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Qn certain compact topological spaces.

M. VALDIVIA

Ahstract

A compact topological apace K is in the clasa A if it la horneo-
morphic to a subapace H of [0,1]’, for sorne set of indoxes 1, such
that, it’ L ja the subset of H consisting of al! {x~ : i E f} with

= O except for a countable number of i’a, then L la denso in
fi. In this paper we show that the chasa A of compact spaces is
not atable under continuoua mapa. This solves a probhem posed
by Deville, Godefro>’ and Zizíer.

If K is a compact space, 0(K) denotes tite Banach spaco of all
real continuoua functiona dofinod on K with tite supremum norm. We
denote by wo tite first infinite ordinal and w~ will be tite first uncountable
ordinal. We shall deal with tite interval [0,ca1], endowed witit tite order
topolog>’, which is a compact. space. It’ 1 is a non-void set, b>’ Z(I) wo
mean the aubset of [0,11’ formed by titose elementa {xi : i E I} witit

= O excopt for a countabhe number of i’s. A compact spaco K is of
tite chass A if it is homeomorpitic to a subspace fi of [0,1]I, for some
set 1, sucit titat It fl S(I) is denso in It. Witen It itself ja contained in
E(1), titen K is said to be a. Corson compact. Tite apaces [O,wí] and
[0,1]’, for an uncountablo set 1, are chearí>’ compact spacos of tite cinas
.4 wbicit are not Corson. Ever>’ Corson compact apace K is angelic, i.
e., since K is compact, titis equals saying titat: For ever>’ A cE K and x
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in tite closure of A, then titere la a sequence lxi A coxiverging to x. Pro-
jectional resolutiona of the identity operator are constructed for 0(K)
and sorne of ita subapaces, wlien K belong to tite clasa A, it [2]axid [3].

In [1], tite membera of tite clasa A are called Valdivia compacta and
the following quostion la nsked (Problem VII.2): la tite clasa of Val-
divia campact seta atable under cotttinnous mapa? We sitall give now a
negative anawer to this question.

Theorem. Titen exista a campad apaco K satisfyimy tite follawing con-
¿litioma:

1. K la a comtinuaus miago of[O,wi].

2. K daea mot belomg ta tite clasa A.

8. 0(K) la isomotrie to a ityperplane of C([O,wí]).

4. 0(K) la isomorpitie ta C([O,wiJ).

Proof. Lot K be equal to [O,wi[endowed with tite following topolog>’ r.
If a ~ cao, titen the neigitborhoods of a are titose of tite order topolog>’
in [O,ca1 [. A fundamental system of neighborhoods for cao ja given by tite
aets

{]u,woIu]a,cai[: a Ef cao, wí[, u = 1,2,~ .}.

It la not difficult to ser that K is compact axid also that tite map

92: [O,caij—*

dofined b>’ 92(a) = a, it’ a < caí, 92(wi) = cao, ja continnous.
Lot us auppose that 1< belonga to tite clasa A. Lot ¡ be a non-empty

set, It a compact subapace of [0,1]’ with It fl E(1) dense lxi It axid ~ a
itomeomorphism from K onto It. We define

D -— ~‘(H n E(i)).

Hence, D la dense in K axid it is also sequentinil>’ closed. If a E K, a
cao, titere la a aeqnence iii D converging to a. Consequentí>’, K\{cao} c
D. Qn tite otiter haxid, the sequexice (u)~, in K converges ta cao axid so
D K. Thus It c S(I) axid K will be a Corson cornpact apace in that
case. II we take A :=fcao,caí[, cao ja in tite closure of A nnd thero will be
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a sequence a17 un A converging to cao. Titis sequence must converge to
ca1 in [O,cail witicit ja a contradiction. Titose facta conclude tite proafa
of 1 and 2. It ja not difficult to shaw titat 0(K) ha isometric with the
ityperplane of 0(10,caí]) fornied by. all tite functions with tite same value
in cao and caí. FinaD>’, the set of fuxictioxis iii 0(10,caí]) whicit vanish at
O ja a it~,perplane isometric to C([1,caí]), titen isametric ta C([O,wi]).
Consequentí>’, 0(K) ja iaamarpitic to C([O,caí]).

q.ad.
Lot us remark that O(K), un tite farmer titeorem, la isomorphic to

C([O, cai]); novertitelesa, titese apaces are not isometrie by Stane’s titeo-
rem since K la not itomeomorpitic to [O,caí].

Note. Let us asaune titat K ¡a a compact apace in tite clasa A. Lot
1 be a non-ompt>’ set, H a compact subapace of [0,1]’ witit H fl Z(1)
denso in H axid 4.’ a itameomorphiam from K anta H- Lot us rite

O := ~‘(H fl S(1)), L := ~‘(It\S(1)).

It’ L ja a xioxi-empt>’ ciosed set, tite ideas of the proof of aur thearem can
be used to find a cantinnona image of K whicit ja nat in tite clasa A.
Indeed, let us denote by U tite famil>’ of neighboritoods of L, axid for
ever>’ x E K, lot ¿4, represent tite famil>’ of neigitbarhaada of x. We take
x~p E O axid wo cali M tite set D endowod with tite foilowing tapology: If
x E O, :r Xi~, tite neighborhoods of x are the intersectiana of membera
of U,, witit O; tite neigitboritoods of xíj are the seta

(UnD)u(v nO), UEU,VEUXO.

Titen, M ja a campact apace titat ja not in tite cinas A, but the mapping
92 : K M defined as 92(x) = xo, ifx EL, 92(x) = x, ifx E O,is anta
and continucus.

Tite falhowing question comes aut naturalí>’

Opon Questian. Does titere exiat a campad apace of tite clan A witase
conti,zuous iina~ea atilí remain itt titis clan ami aucit titat it la viaL Cor-
son?
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