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Qn a Formula for the Jumps in the
Semi-Fredholm Domain

VLAD¡MIR RAKotEv¡C

ABSTRACT. In this paper we ¡nove sorne properties of the lower s-numbers and
derive asymptotic formu¡ae for thejumps ¡o thesemi-Fredholm dornajo of a bounded
linear operator on a Banach space.

1. INTRODUCTION AND PRELIMINARIES

In this note X, Y, Z and LE are complex Banach spaces, and B(X, Y)
(B(X)) ihe set of alí bounded linear operators froni X into Y (on A’). Leí
K(X, Y) denote ihe set of compací linear operators from X into Y Let U
denote die closed unit balI of X. Leí TcB(X, Y) and

mW=ínf[IlTxlI : IlxIl=lj

be ihe munumuni modulus of 11, and leí

q(T)=sup{e=0 : TUDtU}

be the surjection modulus of 77. RecaIl íhat both ni (77) and q (T) are positive
¡1 and onlyif Tis invertible, aoci io chis case m(T)=q(T)=jjT-’11’.

¡Por each r= 1, 2 ~ we define the fol¡owing loWer analogues of the
approximatuon numbers [8]:

m,(T)=sup [m(T+F» rank F<r},

q~<’T)=sup{q(T+F):raok F<rJ,

g~(T)=niax{ni4T), q4T)}.
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If Mus a subspace of X, then í’IM WuI¡ denote die resiruction of Tío M. 77 is
a seni¡-Predhoirn operator if eliher ihe nufl space N(T) is finite-dimensional
and the range 11(77) us closed, or the codimension of R(T)is finute. For such
operators ihe index defined by

md (77)=dini N(T)—codim 11(77),

and tbe minumuni undex by

mmmd (T,>=min [dim N(T), codim 11(77)1,

Wtuctl 15 alWays finute. It ~as shoWn un [12, Theorem 8.3] thai

s(77)r=lim g,~(T’9’I4
1<

is ihe semi-Fredholm radius of 77, u.e. the supremum of aH e =0such that
77— XI is semi-Fredholm for xl <e. It is WeIl knoWn ihat the funcíion
und (77—~ XI) us constaní everyxvhere in the dusk Xl <s (77) except possib¡y for
a discrete subsel 0. We denote by a (77) this constant, and cali it the síabi.?iíy
iadex of the semi-Predholm operator T[8]. A point <u in 0 is called ajumping
point of the minimuni index in the semi-Fredholm domain. Por w in O WC
have mm. md (77— a>I)> n (77), and X decomposes into ihe direcí sum of tWo
closed ‘T-invariant subspaces Y~» and 4, Where 4 is finite-duniensional and
77— ¿nI is nilpotent on it, while ihe restriction on 77— XI to Y,,, has constaní
mínimum undex on a neighbourhood of <o [3, Tbeoreni 4]. Consistent¡y with
the niatrix case we define the (algebraic) mult4iliciíy oftitejunipiagpoiar <u
to be dlxii 4 [8, PP. 232]. Thus the poiní lo O can be ordered in such a way
tbat

úh (77) 1=«>2 (77) 1=... <s (77)

where each jurnp appears consecutuvely according lo its niultiplicity. If ihere
are onlyp(=0, 1,2, ...)suchjumps, Weput lw,,±1(77)1 = l«>~+ftT)l =...=s(77).
Recalí that [8, Theorem 11] if Tis a semi-Fredho¡m operator, ihen for each
r=I,2,... Wehave

4

Where ti ti (77)is the stabiliíy mdcx of 77.

In tbis note WC prove (1) When the stabi¡ity index of 77 is zero, and WC
believe thai in ihus case the proof is sinipler than the mentioned one in the
general case. Purther, We use a restrictuon tecbniques and shoW how ibis
partucu¡ar case us related to general case.
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2. RESULTS

lo die following lemma WC ¡usí sorne properties of the Iower s-nurnbers.

Lemnia 2.1. ¡Jet TER(X, Y). Titen

(i) 0=ni,(77)=ni2(T)...=m~j77)= sup ni(T+K)= mf
KG K(X. Y) KeK(X. Y)

II 77+ KII,

(u) mjS+T,>=m,,<’$)+llfllforS. TEB(X, Y),

(iii) m4’RST)=m(R)mjS)m(T) for TEB(X, Y), SCB(Y,Z) and

REB(Z, kV),

(iv) Ifdíni X=a, titen ni,,(I)=l,

(y) m,,+m1 (ST)=mjS)mm(77)for TEB(X, Y) and SEB(Y, Z),

(vi) m,,(T)>Ondum N(T)<n, 11(77) is closedand md (T)=0.

Proof. (i) By the definition and [6. pp. 389].

(u) Leí FEB¿’X, Y) and rank F<a. By [¡, Lenima 2.2] WC have

ni(S+ T+F)=m(T+F)+ IISII =m,,<’T)+IISII,

and henee m,JS+ T)=ni,,(T)+llSll

(iii) Let FEB(Y, Z)and rank F<a. Now, RETE R(X, LE), rank RFT<a.
and by [¡, pp. 21] WC have

m,,(RST)=m(R(S+F)T)=m(R)m(S+F)ni(T).

Further, ut folloWs that m,, <‘RSJ¿>=ni (11)mJS) ni (77). -

(iv) It is clear that m,,(I)=1. Ifni,(I)>1, then there usan FEB(X)and
rank F<Ca, such thai ni(I+F)>l. Since ni(F)=0, it follows that
ni (1+ F)=m (F)+ JIjj = 1, which is a contraduction. Hence m,, (I)= ¡.

(y) Let F1eB(X, Y), rank F1<n, F,CB(Y,Z)and rank F2’Cni. Then
(S+F2ftT+FJER(X, 7), (S+F2ffF+FJ=ST+SF1+F2(T+F1)EB(X, 7)
aoci rank [SF1 + E2 (77+ F~)]<a+ m —1. Thus ni,,±m1 (ST)=m[(S+ E2)
(77+ FJ] > ni (5+ FUm (77+ E1), WbiCb proves (y).
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(vi) Suppose that ni4T)>0, rank F<n aoci din N(T)=a.NOW

codim N(F)<a, and it folloWs thai N(T)flN(F)#[O~. Thus ni(T+F,>=0,
i.e., ni,(T)=O, Wbence a contradictuon. Thus m4’T~~»0 implies dum
N(T)<a. Thai 11(77) is closed and und (T)=O fo¡¡oWs by elenieotary
properíiesof senii-Predholni operators [9]. Conversely, if R (T)is closed, dim
N(T)<n and md (T>=0,then by [1 ¡, Theorem 3.9 (2)] ibere is an operator
FeB(X) sucb that rank (F)<n and ni(T+F)>0. This imp¡ues thai
ni,4T)>O.

This completes the proof of the lemnia.

Theorem 2.2. Leí Te B(X) be a .semi-Freditolm operaror wirh tite
srabiliííy índex of 77 equal ¡o zero and mm. md (77— >~I)= dii N(T— XI) in
tite disk Xl <s(T) excepí possiblyfor tite jumps <u, (772 r = 1, 2 Titeafor
eacit r=L 2,... we have

Proof. We bave lo prove tWo things. Firsí

(2) I¿o~ (77)1=¡um4 mf in, (774)114

and second

(3) hnn4sup mJTQ’l
4=lúh(T)l,

Note thai co~ (77) = hm ni
1 (7719114 [4, Theorem 3], and mt is clear thai (2) and

4
(3) are true for r= 1. To shoW the unduction step for (2), take the Ieast q such
thai w,,~ (T)# <u,, (77). (lf such a q does not exust, ihen (2) is obvious sínce

<u., (T)j = lw~ (77)1 in that case). Let Z be ihe direct suni of ihe funute-dimeo-
sional parts un the Kato decomposutions correspooding lo ihe pounts w~ (77)
<u,, (77) [3, Theorem 4]. NoW dim 7= a —‘ q. Let Y be the intersection of ihe
corresponding Kato complements te ihe finute-dimensional parts in dxc Kato
deconipositions corresponding lo Ihe poiots w~(T) ¿nnq (77). Thus ihe
space X decomposes mio a direcí suni of two closed subspace Y and 7. Ihese
subspaces are T-invaruant. Leí E be the removing operator froni the proof of
[12, Theorem 7.1], u.e., E is zero on Y and Mi’ on Z; ,~ u~ any complex
number with Mil >117711 +s(T). By the proof of [12, Theoreni 7.1] and [4,
Theorem 3] WC have that

lini4 m((T+FY)’
14=Iw,,q±í(T)l



Oir a Formulofrr Me Jurnps itt tite Semí-Fredho/rn Domain 229

Further for each k= 1, 2, ... we have

ni,, (7719=m,,q+i (7719=ni ((77+ F)k),

and so ihe proof of (2) us complete.

Now we turn to prove ihe ioequality (3). Let W be the dmrect sum of ihe
finite-dumensional paris un the Kato decomposutions correspooding to ihe
poinis <u~(T) w,,(T) [3, Theoreni 4]. NoW dim W=n. Leí y be the
uníersetuon of ihe corresponding Kato coniplemenis to the finite-diniensuonal
parts in the Kaío decornposiíuons corresponding to the pounts w~(T) w,,(T).
Thus ihe space X deconiposes into a direcí suni of two closed subspaces kV
and V. These subspaces are T-invariant. Leí Fe B (X) and rank F< a. Hence,
there is a vector it E WÑ N(F) such that it # 0. Leí ¡‘be ihe projection of X
onio LE along V. Then

II (T+F)itll = íí mii = II TPhll =llT¡niI llPll 11h11.

Thus, m(T+fl= l¡P~~ ll77iwlI It is easy to see thai for each k=1, 2, ... we
have m (T~ + F)=II Pl¡ II T~iwl¡. Consequently ni,, (7719=11¡‘II II Pi IAl, and
since ihe spectral radius of T~ w us equa¡ to 1 <o,, (~)l, it 10110W5 that

íum,, sup m,,(7719”4=Iw,,(T)l

Thus proves (3), and the proof of die iheoreni is coniplete.

Remark 2.3. Lcr us niention titar ¿f iii Theorem 2.2 we itave t/lat
coj (T)!=O,titea we can prove (3) itt rite following way (we use tite sanie
norarions asía tite proof of Titeoreni 2.2): Now 77¡w: kV— LEis invertible and
since dii W=nWC have by Lemma 2.1 (iv) thai nij774 (T¡w4fl= 1, k 1,
2 Thus by Lemma 2.1 (y) we have ¡ =ni,,(TOni(Tiw~1)A9,and so

m,,(T’9=1¡m(T~r’)19= II T~~dll

Since ihe spectral raduus of ~ w us equal to 1 <u., (T)¡ WC conclude that

hm
4 sup m,jT

4)’/4=Iw,,(7)l

Whence the result.

Next we siate properties of q,, (77) and the dual result of Theoreni 2.2.
They can -be proved siniularly, 50 WC leave out detalís.
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Lemma 2.4. Ler TER(X, Y). 77/lea

(i) 0=q1(T)Sq2(T)...=q,,(T)= sup q(T+K)= mf
KG K(X. Y) KG K(X. Y)

1177+1<11.

(u) q.,<’S+7)=q,,%+¡~TlIforS, TEB(X, Y),

(iii) q,4RST)=q(R)qjS)q(T) for TcB(X,Y), SeB(Y,Z) and
RER(Z. kV),

(iv) Ifdíni X=n, titen q.,(I)=l,

(y) q,,÷~,(ST)=q,,%q~(T)for TER(X, Y) andSEB(Y, 7),

(vi) q,,(T)>0~coduni R<’T,Mn, andind(T)=0,

(vii) Ib ni,,(T)>0 and qjT)>0, titen nijT)=q,4T) and md (T)=0.

Proof. We sha¡l prove only (vii). From (vi) and Lenima 2.1 (vi), it
folloWs thai dii N(TftZa, 11(77) is closed, codim R(T)<n and und (T)=0.
Let FE B(X, Y) and rank F<n. 11 m (T+ F)>0, theo dii N(T+ F)=0, aoci
it fol¡ows that codim R(T+ F)=O. Thus, rn(T+ F)=q(T+ F)=q,,(T),aoci
we have that ni.,(T)=q,,(77). In asimilar way, WC can prove that q,, (T)=m,,(T),
aoci the proof is complete.

Theorem 2.5. ¡Jet TER (X) be a semi-Freditolm operator wirit ¡he
s¡ability index of Tequal lo zero and mía. íad(T— XI)=codím 11(77—Al) in
tite dísk IAl <s(T) excepípossiblyfor titejumps <u. (77), r = 1, 2 Titenfor
eacit r=1, 2,... weitave

q, (774)1/4.

Proof. By Lenima 2.4 aod Theorem 2.2.

Por Tio B(X) set N(r)=UN(r9aod R(r)=fl R(TQ). If Tis asemi-
Fredholm, then it is Well kooWn ([5, Theoreni 4.1] see also [7, Theorern 5.2]
for genera¡ case) thai the function A — N(( T— A)¶ + 11 ((77—A) ‘9 is constaní,
say kV everywhere un the dusk IAl <s(T). Leí us reniark that kV is closed,
hence Banach subspace lo X (see ([5, pp. 5¡7, Corollary 3.2] aod [¡0,
Proposition ¡.10]) or ([7, Remark 5.3] and [2, Lenirna 3.6(a), Tbeorem 3.8]))
The restriction of 77 to dxc subspace W has been siudied in [2], [5], [7] aoci
[10]. NoW WC have
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Theorem 2.6. Lcr TER(X) be a semi-Fredholni operalor, and «>r(T),
r = 1. 2, ... are as aboye. Titea for eacit <u. (77), r = 1, 2, ... we itave

Proof. By [5, Theorem 4.1] and [3, Theorem 4] WC know thai
everywhere lo the disk IAl <s(77) WC have that kV= R((T— A)¶ e N~, Where
N~ us finite dirneosiona¡ subspace 77-unvarianí and (77— A)¡N~ is nilpotení on it
(see also [7, Remark 5.3]). Thus by [2, Theorem 3.4] we have diaL (77—A)
(W)=(T—A) (R((T--A)j e N>)=R((T—A)’9 e (77—A) (1V>). Ihus,
(77—A)1 [Yus seoii-Fredholm, dum W/R ((77—A)1 w) < and the stabuluty iodex
of T~~is zero ([5, Proposition 2.6]). Let us rernark thát «>477), r= 1,2,... are
junips (with the sanie muliuplicity) in the semu-Fredholrn region of T~ ~. NOW
ihe proof of the theoreni folloWs by Theoreni 2.5.
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