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UNIQUE UP TO TRANSLATION
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and R. URBANSKI

Abstract

In this paper we give general methods of construction of vari-
ous equivalent minimal pairs of compact convex sets that are not
translates of one another.

1 Introduction and preliminary remarks

Let X be a topological vector space; K(X) be the family of all non-empty
compact convex subsets of X, and K?(X) = K(X) x K(X). Let

A+ B:={a+bla€ A be B}

be the Minkowski sum of A and B in X(X). The equivalence relation
between pairs of compact convex sets is given by the relation (A, B) ~
(C,D) if and only if A+ D = B 4+ C. A partial order is given by the
relation: (A, B) < (C,D) if and only if (A,B) ~ (C,D)and AC C,B C
D. By [A, B], we denote the equivalence class of (4, B) in X%(X)/~ .
The pair (4, B) € X?(X) is called minimal, if for all pairs (A’, B') ~
(A, B) the inclusions A’ C A, and B’ C B imply A’ = A and B' = B.
For every (A, B) € X?(X) there exists a minimal element (A’, B) that is
equivalent to (A, B) and A’ C A, B' C B [4]. If dimX < 2, the minimal
element is unique up to translation [1],[10] i.e. if (A, B) is minimal and
(A’, B"), equivalent to (A, B), is also minimal, then there exists z € X
such that A = A4z and B = B+ 2. For dimX > 3 there was given an
example of equivalent minimal pairs not unique up to translation [1]. In
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(6] for the 3-dimensional case a continuum of equivalent minimal pairs
wich are not connected by translation was constructed.

Now, in this paper, we give more general methods of constructing various
(not necessarily polytops) equivalent minimal pairs not unique up to
translation.

Let X be a real topological vector space, f € X* be a continuous linear
functional, and K C X a nonempty compact convex set. Then we denote
by Hy(K) := {z € K|f(2) = mazyex f(y)} the face of K with respect
to f. For the sum of two nonempty compact convex sets A, B C X and
f € X* the following identity holds: H;(A+ B) = Hf(A)+ Hy(B). We
will use the notation: AVB := conv(AUB), A - B := {z|z+B C A}.In
[7], by Pinsker, it was shown that for a locally convex topological vector
space X if A, B,C C X(X) then (AVB)+C = (A+C)V(B+C). In [9], we
can find for A, B C X(X). If AUB is convex then A+ B = AVB+ANB.

2 First manner of constructing of equivalent min-
imal pairs not unique up to translation

Theorem 2.1. Let A, A}, P,Q € X(X), z € X and assume that AU P,
AUuQ, AUPUQ, A UP, A 1U(Q+z), AiUPU(Q+x) are convez sets.
Moreover, let ANP = A1NP, (ANQ)+z = AiN(Q+z). Then (A, B) is
equivalent to (A, By) where B = AUPUQ and B; = AJUPU(Q +z).

Proof. The sets AU P, AU Q are convex. Hence, we have

A+P=AUP+ ANP,
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A+Q=AUQ+ANQ.
Analogously for A UP and A; U (Q + z)

A1+ P=A1UP+ A NP,

A+ Q+z)=AU(Q+z)+ A N(Q + ).
From this it follows that

A+P+AUP+ANP=AUP+ANP+ A, + P,

A+Q+AUQ+2)+AN(Q+2)=AUQ+ANQ+ A, +Q +1x.

Now, from the ordered law of cancellation we obtain
A+ (AiUP)=AUP+ A,

A+AU(Q+z)=AUQ+ A,.
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Therefore from the Pinsker rule
A+ (A UP)VIAAU(Q+2z))=A1+AUPUQ.

Hence
A+ B, = A, + B.

Suppose that F,F;,G,G, C X(X) and F,F,,G,G, C f~(0) for
some f € X*. Denote P = FV (F1 + 1), Q = (G + z2) V (G1 + z3),
where z1, 79,23 € X with f(z1) <0 < f(z2) < f(z3).

Gi+z3+y
Q+y
G+zy+y
G1 + z3
Ay
Q
G+ z9
A
F -1
f77(0)
P
F1+.T]

Corollary 2.2. Let A = FV(G+x,), B= PVQ, A = FV(G+y+z,),
B,=PV(Q+vy), y€E X and

f(@2)(Fy +21) = f(21)(G +22) C f(22 — 21)F,
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f(z3 — 22)F + f(22)(G1 + 23) C f(23)(G + z2),
flze +y)(Fr +21) — f(z1)(G+ 22+ y) C flz2+y—z1)F, (2.1)
f(z3 —22)F + f(z2 +y)(G1 + 23+ y) C f(z3 +y) (G + 22 +y). (2.2)
Then (A, B) is equivalent to (A, By).

Corollary 2.2 follows immediately from Theorem 2.1.
Now, we define:

M := {(A, B) € X*(X)| (A, B) is minimal},

M, = {(4, B) € M| (4, B) € M, (4', B') ~ (4,B) = Iz € X,
A'=A+zand B' = B + 1},
Theorem 2.3. Let F,F,,G,G; € X(X), F,F1,G,G, C f~Y(0) for

some f € X*, A=FV(G+x3), B=AV (F, +z)V (G + z3), where
f(z1) <0< f(z2) < f(z3) and

f(z2)(F1 + 1) — f(21)(G + z2) C f(z2 — z1)F,

f(z3 — 22)F + f(22)(G1 + z3) C f(23)(G + z2).

If (F,F1),(G,G1) € My and F -+ G =G = F = 0, then the pair (A, B)
ts minimal.

Proof. Suppose that (A’,B’') < (4,B) for some (4',B') € X2(X).
Hence
A+B' =B+ A

From assumption there exists f € X* such that
HiA =G + z,, HfB = G + z3, H_;A =F, H_;B = F +z;.

Since we have

HfA-f-H_rB’:HfB—}-HfA’

and
H_jA+ H_fB" =H_yB+ H-;A'.

We get
G+$2+HIB;=G1+$3+H_(A’
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and
F+H_.fB" =F +1 +H_IAI.
Hence
(G + x9, G + .7,‘3) ~ (HfA’,HfB’}
and

(F,Fy +21) ~ (H_;A', H_;B').

Since (G,G1) € My, then G+ 22+ 2 C HfA' and Gy + 23+ 2z C H;B'
for some z € X. Therefore, G+ z+ 25 C A . Since F =G = 0 and
A=FV(G+2xz) then G+2z+22 C G+ 29 and z = 0. Hence
G+zoC A

In similar way, taking —f instead of f, we can prove that F c A’
Then A= F V(G +z,) C A’ C A.

Hence A’ = A, and by the ordered law of cancellation B’ = B.

Corollary 2.4. Let us take sets described in Theorem 2.3. If there
ezists y € X, y # 0 such that inclusions (2.1) and (2.2) are satisfied
then Corollary 2.2 implies that (A, B) € Mp;.

The pair (A1, Bz) defined in Corollary 2.2 belongs [4, B]. Replacing y
by ay (o € (0,1)) in definition of (A1, B;) we obtain a pair in [4, B].
In fact, the set of all y satisfying (2.1) and (2.2) is convex. Theorem
2.3 and Corollary 2.2 enable constructing great number of various pairs
belonging to M,;. These pairs do not have to be polytops. In section 5
we present specific examples of pairs (A, B) in Mp;.

3 The “flat” case
It is interesting that [A, B] containes a pair (C, D) with “fat” C i.e.
such that f(C) = {0}. In this section we investigate that case.

Proposition 3.1. Let A, B € X(X) be defined like in Theorem 2.3,
C=F+G,D=CV(F+Gy+z3—122)V(G+ F, + 1),
f(z3) = f(22) < f(x2), —f(z1) < f(z2),

(f(23) = f(22))F + f(22)(G1 +23) C f(23)(G + z2)
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and

—f(21)(G + z2) + f(22)(F1 + 71) C f(z2 — =) F.
Then (C, D) is equivalent to (A, B).
Proof. We know that

A=FV (G + z3),

and
B=FV(F)+z)V(G+z2) V(G + z3).
F+G1+$3—$2
F+G
G+ F+x
We have

A+D=Q2F+G)VQ2F+G1+z3—22)V(F+ G+ F| + )V

V(F+2G+z2)V(F+G+ Gy +23)V(2G + F| + 21 + 22),
B+C = (2F+G)V(F+G+Fi+z1)V(F+2G+z2)V(F+G+G1 +z3).

Denote f(@s) — f(z2)
r3) — o
a=—"-"—"-"""f=1-aq.
e 7
Then
aF + Gy +z3 C (1 + a)(G + z3).
Therefore,

2F+G1+2z3—22C(1+a)(G+z2)+ (1 +B)F — x2
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and
2F + Gy +z3 — 22 C (2a+ B)(G + z2) + (@ + 28)F — z5.
We have
2F + Gy + 23 — 22 C a(F + 2G + z3) + B(2F + G). (3.1)

Analogously

) = Flag) ! Br=1—a.
Then
a1 (G+z2)+ Fi + 2 C F(1+ ay),
hence
2G+Fi+x1+22C (14 51)G+ Brza+ F(1 + o).
So
2G+ F1 + 71+ 22 C (a1 +261)G + Br1z2 + F(2eq + 1),

and

2G+F1+$1+$2Cﬁl(F+2G+fB2)+0’1(2F+G). (3.2)
From (3.1) and (3.2) we have
2F+G1+z3—22 C(F+2G+ ) V (2F + G),

2G+ Fi+z1+ 22 C (F+2G +z2) V(2F + G).

Hence
A+D=B+C.

Let A, B € X(X), then the following result holds:

Theorem 3.2. If (F',G") < (F,G), then (C, D) is equivalent to (C', D'),
where C' = F+G', D' = C'V (F' + Gy + 23 — 23) V (G’ + Fy + 1),
C=F+Gand D=CV(F+G +z3—23)V(G+ F| +z1).

Proof. We have C = F + G,
C+D' = 2F+G+G)V(F+G+F' +G+23—22)V(F+G+G'+ Fy +z,)
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and
D+C' = (F+G+F+G')V(F+F+G'+G1+23—22)V(F+G'+G+F+z,) =

=(2F+G+G)V(F+G+F +Gi1+z3—12)V(F+G' + G+ Fi 4+ 1) =

=C+ D
=
Theorem 3.3. Let (F',G') < (F,G) and (F' + G1,G’ + F}) € M,
then (C', D') from Theorem 3.2 is also minimal pair.
Proof. Suppose that (A’, B') < (C', D'). We have
A'+D' =B+,
and
.H'_f.z‘flj-I-.Hr‘,ar.DJ =H;BF+HIC’,
H_‘fA, +H...fD" = H_fo-{-H_‘fCJ.
Then
A+F +G +z3—z,=H;B +F +G,
AI+G'+F1 + 81 = H_IB'+F+G‘".
Hence
A'+G1+m3—x2 =H;Br+G, (3.3)
A+ Fi+zi=H_;B' +F (3.4)
Therefore

A+Gi+a3—23+H B +F=A+F +z+ HB +G.
From the ordered law of cancellation we obtain
G\+F+H_(B'+z3—2,=G+F, +H;B' + 1.
Hence

(F+ GG+ F1) ~ (HfB' + 2y, H_;B' + z3 — 1,).

391 REVISTA MATEMATICA COMPLUTENSE
(2000) vol. XII1, num. 2, 383-308



J. GRZYBOWSKI, 5. KACZMAREK AND R. URBANSKI GENERAL METHODS OF ...

By assumption (F' + G;,G' + F) € M;.
Hence
F'+Gy+z C HfB + 1,

G'+ Fy+z C H_yB'+ 23 — z, for some z € X.
From (3.3) it follows that
A+Gi+z3—22DF +Gi+z-7,+G.
Therefore,
ADF +G+z—z1+33~23=C"+2— 1) + 29 — 3.

Since C' C A’ then £ — 1 + 29 —z3 = 0 and A’ = C’. From the ordered

law of cancellation, we have B’ = D'.
|

Even if (F' + G1,G' + F) ¢ M; we know that there exists a minimal
pair (C',D') < (C,D) [4]. It means that [A4, B] contains minimal pair
(C', D') with “fat” C".

Proposition 3.4. Let M, N € X(X), (S,T) e My, f € X*, HM =M
and HyN = S, H N =T. Then for every (M',N') ~ (M, N) such that
HeM' = M' and (M', N') is minimal we have M' = M+z, N' = N+z
for some z € X.

Proof. Let M' + N = N'+ M. Then

M'+S8=HiN + M, (3.5)
M’+T=H..;N"+M. (3.6)
S
M
N
T
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Hence

M +S+H (N +M=M +T+HN' + M.
f f
Then
S+ H_yN'= T+ HsN',
and we have
(S,T) ~ (HfN',H_;N').
But (5,T) € M;. Therefore
S+zCHyN', T+zC H_4N' for some z € X.
Now, from (3.5) we have

M+SD>8+M+z.

This implies that M’ D M + z. From M’ + N = N’ + M, we obtain
N +z Cc N'. But (N', M’) is minimal.
Hence NN=N+zand M' = M + z.

Corollary 3.5. Let (C',D') be defined like in Theorem 3.3. For every
(C1,Dy) ~ (C',D') such that HyCy = C) and (Cy, Dy) is minimal there
exists ¢ € X such that Cy = C'+z and Dy = D' + z. Then (C',D’) is
unique up to translation minimal pair in [A, B] that has “flat” C'.

4 Second manner of constructing equivalent min-
imal pairs not unique up to translation

Let A, B be defined like in Theorem 2.1 and C = AUP, D = AU Q.
The pair (C, D) is not equivalent to (A, B), but the pair (C, D) opens
new possibility of construction equivalent minimal pairs not unique up
to translation.

Theorem 4.1. Let A, A1, P,Q be defined like in Theorem 2.1. Then
(C, D) is equivalent to (Cy,D,) where C = AUP, D = AUQ, C; =
ALUP and Dy = A; U (Q + ).

Proof. The sets AU P, AU Q are convex. Hence

A+P=AUP+ ANP,
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A+Q=AUQ+ANQ.
Analogously for A; UP and A, U (Q + z)
Ai+P=AUP+ A NP,
A+ (Q+z)=AU(Q+z)+ A N(Q + ).
From above it follows
A+P+AAUP+AINP=A+P+AUP+AUP+ANP,
A+Q+AUQ@+z)+AN(QR+z2)=A1+Q+z+AUQ+ANQ.
Now from the ordered law of cancellation we obtain
A+ A UP=A+AUP,
A+AUQ+z)=A4+AUQ.
Therefore
A+ AUP+ A+ AUQ=A +AUP+ A+ A U(Q+12),

AJUP+AUQ=AUP+ AU (Q +1).

Hence
Cl +D — C+ Dl.

Corollary 4.2. Let A, Ay, P,Q be defined like in Corollary 2.2. Then
(C, D) is equivalent to (Cy,D;) where C = AVP, D = AV Q, C, =
A1 VP and Dy = A1 V (Q + z).

Theorem 4.3. Let F,F1,G,G, € K(X), F,F;,G,G; C f~(0) for
some f € X*, C = (F1+z1)VFV(G+z3), D= FV(G+z2) V(G +1z3)
where f(z1) < 0 < f(z2) < f(z3) and

f(@2)(F1 + 21) — f(21)(G + 2z2) C (f(z2) - f(z1))F,

f(z3 — 22) F + f(22)(G1 + z3) C f(z3)(G + z2).

If (F,F7),(G,G1) M, and F -G = G =+ F = 0, then the pair (C, D)
s minimal.
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Proof. Suppose that (C',D') < (C,D) for some (C’,D') € X?(X).
Hence

C+D'=D+C.

From assumption there exists f € X* such thatH;C = G + zo, HfD =
Gi+z3, H.;C=F, H_;D = F; + z;. Since we have

H;C + H;D' = H;D + HC'

and

H_JrC+ H__,rD" — H_fD + H__fC".

Then

G+zo+ HfD' =G + 23+ HfC'
and

Fi+z1+H_(D'=F+H_;C'
Hence

(G + z9,Gy1 + .’.C3) ~ (HfC’, HfD")
and

(F, m+ :I:l) ~ (H_ID’, H_J(C’).

Since (G,G1) € My, then G + z2 +x C HyC' and G, + z3 + 2 C HyD'
for some z € X. Because F =G =0 and C = (F; + 1) VF V (G + 1)
then G+zo+2 C HfC' C G+x3and z = 0. Hence H;C' = G + z3 and
from the ordered law of cancellation H;D' = G; + z3. Similarly, taking
—f instead of f, we can prove that H_;C’' = F; +z; and H_;D' = F.
Denote C" = (Fy + z1) V(G + z2) and D" = F V (G} + 7). We know
that C" c C' ¢ C and D" c D' ¢ D. We have

C'"VD"=(Fi+z1))VFV(G+z2) V(G +z3) =CVD
then C'V D' = C V D. Moreover C + D' = D + C'. This implies that
C+C'vD' =(C+C)v(C+D)=(C+C)V(D+C)Y=C"+CVD.

But C'V D" = CV D and from the ordered law of cancellation, we obtain
C=Cand D=1D.
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Theorem 4.4. Let (C,D) be defined like in Theorem 4.3, M = (F, +
G+zi+3)V(F+G+1z2) and N = (G+ F + z3) V (G + F + z3).
Then (M, N) is equivalent to (C, D).

Proof. We have C' = C1UC3 and D = D,UD,, where C; = (Fi+z;)VF,
Co=D,=FV(G+z3) and Dy = (G +z9) V(G + z3).
Pairs (C},C2) and (D;, D,) are convex. Hence

Ci+Cy=C+F

and
Dy + Dy =D+ G + zo.

Then
Ci+Co+D+G+xz9=Dy+Dy+C+F.

Now, from the ordered law of cancellation, we obtain
Ci+D+G+z3=C+F + Ds.

Therefore
D+M=C+N.

The sets M, N are a special type of sets called general frustums. Criteria
of minimality of pairs of frustums, can be found [3].

5 Examples

1). Let G = {(z,9,2)]z =0, —2<z<2 —-1<y<1}, F=

{(z,9,2)|]z2=0, —1<z<1 -2<y<2},G = {(0,0,0)}, i, =

{(U,U,U)}. L = (0,0,—1], Ty = (0,0,2), T3 = (0,0,3), y = (1,1,1)
0

P =FV(F +(0,0,-1)), Q = (G +(0,0,2)) V (Gy + (
FV(G+(0,0,2)), B=PVQ, Ay =FV(G+(1,1,3)), By = PV (Q +
(1,1,1)), Pairs (A, B) and (A;, B;) satisfy Theorem 2.3 i.e., (4, B) ~
(Al,Bl) and (A,B),(Al,B]_) € Mpe.

Take F' = {0} x[~1,1]x{0} and G’ = [—1,1]x {0} x {0}, then (F',G") <
(F.G) and (F'+G1,G"+ F1) € M;. From Theorems 3.2 and 3.3 we have
C'=F+G',D'=C'V(F' +G;+(0,0,1)) v (G' + F; + (0,0, -1)),
(C',D') ~ (A, B) and (A, B),(C'",D') € M.
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2). Let F = {(z,9,2)|z = 0, (z+2)*+3* < 8, (z—2)*+4* < 8},
G = {(z,4,2)]z = 0, 22 + (y +2)? < 8, 22+ (y—2)? < 8}, I =
{0} x [-1,1] x {0}, G; = [-1,1] x {0} x {0}. z; = (0,0,-1), 2o =
(010:2)1 T3 = (03013)1 y= (1:]-;1) P=FV (Fl =t (0:0:_1))= Q -
(G + (0,0,2)) V (G1 + (0,0,3)), A = FV (G + (0,0,2)), B = PV Q,
Ay =FV (G+(1,1,3), By = PV (Q+ (1,1,1)). We have (4, B) ~
(A1, B;) and (A, B),(A1,B1) € My, In this example (F,G) satisfies
Theorem 3.3 namely (F+G,G+F1)eM;. C=F+G,D=CV(F+
G1+(0,0,1))V(G+F1+(0,0,-1)), (A, B) ~ (C, D) and (A, B),(C,D) €
M.
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