny € N such that for every k& > Ny

W(rk+k,) < (1 —e2)w(ry)
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holds. There is k; € N such that for every & > k; and for every n € N we have

Un(Thtky) < (1 —&2)vn(rg).

We fix & > k; and select 0 < k + k2 < s < 1. Hence by (10)

w(z) = | min Brn(z)

for every z € D with |z] < s.
We put Ny := k; and distinguish the following cases:

(i) We have W(7g4k,) = B;V;(Tk+k,) and W(ry) = Bv,(ry). This implies

(i)

W(Ththy) = B0 (Thtks) < (1= €2)B5v;(rk) = (1 — e2)w(ry).

We assume W(7g+k,) = ;U5 (Tktk,) and W(ry) = Givi(ry). Hence
W(rktky) = B0 (Ththy) < Bioi(rhar,) < (1 —e2)Bioi(re) = (1 — 2)w(ry).

The claim follows. W
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