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On a Nonlinear Stationary Problem
in Unbounded Domains

CARLOS FREDERICO VASCONCELLOS

ABSTRACT. We study existence and some properties of solutions of the nonlinear
elliptic equation

Nix,au)) Lu=f

in unbounded domains. The above model is not a variational problem. Our
techniques involve fixed point arguments and Galerkin method.

I. INTRODUCTION

In this paper we present some results on the following problem:

Nix,a(u)) Lu=f in ()
(1.1

u=0 on =TI

where Q is an open subset of R¥, N> | with boundary ", N is a real valued
function with domain 2 x[0, + ) and L is a differential operator defined by

N
Lu= -3 9 (a,-j au)-i—aou

et dx; dx;

and

N
a(u):_zlj;laq(x)——*g; %ﬁ;— a’x+fna,, (cju? (x)dx
i j= i
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The origin of this problem can be found in Lions [6] where the {ollowing
evolution problem connected with nonlinear vibrations was studied

u,— MQul|) Au= 7 in Q=0x(0,7)
(1.2) u=0 on ¥=90x(0,T)
H(O):uo u’(O):u|

In (1.2) M is a continuous real valued function which satisfies M (A) =m, >0,
YAeR and (1 is an open bounded set of RY with smooth boundary I'=09(}.

Menzala [7] solved the problem (1.2) when {) = R¥ and the initial data are
smooth functions.

Ebihara-Miranda-Medeiros [3] solved the problen (1.2) when ) is an
open bounded set of RY with smooth boundary, M is a nonnegative
continuously differentiable real function and the initial data are smooth.

Recently Crippa [2] generalized the above paper using «Hilbertien Inte-
graly methods.

In Lions [6] the following problem was also proposed:

u,— M(x, lul|>) Au=f in @
(1.3) u=0 on X
u@=u, wO0)=u

This problem was solved in Rivera [8] when  is a smooth open bounded
set of R¥ and

M@, N=m,>0, V¥YxeQ  YieR

He used Galerkin method and the discrete spectrum of the Laplacian
operator in bounded domains,

When (2 is a general unbounded open set of R¥, in Vasconcelios [9] the
existence and uniqueness of the solution for the problem (1.3) was proved.
There, fixed point arguments together with energy methods were used.

The elliptic problem {1.1) can not be defined like a variational problem,
that is, one can not find a nonlinear functional J/ defined in a suitable Sobolev
space, such that the equation of problem (1.1) is its Euler equation. Then, to
solve this problem we shall use a consequence of Brouwer fix point theorem
and Galerkin methods,
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In the section 2 we prove an abstract existence theorem (Theorem 2.1).
Some properties about the set of solutions are given.

In section 3 we apply the Theorem 2.1 to solve the problem (1.1) when (}
is a general open subset of RY.

Qur assumptions about the mapping N and the operator I are described
in §3.
2. AN ABSTRACT EXISTENCE THEOREM

Let # be a real separable Hilbert space with inner product denoted by (-|-)
and norm |-|.

We consider a linear operator A in. H, with the following properties:
2.1 D¢A), the domain of A, i1s dense in H.

(2.2) A is a self-adjoint operator and there is a constant C,>>0 such that
(Au/u)= C,|u|?, for each u in H.

(2.3) The Hilbert space V= D {A4Y?), with norm denoted by {|v||=]A4"2v|,
for v in V, is compactly embeded on H.

Now, we denote by .5, (H) the space of the symmetric linear bounded
operators in H with the whole space as domain and we define the mapping
M:[0,+0) — & (H) such that:

(2.9) For each « in H the mapping u— M (A)u, is continuous.
(2.5) There is m, >0 such that (M (X)) u|u)=m,|u|? for each
win Hand A= 0.
Theorem 2.1 (abstract existence theorem).

Under above hypotheses, if f belongs to H, then there exists u in D(A)
such thai:

(2.6) M(lull®) Au=f, in H.

To prove this theorem, it is sufficient to show that, for fin H there exists
v in V¥ such that:

2.7 (M(|v|) A2 A2 w)=(flA"?w), VYoeV
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In fact, if v€ V satislies (2.7), we define = A-"2y. Then, u belongs to
D(A) and |ju||?=|v|%. Moreover, from (2.7) we obtain that:

(M{{lulY Aul A" w)=(1A"?w), VYwel
Since, w= A~"2z belongs to ¥ for every z in H we obtain (2.6).
Now, let us prove (2.7).
By (2.5) we obtain that

(2.8)  (M(|p|)A'20[A"70) = (/142 v)=m, |lvlI* =1/ llvl] YveV

By (2.3), we observe that, the operator 4 has discrete spectrum, i.e., there
exists a sequence of real numbers {A,}, and a sequence {w,}, of elements in
D (A) such that:

(2.9 O0<A, = Ay, v=1,2,..

2.10 lim A, =+

(2.1D Aw,= A, w,

(212) ey, ws, ...} is a orthonormal complete set in H.

We denote by V, the space generated by {w), wy, ..., w,}, v=1,2, ... and we
define P; R*—R* by P(ay....,a,)=(8,..... B,), where

B= (M(IvuP)A"'? uunA'-ff’-%)ﬁ (ﬂA'ﬂ%), J=
j

A
and

¥
v, — Z O’f- )\_';_]’;2 LU_,‘.
Jj=1

By (2.4) and (2.8) we obtain that: P is a continuous function which
satisfies

(2.13) (Pa,0)=0 Va€R” such that |a| = /1

where |a|={3 af-}”z and (8. a) is a dot product in R*.

=1

Now, we recall the following lemma:
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Lemma 2.1 [et P. R"— R be a continuous functions which satisfies:
S1r>0 such that (Pa.a)=0, Ya€ Ry, |a|=r. Then there exists a,€R’,
el = r such thar P{o,)=0.

This lemma is a consequence of the Brouwer point fixed theorem and one
can find the proof, for example, in Lions [4] page 53.

So, by (2.13) and Lemma 2.1 we obtain for each v€N a vector v, in V,
such that:

1
=<— =
(2.14) Il SHol, v=1.2..

(2.15) (M(|uv|2)A”2 vy|A'IZ%) = (ﬂA'ﬁL) J=1

VA,

By (2.14) and assumption (2.3) there is a subsequence, also denoted by
{v,}, and v belonging to ¥ such that:

i

(2.16) lil’}:l v,=v weak in V.
2.17) 111_12 v,=v strong in H.

By (2.16), (2.17) and (2.4) we [ix jand passing the limit in (2.15) we obtain
2.7).

Remark 2.1 If u satisfies (2.6) it follows, by (2.5) that
/1
(2.18) | Aul S—Ef)—

and therefore by (2.2)
W1

G My,

(2.19) lull =

Theorem 2.2 (Properties of the solutions).
Under the hypotheses of the Theorem 2.1, if f belongs to H then:

(2.20) The set x ;={u€ D(A): M(||ul|*) Au= f} is a compact set of V.
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(2.21) /'”;‘n dv(x; x;)=0 where dy (X, Xﬂ,)ziﬂf{”“—ua” TUE X NOEXJ;,}-

(2.22)  If M(M\)=¥ (N1, where Iy is the identity operator on H and
R —[m,, + ) is a continuous increasing function, then for each fc H
the set xis a singleton.

To prove (2.20) we consider {u,} a sequence in X, then by (2.19), there is
a subsequence of {u,}, also denoted by {w,} such that:

lim Au,= Au weak in H, where u belongs to D(A}.

pmstoo

Hence, by (2.3),

lim wu,=u strong in V.

p—-toa

Since that (M (]|u,]|?) Au,|v) ={f]v) for all v in H and for each v €N, then
by assumptions about M we obtain that u belongs to x/.

To prove (2.21), let £, be in H and we consider {f,} a sequence in H such
that:
lim f,=f, strong in H.

e

For each £2>0 we define P,={r€N: dy(x;,,x;)=¢€}. We claim that F, is
a finite set.

In fact, suppose that F, is an infinite set, then there is o: N— N strictly
increasing function such that g(N)= P..

We denote by g, = /;(,), Vv & N thus we obtain, for each v€N, v, in x, and
therefore by (2.19} {Av,} is a bounded sequence in H.

Hence there is a subsequence of {v,} (also denoted by {v,}) and v in D(A)
such that:

(2.23) lir+n Av, = Av weak in H.
(2.24) lirP v, = v strong in V.

Since (Av,, | M| v,,!lz)w):(g,,lw), for all w in ¥ and v& N passing to limit
we obtain that;

(v M (lvIP)w)=(lw), YweV.
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Therefore, v belongs to Xf, and moreover dy(xgy, xr)= v, —vll, vEN.
This proves (2.21) by contradiction.

To prove (2.22) we consider ¢ belonging to V and we define the following
functional:

(2.25) J@) :% jl'*’“ztb(?\)d/\—(f ).

where f belongs to H.

Let u be in x, then by (2.25) we obtain that:

(2.26) lim Lt o= = /()

r—0 7

=0, for alle in V.

Now, since that g(2)=J(u+ (o —u)) is a differentiable convex function
on R we obtain that;

EO-£O -y, 0<i<]

i
therefore by (2.26)
O0=g"(0)=g(1)—g0)
s0, J(u)= J(¢), Vo<V that is, if ucy,, we prove thét
Jw=min{J(@); eV}

Since J is strictly convex functional we have (2.22).

3. APPLICATION TO A NONLINEAR PROBLEM

First, we need to present a compact immersion result for unbounded
domains, in weighted Sobolev spaces.

Let (0 be an unbounded set of R with the cone property and g: 3 — R is
positive measurable function which satisfies the following properties

3.1 g€ L. ()

(3.2) lim g(x})=0

el —+ee
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Let L2(0), g) be the Hilbert space of measurables functions

u: £ — R such that J;l |1(x)|? q (x) dx <+ endowed with the norm

(3.3) |u|:{fn|g(x);2 gx)dx}'?

Remark 3.1 Since the linear application o: L?({}, q) — L? ({1} defined by
a(u)=u \/c} is a isometric isomorphism, then Z2({}, ¢} is a separable Hilbert

space with inner product (u|v) :fn ufx)ulx)g(x)dx u, ve L’ (£, q).

Proposition 3.1 (compact immersion).

The Sobolev space H! (QY) is compactly embeded in L7 (1, gq).

This proposition is proved in Benci-Fortunato [ 1] corollary 2.10.

Remark 3.2 It is possible to consider, in the above proposition, {1 a
general open unbounded set of RY, if we replace the assumption (3.2) by

(3.4) lim g(x)=0 x,290Q and HI‘I;I g(x)=10.
K-, |} =t

In this case we can see the corollary 2.9 in Benci-Fortunato [1].
Let N: 2 x[0,+20) — R be a function satisfying the following assumptions:

{3.5) N{x,-): [0,+°)—R is a continuous function a.e. in x& (),

(3.6) N, A): 1 —R belongs to L*({1), ¥A=0.
3.7 NE LR ([0, +e). L7 ((1).

(3.8) There exists m, >0 such that N(x, A) = m,, ¥(x, Ay <[0,+=).
We consider H= 12((}, g) where g satisfies (3.1) and (3.2) (or (3.4)).
Now, we define, YA =0, the operator M (A) in H by

(3.9) ' MMNu=N(ENu,  ucH.

Then, YA=0, M(AYeY,(H} and by (3.5)—(3.8), the mapping M:
[0,409) — " (H) satisfies (2.4) and (2.5).
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We consider a;; i, j=1,...,n and a, elements of L= () which satisfy:

(3.10) Thereis ¢,>0 such that Z @ (%) 4=¢, (6t + ...+ 2 ae. in () and

i j=1
a,(x)=c, ae. in ),
(311) a,rj=aj,- i, j-_—l.,“.,ﬂ.
d du
We define the differential operator Lu= — 2 e\,

lj—‘
H!(Q) and the bilinear form a: H.(Mx HL()—~R by

)—i—a‘,u Hin

a(u,v);—.i“lf“ar,,(x):3,9;r a dx+f a, (x)ju{x}v(x)dx.
i j=

By (3.10) and (3.11) a(-,*) is a symmetric, coercive, continuous bilinear
form.

We define D(A)={uc H(O): Lue I2(Q, ¢)}. Then, by (3.10), (3 11)
and Proposition 3.1, the operator A D(A4)YC H— H defined by Au——q— Lu,
w€ D (A), satisfies (2.1), (2.2) and (2.3), where V=D (A4'/2) = H}(Q) with the
norm [|vll =|A"2v| =[a(v, v)]"?=[a(v)]"*

Now, by Theorem 2.1, if f belongs to H=IL*({},q), there exists u in
H\(Q) such that:

(3.12) N(x,a(u)) Lu=q f(x) a.e. in (L

Therefore, if fbelongs to 12(Q, l—), by (3.12) we obtain that, there exists
u€ H!(Q) such that: 4

(3.13) Nix,a(u))Lu=f(x)ae. in [,

Remark 3.2 If we consider g€ L*({}) we obtain that LZ(Q,-‘;—,) is con-
tained in £2(Q). In general, if @ is the set of g: 2 — R which belong to L= ()
and satisfy (3.2) (or (3.4)) then X:quJQ 120}, i?) is a dense subset of £2({)).

Remark 3.3 If £} is an general open bounded subset of RY, we consider
H = L2(}) and the problem (1.1) has a solution u in H)((}) for each fin L2(Q).
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Remark 3.4 If we consider N: [0, +20) —[m,, + °°) increasing continuous
function, then by Theorem 2.2, the problem

Nfa(u)Lu=f in

u=0 on 40
has an unique solution u in H)(Q), for each f€ H.

Where H=12(0}, l—) if 1 1s an open unbounded set or H=L2(0)if D is
an open bounded sct.

Remark 3.5 All the solutions of the problem (l.1) have the properties
given by the Theorem 2.2,
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