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A note on a theorem of Horikawa.

Francesco ZUCCONI

Abstract
In this paper we classify the algebraic surfaces on €
with K% = 4, p, = 3 and canonical map of degree d = 3. By
our result and the previous one of Horikawa {10] we obtain the
complete determination of surfaces with K2 = 4 and pg=3.

Introduction

The aim of this paper is to classify minimal surfaces S on € with K 2= 4
pg = 3 and canonical map of degree d = 3. The existence of such surfaces
is claimed without proof in |10} [Section 2, p. 110}]. In the same paper
Horikawa showed that surfaces with K g- =4 and py = 3 haved = 2,3,4
and he classified the cases d = 2 and d = 4. We have already considered
surfaces with K% — 4, p; = 3 and d = 3 in [14], but in this article we
adopt a different point of view. We will explicitely construct a birational
model X C IP? of § where X is a quintic with only a singular point
which is an elliptic Gorenstein singularity of type Eg (cf. [12] and the
first section below).

Main theorem

Let Ay = {(ig,41,i2) € Zi“o +1i1 +ig = b — s5,3ig + 2iy + iz > 6} and
let A be the sublinear system of the guintics X C IP® with the following
equalion:

3
) X={zePY Y el =0}

s=0JcA,
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where 2! = sz::i‘zgzxg, aj € C aend (zg, z1, T2, T3) is a projective system
of coordinates on P2, Then there exists an open set A' C A such that
the minimal desingularization of a quintic X € A’ is a minimal surface
S with Kg =4, pg = 3 and canonical map of degree three. Reciprocally
any minimal surface S with K % = 4, pg = 3 and canonical mep of degree
three is obtained in this way. Moreover let ¢ : X — — IP? be the rational
map induced by the projection from (0,0,0,1) € IP®, and let v : S — X
be the desingularization map, then Plis| = Pov.

Our theorem implies that the locus of surfaces with pg=3,K%=4and
deg|is| = d = 3 is irreducible, unirational and of dimension 29 (see 2.16).
Moreover, together with [10] [Theorem 2.1 and 2.2, it gives a complete
classification of surfaces with p; = 3 and K2 = 4. We also think that
our point of view of considering the canonical map via a projection from
elliptic points in some nice birational model X of § will shed some new
light on this subject. In fact we hope to apply this technique to irregular
surfaces with d > 3; a subject quite unknown: see section 2 of [3] for an
interesting survey and [11} for some new results.

In section 1 we recall some results on elliptic singularities and we will
prove that the minimal desingularization of a general quintic X € A is
a surface with p, = 3, K§ = 4 and d = 3. In section 2 we will study the
canonical linear system of S and we will explicitely construct a birational
morphism § — X where X € A", I wish to thank the referee for helpufl
comments, which led to an improvement in the arrangement of this

paper.

1 Quintics with a singular point of type Ej

In this section we show that the minimal desingularization S of a general
X € A (see the statement of the main theorem in the introduction)
has py = 3, K% = 4 and d = 3. We begin with a general result on
elliptic singularities. It is well known (cf. [12], p. 288) that if X is a
normal Gorenstein surface and v : § — X is the minimal resolution of an
isolated singularity o € X then there exists an effective divisor Ggon §
supported on v~ (zq) such that ws = v*(wx) @ Os(Gg) and K2 = K%+
G2. Moreover the speciral sequence H P(X,R%,05) = HPY(X Ox)
implies x{Ox) — pg(xo) = x(Os) where py(zo) = r%(X, R',Og). In
the same paper we find that Gy is an elliptic curve with G3 = —1; then
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ve{ws) = Mgwx where My, is the ideal gf zg in X. This singularity
is called simple elliptic singularity of type Es.

Let A be the sublinear system given by the quintics with equation
1).
From now on X will be a general element of A. Suppose that (0,0,0,1) €
X is the unique singular point and also that it is an Es- singular point.
Then x(Os) =4 and K% = 4. We will show that deg(¢|Ks|) =d=3.In
fact, since vi(ws) = Mzywy, we easily see that H(S,Os(Ks)) = v*V
where V C HO(IP?, ©®pa(1)) is the sublinear system of the hyperplanes
containing zo. In particular ¢ is induced by the projection from the
point (0,0,0,1); it is also easy to see that for the general X € A the
general straight line ! containing xg intersects X in other three distinct
points. We are led to the following result:

Lemma 1.1. If Py = (0,0,0,1) € X is the only singular point of a
general X € A and if it is of type Eg then the minimal desmgulamza-
tion v : § — X has the following invariants: pg = 3 and K g =4
Furthermore the canonical map ¢yi | has degree 3.

Proof. By the previous analysis we know that x{(Os) = 4, K g =4 and
d = 3. Thus we only need to show that ¢(S) = 0; but this is the content
of [5][prop.5.1].

It remains to prove that the general X € A satisfies the conditions
of 1.1. The proof falls naturally in two parts which correspond te the
two hypotheses of 1.1.

Lemma 1.2. Let Sing(X) be the singular locus of X. If X is a general
element of A then Sing(X) = {(0,0,0,1)}.

Proof. It is rather obvious that {(0,0,0,1)} € Sing(X). Since other
singularities impose closed conditions on .A we need to show that there
exists an element X € A which satisfies the clalm Consider the quintic
with the following equation:

-9 2 1
F = zaf + 22§ + 212d + jwles — oizf + o523 = 0.

Obviously Sing(X) = {F = 3—, =0,i=0,1,2,3} and an easy compu-
tation shows that (0,0,0,1) is the unique solution. "
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We recall now the following description of the points of type Eg:
Lemma 1.3. The point Py € X is an E‘s-point if and only if near to Py

the normal Gorenstein surface X is biregular to the surface of C(zy 2)
given by the following equalion:

2) 22+ 4+ g(,2) =0
where g is a nonzero linear combination of monomials y2z° with a > 4
and z% witha > 6.
Proof. See (12| [prop. 2.9].

Remark 1.4. Let (0,0,0) = Py € c?m,y,z), Op,.c? =dot O, and 27 +3°+
yzt + 25n(z,y,2) = f € O where h € O and £(0,0,0,) # 0. It is easy
to check that P is a point of type Eg for the germ given by f.

We can now prove the final lemma of this section:
Lemma 1.5. Let X _be a general element of A. Then the point Py =
(0,0,0,1) € X is an Eg singularity .

The problem is local. We set Op g3 = O. Let X = {F = 0} as in the
statement of the main theorem. We consider affine coordinates z = ';'S?
y = i—;-, z = 2, and we put fo(z,y,2) = F(=,y,2,1). The basic idea
of the proof is to take successive "reduction” of fg € O to obtain the
FEOof 14

We wish to arrange the monomials of fy according to the occurrence
of zy%, 22, y3, y2* in it. First we group all monomials which are divisible
by zy®, then, among the remaining ones, those divisible by z?, and so
on by 3%, ¥%22, xyz and finally by zz3. In other words we can write:

folz, ¥, 2) = moxy® + poz? + qoy® + roy?2? + sozyz + toz 2 + uoyz?

where up, to, s0, 70, 90, Po, mo € Clz,y, 2] and they do not vanish at
(0,0, 0). We consider &; : O— 0 given by x; = :c+2poy +2p0yz+ 2%,
y1 = y and z; = z. We denote ll(ml,m 2) =& Lio(a, LZ) for every
o € Cl[z, y, 2]). If“’eput 1= T1—4—3,L1—%-1z1, Q= 61'1—4jpl - %ote,
Uy = uy - 31—1 i = 4p , then we obtain:

& o= f1 = pirl + Givd + Fvded + el + 625
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We apply this argument again. We consider the automorphism: £g :

O~ 0 given by: zo = z1, y2 = y1 + 3"—%7.1, 29 = z1. We define
12(2:2,!,2122) = 62 ll(xlaylrzl) fOI' every ll e C[[Ilsylazln We set
pP= E2 Pltq—§2 QI’U—uQ—%st—tQ'i'z_L! ﬁtheﬂ

£o fl fa= P«Tz + qyg + uy2z2 + tz2

We recall that we are working on an open set of A where we can take
a fou.rth root of u; then through &3 : O O, z3= p2:1:2, ys = qayg,
z3 = q"fuﬂzg we obtain:

&5 o= f =23+ 93 +yszh + alzs, v3,23) 23
where a € @ and (0, 0,0} # 0 which, by 1.4, is the desired conclusion.

2 Minimal surfaces with K2 = 4, p, = 3 and
= 3 as minimal models of quintics with a
unique singular point

From now on § will be a minimal surface with p; = 3, K?=4andd=3.

Moreover by [5]lprop. 5.1} we have that ¢(S) = 0. In this section we will
prove that there exists a birational morphism ¢\ gs4qy : S = X C P3
which contracts (g where Gy is an elliptic curve with G§ = —1 and X
is a quintic in .A. We start with a lemma on the canonical map ¢k of
S.

Lemma 2.1. The canonical linear system | Kg | is without fired part
and it has a unique base point P.

Proof. Let | Kg |= Z+ | M | where Z and M are respectively the
fixed part and the mobile part of | K5 | Let o : § — S be a minimal
resolution of the base points of d\Kks| = M| and let L be the mobile
part of | o*M |. We first show that Z = 0. In fact since d = 3 and
pg =3 then M2 > L? = 3. Since S is of general type then KsZ > 0 and
since M is mobile then M Z > 0. By

4=Ki=M*+ (M +Kg)Z>3+(M+Ks)Z >3



282 Francesco Zucconi

we have (M + Kg)Z < 1. We need to consider: (M + Kg)Z = 1 or
(M +Kg)Z=0.

If (M +Ks)Z =1then KgZ =1and MZ = 0 or KsZ = 0 and
MZ=1 If{KsZ =1and MZ =0 then Z2=1and it is impossible,
since ZZK? < (ZK)? by the Hodge index theorem. If KgZ = 0 and
M Z =1 then K is not a 2-connected divisor contrary to (2] [lemma 1J.

(M +Ksg)Z = 0then MZ =0 and KsZ = 0 and by [2] [lemma 1]
we have Z = 0. Since Z = 0 then Kg = M. In particular M2 = 4 and
the argument of [8][p. 45-46] yields the claim.

We have shown in 2.1 that | K'g | has a simple base point P. Let
o : § — 3 be the blowing up of P, E = o~ (P} and L the mobile part
of | 0*Ks |. In particular 0*Kg = L+ F and since Kz =| 0*Ks | +E we
have | Kg |=| L | +2E. Moreover | L | defines a morphism ¢y : § — P2
such that ¢ = ¢, 0. In the next lemma (see also [14]) we will find
onSa pencil | F | of non-hyperelliptic curves of genus 3 and an effectlve
divisor G such that K s = G + F where G = ¢,G and F = o,F. The
task will be to understand the structure of G (see 2.15).

Lemma 2.2, There ezists a point x of P2 such that the divisors L, of
the sublinear system A C| L | induced by the lines containing = have the
following form:
L:=CG+F,

where G is the fized part of A, ¢|L,(é) = z and | F | i3 a pencil of
curves of genus 3 with a simple base point Q. Furthermore Q ¢ E and
the followmy numerical identities hold:

() LG=0,LF=3,FG=2,F%=1 and 6% = -2.

(@Y GE=1,FE=0.

Proof. We first show that:
Remark 2.3. LE =1 and ¢|1(E} is a line in P2,

Proof. Since ¢*(Kg)E = 0, 0*Ks = L + E and E? = —1 we obtain
0={(L+ E)E=LE+(~1), that is LE = 1. On the other hand since
| L'| is base point free if ¢,;)(E) is a point then LE = 0. Moreover
bLyp B — #,)(E) has degree 1. In particular ¢\)(E) is a line,
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We will apply the following claim to the special point z € P? whose
existence is asserted in 2.2.
Claim. Let y be a point of P2. Let A be the sublinear system induced
on S by the lines containing y and let F, G be respectwely the mobile
part and the fixed part. If G + 0 then LG = 0 and LF = 3. In particular
EKG.

Proof of the claim

We recall that on S there is not an infinite family of rational curves since
S is of general type. In particular since ¢z, (F) is a line then LF > 2 and
the general element of the pencil | F | is irreducible. On the other hand
3=L%= LF + LG thus 2 < LF < 3, since LD 2> 0 for every effective
divisor D on S. We can exclude the case LF = 2. In fact by the theorem
of Bertini the general L is irreducible thus if LF =2then LG = 1. Let 2
be a general point of P2, Since deg(#r) = 3 then ¢|Ll(z) = {21, z2, 23}
where z; # z; if i # j. Let iy, be the line containing y and z. Obviously
there exists F, €| F | such that ¢ Lkly , = G+ F, and )1 induces

a double cover F, — I,,. Since ¢'IL! vz = supp(G + F) there exist

i € {1,2,3} such that z; € G: a contradiction since z is a general point
of P2, Hence LF = 3 and LG = 0. Moreover since LE = 1 then E K G
and this proves our claim.

We turn to the proof of 2.2. Assume for a while that we can prove
the existence of an irreducible reduced effective divisor C of S such that
¢i1(C) = z is a point and CE > 0. In this case the lemma is a conse-
quence ¢ of Hodge index theorem and some easy numerical conditions. In
fact if A is the sublinear system of | L | induced by the lines containing
z then by our assumption the fixed part G of A is a non-zero effective
divisor and € < G. Hence by the claim LG = 0 and LF = 3 where F
is the mobile part of A. Furthermore since £ K G and EC > 0 then
EG > 0. On the other hand since the genera! clement of | F | is irre-
ducible then FE > 0. By 2.3 we have 1 = LE = GCE+FE>FE>0
then EG = 1 and EF = 0. We recall that Kg=L+2E. By the genus
formula 2pa(F) — 2= F2 + KgF = F2 4+ LF = F2 43, then F? is odd.
We collect all these results in the following system:

G2LFG=LG=0
GF+F2=LF=3
FG>0,F?=2k+1 EG=1, EF=0.
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If ¥G = 0 then F2 = 3, G = 0 and by Hodge index theorem & is
numerically equivalent to 0: a contradiction since EG = 1. If I::‘é >1
thus 1 < F2 < 2. Hence k = 0 and it is easy to see that F2= 1, GF = 2
and G? = -2, _ln_p_aztmlar_LLI_:s_a_;mnc.d_aLmes_af_ganus 3 with
a simple base point Q. Since the general element of |. F | is irreducible
then it is also smooth and by the genus formula, F is of genus 3. Finally
F is non-hyperelliptic. In fact Kz = (Kz+ F)p and | Kz | cuts on F a

g3 which is a sublinear system of the canonical system | K}

To complete the proof of 2.2 it remains to show that there exists
an irreducible reduced effective divisor C of § such that ¢(C) =z is
a point and CE > 0. We will use some cohomological results that we
collect in the following remark.

Remark 2.4. i) A%(S.03(2L)) = 6 and h1(5, 05(2L)) = 1.
ii) RO (s Oz(2L + E)) = 7 and h'(S, Oz(2L + E)) = 0.
iii) BY(S, 0z(3L)) = 10.

Proof of the remark

i). Notice that h%(S, 05(2L)) > hO(IP2, O p2(2)) = 6.

We now prove that h°(§,O§(2L)) < 6. By [[10] p.109] the general L is
a non-hyperelliptic curve of genus 5. From 2.3 the general L intersects
E in one point: Py = LNE.

By adjunction wp=(2L+2E)=2L+2P; and therefore
RO(L, Op(w,—2Py) = 3. Our assertion follows now by the 0-cohomology
of the sequence 0 — Og(L) — O4(2L) — Op(wr — 2PL) — 0. Finally
by Serre duality (S, Oz(2L)) = 0 since (K5 —2L)L = —1. Then by
Riemann-Roch theorem it follows that (S, 05(2L)) = L

ii). By Ramanujam vanishing theorem A!($, O5(2Ks)) = 0 and by
Riemann-Roch formula we have hO(S, Os(2Kg)) = 8. Since 0"2K g =
2L+2F then h%(S, Oz(2L + E)) = 7 if and only if the bicanonical system
| 2K 5 | is base point free and this is a known result [4][Theor. 4.1]. It is
now easy to see that a1(S, Oz(2L+E))=0.

iii) From 2.3 we know that ¢ (E) is a line, then there exists an
effective divisor Cg such that (¢|1))*(¢|(E)) = E+Co= Lo €| L |. We
need to study Cp. Since | = LE = (E4+Cg)E = —~1+CpE then CoF = 2
and from 3 = L? = (E+ Co)L = 1 + CoL = 1+ CoE + C3 = 3 + 2
we obtain C§ = 0. Since | K5 | is 2-connected then (Y is a l-connected
effective divisor. Moreover by the genus formula p.{Cp) = 4.
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We notice now that 3Lg, = (L +2E + 2Co)|c, = wep + Coyc,, Where
we, is the dualizing sheaf of Cp. Consider the two sequences:

0— Oz(2L) — 0z(3L) = OL(3L} — 0

and
0 — Oz(2L + E) — O5(3L) — wgy + Cog, — 0-

By the proof of i) we know that g(L) = 5 then 2°(L,OL(3L)) = 5.
Hence by i) and the cohomology of the first sequence we obtain 10 <
hO(S‘ 0z(3L)) < 11 Now we argue by contradiction. Suppose that
rO(S, 0z3L)) = Then by ii) and the second sequence we ob-
tain R%(Co, (Oco(wco + Co)) = 4. Then by Riemann-Roch theorem
it follows h1(Co,{Ogy(we, + Co)) = 1. By Serre duality we obtain
rY(Co, (Oc,(we, + Co)) = rO(Co, (O¢,(—Ca)) = 1. It is also easy to see
that deg(Oc, (—Cq)) = 0 for each component C; < Cp. Hence by [1] 12.2
we have Co,, = Ogo. On the other hand a(8) = 0, B%(Co, Og,) = 1 then
by the 0-cohomology of the sequence 0 — Oz — Oz(Co) — Oc¢,(Co) —

0 it would be r%(5,05(Co)) =2: a contradmtmn This proves 2.4.

We continue discussing 2.2 and we mantain the notations introduced
in the proof of 2.4 iii). We argue by contradiction. Let us suppose that
there exists no irreducible reduced effective divisor C of S such that
¢£)(C) = z is a point and CE > 0.

Since ECy = 2, we can take a point z € E N H. Then we take
an irreducible reduced component H of Cp containing z, which, from
our assumption, verifies ¢z (E) = ¢y )(H). We set H = Co\ H. Let
A be the sublinear system induced on S by the lines in /P? contain-
mg #|1)(2) = Z. We consider ¢ € HY(S,04(E)), h € HY(S,05(H)),
R € HO(S, OS(H }); then ht' = ¢ where div(cg) = Co. Let {(zg,z1,z2)
be a basis of HO(IP?, Op2(1)), where = {zo = z1 = 0} and ¢\ |(E} =
{zo = 0}, We set X; = ¢TLI($E',) = z; o |1, then (Xq, X)) is a ba
sis of A, Xo(z) = X1(z) = 0 and Xo = ¢hh'. By 2.4 i) we have
HO(.§',O§(2L)) = ¢TL|H0(IP2, Op2(2))). By 2.4 ii) and by the inclu-

sion HY(S, 0z(2L)) ¢ HO(S, Oz(2L + E)) there exists ¢ such that
HYS,04(2L + E)) = ((H%5,05(2L))) @ ¢C. We consider now
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the inclusion HO(S,05(2L + E)) 2 HO(S,043L)). By 2.4

i) it follews H(S,05(3L)) = ¢i H'(P? 0p2(3))). In particu-
lar ()i't‘;){’"f)fféc | i+ j+k = 3) is a basis of H(8,04(3L)) and since
rh'y € HY(S, Oz(3L)) there is a linear combination with coefficients in
C
a) hh'y = Y o XiX1X§

where i + j + k = 3. We recall that Xo = ¢hh'. Obviously & does not
divide neither X; nor X5. Moreover by definition X1(z) = h(z) = 0 and
Xa(z) # 0. We evaluate a) in z and we see that @003 X3(z) = O that is
agp3 = 0. Then h | 3~ agj X {_IX r_’,‘ where 7 + % = 3. Evaluating again in
z we obtain agyg = 0 and h | ag30X1 +ag21 X2. We repeat once more the
argument and it yelds aog1 = apso = 0. This implies that Xo | hi'y; but
Xo = Chh' then ¢ | % or, in other words, ¥ comes from HO(S Oz(2L))
which is the desired contradiction. This prov&s 2.2.

We turn to our surface S and we recall that G = 0,G and F = o, F.
We will see that | F | is a pencil of curves of genus 3 with a simple
base point P’ # P, G is reducible and it has a component Gg contained
in a fibre Fy €| F | such that P, P'supp(Go) and pa(Go) = 1, these
conditions will imply the theorem. We need some lemmas.

Lemma 2.5. We use the notation of 2.2. We denote G = 0,(G),
F=04(F). Then Ks=G + F and

(5) F2=1, G*= -1, FG = 2, and P € supp(G);

(i) | F | is a genus-3 pencil with a simple base poini P = o(Q).
Moreover P’ # P;

(777) G is a l1-connected effective divisor with KsG =1 and Pa(G) = 1.

Proof. (j). From 2.2 ii) we see that o*(F) == F and 0*(G) = G + E.
Then by 2.2 i) we have F2 = F2 =1, G? = (a*(G')) (G-i-E')2 G2+
2GE+E?=-242-1=-1,FG=F(G+E)=FG+FE=240=2.
By 2.24) GE =1 and since E= o 1(P) we see that P € supp(G).

(7). From 2.2 we know that | F | is a pencil of non-hyperelhptlc
curves of genus 3 with a simple base point Q@ ¢ E. Then P’ = o(Q) #

= o(E).

(j3j)- Let G = Gg+ G be a decomposition of & into two effective

non-zero divisor such that GoGy = 0 and FGy =2 — i, FG) = i where
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0<i<] Weset Ag=F + Ggand A; = Gj. Thus Kg = Apg+ A; and
ApA1 = 1; a contradiction since Kg is 2-connected. Moreover KgG =
FG+G?=2-1=1 and by the genus formula we have p,(G) = 1.

Corollary 2.6. (a) h%(S,Os(F)) = 2, R!(S,0s(F)) = 0 and
r(S,05(F)) =1
(b) RO(S, Os(2F)) = 3 and h(S, O5(2F)) = R2(S,05(2F)) = 0

Proof. @). From 2.5 we have Kg = F + G and by Serre duality
h2(S,0s(F)) = h%(S,05(G)) = 1. It is now easy to see that a) fol-
lows from 2.5 jj) and Riemann-Roch theorem.

b). We recall that the general element F of | F | is a non-hyperelliptic
curve of genus 3 and Fjp = P'. In particular h®(F, Op(2P")) = 1 for the
general F. It is easy to see that h%(S, ©s(2F)) > 3. On the other hand
by a) and the cohomology of 0 — Og(F) — Og(2F) — Op(2P') — 0
we obtain 2(S, Og(2F)) < 3. Thus r%(S, O5(2F)) = 3.

Corollary 2.7. i) HYS,0s5(G)) =0, i) HYS,08(F ~G)) =0,
HYS,05(F — G)) = 0 and #ii) H(S, 05(26)) = 0.

Proof. i}). By Serre duality and 2.6 (a) it follows i) while iii) is a
consequence of Serre duality and the second equality of ii).

ii). By contradiction. If H%(S,Og(F — G)) > 0 then there exists
Fo €| F | such that G < Fy. We set D = Fy — G. Then by 2.5 j) we
have 1= F?=F(GC+ D) > FG =2.

We will use the next lemma to show that P’ € supp(G). This will
play a central role to show that S is birational to a quintic X C P3.

Lemma 2.8. With the notation of 2.5, h%(S,Og(Ks + G)) = 4 and
R} (S, 0s(Ks+ G)) =0 '

Proof. We consider the cohomology of the adjunction sequence for G:
0 — Os(Ks) = Os(Ks+C) — wg — 0. By 2.5 jjj) h%G,we) = 1 and
since pg(S) = 3, ¢(S) == 0 then h%(S, O5(Ks+ G))=3+1=4 =
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A non intuitive fact is that P’ € supp(G). This result will give us the
structure of the divisor G which will indicate how to prove the theorem.
We need some preliminaries. Let  : §° — § be the blowing up in the
point P'. Since P’ is the simple base point of | F | then v*(F}) = F' + E’
where E' = v~ }(P") and | F' | is a pencil without base point. In
particular | F' | induces a relatively minimal fibration 7 : §' — P! with
fiber F'. We recall that the dualizing sheaf wgp1 = wg ® (Frwp)!
of f is the line bundle with associated divisor K g + 2F "

Lemma 2.9. k%(S, Os(K g + 2F)) = 10.

Proof. Obviously | Ks + 2F | does not have a fixed part. We need
to show that P’ is not a base point of | Kg + 2F |. It is sufficient to
prove that P’ is not a base point of | Kg+ F {. If P' were a base point
of | Ks + F |, since P' is a base point of | F | and ¢(S) = 0, it would
also be a base point of | Kg + F |jp=| K | for a general F, which is
a contradiction. Then P’ is not a base point of neither | Kg + F' | nor
| K5 +2F |. We notice now that 7*(K g+ 2F) = *(Kg) + 2F +2E =
Kg + 2F + E'. Then by the cohomology of

0 Og(Kg +2F) = Og(Ky +2F +E) = Op — 0

we see that R0(S', Ogr (K g + 2F + E')) = 1 + 8(S", 0o (K o + 2F")).
Thus we need to show only that h%(S",wg p1) = 9. The proof of this
fact is a standard application of the relative duality and of the Leray
spectral sequence for the morphism f : §' — Pl

By [6][Prop.2.7] we know that fawgpr is @ locally free sheaf of

rank 3 and by [6]{Prop.1.2] every invertible sheaf £ which is a homo-
morphic image of fawg pr is of degree > 0. It is well known that

every locally free sheaf on /P! is decomposable. From these facts we
see that fiwg pr = Opia:) ® Opi(az) ® Opi(az) where 0 < a3 <
ag < e3. Then A(P!, fawgp1) = 0 and by the Leray spectral se-
quence hl(S',wSrtPI) = hO(PI,le*wgllpl). From the relative du-
ality it follows immediately AO(P?, R! fuwgp) = RO(IPY, £,0y) =
WP, 0p1) = 1. Thus &S, wgp) = 1. From Serre du-
ality hQ(S',walpl) = ho(._S",OSf (—=2F")) = 0 then by Riemann-Roch
theorem we obtain hU(S',walpl) =9 [
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Corollary 2.10. h°%(S,0s(3F + G)) = 10
Proof. Obvious since Kg+ 2F = 3F + G.

Now we will compare the canonical linear system Kpg of a general
F and the induced linear system (Ks + G)r. Then we will show that

P’ ¢ supp(G). We prove first that | 3F £ 3| F |.
Remark 2.11. £%(3, ©5(3F)) = 5.

Proof. We will use the following Claim: h%(G,Oc(3F +G)) = 5. In
fact by 2.5 jjji) we see that G is 1-connected and degwg = 0. Moreover
by 2.5 j) degOg(3F + G) = 5 and degOg(—2F + G) < 0. By Serre
duality we have h1(G, Og(3F + G)) = %G, Oc(Ks+ G - (3F + G)) =
h%(G, Oc(—2F + @)) = 0. Hence by Riemann-Roch theorem for curves
r%G, Oc(3F + G)) = 5 and this proves the Claim.

We show now that h°(S,@g(3F)) = 5 Since F has genus 3 then
1 < hO(F,0p(3P")) < 2. Now the cohomology of 0 — Og(2F) —
Os(3F) — Op(3P') — 0 and 2.6 b) show that (S, Og(3F)) < 5.
On the other hand the cohomology of 0 — Og(3F) — Os(3F + G) —
O¢(3F + G) — 0, 2.10 and the claim imply h9(S, O5(3F)) > 5.

It is useful to remark this easy consequence of 2.11.

Corollary 2.12. Let F be a general element of | F | then there exists a
point Pp € F such that Pr+ 3P = Kp.

Proof. By 2.11 and the first exact sequence in the proof of 2.11 we
see that hO(F,Op(3P')) = 2 then we have R!(F,Op(3P") =
R F,Op(Kp — 3P")) = 1. In other words there exists Pp € F which
satisfies the statement.

Now we can prove
Lemma 2.13. P’ € supp(G)

Proof. Let F be a general element of | F | and we set (Ks+G)p = Dp.
Since Kg+ G = F + 2C then Dp = P’ + 2G|p. On the other hand



290 Francesco Zucconi

(Ks+ F)p= G|p+2P = K. We now consider F as a smooth quartic
in P2, Then | Kp | is the linear system induced on F by the lines of
P2, By 2.12 we have 3P < Kp, then the tangent ! at P’ of F has
contact order 3 in P’ that is p= 3P' + Pp. Since Kp = (2F + Q)=

2P TG == 3P’ + Pp then P’ < G\r; in particular P' € supp(G).
|

We remark the following easy consequence of 2.12 and 2.13:

Remark 2.14. Let F be a general element of | F | and Pp as in 2.12.
Then Pr + P = Gip.

We now make clear the structure of the elliptic cycle G. For the reader’s
benefit we include in the next proposition some results which we have
just proved. In this way we can collect all the results we will use to show
our theorem.

Proposition 2.15. (The structure of G). Let S be a minimal surface
over € with K g =4, p; = 3 and d = 3. Then the canonical system is
without fized part, it has only a simple base point P and there ezists o
2-dimensional sublinear system A such that the divisors K of A have the
Jollowing form:

K=G+F

where G and F are respectively the fired part and the mobile part of A.
The linear system | F | is a pencil of non-hyperelliptic curves of genus
3 with ¢ simple base point P' # P. The divisor G is a l-connected
reducible divisor and

G =Go+ Gy

where pa(Go) = 1, P, P' € supp(Co), there exists an Fo €| F | such
that Gg < Fy and G1 18 a chein of —2-rational curves. The following
numerical identities hold: G = —1,G% = -2, GoG; = 1, FGy =
FGy = 1. Moreover the map d\xg1Gol + S — P? induces a birational
morphism on the image |k 1G,(S) = X and X is a quintic.

Proof. We have shown the first part of the proposition in 2.1 and in
2.5. It remains to study G. In our discussion we will distinguish two
cases: (i) G is irreducible and (ii) G is reducible. We want to exclude
the case (i). If G is irreducible then, by 2.5 jjj) it is also reduced. From
2.7 i1} we see that G is not contained in any element F' €] F | and by 2.5
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7) we know that P € G. We consider the sequence: 0 — Og(F — G) —
Og(F) — Og(F) — 0. By 2.7 ii we obtain that the restriction map
HY(S,05(F)) = HY(@, Og(F)) is an isomorphism. Then by 2.6 (a) and
by 2.13 the pencil | F | cuts on G a complete linear system of degree two
with one base point P'. We show now that P’ is a smooth point of G.
Otherwise let 7 : X — S be the blowing up of P, D = «*(F) — E and
C = 7*(G)—2E where E = n~}(P'). We remark that since FG = 2 then
P' has multiplicity 2 on G. Since DC = 0 then there exists Do €| D |
such that ¢ < D. In particular m, Do = Fp is an element of | F | such
that G < Fo. But 1 = F2 = FFy = F(G+(F-G)) > FG =2: a
contradiction. The same argument shows that Fig = Pr + P " where
Pp # P’ for the generic F. By | Pp | we can construct a birational
morphism ¢ — P!. Then 2.5 jjj) shows that G is a rational curve
with a singular point Q of multiplicity 2. In particular Q # P’ and then
Q # P for every F €] F |; but this is impossible.
ii). G is reducible
We first show the following

Claim. | Kg+ G | has a fixed part.

By contradiction we suppose that | Kg + G | is without a fixed compo-
nent. From this assumption it follows that it is also without base points.
In fact by 2.5 j), jjj) we see that (Kg + G)G = 0. On the other hand
by 2.8 RO(S,0s(K s + G)) = 4 and since p,(S) = 3 then there exists
H €| Ks+ G | such that H N supp(G) = 0. Then | Kg + G | is without
base points.

Consider now 0 — 0g(2G) — Os(Ks+ G) — Op(Ks+G) — 0.
By 2.7 iii) we see that H9(S,05(Ks + G)) —» HY(F,Or(Ks + G)) is
surjective. On the other hand by 2.13 and 2.14 we have Kr < (K5+G)F.
We recall that | Kr | is a g3, while | Ks+G)F | is a g2. Then Os(Kg+G)
induces a complete linear system on F with a base point. This is true
for the general F, hence | K5 + G | has a fixed part. This proves the
claim.

Let G, be the fixed component. Since | K5 | has only a base point
then G; < @. We can split G = Gy + (G — G,) and we denote Gg =
G — G1. We show now that | Kg+ Gg | is without base points. It is
obvious that FGyp > 0 and 0 < KgGg < 1. Moreover since G is 1-
connected ther G1Gg > 1. Thus by 0 £ KgGo = FG0+G§+GlGo <1
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we obtain G3 < 0. In fact if G§ = 0 then G;Gg=1and KsGo= 1. In
particular Gy remains 1-connected but by adjunction we obtain GZ # 0.

By definition | Kg + Go | does not have any fixed component then
KsGo > —G% > 0. Tt is now easy to prove that KsGo = 1, G = —1,
KsG; = 0 and (Ks + Go)Gg = 0. In particular by 2.5 j) it follows
that P € supp(Go) since KgG) = 0. Moreover KgG1 = 0 implies that
supp(G1) is an union of —2-rational curves.

The same argument used in the proof of the last claim shows that
there exists H €| K §+Gy | such that HNsupp(Gp) = 0. Then | Ks+Gy |
does not have any base point. In fact if P; is a base point then P, ¢ H
and P; ¢ supp(Go). Then P; € supp(Kg) for each K5 €| Kg |; that
is P, = P, thus P; € supp(Gyp); a contradiction. We have shown that
P|Ks+Co| is 8 morphism. We set n = degdjk 16, and X = Sk s100/(S)-
Notice that since (Kg + G¢)? = 5 we have 5 = ndeg(X) then n = 5
and deg(X) = 1 or n = 1 and deg(X) = 5. The first case is clearly
impossible since ¢ Ks+Gol is induced by a complete linear system of
dimension 4. Thus X is a quintic in /P? birational to S. We give now
the desired decomposition of G. Since G = —1 and Kg = F +Go+ Gy,
by KgGy= 1 and KgG; = 0 we obtain:

FGo+G1Gog=2
FGy 4+ GGGy +G% =0,

By the first equation we obtain 0 < FGp < 1. We exclude the
case FGo = 0. In fact if FGy = 0 then (Ks + Go}jp = Kgp. In
particular ¢k 4q,|(F) is a line and the image X = ¢k 4G, (S) has a
one parameter family of rational curves. A contradiction since § is of
general type and X is birational to S.

If FGg=1then FGi = 1since FG = 2 and G = G1+ Gp. Moreover
by the first equation we have G1Gp = 1 and by the second equation
G? = —2. We have shown above that P € Go. We prove now that
P € Gy Let F be a general element of | F |. Since FGg = 1 it
is sufficient to show that (Gy)r = P By contradiction we suppose
that (Go)rp = QF # P'. Thus (Ks+ Go)r = (Ks)r + @F and since
(Ks+ F)p = (Ks)r + P’ then rO(F, Op(Ks + Go)) = 2 otherwise
1 = hY(F,Op(Ks + Gq)) = 2O(F,Op(P' — QF)) that is QF = P. On
the other hand by 2.8 and by the (~-cohomology of
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0 — O5(G + Gg) — Os(Ks+ Go) = Op(Ks+ Go) = 0

it follows that h%(S, ©@s(G + Go)) = 2: a contradiction. Incidentally we
have proved that (Gg)p = P’ and this implies (Kg+ Go)r = Kp. To
finish the proof of the proposition we will show that h%(S, Os(F—Go)) =
1. By Serre duality this is equivalent to prove that h%(S, 0s(G +Go)) =
1. This will follow by the cohomology of the above exact sequence. In
fact by 2.8 h1(S, Og(K s+ Go)) = 0 and 2%(S, Os(K s+ Go)) = 0. Then
HY(F,O0p(Kgs + Go)) — H%(S, Og(G + Go)) is surjective. On the other
hand (Kg + Go)r = K. In particular WY F,Op(Ks+ Go)) =1

Proof of the main theorem

We need to show only that the quintic X obtained in the proof of
2.15 belongs to A. Let B ¢ HO(S,0s(5(Ks + Go))) be the sublin-
ear system given by the sections which vanish on Gg with order six,
that is B ~ HY(S,0s(5Ks — Gg)). Since Kg = Go+ G1 + F then
5K g—Go = 4K g+ F+G). We want to compute the dimension of B. The
cohomology of 0 — Og{4Ks+F) — Os(4Ks+F+G1) — Og,(—1) — 0
yields R%(S, Og(5Kgs ~ Gop)) = h9(S,0s(4K s + F)). The Ramanujam
vanishing theorem gives (S, Og(4Ks)) = 0. Thus the cohomology of
0 — Og(4Ks) — Os(4Kg+ F) — Op(4Ks + F) — 0 and the the
orem of Riemann-Roch imply that 2%(S,Os(4K s + F)) = 39; that is
dimgB = 39. We study now ¢jxsico- By the proof of 2.15 we see
that there exist g; € HO(S, O5(G;)) with i = 0,1 such that gog1 = g €
HY(S,05(G)) and a basis {tg, 1) of HY(S, Os(F)) such that go | to.
Thus by 2.5 we have the following basis of HY(S, Os(Ks)): (tog, t1g, 22)
where div(zz) is irreducible reduced and P’ ¢ div(z2). In the proof of
9.15 we have constructed an effective divisor H = Kg + Gg such that
supp(H )Nsupp(Go) = 0. Thus by the inclusion ®go : HY(S,05(Ks)) —
-H,O(S, Os(Ks + Go)) we see that there exists v € HO(S,05(Ks + Gg))
such that go does not divide v and (toggo, t1990. 2290, v) is a basis. We
set ¢ixo+Go = ¥ We can chose a system (g, z1,z2,z3) of coordinates
on IP® such that ¥*zo = togog, ¥*z1 = t1g0g, ¥*z2 = gozg and ™ x3 = v.
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Let a, the cardinality of A,. It is obvious that a3 + ag + a; + ag =
146+ 13 +20 = 40. On the other hand if z/ € HO(IP?, Ops(5))
as in the statement of the theorem then ordg,(div(y*z')) > 6 since
ordg, (div(v*z;)) = 3 —i, i = 0,1,2,3. The forty sections ¥*z! are in B
for I € A;, s =10,1,2,3. Then there exists a non trivial relation on S:
Z§=0 Yore A, ary*z! = 0. It is now obvious that this relation gives the
equation of X and then X € A. This proves the main theorem.

We conclude our paper with the following easy consequence of the
theorem:

Corollary 2.16. Let X:?A be the locus of surfaces with K% =4,p;=3
and cenonical map of degree three. Then X§4 i3 irreducible, unirational
and it has dimension 29.

Proof. By the main theorem there exists an open set A  in the linear
system A and a rational dominant map = : A — X IS € X3y
then it is easy to see that 7~1(S) is the orbit by the action on A’ of the
subgroup G of IPGL(5, C) given by the transformations of the following
form: xg = aozxo, z1 — ai1x0 + b121, T2 = agxp + bexy + cozz and
z3 = a3zg + bax1 + csrg + dax3, where a4, bj, cx,d3 € €, i = 0,1,2,3,
=123, k=2,3. Since dim(G) = 9 and the projective dimension of
A is 38 then dimX3, = 29.
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