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Qn Vector Fields in «~ without a Separatrix

3. OLIVARES-VÁZQUEZ

ARSTRACT. A family of geríns at O of holomorphic vector ftelds in CV without
separatrices is constructed, with the aid of the blown-up foliation 9 in the blown-up
manifoid CV. Wc impose conditions un the multiplicity and tite linear part of 9’ at its
singular points (j.c. non-semisimplicity and certain nonresonancy), which are
sufftcicnt for the original vector ficíd to be separatrix-free.

A separatrix of a germ of a holomorpbic vector ficíd Win «~ is a germ. of
an analytic curve at O tangent to W. The aim of this work is tu construct
a Iocally closed algebraic subvariety

4+
mc4.ec,o
mcs~• Oci,o

such that every vector field of algebraic multiplicity d+ 1 whose (d+ 2)—jet
lies in $4« does not have a separatrix.

The exposition and main ideas follow [4]. In a few lines, these are as
follows: One considers a polynomial vector ficid W in @, with non-vanisbing
homugeneous terms only in degrees d-i- 1 and d-i-2, dic foliation Yit induces
in a neighbourhood ofOECV, and the blown-up foliation Y~ on CV for which
the exceptional divisor E= «I» is invariant and non-dicritical (i.e. L is
tangent to, and not identically zero un E).

Wc fix a projective line .S?C E and a finite set of points {Pklke ,~ on it, and
impuse the following conditions un the cuefficients of the vector ficíd W:
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(¡¡SI is tangent tu 5%.-
(¡1) Each Pk is an isulated singularity uf 9%.

(iii) E~5s(Y1; pk)=c,(LI®TCP
2) (Where ji is the Milnor Number uf

the singularity).
(1v) At each ~ the linear par! D W<A) uf .g~, has a nun-zero duuble

eigenvalue whose generalized cigenspace V is nut tangent tu E, and
4’) D ~NíOiy is non-semisimple.

The terms of degree d+ 2 play a role only in (y).

It has been pruved in [4] that conditiuns (¿1) te (y) aboye are sufficient kw
a vector fíeld W tu be separatrix-free ¿f by bluwing-up the fuliatiun at each
P&

t the twu (and unly two) arising singularities of the new foliation are simple
corners (see sectiun 3 beluw). The stability pruperties of simple corners under
succesive .blowing-up’s (see [3], pp. 166) are titen used tu prove diaL aH -the
separatrices of 5% are contained in E.

A section X uf tite bundie L~® TCI’
2 defines a foliation by curves 5%,

wbere Ld is dic ¡inc bundie un CF with Chern class d. -It is knéwn that the
number of isolated singularities (cuunted with multiplicities) uf such an X
equals the secund Chern class of this bundle, which is d’ + 3d-E- 3. If X leaves
a luje Y’invaiiant titen at leást d±2óf these singularitiesñiuiitoccur un 2?

From now un, we assume d=1. We shall éon~trñct ‘a fámily uf such
foliatiuns #< witb a chusen invariant line, itaving tite pruperty that tite
singular set is cuncentrated un tite urigiñ and tite (d± 1)— ruuts of unity in
sorne local coordinate of 5< We show thai .5%-can be extended te a foliation
5% un tite bluwn-up manifuld C~ in such a way that conditiuns (O tu (y)

aboye are verified. Finally, ,we pi-ove that ex’ery separatrix of 5%is,cuntained
in tite exceptional divisor E, taking care ,that no resonances are present
(Section 3, resonant case). Te thai end, Wc use dic argurnenis described
aboye, an&a Normal Form for singular vector fieldsin,CV having an invariant
divisor. (see the 4ppepdix, Propusitiun A)..~ -~ -

u, <Tite extension uf this,piansu higiter dimension, i.e.. to impuse conditions
fur. non.semistmplicity. at:the, singular points, depends un whether dic
dimension uf tite (prujective) space uf fuliatiuns of degree fi in CF”. -(tite
number of variables) is smaller than c

0(L~®TCP~) (i.e. the number of
leastone h singular puint).equauions:at repeated-eigenvalue condition for eacFurdirnension n =2, titese dimensiunsfit, for everydeg~e4, but, for.big

enough dimension n and Chern class d, une has tite uppusite inequality. Tite
present calculation in dimensiun n 2 wiIl strnw tbat, for fuliations baving
higb-multiplicity singular points, less equations.are- needed fo, impuse tite
repeated-cigenvalue cunditiuns. It will also shuwthat -not alí tite variables are
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relevant for tite construction. However, it allows us tu expect titat tite aboye
restriction is nut an obstructiun tu pusit this ideas tu get separatrix-free vector
fields in higgcr dimcnstons.

From anuther puint uf view, titis construction sitows titat sorne elgen-
values-prescribed dynamics in CV? are indeed realizable.

1. CONSTRUCTION

The cunstructiun uf tite family gues as follows: Wc chuose tite expression

X¡s~

tu preassign the singularities un tite invariant line, and titen we extend it, first
tu a sectiun Xe H0 (CV2, Ld® TCV2), witicit has tite form

X(z
2, z3)s=jjaz2(z~~’ ~

±z3[a4~
1+z

3 Ld±Qg]—
2-—

x2r±x3-áZ- (II)

witere Ld=Ei±]d¡~j zzft Q~ S’¡.í~j=oQuzI

and Pg=~~~ft
0pzizi

(see [5], Propusitiun t.23) and afterwards, tu the blow-up W uf a (d+ t)-
itumugeneous polynomial vector field Win «~, having local expression (¡.1)
witen restricted tu the invariant (and nun-dicritical) exceptiunal divisor

Tu be precise: Using tite currespondence between H
0 (CV2, Ld® TCP2)

and tite set of (d+ l)-itumogeneous polynumial vector fields in CV, une
obtains that tite honxogeneous vector ficid iii CV

ax
2, x3)=~~Lax~±í+x3 ~ lx’x’

í±jd

+L—axVx2±x3 ci
i+j=0
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q,~x(0+J)x,x~] 6x3

i+j=0

a

~X Wjx1,x2,x3) OXk
satisfies D II(Hl = X, where JI: CV — 1W «3>2 is the natural projection. Let
u: — CV denote thc bluw-up map and chuuuse cuurdinates un CV sucit that
a is given by

a(zí,z25z3)= (zí,z1z2,z1z3)= (xí,x2,xi) (1.2)

and E by {z1 = O}. Tite lucal expressíon uf tite blown-up vector ficid in titis
chad is

W(zí, z2, zj) —i~(D0)—l W(zí, z1 z2, z1 z3)

a ~ a:=z1 W1(1,z2,z3) dz1

so that W(0, z2, z3) = X(z2, z3).

For any d-itumogeneous polynumial

H= ~ hijkxxáx~ (¡.3)
i+j+k~d -

tite (d+ l)-itomogeneous vector fícíd in CV

~ a
WH= W±H~x¡

induces the same fuliatiun 2% as W un E witit local expression in CV given by

a ~ a

=y w—

k—i Ir
6zk

Tite linear part D W’H(0,z
2,0) uf Y%¡ -.~ is

W~(I,z2,0) O Oax2 1.4)-
___ (z2,O)( o (d+2)a4~

1—a 8z
3 )

.0 0 azfl + ~~=0 q~0 z~
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witere
ci

Wp(1,z?,OtzXhídiozt¡~.~a4+l
/=O

ax2
6LddQ

z?LLd+ -j----](z
2~0)+Po(z2~)

By constructiun, tite foliatiun .9% itas (d+ 2) singularities, located at tite
puints Po~ (0,0,0), and /lIr = (0, cok, 0), k ¡ d+ 1, witere w =

Tite vector space uf (d+ l)-humogeneuus pulynomial vector fields in «~
has dimensiun (3d

2+ lSd±18)/2 and su, its associated projective space,
where most of the time we will work, has dimension (3d2—l- lSd+¡6»’2. Pie
family just cunstructed has codimension 2 (d+ 2) there.

Qur goal nuw is tu impuse conditions un tite coefficients of Wso that 9%
itas simple singularities at tite puints Pi Pci+í and a singular point atp

0 of
multiplicity 1 +(d+ i)~. we want this because

c2(Lci®TCP
2)=cP±3d+3=d+ l+(l+(d± I~)

Observe in (1.4) titat tite matrix is triangular: The cigenvalues of D WM at
eacit singular puint lic in tite main diagonal. Since the lower right 2 x 2 block
is DX(z

2,O), tite linear part uf Y~ un we sitalí say that tite uther
eigenvalue is normal tu E.

1.1 MuItiplicities

This calculation involves unly tite (d+ 2)2 coefficients uf X defined un
(1.1), witicit are regarded as variables (¡.e., dues nut depend un tite hL]k

variables).

Frum (1.4), we see that tite puints (~vk : k 1 d±I} un «3» are simple
singularities of Y%Ir if tite currespundent eigenvalues are nun-zero:

(d+ l)a#0

a+q00+ ~ q¡.owkn#0 k 1,... d+ 1 (1.5)

Sufficiint cunditiuns for Po being singular of multiplicity 1 + (d+ 1)2 may
be obtained as folluws: fruni (1.1), define Y3 by X3=z3 1$; une observes that

ji<X2,z3 Y3;p0>=p<X2,z3;p0>+p<X2, Y3;p0>

=g<X2(z2,0);0>+ji<X2, Y;p0>

= 1 +p<X2, Y3;p0>
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so titat p<X;p0>=2if ji<X2, Y,;(0,0)» 1 whicit is the case, from (1.1), if

qoo
0 (1.6)

since q
00 is tite independent term of Y,. Assuming (1.6), we may now increase

ji K X2, Y,; PO> by forcing tite curves (X2 = 0) and (Y, 0) te be very tangent at
a commun citosen une: The linear temis of >4 and Y,= zj’ X,in(l.l)define,
respecti~ely, tite tangent ¡me at Po tu tite curves (A’2 = 0) and.( Y, = 0). Tite line
(z, = 0) is titen tangent tu both curves if these linear terms satisfy tite
conditiuns

Po.o = qo, 0 (1.7)
a#O,q10#0 (¡.8)

Assuming (1.6), (-1.7) and (1.8) we rewrite tite vector f¡eld (1.1) as

X(z2, z,) = [—az2 + z2 (az~+i ~
P1

±z,[qíoz2+az~~
1±z,L~,±Qfla

a (1.9)6z
2 rz,

Frum tite last expressiun, consider X23=( a —z2) Y,+-X2i Tite ideals
(A’2, Y,) and (A’23, Y,) coincide.

Nuw, if X23e«.z~~
1 and Y,(0,z,)e(z~~1) titen

p<X
2, Y,; p0>=p<X~, I-S;po>=p<kz~+1 ,

—(d+l).p< YÁO,z,);0>=(d+ 1)2

su that 5u<X;p0>= l+(d+ 1)2, as desired. --

We ~rocéed now tu write equatiuns fur the previuus conditions: From
(¡.9) define Q’ and Q” by

ci ci
Qq(z2,zfl=~ q104+z,( ~ q¡~z~zf

1)
‘=2 i±j=2,/=i

— Q’ (22) +‘z
3 Q” (±~,z,)
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Titen A’23 is a scalar multiple of zf
1 if tite folluwing conditions are verified

a

(1.10)
a

(1.11)
9í.o

We may sulve equation (¡.10) fur tite coefftcients uf P~:

a

(1.12)

(1.12) is a system of d(d+3)/2 equatioris ami hence dxc Pij’S are nut Irte
variables anymure.

Factorizing tite powers of 22 in (¡.¡l), une finds tite fo¡lowing sufficient
conditions br (1.11) tu be satisfied

q
10=Xa, q~0=Xia fur j=2 d (l.¡3)

a
2+q~g qío=(Xd+l~¡)a?#0 fur sume (¡.14)

Finally, tite conditions fur Y, (0, z,) c (zS’~’) are

q
0,,=0 forj=J,..., d (J.15)

(¡.16)

Tite total number of equatiuns in (1.6), (¡.7), (1.12), (1.13), and (1.15) is
(cP+7d+6)/2, in (d+29 variables. One may ftnd sulutions tu this system
witich are consistent with the upen conditions (¡.5), (1.8), (1.14) and (¡.16)
since, up tu nuw, tite parameter X introduced in (1.13) and (¡.15) unly itas tu
satisfy that it is not zero and titat it is nut a(d-f- l)-ruot of 1. Summarizing,
we have pruved:

Lemma 1.1 Pie space ofpolynotnial (d+ J)—homogeneous vectorflelds
¡Hl in CV whose blown-upfolia¡ion .9% saiisfles (i), (¡¡3 and (iii), contains a
quasí-projective subvariety 9$ formed by vector flelds whose blown-up
foliation 9% has simple singularities al Pk~ k = 1, .. .d+ 1, and a singularfty al
Po of muh¡pliciry 1 + (d+ ¡32. lí is defined by ¡he solu¡ions of (1.6), (1.7),
(1.12), (1.13) and (¡.15) thai sa¡isfy ¡he open condi¡ions (1.5), (1.8), (1.14) and
(1.16). Each non-emp¡y irreducible componen! has codimension al mosí
(d

2+ ¡IdI- ¡43/2.
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1.2 Repeated Elgenvalues

Nuw we begin tu work un tite witule &, su it is just now when tite
variables h/Jk introduced in (1.3) appear. From (¡.4), it fo¡¡ows titat the
cundition for a repeated nun-zero eigenvalue at p~ is

(¡.17)

witich we will assume in witat fullows. As Xis tangent tu a line .~¿½«3~l

thuse eigenvalues whicit itave SI as generalized eigenspace do satisfy a
relatiun (see [2]). Tu avuid it, we are forced tu make a clever chuice uf titose
pairs uf eigenva¡ues titat migitt be repeated. Tu say, we impuse tite condition
that tite eigenvalue which is normal tu tite exceptiunal divisor E, coincides
witit tite une £angent tu SI only at tite d puints IlIr’ k= ¡ dand, at tite
remaining une pci+í=(O, 1,0), tu coincide with tite une not tangent tu SIon
E. Fi-orn (1.4), titese cunditiuns are

ci— 1
—2a+ ~ h~ci¡oask(d~O~a(d+l)=0 k1 d

o

d—l ci
—3a+ ~ h¿ci1o—E q10=0 (¡.18)

i=0

We now pruceed tu find a solution tu equations (1.18) satisfying tite
cunditions in Lemma 1.1.

Fur simplicity, let’s replace h]ciJ0 by kr Titen substituing (¡.13) un (1.18)
we arrive tu the system uf equatiuns

S%I h}wk½ a(3±d) k1 ,..., d
(1.19)

E5;¿h1= a(3+S« A’)

witicb in mattix form is

~ci1 a(3+S%í A])
a(3+c~

Ad+r .5

Ji0 a(3±d)
O a(3+d)
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witere Ad±l denotes tite transpuse uf tite (d+ 1) x (d+ ¡) Vandermonde
matrix with values a>, a>

2 cut~1~ =

1 1... 11
a> a>2 ... ój~ 1

a>2 a>4 ... w~” 1

a>cia>2d w<~~ ¡

Since Á~3<
1 equals times tite transpuse conjugate uf Ad+í, tite solu-

d+1
tiun of equations (1.¡9) is titen

a(3+d)

— d±1 (Ad+ 1V
Ji0 a(3+d)
O a(3±c.~

Tite last equatiun impuses a cundifiun un tbe parameter A ubtained ni
e4uations (1.13) whicit is equivalent tu

ci
X XJ=—(d

2+3d+3) (¡.20)j=l

Tu say, that A is a ruot of
ci

In particular, if A is real, it must be negative.

Taking absulute value un butit sides uf (1.20) une verifies that no ruot A
of (1.21) has mudulus=1. Each une gives a compatible election uf tite
parameter intruduced in (1.13) and so, tite sulutions h~- uf tite system of linear
equations (1.19)) are readily seen tu be

h~=—a(d+3) j=0,¡ d—1 (1.22)
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Remai-k: DefineQ(z2)= S~’ ~I Thenfurk= ¡ d+l,theluwerrigitt
eigenvalue of(l.4) atpk is non-zero and its value may be written as

ci >,fJ+i~l
a.Q(Xa>k)sza(1±Z ,kiwki)=a

.Xwk~l

A— 1 (1.23)

The last equality fu¡¡uws frurn the fact that A is a root uf (1.21). Titus, tite
points ‘~ are indeed simple siñgularities.

Lemrna 1.2 The spaceofpolynorn¡al (JI- 1)-homogeneous vectorfields
in CV, con¡áins a noñ-emp¡y quasi-projecdve subvarie¡y 9< defined by ¡he
equations (1.6), (1.7), (1.12), (1.13), (1.15), (1.17), (1.18), (1.20), andby ¡he
open condiíions (1.5), (1.8), (1.14). (1.16). lis elemenis are vectorflelds 1 ~
9$ (ofLeinma 1.1)such thai, ca each singularpoin!, ihe linearpar! of 9%, has
a double non-zero eigenvalue. Each non-enipty irreducible componen! has
codimension a! mosí (d

2±13d±20)/2.

Proof. Tite assertion wil¡ fo¡¡uw if we exitibit an elernent in 9< Let A
satisfy (1.20), w=e?sffl(d¡+1), a#0 and lo.ci#O.

Let H(xí.xi~x,)=—a(d+3)Sft¿ xfx[’ —axt Titen, tite vector fíeld

-- W”(x
1, X2, x) = [x, HZ(áx#tI + lOdX3

- - .

+[x2Hiax¶¡k?~>cllodx~+l] Ox2 (1.24)

+x,LH+aZ% Xix~x~d] ___ -

- .34. dx,

be¡ongs tu 9<

1.3 Non-Semisímplicity
u , - tu-u-

Now cunsider a pulynomial (d+:2)— humugeneous vectur-fleid inCV
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= Ei+j+k=ci+2 aÍ]k X
1 X~ 4 -~—~

(1.25)

+ Zi-f-j-f-k=d+2 b,vk x(x~x{ a

+ Ii+j+k=d-f-2 cLjk x~x~xt a

tite sum V= W”+ Wand tite blown-up fuliatiun Yfr wituse generatur in the
cuordinates (1.2) is

V(z1, 22, z,) =—j-(Da—
1) V(z

1, 21 z2, 21 z,) (¡.26)
21

The linear part uf ~ restricted tu SIleaves (1.4) uncitanged, except fui-
tite fírst column

W(’(I,z2,O) O O
ax2( H’2—z2 W(l,z2,O) (d±2)az4~

1—a az, (22,0)

W,(1,z
2,O) O az~+i +q00+~ú1 q10z~

For simplicity in witat fulluws, let

W21(z2)= W2—z2 Wí(l,z2,0)
14’, (22)= W’,(l,z2,0)

Assume now titat W” lies in tite subvariety
9’defined in Lemma 1.2, titen

the linear parts D V at eacit 1k are, respectively,

—a O

Ib(O) —a 0 forp
0=(0,0,0) (¡.27)

WftO) 00/

(d
2+3d+2) O O

a(l+d) .5?j=3~o,o, =(O,1,O) (1.28)—a W,~1l) O —a(d2+3d+2)
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and

a(l+cO O O
aA’2( W21 (a>k) a(l + d) y— (a>k,O) ) br Pkd

0~ a>k,O),
J.jIQ»k) O a(l+E« Xi a>ki) k=l d (1.29)

So, necesary and sufficient conditiuns fui- D y tu be nun-semisimple al
each PIr are, respectively,

W
2(O)#0 forp0=(0,O,O), (1.30)

1~-(1,O).WÁl)#O ur [—a(d2+3d+2)+a(d+ 1)] W,(l)#O

forpci+
1=(0,1,O), (1.31)

and

ax2 -~ ci
8z~ (a>k,0)W,(wk)+ W2í.Iia(1 +cO—a(l +~ Xia>áifl#0fin

fur pk=(O,a>t O), k=l d (1.32)

Remark: It is clear titat we have two different eigenvalues in (¡.27) and
in (1.28) but titis is nut a priori true fur (1.29). Titey are different if and un¡y
ib

Q(XwJ)#d+1-

hulds br everyjC~1 d}.

Anyitow, it -is clear tbat, once the (d+ 1)— humugeneuus part itas been
chuosen in 9$ une can always f¡nd po¡ynumials (1.25) such titat equatiuns
(1.30), (1.31) amI (1.32) are verifíed.

We nuw define tite subvariety trnentiuned at the begining uf the paper.

Definit¡on 1.3 Let 5
1/’be the complemen!. ¡ti 9$ of the subvarie¡y dejYned

by (1.30), (1.31) atid ~t32) when he inequality is replaced by equali¡y.

Sunimarizing, we have sitówn
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Lemma 1.4 %« is a non-emp¡y quasi-projec¡ive subvarie¡y in ¡he
projectivized space of polynomial vector ,fields { V) ¡ti «3, which have
homogenecus non-zero ¡erms only in degrees dI- 1 andd+2. For Ve $4~ ¡he
blown-up foliation Y~ sahsjYes conditions (¡3 ¡o (y), with singular set
SÉ’={p0=(0,0,0). pk=(0,a>k, 0); k=1 d+1} atid fixed line SI:
(z~ = 23 = 0) in ¡he coordina¡es (1.2). Each non-empty irreducible componen!
has codimension al most (cFI- 13d+ 203/2.

Tu say, the (dI- 1)-degree part uf { V} lies in ‘t~ (of Lemma- 1.2) and tite
(dI-2)-terms satisfy the upen conditiuns (1.30), (¡.31) and (1.32).

Remark: If une could drup the 2 (dI- 2) cunditiuns required tu chuose an
invariant une and tite singularities un it, the codimensiun uf the family titus
fuunded wuuld be d

2I-3dI-3.

2. NON EXISTENCE OF SEPARATRICES

Let Y
0 be tite holomorphic fuliatiun described by a hulomorphic vector

fteld X in a neighbuurhood uf O in CV. Let ~: «¼.« 1irZí,..., r,bea
sequence of quadratic transformatiuns based un Pi..~ = O, E~ a plane
througito, Ej=o» (p1 ~ For k>jlet 4be the strict transform of ~
under

0k ~ ~ and EZ= E~. Let Sj be tite (adapted) fuliatiun ubtained by
pulling back under q,- tite fuliatiun Y

Definítion 2.1. A singular puint p uf tite fuliatiun ~ is called a simple
comer (see [3], p. 163) if we may find a cuordinate chart (z

1, 22, z,) aruund p
such titat:

1) pcEj~,flEjl,withjo<jt=.jandziz2=oisaluca1equationfor4uEj1
at p.

2) Wc may describe tite foliatiun § in a neighbuurhuud uf p by a means
uf a vector field uf the form

a a
Y=zí(II-gí) +22(0 I-g2) -y-- I-g, 8 (2.1)

Bz,

with ¡3 a complex number which is not a strictly pusitive ratiunal number and
g~(0)=0, fur ¡=1,2,3.

We note that in (2.1) g1 may be taken tu be 0, by dividing Yby (1 I-g1) and
titat /3 may be 0.
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Theorem 2.2 Assume thai. ¡he vec¡or~field V lies in t as in Definilion
¡-.3., Then every separaírix. of 9~ is con¿ained ¡ti E.

Proof: ,We sitalí cunsider titree main cases, accurding tu tite different
cituices uf -pairs of repeated eigenvalues and subject tu their corresponding
íiun-semisimplicity conditions. Namely, the multiple pointpocurresponds tu
tite first case, tite simple point Pd+ í tu tite secund, and tite remaining simple
points {pf, ¿., p4~ tu tite third. -u -

It., . u--

Case 1. We begin wititp0. Subject tu cunditiun (¡.30), a linear change uf
cuordinates puts (J .27) in Jurdan canonical furrn; Jhen tite, typical elemení in
the faniily lopks like, .- , - u

where degh1=1,- deg h,=i,deg h2=2,,

The —a-ando elgenspaces are, respectively r0 = (0:0: 1) and r1 = (0:1:0) su
they are isulated singularities uf the blown-up fuliatiun .Y~. restricted tu
tite new exceptiunal divisor E~. - u. ,. ,~ - - u --

L ,%, Y2~ y3) be courdinates around r0 súcit that

U (J>l,Y2,YJ)= (y1 y,, y,y,,y,) = (~í~ ~2’ ~ (2.2)

Tite foliation 35 is ~tangent tu tite divisor D0(=E¿UE,, where
É¿4-6—’ (E)) witich ih titis cuordinate chát4 is given by y1y,=0, and is
gen’ei-ai~dby - - -

(Dcr
4) Y= (yí-(—aI-y,H—fJ,),y

1—ay2I-y,I-12---y2H,,y,H,)

where mil =yj-’ Ji1, 142=yj-
2h,, and I-I,=yy1 Ji,. ASter dividing by —a we see

from this expression that r
0 is a simple comer w¡th /3 = O

Now let (x1,x2,x,) be cuordinates aruund r1 such that u’

u (x1, x2,x~) = (-~í x2, x2, x3 x2)’~~ C2, C,) (2.3)

In this courdinate citart D0 is given by xí x2 = O and the foliatíun ís
generatéd

t by :1

(Dat) y=
(x

1(—x1I-x2(G1—02)), x2(—aI-x1I-x2G2), x,(a—x1I-x2x,)(G,---G2))
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witere nuw G1 =xj-’ Ji1, 02=xj-
2 Ji

2, and (33 x5-í Ji,. Again, after dividing by
—a, we see frum titis expressiun that r1 is a simple comer witit j3=0.

Case 2. Cunsider tite puintpci Subject tu tite secund cundition uf (1.31),
we put (1.28) in Jurdan canonical furm. With tite cunventiuns un tite 1<5
adopted in Case 1, we now consider tite vector ficíd

where e2=—a(d’I-3dI-2), e,=a(dI- 1)

By an abuse uf notatiun we itave used tite ~‘s and Y tu denote tite
cuordinates and the vector fleld, as befure.

Once again, tite e2 and e3 eigenspaces are respectively r0= (0:0:1) and
r1 =(0:l:0). Tite bluwn-up foliatiun Y~ is tangent tu the divisor Dd=E~U E,,,
where 4~u~í(E) and E,, stands fur tite new exceptiunal divisor, pitrasing
Case 1:

Around r0 we use the cuordinates given by (2.2). D~ is given by Yí y, = O
and Y~ is generated by

(Dcr
1) Y

(Y (—Yí I-y,(J-1
1 — fi,)), (e, — e2)y2 —Yí y2I-y, (

112—y2H,),y, (e
2I-y1 I-y, fi,))

with tite IJ¡s defined un Case 1. After dividing by e2 we see fi-orn titis

expressiun tbat r0 is a simple comer witit /3=0.
Fur r1 we use tite cuordinates given by (2.3). D,, is given by xix2 = 0 and

tite generatur is

(Dcr’) Yzr
(x1 [(e2— e,)+x2(G1 — G2)], x2(e, I-x2 G2), x1 I- (e2— e,) x,I-x2x,(H, — fi2))

with tite G1’s defined un Case 1. Dividing by e2—e, we see titat r1 is a simple
—1comer witit ¡3=

Case 3. Consider the points Lo pj. Since we are not able tu evaluate
tite lower rigitt cigenvalues Q (Aa>”), k = ¡ d, we must cunsider tite variuus
relevant pusibilities un tite relative pusitiun uf titem in the cumplex plane.
CalI titem e,=a(dI-I) and ck=a.Q(Xw’i=a(1I-E%I AJa>”]).
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Case 3.1. II e3=c~ fui- sume ke{l d), then the cundition (1.32) of
nun-semisimplicity tui-ns into une uf

since cundition (iv) might be satisfied, we are furced tu chuose tite fi-st or the
secund une (say tite firstft Then, after alinear citange uf cuordinates aruund
1k~ .Y is generated by

(2.5)

Y is linearizable keeping E invariant (see tite Remarks after Lemma A3 and
Prupusitiun A, in tite Appendix). Explicit integratiun uf the linear vector fíe¡d
ubtained sitows that, byu the cunditiun chusen un (2.4), every separatrix uf Y
is cuntained in E.

Case 3.2. When e,and c~ are different,the situatiun is similar tu Case 2:
with tite notatiun of tite preceeding cases, a linear change of cuordinates
alluws us tu cunsidei- the vector ficíd

Tite e3 and c,< eigenspaces in titis cuordinates are, respectively, r1 = (0:1:0)
and r0 = (0 :0:1). Yj’ is tangent tu tite divisor D~, analuguusly defrned.

Witit the nutatiun uf Case 2, around r1 and r0, Dk is, respectively, lucally
given by x1 x2=0 and YiY~=

0•

Around r
1 = (0:1:0), the fuliatiun is generated by

(Da-
1) Y=

Dividing by e
3 we see that r1 is a simple comer witit /3=0.

The generatur near r0= (0 : 0:1) is

(Da
1) Y~ - (2.7)



Qn Vector Fields i,i ¿2 wi¡hou¡ a Separa¡r¡x 29

The fulluwing discussiun cuntains cuncepts and results whicit are detailed
at tite Appendix.

Let A=[e,,c~}CC

e3
IfA is in tite Siegel Dumain (—e 3\j, une divides by c~ in (2.7). The ex-

pressiun ubtained situws that r0 isa simple comer witit /3 = e=—ckE
4

If A is in tite Poincaré Dumain, two main cases arise:

The non-resonant case. Tite vector ficld (2.6) is linearizable keeping E
ínvartant and une can integrate the linear vector field thus obtained. Its
separatríces are cuntained in E.

la tite resonant case, titere are two pussibilities:

If ck = ne3 fur sume nCTt\¡ II, titen r0 is a simple comer witit tite same /3
uf the Siegel Case, since now it equals ~j-—le FC.

Ile, = rc~ fui- sume rE I1NII}, dic preceeding argiiments must be mudified
since sume separatrices may appear outside the exceptional divisor E. Indeed,
in titis case we may rewrite (2.6) as

( r 0 0 \(~í\ ¡ ~.hí
y= 1 r O jf~~¡ +¡ Ji2 j (rETt\{l} (2.8)

001 /\~,) \
Let A = AC denote tite linear part uf Y Tite unique P-resunant munumial

assuciated tu tite homological equation (A.5) is ~ (Lemma A3). Frum
Prupusitiun A, Y is analytically cunjugated, keeping the plane E: (~í =0)

ínvariant, with tite vector ficíd

r o)(~í)(o) (2.9)

Tite hulomorphic citange of cuordinates



30 1 Olivares- Vázquez

cunjugates Y. with tite linear vector ficíd A but takes the invariant plane
E:(Cí~tO) unto the invariant surface S:(wí—w;= 0).

The linear vector ficíd Aw has separatrices un tite (invariant) plane w1 = O
witicit are nut cuntained in S.

Wc do nut knuw it this type uf rescinances appear br nut in dur examples
since we are nut able tu compute the ruuts of (1.21). However, we can ensure
titat they will nut appear it we make a particular chuicé of tite ruut A of (1.21).
Fi-st we shuw titat fui- eacit chuice uf A titere is at must une resunance.

Lemma 2.3. Ife,=rc~forsomercTt\{11, atid sorne ke{I d}, Lien k
is unique.

Proof: Supuse that there exists jefI d} and sEflNtll, such that
s(X”~’ — 1)/(Xwi— 1)=dI-1, then (Xwk~ 1)/(Xwi—. 1)=r/s6Q~ and this
implies titat (Áwk — 1) and (Awi— 1) have tite sanie argument (mud 2ir). On
tite otiter hand, titey hein tite circie centered at —1 uf radius ?‘4>l and OeA
(—1, IX!). Thisimplies that boU, puinis are tite same ami j=k

Nuw, r.Q(Xwk)z~dI- 1 fui-sume refl\jI} and sume kÉ{l d], if and
only it X=(1I-r{d+2))l(wkI-r(dI-24 Pie ¡-ea] $aÉt of tbis complex
number is positive for every cituice of r, k and d and this computatiun shuws
that if a resunance uccurs, titen tite chosen rout necesarily has pusitive real
parÉ. U titis numberfalis tu be a root uf <¡.20) then we are done and tite
resunance relatiun cannut appear, but if it is; alí we have tu do is tu cituose
A witit negative real part. Titis ruot always exists, since tite sum uf tite roots
of (1.21) equals —1 (because tite coeffxcient uf xá~> uf (¡.21) is 1). In
panicular, if tite degree d is ¿dd, then tite (negative) real ruut uf (1.20) is a
goód chuice.

Let Y be a hulumurphic fuhiatiun with singular puint p. It Va germ uf
a itolomurpbic vector ficíd at p defining 3r, recalí titat the algebraic
multipliciry uf Yat p is the degi-ee of tite smal¡est non-~eru co¿ff¡cient in the
power series expansion uf V.

Adding up tite former cunditiun ‘un A tu tite definitiun of T, we itave

Theorem 2.4 Jet V he a germ al O of a holomorphic vectorfield on CV,
wi¡Ji algebraic multiplicity dI- 1 such ¡hat 113 (dI-2)-jet belongs to $4’ ihen V
does not Jiave asepara¡rix tirough O.
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Remark. Altitough y”’ itas big dimensiun, the freedom in tite aboye
calculatiun is cunstrained just tu une discrete variable (XE« witicit satisfies
(¡.20)). Titere are many variables in /P witicit never apeared (lot example,

A APPENDIX

Here we discuss tite normal fui-ms fui- tite vector fields ubtained in
Citapter 2. A complete expositiun un the general theury can be fuund in [1].

Cunsider (tite germ at O uf) an autunomous differential equatiun defined
by (tite genn at O of) a holomorphic vector fleid

k=AxI-X v,jx) (A.l)
ns> 2

Let (x1 x,,) denote cuordinates with respect tu tite basis (eí e,,) and
rl

Xm = ... x~. denote by
L~”» ‘~m

tite linear uperatur witich transforms each itomugeneuus polynumial vector
field of degree (ur weigitt) m, into tite Poissun Bracket uf tite linear vector
field Ax, witit it.

Let (m,<t)=S7.í ~ IfA=diagt«s~} titen LA is diagonal tuu

(A.3)

IfA itas Jurdan blucks, titen LA also has Jurdan blucks, but even in titis
case, its cigenvalues are given by tite fui-muía aboye.

A n-tuple t= (<tí 4,)E «» is called resonant if titere exists a relatiun
<t~—(m,<t)=0, fui- sume jEjí ni; otherwise is called nonrsonant. A
vector ficíd (A. 1) is called resunant (nunresunant) if the cigenvalues uf A are
(are not) resunant. In tite presence uf resunances, tite curresponding
eigenvector uf (A.3) is called a resonan¡ monomial ur simply a resonance.

We say titat tite n-tuple ~ <t,~) uf cigenvalues uf A is in tite
Poincaré Dumain if Oc« is not cuntained in tite cunvex itulí uf <t.

Poincaré-DuIne Theorem If ¡he elgenvalues <t of ¡he linear pan A of a
Jiolomorphic vector fleid al a singular poiní belong to ¡he Poincaré Domain,
ihen, ¡ti a neighbourhood of ¡he singular poinu
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1. If<t is nonresonant, the vectorfleld is biJiolomorphically equivalenz Lo

¡he linear vector fleld A.

2. ff4 is resonan, it is biholomorpJiically equivalen! ¡o a polynomial

normal form of ¡he type A I- fresonanz monomials].

Tite pruuf is divided in twu parts, tite ftrst of witich is tite formal
construction uf tite desired citange uf cuordinates: Fui- each m=2, tite
sulutiun Ji», uf tite humulugical equatiun assuciated tu (A.1)

LAh»,=v,fl (A.4)

gives a (pulynumial, tangent tu the identity) change uf cuordinates which
annihilates alí nunresunant munumials un that fixed m. Repeated aplicatiun
uf titis prucedure gives risc tu a sequence uf changes uf cuordinates witose
product, in tite limit, is the une we are luuking fui-.

In tite secund step, tite cunvergence of titat puwer series is pruved, using
the fact that the cigenvalues belung tu tite Puincaré Dumain.

Tu say, a! mos! the resunances will not be annihilated by this citange of
cuordinates.

Nuw we come back tu the vector fleld (2.8), in CV. Wc will ubtain a
Puincaré-Dulac-type normal furm fui- it.

LeÉ E~4 ~!enote the space uf homugenucus pulynomial vector fields uf
adegree s tangent tu tite plane E:(~1= 0), i.e., tituse fur which’tite

cumpunent lies in the ideal (~). Cunsider tite restriction C uf (A.2) tu titem.

Lemma Al L,1 leaves ~ invarian!, for every degree s:

A •~‘(PO> (P,O) (A.5)

Proof: Make the calculatiun using (A.6) beluw.

A monumial in >,~> wilI be called P-resonant if it is nut in tite range uf
LA.

Lemma A2 Jet A be ‘he linear par! of (2.8), s> 1, r> 1. Pie resonaní
monomials asociated to 4 :«3Q> z(«30) are C~—áP~—and ~ a
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Proof: LeÉ e’~»»,=~Jt~T ~» k— 1, 2, 3 and lI-mI-n=s. Titen
84

rI-nirI-n—r)e~»,»I-me}+í,»í»—e3»,» ifk= ¡

ifk=3

(A.6)

Since s, r>I, titen lrI-rmI-n—1 is allways nun-zero. lrI-rm+n—r=0aimplies that 1 I- m = O and s = n = it This shuws that ekr= ~. and
e~Or= ~-~---ai-e the only resunances. 1

Lemma A3 Let A be the linear par! of (2.8). TJie unique P-resonant
monomial asociated to (A.5) is

Proof: By Lemma A2, rd P-resonant. (but ~-~—is not). A P-

resonant munumial witicit is noÉ resunant necesai-ily lies in LA (~t«n,o)~~h’,o))~

Let be P-resunant. Fui- each degree s=2, E~«»O)\Eo) is
generated by tite monomia] vector DeJas of dic fui-ni

Frum (A.6):

The lasÉ twu summands un the right belung tu ~ ¡-lence L4 (e~»,»)C~(p~~

if and unly if 0=nI-r(m—l), if and unly if n=0 and m= 1 ur nr and
m = 0. Since the fi—st une is linear, the unly resonance is e~or= ~r 6

Remark. Case 3.1 admits a similar treatment: une may assume that the
linear part uf(2.5) is that uf(2.8) with r= 1. Fi-orn tite calculations aboye, the
itumological equatiun assuciated tu titis uperatur has no P-resunances.
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Propusítion A. Let Y denote ¡he vector fleld (2.8). There exists a
holomorphic change of coordina¡es x =<p (t) such ¡ial (~ = 0). = (x1 = 0) and

~. Y=AxI-r.xi 8x2 ,for sorne TE«.

u . u —

Sketcb of Proof: The pruof fullows by pitrasing that une from the usual
Poincaré-Dulac Theorem: By Lemnia Al, une is alluwed tu consider tite
humólugical equation assuciated witit tite uperatur (A.5). It is solvable fur
every degree s#r by Lemnia A3, and the solutions produce a sequence of
citanges -of cuordinates which leave invai-iant tite plane E. The pruduct of
them, in ihe limit, in principIe gives rise tu a formal conjugatiun with the
normal fon in questiun. However, since tite cigenvalues belung tu the
Puincaré Dumain, tite usual majurant non ¿stiniates situw titát titis formal
cunjugation is indeed convergent.

Corolary-Remark. Case 3.1 Ls linearizable keeping E invarian!, as well as
(2.6) ¡ti the non-resonant case.
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